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PREFACE 


The oresent book is inlended to form part of a comprehensive treatise on 
Phvs^ Chemistry in three or four volumes. The treatment lays emphasis 
“tZmal side which has been rather neglected in some recent works 
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pressure-volume-temperature relations, characteristic equations and critical 
phenomena, density and molecular weight, specific heat, viscosity, thermal 
conductivity, diffusion, and the properties of gases at very low pressures. The 
second volume, which is in the press, deals with the corresponding properties of 
liquids and solids. After this brief statement of the character of the book, some 
indication of its plan and of some special features which have formed a part of 
its contents may be given. 

The time has long gone when the great Continental masters found the in- 
clination to present a detailed integration of the subject in which they laboured; 
the treatises of Berzelius, Dumas, Liebig, and Kekule, to name only a few, stand 
as lasting monuments to the energy and genius of their authors. In the preface 
to his famous work, 1 Thomas Thomson noted that the production of such 
works was regarded in Britain as “ a piece of drudgery, below the dignity of a 
philosopher." This spirit, still very much in evidence in the land of its birth, 
seems to have spread to the New World. 2 The modern style perhaps began in 
Lavoisier’s " Traite £l6mentairc de Chimie " (Paris, 1789), in which a limited 
amount of material, mostly the author’s own work, is skilfully arranged around 
his own theories (many of which are erroneous) to give a more readable and 
attractive volume than one which covers a more extensive field. Books of this 
kind are well suited to beginners, but the more advanced require something 
more substantial. Opinions differ widely as to what is then most desirable. 
Every teacher who has not himself written a book has decided opinions as to 
what such a book should contain— usually one or two favourite topics which 
arc “ not properly understood ” by others— and how it should be written, but 
no two opinions agree sufficiently to help an author in his task. Some authori- 
ties J believe that “ our graduate student body is very heterogeneous as to 
objectives and abilities and it may well be doubted whether there is any real 
place for text-books in the graduate field. Timely monographs, covering more 
limited fields, would seem preferable." Reference has been made 4 to " German 
. . thoroughness, which means the attempt to get into the book at least a 
reference to every article no matter how obscure the source, or how worthless 
the material," as contrasted with " the American tradition " of a “ treatise or 
monograph ” which " deals, in general, with the material with which the author 
has had intimate personal contact," and is " sure to be fully charged with its 
author s personality and prejudices." The " heavy diet offered by up-to-date 
Teutonic or pseudo-Teutonic treatises " is also deplored. 5 The present work, 
it may be confessed, to some extent continues pseudo-Teutonic traditions, 
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give references, usually reproduce those of their unnamed sources, all the 
inaccuracies being carefully copied. It is, however, a mistake to assume that a 
capacity to present a field of science as a whole, and not merely a small part in 
which the author himself has worked, is incompatible with originality when this 
is joined with versatility; of Thomas Young (1773-1829), whose originality was 
of such a high order that most of his speculations, now commonplaces of 
scientific theory, were wholly beyond his contemporaries, it was said that the 
“ ample pages of the 4 Encyclopedia Britannica 4 provided a fitting storehouse 
for arranging the treasures of his truly encyclopedical mind, and an oppor- 
tunity of allaying that thirst for labour which haunted him throughout life as a 

P There is no real need for a comprehensive work to contain 44 a hodge-podge 
of everything the authors have ever heard about, unilluminated by any clear 
understanding of the theoretical basis upon which they arc proceeding ; nor 
for it to be 44 the work of minor scientists who hurry into print with the com- 
plicated applications of theories they do not understand.” It is not necessary, 
nor is it always desirable, to have a theoretical basis for all scientific knowledge, 
and those who have passed beyond the elementary stage know quite well how 
much valuable material will not fit in the shop-window display of the systematiscr, 
yet often proves very handy in everyday laboratory or works experience. 
There is in the present volume an unusually large amount of such material in 
tables of data or empirical equations, and only those who have been faced with 
the urgent need to find some approximate value of a quantity can realise how 
much better such figures or equations are than thcorctica formulae which 
contain unknown, and perhaps unknowable, constants. In any case, the 
material cannot be said to have been hurried into print, h or many years the 
author has had to deliver courses of lectures and to supervise the work of 
research students, and in such work has required information not easily found 
in the standard treatises. In many cases the theoretical apparatus needed was 
found in a very abstract and unnecessarily mathematical form, and had to be 
reduced to a shape in which it was intelligible and useful to chemists who were 
not mathematicians. A large field had to be traversed and a body of infonna- 
tion slowly came into being which is now presented in a systematic form. 
Whether it will be as useful to others must be judged by the readers. Those 
who have at their disposal all the large treatises and complete sets of journals 
and have the ability to find in them rapidly all the information they need, will 
probably judge the book of little value and may well make no; use of it. Those 
less favourably situated may find it of use, and it is mainly 
readers. It will not, therefore, be a valid criticism to say that all the information 

in it can be found in a better form elsewhere. . . , 

It is emphasised that the work deals with Phy^l Chemistry, not Chemical 
Physics or Mathematical Physics. Van! HolT defined 
as " the science devoted to the introduction of physical knowledge , mo chemistry 
with the aim of being useful to the latter," and it is so understood here. The 
treatment is often mathematical, but the mathcmal.es is a means to a i end. and 
not the primary interest in the treatment. Even as late as 1889 , could be said 
with some justification, that: “ Chemistry, being more concrete is less exact 
than physics; mathematical methods can scarcely as yet be applied to purely 

■ Anon., Edin. N. PM. J.. 1855, 2. 149. 

2 Tolman, J.A.C.S.. 1930. 52, 3742. 

3 J. Phys. Chem., 1905, 9. 81. 

* Muir, “ Principles of Chemistry, Cambridge, 1889, 5. 
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chemical data.” It is true that, long before, in i™, jf 
Inaugural Dissertation, “ De Usu Matheseos m Chymia, Richter sa.d that 
“ chemistry belongs in its greatest part to applied mathematics, a "f “ his 
later work, “ Anfangsgriinde der Stdchyometne, Oder Messkunst chemischer 
Elemente ” (1792), he complained that “ the most prominent chemists occupy 
themselves little with mathematics, and the mathematicians feel that they have 
little business in the province of chemistry,” so that he began the book by 
expounding the elements of arithmetic and algebra. The first part of Richter s 
statement is not so true now as it was, but the second part still remains, unfor- 
tunately, very nearly correct. . , „ . . . 

It is now impossible to make any progress in Physical Chemistry without a 
knowledge of the calculus. As Ostwald 2 said: “ Of course one can with the 
help of more or less cumbrous mathematical apparatus give an ‘ elementary ’ 
proof of almost everything; but experience has shown that such diffuse page- 
long calculations are of no real aid in the comprehension of the subject.” 
Whilst a treatment which “ cannot get rid of the confused train of equations 
which constantly veil a positive comprehension of the results of the analysis ” 3 
is unsuited to the needs of chemists, the attempt to express mathematical 
operations in words (as found for example in Maxwell's ** Theory of Heat ”) 
is no more successful, and " to most people, analysis without equations and 
geometry without figures are particularly trying.” 4 The need to express the 
physico-chemical problem to be solved in a form amenable to mathematical 
treatment always presents difficulties to the pure mathematician, and it is now 
no longer true, as it might have been for de Morgan, 5 that “ Kant’s space and 
time and Berkeley's matter are sufficient outfit for the mathematician.” It has 
been said 6 that " the fall of a stone cannot be represented without employing 
the calculus, and it is hardly likely that the more complex problems of chemical 
reactions will prove any easier.” 

The form in which mathematics may be introduced can vary. Although a 
great experimenter 7 appealed for " learning put lightly like powder in jam,” 
it has also been said 6 that " some object to being made to consume enormous 
quantities of jam to get a little valuable medicine.” Most teachers agree that: 8 
” Even those who have taken college mathematics commonly have difficulty in 
thinking of a derivative as anything else than the slope of a curve or of an 
integral as anything except the area under a curve. Most of them have trouble 
when the independent variable is time or temperature, or pressure or volume, 
or mole fraction." 

Many topics are probably beyond the capacity of the ” average ” student, 
and teachers should not too much energy on his peculiar difficulties. It 
has been said 9 that '* a very small — but not insignificant — minority of the very 
large number of those who have * had * courses in thermodynamics ever use it 
readily," and the teacher should remember that very few of his hearers will 
make any use of material he has tried with so much trouble and care to make 

1 For a similar view, sec Crum Brown, B.A. Rep., 1874, 45. 

2 " Outlines of General Chemistry," 1895, pref v 

5 Pictet, Phil. Mag., 1876. 1, 477. 

* Barus, J. Phys. Chen,.. 1905, 9, 420. 

s Trans. Cambr. Phil. Soc., 1871. 11. 165 (read in 1864) 

6 Partington, J. Phys. Chen,.. 1924. 28. 1007. 
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* Grinell Jones. J.A.C.S . . 1940, 62. 456 ’ P 

9 Johnston, J.A.C.S., 1927, 49. 1609. 
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intelligible and accurate; they will go to the text-books. The present book 
therefore, contains the material of many undcl.vered as well as delivered 

'^Much of the book was written during the war period, and in more than one 
case a visit to a library during an air-raid alert proved a trying experience. The 

tSSttZTSS SXtZpS of favourable 
times during which some of it was first written down . . 

In the older treatises on Physical Chemistry, such as Ostwald s Lehrbuch 
der allgemeinen Chemie.” a proper balance between theory and 
observed, but the later tendency has been to wnte books more and mmde^ed 
,o the mathematical theory, without any regard 

methods or their results, which are introduced merely ^ or ' h ' ,* 
or disproving the theories set out. Although such a book is much easier to 
write (and probably to read) than one in which experimental methods are 
described, it is little suited to the needs of physma! chemists concerned wi^l . the 
development of the science." The descriptions of %*££££ 

necessarily brief, but enough is said to indicate the methods which have wen 
used in investigations, and to point the way to the possibility of their adaptation 
to'new problems or to improvements of them. The literature references will 
enable anvonc to obtain full details of the methods. . . . . , 

The " advanced " character of the work implies that the principal aim has 

Percies'* , s w r yr;»sjsr. 

iiHiissis 

,r OnelendenTy'which has been avoided is to » build ^natives " This 

.ion on the ground that hensibl uLy. 

Irfrcadin^'throug^'iterature^^ and nw, many such^ttcmpts^have 

inaccurate view of the subject. It is hoped . . :.i. a | ess elegant 

such procedure should have been adopted, and feel impatient wi 
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Daily News, 21 August, 1944. 
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treatment, will bear in mind that an author who has read far more literature 
than they have may have good reasons for his own procedure. 

The relation between theory and experiment can have two aspects. In one, 
the interest is in theory, and the experiments are regarded merely as verifying it. 
In the second, theory is regarded as providing equations by means of which 
experimental results can be calculated and interpreted, equations which are not 
capable of experimental test being of little interest. The second view is generally 
adopted in this book. According to Sosman,» “ the pragmatic philosopher 
prefers to base his electromagnetics upon a piece of lodestone and a stroked cat ; 
they can always be depended upon . . . even though one’s notions of magnetic 

and electric fields have changed.*' • 

It has been truly said i 2 that: “ If one is interested in the theoretical side ol a 
subject, it is necessary to go back a good many years in the journal literature. 
As a broad statement, only those things get into text-books which fit into the 
existing theory." These are usually known as “ significant ” or “ timely." 
Another tendency is to confine the treatment almost entirely to very modern 
work, and completely ignore all the classical researches. It has been remarked 3 
that, in a book of about 200 pages on the phase rule, the name of Gibbs is not 
once mentioned. Many older papers contain important material which has 
long been forgotten; some of it has had a revival of interest since its rediscovery 
in later years. It has been said 4 that “ a good idea at the wrong time or by the 
wrong man, which is perhaps the same thing, is apparently as much wasted as 
though it had never occurred." Whether this is better or worse than a poor 
idea at the right time is a debatable question. 

Day and Sosman 5 remarked that, in the history of science, “ instances can 
be brought forward in about equal number, on the one hand of good theoretical 
judgment which disregarded existing data and was afterwards justified by the 
results of more exact measurement, and on the other hand of apparent dis- 
crepancies in experimental results which, though carefully explained away by 
the experimenter himself, subsequently proved his experimental accuracy to 
have been better than his judgment." 

In some cases, great extensions in the literature of a particular topic occurred 
during the preparation of the book. In such cases, the bibliography has 
usually been brought up to date, but it would not have been possible to extend 
the text without deranging the whole plan of the book. The responsibility for 
such new information must necessarily rest with the authors of the references 
cited. 6 

Since the author is interested in the history of science the treatment in a 
section often begins with a short historical survey. Many of these cost much 
trouble in preparation, since the original sources were often inaccessible and 
modern literature, when it mentioned the pioneers at all, did so with inaccurate 
statements of the literature and its content. All inaccuracies found were 
corrected without special mention unless it seemed necessary. A zealous urce 
to the correction of other authors is a failing which is tiresome in print The 
historical sections arc quite small and may not be to the taste of all readers 
yet Ostwald correctly said: “ It cannot be too often emphasised how much 

i Coauo,r Ncw y °* »«■ «• 

J J A.C.S., 1927. 49. 1607. 

4 Bancroft, J. Phys. Cheat., 1924. 28 26’ 

! ' n r G J“ h,00k - ". Dic, „ of Applied Physics." 1922. 1. 8(4 

6 Cf. Kohl ra use h. Ann. Phvs.. 1906 20 798 

7 Z. phys. Cheat., 1899,28. 187. ' * ’ 
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LIST OF LITERATURE ABBREVIATIONS 


In the footnote references a uniform plan has been followed. In the case of 
periodicals, the year and volume number usually fix the volume exactly, and the 
specification of the series in the case of journals such as the Annates de Chimie, 
the Journal de Physique , the Annalen der Physik, etc., which begin a new num- 
bering of the volumes in each series, is unnecessary. In some cases, such as the 
Annalen der Physik, a continuous enumeration of the volumes appears on the 
title-pages as well as those of the separate scries numbers, but this was not 
usually continued, and would be inconvenient. In at least one case, the 
American Journal of Science, the continuous enumeration was suddenly adopted 
in place of the previous series numbers, and (since the latter have been dropped), 
this has then been used. In some cases a journal has changed its name, some- 
times more than once. The format has not been given either for books or 
journals, except when it is necessary ; in one case an octavo and a quarto appeared 
side by side with the same title, but arc quite separate publications. In some 
cases (e.g. Proceedings and Philosophical Transactions of the Royal Society. 
Zeitschrift fur physikalische Chemie ) an A and a B scries arc involved; to avoid 
unnecessary repetition only the B scries is specified, the A scries (mostly used) 
being without letter. In other cases (e.g. Gazzetta Chimica Italiana ) there arc 
two parts to each volume, which arc denoted hy i and ii; in others (e.g. Sitzungs - 
berichte der Akademie der Wissenschaften in Wien) there arc class numbers and 
letters, denoted by II A, etc.; in case an Academy issues publications dealing 
with scientific and linguistic matters, only the former is understood. It is 
believed that no difficulty will be found in any case in tracing the reference. 1 

In quoting names of authors, initials arc not usually given; these can be 
found by turning up the publication. An exception is often made in the case 
of books by authors with names such as Smith, for convenience in consulting 
library catalogues. References which are grouped arc usually in order ol 
date , but an exception is made in some very long reference groups, where the 
order is that of authors’ names. There is much to be said for the first practice, 
since it makes clear the priority of discovery, a matter which is not always 
obvious in modern accounts. It should not be necessary to say that every 
reference given has been checked with the original whenever this was possible. 
In some cases, however, when the abstract of a paper in an easily accessible 
abstract journal was unusually good, a reference to this is given as well as the 
original. A very large proportion of the references have been seen by the 
author personally, but in spite of every cfTort, recent Russian journals and 
nearly all Japanese journals of the war period proved to be unobtainable. In 
such cases, when the paper seemed from the abstract to be interesting, a 
reference is given even though it could not be checked. 

In the case of very long papers, two page references arc often given, one for the 
first page of the paper and the second (in brackets) for the page on which the 
statement in the text is to be found. In some works of reference the actual 
page in a paper is quoted, so that many apparently different references are 

- The pitfalls in citing literature, and the confus.on .n numbering volumes of journals, 
etc., are feelingly described by Mohr. Z. unal. C hem . 1870. 9. 236. 

xv 
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really to the same paper. This has led to error in authors who have quoted 
from such works and have never seen the originals. A surprisingly large number 
of references given in standard works were found to be incorrect, usually in 
exactly the same form in different books, and in some cases quotations in inverted 
commas were not found in papers, sometimes not in any form, in others in a 
different form and sense. It is hardly necessary to say that references which gave 
the most trouble in locating were the least important to the modern worker. 

In the case of book titles, a reasonably complete form has been given, such 
words as “ An Elementary Treatise on . . being often omitted. In old 
books, the full title sometimes practically fills the title-page. The place of 
publication has usually been given, but if the title is English and no place is 
specified, London is to be understood, and if in French, Paris. A full list of 
journal abbreviations is given below. It is believed that any worker interested 
in a particular theory or experimental method should, by an afternoon’s work 
in a good library, be able to acquire a useful foundation for a knowledge of the 
subject. He is strongly recommended to see all the references which he can, 
since it is only in this way that a comprehensive picture of the subject can be 
gained. Some references contain valuable bibliographies of the subject, and 
this has mostly been noted. For work later than the date of the volume, a 
study of the subject index of British Abstracts or Chemical Abstracts , the 
Zentralblatt, and Science Abstracts will provide an opening into the literature, 
and on consulting the originals many new references will be found. 

Since the statement of cross-references by page numbers would have been an 
enormous additional task after the page-proofs had been made up, all such 
references arc by paragraph and section. There are seven main sections, shown 
in the table of Contents, each with its own paragraph numbers. The section 
number will be found on the inner margin of the left-hand page, and the para- 
graph number on the inner margin of the right-hand page, so that the place can 
be found very quickly. Equations are numbered in each paragraph, so that 
(5), § 8.VI B means equation (5) in paragraph 8 of section VI B. The subject 
of the main section is given on the left-hand page, and that of the paragraph on 
the right-hand page. The figure (illustration) numbers arc also separate in each 
sub-section. A glance at a few pages of the book will make this simple system 
quite clear. A subject index is provided, but an author index would have been 
of little use, since some names would occur in it so many limes that it would 
have taken a very long time to turn them all up in the text. 

reil^rMn T-'r'" 5 Tek,ences 10 1‘lcralure (some of which are 

repea'ed in dealing with different topics), distributed among countries of 
publication of the sources as follows: 


Germany, 6012 

Great Britain and Ireland. 4139 

The United States of America. 3701 

France, 1779 

Holland, 1070 

Switzerland. 289 

Austria, 213 

Russia, 198 

Italy, 175 

Japan, 124 

Belgium. 87 

Canada. 61 

Spain, 61 

Sweden, 54 


India, 44 
Poland, 41 
Denmark, 29 
Australia, 18 
New Zealand, 1 1 
Rumania. 7 
Czechoslovakia. 6 
Finland, 6 
Norway, 6 
Brazil, 4 
China, 4 
Argentina. 3 
South Africa, 2 
Latvia, I 
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Since in many sections (e.g. in Section IV), American referenccs ^«tly 
outweigh all others, and often run on for pages, the magnitudes of the first 
three items are of considerable interest. 

Abhl. Akad. Munich. Abhaudlungen der mathematischphysikalischen Klassc 
der Koniglich Bayrischen Akademie der Wissenschaftcn, Munlc j'_ 

Abhl. d. D. Bunsen Ges. Abhandlungen des Deutschen Bunsen Gescllschaft, 

Abhit^Akad. [Wiss.) Berlin. Abhandlungen der Kgl. Akademie der Wissen- 
schaften zu Berlin, physikalisch-mathematische Klasse. Berlin. 

Abhl. Phys. Techn. Reichsanst. See Wiss. Abhl. 

Arm Chem Scand. Acta Chcmica Scandinavica, Copenhagen. 

Ac',a ConJenTuniv. Dor P n,ensis. Acta e. Commen.ationes Un.versitatis 
Dorpatensis. 

Acta Erudit. Acta Eruditorum, Leipzig. 

Acta Phys. Polon. Acta Physica Polonica, Warsaw. 

Acta Physicochim. U.R.S.S. Acta Physicoch.mica U.R.S.b. 

Acta Soc. Sci. Fenn. Acta Societatio Sc.entiarum Pennicac, Helsingfors. 

Acta Univ. Latviensis. Acta Univcrs.tatis Latvicnsis. Riga. 

Society, Easton, Pa. _ , . 

Amer. Chen,. J. American Chemical Journal. BaU>mo«e. 

ss is a a s sraa a*- ... 

irt»i mm. .r hm ... 

ai5.au. 

7. Mar*. American JournalofPharm^y.PMadelphia, Pa. 

/4mer. 7. Phys. American Journal of Physics. Lancaster Pa. 

SslrlisaK 

&£cL. Argentina. Anales de la Socicdad Cientifica Argentina. Buenos 

Aires. , 4 . 

Anal. Chem. See hid. Eng. Chem. Anal. 

Analyst. The Analyst, London. 

1ST-SZ n Fennicae Helsingfors. 

r, cl. ^Annales detiirnie (fonwrljTcombincd with Annalesdc Physic, . 
Ota. MPO. Anna.es de Chimie Analy.ic.ue e. de Chimie Applique, 

Ann. de Phys. Annales de Physique. Pans (see Ann. C h,m ). 

Tn. to M jTsoc A Z 1“ d Annas' of t^ntomoiogica. Society of America. 
Columbus, Ohio. 
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Ann. Ergzb. Annalen der Chemie Erganzungsbande. 

Ann. Fac. Sci. Toulouse. Annales de la Faculte des Sciences de Toulouse. 

Ann. Mines. See Ann. des Mines. 

Ann. Phil. Annals of Philosophy, London. 

Ann. Phys. Annalen der Physik, Leipzig (several series; formerly Annalen der 
Physik und Chemie, etc.). 

Ann. Phys. Beibl. Beibliitter zu den Annalen der Physik (1881-1919), Leipzig 
(continued as Phys. Ber.). 

Ann. Phys. Boltzmann Festschr. Ludwig Boltzmann Festschrift gewidmet, 
Leipzig, 1904 (uniform with volumes of Annalen der Physik). 

Ann. Phys. Ergzb. Annalen der Physik Erganzungsbande. 

Ann. Phys. Pogg. Jubelband. Annalen dcr Physik. Poggendorff Jubclband, 
Berlin, 1874. 

Ann. Rep. C[heni.). 5(oc.]. Annual Reports of the Chemical Society, London. 

Ann. Sci. Unit k Jassy. Annales Scientifique de PUniversiti de Jassy, Jassy, 
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atm. 

a 


B 

B 

B 

b 

C,c 


This list incorporates the relevant symbols from the recommended hst and 
also includes other symbols in common use. Symbols used in the meanings 
given in round brackets were proposed by the British Standards Institute lor 
engineering symbols and those in square brackets for electrical engineering 
symbols; they are not generally used in the present work. The didactic an 
aesthetic value of well-chosen symbols was emphasised by Leibniz - in 1678. 

Angstrom unit=10' 8 cm. . . . 

atomic weight; surface area; moment of inertia; compressibility 
coefficient; (1/7, where 7=mechanical equivalent of heat); 
{alternative symbol for free energy}, 
atmosphere. 

activity; van der Waals’s and Berthclot s constants; pressure 
factor; cells in phase space; radius; constant of Morse 
equation; accommodation coefficient. 

beta function. , _ . .. . ... • , 

moment of inertia; (susceptance; magnetic flux density], vinal 

coefficient, 
magnetic induction. 

van der Waals’s and Bcrthelofs constants; [susceptance]. 
specific heal; concentration; velocity; s.atisltcal consent, 
moment of inertia; (modulus of shearing rigidity of clast - 

city); [capacitance); Sutherland’s constant; chemical constant, 
e.g.s. centimctrc-gram-sccond unit. 

cm. centimetre. 

c c specific heat at constant volume (pressure) per g. 

earlier lists of symbols, see Ncrnst el uL /. * j 7| ,29 \, on g |,s(): Anon . Hans. 

12. 97; Hcring. J. Franklin /ns/.. 1910. 170 I '4. ivi • 1 . ,* n )>n (A FF- 

Faraday Soc., 1910. 5. 252; Verhl. d. P Phys. '"7 ’ ' y ,' 9 ,, ,' 4 j 6 7 ; Strcckcr. 

Aufschluss fur Einhcitcn und Formclgrossen) 1 ' S W '| 9I4 26 381; Martens. 
Ibid., 1914. 15. 113; Report of Committee. /W Ih*. Sur. 714. ^ p jrlin8lon . 

Verhl. d. D. Phys. Gcs.. 1914. 16. 97 Lash . • • -The Physical Chemistry of 

•‘Chemical Thermodynamics." 1924. .63: llarncd and . value* of universal 

Electrolytic Solutions." N« Y«k 

constants, Karrcr.7. Franklin Ins/.. 19. J. ivo. 1 1 

'**• 2 ' 9 ; JSJVSTIw to .hut given here, except that 

A list of symbols in Ind. Eng. ( hem.. 194/. a . • . . , ,• r cxpan sion is a and 

no black letters arc used, latent heat jis A ' n ' ,c * d of /** }\ lhcmu , dl ,WUy is*. viscosity 
of volume expansion p. quantity of heat is <?. O IS * or *• ,ncn 

15 The plciori a \ s^mboK^pro^^d 'by WaTkcr. Nature. 1908. 78. 271. would require over 200 

-rspsrss- - -ttigxasugsaxXA 

naturam intimam paucis cxpnmunt ad « u» p m^u • Mathemalikern." edit, 

labor"; in "Der Bricsfwechscl von Gotlfned Wilhelm Lein 
Gcrhardt, Berlin, 1899. 1.375. 
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c P ,c, 

c 

Vc 2 
D 
D' 
d 

dy/dx 

(dy/dx) z 

d 

D 


D 0 

E 

c 


c 

e 

F 

F 

f.F 

f 

/ 


G 

G 

g- 

g.cal. 
g. g 
s 

H 

H 

H 

h 

h 

1 


i 

i, 

J 

J 


molecular heat at constant volume (pressure) (per mol). 

velocity of light in vacuum. 

root mean square velocity. 

differential operator. 

integral operator. 

differential. 

total differential coefficient of y with respect to x. 
partial differential coefficient of y with respect to x when z is 
constant, 
diameter; density. 

density; heat of dilution; dielectric constant; energy of dis- 
sociation; spectrum symbol; (electrostatic flux density]; 
diffusivity. 
limiting density. 

energy; Young’s modulus; (e.m.f.J. 

base of natural logarithms=2-7182818 . . .; (subscript) evapora- 
tion. 

electromotive force 1 ; (direct strain); emissivity. 
positive electronic charge. 

free energy =£— TS\ number of degrees of freedom; spectrum 
symbol; (aggregate shearing force); force. 
faraday=charge in coulombs per g. equivalent of an ion. 
function. 

(subscript) fusion. 

activity coefficient; fugacity; force constant; acceleration; 
(modulus of rupture); (partition function}; van dcr Waals’s 
vapour pressure constant, 
statistical weight. 

available cncrgy=£- rS+J’k'; (conductance), 
gram. 

gram caloric, 
gas functions. 


gaseous state; statistical weight; osmotic coefficient; [conduct- 
ance]; acceleration of gravity. 

Hessian functional determinant; Hcrmitc polynomial. 

hc a . eomcm or en.ha | py=£+/.K; (quami.y of heat); [magne.ic 
field strength); Hamiltonian function. 

magnetic field strength. 

constant of activity equation; small increment of .v; J/i = heat 
change per electrochemical g. equivalent; height. 

Planck s constant. 

° f ,nC ? ia; in,c g ra,i ™ constant; ionisa- 

, < hca ‘ ~ 
'ISS; 7-. Hors fae,or; vapour ~ *>' 

nuclear spin quantum number. 

Jacobian functional determinant. 

r0, “l. qUa, " Um nUmbCr: Iimensi, y <>f ma ?nclisation]; 


1 The recommended list 
E for energy. 


gives E. but this 


would occur in equations containing the symbol 
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/ 

j 

j, 

K. 

K 


k.cal. 

kw 

kwh 

k 

k 

L 

L 

L tt Lf, 1*1* 

L, 

l 

h* K* U 

/l 


/. 

Lim 

In 

M Q 
M 

m. 

ml. 

mm. 
m/x 
mA 
m 

N 


mechanical equivalent of heat; (moment of incrlia (polar) ). 
activity function; inner quantum number; (\Z-U- 
electronic spin quantum number. 

absolute temperature. 

equilibrium constant; rotational quantum number; (bulk 
modulus of elasticity (=*)); radius of gyration; radiation 
intensity; internal pressure, 
kilogram calorie, 
kilowatt, 
kilowatt-hour. 

distribution coefficient; general symbol for a constant; thermal 
conductivity; modulus of expansion; small increment of y. 
Boltzmann's constant =/?//V. 

Laguerre polynomial. 

latent heat per mol; heat of solution: (self inductance]; Lagran- 

gian function. ... . .. 

latent heats of evaporation, fusion, sublimation and dissociation 

per mol. 
heat of solution. 

liquid state; latent heat per g.; serial quantum number; direc- 
tion cosine; mean free path. 

latent heats of evaporation, fusion, sublimation and dissociation 


per g. 

internal latent heat. 

latent heat of pressure change. 

latent heat of expansion. 

generalised latent heat; heat of solution. 

limit. 

natural logarithm (=2-3026 log l0 ). 
megohm. 

molecular weight; (mutual mductanccj; 


magnetic moment; 


mass. 

metre. 

millilitre. 1 

millimetre. 

millimicron = 10" V- 

mass? molality; direction cosine; (I/m. Poisson s ratio); ™g- 

mo| n frrct?on ;" num ter'of'pa'n k ics ; (modulus of shearing rigidity 
or elasticity); normalising factor. 


V L 

fV 

N\ 


Loschmidt’s number. 

Avogadro’s number. 

factorial N=N(N- \)(N- 2 ) . . . 2.1. . 

number of mols; number of components: wave number, 
tion cosine; refractive index, 
ursted. 

* spherical harmonic function. 

> Exccp, in very accurate spcc« 
entimetre cube or cm.> and the millilitre 1 = I cm. j b 

.c. for millilitre is not used. 
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[P) 

Pc 

p, 

Q 

(?) 
</» < u 

R 

R 

[P] 

R 

r 

S 

S 

So c 

s 

s 

T 

r h 

r, 

T m 

T, 

l 

•< 

u 

u 

V 

y* 

v 


f, 

W 

iv 

(H) 

»‘r 

w’V 

X 
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pressure (gas or osmotic); spectrum symbol; generalised 
momentum; (aggregate normal force, total pressure); (inten- 
sity of normal stress); polarisation (electric), 
parachor. 
critical pressure, 
reduced pressure =p!p r 

quantity of electricity; minus q\ (quantity of heat). 

heat entering a system (positive); ( subscript ) adiabatic change; 

generalised position coordinate; (intensity of shear stress), 
heat absorbed in a cycle, 
heats of solution and dilution, 
radial function. 

radius of curvature; (resistance); molar refractivity; reflectivity; 

resisting force, 
rhcochor. 

gas constant per mol. 

radius; distance; ( subscript ) reversible; number of phases; 

(radius of curvature); gas constant per g. 
tesscral harmonic function. 

entropy; solubility; spectrum symbol; (specific gravity); (sub- 
script) iscntropic change, 
entropy constant. 

(subscript) sublimation. 

solid; solubility; symmetry factor; spin quantum number; 

(intensity of shear stress); distance, 
absolute temperature: (twisting moment); period; kinetic energy, 
boiling-point (abs.). 
critical temperature (abs.). 
melting-point (abs.). 
reduced tempcrature= TjT t . 
time: temperature, 
critical temperature 

velocity ol sound; {alternative symbol for energy}, 
velocity; velocity component =d.v/d/=x. 

volume; electrical potential; potential energy; velocity; [potential 
difference], 
molar volume. 

volume; velocity component =dr/d/=v; velocity; (specific 
volume); xibrational quantum number, 
critical volume, 
reduced volume =r>/r,. 
thermodynamic probability; weight. 

W ° weieh! bya SyS,Cm,pOS " ivc,; vcloci 'y component =de/dt=i; 
work done in a cycle 


maximum work = — 
available (net) \vork= — A6. 

lorce component in .v-direction ; generalised force 
partial molar quantity. 1 


; (reactance). 


note thaifi is different RJndJ,l, • aml a K " ,c ' 1 symb,*! denotes an average value; 
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X 

Y 

Y 

y 

z 


z 

a 


ft 


r 

Y 

A 

*T m b . 
AT*. 
8 
d 


* 

0 

0 

0 

& 


A 


/* 


f*F 


V 

v' 




LIST OF SYMBOLS 

distance along x axis; generalised coordinate; anharmonicity 
constant; /fr/T; angle; mol fraction, 
surface spherical harmonic. 

force component in direction; (admittance Y=G+jB ( j - 

distance along y axis; number of faradays transferred in electro- 
chemical change. . . 

force component in z-direction; state sum C partition func- 
tion ”); atomic number; nuclear charge; collision number; 
[impedance=/?+yA' 
distance along z axis; valency of an ion. 


reversible change; coefficient of expansion; degree of dissocia- 
tion; constant in Nernst’s equation; angle; polarisability, 
most probable velocity of molecules, 
irreversible change; coefficient of tension: Duhcm-Margules 
constant; activity constant; constant in Nernsl s equation; 
frequency coefficient^*/* in /tyF; Bunsens absorption 
coefficient. 

surface concentration excess; gamma function, 
ratio of specific heats cjc r ; thermal coefficients; activity coeffi- 
cients; [surface tension), 
finite increment; spectrum symbol, 
molar elevation of boiling-point, 
molar depression of freezing-point. 

small increment; lattice constant. 

Jacobi symbol for partial differentiation (if r- f(x, >), e.px 

elaslic/tyf energy of a panicle, etc.; energy quantum; coefficient 
of external friction, 
coefficient of slip. 

thermodynamic efficiency: coefficient of viscosity. 

surface zonal harmonic function. . 

Debye characteristic temperature; quadruple "‘on e. 
temperature on any scale, e.g. on the Cent.gr.de scale, angle, 
(torsional strain; absolute temperature). 

*s£jaasr< 

equation ; Oswalds solubility coefficient, 
chemical ES? number; 

fc«ffiden. P of friction; refractive index); [pcrmeabil.tyl; 
reduced mass; cos a: micron =10 mm... 
ductivity. 

stoichiometric coefficient; frequency (also i). 
wave number, 
concentration in mol/lit. 


molecular con- 
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xl 

77 

77 


P 

Pc 

P. 

E 

a 


T 

<!> 

0 

0<Q 

0 (£) 

0(A) 

0(^) 

‘A 

*A 

* 


CO 


V 


product; hydrostatic pressure; spectrum symbol, 
ratio of circumference to diameter of a circle=3*1416 . . 
reduced pressure =ptp,. 

density of matter g./ml.; of energy crg/cm.*; resistivity (specific 
resistance); radius of curvature, 
critical density= \/v r 
reduced dcnsity=p/p,. 
sum; system; spectrum symbol. 

surface tension; atomic or molecular diameter; a=h 2 /Z7r 2 IkT; 
system; (Poisson's ratio); Stefan-Boltzmann constant; specific 
heat of saturated liquid or vapour, 
reciprocal of reduced temperature^ \/&; (temperature]; average 
life; dr volume element, 
spherical harmonic function. 

(flux (magnetic)]: co-volume, 
partial molar heat capacity, 
partial molar expansibility, 
apparent partial molar compressibility, 
apparent partial molar volume. 

function; reduced volume=r/i’,; valency factor; angle: (entropy, 
direct shear); phase difference; co-volume; fluidity, 
wave function; (electric flux), 
wave function; space-filling number, 
magnetic susceptibility (mass), 
ohm. 

angular velocity; wave number; Batschinsky's constant. 

frequency. 

integration. 

integration round a cycle, 
approximate equality. 

del or nabla; Laplacian operator. V =Z/d.x+d/dy+d/d 2 ; del 
squared. V : =c 2 /d.\ 2 +d 2 /dy 2 + d 2 Jdz 2 . 


THE GREEK ALPHABET 


A a 
B ft 
r y 
J s 
E * 

^ C 

// ,, 

e a. a 

/ « 

A' K 
A A 
M ,t 


alpha 

N 

V 

nu 

beta 

£■ 

t 

xi 

gamma 

o 

o 

omicron 

della 

11 

77. n 

P' 

epsilon 

p 

p 

rho 

zeta 

r 

o, S 

sigma 

eta 

T 

T 

tan 

theta 

Y 

u 

upsilon 

iota 

0 

0 

phi 

kappa 

X 

Y 

chi 

lambda 

V 

A 

* 

psi 

mu 

n 

to 

omega 



FUNDAMENTAL PHYSICO-CHEMICAL 

CONSTANTS 


The values of the fundamental physical constants > have undergone revis.on 
in recent years, and cannot be said to be satisfactorily established at present.* 
The following table gives three sets of figures, proposed by Birge (1941) 
Kaye and Laby (1948), and Du Mond and Cohen (1948). All values are on the 
chemical scale of atomic weights 0=16-0000. 

. « I ri.nm.nn Phil Un* 1807 44 293- 1898. 46. 528; Wiechcrt . Siizb. phys. okonom. 

C'S MnJXm. 1897, 3$; Anil. Pkyi 1897. 61. 544; 1897. «. 3*6; '898^1 43! l^uhnan 

Rutherford and Geiger, Proc. Roy. Soc., 1908. 81, .HI. • > t< • .. .„ J4 | 54 

17, 93. 273; Porter and Hedges. Trans. Faraday Soc 1922. 18 .91 Ph /. Mag . 

21. 217; Ladcnburg. in Landolt-Bornstcin. Tabclkn 1923 2 . R ’ 

1929, i5. 528; Millikan. 5Mmrr. 1929. 69. An^Phlsin9 i 497 i 

1930, 10, 994; Cork. />/.,*. Rev.. 1930. 35. I 28. Shiba ier P 468 ; ,,„gc. Science. 

as 

Proc. Roy. Soc.. 1937. Sh.hu. M. 1938. 34. 1308; 

Suetsugu, Sc/. Pap. Inst. Phys. CAem. Re*. /o . • - • , 9W 22 J75; D un nington. 

Millikan. PAy*. 1938. 32. 34. 520: Wcnscl . Bur S W / Ro . .9- 22 3 . 

Rev. Mod. Phys.. 1939 11. As, run. Fys.. .940. 

1939,56, 153; Dam. Proc. Phys^ 1940 . 52 ^ Phys., 1941. 13. 233; 

27 B. No. 10; Bearden. J. Appl.Phys.. 1941. 12. 395 ■ » ,r * • jnJ uby /v „ f Soc.. 
Phys. Rev., 1941, 60, 766; Rep Prog. r_ f*>*. Wl. 8 90. ' ^ J CAr»». 

1941, 178, 243; Dc Groot. N ' alulf , ,942. 150. W8; 

1944, 38, 3884; Eddington Proc Phys Soc W.. M. ^1. |94J 63 2l2: 

Panofsky, Green, and Du Mond. Phys R *• > 4 - \ Mond anJ Cohen. Rev. Mod 

Birge. ibid., 1943. 63. 213; Am*. J. Phys.. 3. 03 ^ ^ Constants ” 10th 

Phys., 1948. 20. 82; Kaye and re|jlions ^tween fundu- 

edit., 1948, 7, 71, 81. 121. J 29 , 139. s ^ |089 wrc criticised by Birge. 

mental constants collected by Mills. J. Phys. Chem., 

Science, 1932.75. 383. . c tk. older value as found by 

* A point at issue is the electrochemical cq apprccl ably from that found more 

gravimetric methods with the silver icond seems likely to be 

recently by volumetric analysis wiUtlheiOd'^ ya|uc is opcn lo criticism. The values 
less accurate, and Birge s procedure of “*J n * 0 r eravity g arc far from certain, 

of the absolute temperature of 0 C. and ^of vaIuc 8 of /v f.om 60228 x 10* » to 

> Birge. Amer. J. Phys.. 1945. 13. 63. cha g Mond and 

6-02338 Xl0*\ which affects many of the other constants m h.s list, see 

Cohen, Rev. Mod. Phys.. 1948. 20. 82. 

xli 
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| 

Birgc 

I 

Du Mond and 
Cohen 

Kaye and Laby 

Avogadro's number A' 

6 0228x10?* 

6-0235x 102* 

6-0226x102* 

Faraday Fe.m.u.cquiv.-' 

9648-77 

9649 6 

9648-0 

„ intern, cmb. cquiv.-l ... 

96501 -2 

— 

96493-7 

Electronic charge e e.s.u 

4 8025x10" 'o 

4 8024x10-'° 

4-8023 x 10-1° 

H c.m.u. ... ... 

1 60203x10-20 

1 60199x10-2° 

1-6020x10-2° 

Molar Volume 1 of ideal gas l' mg - cm.* 

22 4146x10* 

22 4146X10* 

22-4151 X 10* 

mol -1 . 




Molar Gas Constant ' R erg mol -1 

8 31436x10? 

8-31436x10? 

8 3145x10? 

deg.-*. 




Boltzmann's constant A erg deg. -1 ... 

1-38047x10-'* ' 

1-38032x10-'* 

1-3806x10-'* 

Planck's constant h erg sec 

6-624 x 10-*» 

6 6234x10-*? 

6 622x10-2* 

Velocity of light e cm. sec. -1 

2-99776x10'° 

2 99776x10'° 

2-99774x10'° 

Mass of electron m f g. 

9-1066x10-2* 

9-1055 x 10-2* 



Ratio elnif for electron e.s.u. g.“* ... 

5-2736X 10'? 

5-2741 x10'? 

5-2727 x 10'? 

Mechanical cquiv. of heat J intern, i 

4-1847 

_ 

4-1846 

joule !5°8.cal.-* 




Absolute temperature ofO® C. 

273-16 

1273-16] 

273-16 


Electrical units adopted by the National Physical Laboratory: 

I ohm* I 00049 abs. ohm; I watt = 1 -00019 abs. watt; 1 volt = 1 -00034 abs. 
volt; I henry = I 00049 abs. henry; I amp. =0-99985 abs. amp.; I farad = 
0 99951 abs. farad. 

The Bureau of Standards has adopted: 2 

1 ohin= I -000495 abs. ohm; I volt = I -000330 abs. volt; 1 amp. =0-999835 
abs. amp. 


Birgc 


' With *-980665 cm. sec . *. The v.ilue .*1 R in l a.. .... (W ; « >J.,pied by 

and by Du Mond and Cohen .% 8 -20544 x 10 -. Kaye and I ab> take 8-2063 x 10 > 

20 82 Ur ‘ ,S ‘ ° Ur ' SW 7 ^ IV44 * M5: ,)u Mond Cohen, Rev. Mod. Pins., 1948, 


SECTION I 

MATHEMATICAL INTRODUCTION 


As explained in the Preface, the present book is preceded by a summary of the 
mathematical methods used later in the text. In dealing with the mathematics 
which could reasonably be assumed to be unfamiliar to ordinary science 
students (some, in fact, to honours mathematics students), it was necessary to 
decide how much of the simpler fundamental material could be assumed to be 
known. This will vary with different readers; some will know a good deal and 
some very little, and in the end it seemed desirable to begin with the simplest 
things. In this way, very elementary calculus and trigonometry are dealt with, 
but more advanced matters are soon encountered. Those readers who are good 
at calculus and trigonometry will pass over the elementary parts, but should 
remember that many readers are not good at these things, and a start lurthcr 
along the road would have left them far behind. m . 

The mathematics required by the physical chemist, it has been said: ' is not 
the kind of mathematics that boys are usually taught at school; it is not the kind 
of mathematics that medical and science candidates have to pass at a preliminary 
or first B.Sc. examination; it is mathematics for use. It bears to what we may 
call examination mathematics the same sort of relation that French and German 
for use bear to much of our school French and German, and the way to learn it 

A drawback of many text-books which the author himself fell when a student 
is the undue curtailment of the intermediate steps in the mathematics: most 
mathematicians seem to fear being thought too elementary. It has been said * 
that: “Some teachers can bridge the common gaps of text-books and can 
supply the casy-stagc background so often taken for grantcd-gcncral y without 
warrant." This is particularly the case in thermodynam.es and » 

integration by parts is carried out in the background and the result on y pt - 
sented, whereas in the author's experience this manipulation, simple as it is. s 
one which presents difficulty to most students of chemistry. Many 
are also unable to recognise in special cases, where the symbo s ’ 

the standard mathematical forms with which they are otherwise familiar, they 
do not sec, c.g. that: 

f^ v = 1. v'-^+const. 

Jtf l-y 

is simply an example of the standard integral : 

fx"dx=-J- I x-‘ l +const.. 

J >1+ I 

unless it is pointed out to them, and, if they arc serious student". s< uk 

■ Crum Brown. Presidential Address. J CS , 1892. 61. 474; L. II. Adams. J. M. M*. 
Sel., 1926. 266. 

» Mack, J.A.C.S., 1939, 61, 1298. 

A.T.P.C. — 1 1 
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much time and effort in understanding this very simple calculation . 1 It is most 
desirable that a chemistry student should have a special course of mathematics 
suited to his needs, otherwise, as has been said , 2 he will have no time to learn 
chemistry. 

At the risk of being slightly rude, the author will point out two types of 
mathematical treatment which are particularly wearying to the average physical 
chemist. In the first, many formulae arc developed not one of which is expressed 
in terms of measurable quantities, and not one of which is capable of application 
to or test by experimental results. A formula of any use must contain only 
measurable quantities as independent variables. In the second type of treat- 
ment, some simple formula in common use is shown to be only an approxima- 
tion of a more general formula, which cannot be expressed in usable form; in 
this case, the first formula is usually stigmatised as “ unsound ” or “ theoretic- 
ally incorrect,” without any attempt being made to show that the terms it neglects 
arc of very minor importance. Some authors seem to find satisfaction in 
repeatedly deriving results which are well known, and in emphasising the 
•* elegance ” of the new bottles for the old wine. Another fault is that: “ the 
cumbrous phraseology of precise usage, which often involve long parentheses, 
is frequently unnecessary and confusing. This insistence on precision in all 
cases is not unlike a demand that all weighings should be made with the utmost 
accuracy, whether or not the final figures have significance.” J The tendency 
to labour at length in showing how not to make mistakes which no one in his 

'ci'ncos svmiM n'-i i-.. •« r . . ... V'*' 


a man of straw is thoroughly demolished,' 


* 4 


is 


senses could make, in which 
also a tiresome conceit. 

J °"* of . 1 mai" drawbacks of a “ strict " mathematical treatment, emphasised 
mn.hl > US- > ' S lhl “ “ n ' CCSSar ' ly lays most em Phasis on the difficulties of the 
nrinS « p . roc ' ss " ,b f msclves - which have little importance for the physical 
frcatm P eni in°^h d ’ ,hC . lal,cr a PP carln ? more satisfactorily in a simplified 
maffiTm-iiir. ™ "'"f' " Slresscs whal ‘lied the pathology of 

setentffica^ta nrrfor is n °’ ° nly ■ IV ‘ C “"derstandable, but is 
concerned with ,h f' r **"" ,reat: " eM ib - in almost all cases, solely 
bohcll nnrt «?,h h “ e ° f numerical coefficient and not with the sym- 



humble ' dirt • phy^ist" C cxpcnmcnlal information from 

o a f ra 

entropy, has many symbols. such as S 4 » clc WhC / C J! S,ng,c ^uantiiy. such as 

said. Ihc ovcr-systcmaiiscrs have shown* - un w . C ' U>C * J C um ’ Phys ' ,y|7 . *5, 360. 
cuenives." shown u " ^ « unc passion qui on. genera Icmcn. paru 

; J 1 Cto*. Phis., 1921 , 19 . 143 . 

J 1933.55,862. 

‘ J * 1937. 59. 770. 

1889-91. 3, ,n na ChC Theone dcr Gase * in " D,c "icchanische Warmcthcorie,*’ Brunswick 

° 0,1 Mond - P/,v *- 1939, 56. 153. 
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it for themselves. There are many chemists in industry and elsewhere, leaders 
in their own fields, who are not at ease with even the simpler parts of higher 
mathematics. Even research students, in the author’s experience, have not the 
facility in mathematics which might be expected. For all such readers a short 
mathematical introduction has been provided, which, starting from the simples 
mathematics, leads rapidly to those parts of the calculus and simple differential 
equations which are used in the book. This section is not intended for readers 
who have an adequate knowledge of higher mathematics, who can proceed 
straight to the text. It has been said * that: ‘“a little learning is not a 
dangerous thing * in itself, but becomes so when its possessor is ignorant of its 
littleness." It should hardly be necessary to say that no one will reasonably 
expect an adequate treatise on mathematics in a few pages of a book on physical 
chemistry. What has mostly been done is to divest the material needed of those 
long and, to the practical scientist, often unnecessary discussions which are so 
vital 10 the mathematician; as one might say.’ the matter B ^nted w,,h , he 
apes and peacocks thrown overboard." It may be true that . The examine 
tionof natural phenomena is best effected with the minimum of assumption of 
any kind; and instead of demanding a theory. would be better to ask how w 
could dispense with one. It is juster and wiser to adhere to facta i th»» iat temp 
to transcend them." Another aspect of this idea is Larmor s statement that 
"the infinite variety of nature can be only partially enchamed m symbols^ 
The great French mathematician Fourier, whose work was literally * 

JhysS from mathematical oblivion, said; > . ■ U veri.e qu on sc proposal 

de dfaouvrir n'est pas moms each c dans les f°™“^ r X« ra ?ing whh 
Yi tait dans la question physique cllcmcme. The danger P<- . 8 

mathematical symbols without understanding their intimate relation to the 

'irr^Twa^matma^ranllysis is a help to the intellect, and if the mmd 
were more powerful it could dispense with it. The tram tor*. rac< though s 

thought. The previous steps arc marked in symbols, which rcl c 

memory. The mathematical apparatus plays "“same l “ l ? .. „ 

5 = =**=££325' 5S& 

with the conceptions it serves o n who knows ils 

language (’ plain English ). II * s „ , lhal n0 am ount of steady 

— - • - " 

^ a — 

. Ranki»e.-Misc«IUn«^ScKntfe Papers: 1XX1.4J2. 

* T. L. Davis. J A.C S.. 1928. 50. 33% 

> E. J. Mills. Phil. Mote . 1876 I. U . |929 2 4 , : . 

: ,822> 

’.K 2 , IW . 

* Oslwald. ** Uhrbuch dcr allgcmcincn ( hcmK. 1 • 
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mathematics than with it. In physics, it has been said 1 : “ We have no guarantee 
whatever that nature is so constructed that it can be adequately described in 
terms of mechanical or electrical models: it is much more probable that our 
most fundamental relationships can only be expressed mathematically, if at all.” 
It would, however, be highly inconvenient so to describe, e.g. the simple opera- 
tion of peeling a potato, whereas an attempt could be made to describe it so 
that anyone who did not know how to do it could perform the operation after a 
little practice. The same applies to innumerable chemical preparations. A 
large part of chemistry is much too complicated and difficult to offer a successful 
field for the application of mathematical methods, and chemistry cannot afford 
to wait for this to catch it up. After all, the chemists knew that the benzene 
molecule was a flat hexagonal ring long before this had been shown by the 
X-rays, and the concepts of valency and chemical bonds were reached over half 
a century before wave mechanics had come into existence, and is trying to 
represent them in mathematical symbols. 

The point of view presented is that chemistry is a science which can make 
fruitful use of physics and mathematics, but is one which has profitably gone its 
own way, and cannot, even now, submit to be a mere appendage to other sciences. 
Many will disagree with this, and are entitled to their opinions. 2 

Unless an experimenter has a clear idea of the exact nature of a problem, he 
will rarely find a mathematician who is able or willing to solve it for him. He 
must, in general, have arrived at a differential equation or have his ideas clarified 
up to the point where a mathematician can so represent them. The problems 
presented to mathematicians by chemists ignorant of higher mathematics are 
sometimes in a totally unsuitable form, and are often incapable of mathematical 
treatment. In one case the experimenter had ten independent variables, and 
hence ten equations would be necessary for solution, but the worker had only 
one set ol results, he not having grasped the simple point that one thing must be 
varied at a time, the others being kept constant. Even Newton could do nothing 
with such material. The modern trend of « : ?ncc tcrJs to eliminate the 

C f 0f ,he ,ypc: •' (a) Is an dccI,on a P“«idc or a 
SI ri hcn , W ,' ? '" om dlsin, cgrate? (c) What is the molecular 
the gas atO” c!? > " d ‘ ‘ hC ,em P cra,urc o[ a hydrogen molecule in 

f cicncc ’l" 0 . 1 " ” u "l«s it is mathematical is an old 

ance of mal hem^ S < 80 ' n f 10 Pla, °- Thc Grccks em Phasised the import- 
ancc of mathematics, and they never wanted followers. They were fairlv eood 

t d n e S" Ve b '° ,0gy - bul "><* kn ™ nothing of chemistry In chemist™ 

mathematics orSedfte n suh>rt! e EiSlFisch""'^ ' C ' lher ’5" ew Vcry li '. lle 

example being Faraday S "athemattcians, the outstanding 

cardTeSs: 1 '■? 3 CUri ° US n °' c - on a 

the character of cx'peri^-af ?he Zf' WSOlu . U ? n su PP° rl 

Exp. researches He knew the vVw HcnCC 0r, 8 ln of the title 

no Knew the value ofmathemat.es, and counselled Tyndall 

Langmuir, J.A.C.S., 1929. 51. 2847. 


/W.° n 920 hC 3:"55 CnCC ° f speculation on chemistry 

•' Langmuir, op. cif. 

4 QUO ' Cd in S - P - Thompson. - Michael Faraday- His Life 


'cc Lc Chaiclier, Chim. et 
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to work out his experimental results ** so that the mathematicians may be able 
to take it up.” 1 His own long series of Experimental Researches contain no 
mathematical symbols, yet Maxwell, after reading them, was able to say: 2 
“ When I had translated . . . Faraday’s ideas into a mathematical form. I 
found that in general the results of the two methods coincided . . . also that 
several of the most fertile methods of research discovered by the mathematicians 
could be expressed much better in terms of ideas derived from Faraday than in 
their original form. . . . The way in which Faraday made use of his lines ol 
force in co-ordinating the phenomena of electric induction shows him to have 
been a mathematician of high order, and one from whom the mathematicians ot 
the future may derive valuable and fertile methods.'’ 

It is not only in reducing to brief compass the long series of experimental 
results that Maxwell's mathematical restatement of Faraday’s theory was 
illuminating; it had also a creative function, since his equations contained the 
implication of electromagnetic waves, which were afterwards discovered 
experimentally by Hertz along the way pointed out by these mathematical 
equations. Huxley 3 compared mathematics with a null which grinds up what 
is put into it: ” What you get out depends on what you pul in," and pages ol 
formulae will not get a definite result from loose data." lhis is true, yet 
Maxwell’s equations can give all the results of experiment beforehand; a more 
striking example is the recent prediction of the existence of ortho- and para- 
hydrogen molecules, which followed from theoretical equations and. otherwise. 

would probably still remain unknown. 4 

There have not been lacking cases in which mathematicians nave railed to 
understand new mathematical methods applied to scientific problems. Lord 
Kelvin 5 tells how Fourier’s method was considered to be incorrect by some 
mathematicians, and Clausius 6 reports that a professor of mathematics criticised 
thermodynamics as "an abuse of analysis, and bungling nonsense. ... 
nothing more than a rotten nut. which looks well from the outs.de, hu m rea 
contains nothing whatever." It was therefore necessary r °r Claus.uslo «p'am 
in his book the elementary theory of perfect differentials, which had escaped i 
attention of the mathematician. There are examples of this type available 
modern literature.’ The opposite error is also met with. 

The writer well remembers being told, in 1913. by a leading English phys e s . 
that the formulae of the quantum theory were nothing but lucky empirical 
equations, with no theoretical foundation whatever. lb i c 

It seemed necessary to mitigate as fully as might be the objections 
critics that it was useless to give so much space to dementary mail ems 
which could much better be learnt from standard books on the subject, 
short selection of these works on mathematics is given below. 

?ho^'^ 3 k:S'^ni o? malhemaliccins. Have no. enlirged our know** of 
science." 

» " Collected Essays," 1894. 8. 333 
4 Whitehead. Phil. Mag.. 1942. 33. 353. 

Mathematical and Physical Papers. Cambridge.! 

> - The Mechanical Theory of HcaC transk by W. ^ 

1 Sec e.g. Fowler and Sterne, /*«’. Mmt. Phys.. 19J-. •». 
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edit., 1922; Sir T. Heath, A History of Greek Mathematics, 2 vols., Cambridge, 1921 ; Tropfke, 
J., Gcschichte der Elcmcntar-Mathcmatik, Berlin, 1940; Bowley, A. L., A General Course of 
Pure Mathematics from Indices to Solid Geometry, Oxford, 1913; Brown, F. G. W., Higher 
Mathematics, 1926; Cracknell. A. G-, Practical Mathematics, 1925; Hardy, G. H., A Course 
of Pure Mathematics, Cambridge, 9th edit., 1946. 

2. Algebra. 

Briggs, W„ and Bryan, G. H., The Tutorial Algebra, Advanced Course, 1903, revised by 
Walker, G., 1942; Burnside, W. S., and Panton, A. W., The Theory of Equations, 5th edit., 
1904; Chrystal, G., Algebra, Part I, 5th edit., 1920; Part II, 2nd edit., 1922; Hall, H. S., and 
Knight, S. R., Higher Algebra. 4th edit., 1904; MUne, W. P., Higher Algebra, 1913; Smith, C„ 
A Treatise on Algebra, 5th edit., 1920; Todhunter, I., Elementary Treatise on the Theory of 
Equations, 1882; Weber, H., and Wellstein, J., Encyclopfidie der Elementarmathematik, 
3 vols., Leipzig, 1903-7. 

3. Series anti Limits. 

Bromwich, J. T. I., An Introduction to the Theory of Infinite Scries, 1908, 2nd edit., 1926; 
Leathern, J. G., Elements of the Mathematical Theory of Limits, 1925. 


4. Exponentials. 

Du Bray, M., Exponentials Made Easy, 1921 ; see also under Algebra and Calculus. 


5. Theory of Functions. 

Bowman. F., Introduction to Bessel Functions, 1938; Cayley, A., An Elementary Treatise 
on Elliptic Functions, 1876, 2nd edit., 1895; Forsythe, A. R., Theory of Functions ofa Complex 
Variable, 3rd edit., Cambridge, 1918; Gray, A., and Mathews, G. B.. A Treatise on Bessel 
Functions, 1922; Grccnhill, A. G., The Applications of Elliptic Functions. 1892; Harkness, 
J., and Morlcy, F.. Treatise on the Theory of Functions, 1893; Hobson, E. W., The Theory 
of Functions of a Real Variable and the Theory of Fourier’s Scries, 3rd edit., 2 vols., Cam- 
bridge, 1926-7; Macrobcrt. T. M.. Functions of a Complex Variable, 1917; Magnus, W„ and 
Obcrhcttinger, F., Formcln und Sfltzc fur die speziellen Funktioncn dcr mathematischen 
Physik, Berlin, 1943; Neville, E. H., Jacobian Elliptic Functions, Oxford, 1944; Titchmarsh, 
E. C The Theory of Functions, Oxford. 1932. 2nd edit., 1939; Whittaker. E. T., A Course of 
Modern Analysis, Cambridge, |y02, enlarged by Watson, G. N., 4th edit., 1927. 


6. Trigonometry. 

Briggs. W.. and Bryan. G. H.. The Tutorial Trigonometry, 3rd edit., 1928; Hobson, E. W., 
Trigonometry. 7th edit., Cambridge. 1928; Hobson. E. W.. and Jcssop. C. M.. An Elementary 
I realise on Plane Trigonometry, Cambridge. 1910; Loncy, S. L.. Plane Trigonometry. Parts 
I and II; Todhunter. I.. Plane Trigonometry. 8th edit., 1880, revised by Hogg, R. W., 1919. 


7. Coordinate Geometry. 

Gc “ nM '7' 9,h IMS: Briggs. W„ and Bryan. G. H., The 
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the differential calculus 

§ 1. Functions 

a. f C T IU "’ C ° f a ° f 8“ 

•rarily. then A called L T Ca " bc fl « d 

interval let another magnitude v ( " t he „ r rTe '' Valuc of * in this 

one or more definite values, then t'is cXd ^ °, y=p) aSSume 

n } is called the dependent variable. The 


§2 


CONTINUITY 


relation between x and y is expressed by saying > that y is a function of x If 
there is only one value of y for each value of x, y is called a single valued or 
uniform function; otherwise it is called multi-valued or multiform. By way of 
notation (symbolic representation) the functional dependence is re P rcsen ' ed 
b y =ftx), read “ y is a function of x." Some writers use fx for f(x), and f 
often replaced by F, <f>, <£, etc. The letters x, y, z (or immediately preceding ones, 
such as m v w) or Greek letters (etc.) are generally used for variables, and 

and Charles’s laws show that if 9 is in C.: />=(*/«>)( 1+0/273), where K 
constant depending on the nature of the gas and its mass. In general, y may 
a function of several independent variables: y=((u. v w . . J- In «pen 
ments. the dependence of y on each independent variable is found by keeping 

““w'h^funcUon'Tan be given in .he form y=f(x). it U called an explicit 
function, but if it is in .he form f(x, y)-0. y is called an implicit function o. x. 

§ taSTflS curve AB runs from star, to 

of a given function: >=f(x), then y 

two kinds of functions must be 

recognised: (i) continuous func- 
tions, typified by AB. and (ii) 
discontinuous functions, typified 
by CD’DE. 

A criterion of a continuous 
function 4 which expresses ana- 
lytically (i.e. in symbols) what 
is shown graphically (i.e. geo- 
metrically) by these curves reads • | n lhc independent variable x 

as follows. Let f(x) be .he value of the function wn ^ ^ ta Us valuc 

has any given i value x « . th* range ■ of x; c . g . ,f x,-0. 

when x has the value x+h, h being a <m».,nd.h«.ymbol 

i The name is due 10 Leibniz (1692). lhc dcfimjion o ^ j cvcloprnc „, of lhc of 

f(x) to Euler (1734). For an interesting *cou of a Rc j| Variable." 2nd edit.. Cambridge. 
” function,” see Hobson. " Theory of Funcuons of 1)ublin . I904-18^rkncss 

1921-6, 1, 256; Burns.de and Panton. J •• 18V 3.5I ;thc valuc of y must Ik 

and Morley, " A Treatise on the Theory of H> • indcpcndcnl variable is sometimes called 
a valuc of x which makes y infinite .s excluded. 

the argument of the function. . . lhc •• Report of a Joint Commiitcc oi 

* The letters f. F. etc., arc physical Society on Symbols fo« 

the Chemical Society. thcFaraday Souc y. a d |lons relating to thc.r Use. 

dynamical and Physico-Chemical Quantities anu 

obtainable from the three Societies nj*j* Calculus." 1896. 2. and many older authors. 

3 E.g. Grecnhill, " Diflcrenual and Integral CaK 

such as Poisson. ihniz(l687) a ** strict" definition, given y 

4 The concept and name arc due to Lc.bn.z (168/J. a 

(1817), is that used in the text. 

!• 
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*2=10, let x=4 and A=001, so that x+h=4 0\. If f(x)=x 2 , the function 
then has the values 16 and 16 0801. If a value of /;, which is not zero, can be 
chosen which makes the absolute value of f(x+/i)— f(x) (i.e. its numerical value 
with a positive sign) smaller than any number arbitrarily chosen, but not zero, 
then f(x) is a continuous function of x over the range Xj to x 2 . It may be that 
the function is continuous for all values of x. 

There are various kinds of functions. Algebraic functions are obtained by 
performing with x and known constants, k, etc., any finite number of operations 
of addition, subtraction, multiplication, division, and extraction of integral 
(whole number) roots, e.g. 2x, x 2 , y/x, x . If the operations include the 
first four only, the function is called a rational function , and can always be 
reduced to the form F(x)/f(x), where F(x) and f(x) are rational Integral functions , 
each having a finite number of terms of the form Ax™, where A is a constant and 
m a positive or negative integer (whole number). The rational integral function 
y=f(x)=a+6x, where a and b are constants, is a linear function , since the graph 
of y against x is a straight line. 

A function of x which is not an algebraic function is called a transcendental 
function , e.g. cos x, or e x , or log x. These are considered later. 


§3. Limits 

If a variable which changes according to some assigned law can be made to 
approach a fixed constant value as nearly as may be wished, without ever 
becoming actually equal to it, this constant value is called the limiting value . or 
limit, of the variable. 1 

In the fraction y=(2x+3)/(x+ 1), y is a variable which changes with x 
according to the equation. Divide the numerator and denominator by x: 
y-(2+ 3 /x)/(! + 1/x). If x is steadily increased, 3/x and 1/x steadily decrease, 
and |f x increases beyond any assigned value, however great, or as is said, 
x tends to infinity *’ (denoted by x->«). then 3' vacd 1/x both become smaller 
han any assigned values, however small, or as . ,:ud, •• lend to zero." Thus 

IhC fra f" on can bc madc as closc >° - “s may be wished by taking .v 
f 1" symbols: (2.v+3)/(.v + l)-2 when .v-oo. By definition 

1 is the limiting value of.)* when x tends to infinity, or: 

Lim (2x+3)/(x+l)-2. 




* h ?“! d h* " 0,ed ,hal 00 d "<* not denote a definite number, and it should 

aw sSSxfy 

any finite portion of a continuum and ill , , y lhc numbcr of PO'nts in 
infinity. UUm ’ and ,m ™"scly larger than the enumerable 

! Jhis idea of a limit seems lo be due (o WillU •• \ -.s 

* Sec do Morgan. Trans. Camhr.Phil S oc Ig?.' Oxford. 1656. 

S.gn of Fqualily).” " ^ * ,871 * n * ,4S <^d '«64: «o n Infinity and on the 
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§4. Differentials 

The limitations of elementary mathematics appear in 
changes. If an object moves with a constant velocity of 1° cm .per; tec_(or 
cm /sec or cm. sec.-'), then after 5 secs, it will have gone 5 x 10=50 cm. Con- 
versely if an object moves with a constant velocity u, this is found by dividing 
thcdistancc s travelled by the time , as u=s/t If the velocity .s not con a 
an average value over a small interval is found by dividing the small distance 
is traveled in that instant by the very small time interval it. The 

ratio &sli, becomes more accurately equal to the velocity at an «'™ '^ n “ rer 
e, annroaches zero The symbols 8s and 8/ do noi mean s or / multiplied by 6, 

8s/8t when 8t-> 0; it is denoted by: 

u— Lim (Ss/50 = dy/d /. 

SSSSglSE 

making a total fall (s+8*) in a time (/+ W 

<—> " i’SSl'r.'Sff. 

is of the second order of smallness (0 000 ), dv d/ = i»f. 

with the other terms, /. 8 s-gtht, : .d*-*** when 8 dr/or 

The velocity a. a »£■«. *»■ ‘^^ntaS S makes the result 
be noticed that the neglect of tl iinv-rentials of higher order till 

more, no, less, accurate, and ma.ica! concept of 

the end of a calculation is a pure waste s in nature. 

»=rs 

"differential CM^tents”OT^<ter^ functions " t'ce below) is 

fiction which has no counterpart in phy^al 1 proc^. ^ * noted, 

The approximations with finite smal q ^ J/IMI // (0mpaici l »iih unity . 

as they are very useful in practice. If <i, . • • 

• The very convenient solidus notation for ’do «'»'«?• u*din ttiiiw equations, but only 

and Phys. Papers" Cambridge. 1*80. 1. prclacc. 

in printing. . . lo . n infidel Mathematician" London. IW: 

* "The Analyst, or a Discourse addressed to an 

in” Collected Works.” Oxford. 1901.3 ,44. . , 4|0 olcs Lagrange as saying: 

> Ball. ” A Short . . . History of J^^nlin.tcM.nal method . . . we may employ 
”... when wc have grasped the s P ,r,t ,,f . , ^., hoti 0 f shortening and simplifying our 
infinitely small quantities as a sure and • ,, jn . lha , d* and d.r must never Ik 

proofs.” The usual school-teaching procure of ' ^ ^ wCfk inc , ud ,ngdd.r 
separated in d>/dx. and then freely seP-jat' fc h did to Augustus dc Morgan. 
itsclf as an operator, seems as strange 1 lhc "J 1 of dillerential coclficients (i -5 

ential and Integral Calculus.” 1X42. IW. n '** .^ f( , t) (r.- &ti is not <>/** but 

the variables must not usually be separated, for .f --«*• »• 

—dyldx. 
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then (the symbol denoting 11 is approximately equal to,” i.e. with approxima- 
tion sufficient in the equation in which it appears): 

(1 ±a)( 1 ±6)(1 ±c)(l ±d)~\±a±b±c±d 


(\±a)(l±b) 

(\±c)(\±d) 

1 

1 ±a 


~\±a±bTcTd 


l=Ffl 


(l±fl)"— l±«fl 

[with the special cases: (\±a)*=\±2a, (l±a) 3 =l±3a. V(l±fl)=0±«) ,/2 =* 
1 ±\a % ^(l±fl)«=(!±a) ,/3 =l±^] 

y/(ab)~\(a+b) 


.x*c=:l+fl In x 


ln(l+<i)^fl--Ja 2 

(where In denotes the natural logarithm to the base e: sec § 12). If 1 is replaced 
by a constant, w, the expression is first reduced to one of the above cases by 
division : \/(m+a)= 1/(1 +a/m)m~(\ —a/m)/m, etc. 

There is nothing more to understand about a differential or a differential 
coefficient than has been given above, and if sufficient time were available 
it could always bo found by this method. An enormous saving of time and 
trouble is gained, however, by learning a few simple rules, which follow. 
Although any multiplication sum can be worked by successive additions, this 
docs not justify a neglect to learn the rules of multiplication. In modern works, 
the differential coefficient is often called a derived function or a derivative, 1 but 
the operation of finding it is always called differentiation* 


§ 5. Meaning of Differential Coefficient 

Just as ds/dt in the above example gives the velocity, or rate of change of 
distance with time, so if is a function of x , denoted by ; =f(.v), the value of 

dy/dx, for a particular value of x , 
gives the rate of change of y with 
-v, when x has this value. When y 
is increasing with .v, then dy/dx is 
positive; when y is decreasing as x 
increases, then dy/dx is negative. 
When the graph of r=f(.v) is con- 
sidered. another interesting mean- 
ing of dr/d.v appears. 

l et PQ (I ig. 2.1) be part of the 
curve SPQI representing the func- 
tion r=f(.v). Through the points 
P and Q draw PR and QR parallel 
to the axes, and join PQ. Let 
1 Sec the rigorous definition in Hobson •• Th.w» .• c 
edit., Cambridge. 1921-6. 1. 330. The nfm.. • , 3 “ f a Real Variable." 2nd 

f'(^ Cd, ‘ <icrha rd«. Rerlin. I symbS 

u%*S^£ nkU ' ., VI!V1M011 .. fordcrivalive . 



Fio. 2.1. Gradient of a Curve 
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PR=8x and RQ=8y. Then 8>-/Sx=RQ/PR=tan QPR, is the gradient (or 
slope) of the secant PQ. If Q moves along the curve until it coincides with 
p the secant PQ becomes the tangent PQ' to the curv *,*‘ the P°‘ nt P ’ 
and 8x^0; hence the value of Sy/8x becomes dy/dx=RQ /PR, wh ^ n0 " 
measures the gradient of the tangent ■ to the curve at P, or (as is said) the 
gradient of the curve at P. If 4> is the angle (measured in radians: s« § 40), 
positive when measured counter-clockwise, which the positive direction of the 
tangent line at P makes with the positive direction of the x axis, then . 

d>>/dx=tan 4>. 

Since limit PR/RQ=Umit8x/Sy-PR/RQ'=l/«Jy/dx), therefore dx/dy= 
\l(dy/dx). 

§ 6. Rules of Differentiation 

The process or operation of finding the differential 
of a given function is caUed differentiation. Thus, , f J =‘g/ thcn dr , d'-gt s 
found 8 by " differentiating s with respect to >" 8««a , the r sul of differ- 
. in „ y==f ( x ) W ith respect to x will depend on the form of the Junction. 
Before faking up special forms, some general rules relating 10 sums * P ^ UC , ’ 
and quotient® of factions will be useful Suppose uv and w are separate 
different continuous 2 functions of x, which can be denoted by. 


or u 


*f,(x), v=Wx), 
=f(x), v=F(x), 


w=f 3 (x); 
tv=#x), etc., 


and let A: be a constant. 

(1) Since the rate of change of k is zero, it follows that: 


d*=0 


( 1 ) 


or ,He differentia, of a constant is :ero ; Thi^a neater 

M 0? temperature . is constant, is expressed 

by , 2 ) e S. U yi 0 k«t“«he product of a constant * and a function u-fW of x. 


dy = kdu 


... ( 2 ) 


i.e. d(ku)=kdu. Division by the increment dx which has produced the incre- 
ments du and dy gives: dy/dx=Wu/dx) (2.) 

The differential of a function multiplied by a cotts.an, is egual to the constant 
multiplied by the differentia! of the function. 

i Note the distinction between the ^Jc+^Tbx } by the^method of 

angle *. denoted by tan *. On calculation of _tangents ^ c* 

least squares, sec Guckcr and Brennan % • . |fab|c •• musl be continuous. 

1 A function which has a differential cocfficicn . m . Ioughly speaking, if d ylix is 

but some continuous functions have no diffcrcn corisiMs of an infinite number of 

interpreted as .he gradien. of a cun* < i ». “ mina , c: see Harkness and 
infinitesimally small “ saw-tccth. its tf**"* 1 * ./.JJj 5S; Hobson. “ Theory of Functions 

'• 350; ,926 - 2 ' 589 
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(3) The differential of a sum of functions. Let y=u+v+w+. . . 

j-+8v=(k+8w)+(v+M+( w + 8m ’)+ * * * 

8jr*$w+8i>+8w+ . . . 
or d>’=du+dz;+dM’+ . . . 

/. d(u+a+w+ . . .)=du+dv+dw+ (3) 

or dy/dx=duldx+dv/dx+dw/dx+ (3a) 

Any of the signs may be negative, when, for example, d(u— v)—du-~dv % etc. 

The differential of a sum of functions is equal to the sum of the differentials of 
the functions. 

(4) The differential of a product of functions. Consider hrst the product of 
two functions, y^uv, 

:. y+Sy=(u+hu)(v+&v) 

=uv+ u&v+v&u + 8//8t’ 
by=ubv+vSu+Subv. 

The term SuSv is a small quantity of the second order which vanishes in the 


limit: 

dy*=d(ui>)— udv+vdu (4) 

or dy/dx=u(dv/dx)+t(du/dx) (4a) 


The differential of the product of two functions is equal to the first function 
multiplied by the differential of the second plus the second function multiplied by 
the differential of the first. 

If y=uvw, it is easy to show, similarly, that : 

dy—tmd w + i/wdit + uvd if, 

and so on, for any number of functions. (An easier way of obtaining this 
equation is given in § 15.) 

(5) The differential of a quotient oftwofum tio»\. I his is a special case of (4). 
Let y=M,i\ therefore u—yv, 

.’. bu=ybi-+vh) +5r8r 
dM=>-df+fd;% 

as in (4). Hence: 


di -(du-ixk) r=[d//— ( m. r)df] i=(sdi/-m]r),t* 

.*. dy = d(///r) = (rdw — udrYv 2 (5) 

or dyfdx = (r(dw d.v) — ir(dr/d.v)J/i> 2 (5a ) 

It would be cumbersome to put this simple result into words. (A simpler way 
of finding (5) is to write y=uv ' and use (4) in conjunction with the rule for 
i* (where n = — 1) given in § 7.) 

The notation d.r/Av is due to Leibniz.' Other symbols are r„ y\ or Dy 

Huxional method in an anagram m a letter to Ol.l'-nh ! N , ."'l J cfcrrcd vaguely to his 
>676; he did no, Pubh.h hi, method ,he - Prino P ,;, " 
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or if v=f(x) dy/dx is denoted by f(x) or Df(x). Newton used the “ pricked ” 
fetter V formerly caUed the fluxion of y, and this ts stiU used for a velocity. 
x=dx/dr. The symbol d/dx or D may be regarded as an operator which 
on the function f(x) to produce the function f (x). 

8 7. Differentiation of a Power of x . , , If 

Ut y=x*. where n may be positive or negative, integral or fractional. 

y=x2 ' y+Zy= (x + &x) 2 = x 2 + 2x8x + ($x) 2 

dy=2xdx or d>’/dx=2x. 

y+ Sy=(x+Jx)»-x>+3x»Sx+3x(8x)»+(Sx)> 

dy=3x J dx or dy/dx=3x 2 . 

From these results it could be guessed that when y=x": 

dy=nx*- , dx or dy/dx=..x* 1 

5 6: dy=A'-'d.v+.x*- , dx+ . . ■ to ..terms 

• dy— wx" _, dx or dyldx=*nxT' 1 . 

(ii) If „ is a 'positive fraction r,s. where r and s are positive integers, pu, 
x=r'. Then jp 1 **? 

d(x-")=d t-rf'de. 

But dx-«-‘di d t-dMi'-Ur. 

... d (^-rz'-'( l/Ddx-WDx^Mx-Wf)^- <>*■ 

rff 

quotient. (5) § 6. with u= l.v-T , . ^ 

(iv) ^Tlnnl alurdlutinsur^. <£0; 

Sr- £££ «s 

This, together with the rules in §6. will serve 
function (§ 2), F(x)/f(x). H.g. if- 

>= (x 2 +3x+2)/(x+3) 

pu, u=x 2 +3x+2 A d«=(2.«+3W.v 
and u=x+3 •• dr— dx 

written in 1671, was no. published 

SS55; Brit..- 1 1th son.. 19.0, .4, S3*; F.«— • 

Expcrienila, 1946, 2, 262.) Cakulus ,** 1896. 4; Scrret and Scheffers, 

* Greenhill, ** Differential and Integral 9?!^* | ‘jg. lhc common proof uses the B, normal 
der Differential- und Integralrechnung 1908. 1. >*. 

Theorem (<J 33) and assumes its convcrgency. 
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vdu-udv {x+3K2x+3)dx— (**+ 3x+2)dx 

^ ^ (.t+3) 2 

x*+6.x+T 
~ x^+6x+9^ X ' 

If y=u/v=uv~ l 

dy/dx = n{dv~ l ldx) +v~ l (du/dx) = —(u/t^ydv/dx ) + ( I /v)(du/dx) 
= (u.du/dx - u.dv/dxyv 2 , as in (5a), § 6. 


§ 8. Differentiation of a Function of a Function 

Let j«*v'0+* 2 )“0 + v2 ) 1 ' 2 * lhen y is a function of x 1 which is itseIf a 
function of .v. Put 1 +.y 2 =m. therefore y=u ' 2 , and, from § 7: 

dy-\u m -'du=\u'‘ 2 <\u. 

But dM=d(l+.v 2 )=d(.v 2 )=2xd.r, 

d>-=i»r ,/2 . 2.xd.v=( 1 + x 2 )~ l,2 xdx=[x/ y/( 1 +.v 2 )]dx. 

All cases of this kind may be dealt with by a similar substitution. 

In general, if >>=F(u), where u=f(x), then: 

d> ? dF(f/) du 

d.v“ du dx 
or dy=F\u)r(x)dx. 

Example. y= v^[(l +.y+.y 2 )/( I -x+x 2 )). Put 1 +.y+.v 2 = wand 1 -x+x 2 =v y 
therefore di/=(2.v+ l)d.v and dr=(2.v- l)d.v. 

v 2 =i/ V 2rd.r«(rdw— mix*) v 2 from (5), §6, 

rdu=( I -.v+.y 2 )(2y+ 1 W v=( 1 +.v-.v 2 +2v 1 )d.v 

Mdr=(l +.v+ v 2 )(2.y- I )dv = (— I +AT+.Y 2 + 2.V , )d.Y 

tidir— wdv= (2— 2.Y 2 kfv = 2( I — .v 2 )d.Y, 

• tU -- 2(1 ” v:,dA < 1 - ^Xl- .v + .v 2 ) 1 : , 

" - 2*1 -.v+v 2 ) 2 ( I +.v+.v 2 )' 2 (l-.v+.v 2 ) 2 

I-* 2 . 

(l+.V+.V-) 1 ! { I -V+.V 2 ) J - ' 

It should be noted that implicit functions (§ 1) may be differentiated directly. 

E g. if: 

o.y 2 + 2hxy+by 2 + 2yx + 2 fy + c = 0, 
then lax + Thy + 2hx{dySdx) + 2/m (d i-/d.Y) + 2 g + 2f(dyjdx) = 0, 
from which dv/dx may be found as usual by algebra as: 

dr/d It = (o.v + hv + g)/(/,x +hy+f). 


§ 9. Maximum and Minimum Values 

Certain Junctions, with continuous increase of the independent variable x 
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__ r jc o value algebraically greater than all values in the immediate neighbour- 
S‘;S TZSJ-h* is a value algebraically less .han all values 

41 Sr1hecu^"°Fig. , 3.., and notice ,he sign of .he gradient or 
slope (sec Fig. 2.1) dy/dx as the tangent-line rolls round the crest A mi _lhe 
Sc Let A be the angle between the tangent and the X axis (see § 5). 
At afthe tangent-line makes a positive angle (*X>) w.th the x axis. 

tan <f>= dy/dx is positive. 

At A the tangent-line is parallel to the x-axis (<f>= 0): 

tan <f>=dyldx is zero. 

At a, the tangent-line makes a negative angle with the x axis (*<0): 

• tan j>= dy/dx is negative. 



and those when the tangcn.-l.ne rolls round a .rough, corresponding with a 
minimum value of the function, arc l . f y= f( x ), the value of 

«»Ww3£Essss8ffV‘* 

maximum or a minimum dy/dx undergoes tne maximum 0 r minimum. 

Example. If y=3x*+2x-6 dy/dx-6x + 2. ™ _ 04 (algebraically less 

dy/dx =0, therefore x— 1/3 — 1 » " 

than -1/3), dy/d , (6x0-4) + 2 = —0-4. 

If x=-0-2 (algebraically greater than -1/3). 

dy/dx=-(6x0-2)+2-+0*. 

Hence the change of sign is [-] -W 

This result is confirmed by plotting the g Pj> Jg) , h discrimination 

The principle of the method goer . back to ^ Wow) is duc ,o 

between maximum, minimum, and point 

Leibniz (1684). mntinuous function of x in passing 

It is assumed above that dy/dx or f (x) s ' , hc case. In 

through a maximum or minimum point, but this may 
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Fig. 4.1, ABCDEFG is the graph of a continuous function f(x), with a gradient 
f'(x) which is discontinuous at B, C, D, E, and F. The value of f'(x) changes 
from +co to — » in passing B, from — « to 4-® in passing C; f'(*) changes 

discontinuous^ from a posi- 
tive to a negative value on 
passing D, from a negative to 
a positive value in passing E, 
and at F from one positive 
value to a different positive 
value. In no case does dy/dx 
or f'(-v) become zero at the 
maxima B, D, and F, or the 
minima C and E. Such exceptional cases are not often met with, but it should 
be realised that the condition f(.v)=0 for a maximum or minimum breaks 
down when f'(x) is infinite or discontinuous. 




§ 10. Point of Inflexion 

If the value of dy/dx docs not change sign in passing through the zero value, 
i.c. if the criterion becomes l+J->lO]-v[+], or [ — J— ►[0]— >[— ], the curve 
becomes parallel to the axis at that point, but then continues in the same direc- 
tion as at first. At the given point there is a change of curvature , and the point 
at which this occurs is called a point of inflexion. It is not necessary that the 
tangent-line shall be horizontal 
at this point; in the general 
case a point of inflexion is a 
point where a curve crosses its 
tangent-line. Before it, the curve 
is concave to the x axis, and 
after it, convex (cases A and B, 

Fig. 5.1), or else the reverse (case 
C), and there is no need for the . 
tangent to become parallel to the 
x axis {dy/dx =0), as in case A; 
in cases B and C this does not 
happen. 

The consideration as to whether the condition dy/d.v=0 corresponds with a 
maximum, a minimum, or a point of inflexion brings in the second differential 
coefficient, or second derivative, of a function, denoted by d-idv-. or y 2 , or 
)' » or f (.v). 

§11. Differentials of Higher Orders 

anl.tr nm.,° r dil T‘-' rc " ,ia ‘ in e ■ function of .v with respect .o .v is. in general, 
rt ™ ; V - exccpl " hcn ,he ,irst is a lin «r function of .v (§ 2), when 

! ls . a cons,an '- The differential coefficient can thus 

3 r? respecl IO 8 ivin 8 what is called the 

ZT/lrr 1 ? ; and ,he P roccss may be repeatable to give the 

third, fourth, etc., differential coefficients. These are denoted bv : 

d /dy\ d 2 y 

d\ \d.\ ) ~d \2 ( reat f " d two r, d x squared ”) 
d /d 2 y\ d *y 

dvld.v-7~d.t-'* c,c * or generally - 


Fig. 5.1. Points of Inflexion 
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In fr uon 

is negative, or d 2 y/dx 2 <0. in lhc op posiic sense, hence 

i$^i^££s££s& 

although it may be. , , . , +6 d y/dx=6x+2. therefore there is a 

In the example in §9. y—3x+lx+ , , yi sinee d ! y/dx 2 *6, which is 

maximum or minimum value of y when x 1/3. Since a >!» 

positive, the value is a minimum. position, d 2 x/dr>. i.e. 

Since dx/dr represents a velocty. orrUe <* 'cm 8^ H ence (§ 6) 

(d/dr)(dx/df), is a rate of thanp °f £>«''*: f (he , cUer in fluxional notation 
x= velocity, x=accclcration, the pricxing ™ 

ass ««' or - in 

d>y/dx 2 is seen by remembering that: 

dy-r(x)dx. 

and d 2 y-d[f(x)ldx-lf(x)dx]dx=f (x)dx ; 
hence r(x)-d*y/dx*. 
and similar, for higher 

dWdx m ^gWes°a measme'f the curvature of a curve. It will be shown tha, the 
rls o/curvaturc p (see § 48) of a plane curve is give by . 

p =[l+(dWdx) ! ) 1! /(d,'/dx ! ). 

m factors, where the index m is a P° ' f hcn , hown ,hat if m and n are 
live, integral or fractional, quantity, 
positive integers: 

<ri<r=tr m . • • 

(O'-*" - . . 

{ub) m =irv . . - 

(albf^iTltr . . • 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 
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If these results are assumed to hold for fractional, zero, and negative exponents: 

c^'-={(f r ) l,n =</cr ( 6 ) 

where m and n are positive integers, 

a r 'xa°=a n, ‘°=a m a°= I (7) 

I u- m =\/a m (8) 


Ostwald 1 proposed to write powers of 10 (a=10) by giving the exponent in 
brackets: 3x 10 I0 =3(10), 0-0008=8(— 4), but this has not been adopted. 

Any function in which the independent variable x is in the index (or exponent) 
is called an exponential function, the general type being a*, where a is a constant: 

y=a*. 


If a is a fixed positive quantity greater than unity, then if x ranges from — co 
to +<o, y will range from <r*= l/a JO =0, to a"= + ». If a series of indices x 
and powers a**=*y are tabulated for a given fixed value of a, then the indices 
constitute a table of logarithms of the corresponding numbers in the table of 
powers, a being called the base of the logarithms. 

Every positive number N can be expressed as a power of some other fixed 
positive number a, viz. + .V=<r\ where .v may be positive, negative, integral or 
fractional. If 10, then /V=10\ when x is called the logarithm to the 
base 10 of A\ or the common logarithm of ,V; i.e. x is the power to which 10 
must be raised to give N, and .t=log 10 N. Tables of logarithms to the base 10 
were published by H. Briggs in 1617. Multiplication is then equivalent to 
adding logarithms, and division to subtracting them, as is easily seen. 
E.g.. 15= 10 ,,|76 i and 28=lO««™ therefore 15x28= x 10'"“72= 
I0«- 1 761 *1-4472= 102.6233. The number of which 2-6233 is the logarithm is 420, 
i.e. U)2 «»=420, hence 15x28=420. 

Instead of «=I0, any other positive number could be taken as a base for a 
lable of logarithms, which would then be different from the common log- 
arithms. If «=2-71828l828...=e. AT-(2-7l828l828...)*-c\ and .v=log< N. 

A “ logarithm to the base c " is called a natw.il, or a hyperbolic , or a Naperian 
logarithm (after John Napier. 1550-1617, who in 1614 used logarithms closely 
related to these, approximately to the base I/c): the symbol c is due to Euler, 
who also introduced the general use of the symbol n in the same year, 1739. 
Besides the symbol log,. ,t , s sometimes written ** lg,” or (by mathematicians 
only) log , but the most compact symbol is that proposed by Ostwald, 2 
viz. In, which w ill be used consistently. 

Since Af == I = c ' ,, v = (2-7 1 S’X 1 828 v , and 2-718281828.. or e 

;; c ;: h , - , 1 follo " s ,hi " ln V is log,„ For all values of N 

the two logarithms are in a constant ratio. 

io g an l ^ A ' = T„:: d and * ,hc of t rx* 

xi) This number ,s denoted by hence log,,, N=u In N, 

1 Z. phys. Client., !«>](). 71. 128 

«■: Newman, Trans. 

••H'ghcr Mathematics.” 1931. 273; Burintfon 243 : Parlin 8 ,on » 

l-ormulas.” Sandusky. Ohio. 1941 no- " ii ‘ i,J . \ of N, ‘thematical Tables and 

Rubber Publishing Co.. Copland. »"d Phydcs." Chcm. 

Uekhomk, 1906.3. 120. * *' * , fl ‘ *: < Tuner. J.ihrh. Rndionkt. 
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or lnJV=(l/ /I )log, 0 N=log, 0 Nx 2-3025851... . The values M =04343 and 
1/^=2-3026 are usually sufficiently accurate, and should be remembered. A 
short table of values of e* and of In x is : 


X 

0 

0-25 

0*5 

c* 

1-0 

1-284 

1 649 

tr* 

10 

0*779 

0607 

In x 

— CO 

-1*386 

-0 693 

logiox 

— CO 

-0-602 

— 0 301 



0 405 0 693 i 1 099 1 386 1 609 i 2 303 


Such special tables are unnecessary, since values of e* (and e -1/e ) and 
In x can be found from ordinary logarithm tables as follows. 

Let y=e«. Then In >-2-3026 log >-, log >=0-4343 In >, and the muH p ca- 
tion can be performed by logarithms. Taking * as the given number, multiply 

thft , -5 460 x 0 *4343 =*-3 054 = 4 *946. Anti-logarithm 4-946-0 0008831, 
therefore c - 5 - 460 *=0 0008831. The reader is advised to draw the graph* 
c* e"* (= l/e“). and In x from the table. 

§ 13. Differentiation of the Exponential Function 1 

Lety-fl*. y+dy-a u, *\ 

• # 4y ^a**'**- a* =<**(<**' -*)■ 

Since /A*—! is a function of a and dx, and vanishes when dx=0, it may be 
assumed to contain dx as a factor and to be of the fbjjMdx w ere , ,s a func 
tion of a, and hence a constant, which is to be determined. Hence. 

d (aY-*A6x 

function, and: or d e/dx=C W 

The fundamental property of the expo 

W " a‘: 

ILTjEMS d .! m <mafhema,,can> expressed, 

that " e can be expanded in an infinite power scries . 

c*=<io+fl|X+0 2 * 2 + a >*'+ • • • 

VXggSSSSaSSSSSS?* 

de x /dx=fl|+2fl2V+-3fljx 2 + 

. The trealment in Lodge. - *7* 

It seems to date from dc Morgan. Different method involving the use of the 

«,>.» made ' - strict," and is ™ch lo ^'^^Ttn^ma. Ca.cu.us, - 3rd cdi... 
Binomial Theorem: see Lamb. An ticmcniary v 
Cambridge. 1927, 72 f. 
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Since de*/dx=e* by (2), the two series (3) and (4) are identical, and coefficients 
of like powers of .y in them are equal: 

/. a \ = O q, a 2 =2 a i> fl 3=3 fl 2> etc - 


Since c x = 1 when x=0, by (7), § 12, it follows from (3) that < 7 0 = 1. hence *,-1. 

"TnhccommuedTroduct 1 . 2 . 3 . 4 . . . n is denoted by [* or n! (read ■ 
“ factorial n ”) it follows that: 

c .v =1 + v+x 2/2!+.x3/3!+-t 4 /4!+ . . . +.x / /r!+ . . . to infinity . . (5) 
This exponential series was published by Newton in 1 669. Put x= 1 , then : 


e=l + l + j— i+ 


nyM.2.3'M.2.3.4' r 1.2.3.4.5 


= 2+0-5+0 1666+0 0417+0 00833+ . . . 

The value correct to nine places of decimals is 2-718281828, i.e. 2-7 (a part 
which must always be remembered) followed by the figures 1828 twice repeated. 
Thus, e is the same as the base of natural logarithms in § 12. 

To find A in (1), let a x =e hs , therefore a=c b , and 6=ln a, 

da*= d(e >x ) = e*‘d(6.v) = bc bx d v = I n a . r/'d.v, 


so that A s= In a. Hence: 
Prom the scries for c x : 


d a K =a x In a d.v 


. (6) 


e*= 1 +.v/l !+.v 2 /2!+.v 3 /3!+ . . . 

that for a* is found by putting bx for x and writing <i=c\ .*. b = In a. Hence: 

tf v =tr*'=e* . e T =c ,ln * 

tf r = 1 +(l/l !)v In ri+(l/2!)v 2 i!n fl) 2 +(l/3!)v 3 (ln fl) 3 -f ... (7) 


In the author’s experience, many students find difficulty in working with 
exponential functions (which arc neglected in school mathematics). They 
should remember the following Rules: 

(i) The function c* is like the ordinary it* of elementary algebra except that 
a now has a particular value c, equal to 2-718281828 . . ., and m instead of a 
constant number is a variable number, .v. 

(ii) A logarithm to the b • c is like a common logarithm, except that its base 
is c instead of 10, and since e is less than 10, the logarithm to the base c is larger 
than the common logarithm ; it is 2-3026 limes the latter. This should always be 
remembered: the “ common " or " vulgar ’’ logarithm is ** meaner ” or smaller 
than the natural logarithm. 

(iii) The reason for choosing the base e is that the result of the differentiation 
of c* by .v is to be e* itself. Thus, if f(v)=c\ df(x)/d.Y=f(.Y), i.e. the function 
c* is increasing with v at a rate equal to itself. In general, a function <7* increases 
with x at a rate proportional to itself, the factor of proportionality being In a. 

Civ) Any expression involving a logarithm may be converted into one involv- 
ing an exponential function, or vice versa. For, if r=e* then In v=.v, and if 
M=f(A) is put instead of v, viz. r= c “=c ,u \ then ln i : =n=f( v). 

Thus the rule is: to convert a logarithmic expression into an exponential one , 
drop the In and raise the other side of the equation to an exponent of e. This 


' | n factorials arc always denoted by n. and tins is used in some books, 

notation n\ is due to Kruinp. 


The 
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anoiies however complicated the function may be. With long or complicated 
exnonents e“ or e>« may be written exp u or exp[f(x)]. read -exponential 
function of u [or of f(x) ].” and having exactly the same meaning. The nota- 

“a 1 Son r w^ten used « to represent many physico-chemical 
nroccsses is: y-rf=K/(l+Ce“), where d, K, C, and r arc constants. 

The Gomperz > function : has been used in statist, cal mves igations. 

(V) A constant k can always be represented as ■*=<=*, where A is anothe^ con- 
stant. For example, the ordinary equation for a ummolccular rcac on .s 
^[nUn-xW^kt where ^concentration at time /=0, <?-x-concenirauo 
alter a toil and t Mhe velocity coefficient, a constant. Put O =c 0 , o-x=c, 
the two concentrations, then: 

In (c 0 /c)—*» .'. Co/c=«“, f / f o“l/ eK=c '”, 

c=r«e-“ <*> 

The two equations express exactly the same result. By differentiation with 
respect to time (if necessary, put kt-u): 

dc/df-dCcoe-*)/^ 

= -/cc 0 c'*'=‘-*c. 

which shows that c is decreasing at a rate proportional to ^ 

law of mass action for a unimolecular reaction. If * » put equal q 

tion (8) can be written: c*=c* . Kelvin 4 called the Compound 

tbJA“a wwm-a » ii»> * » “» 

increase of y with x. 

§ 14. Differentiation of a Logarithm 

Let, -tax, A x-e' .\ dx-e'dy-xd, .'. d.r/dx- l.x. or. 

d In .v/dx- 1/x. 

df(x)dx=f'(x)dx: „ , 

/. d In u/dx=d In f(x)/dx = f (x)/f(x). 

This result is also oj greutimportanu^a ^ ’ fo r ^ l hat t^hc numerator is 

differentiation of a function is of . original function differentiated 

the differential coefficient of the dcnominaUK, thc ong n^ addcd which 

was the logarithm of the denominator (with, P°ss y, 
disappears in differentiation, since d In k U). 

. _ , , .. *7 TKi- use of exp m instead of 

i Grccnhill, “ Differential and Integral Cakulus. 18 
c", when u is a concise expression, is 8 cncr4 *‘ y ™ 

» Reed and Bcrkson, J. Phys. Chem.. 192V. ,943. 3S 695 . 

’ Gompaz, Phil. Trans., 1825 - ,l5, .?l^ d ^ ' l iT8; £ ^Math. and Phys. Papers." 1890. 
4 Art. Elasticity in “ Ency. Brit.. 9th edit.. 

3.27. 
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6 15. Logarithmic Differentiation 

The differentiation of an expression containing products or powers of func- 
tions is often much easier if logarithms are first taken and the sum of the 
logarithms then differentiated. Let y-uvw t 

In>»=ln u+lnu+ln w, 

dyly=dulu+dvlv+dw/w, 

dy=ydulu+ydv/v+ydw/H 

=vH'du+uwdv+uvdw, 

a result found with more difficulty in § 7. 

y=x H t then In y=n In x, therefore dy/y=ndx/x, therefore dy/dx-ny/x- 

nx"~ l , as found in § 7. 


§ 16. Two Important Limits 

It is required to show that: 

(i) xe~ x when x->®, i.e. Lim xe~*, is 0; 

(ii) .x In x when x->0, i.e. Lim x In x, is 0. 

x-+0 

In (i) when x-*®, c -*= l/e*-*l/®-*0, and the function assumes the inde- 
terminate form « xO(sec § 3). In (ii), when x-*0, In x-*-® (see § 12), and the 
function assumes the indeterminate form — ®x0. Finite limiting values of 
both functions can, however, be found by the following rule (L' Hdpital's 
theorem , 1696). If u/v is the ratio of two functions of x, both of which arc 
0 or ® when x=a, the value of u/v when x=a (i.e., an indeterminate form 
0/0 or ®/® by direct substitution) is given by differentiating u and v with 
respect to x, and then putting x=a in the ratio (d w/ d x)f(dv/ dx) . In the first 
case, when x=a, u= 0. and v=0, and when x=a+d.v, n=0+dw, and t>=0+di>. 
Hence the limiting value of u/v when dx-*0 (i.e. x->o) is the value of du/dv, 
or (du/dx)/(dv/dx), when x=o. In the second case, write u/o as (1/v)/(1/m) 
and proceed as above. 

(i) xc- JC =x/e x =u/t»; thus dw=d.v and dv=e*dx, therefore du/dv=\/c*, and 
when x—*® this is zero. 

(ii) x In x=ln x/x-‘=m/v; thus du=d In x=d x/.x, and di> = d (x~ 1 ) = — x _2 dx, 
therefore u/t»= du/dv* — x, and when x=0, this is zero. 


THE INTEGRAL CALCULUS 

§ 17. Integration 

The Differential Calculus provides a process, called differentiation, by means 
of which the rate of change df(x)/dx of a function f(x) of x can be found. The 
Integral Calculus provides a means, called integration, by which the original 
function is recovered if its rate of change, or differential coefficient, is known. 
Integration thus involves “ the memory of differentiation,” 1 and it depends 
more on skill than on rules. Newton, who called a differential coefficient a 
“ fluxion,” called its integral a ” fluent.” 

The symbol d/dx or D denotes an operator which, acting on the function 
t(x), with or without an additive constant C, produces the derived function 

1 De Morgan, Trans . Canxbr. Phil. Soc., 1844, 8. 188. 
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INTEGRATION 

'L u if w-nr-rw. ««*. *-0*“ 

d(y+Q=d^=rWdx old form of the small letter s). 

Integration is denoted by tl he .y >°1 H as ^ of di ff e ,en,iauon. 

and, since y+C = Jf (x)dx, it n y s 20) as a process of summation 

Alternatively, integration there, instead of adding finite 

(as originally by Newton), y ~ d > - < ’lies, infinitesimal values of dy are 
quantities, to which the llTjeTmxW passes into Jf'(*)dx. . " 

added, which approach of x. say x 0 , i.e. the .n.l.al 

,l " ■* - * 

y as x increases from x„ to x. Th-s .s denoted by . 

.... (1) 


l — I'o=J f’(x)dx 


and is found by * the value of the »£ *^££7? 

for x=x, the constant C thus d'sappca g- ificd is ca || ed a Jefimie 

limits of 'he integral, and an .ntegral with \» g with an nnspecif.ed 

integral, since the 'ndefinae constant C * £ ^ uscd hcrc in a se „se 

lower limit x 0 ) has disappeared, (inc wo. 

different from that in § 3.) • (such as those shown below, and 

h r,ST “ &£ aSra- 'jsns. 

ff SSToV - process and the 

sign J are due to Uibma (1686; W § «• ^ |he fornl du , where u is a 

If any expression to be integrated c “ n P , don e. but a series of 
function of x, the integral is ,,+C in ^ of y js glvcn , an approximate 
numerical values of y correspond S . applying certain rules (e g., 

value of the integral can be found paph^ or by . PP ^ •• , s often 

S Examples of these are given n 

“following ^ t functions'of x 

General Theorems on Differentiation m §6. 

and k a constant. Then: . . „ ... (2) 


J*du=*J< ,M=sA:M+C • • 
J<d«+d«0=Jd(!<+«')="+ t ’ +( 
/d(ut;)=JM^+ ltlu > 
Judv=w-J wlM+C * 


(3) 

(4) 

(5) 


V 

» 

$ 

oi 1 

& 


§ 18. Some Important Integrals previous results of 

The following special results of integration follow 

differentiation. 


From §7: 


except when_/i= — 1- 


K=«U 


v 


d(x- *)= „ + , 


+<■ . 


ID 
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From §14. j*->d.v=Jdx/x=Jd In x=ln x+C (2) 

Equation (2) can be found as a special case of (1) as follows. From (7), § 13: 

(a*— l)/.v=ln a+}*(ln a) 2 + . . . 

Change a to x and x to n, then when n approaches zero: (x n -\)/n=\n x. 
Put w here a is an arbitrary constant, then: 

P )dy»JV/fl)‘"dv=J < (x/a)' m ad(x/a) 


a 

1 — m\a 




a 


1-m 


Expand as above, putting x/a=x t therefore a= 1, and 1 -m=n, then when n 
approaches zero, or m approaches — 1, the integral becomes In x. 

From § 13: 

Jc*dx = / d(e*) = e* + C (3) 

To find the integral of e°\ where a is a constant, put ax=u and see § 8: 
d(e")=ac M dx, e <LX d.v=(l/a)d(e“l 

/e“d.t=(l/a)/d(e*“)=(l/«)e«+C (4) 

Je“*d.v= — Jd(e'*)= — e“*+C (5) 

/c “d.v=(l/a)/d(e “)=-(l/a)c «+C (6) 

The two following integrals arc found by writing x+a=u and (a— x)=v, when 
dw=d.v and di>= — dx: 



=ln n+C=ln (x+<i) + C 
— In r+C= — In (a— x)+C 


. . (7) 


( 8 ) 


Useful Tables of Integrals 1 are available. The integration of various algebraic, 
exponential, and trigonometrical expressions usually involves a previous 
reduction to a standard form, this generally requiring skill which is acquired 
only by working many examples found in the regular text-books. As G. A. 
Gibson said: 2 "Most of the difficulty beginners find in integration is due 
to a deficiency of power in . . . elementary algebraic and trigonometric 
transformations." 


§ 19. Integration by Parts 

Equation (5), § 17: 

Iudv=uv— fvdu+C (1) 

is the basis of the very important method or integration by purls, due to Leibniz 
(the idea goes back to Pascal. 1659). which is used when it is possible to pick out 

ShonTablc of Inicmk TaUcsdMmegmlcs Dcfinics," Leyden. IS67; Pierce. "A 

SSL,! ? tSIiS “SRS* B ? n ; ,9 ! 0: Dw « h «- - Maihcmalical Tables." New York. 1941 1 
- Handbook' ^ u? lhCf Malhcma,i *^l Data." New York. 1934; Burington. 

on In,^^ion ;n r , ,Ca U Ta ^ and Formu ^” Sandusky. Ohio. 1941. Chapter vii 

2 An Elementary Treatise on the Calculus." 1933. 296. 
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of the expression to be integrated a factor which is recognised as the differential 

0f ^ UnC,i ° n - JxVdx. 

By inspection, de“=(l/a)d(e“), from (4), § 18. 

. dt ,_ c a*dx and u=x 2 are chosen for (1). 

Then, v=(l/a)e aX (the constant C is added later), and du=2xd.v, 

Jx 2 e a *dx=(l/«)x 2 e- Jf -(l/a)/e ax . 2xdx+C. 

To find the integral on the right, put dt>=e~dx and u=2x, 

u=(l/a)e M and du=2dx 

J2xe~dx=(l/a)e~ . 2x-(2/a)fe"dv 

= (2/a)e**x — (2/a 2 )e ,uf , 

... Jx 2 e a *d x = ( 1 /a)x 2 e®* — (2/ a)xe** + (2/a 2 )e“ 

= (e^/aXx 2 — 2x + 2/a) + C. 

The rule is that one/ncror is inugroudand'ho and after 

(giFing dx/x): jh xdj=x , n x _ Jxd(ln x) =x in x-Jdx 

— xln x-x+C. 

Values of the so-called in.egral logon, hn,, lix=fdx/lnx. are tabulated by 
Ekholm. 1 

§ 20. Definite Integral as the Limit of a Sum r6 , 7 , 

* f integral is that of a limit of a sum (§ l ')• 

An important meaning of a definite integral Fig 6 |, i c , 

?5 repre*’/ 4 under PQ into a large number of very 

narrow strips, each of width dx. Each 
strip is approximately 2 a rectangle ot 
area ydx-=f'(x)dx. The whole area 
between the curve PQ. the ordinates jo 
and y m , and the axis of x is the limit ot 
the sum of all the strips when the width 
of each strip becomes vanishingly small. 
i.e. 3 : 

area = j**V(x )d x = f(x,) — f(x 0 ). 

where f(x) is the function from which 
f'(x)dx is formed by differentiation. 

Actually, the area of each strip is re- 
placed in the sum by : 

f'(x)dx=f(x+dx)-f(x) 

i ArkivMal. Aaron. Fys.. 1908.4, N* . f |hc curvc , but the fragment of ihc 

J The top of each strip * JwdWoff o the a , s quile negligible, and becomes 

rectangle missing is so small compared h « few* «ro. A symbolic " prod 

accurately zero when <L*. the width of the sir p «enu 

of this is merely clothing the idea in mal ^ ma ‘^^ s n j0 n. see Rungc. >cchn. Fin s.. 

> The notation is due to Fourier, on graphical g 
1924,5, 161. 
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and on adding all these contributions, only the difference between the final 
value and the initial value, f(.xj-f(.v„), remains, all the intermediate values can- 
celling with opposite signs. Since integration finds the values of areas, including 
“ squaring the circle,” its old name was quadrature. It should be noted that the 
value of an integral can be found graphically by plotting f'(-v) against .y and 
counting the squares on the graph paper, or cutting out the figure and weighing. 
Besides areas, the definite integral can sometimes be used in finding volumes. 

The following example shows this and also 
brings in some additional notation used with 
integrals. 

Example. The parabola y=2x— x 1 2 (Fig. 7.1) 
is rotated about a line AE through its vertex. 
Find the volume of the parabolic hill between 
the curve and the plane containing the x axis. 
The parabola is symmetrical about the ordi- 
nate AE (>•=!) at .v=l. The volume can be 
found in two ways. 

(i) The circular slab method .‘ Imagine the 
Volume of a Paraboloid solid divided into thin circular slabs or slices 

by planes at right angles to AE, a section being 
shown by PQQ'P'. Let the coordinates of P be (.v, y) and those of Q be 
(.v+ d.v, y+dy). The volume of the slab (neglecting infinitiscmals of higher 
orders, due to the slight slope of its boundary) is (since d.v=(2-2x)d.v): 

rr(PR) 2 * . RS=tt(I -.v) 2 . d.l =rr(I -.v) 2 . (2-2.v)d.v 

= 2ir(l— .v)>d.v. 

I he volume V of the paraboloid is the sum of the volumes of the slabs and is 
got by integrating between the limits \ =0 and v = 1 ( not y=2). 

Fs=2n| (I — .\)*d.v. 

J o 

Put (1 — .y)=; d.v= - dr. The limits of integration must always be suitably 

adjusted when a new independent variable is introduced . and in this case when 
.v=0, r= I, and when .v= I, r=0; 



V= -2r 


Interchanging the upper and lowei limits changes the sign of a definite integral; 
if /o and / ( are the values in the present case for r =0 and r=l. the integral 
above is which is equal to (/, — /„); 


l- 2 > r*dz=2r 


1 - 4 
•I - 


• •• I I" 

where the square brackets mean that the value inside foi j = i) is to be sub- 
tracted fr am the value for r= 1 ; 

I ())=- 2 unit cubes. 2 

00 7/)*' hollow cylinder method. Strips such as PQNM revolved about the 
vcrtiial avis Al. lorn, a number of thin hollow cylinders, the limit of the sum of 

1 The idea goes back to Archimedes. 

: Hie enthmiasi in ** dimensions ** l sec s ii lit «ai k., . . . . . , 

r here seems to have the dimensions ol solnm I . s ' v,ng ,h * u thc ni,mbcr 

i«-.. 1940. 36. 139. IO h«« other •• dimension's.- S '‘ ,vcl> -” C, " -A Tnan - Fara,la >' 
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to volumes of which is .he volume of .he paraboloid. The volume of .he 

cylinder is . 2 , PR .PM.MN = girth X height X thickness 

=27t( 1— x) . (2x— x 2 ) . dx 
= 27i(2x — 3x 2 + x J )dx, 

■ K- 2 J , (2x-3x»+x>)d.r-[2 n (x*-.x>+iA^="/2..s before. 

Example. (This uses .rigonome.rical ma.eriai discussed la.er.) To find 

■ dx. pul x=a sin f. .hen dx=n cos * . df When x=0. sin *-0. 

therefore .he lower limit remains 0; ^en^i. x- (since s,n ^1». 
and .he upper limit must be changed from a to 

- J"\i>cos>* . d^=i« ! J o 'li+tO'lW from ( 10 ). § J| 

-in* J^df+Vj t coi2 * d * 

d^+wj^jdlsm 2*1. from (D.5 4 - 

. ifllWr+ 4i“<-, 

since sin 0=0 and sin tt= 0. .. thr i a( t cr being defined by the 

This is the solution of “ squaring the ci • , f is integrated from 

curve (a=radius), therefore jf- > " y 

• 0 to a, a quadrant of the circular area (akoswept , p 
out by the radius revolving from 0 to i 

found, hence the whole area is wfl*. 

If the equation of the circle is given ,n polar 
coordinates (Fig. 8.1): r—2acos9, t c 
given by letting the radius vector r move from c 
direction OP' to the direction OP. i.e. over the 
angle from — {it to the angle + 2 W - 

r »/i r»/2 

\r 2 46=2a 2 \ cos 2 0.d0 = 

a>jy+«»W0=« a >. h(o , , A rca of llw Circle 

.he area of any small triangle »*•"“" w» g x(bale)= l f . ,dfl. very nearly 
lions of r making an angle of d 0 being >ine . 

(§8.111). . , integral is determined by its 

It should be noted that the value of a variable is immaterial, 

limits, so .ha. .he particular letter used to denote 

Thu, .he integral j> used in .he firs, example could have been 



30 



have been written 


MATHEMATICAL INTRODUCTION 


r »/2 

■ and the integral cos 2<f > . d <f> in the example above could 


»/2 

cos 2-v . dx, etc. 


§ 21. Some Properties of Definite Integrals 
The following properties of the definite integral are very important. 



( 1 ) 


since if Jf(.Y)d.Y=F(.v), the first integral is F(6)-F(a), and the second F(a)-F(b). 
This implies that a sign must be attributed to an area: if it is traced out m the 
direction of increasing x it is positive, if in the direction of decreasing x it is 
negative. ^ 

J 7(.v)dx= | f(.v)d.Y+J V(x)d.Y (2) 


This result is obvious; it merely implies a temporary pause somewhere in the 
work of adding the elements of the integral. 



If the area lies wholly above or below the .v axis, and f(.v)i 
is an even function of v (like .y 2 ), then (Fig. 9.1): 


j f(.v)d.V = 2 | V.Y)d Y 


=f(-x), i.e. f(x) 


(3) 


the area represented by the first integral being bisected by the;- axis. 

If the area lies partly above and partly below the .y axis, and f(.Y)= — f(— .v), 
i.e. f(.v) is an odil function of x (e.g. .y), then (Fig. 10.1): 


r 


f(.Y)d.V = 0 


(4) 


the area above the .y axis being equal to the area below it. 

If part of the area lies above and part below the .v axis, the total area repre- 
sented by the integral is the sum of the areas above the axis less the sum of the 
areas below the axis, the separate areas being found by separate integrations 

between the appropriate limits ( 5 ) 

If the curve forms a closed loop (or cycle), or several such loops (Fig. 11. 1), 
each loop traced out clockwise encloses a positive area (the area under the upper 
curve being numerically greater than that under the lower curve, and the area of 
the oop being the algebraic difference of the areas), and if traced out counter- 
clockwise it encloses a negative area. It should be noted that this is not a 
convention, like the sign of an angle, but is a necessary result. . . (6) 
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| 22 MUUin-t , ~ . 

§ 22. Multiple Integrals > 

In Fie 12 I let v= fix) and let x and x+dx be the x-coordinates of P and Q. 
Thus NM-dx The area of the strip PQMN in the limit is ydx. The area 
ABDC is fvdx=Jf(x)dx, taken between the limits of x corresponding with 
A^nd B. Suppose this cut from the paper, and let a be the mass of the pap 
per unit area, then the mass of the figure is 
a Jf(x)dx. If, however, the mass per unit area 
varies from point to point, so that a » a func- 
tion of the position of a point, or o-^x.y). 
this process fails. Now take a small rectangle 
fgkh of height d y on the strip; Us mass is 

ad.xdy =</>(*, y)6x6y, 

the values of x and y in <f>(x, y) being the 
average values over the very small area igkn. 

The mass of the strip PQMN is 

Jfo(x, y)ix]6y= [M*> >X»>’ld*. 

the integration being with respect to y, with 
x (and hence dx) kept constant, the limits ol 
y being 0 and the ordinate of P. Th ' " ia5S of a „ lhe , U ips, which 

of the area ABDC is now found by add ' n * ' c i"^csm:ct to x from x=x, 
corresponds with an integration of the bo fr0 m its value 

S K corresponding & B. The whole 

mass is thus: .... i 

j ”[J W.> , ) d J’] dx - 

This is a double (or surface) integral. and the standard notation * is: 



Fig. 12.1. Representation of a 
Surface Integral 


j"J J'jdxdy . 


(II 


which indicates that fU, y) is first '" lc f '^cd'in'tcrms of the Hauls 

keeping x constant, and the resul ' (whl ^ , int *«aied with respect to x from 
of y, i.e. constants, and the variable x) is then integ 

x, to x 2 , keeping y constant f d from lh e plane of the paper 

If a third (i) axis is added, in a diiwtion ,, ntc Maxwells 

in the so-called right-handed (or Englis I ^ ^ [cplescnl a vo i umc by a 

time, in all physical discussions), then P° c , c|ncllla[y parallelepiped' 

volume or triple integral. The volume 

i Sec e.g. SokolnikofT. “ Advanced ^l^^^.^id’^^tcgrations arc carried out 
* The notation varies, but the above . signs arc in the same order 

in order beginning with the d.lTcrcnt.al on the right, and 

as the differentials. . . M»onctism “ 3rd edit.. Oxford. 1*92. 1. 26. * * 

> Maxwell. “ A Treatise on Electricity and M 8 * ing backwards through the plane of 

left-handed, or ” Continental" axes, with the .^a IP» potion is with the : axis 


axis 

icu-nanaeo. or uhiuikih** -y . ti^. ciandaro posmun ■» ■ . 

the paper, is used in most mathematical books. h ighl _ han dcd system the x axis to the 
vertical, the >• axis in the plane of »he_ paper, and m the r.gn .. .h.. nlanel. 


in the plane of the pape' » fright of the «, P«anO 

right-hand, looking from the origin along the pos t y lhfOUgh , hc axes divide space into 

or, in the left-handed system, to the left-hand. Ihepiane ^ 

eight cubical octants. na paXX^ (parallel), ini (upon), an 

♦Greek napaMnXtmn^ov (in FueMh Trom 
W8ov, the ground , misspelled parallelopipe . 


<ni 
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parallel to the z axis is zdxdj' (Fig. 13.1, where the whole coordinate system is 
tilted forward), and if this is divided into rectangular elements of sides dx, 
dy, dz, and volume dxdydz, the density p per unit volume being variable, 

p=tj^x, y, z), the whole mass 
is easily seen to be given by: 

UMx. y, Z&dydz . (2) 

with suitable limits for x, y , 
and z. 

With four, five, six, . . . 
n variables, quadruple , quin- 
tuple, sextuple , . . . n-tuplc 
integrals are obtained. In 
such cases, a geometrical 
representation in three- 
dimensional space is impos- 
sible, but there is no difficulty 
in imagining the integration 
to be carried out in n-dimen- 
Fig. 13.1. Representation of a Volume Integral sional space. In ordinary 

mathematical books the 
triple integral is usually the highest considered, but sextuple and even octuple 
integrals are very common in the kinetic theory of gases (sec, c.g., § 22.III). 
To avoid the alarming appearance of: 

>*, z, u, v, vv)d.vdj-drd//drdH’, 



d<p 



«// 


two integral signs may be used, with a number in brackets between to show how 
many integral signs should be written, c.g., 

J . (6) . J, but it is usual in Continental works * ' 
to represent the //-dimensional volume clement 
dxd;drdi/drdiv ... by dr. and the //-tuple 
integration by /dr, and this notation will 
often be used. Polar, or other, coordinates 
may replace rectangular coordinates when 
convenient. 

Example. To find the volume of a sphere. 

Take the coordinate system in Fig. 14.1, but 
use polar coordinates as shown (with a~r). 

The small arc on the sphere between two radii 
of length r inclined at an angle d 0 is rdO\ if 
these radii arc prolonged by dr, a small area 
rdtfdr is formed. If this is revolved around V 
the z axis through an angle 2 t r. whereby a 
circle of circumference 2rrr sin 0 is formed, a 
solid ring of volume 2rrr sin 0rd0dr is formed 
If, however, it is revolved through the ancle 

viz ^sinSdf l Th ClC r, n!ar5 ! P ara,,dep 'M formcd is times this, 

viz- r sin UdfpdUdr. The whole volume is evidently: 

v=fjfr 2 sin 0d<f>d0dr. 

Integrate first with respect to r from 0 to *. the radius of the sphere, then 





* 

\ 

V 

< 




► y 


Fig. 14.1. Polar Coordinates 
for Volume of Sphere 
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§23 


f 4 r 2d r==fl 3/3. In the other two integrations it is convenient to limit the volume 
to one-eighth of the sphere, i.e. in one octant. Then the limits of 9 are 0 and 

^ fC wl2 

v= J J (a 3 /3) sin 0d^d 9 

= ( ^/ 3 )J|'* sin M*d0=(a J /3) |d</> 

since J sin 0d0=-cos 9, and cos 0=1, cos^=0. 

The limits of <f> are also 0 and %n: 

rw /2 

v=(fl J /3)J o d ^=7Tfl J /6, 

and the volume of the whole sphere is 8x(7ra 3 /6)=(4/3)7T0\ 

§ 23. Partial Fractions . 

An important method used in the integration of r ^J. *Jj^! C h f “ n '' 1 ?" 
(§2) is resolution into partial fractions, which is best lUustratcd by a f 

examples. 1 
Le, ‘ 


(a-x)(6-x) a-x b-x 


A +r JL for all values of x. Multiply by (a-x): 


1 a— x 

^r- A+B U=-x 


Put x-., then A = m-a) or A—W-b) if the letter are kept «■ «££ 
order (a, b, c ). Similarly, by multiplying by (b-x) and putting b 
found that l/(a— b): 


and 


• » - U-L-J-1 

•• (a-xX*-*) a-b\b-x a-x J 

fraz7)-iP n (fl - x, - |n ln 


Similarly, it is shown that: 

1 


(a— x)(6-xXc— x)~ (a-b)(c-a)(a-x) (a-b)(b-c)(b X) 


1 


(/>— c)(c— t/)(c— v) 


Ut 


1 _ A In this case x 2 +x+l 

(x*+x+1Kx-1Xx- 2) x “ 2 J£l+x+ j I * . 1>fl . 

cannot be resolved into real factors. Multiply by the denominator on the lelt. 

1 =A(x—2)(x 2 +x+\)+B(x— l)(x 2 +x+ l)+(Cx+ D)(x- l)(x 2). 

By putting x=2 and x= 1, in succession, find B = ^and 

these in the equation, and giving x any tv. o s . cxpr cssions 

wsrsr ?%&£?££ 

Ch - ~ 

A.T.P.C. — 2 
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where /= V(— 1). and De Moivre’s Theorem (§ 46) used to remove the imaginary 
quantities. 1 

It is useful to remember that if a rational integral function of x vanishes when 
x=a , then (x—a) is a factor. This is not true for functions in general: e~ I/xi 
vanishes when .v=0, but is not divisible by any positive power of x. 

§ 24. Some Remarks 

In its applications to finding lengths of curves, areas, and volumes, the 
Integral Calculus defines these lengths, areas, and volumes as the limiting values 
of sums, and if such limiting values do not exist, the curve is said by mathema- 
ticians 2 to have no length, etc. The length of the cutting edge of a very fine 
saw, e.g. does not “ exist ” mathematically when the width of the teeth decreases 
without limit, although the saw-edge remains a saw-edge. The trouble would 
seem rather to lie in the mathematics than in the saw, and in the recent develop- 
ments of the quantum theory, some violence has had to be done to cherished 
mathematical creeds in order to make progress on the physical side; in revenge, 
many firmly rooted physical (and even philosophical) beliefs have been pro- 
foundly disturbed by the pure mathematics of the quantum theory. 

In some cases, the very proper attempts by mathematicians to obtain rigour 
in definitions seem to the non-mathcmatical scientist at times overstrained. 
When it is said, for example,* that: “a collection of definite distinct objects 
which is regarded as a single whole is called an aggregate,” some difficulty 
may be felt in understanding what is meant by a “ collection ” and how it 
differs from an '* aggregate.” 

A schoolboy would make little progress with arithmetic if he were required 
to busy himself with the theory of numbers, and a beginner in calculus is 
advised 4 to leave the " fundamentals ” (theories of continuity and limits) 
until he has had some practice in the methods of the subject. A chemist 
knows that " strict " definitions of c! ment and compound arc difficult, and 
never troubles beginners with them. Experimental science is not much con- 
cerned with ” definitions.” 


PARTIAL DIFFERENTIAL COEFFICIENTS 

§ 25. Partial Differential Coefficients 

firsVrceTrlV-!^ “ continuous *i function of two variables, .r and y, which are 
on the assummino cm ', Th,S may ** diff< --™tiated with respect to * 
1/drl LTri ' s kc P’ constant, giving what may be denoted by 

(d«/d.r)„ and it may be differentiated with respect to on the assumption that 

I Hob™ C ^ulus for Beginners." 1893. 56. 

Fmama ° fa Rcal Var inbtc." Cambridge. 1907. 37; Borcl, fiev. 

' Hobson, op. cit., 149. 

leave the first aul hor , s time in Manchester, to 

in the clcmcnlary rules ord.ne.emia.ion and m eg uu„n '" C " ad bCC ° mC proficil:nl 

*>■;<*’ +y‘> is continuous in cXVTor“ ^ k’" vtx and > aI ™ 

Even Cauchy, the father of modern •• riBollr " f 11 r .° i ' = °’ h,,f n °* whcn bo,h are zero - 
" A Treatise on the Theory of Functions " i *> '' , , ' T. C . r ‘ ,JV Sce Harkncss and Morlcy, 

Real Variable.” 1907, 301 f. The d- h .‘ .* ■! JRa ,ob ^° n - " Theory of Functions of a 

be made here to deal with matters of err „ «- ' ' rt : i,u,fc J,rticu lt, and no attempt can 

5 oi great concern to mathematicians. 
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§25 


x is kept constant, giving (du/dy) x . E.g. if u=ax 2 +by 2 , then (du/dx),=2ax 
and (i 6u/dy) x =2by . Again, let pv=RT (the ideal gas equation; /?= const.), 
or p=RT/v , then (dp/dv) T = -RT/v 2 , and (dpldT) r =R/v. \(-v(dpldv)= 
elasticity c, show that the isothermal elasticity of an ideal gas is equal to the 
pressure: c T =p. 

The differential coefficients just found, (du/dx), and (du/d>-)„ are called the 
partial differential coefficients (or partial derivatives) of the function u=((x,y) 
with respect to x and y. respectively. They are also denoted 1 by bujbx, 
bu/dy, by 2 d^u/dx and d x u/dy, by D,u and D,u, and by f',(x, y) and f',(-v, y). 
In mathematical books, "Jacobi’s symbols," du/dx, du/by and bu/bz are 
commonly used when there are three variables, two of which are understood to 
be kept constant in each case. 

Let Su be the small change of u consequent on the changes 8x and by of the 
variables x and y. Then : 


8u=f(x+8x, y+8>>)-f(*. y) 


- f(x + 8x, y+by) - f(x, y+by) + f(x, y+by) - f(v. y) 


f(x+bx, y+by)-f{x, y+by),. ^ f( v. y +$>■)- f( -v. >’)*,. 

87 by * 


If both 8x and by tend to zero, then : 

r(x+Sx,y+Sy)-/(x.r+Sr) mrAx y+ty)mrjX ' 

bx 

f(.v,r+Sr)-f(^.r) > 

du = f',(x, y) dx + r ,(.v. v)dy 

or, in the alternative notation: 

dw = (du/dx),dx + (du/dy) x dy (» 

If x and y are both functions of another variable r (sometimes called a 
parameter ), then dx and d y arc their variations consequent on a change ol 
i by d /, and by division of (I) by dr: 

du/dr=<dM/dx) > (dx/dr)+(du/di),(d>*/drl 


or 


dw tu dx dj- 
dr**8x dr by dr 


(2) 


If r=x, so that >=f(x), and u is thus a function of one variable x. then 
dx/dr= 1, and (2) becomes: 


dar tu At dy 
dx~i \ + '.» dx 


(3) 


in which bu/bx results from a change of an explicitly named variable x only 
whilst du/dx is the change of u due both to the change of x and to the change > 

' Apparently first by Legendre in 1786. then by fcukr . " Inst, tut, onum 
St. Petersburg, 1792. They arc usually referred to Jacob. ‘1841). and arc culu . c I ^ 

mathematicians. They are. however, ambiguous and unsuitable wIk 

variables arc involved, as in thermodynamics KwKr :,, notation 

2 Clausius, - Mechanical Theory of Heat" 1879. 177 An a >1 cmauve h 
tufay, etc., proposed by Perry. Name. 1902. 66. 53. 271 . 5-0. is c 
suggested by Muir, ibid., 1902, 66. 271. 520. is even less convenient. 
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y consequent on this; du/dx is a partial , and du/dx a total, differential coefficient. 
In differential notation (3) becomes: 

du=(bu/bx)dx+(bu/by)dy (4) 

and d u in (4) is called a total, complete , or perfect differential. 

For more than two variables, say x, y , and z , the same procedure gives: 

0Hd * (S) 


d u 
dt ' 


0Mdx ctodv 
dxdt + dydi + dz d/ 


bu , bu x bu 

6,,= Fx 6x+ ev dy+ zz 6z 


(6) 


It is important to notice that (4) and (6) are true whether the variables x and 
or x, y, and z are all independent or are functions of one or more independent 
variables, all functions and all first partial derivatives being supposed con- 
tinuous. 1 For if x y , and z are functions of two independent variables 
(parameters), say s and t, then u=f(j, t ) and: 

du=(bu/bs)ds+(^lbt)dt (7) 


ox , dx . 


by by 

d 


bz bz 
d:= -ds+-^dl 


bs 


bt 


liquation (5) can now be replaced by the two equations: 

bu 
bs 


du dx t bu by t bu bz 

‘tote+ej-Js+dlFs 


bu _bu bx bu by bu bz 

TrFn>i + ijyJi + dziri 


( 8 ) 

(a) 

(b) 


Multiply (a) by ds and (b) by dt and add : 


bu 

bs 


d.r+ 


cu bt i(bx bx \ *u(dy by \ bulbz bz \ 

S*-s(s d,+ «, d/ ) + $(g ,b+ j7 *)+ai(3 d * + S d ') 


bu bu , bu , 
-^+ Ty <iy+ F d : 


'a*“ ' By”' ’ dz W 

from (8). Comparison of (7) and (9) gives: 

d w = {bujbx)dx + (buJby)dy-\-(buJbz)dz .... (10) 

which is the same as (6). in which .v, y, and z were all supposed to be independent 
variables, while here they arc all functions of two independent variables, s and t. 2 
Thus it is possible to write: 

<i"~(tuldx l )dx l +(bu/dx 2 )dx 2 +(bu/dx i )dx i + . . . 

whether each x is an independent or a dependent variable. 

There is one point relating to partial differential coefficients which needs 
care. In (4) put d//=0. then: 

(dtr/dx),dx+(dii di) x dr=0. 

Transpose and divide by dx. then: 

(da dv\(dy 'd x\ = - (du 'd v) r . 

-ha. -v. ,r. and s mus, be 

- See Forbes and Fuoss, J.A.C.S., 1927. 49. 142. 
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i 


since putting du=0 means that u is constant, hence dy/dx must be written 

He "“ : ( d >-/dx),= -(d«/dxy(dB/d>) x <U) 

and not with a positive sign, as might have been expected. In actual work, 
d u is divided out of the quotient on the right, giving dy/dx, but the sign must 
be changed. “ Cancelling ” in differential coefficients is misleading when these 
are partial. This example is very common in thermodynamics. Clarity is 
best attained by using the old notation with brackets, rather than the modern 
symbols with b. 

§ 26. Higher Partial Derivatives 

Since (du/dx) y and (du/d>-) x are usually functions of x and y, they can be 
differentiated again with respect to these variables, and four partial second 
differential coefficients are so obtained : 

■^(du/dx) y = (d 2 ujdx 2 ),, also denoted by d 2 u/dx 2 , or u„, or 
^(du/dy) x =(d 2 u/dy 2 ),, also denoted by d 2 u/dy 2 , or u„, or 
^[(du/dyU,=(d 2 u/d>dx),, also denoted by b 2 u/bybx t or u n . or f 
^[(dn/dx),J x =(d 2 u/dxdy) Jl . also denoted by bhi/bxdy, or u My , or f, r 

(Note the order of differentiation in d'u/dydx and 
u is a continuous function of x and y, .1 can be shown (the proof is rather 
involved), and can be checked by taking examples, that: 

diuldydx=d 2 uldxdy 

i.e. the result is independent of the order °f 

only three, not four, second derivates, the third and fourth 'J*?***^ 1 

The same result holds for higher derivatives, ** W*g*r *{ ^^mcien s arc 
It may be mentioned that if z=((x, y), the partial differential coefficients 

sometimes denoted by special symbols: 

dzldx=p 

d 2 zldx 2 -r 

A problem which frequently arise, is to find d 'f '' “ h /" “ ',bic function of 
two variables * and >•, each of which is a function of a third variable (sometime 

called a parameter ) I : 

Let u=f(x, y), x=W),y=W) 


y*' 


bzi<Jy=q 
a 2 zldxby=s 


sms b 2 zlby 2 —l. 


du _bu^dx bu^dy 
di~bxdt + bydt 


d 2 u d/d u\ dud 2 x dxd(bu\ bud\y Jy*l*\ 

*• dt2~dt\di) = bx dt 2 + dt M+by d, 2 + dt dt\by) 
by (4a), §6. 

. See e g. Gibson. “ An Lkntcnlary Treal.sc on the Calculus/ 1933. 221 


( 2 ) 

(3) 
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Since cu/bx and du/dy are functions of x and y , by using these instead of u 

in (2) ; 

d ( du \ d 2 u dx , b 2 u d y 
Jt\bx)~bx 2 dt + bybx d t* 
d /2u\ 2 2 u dx d 2 u dy 

dr\by)~bxbydf + by 2 d/' 

Substitute these values in (2) and put b 2 u/bybx=b 2 u/bxby, then 

d 2 u bu d 2 x dud 2 y b 2 u!dx^ b 2 u dxdy b 2 u!dy^ 
di 2= bx’di 2+ b}'di 2+ bx 2 \di) +2 bxby~dt~dt + by 2 \dt) * 

which is the result required. 

§ 27. Perfect (or Complete) Differentials 

Let f(x, y) and <f>(x t y) be two functions of the independent variables x and y, 
and suppose that if x and y suffer small variations, the equation : 

du=f(x, y)dx+<f>(x t y)dy (1) 

defines du in terms of d.v and dy. 

It docs not follow that du is a differential of a function u=F(x, y) of x and y 
considered as independent variables. In some cases it is, in others it is not. 
When du is the differential of a function of x and y a condition must be fulfilled 
by the functions f(.v, y) and <£(*, >•). In this case: 

du=(bu/bx)dx+ (bu/by)dy (2) 

and by comparing (1) and (2), the condition that u in (1) is a function of x and y 
is seen to be: 

f(x,y)-bulbx and <f>(x, y)=bu/by (3) 

If u is a continuous function of* and r it has been staled in (I), § 26, that: 

b 2 u/ bybx = b 2 u/ bxby (4) 

From (3) and (4) it follows that: 

( 5 ) 

is a necessary condition tha. d.r in (I) is the differentia! of a function of .v and y. 

(82M = inH .n ' ‘« S , ,s a pcrfec ' < or complete, or total) differential 

fis also a r T (5) ' s . c, “ ed Eu '"' s 1 criterion (1734-5). The proof that 
r'\ rf 2 ” “"toon (i.e. that no other condition is needed) for a per- 
lect differential is simple, 2 but need not be given here. 

H.g. (3i ; .v -.v2)dr+(.r- , -2.vi )d.x is a perfect differential, because 

(<7 ex )(3y 2 x —x 2 )= 3 r 2 — 2* is equal to (d/by)(y>-Zxy)=3y 2 -2x. 

F(v,v) in this case is y>-x 2 y, since (d/d v)( y> - x 2 y) = 3>- 2 - a* 2 . 

and (d/d v)Q — x 2 y) = v 3 — 2.y r ; 

and (3>* 2 .v — x 2 )dy+(y* — 2.xr)d.v = d(y 3 — x 2 y). 

1 Pronounced “ OylerV 

Function of a Rcal^rirbl^CambridJc ”r W7 E ?r I'T 5 * i* 91, 22: Hohson - “Theory of 
derivatives). 8 907 ‘ ? 1 fw, 'crc the result is generalised for higher 
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But ydx-(x+y 2 )dy is not a perfect differential, since (d/dy)y= 1 and 
(dldx)(x+ y 2 )=y 2 - There is no function of x and y from which >xix-(x +y 2 )dy 
can be found by differentiation, and the coefficients of dx and d y are quite 

arbitrary functions. . ..... 

If (5) is satisfied, the expression on the right of (1) is immediately integrable, 
since it is a complete differential of some function F(x, y) of x and y, in which 
these are treated as independent variables, and such that : 

(0/0x)F(x, y)=f(x) and (0/0y)F(x, y)=4tx) ... (6) 

Hence from (1): 

u=F(x,>0+ const (') 

But if (5) is not satisfied, (1) cannot be integrated so as to give the solution (7). 
If, however, some relation exists between x and y, so that they are no longer 
independent, but one can be expressed as a function of the other, then Integra- 
tion again becomes possible. For if: 

f(x. y)=0 l»> 

x or y can be eliminated from (1), giving, e.g.: 

dw+ 0 (x)dx 

/. u=F(x)+const 


(9) 


and (8) and (9) together may be regarded as forming a solutioii i of ' ( 1 ] ). 

E.g. ifdu=(2x’-3xy)dx+3x>dr. .he expression on 'hC 'gh 'snota perfect 
differential. If. however, .he relation >-4x». i.e. (>.— 4**)— f(.v. »-0. exists, 
then dj»-8xdx, and: 

du = (2x J — 1 2x J )dx + 24x J dx = ( 1 2x* — 2x J )dx. 

M =3x 4 -ix J +const. 

The distinction between perfect and non-perfect differentials is of great 
importance in the integration of express.ons such as (I). For if it is assumed 
that F(x. y) in (7) is a single-valued function of the coord, nate x and , and hm 
the initial and final positions of a point representing <he value of he unction 
in the plane of x, y coordinates arc known points, (x, . ' ^ > >• 1 

change in the value of the function u (which may be rogarded as plollcd on a 

third axis a. right angles to the x. , plane) will be F(x,. J J-Hx,.) , . and 
thus independent of the values of x and , lying between *<; ) £ ' ^Vnitial 
of the path of integration, or of the way m which a pom. passes from its 

'trS *se it is quite otherwise. Of the two equations (8, and ,9, 
the firs, may be regarded as the equation of a curve, and since he form ol me 
second depends upon it, the change of u during t c i known, since an 

x, y plane is determinate only when ,h ' ° J^^nitial and final points, 
infinite number of possible curves may pass th g 

<xi. >,) and (x 2 , »). If the pom. descr.bes •***£?*,£ ' bul jn lhe 
Xj-x,. and y 2 =y„ then in the first case l he eh i g Thcw important 

second case it may have any positive or negative value, 
results may be illustrated by two examples. 

EXamP 'e '■ d l ,=,'idx+2 v,'d,’ 

Since d(y 2 )/dy=2y and d(2x,)/dx=2v. it follows from (5) that da is a perfect 
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differential d[F(*, y )). In Fig. I5.I let A represent u Y (for x x = -a, y v =b) 
and B represent u 2 (for x 2 =a , y 2 =b). Then it will be shown that the change 
of u in passing from A to B is the same if the integration of (10) is carried out 
along any one of three arbitrarily chosen paths: (i) the straight line AB, (ii) 
the circular arc AB, (iii) the broken line AOB. 

(i) The straight line AB satisfies the equation y=b= const., therefore 
dy=0, therefore from (10), du=y 2 dx=b 2 dx t 

J d u= j* di/= J b 2 dx=b 2 (x 2 — x l )=b 2 (a+a)=2ab 2 . 

(ii) The broken line is represented by two equations: ' 

y=—(b/a)x along AO and y=(b/a)x along OB, 

since the equation of any straight line is y=x tan 0+c t and in this case c=0 

and tan $ has the values — b/a and 
+bla. Thus d.v= — (b/a)dx or (b/a)dx. 
Along AO: 

di/= v 2 dx-\-2xydy= 

(b 2 /a 2 )x 2 dx+2x 2 (b 2 /a 2 )dx, 
du=3(b 2 la 2 )x 2 dx, 

J du=3(6 2 /tf 2 )J x 2 dx= 

\b 2 /a 2 )(x 2 > - x ,*i) = (b 2 /a 2 )a> =b 2 a 
since .V| = —a and x 2 =0. 

Along OB, similarly: 





Fio. 1 5.1. Integration along Two 
Different Paths 


/; 


d u=b 2 a, 


therefore the sum for AO+Oto=h 2 a+b 2 a= 2 b 2 a. as in (i). 

(m) Along the circular arc (radius r) the equation of the circle of radius r is: 

x*+y 2 -r 2 =a 2 +b\ 
y 2 =a 2 +b 2 —x 2 , 2rd> = — 2td.v 
/. dy=-(x/y)dx, 

d//= v 2 dv+ 2.vid; =(</’ + b 2 —x 2 )dx - 2.v 2 d v 
• d U =, flH ^-3, 2) d,. (since 2i-dv= — 2.vd.v ■ 1,^—2^. 

fdu=f(a 2 +b 2 — 3.v 2 )d.v=<i 2 .v + b 2 \ — x* 

jjlu=2ab>, as in (i) and (ii), since : ,„d x,=n. 

Example 2. Now take the case: 

dM =.v 2 d.v+.vrdr /jn 

d i fTercmia ntegra "c mi'^lonl th' f ?, IIOW , S fr ,° ni (5) ,h;,t(M) is not a P crfcct 
line AOB as before. ' 8 h ra,ght l,nc AB and along the broken 

(i) Along AB: y=b. therefore du=b 2 dx 
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(ii) Along AOB: y=-(b/a)x and y=(b/a)x. 

Along AO: 

6 u=y 2 dx+xy 6 y=(b 2 /a 2 )x 2 6 x+(b 2 lt 2 2 )x 2 6 x= 2 (b 2 la 2 )x 2 6 x 

j X ‘iu=2(bW)j°_ xMx=U b2 l“ 2 ^ s =i ab2 - 


Along OB: 


6u=2(b 2 la 2 )x^x. 


/. j* du=2(b 2 /a 2 ) j\x 2 dx= ja6 2 , 

along AO and OB the integral is: 

\ab 2 +\ab 2 =\ab 2 , 

which is different from that along AB, so that the value of the integral now 
depends on the path of integration. 


§ 28. The Operator V 2 

If u is a function of the three variables x, y, z, the expression: 

Puldxi+Puldyt+ehildz* 0 ) 


may be regarded as formed by operating on the function u w.th the operator. 

&ldx*+*ldy*+d*ldz* (2) 

i.e. {d 2 /dx 2 +d 2 ldy 2 + d 2 ld: 2 )u=8 2 ul(>x 2 + d 2 u/dy 2 + d 2 u/dz 2 . 

The operator (2) is generally denoted by the symbol V 2 ("del squared 
and (1) is therefore written V hi. 

It is frequently required to transform the expression 

V 2 u = dhi/dx 2 + d 2 u/dy 2 + d 2 uldz 2 

into polar coordinates , in which r, 0, and 4 rcp>a« Cartesian coordinates 
according to the scheme (see § 22): 

x—r sin 0 cos <f>; sin 0 sin z-=r cos 0. 

The transformation is neatly effected in two steps as follows: 2 

Put x=*p cos <£. and v=p sin but retain (•) 

z=r cos 0, and p=r sin 0. but retain (*>) 

p=y /( x 2 +y 2 ) and <£=tan-»(>/x). 


dp=(xdx+>dy)/V(x 2 +y 2 ). d<^=(xd>’— ;'dx)/(x 2 +>’ 2 ) (§ 44), 

/. dpldx=cos*f>, a£/ax=-sin <f>lp, dp/dy=sin <f>, tyloy=cos<t>lp 

1 Thesymbol V was named” nabla ” (" from a «ippo®^ 
by representative British and American physicals in i 1884 . xt H J- ?> .* |urC5 


15, 127; the name ** del," used by E. B. Wilson. 

ofJ. Willard Gibbs," New York. 1902. 138. is »»» ^n .^- M(m Mad 


Vector Analysis founded upon the Lectures 
common. In Continental works 7* « 

very often denoted by A. The expression (1) was 

^fflSSn^Lehrbuch dcr Differential- und l^rd Keyin'. 

Leipzig, 1908. 1. 163. A more direct “ physical denvaUOO of (7) « R.cmann, 

:: JKrs^^ * ,hc prewm para8raph 

assumes a knowledge of trigonometric functions, discussed later. 

2* 
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du du dp duty du . du sin (/> 

^ = ^ + ^ar = ^ cos *-^~p • • • ■ 0) 

du du dp du d<f> du . . du cos </> 

Ty = FpTy + ^y = F p Sm ^-T W 

Since these equations hold for any function of x, )\ and z, u in (3) can be 
replaced by du/dx, and in (4) by du/dy : 


d 2 u d (du\ d [du\sin</> 

dx 2 ~~ dp\dx) cos< * > df\dxj p 
d 2 u d [du\ . d [ du\ cos </> 

dy 2 ~dp\dy ) Sm +d<t>\dy) p 


d 2 u d [du\ . d l du\ cos <f> 
dy 2B dp\dy) Sin * + d<l>[dy) p 
Since <f> is constant in partial differentiation by p: 

d 2 u d (du ,\ I d [ du . ,\ ducos</> 
cos *) + P B+[-K i,a V + a;— 

d 2 u d [du . A I d [du A dusin6 
dy 2 ~dp\dy Sm / pd<f>\dy COS ^) + dy p 

Add these two equations and, from (3) and (4), put: 

( du/dx ) cos 4> + (du/dy) sin </> = du/dp 

-( du/dx ) sin <t>+(du/dy) cos t>=(\/p)(du/d</>) 

• 8* U .9 2U < 2U , 1 d*U 1 du 

• • dx 2+ dy 2 ~ dp 2+ p 2 p dp ’ • ’ 


* U2 ** I 1 1 hi e2fi 

dp 2 P 2 dift 2 ^ p dp~^dz 2 


Since equations (b) on p.4l follow from (a) if.v, r.p.^arc replaced byz, p,r , 9 , 
It follows by analogy that (5) will give: 

d : u d 2 u d 2 u I c 2 u I in 

<': 2+ dp2-dr 2 +r 2 d0 2+ r dr 

and from (4) the analogous equation: 

• u rpms(du , dr) sin u rO)( cos O’r ) 

is found. Thence (6) becomes: 

- * 2 „= ' 1 e2, _‘ I cu I f*u <u sin 0 < u cos 0 

Now l’ UI <• = ' "" "■ a "<* obtain the required equation: 



,2 O/ 1 C 2 U 


<r 2+ r dr r 2 e0 2 ' r 

Since 

; ( ,( s intf^)= s i n 

and 

& ru)= \, 
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equation (7) can be written in the alternative forms: 


V 2 m= 


d 2 u 


dr 2 


2 du 

r dr + 


1 3 / • f? u 

r 2 sinfttl*" 1 0 c6 


~(sin • Jj)+gs 


1 


d 2 u 
r 2 sin 2 0 df 2 
dhi 

Oct 2 ‘ • 


( 8 ) 

(9) 


§ 29. Jacobians and Hessians 

If x=((u,v) and y=F(u t v) are variables given explicitly as functions of two 
other variables, u and v, then if z is some function of x and y, :=4>(x. y ): 

dz dz df dz dF 
du~dxdu+dy du 
dz dzdf &3F 
dv™dxdv dydv 

The expression is called lhc J acobian (Jacobi. 1841) of x and y 

with respect to u and v and is denoted by or J(x, y). Hence 

dz d(z, F) ld(f, F) dz_ d(f,z) / d(f, F) 
dx~ d(u,v)l d(u, v)' dy d(u,v)l d{u,v)‘ 

More generally, if u, v, w be functions of the independent variables x, y, z, 
the Jacobian is compactly written in functional determinant form: 

du du du 


d(u, v, w ) 
o{x,y t z) 


V. W): 


dx dy dz 
dv dv dv 
dx dy dz 
dw dw dw 
dx dy dz 


the determinant being expanded as explained in text-books on algebra, or in 
special works. The first symbol is due to Donkin (1854). . 

If the functions u, v, *\ arc differential coefficients of another function, V\ 


u=dVldx,v=dV/dy, w=dV/dz, the determinant: 


didV/dx, dV/dy, »*7»* ) 3H(P) . 

d{x t y,z) 


d 2 V 

dx 2 

d 2 V 

dydx 

d 2 V 

i ti < 


d 2 v 

dxdy 

- l 

V 

d 2 v 

dzdy 


d 2 V 

dxdz 

dydz 

d 2 v 

dz 2 


is called the Hessian of V (O. Hesse. 1844). 

IfU|,ii 2 , . . u n are n functions of the independent variables .v,.a 2 . 
the determinant: 

duildxx dud'cxj . . . iu,ldx„ 
du 2 \dx x du 2 ldxi . . . du*Jdx m 

dujdx , dujdx 2 • • • ^Jdx m 

is called a Wronskian. 

1 Briggs and Bryan. " Tutorial Algebra." revised by Walker. IV44. 2. 374. 
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These determinants 1 are used in transforming multiple integrals and in the 
theory of differential equations. 


§ 30. Euler’s Theorem on Homogeneous Functions 

A mathematical theorem due to Euler 2 is used in the more mathematical 
treatment of thermodynamics and other subjects. A function: 

F(.V|,.V2, . . • AT*) (I) 

of the // variables 3 x,, x 2 , . . . A',, is said to be homogeneous and of the /nth 
degree with respect to these variables when the identity: 

F(*a„ kx 2 , . . . kx H )=k n F(x lt x 2 , ...*„) ... (2) 

is verified for all values of x x , .v 2 , . . . x mt and k. Thus, a* 2 +2j ty+y 2 is 
homogeneous and of the second degree, since if xk and vk are substituted for 
.v and y it becomes k 2 (x 2 +2xy+y 2 ). Thus, if : 


F[A:(a;,+5.v,), kx 2 . . . . kx m \**k m F{x l +&x u vs. . . . x n ) 

then (\/khxi){¥[k(xi+hxi) t kx 2% . . . A.rJ— F(kx l% kx 2 , . . . kx„) } . (3) 

=sk m ~ l (\/Sx ,)[F(jr , + 8v , , x 2% . . . -vJ-F(AT|, x 2 v,)J . (4) 

or, proceeding to the limit 5.v,->0, when (3) and (4) become partial differential 
coefficients: 

oF(kx l t kx 2t . . . kx n )_ <F(.v,..v 2 v„) 

Mxt) ~ k <v , • ' (5) 

Differentiate both sides of (2) with respect to k, put A.v, =//,. etc., and write 
F(kx y , kx 2 , kx y . .... A vJ-F*. Then: 

oFJck = (*’F*/rM , Kiujdk) -F^FJSuiXduJOk) + . . . +(8FJdu n )(duJdk) 

= v , [bFJc(k v , )] + x 2 [vF k l?(kx 2 ) ] + . . . +x m [dF k !8(kx„)) 
=mk n ~ l F(x lt .v 2 x m ). 

from (2) and the result (x=k) that dx m /dx»rnx n Hence from (5): 
Vt * F(v, - V ; — • VJ +,. W - V '*^ • '’V | v ;f(.v,. .v 1 — .y.) 


I'X 


* Y 




=///F(y,.a 2 , . . . aJ . . (6) 
which is Euler’s Theorem.-* Three important special cases are: 

(i) F is a homogeneous function of zero degree: 

2?.Y|<jF/&V|=0 (7) 

! This must not be contused with Fulcis ehwuon e . s ' • 

H>r example, .v , = v. .v • = ». x > - etc. 

360; Gibson. » nL fa. rndkcli ' \ « aermodynamics," 1913, 

Treatise on the Differ tculus •• iss’ i umson. - Elementary 

Writings of J. \V. Gibbs. . n av J n , , 1 > nury on the Scientific 

homogeneous algebraic fuact n ofthemth dce.ee b son: V * rali ° nal in,cgral 
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(ii) F is a homogeneous function of the first degree (not necessarily linear): 

£r,0F/ax,=F (8) 

(iii) F is a homogeneous function of the second degree : 

27x 1 0F/0x 1 =2F (9) 



He. 16.1. 


*. 6 
The Mean Value Theorem 


§ 31. Mean Value Theorem and RoUe’s Theorem 
If x is any number lying between a and 6 ( a<x<b ) then x—a and b— a are 
of the same sign whether a is less or greater than b. E.g. if a= 1, x=2, and 
b= 3, then x—a=\ and b-a= 2; / 

if a=3, x=2, 6=1, then x-a= - 1 \f / 

and 6-a=-2, and so on. Hence 1 ° ' 

(x—a)l(b—a) is a positive proper 
fraction, 6, and x=a+0(6— a). 

Suppose b=a+h, therefore b—a=h, 
and x=a+dh. 

Now consider any curve y= f(x). 

Fig. 16.1, and take two points A 
[x=a, y=f(fl)] and B [x=6, y=f(6)] 
on it. Join AB. The gradient of 
the chord AB is [f(6)-f(fl)]/(6-fl). 

It is assumed as obvious that 
there is at least one point P [x=x,. 
y=f(x,)] on the curve between A 
and B such that the tangent to the 

ZIS UST AB. The gradient of the tangent is d„d,- 

r(x,):hen “ : <" 

This is called the Mean Value Theorem. Thus: 

[((a+h)-((a))Ih-r(a+eh) W 

If a continuous function f(x) vanishes when x=a and jls0 w, J cn 

its derived function f (x)=df(x)/dx, ii 
it is also continuous, must vanish 
for some value of x between a and 6 
(Rolles Theorem ).* 

This is sufficiently obvious for our 
purposes on inspection of Fig. 17.1, 
whence it is seen that, if f(x) has 
the value 0 for the two values a and 
h (or 6 and a') (one of which may 
be 0). it has a maximum or minimum 
value between them, and for this value the tangent is parallel to the * axis, or 

f'(x)=0. 

§ 32. Taylor’s Theorem . . 

The binomial series in Algebra and the exponential series <§ 13) ^special 
cases of a general form of the expansion of a function in a po\ 

• “ Traitc d-Alg^rc," Paris, 1690; Lagrange in 1797 spoke of it as: sc beau iheortmc 
nouveau "• 
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called Taylors Theorem , first published by Brook Taylor in his “ Methodus 
Incrementorum ” in 1715 as a corollary from a theorem in finite differences. 
The theorem may be stated as follows. Let f(*+/i) be any function of x 
which is capable of expansion in a convergent series of positive integral powers 
of x (when the function is called regular ), then: 


f(, +A) -f M+A .^ + g. d ^ + ... 

-f (x)+M\x)+*r{.x)+jf\x)+ 


,A’d"f(.r) 

l . . ■ J . .it • 


/i ! d.v" 


( 1 ) 


provided that f(x) and its differential coefficients (or derivatives) are continuous 
within the range of values of x considered. A proof 1 of Taylor's Theorem 
is as follows. Let the function f(x+z) and all its derivatives up to the nth 
inclusive: f'(v+;r), f'Cv+z), . . . f"(x+z), be finite and continuous within 
the values z = 0 and z=h of the variable increment z. Then it will be proved 
that: 

f(v +h)= ((x)+M'(x ) + "(.v) + . . . 

where 0 is some positive proper fraction (i.e. less than 1). Assume: 

f(.< + /.) = f(.<r) + hf(.x) + '(at) + . . . + ( - / ^ ! f- , (x)+^/f . (2) 

wlicrc R is a funclion of .v and h. It is to be proved that the remainder 
R— f"(x+0/i), Let the function: 


.■-i 


M:) - f(Jt + -•) - rf'f.v, - " jf (x ) - . . . -j—jl-'W-jj}* 
be differentiated n times with respect to keeping .v constant: 

f(v+.-)-r ( .v)-.-f"(.v)- . . . - (n ls l , r - , f V )- ( „C 1 ' 1! «=^(-- ) 

r,v+ - ) 


r -f-'l.vl -:R=^-'U) 

f ' (X+:) -R=tV) 

All the functions «£<*i rh't-\ • 

the value* 0 nn, i /, Ir.u ' . ' * • ® a,c finite and continuous between 

must have a maximum nr min* d , R . c s 1 ,,corcm (§31) shows that it 

Minimum value lor some value of r between 0 and //, 

lions of a R* blc ridpx° ^ 90?' sji' ‘ w l,obson - “ Theory of Func- 

more concerned with exceptions to the vaiidSx of I .v? f T a, | ! uriKa,,cal works arc. very properly, 
the interest is then, it has heen said in ih , J> ' ' , s 1 1 vo, ‘' m «han with its applications; 

•» holds for the complex " '«"> certain restrictions; 
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say hi for which <f>'(z)=0. Hence 4>'(z)=0 for some value hi of z between 0 
and h (h ,<A). Further differentiation gives, similarly : 

<f>"(z )= 0 for some value h 2 of z between 0 and h x (h 2 <h ,), 

<£'"( 2)=0 for some va * ue ^3 7 between 0 and h y (h y <h 2 ). 


<f"(z )= 0 for some value h H of z between 0 and h„ (h n <li „ _ ,). 

Thus: (\x+h H )-R=0. 

Since . . . <h 2 <h,<h. il is possible to put h,=0h, where 0 

is some positive proper fraction, therefore R=(”{x+dh), which was to be proved. 
If this remainder vanishes with h when n increases indefinitely, the finite scries 
(2) can be identified with the infinite scries (I). 

Taylor’s Theorem will fail when: (i) f(x) or one of its derivatives becomes 
infinite between the values of the variable considered; (u) f(x) or one of its 
derivatives becomes discontinuous between the same values of the variable; 
(iii) the remainder (/»>!)f"(*+^) cannot be made to vanish when /»->», or 
the series is not convergent. 


§ 33. Special Cases of Taylor s Theorem. 

Some important series are special cases of Taylor's Theorem. 

(1) The Binomial Series. Put v for x in (1), § 32. and let f(y)-y\ so that 
t(y+h)=(y+hr- Then: 

The coefficients proceed according to a definite plan, and it is easily seen that 
after r differentiations: 

d'f O') 


dx* 


'-n(/r-lK/»-2) . . . (/i-r+l)y"-'. 


Now put h=x and >-=1. then Taylor’s Theorem gives: 
„ . ;i(/f-l), l /Kn-lK«-2) , 

(!+*)"= I +„*+ 2 j V+ 3 , ' 5 + • • • 

/*(/* — 1 )(/» — 2 ) . . . <//-'+!> 


A' + 


( 1 ) 


r\ 


where the Iasi term given is the (r+ l)th. This .s the Binomial Series, published 

h^If^n'is'a’ posittvc integer the series will terminate at the <«+l)th term, which 
will contain the factor (»-«.)= 0, and since all the later coefficients a so contain 
this factor, they also arc all zero. But if » is not a positive integer i.c. s i eg 
live or fractional, not one of the factors », D. C-2 & **• ™ 
the series will contain an infinite number of terms. In this case > 

to inquire whether it still has a finite sum, when it is said to I * itmvr * • 
whether this is not the ease, when the series » said to He *tw ton : «c 
several r Ms of conrxrgency of series:' the following (O Alembert s ) 

■ These are treated in works on algebra , the standard U»l« and'*^- 

lion to the Theory of Infinite Series." 2nd edit.. 1926: see also Knopp. Theory and 
tion of Infinite Series.” iransl. Young. I92X or 1944. 
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sufficient for our purpose: the infinite series Mj+W2+ W 3+ • • • + w n+ • • •» 
where u Xt u 2 , . . . are functions of x, is convergent if the Limiting value of 
u lt i/u, is numerically less than unity, where u, t j is the rth term of the scries. 

In the Binomial Series: 

n(/i-l)(/i-2) . . . (/!-r+ 2)x t ~ l 

(/-l)! 

n(n— \)(n— 2 ) . . . (n—r+2)(n—r + 1 )x r 


**,♦ , /u,=(n-r+ 1 )x/r= -x[\ -(//+ l)/r] 

/. Lim (u„ i / m ,)= — x , since Lim [(n + 1 )/r)= 0. 
r-¥ co r-+ a> 

Thus, for convergence, x must be numerically less than 1. The numerical 
value of x is denoted by |x|, and the Binomial Series for a negative or fractional 
index n is convergent 1 when — 1 <|x|<1. 

It may be noted that the so-called binomial coefficients are often represented 
by: 

/ n \ = / n \ = n! 

\kj \n—k) k\(n—k)\ 

where (*) is the number of combinations of n distinct things taken A: at a time, 

which is also equal to the number of combinations when they arc taken n—k 
at a time: 

Since (a+xy=a n (\+x/a) m , where a is a positive constant, there is no loss 
of generality in taking (l+.v)" as the standard form of the Binomial Series, 
provided |.v/o|<l, i.e. x<a. If *>o, the expansion of V(l +a/x) n is taken. 

(2) The Exponential Series. Let f(r)=e^, then f(.v+/i)=c , *\ Then all the 
differential coefficients of e* are equal to e* from the property of the exponential 
function (§ 1 3). Substitute in Taylor's Scries, then : 

c / * A =f(>+/i)=c>(l+/i-f/|2/2!+/i-V3!+ . . .). 

Put /i=.v and >=0, then 

e*=l+*+*2/2!+.r , /3!+ (2) 

Which is the exponential scries (§ 13). It is evident from inspection that the 

rth term is «,=.\^V('-|)!. and i/ f .,=V/r! Therefore u. Ju.^x/r, which 

vanishes for for all l.n.te values of a. for which the series is therefore 
convergent. 


§34. Maclaurins Theorem 

ffruJm v° r r S , CriCS (,) * § 32, pul X={) ' thcn if 3,1 thc differential coefficients of 
i(x) remain finite: 

If d"f(0) 

•ji 4* • . . 


w . w+ „-®>4;fflo >+ 


/;! d\’ 


= f(0) +/if '(0) + (A 2 /2 !)f ' '(0) + . . . +(/i-/, f !)f"( 0 )+ . . .. 

see Chrysta* " Alqchra '^ ' l " d cwnsidc ‘* ,,ion difficult and tedious: 
considered ,magmar> ex'pownti * UW ,,m COnsidcr ^ b * >826. who also 
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maclaurin’s theorem 
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where e.g. d 2 f(0)/dx 2 or f"(0), means that f(x) is differentiated twice with respect 
to x, and then x put equal to zero in the result after differentiation. Now put 

h—x, then. x 2 d 2 f(0) , xT (M( 0) 

f(x)=f(0)+x-^+- — + ■ • • +“ — ■* 


(3) 


(4) 


dx '2! dx 2 ' ' ' ‘ ' n! dx" 
=f( 0 )+xf( 0 )+(x 2 / 2 !)f"( 0 )+ . . . +(x-//»!)f-(0)+ ... . (1) 

which is usually called Maclaurins Theorem . It was noticed as a special case 
of Taylor’s Theorem by Stirling in 1717, and was independently published by 
Maclaurin in 1742 without any claim to originality.* 

Example. Let f(x)=ln(l+x), where |x|<l. Then f(0)-ln 1-0. f(0)- 
l /(1 +x)=l, f” (0) = 2/(l +.v) J =2, and the general 

term is seen to be (-ir , («-l)!/0+^. or Hence by 

substitution in (1): 

ln(l+x)»x-x 2 /2+xV3-x^/4+ . . . +(-ir , x"/»+ • • • * (2) 

This series, first given by Mercator in 1668, can be found directly as follows: 

|n(l+x)=fdx/(l+x)=J(l+x)-'dx=f(l-.*+.v J -x>+ . . .)dx. 
by division. The integral is x— x 1 /2+x*/J— x*/4+ . . .. the constant vanishmg 
when the lower limit of integration is x— 0. 

By putting x=— x in (2) it is found that: 

In (i - x )= — x — x 2 /2 — x J /3 — x 4 /4 — 
and by subtraction of (3) from (2): 

■K-K* ) 

If x>0, put (l+x)/(l-x)-(^+1)/r. therefore x«l/(2r+l)<l. 

/. In (y+ l)=ln + ‘ ' T 

By putting y= 1, In 2 is found by summing the 

and the natural logarithms of successive integers arc so found , .g. 

f"(0), . . are all infinite, and the series fails. 

§ 35. Symbolic Form of Taylor’s Theorem 

For a function of two (or more) variables the expansion lakes the 
(Fontana, 1788): . 2f 

f(x+^y+*)=f(x,y)+A^+* a -+2.(' ,J axs +2 * <: 0x8r + * I avO + ' ' 

as can be shown for conditions in which Tayto^Thcorcm ^o^go ^ ^ 

demonstration wiU not be given. The ■ p operational symbols 

written in symbolic form as (/» . d/dx+k . wi „ * 

a/ax and Wy being treated like algebraic quantities, further 
(l/31)(/» . a/ax+fe . a/ay)Jf, etc. For three variables. 

- • - - * 

■ 16c tendency in modem mathematics! works is to omit any mention of Mae.au.rn m 
connexion with this series. 
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§ 36. Singularities of a Function 

A function f(x) is regular (or analytical , or holomorphic ) at a point x=a if it 
can be expanded by Taylor’s Theorem in a series of positive integral powers of 
(x-a) in the neighbourhood of a. If the values of f (a), (’(a), f "(a) ... are 
all zero, and f"(x) is the first derivative which is not zero, then: 

f(x)= [(x-ay/n\]r[a+0(x-a)] 

where 6< 1 (§ 32), is called a zero of the function, of order n. 

A point x=a, where f(x) is not regular, is called a singular point, and Taylor’s 
Theorem cannot be applied immediately at this point. But f(x) can now be 
expanded in the form: 

f(x)=(x-fl)-(/lo+^i(^-fl)+ • • 1 

where m is an integer, and the point a where f(x) becomes infinite is called a 
pole of order m. The terms containing the negative powers form the principal 
part of the function relative to the pole a, the coefficient of (x— a) - 1 being called 
the residue, and (x-a)"f(x) is a regular function. But if m is not finite, the 
point a is called an essential singularity. 

Any function which can be expanded in the form: 

f(x)=(x-a)'Mo+^i(t-fl)+ . . •] 

where p is a positive or negative integer, is called a single valued or uniform 
function. If p is fractional, the function is many valued or multiform. The 
simplest uniform function is the rational algebraic function (§ 2), the zeros of 
the function being the roots of the numerator, and the poles, where it becomes 
infinite, the roots of the denominator. 1 


§ 37. Leibniz's Theorem 

Let y be a product of two functions of x: ym f(x) . F(x)=i/t>. It is required to 
find d^/dx". Denote 


dv/dx. dtydx 2 . . . . d"r/dx" by /, y", 
dw/dv, d 2 i//dx 2 , . . . d-w/d.x* by u, u ", . . . 
dr/dx. d-Y/dx 2 , . . . d"t»/d.v" by v\ v", . . . if. 
The rule for differentiation of a product (4). $ 6, gives: 
y'=irv'+vu' 


y" =(uv" +u'v')+(ru" +u'v') = uv" +2u'v' +vu" 
X'" m wV')+ 2(m V ' +t/ V ') + (vu" '+u"v') 


Tlic coefficients are the same as those in the expansion of ( a+b ) 2 and (a+ft) 3 , 
and lor the mh differentiation we infer that they will be the same as in the 
binomial expansion (§ 33) of (a+b) n : 


,•<"> • 


in (n) +nuV m n + 


«(«-!) 


*>• 


,r< "“ 2, + - • - +#II4*"~ , V + I| W W (1) 

The most important part of the theorv r ,. 3 'hl Th mUC ? U ^'f tcd in Physical chemistry. 

i i me incory is c aiKh> s T neorem of roidues in complex integration. 



1 33 VALUES OF A FUNCTION OF TWO VARIABLES 

which is Leibniz’s Theorem. This can be written in full as : 

d "(uv) d n v du d" -1 *’ "' H - n H2»/ <\ n ~ 2 v d n u 

~dF 
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'» n(n— 1) d ! u d"" J o 
¥ 2! dx* dx”' !+ 


+v d . ?' 


If D denotes 1 differentiation of u with respect to x, and D„ differentiation 
of v with respect to x, the equation can be expressed in the compact symbolic 

f0nn ' d’(iio)/dx*=(D.+D r )'in- < 2 > 

where the operator sum is expanded by the Binomial Theorem. 

Leibniz's Theorem is required in the study of spherical harmonics (considered 
later), and some other cases. 

§ 38. Maximum and Minimum Values of a Function of! wo Variables 

u=f(x,j) W 

be a continuous function of x and y which can be expandedin a power serin. 

h and k, respectively, the small increment of u is given by (1), § 35, as. 

by ^ 9- 8f/»x=0 and Bf/By-0 (3) 

If x 0 . y, are values for which z has a maximum or minimum value, and A, B. C 
arc the corresponding values of BH/Bx 1 , e f/BxB}, and />• 

f(x 0 +A, y<>+*) — f(*o- yo)—\W l '*+ 2 Bhk+Ck 2 )+ M 

and when h and k are very small all terms except the ,|JJ of- 

Hence the sign of f(x„+/i. *+*>-«* y„) depends ,n general on that 

A»+2»k+c»-(imM+*v+kHAC-vn ■ (« 

,, »!. u .. w .1..,. °»r.* 

k, (AC—B 2 ) must not be negative, since if it were the P Hence, for 

[ ] would be positive when k=0, and B\ or (omitting the case 

a real maximum or minimum, AC must not be less than * , 

of equality; see below): 2 (6) 

bx 2 dy 2> \bxey) 

Since, for a maximum value, the left of (4) must be ^ a nd since 

it must be positive, for all small n ,ust. by (5). be 

(AC-B 2 ) is cither positive or zero the sign of the expre ^ ^ (6) js , alis . 
determined by that of A, outside the brae ^ .. 2( ^ 2) is , u ^ a rive. 

f»ed, the function has a maximum value when <*l*x (or 

i The D notation is due lo ArbogaM. and is used, but are 

reached, when it becomes indispensable. The symbols d. and 
very confusing. ||s rcJthc j below arc valid. 

1 This condition is sometimes violated, but 
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and a minimum value when it is positive. Equation (6) is called Lagrange's 

criterion for a maximum or minimum of f(x, y). 

If a, B t and C all vanish, it is necessary to consider terms of the third and 
fourth degree in h and k in the expansion (2); for this, and the general case when 
f is a function of any number of variables, reference must be made to mathe- 
matical works. 1 

If, instead of > in (6), the sign is <, then d 2 f/dx 2 and d 2 f/dy 2 have different 
signs (since the expression on the right is always positive), and the function has 
neither a maximum nor a minimum value; on a surface this would correspond, 
e.g. with the top of a “ pass ” going in one direction but bounded by still 
higher “ ground ” on each side; or with the lowest part of a “ ridge,” sloping 
down to lower levels on each side, respectively. The case when the sign in 
(6) is = is dealt with only in advanced mathematical works; 2 it may, but usually 
does not, correspond with a maximum or minimum. 

Let u=x 3 +y 3 -3axy (a= const.), then 

du/dx=3x 2 —3ay=0 .*. y=x 2 /a ; du/dy=3y 2 —3ax=0, 

y 2 —ax=x 4 /a 2 —ax=0, .*. x 4 —a 3 x= 0 or x(* 3 — a 3 )=0. 

The real roots arc .v=0 and x=a, therefore y=x 2 /a=a or 0. Also: 

d 2 uldx 2 =6x, d 2 u/dxdy= -3 a, d 2 u/dy 2 =6y; 

hence (with the notation above) for the two roots: 

*=0: A=0, B= — 3a, C=0, 

x=a: A=6a, B=-3a, C=6a 

(since if x=a, y=a). Hence for x=a: /IC=36a 2 , B 2 =9a 2 , which satisfies the 
condition for a maximum or a minimum, and as A is positive, it is a minimum. 
The case x=0 makes AC= 0, B 2 =9a 2 t and gives neither a maximum nor a 
minimum. The minimum value of u in the first case is a 3 +a 3 — 3a 3 = — a 3 . 


§ 39. Differentiation of a Definite Integral 

Let the indefinite integral of a function f(.v, c) involving a parameter (§ 26) c, 
be F (x, c ). Then the definite integral between the limits a and b is: 

J= | f(.v, f)d.v=F(/\ r)-F(tf. c). 

• J 

If a, b , and care functions of some variable /: 

- (<‘Jca)\(a , c )= C ). 

t j < /*=(«• r b)\ (h. c)=f(/>. c). 

U > c)d.v = | (, ,, ill V.,-, . d.,. 

d - , d ' =(<V <<, )(da, l d i) + ( <V/< />Xd ” drt+t-V/ecXdc/d/) 


* 5 

=f(6, c)(d6 d/)— f(<;, rK<h/ df)+ | [ff(.v, c)Jdc]6x . (1) 


Dillcrcniial Cakuliis." 


I.hs', |«,j . 


1 Sec e.g. Williamson, 
cuius,” 1931,216. 

MJOU'K", - Corns d* Analyse Malhemal«|i K .- 4.1. ... 

Of I uni dons ol a Real Variable.” Cambridge. 1*»X 2 . 214* 


(tibson. ” Advanced Cal- 
I. 107; Hobson, “Theory 
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§ 40. Trigonometric Functions 

Let ABC (Fig. 18.1) be a right-angled triangle. Then if the angle BAC (positive 
when described anli-clockwise) be denoted by a (8 is often used). ■ 
trigonometric functions, the sine, cosine, and tangent of « are defined by the ratios . 

sin a=BC/AC, cosa=AB/AC, tan «=BC/AB=sin a/cos «. 

What may be called secondary functions arc: 

secant a=sec a= 1 /cos a, cosecant a=coscc a= 1/sin *, 
cotangent a=cot a= 1/tan a. 

The angle a is measured in radians, a radian (or unit of circular 'ncasure ofan 
angle) being the angle subtended by two radii of a circle of unit rad.us when the 
part of the circumference between them is of unit c 

length. Thus, as the total circumference is 2n the / 

right-angle 90° is J(27r)=7r/2 radians, and x -(w/TOx / 

radians. The values of the functions for zero angle S 

are sin 0=0. cos 0=1. tan 0=0. Since trigonometrical 

tables always give the functions in degrees, minutes. A ^ 

and seconds, a circular measure must be converted into F|0 l8 , Trigono. 
these in order to find its function from the tables. memo Functions 

the third quadrant, and the region 3 J* included in these, since after 

possible values of the trigonometric funct o h functions 

a complete revolution («=2.) ‘^^Ti Ty plsitive or negative 
are periodic, the value for v is Jurf the period of the 

integer, being the same as the value fo • - period This 

function. The functions tan a and cot a havealsothc snor P , 

is best appreciated by drawing the graphs of sin x. cos x. 

When n is any positive or negative integer or zero. 

. sin x=sin[n»+(- \T*\ c0 > ^ C0S . f . bc , ow . 

The signs and limits of the tri 

e.g. if a is between 0 and W 2. sin «. cos «. and tan^ ^ ff , AB is negative 
since AB and BC arc both positive, but fi nd tan a also negative, 

and BC positive, hence sin a is positive, cos « negative, 

and so on. 

_ I Quadrant I ! Qu.0-.nl M QuaJraotlll j Q-^UV 


Function 


Quadrant I 

+ Oto t 
+ 1 toO 
+ 0to'» 
+ cc loO 
+ 1 to /j 
+ cc to I 


+ I toO 

— Oto 1 

— oo toO 

— 0 lo r> 

— to 1 
+ I io // 


— Oio I 

— 1 toO 
+ 0 to <*' 
+ co toO 

— I to«> 

— CO IO I 


- 1 too 
+ oto I 

- o lo 0 

- 0to« 
+ » to 1 

- I to <o 


It is seen that sin (-«)= -sin « and cos (-a)-cos a. 
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Important special values of the functions are: 



O' 

30’ 

45" 

60" 

90° 

180° 

270° 



360° 

sin 

0 


V2!2 

V3/2 

1 

0 

FBS 

0 

cos 

I 

v'3/2 

\2!2 

h 

0 

-1 

Km 

1 

tan 

0 

v'3/3 

1 

co 

0 

CO 

0 


In Fig. 19.1 let the angle .vOR=A. Draw TR at right-angles to OR, and on 
it take equal lengths PR and QR, such that POR=QOR = B. Draw perpen- 



Fic. 19.1. Trigonometric Functions of Sum or Difference of Two Angles 


diculars PL, QM. RN. and draw pRq parallel to O*. The triangles ONR, 
showsThat- 3rC S ' milar (S '" CC P/ ’- LON - e,c >- The geometry of the figure 

sin (A±B)ai— or MQ_NR±£P_NR OR pP RP 
OP OQ OP OR'OP ± RP'OP 

=*sin A cos B±cos A sin B. 


cos(A±B) = ° L t) r OM = °N : FR7_ON OR R* RQ 
()P OQ OQ OR * OQ + RQ OQ 


=cos A cos B^sin A sin B 


The cases when A 
appropriate ligures. 


or B is greater than a right angle are easily found from 
1 nus, it A and B are any two angles: 


sin (A+B)=sin A cos B+cos A sin B . 
sin (A-B)=sin A cos H-cos A sin B . 
cos (A + B)=cos A cos B-sin A sin B . 
cos (A-B)=eos A cos B+sin A sin B . 
From these, and the important formula 


. ( 1 ) 
. ( 2 ) 
. 0 ) 
. (4) 


sin 2 A+cos- A = | 


(which is merely 
19.1). a number of 


'he trigonometrical equivalent of OR 2 = 
“'her equations are easily found. 


ON2+NR2 in 


(5) 

Fig- 
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j — 

Add (1) and (2), and (3) and (4), then : 

sin (A+B)+sin (A — B)=2 sin A cos B .... (6) 
cos (A+B)+cos (A— B)=2 cos A cos B .... (7) 

In (i)_<4) put A=B and use (5), then: 

sin 2A=2 sin A cos A (8) 

cos 2A=cos 2 A— sin 2 A=2 cos 2 A— 1 = 1—2 sin 2 A . . (9) 

cos*iA«K l + cosA ) (l0) 

sin 2 ^A=i(l —cos A) (U) 

by putting A=*A in (8) and (9). By dividing (1) by (3): 

<in A cos B-fcos A sin B tan A+tanB (|2) 
tan (A+B)=— ^ CO s B -sin A sin B 1-tan A tan B 

by dividing top and bottom by cos A cos B. and similarly from (2) and (4): 

M " A ~ U " B (13) 

tan (A B) i + lan AtanB 

(Equations (12) and ( 13 ) can also be found directly from Fig. I9.L) 

sin (A+B) sin (A— B) = (sin A cos B+cos A sin B) (sin A cos B-cos A sm B) 
= sin 2 A cos 2 B-cos 2 A sin 2 B 
= sin 2 A(l— sin 2 B) (I sin 2 B) sin 2 B 

— sin 2 A— sin 2 “ ’ 

and similarly: CO s (A+B) cos (A— B)=cos 2 A— sin 2 B .... <«*> 

Put A+B=C and A — B=D A=i(C+D) and B=}(C-D, 

C+D C-J) 

sin C+sin D=2 sin — j~ cos ~ 2 
C+D . C-D 

sinC-sin D=2cos -j-sin 2 

C+D C-D 

cos C+cos D=2 cos -j~ cos 2 
. C+D C-D 

cos D-cos c=2 sin y «n ~ 2 

(Note the reversal of order in the last formula.) 

§ 41. Collected Trigonometric , hc anglc5 being deno.cd by 

A list of formulae is given below for . , preceding formulae. 

x and y. Those not proved above are easily found from prccco 

I +tan 2 x=sec 2 x, 1 +co. 2 v=cosec 2 .v ... 

tan x=V(l— sec 2 *). cot ,v= v'd -coscc 2 ■ « 

sin (x+j')=sin x cos y+cos x sin y . 

sin (x— y)=sin * cos j— cos * sin (J) 

cos (x+y)-cos .r cos j-sin x sin y 

cos (x— >')=cos x cos j +sin * s,n > ■ ' 

tan (x+y)=„an x+.an J’)/(l tair • ■ " 
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tan (*->0=(tan x-tan >0/(1 +tan x tan >0 - 

sin 2 x =2 sin x cos 

cos 2x=cos 2 x— sin 2 x=2 cos 2 x— 1 = 1 —2 sin" 

sin 3x=3 sin x-4 sin 3 

cos 3x=4 cos 3 x— 3 cos x . 

tan 2x=2 tan x/(l —tan 2 x) 

cot 2x=(cot 2 a - l)/2 cot x 

sin %x= ± \/[(l —cos x)/2J 

cos jx= ± v/((l +cos *)/ 2 1 

tan |x= ±V(1 —cos v )/V(l +cos x)= 

(1 - cos x)/sin x=sin x/( 1 +cos x) 

sin x±sin y= 2 sin i(x±y) . cos %{x^y) . . 

cos x+cos >*=2 cos i(x+>0 . cos i(x-> ) . . 

cos x— cos >-= —2 sin J(x +>0 . sin i(x— y) . 

tan x±tan >=sin (x±>)/cos x cos y . . . 

cot x+cot > = ±sin (x± v)/sin x sin y . . . 

sin 2 x+cos 2 x=l 

sin 2 x— sin 2 >’=sin (x+>*) . sin (x— >0 . . . 

cos 2 x— cos 2 >•= -sin (x+>) . sin (x— y) . . 

cos 2 x— sin 2 >’=cos (x+>) . cos (x— y) . . . 

sin (Jir-x)=cos x. cos( lw-x)=sin x . . . 

tan (fjr— x)— cot x, cot ( Jw— x)=tan x . . . 

sin (tt— x)=sin x. cos (tt-x)= - cos x . . . 

sin (jir+x)-cos x. cos ({tt+ v)= —sin x . . 

sin (t r+x)= -sin x, cos (r +x)= —cos x . . 


§ 42. Differentiation of Trigonometric Functions 

In Fig. 20.1 the angle POA 


x and the angle QOA=x+dx, therefore 
QOP=dx. The angles are in radians, 
hence dv=QP/r, where r = radius of 
circle. 

sin x = PM;> and sin(x+dx)=QN/f 

d sin x=sin (x+dx)— sin x= 

(QN-PM)/r=QR/r 
A =(QR.QP)(QP;r)=(QR/QP)d.v 

When dx is very small, the arc QP 
approaches the hypotenuse QP of the tri- 
angle PQR and QR/QP=cos QPR= 
cos NQp=cos AOP=cos x, since NQ is 
at right angles to OA and OP is at right 
angles to QP 

d sin \=cos x. dx . (1) 


o. 20.1. Differentiation of 
1 rigonomotric Functions 
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RP QP 

Similarly, d cos *=(ON-OM)/r MN/r=-RPfr= -Qp • * ■ d * 

• d cos x= — sin x . <\x (2) 


Also d tan x=d (sin x/cos x) and by the formula for differentiating a quotient, 

^ ^ d tan x— (cos x d sin x-sin x d cos x)/cos 2 x 

=(cos 2 x . dx+sin 2 x . dx)/cos 2 x=dx/cos 2 x=sec 2 x . dx 

d tan x=sec 2 x . dx 

Similarly, d cot x=d (cos x/sin x)= — dx/sin 2 x= —cosec 2 x . dx . . (4) 

§ 43. Integration of Trigonometric Functions 

The integrals follow at once from the above results for differentiation: 

{ sin xdx=*J— d(cos x)=»— cos x+C (I) 

Jcosxdx=Jd(sinx)=*sinx+C ( 2 ) 

Jdx/(cos 2 x)=/d(tan x)=tan x+C Q) 

Many integrals are easily found by substitution of trigonometric factions. 
E.g. J^( fl *-x 2 ) dx, where a is a constant. Put x-a sin u . . d 

JV(fl 2 -x 2 )dx=fl 2 M , - sin2 • cos “du=fl 2 /cos 2 udu, from (23), §41, 
_,j a 2j(i+ C o$ 2u)du, from (10), §41, 

«=Jfl 2 (u+i sin 2u)+C. 

(Note that /cos 2uiu-i sin 2 u+C. as is found by putting 2u=o /. *-**• 
and the integral is £jcosixii>=*i sin v+ ( = 2 s ' n ?" +C) 

But i sin 2u=sini/ cos u, from (9). §41. and since 

sin u=sx/<i, cos m =\/0 “Sin 2 w)=* v^fl 2 — * 2 )/" *• sin ireos -v ) 

. j^ a 2-x*)dxm i^sin-Hx/flJ+ixv/ffl 2 -' 2 ) 

where sin -»(x/a) denotes an angle the sine of which is x/a. 

The following integrals are sometimes required. 

(1) /sin mx sin nxdx. From (20), § 41, writing A and B for x and y: 

cos A— cos B=— 2sin J(A+B) . sin J(A— B) 

-2sini(A+B).sin J(B-A) (since «(-*)— wi*l 

Put }(A+B)=mx and J(B— A)=nx 

A=(m-/i)x and B— (m+n)x 
/. cos (m— n)x— cos (m+n)x=2 sin mx sin nx 
• 2/sin mx sin nxdx=/cos (m-n)xdx-/cos (m+«)vdx 


L s i„(m-n)x- <n+B 


sin (»»+«)*+ ( 


sin (m+n)x sin (m-«)x +c 

J sin mx sin nxdx = — 2(m+w) *** 2 (#n— «) 

(2) /cos mx cos nxdx. From (19), § 41. writing A and B for x and 
cos A+cos B=2 cos J(A+B) - cos J(A-B) 
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Put $(A+B)*= mix and £(A-B)=my 

A=(m+n)x and B=*(mi— n)x 

cos (m+n)x+cos (m—ri)x=2 cos mx cos n x 

2/cos mx cos n.Ydx=/cos (/w+/i)*dx+Jcos (m-w): xdx 

1 sin (m+n)x+^z ~ n sin ('”“*)*+ C 


m+« 


sin (mi+m)x . sin (m-u)x t ^ 

/cos in -V cos Mxdx- 2(m+nj~ + 2(m=^ +C * 

(3) / sin mix cos ii.vd.v. From (18), § 41, writing A and B for x and y: 
sin A— sin B = 2 sin J(A — B) . cos £(A+B) 

Put 4(A-B)=wx and i(A + B)=w.Y, 

.*. A=(/m+w).y and — B=(m— ri)x t 

sin (m+/i). Y+sin (m—n)x=2 sin mx cos nx 

2/sin mx cos nxdx« /sin (m+M)xdx+/sin (ni—n). xdx 

cos (m + h)y cos (m — m)x 


/si n mx cos my d.Y= — 


+ C 


2(mi+m) 2 (mi— m) 

By integration from 0 to 2n it is then easily seen that, since sin 0=sin 2 tt= 0, and 
cos 0=cos 277 = 1 : 

•it 

cos mx cos Mvd: 


J cos mx cos /i.vd.Y= |' si 


sin mx sin nxdx 


C 2 ”. 

| sin mix 


COS M.vd.Y = 0 


when m*fcn, a result used in deducing Fourier’s scries (§ 73). 

Two functions >p m (x) and ifrj(x), such that /0Jx)0 n (x) d.Y=0, when mfrt, 
and the integration is taken between suitable limits, are said to be orthogonal, 
and cos mx and cos nx. sin mx and sin nx, arc seen to be orthogonal. 

Now suppose that mi=m: the integrals (l)-(3) become: 

(4) / sin 2 /ivd.v= ]/( I -cos 2/i.v)d.v (from ( 10). § 4 1 ) 

“x/2— (sin 2 m.y)/4m+C. 

f 2 \ 

sin 2 nvd v=7r. 

.1 n 


.'0 

(5) Similarly 


/ cos2 Mi.vdx=J/(l+cos 2 Mi.v)d.v (from (10). § 41) ) 
= v 2+(>in 2 /my) 4m 4- C. 


cos- mx=7T. 


• 0 
• *- 


Sin 


ce 


(sin mxj \ -) : d.v= (cos m\ \ s) 2 d v= I 
* o .. 


!> " is said '", hc a normalising fartor lor »in „v and cos m.v, these integrals 
being normalised to unity. 

(6) f sin mv co > »>.vd.v=(l m) ) sin mv <1 (sin m.v) 

=('in : mx) 2m+(\ 

'in Ml. V COS IM.Yd.YssO. 
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^ INVERSE IKiourtuMtiMv . 

§ 44 Inverse Trigonometric Functions 

The notation sin-'*, etc., is used to denote ' an angle the sine of which ,s *. 
etc The inverse functions sin"»x, etc.* are much used in the calculus. 

Let y=sin-'x, then x=sin y, dx/dy-cos WU-sin’J'WU-* 1 ). 

d>>/dx=d(sin-'.v)/dx=l/V(l-^) •' '• j ^(iZ5ij =sin ' ~' x ' (,) 
Ify-»in-'(*/a), x- fl sinr, d.r/d>=acosy=avf<l-sinV)= 

d|sin- , ^j/dx=l/V(< ,!—x! )' x J ) _S ' n a ' 

Le.y=cos-x x=cosy dx/dy— siny-yd-^y)— Vd-* 1 ) 

.-. d(cos-'x)/dx=-l/v/(l-* ! ) * <3) 

and, similarly, # v 

d(c° s - 1 ^)/dx«-lMfl 2 - Jf2 ) | ^ 7 (fl^x 1 )“~ c0S a 

sr*jstf£=sst.v tartar^ss 

constants, here omitted, differ by *12.) 

Let, -tan-'*, .'. x-teny. dx/dy-se«»y-l+<»"’>-' + * 

d (tan-'x)/dx— 1/(1 +x J ), ' || + v 2 =lan 1 

lf>-tan-' (x/a). .\ x-etany, /. dx/dj-as*c»y-aO+ ,an ^) 

d^tan -> ^/dx»fl/(a 2 +x 2 ), J fl 2 + . v 2 5= ( i ,an a' 

Ify-cofix. /. x-col* • dx/dy— coscc^x— «**-! — s*-\. 

d( cot“*x)/dx* — l/(x 2 +l) J v 2 + r -c ° l 

and similarly r <jx • .., v (8) 

d(cot _l - j/dx— — fl/fx* +« 2 ). | x 2 +fl 2 " tf CO « 

These results obviously allow of the Integra, 'ion of some common functions 
of X. 

§ 45. Expansion of Trigonometric functions rs of v b> 

The functions sin x and cos x may^bc «p.,n<lcdm „c 

Maclaurin’s Theorem (1), § 34. Let f(x) si • 

df(x„dx=cos x, d W =-sin x. 

Also. f(0)=0, df(0)/dx=l. d'f(0)tdx'=0, dW»/da - «. 
d i f(0)/dx 5 =l. etc. . . (I) 

Similarly, cos *=.-x£+ J , f| „ tn 

' Although sin* x=(sin x)>. etc. s.n x Joo 
older books, sin -«x. elc.. arc denoted by arc s.n x. dc. 
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Note that sin .v is an odd and cos a- an even function of x. In (1) .v may be 
written x'/l !, and in (2) 1 may be written x°/0\, since x°= 1 and 0! = I. These 
series were published by Newton in 1669. 


§ 46. De Moivre’s Theorem 

The square of every real number, positive or negative, is positive. Hence the 
square root of a negative quantity is imaginary. If \/(— 1)=/ (sometimes written 
i ; the symbol i is due to Euler. 1 777), then every imaginary number can be written 
as a product of a real number and /; e.g. \/( — 25)=\/(“ 1 x25)=5\/(— 1)=5/. 
Even powers of / are real, e.g. i*=i 2 . /' 2 =*(— I) x ( — 1)= 1 ; odd powers of / are 
imaginary, e.g. / 3 =/(/ 2 )= — /. The sum of a real and an imaginary number is 
called a complex number , e.g. 3+2/. The expressions (a+ib) and (a—ib) 
are called conjugate, and their sum (2 a) and product (a 2 +b 2 ) are real, whilst 
their difference (—2 ib or +2 ib) is imaginary. If .v and y are real numbers, 
z=a+/>’ is a complex number. If two complex numbers are equated to one 
another, the real and imaginary parts are separately equal in each; e.g. if 
*1 + 0*1 “*2+0*2. ,hcn *l“*2- and O' 1=0*2 or 

If it is assumed that the exponential series (2), § 33, holds for an imaginary 
exponent i.v, where .v is real, then: 

c u = 1 + /.v + i 2 x 2 /2 ! + i>x'/3 ! + i\x</4 ! + . . . 

= I + /.v — .v 2 /2 ! — i.v J /3 ! + a 4 /4 ! + ix 5 /5 ! + . . . 

=( 1 — -v 2 /2 ! +- x*/4 ! + . . .)+/(*— *3/3!+.vS/5!+ . . .) . (3) 

and hence, from (I) and (2), § 45: 

c u =cos x+/sin x (4) 

1 he expression on the right (sometimes written as cis .v) is a complex number. 
Similarly: 

c _i *=cos.v— i sin .v, 

.*. sin A«*(e ljr — e _u )/2/ and cos .v=(e 4 * +0-^/2 . . (5) 

giving exponential values for the sine and cosine. It is readily found, by squaring 
and adding, that sin 2 .v+cos 2 .v= I. Also. e ter -(c t 7 , «=(cos x+i sin *)" for 
positive, negative, integral, or fractional values of//. Put nx=z , then: 

e u =cos j + / sin r =cos nx+i sin nx (6) 

.*. (cos.v+/sin.v)-=cos//.Y+/sin//.v .... (7) 
as may also be found by direct multiplication, and (3) and (5) of § 41. It should 
oc noted that the expression on the right of (7) is onlv one value of that on the 
,S n0 ‘ a r ,l,VC inlc « cr lf «=/>'/. "here P and q are positive 
erC »?a C ‘ 1 00,s ol ;,n y quantity, and hence there are q values of 
Fniii/inlc u\ ' lur, l ,cr d,SCUNsion given in books on trigonometry. 1 
who?] 6) and (7) arc forms Pe ' f °ws Theorem 2 In (5) put .v=/m, 
where n is any positive or negative integer. Then: 

sin //.t= 0=(I 2/KC e* =). 

.'. c^ = =e’ 

found* vil VidinS by C '“' a " eqUa,ion d,SlOU - r ‘- d •>>■ tiller > connecting i and rr is 


03 


= l • (8) 

‘--bridge. ,897. 280; 

• » M civic. - Miscell.inv.i M, de Vfc* london . 17J0 . 



HYPERBOLIC FUNCTIONS 


61 


§47 


§ 47. Hyperbolic Functions 

The so-called hyperbolic functions, often met with, are defined as follows: 

cosh x=cos /x=i(e Jf +e-*) > sinh x=~. sin e"*), 

tanh x=sinh x/cosh x=(e*— e-'V^+e' 1 ) • • (1) 

(The names are pronounced “cosh." "shin," and "tank") They lead to 
equations similar to those holding for trigonometric functions, for example, 
cosh 2 x— sinh 2 x=l in place of cos* x+sin* x= 1 ; these equations are given in 
books on the calculus.* The hyperbolic functions can always be rewritten in 
terms of real exponential functions, and little use will be made of them, it is 
easily shown that: d (cosh x)=sinh x . dx. d (sinh x)-cosh x . dx, and 

d tanh x=(l/cosh 2 x)dx=scch 2 x . dx. 

The inverse hyperbolic functions, cosh'x. etc., appear as alternative forms ot 

some common integrals. If cosh)-*, then sinh y=%/(x 2 -l). and: 

c'-Kc'+c- y )+i( cy “ c ’ r )“COsh r+sinh y« v+ v /(x 2 - 1). 

y=cosh-‘x=ln (x+\/(x 2 -D). 


Similarly: y-sinh _, x-ln [v'(l + v 2 )+\l. 

Iftanhy=x, , v „, . 

x-(e'-e-')/(e'+c" y ) c Jr -(l + v)/(l-x). 

/. y=tanh-»x={ In (0+.v)/<l-*)) (v<l). 

Similarly: y=coth-*x=} In l(x+ !)/(*- 1)J (v>l). 

The values of the derived functions for x/a instead of v arc easily found to be : 
,-cosh-(x/a) ••• x-acosh)\ /. dx-asinhj.djWtcosh'j’-l) 

. dcosh-'x/a 1 . f_J*f — , CO sh ' --In [v+ \/(v ! -a ! )]. 

d^ “Vlx'-a 2 )' " J " 

Similarly: 

dsinh -*x/fl 1 . f d * =%inh i- =|n (\/(.v 2 +a 2 )+*!. 

dx 'Vi* 2 *** 2 )' 'Jv'<x 2 +« 2 > " 

**%*-£>»<*■ _ 

■■■ A& 

Since cosh x+sinh x=c* ■ .hereforc x=ln c-ln (cosh x+sinh x,. If » 
an angle such that sinh x=tan 0. 

cosh x=\/(l+sinh ! x)-V(l+'«"' «>-■“ 0 ,from (l) ' § 4I) ' 
then x=ln (sec 0 +tan 0)= M*> 

is called the " lambda function of 0." The angle 0 was i ( ,;, 

Kudermannian of x (after Gudermann) and J called’ the " hyperbolic 

or x=amh->(0). The gudermanman is sometime 

, rim-nhill "Dillcrcnlialandlntcgr.il 

■ For a good account of hyperbolic fuI *“ 0 ‘?V . h sh * lh> which must he carefully 
Calculus," 1896. The functions arc some u m es dcn«cd b ^,f^ al ' hemllku „s. e.s <i. A. 
distinguished from those of elliptic functions cn. • a re less enthusiastic about the 

Gibson. » An Elementary Treatise on the Calculus. Mi. 
use of hyperbolic functions than is Grecnhill. 


62 MATHEMATICAL INTRODUCTION I 

amplitude” of .v. This function x was used by Edward Wright in 1599 in 
constructing Mercator's charts. No use will be made of these functions. The 
curve yja = cosh (x/a) is called a catenary , the ordinate y/a being the arithmetic 
mean of the ordinates of the two exponential curves yja=e*‘ and yla=e~ xla . 
The catenary is the curve in which a uniform chain (Latin catena) hangs; or (of 
more interest to us), the vertical section of a soap-bubble film ( catenoid) drawn 
up by a circular wire from a flat liquid surface. 


§ 48. Curvature 

Let P and P, be any two neighbouring points on a plane curve (Fig. 21.1). 
In passing along the small arc PP,=5r, the tangent turns through the small 

angle fy, which is called the total curvature of the 
arc 8s. The mean curvature is the limiting value 
of 84>/8s when i.e. d<j>/ds. 

If QP and QP| are perpendiculars to the 
tangents at P and P|, meeting at Q, the angle 
(in radians, §40), PQP, = 8<f>=8s/R, where QP= 
QP, = /?, the arc PP, being very nearly circular. 
A circle in contact with a curve may be regarded 
as passing through three consecutive points 
infinitely close to one another, as a straight line 
(tangent) touching the curve passes through two 
* such points, and this circle is called the circle of 
, r . , curvature, its radius being the radius of curvature. 

F '°- !l piJ?r K ° f 1 any given curve, .an *=dv/d.t, 

•*. d 2 j/d v 2 =d(tan ^)/dx=(I/cos 2 <f >) . d^/dv. 
Also d^/ds = (d<£/d.v)(d.v/ds ) = cos <f > . (d^/d.v)=cos^(d 2 y/d.v 2 ). 
since the projection of a very small arc dr on the .v axis is d.v=dscosf 
Hen**: l//?=d«£/dj*=cos 3 <f>{d 2 yJ6x 2 ). 

But cos 2 «^+sin 2 <£= I (§41) /. 1 +sin 2 <^ cos 2 4>= 1/cos 2 <j>, 

cos 2 (=\H I +tan : ^)= 1/(1 +(dv/dx) 2 J. 

/. cos' 1(1 -f (dr/dv) 2 P 2 , 

/. !//?=(! +(d.r/d.v) 2 )J2/(d->/dv 2 ) ( 1 ) 

S ‘ an r a [ d formu,a for ,hc radius of ‘"nature of a plane curve. The 
consideration of the curvature of a surface is more difficult.* 

nonHina ' * 3 ^ rcfcrrcd Io ils P ri "c. P al axes. r. r' the radii corres- 

K £ * V CC,0nal a " p . ,CS " and - *Bat the radii arc at right angles, 


then x=r cos 0 . v=r sin W hence: " 

Ar '' cos2 °+ Br ‘ sin: I 1 r- = I cos 2 0+ It sin 2 0; 
and similarly 

I f ~ A C0S '' ( " +:T li N * ,,: ,1 >in 2 f*+ cos 2 0 

I ' : +l r : = A (cos 2 0+sin 2 (l)+ ft (ii n ' cos 2 "i = .| + const. (2) 

or Nlcchamcs." C |'s«! l 5 ‘ is > * ‘u ^ iv : ° 6; Mach. “ The Science 

1886, 278; Salmon and RomTUJ™ ' Irosi. •• Solid Geometry” 

Bell. ** Coordinate GcOflK '.iy of Thnv 1 . ! 5 - ’ tensions.” 1914, 1, 292; 

Intcgralrcchnunp." Leipzig. 1908. l. 4*, ' ’ cn '* MSS * - - -‘‘f.vi. M DifTcrcntial- und 
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higher than the square in 
the equation to the sur- 
face may be neglected. 

The centre of the conic 
is in the normal OV to 
the surface. Let any sec- 
tion of the surface by a 
plane containing OV cut 
the conic in the diameter 
QVQ' (Fig. 22.1), and 
draw a circle of centre 
O' which touches the 
curve at O and cuts it 
at an adjacent point 
(Fig. 23.1). Then: 

QV 2 =0'Q 2 — 0'V 2 *= 

O'Q 2 — (O'O— OV) 2 

=0'Q 2 — 0'0 2 + 

200.0V-0V 2 . 

But O'Q = O'O, therefore 
QV 2 «=OV (20'0— OV). 

rirrle oi curvaiu 

»0. Hence: 


Fig. 22.1. Curvature of a Surface 


o moves up to and ultimately coincides with 
QV'=OV (ZU u-oyj. When O moves up i pn-20 0=2/?, where 

0, the circle becomes the circle of curvature at O. and PQ -20 U 
R is the radius of curvature, and OV-O. Hence. 

W 

This calculation was given by Newton. H^^for lhc S cmi- 

through O, the radius of curvature R is P P ‘ trough which the 




Fio. 24.1. The Hyperbolic Paraboloid 
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and r, j, and / denote (§ 26) d 2 z/dx 2 , Pz/dxdy , and d 2 z/dy 2 , respectively. The 
equation of the surface in the immediate vicinity of O thus becomes: 

r=£(fx 2 +2j.vj , +/> ,2 )+ higher powers of x and y ... (4) 

The tangent plane is the plane xOy itself, and the normal through O is the 
z axis. Equation (4) is the equation of a surface called an osculating paraboloid, 

and sections of it by planes z=c (a 
constant) close to the tangent plane 
z= 0, which approximate closely to sec- 
tions of the surface, are similar conic 
sections: 

rx 2 + 2sxy+ ty 2 = 2c. 

In a plane infinitely near the tangent 
plane, the similar conic section ob- 
tained 1 by putting 2c=l, viz.: 

rx 2 +2sxy+ty 2 =\, 

was called by Dupin (** Dcveloppment dc Geometric, ’’ 1813) the indicatrix. 
It is shown 2 that if (rt—s 2 )> 0, the indicatrix-conic is an ellipse, and a plane 
z=c close to the tangent plane will, if it meets the surface, cut off a small cup. 
The point on the surface is then called a synclastic 3 (or cup) point, such as the 
top of a hill or the bottom of a depression, the contour lines being approxi- 
mately similar ellipses. The osculating paraboloid is then an elliptic paraboloid . 4 
If (r/ — j 2 )<0, the indicatrix conic is a 
hyperbola, and the tangent plane cuts the 
surface in two lines crossing at the point 
of contact, this point being called an 
antlclastic 3 (or saddle) point, such as a 
pass or bar, with contour lines approxi- 
mately similar hyperbolas, and the oscu- 
lating paraboloid is called a hyperbolic 
paraboloid 4 (Fig. 24.1). 

Let 3 the surface OAP (Fig. 25.1) and 
the osculating paraboloid be cut by a 
plane OMP passing through the normal 
Oz, and inclined at an angle MOK=0 
with the plane zx; and let OP be part of 
the section of this plane by the surface. 

If OM=u, the coordinates of the point 
P arc .t=OG=ucos 0, and v=GM = 
u sin 0. Substitute in (4), then: 

r=£(« 2 r cos 2 0+2u 2 s cos 0>in P+u-l sin- fl)+etc., 
and in the limit when r=0 (in the tangent plane): 

2r 1/2 = r cos 2 0+Ircos 0 sin 0+t sin 2 d. 

and not its character. * ' (2 ‘ M Jnd v ~ ' ,2r >V obviously alters merely the size of the curve 

I 926 E 2 8 2 I? 3 F 28 G ‘ * *"***•" Highcr M*l*matics 

! bfCak - 
J W Sm’ S ,d Gco,nc, ry." 1886. 85. 

Sec de Morgan. - Differentia, and Integra. Cakul.K.” , W . , 29 . 
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If OP is regarded as an infinitely small arc of a circle (the plane of which is 

to the xy plane). Thus. . n 

1 l p =r 2 cos 2 0+2s cos 0 sin d+t sin 2 0. 

sin (tt/ 2+0 )=cos 0 and cos (ir/2+0)« -sm 0, 

l/p'=r sin 2 0-2 j sin 0 cos 0+/ cos 2 0, 
where is the radius of curvature of the section normal to the first. Hence : 
I/p+ l/.'», (cost « +si „2 8)+t (Sint fl+cos* »)=,+, =const„ . (5) 

. m x c.| ,: n 2 fl+cos 2 0=1. This result, due to Euler, shows that the 
S sum onhe curvalums (reciprocals of .he radii of curva.ure) of two normal 

oVarc 3 — =0, then x, may he made to 
vanish, 1 and equation (4) becomes . 

z =frx*+ty l )+ . • • =i* 2 /*+M* + • ■ 

to drawn through the same tangent Imc tothc sphere, .to -n™ ;=xlan g 

circle cut off by .1 (M » the curvature of the section of the surface 
cuts the surface z= 2 {rx -yzs. > + ) J. . ra( jj us 0 f C urva- 

The above .nations are 

important in the theory of surface tension. 

KdQ Theorv of Simple Harmonic Vibrations 5 . 

Wfe^i'O'n'ter^^e^rcle'd^Hbcs'a'j'hn^'Aormoitic 

The point TfOPpa"*" 

the circle, the period T being the lim e. and if it is in the 

position OP a* X ^ 

OP and .hex axis ,s ■ or e _ (2W T* f-r,. 

Whenever possible, it is simples, to mat. ~0. and for the present this wdM* 
i This is shown in any work on conic sections; ice c.g. C. Smith, " An Ucmenury Treatise 

° n i^:'ThoOT2^CLord^Ce^n,,”^putarLecuir^imd ^ 

.. tK or Sound." ,9,0. Si Coulsoo. 

•* Wavca.’* Edinburgh. 1941. 

A.T.P.C. — 3 
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assumed, when 0=(2 tt/:T)/. If the angular velocity in the circle is cu radians 

per sec., d=u >t. . _ . , _ 

Since the point makes a complete revoluUon in T secs., it makes l/T revolu- 
tions in 1 sec., this being called the frequency, v, hence v=l/r, therefore 
0 = 2 7TVt. 

The projection ON=j of OP on the x axis is: 

ON =J= OP cos 6=A cos 0=A cos (2 rrlT)t=A cos 2 nvt, 
where A is the radius of the circle; and the projection ON'=NP of OP on they 
axis is: 

ON'=OP cos (tt/ 2— 0)=OP sin 0=A sin (2 t r/T)t=A sin 2 nvt. 

If the length ON (or ON') is plotted against /, a cosine (or sine) curve shown on 
the right in Fig. 26.1 is obtained. The two curves are displaced with respect to 
each other by a time interval (\irl27r)T=$nT, called the lead or lag of one curve 
relative to the other, corresponding with a phase angle of ^r=90°. As the point 
P moves uniformly in the circle, the point N moves non-uniformly along the 



Fio. 26.1. Simple Harmonic Motion 


.v axis, oscillating between the extremes of the circle diameter in a time ±7*. or 
performing one complete oscillation from its initial position anywhere on the 
diameter back to this position again in a time T. The point N is said to execute 
a simple harmonic motion (S.H.M.). Let the distance of N from O, on either 
side, be denoted by s : this is called the displacement. 

On the cosine or sine curve, the maximum displacement from the axis is 
±A, called the amplitude. On the cosine curve, this occurs when cos 0=±1, 
i.c. 0=0 or mr, where n is an integer, and r=0/(2w/r)=/m/(27r/r)=inr. On 
the sine curve it occurs when sin 0= ± 1, i.e. 0=w(W 2), where n is an odd integer, 
or t-lnT. The minimum displacement is 0, which occurs on the cosine curve 
when cos 0=0 or 0 is an odd whole multiple of Iw, or t is an odd whole multiple 
of \T ; and on the sine curve when sin 0=0 or 0 is a whole multiple of n and 
/ a whole multiple of { T. Since N and N' both execute linear simple harmonic 
motions of the same amplitude and period but differing in phase angle by \ ■*, 
these two simultaneous linear harmonic motions are together equivalent to a 
uniform circular motion, and conversely. 

Instead of considering the curve as giving successive values of the displace- 
ment from Oat various times, it may be supposed that the horizontal axis is an 
2’ a n ,\'" c ord, ? ales represent displacements at right angles of fixed 
• .J a dl jf erenl times, which are those of corresponding points on the 
dls P lacer )’cm then travels as a irate. The distance between two 

and since d the ^ Ha \ e -‘ e "S‘ h - The wave travels with a velocity u, 

^ since the wave-length )S described in the time of the period T, therefore 

of waves Z n 7V hC fr , el * uenc >' “=-*• The wave number 11 , the number 
01 waves per cm., is obviously M = 1/A= vju. 
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The (variable) velocity of the point describing a simple harmonic motion on a 
circle diameter is found as follows. The displacement s is zero when the point 
is at O, and if the time is taken as zero for this position, the point N must be 

taken, for which: J= ^ sin(2 „, /r) <0 

0 =<U/dr-i=(d/dr)vt sin(2<rr/n=a^/7')cos(2..r/r) . (2) 

and the (variable) acceleration is: 

/=do/dr=d J s/d» J =3— (d/d/)[(2ir^/T) cos <2»//T)l=— 

the pornt is passing O. A ' '^'n the point is at the upper extremity of the 

HUBi 

mwmSMaki 

or *-2irr/T. Sometimes r is called the -. phase; displacements 
tudes of the two motions arc different, say A i and 2 . 

a " : S\=A\ sin (2»»f+M and s 2 -A, sin (2wW+W ■ ■ «) 

being in a plane *: 

S—Si+Si—Ai sin (2vrv/+^,)+^2sin (2»v»+*a) 

>< sin 2 ” W • C ° S ^ ,+C0S . cos *,+cos 2.W . sin «. 

by (3). § 41 . Let * be an angle and /< an amplitude such that: 

s=/f sin (2n»'f+ < £) 

=/4(sin 2wW . cos *+cos *** • sin *>• 

The cave considered is for two vibratiowin «hc ^‘pCally. and^hc so- 


( 5 ) 


JiaJiaoucn uei rnjsiiA. . . 

673, the mclhod being due 10 Pcngal. 
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then A cos <f>= A x cos 4>i+A 2 cos <f 2t 

A sin^=-4j sin^ 1 +y4 2 sin^2- 
Square and add, remembering that sin 2 ^+cos 2 4>= 1 , 

A 2 =A l 2 +A 2 2 +2A l A 2 (cos<f> l cos^+sin^, sin^ 2 ) 

= 4 \ 2 + A 2 2 +2A \A 2 cos {<f>i <f> 2 ) (6) 

by (6), §41. 

If ^,-^ 2 =0 or 2/m, where n is an integer, i.e. 4>\~4>2 >s an even multiple of 
77, both vibrations are in the same phase, and cos <f> 2 )=cos 0=1, or 
cos 2mr=l, 

.*. A 2 =A x 2 +A 2 2 +2A \A 2 =(A i + A^t 


A = A t +A 2 (7) 

and if A l = A 2 , A—2A\. 

If ^,-^ 2 =(2/i+I)7r, an odd multiple of tt, cos (^|— ^ 2 )= — 1 
a 2 =A 1 2 +A 2 2 -2A 1 A 2 =(A x -A 2 ) 2 
.*. A = A i—A 2 (8) 

and if -4 1 = ^ 2 * A=0. 


This is a case of interference ; when the crest of one wave coincides with the 
trough of the other, the motion is annulled if the amplitudes arc equal and differ 
in phase by an odd multiple of 77. 

If the displacement at the origin (,y=0) along a y axis at a time t is s- 
A sin 2v(t/T), that in the y direction on an x axis will occur at a distance x 
from the origin at a time /'=/— xju. since the wave-form moves along the x axis 
with a velocity u, and the displacement at .v is the same as that at the origin at a 
time xfu before. Hence (since uT= A, the wave-length): 

v=.4 sin 2n(t'/D m A sin \(t-xfu)jT\=A sin (2n/X)(ut-x) . (9) 

This can also be written as: 


y=A sin 2n(ur/\—x/\)—A sin 2w(/T— v/A)=.4 sin 2 tt(i ■/— /ix), 

where »-= 1 T= frequency, and /*= 1/A=wavc number = number of waves per cm. 

In these equations the amplitude A is supposed to be constant for all values 
of .v. If A (.v) = f(.v) is a variable amplitude, the variation of the displacement 
with .y can be included in it. and the equations written: 


v=/I(.y) sin 2w(//7T=.4(v) sin 2wi*/ .... (10) 

Since the cosine function is identical with the sine except for a difference of 
phase, all the above equations can equally well be written with the cosine 
instead of the sine. 

Let 


f(.Y)=<i sin (bx+c)—h cos (bx+c) (11) 

where a, b, and c, are positive constants. Put a=r cos 6 and b=r sin*, 
therefore a i+b*=r\ and tan *=/>,,. Then: 

f (x)=r cos 4 , . Sin — r sin . cos (h.v+c) 

=rsin (bx+c— 6) (from (4», § 41). 

It Iim d : iffCrtnt ' at ' 0n °* , =f ^ =eJ sin </,v+ri is an important standard case. 


f(.Y)=,ie« sin (bx+c)+bS' cos (:*. v +c) 


. (12) 
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Let a—r cos <f>, and 6=rsin^, therefore a 2 +b 2 =r 2 , and tan<£=fc/o; 

/. f'(x)=re“ cos 4> sin (6x+e)+/-e“ sin <f> cos (bx + c) 

=rt 4x sin (6x+c+A (from (3), § 41) (13) 

The operation of differentiation is thus equivalent to multiplication by r and 
adding 4> to the angle. Hence for the nth derivative: 

y> = f (■)(*) sin (bx+c+n<f>). 

Similarly, if y=f(x)=e“ cos (f-x+c) (14) 

cos (bx+c+n<f>) (* 5 ) 

If f(x)=e-“sin(6x+c) ( 16 ) 

f"(x)=r 2 e“" sin (bx+c—2>f>) ( 17 ) 

f(x) has maximum or minimum values when f'(x)=0, 

—re"" sin (bx+c-<f>)= 0, 

and since e"" is not zero, sin (*x+c-*)=0 therefore (bx+c-4>)=nn, where 
n _ 0 i .fci, ±2, ±3 . . the sine of 0 or any integral multiple of v being 

To distinguish maximum and minimum values, consider the sign of 
r(x)»r 2 e-" sin (fcx+c-ty)^ 2 *-" sin {bx+c-*f>-<t>) 

=r 2 e"" sin (**-<£) 

when f(x) is a maximum or minimum. Since sin (mr -<£)=» - co*/m sin £ 
by (4), § 41, and since rV" and sin * are both positive the sign of f W it the 
same as that of -cos nrr, i.e. (see the table in § 40) of (-1) . Hence 1 (x) 

is negative, or f(x) a maximum, when n is 0, 2 4 . . . (aD ,'^Tumter) 
f"(x) is positive, or f(x) a m.mmum, when n is 1, 3, $ . . . (an odd number). 

§ 50. Group Velocity and Phase Velocity 

Actual waves in a medium are not propagated with an absolutely fixed 
frequency v (which would be called a homogeneous wave) bu I are r«he com; 
nosed of " groups ” of strictly homogeneous waves differing slightly in ire 
Suency within the limits r and , + A, The displacement y,s denoted (§ 4« 
hv A' -A cos 2 t r(ul-ux), for an infinite wave train propagated in the direction 
of x with “ veil, «y u. For another wave-train with the same 4 but slightly 
different frequency and wave number the displacement is. 

A" -A cos 2 tt[(v+Av)/-(/*+ A/ x)xJ. 

By superposing the two, the displacement of the resulting wave motion is 
found to be: , . A . . 

y-A'-\-A"—A cos 2 T»(v/-/i.v)+/lcos 2 »Tl(i-+A»')/- 0 *+A/*).vl 

=2/4 cos 2n(vt—fix) . cos w(Av . /— A/* • *) 

when A v and Am are infinitesimal compared with v and m- This follows from 

^ cos x+cos y—2 cos ^(x+ >■) cos \(x—y). 

Equation (1) represents a train of waves with a 
2A and zero. There will be a scries of regions of maximum displacement, 

• This is often called Ihc “ amplitude." but this is properly the quantity A. 
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crests travelling (as what may be called “ wave packets ”) with a group velocity v 
different from the phase velocity : 

u=v/p=vk ( 2 ) 

in each wave train. Equation (1) shows that y has maximum values for 
Ai>. t=kp . x, hence the group velocity is, in the limit: 

u=x//= Ay/A/A=dv/d/x=dv/d(l/A)= — A 2 (dy/dA) . . (3) 

§ 51. Plane Wave 

A plane may be defined as the locus of a straight line a which passes through 
a given point P (x„ y u z,), defined with reference to three perpendicular axes 
(Fig. 27.1), and is perpendicular to a given straight line p. -For, by rotating the 

line a about the point P (.v,, y lt z,) so that 
it remains always perpendicular to the line 
p, the plane is obviously generated. The 
line p is the perpendicular OP from the 
origin to the plane: let its length be a. 
Project a on the axes, then x it y i, z, will 
be its projections. The ratios xja=l t 
y l /a=ni, and z,/a=/i, the cosines of the 
angles which the perpendicular to the 
plane makes with the three axes, define 
the direction of this line, and hence arc 
Pio. 27.1. Equation of a Plane called its direction cosines. Now take any 

point D (x, y , z) in the plane, and join 
PD. The line PD in the plane is perpendicular to OP. The projection of 
OD on OP is the sum of the projections of the coordinates of D on OP, i.e. • 
Ix+my+nz, and is also obviously equal to OP =a t 

Ix+my+nz=a (1) 

is the equation of the plane. The expression : 

sin 2*»'[r— (lx+my+n:)lu] 

represents a plane wave. For, it is zero for a time t= t' such that 

2nv[t'~ (lx + my + nz)Ju ) = Ar, 
where k is an integer (including zero). Thus: 

- (Am, 2 »•) +ui' = l\ -f my + nz. 

But this is the equation of a plane with a perpendicular distance lx+my-\-nz=a 
from the origin. Hence, the surfaces defined by various values of A form a scries 
of equidistant parallel planes distant \u v apart, the distance from the origin 
increasing with the time proportionally with the velocity u. This corresponds 
with a wave of length u i - A. the places of zero displacement being half a wave- 
length apart. 



§ 52. Energy of an Oscillator 

Suppose that the point N' in §49 is a massive panicle undergoing simple 

£ “-■ ' V| braling mass has . . re,, which is usually partly 

o' * 'u £*• '" d P ; lr,l i po,en " al - E , "lien at it. maximum elongation the 
particle is momentarily at rest, before it moves in the opposite direction, and 
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all its energy is potential; when it passes through the origin all its energy is 
kinetic, since the acceleration, and hence the force acting, is zero. 

The time average of the kinetic energy is found by integrating 2 mv over a 
period T and dividing by T : 

E t =(llT)j r irmMl=(ml2T)jMl. 

From (2), § 49, v=(2nAIT)cos (2m IT), »»-(4«»il>/r*)cos« (2*HD- 

From (10), §41 : cos ! (2*»/T)« }[' + cos 

. u 2 =(2n 2 /l 2 /r 2 )[l +COS (4rr//r)] 

C.-(m/2rX2«M>/T»)J t [1 +cos (4rr//r))d/ 

£ l -(ml2T)(2*lA*IT 1 )X.T-mn 1 A!ir- 0 ) 

since, from (2), § 43, J cos nx . dx=(l/n) sin nx+C, 

j'cos (4*(/7>ll= [(774*) sin (4*r/n] # -074*) sin 4n-0=0. 

since sin 0=0 and sin 4*=0; hence the second part of the integral vanishes 
The kinetic energy on passing through the initial position (when the potential 
energy is zero) has a maximum value equal to the value for 0-2*w-*/2 - 

£ w -imeo»-imx(4*M»/7^)sin>("/2)-2*M»«/7^-2*^»mvJ . (2) 

since sin (»/2)-l, and v (frequency)- 1 IT. From (1) and (2): 

(3) 

But the sum of the kinetic and potential energies is always equal to the maximum 
kinetic energy E k0 (when E,= 0): 

£.+£,= £» < 4) 

.-. <5) 

i.e. the lime averages of the kinetic and potential energies in (undamped) simple 

(linear) harmonic motion are always equal. . 

The potential energy of the oscillator for any displacement x from hc eqml, 
brium position is given by integrating the produet o he force ^(-ma sx 
acceleration) and displacement x. with the «*n changed 

when work is spent). The acceleration is, from (3), §49. -(4*i/T J )x- An a. 

hence: — — ? 

E p z=kn 2 v l m I xdx=2ff 2 i ,2 Mi* 2 ... (6) 

When x=A, E p is a maximum. 2#v*mAh / 

§ 53. Centripetal Force / 

Consider a particle of mass mi w,,h % 

velocity v in a circle of radius r, and let P (Fig. 28.1) be its O 
position a. any instant. If the particle wem notated upon Fk,. MT On.,.- 
by any force, it would move along the tangent. PN w, h the 
consent velocity » it had at P. and after a . d jn thc timc di 

under Uie'actfon^ofThe forceJwWch^U dTrccted Lards the centre O of the 
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circle, since Ihe velocity in the circle is constant and there cannot be any force 
acting in the direction of the tangent. If / is the acceleration, the space 
described in time dr is |/(dr) 2 =QN. In the limit, from (3), § 48: 

PN 2 =2QN . OP, ( v . dr) 2 =2QN . OP=/(dr)V, 

f=v 2 /r (1) 

If m is the mass of the particle, the centripetal force acting towards the centre of 
the circle is: 

P=nw 2 /r • (2) 


§ 54. Gamma Functions 
Two important definite integrals are: 

(I) the first Eulerian integral, or the beta function: 

(J) 

(II) the second Eulerian integral, or the gamma function *: 

J e-*.t*-'d.r-r(/i) ( 2 ) 

In (1) put x=\— z: 

— .v)“” l d.v= — x^'dr, B(m, l)-B (I, m). 

Integration by parts (§ 19) gives: 

fe“*.v J, d.T--e- J, .t-+/i/e-*x- , dx (3) 

Since 2 (c"V)=0 for \ =0 and x-+ (2) and (3) give: 

r(/»+i)-/»r<n> (4) 

This is the fundamental equation defining the properly of the gamma function. 

J) • A 

Now | c*.vd.v= | c 'd.v= I. by integration by parts, 

/. r(l)-l, /’(2)=r(l)=l (5) 

from (4); hence if n is a positive integer, (4) shows that: 

r(/i+ I)-/i(fl- IKn- 2 ) . . . 1 =/i! (6) 

//! being factorial n. 

It can now be shown that T({)= x /tt. Consider the integral: 

j e” te .v*- | d.v. 

Let kx=z, dA »dr/it; x*-^:* 1 k ml 

• * I,® ^ ldV “J 0 C 

fe- te .t-- , d.v=(l/^)| c-^- , d2=/Vi)/A" ... (7) 

J 0 .’o 

W “ g i '*". by WalK Stirling < 1 7JO». bu. both functions 

Z U Tlw integrals and the symbol 

nn „ u 'f cn ^' < 1 8 1 1 • l8 J 9 - rcspecioclv) I he definition (2) is not the most general 
here f * H eJmnU func,,on - i,nJ hw,ds onI > «uh some restrictions. but it is the only one required 

- The pi oof is not diflkull ; cf. § 16. 



§54 

Let 

Let 


GAMMA FUNCTIONS 

u=J e-*dx=Je- / *dy, 

t- JV-dx . jV^=j o jt^^dxdy. 

r+« r + * 

I e -, 'dx= J t~ yi dy=J, 

’• { + "{ f V U, * ,,,d A d >=V 2 . 
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Fio. 29.1. Polar Surface 
Elcmeni 


complete circle), ^ 

. V u, ‘ ,,, dxd>’= J e"VdrJ d ^-J-Vd, 

Since d(e-*)- -2nT*4r, the integral is easily found : 

2 J e"Vdf * - 1 d(e _H )— [ e "’] 0 “ ’• 

since e'“ = l/e“=l/“*=0, and e»-l. Hence./ 1 -". 

Since e-" and e"' are even taeliMi « 2 >>. j** 
integral between the limits 0 and • is one-half the 
value between the limits - <o and + ®. nentc. 

u 2 =|”Je-*’'' , dxdy«n/‘». u»V(”)/ 2 - 

By putting in (2) it follows that: 

r(i)-Je~x- ,n dx. 

Put x-y 1 , dx=2ydy, and x" 11 - l/r. 

/. r(i)-2j e-’ J dy-2u-v/" 

Several special integrals can be ^pressed in terms of gamma (or beta, 
functions. 

(I) To find the value of the multiple integral. 1 

fff ji-iy-i;-' . . . dxdydr ... * * * v ' 

where the variables x.t 

firat*with*respec, to X. tte'bmUs^f'integration being — , *-*' 

-rs+i'/ 1 x ~ yr ■ 

Now integrate with respect to y- The limits of , are 0 and and t e 

value of the integral : 

f >-«(i-x->rdr (II) 

u . - 1 -.^ siKCO^ un with respect to 

. The notation means that the function .s to be tntci 
i, y, x, beginning with z. See § 22. 

3* 


. (») 



MATHEMATICAL INTRODUCTION 


is to be found. Let: 


y=JV- , (a-.t )— 1 dx 


and put x=ay> therefore dx=ady t (a—x)=a(\ —y), and when x is a , y is 1, 


Now consider the integral : 


(12) 

I: 

/ (i3) 


Integrate (13) with respect to at, then from (7): 


S? ,m ' >r ' ,e '"‘^ d ^ y=ni+m) \ u+^ y ■ • (i4) 


Integrate (13) with respect to y, then, from (7): 

n " 

^*"-iy-i e - (, *'> x dxdy=/Xm) - dx 


from (3). Hence, from (14) and (15): 


r(m)j e-'y-' dx — r(m)r(l ) . (IS) 


/’(/+/») 

J o 

J ( !+>)'•" r(/+m) 


Pul y/0 +y)=.\ in (1), then [since the limit of yl(y+ 1) is 1 as y-* coj : 


p-,i-,r- (Hi 


This is an important general equation from which, by special substitutions, 
various special results can be obtained. From (16) and (17): 

“y2L°'u? 1 “ ,hI — «* * « * ™* » 




S %TomOUnT(n): ' hC '** a " d Eamma func,ions - 


J=ct'—'B(I, m ) 


( 20 ) 
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554 

In (17) put y=ax/b, then: 


/-Mr 

] ( ax + b y tm 

r x'-Mx 

•’* I (flX + *)'*' 


now 


(2D 


'itlrtV+m) * * ' 

To find the value of (11), put l-x=fl, and *-/-!, then 

[']r-\\-x-y)'&y= I* 

Jo Jo 

y _, (i — yy -1 ^* from 0 2 ) 

.... ( 22 ) 

“ (l x) Tfyi+n+l) 

from (18). By replacing /» in (18) by («»+"). considered as a single constant: 

f i nOAm+x+l) <23) 

J/~ ‘ ’ 

Hence, from (9), (10), and (22): 

JJ/ . . . . . . dxdyd* . . . 

r(n) I\m)I\n+ 1) I\l)I\m+n+\ ) 

~T(n+\)‘ TXm+n+l) * TV+w+n+l) 

nwm • • • (24) 

m I\l+m+n+ ... +1) 

which is the required result, for all values of x, y. x . . •• such that x+v-K 

... Si. 

(II) To find the value of: 

[*W xdx-j 'cos’xdx. 

I„ (18 ). put *=sin* 0 , therefore ** wh *" 

x=0, 0 = 0 , and when x*l, 0=W 2 ', hence. 

fv-> ( i-xr-'d*- 2 fV or 111 

Jo Jo . . 

Put 2l—\=p and 2m-l=<7, then the integral is: 

2 fusin' 9 cos* 0 d9=2 sin' x cos* xdx. 

f .,S .riKF+oinMtt!)! 

/.from (18): sin' x cos* xdx =4 fij<p+*)+ U 

J ° .. nr -0 when the same result is found, 

Put p=n and q= 0. and then and p=0, when tn 

r n r-/2 a , jAK-iiMO*.) . . (25) 

/.I sin" xdx= Jo cos xdx= 2 r(\n+2) 
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(III) To find the value of: 

j?^ a ' 

Put ax=z, therefore 6x=dz/a and x n =z x /a n t and the integral is 

(l/a"* , )J z"t~ z dz. 

Put ;i=/u— 1, when the integral becomes r(//i)=r(/i+l), by (2), 

/. rx-e-'<br-fl“«-*»r(/i+l) . . . 

Jo 


(26) 


Table of Gamma Functions 

Values of log /» when /i lies between 1 and 2 are given to six decimal places 
by Legendre ; an abbreviated tabic to four places is given below.* Any other 
values may be obtained by using the fundamental equation (4) until a value of 
n between I and 2 is obtained in /*(»). 

Example. Find T(i). This is given by i/Yi)»/Yl +4)=/Yl -25* • 7W— 

mJ-f ) 6256 rom ,he ,ab,c ' ' ogn '' 25 >™” 73 * m-2f=oVb£ (i) " 


I 0 00 0 01 


10 

11 

12 
1-3 
1-4 

15 

16 
17 
1-8 
19 


| 0 0000 
I 1-9783 
| I 9629 
I 9530 
I I 9481 
I I 9475 
T 951 1 
I 9584 
T 9691 
T 9831 


1-9975 
I 1-9765 
T 9617 
1-9523 
I 9478 
I 9477 
I 9517 
I 9593 
1-9704 
1-9846 



0 07 

I 9841 
I 9669 
I 9554 
I 9491 
I 9473 
T 9496 
T 9558 
1 9656 
1-9786 
I 9946 


008 


0 09 


1*9821 
1-9655 
1-9546 
1-9487 
T 9473 
1 9501 
I 9566 
I 9667 
1 9800 
1-9964 


1-9802 

1-9642 

1-9538 

1-9483 

1-9474 

1-9506 

1-9575 

1-9679 

I 9815 

1-9982 


§ 55. Dirichlet’s Integral 

This is the integral: * 

J =fff ••• £' . . . dfdijd£ (I) 

with thc^corKfitforTthat : ’ '' V ' ‘ ' ' ' are pivcn 3,1 Positive values consistent 

(f *r+WPr+W + . . . , s no, greater than 1 . 

Let (f;«r= v . (,/£ ({/,.)•=- . _ _ 

' f =xx ' r - -?=/?<•' i=y-" 

df-W/)* 1 ' ’dv. d,=( ftv)l -.4 dC=(y/r) .,, , dr 

IM5. ThC mt,h0d ° rcalcub "' on « given in 

added lo'adl vahjcs' h as l ^n l trigo^ome[rit^? , |ablc^ e ^ r Scc'N CU / US ’*' 1888 ' l69 ’ * hcrc ,0 has been 
Gammafunkiion,” Leipzig, 1906 ' ' *** Nlc,sen * * Handbuch der Theorie dcr 

CaK^S:-,; 0 ^' and ■ •«. 67* f. : Williamson, •• ,„ legral 
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§55 

Therefore (1) may be written: 

/»(apy •••to'--- )/W * 

with the condition that x+y+z+ 
.has been found in (24), § 54: 


.*. J=(a'/?Y • • • lPV • 


Put l=m=n 


. . . . dxdydr . . 

. is not greater than 1. This integral 

. r(llp)r(mlq)r(nlr) . . . 
) Wlp+mlq+nlr+ ... +1) * 

1, then ^->= 1 f l =p- l = ... =1, and the value 


rui — ... — *> a i - . ' . .. . 

of (1) for all positive values of the N variables consistent with the condition 
that £ 2 +* 7 2 +C 2 + ... is not greater than 1 is found from (2) by putting 
<x=fl=y= ... =1 and p=q=r= . . . =2, to be: 

_ i vmr _ . f3) 

•WJ/ • • • “ 2 s * I\Nf2+ 1) 2*T(Af/2+ 1) * V 

and the value of J { for all positive and negative values of the variables is found 
by multiplying (3) by 2 N , each positive term having a corresponding negative one 
The value of f ff . . d£drid£ ... for all positive values of the N variables 

iuSS> + . is no. greater «han i.«. (fWHWHKWH ... 

not greater than 1, is found by putting . . . =r, and p-q-r- 

. . . in (2), and is: 

(f w /2 N )ir(i/2)]"/r(/v/2+i) (■») 

and for all positive and negative values of the variables it is: 

r N ir(l/2)r/r(W2+l)=r N " w2 /nW2+D ■ ,S > 

Now, from (4), §54: 

/XAf/2+l)-(Af/2)AW/2)-?^(V +, )“2 ‘ T' r (" +1 ) ,C,C - 

If N is odd, the last factor is A 1/2)= and it is seen that the number of factors 
besides this is 1). E.g. if 5, its values are 5, 3. I . i.c. three or > • 
“S S >• °r four values, i.e. *7+1). Hence the expression 

bccomcs: mN.M^.2 2I N..2„«I.2 


rN \.i.i..TNtX\)' = '"l • j . 5 • • . N 

If N is even, the last factor is AD-1. 4 2 

AT=4, its values are 4 and 2, or two, i.e. j x 4; if 6, the values arc , , , 
i.e. ±x6, etc. Hence the expression becomes: 

(7) 


( 6 ) 


2*^2 „ (2”) W L 

214.6 .'.Ttf 2.4.6 ... N 


If 3, the expression becomes (2M> x3„>=V>. U* volume of a sphere, 
hence (4) is the volume of a hypersphere of radius , in W-dimcnsion.il pace 

The volume of the hyperellipsoid with semi-axes o„ b, a„ b 

bounded by the equation: 

(x , 2/<2 ,2) + (x,Va 2 1 ) +(x> ! /a ,2) + . . • =6 - 

is similarly shown to be : ^ 

( \ 

' See Berthoud.7. Chim. Phys .. 1 9 1 9 ‘ ,7 ;. ^ cn Thcrn^yiumHjue.” 

spheres of 4 and 5 dimensions; Lorentz, Lcs T 
Leipzig and Berlin, 1916, 80. 
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DIFFERENTIAL EQUATIONS 
§ 56. Differential Equations 

An equation involving differential coefficients of any order is called a differen- 
tial equation ,* and these are of various types. The general methods used for 
their solution belong to advanced mathematics. The problem, in the simplest 
case, is to find a value (or values) of y=f(x) which, when substituted in the 
differential equation involving y % dy/dx t d 2 y/dx 2 , . . . etc., satisfies the equa- 
tion, with suitable values of constants. For example, if : 

m(d 2 x/dt 2 )=—nx ( 1 ) 

this may represent a particle of mass m subject to a restoring force , i.e. massx 
acceleration = m (d 2 x/d t 2 ) , proportional to its displacement x from a position of 
equilibrium, n being a constant. The solution: 


x=C cos [vXn/m) . /+&] (2) 

where C and b are constants, satisfies (1). There must be two constants in the 
solution, because the second differential coefficient appears in (1) and a constant 
will have disappeared with each differentiation, which constants must be 
replaced in the integrations. Differentiate (2) twice with respect to / and 
substitute in ( 1 ): 

dx/d/= — Cy/(n/m) . sin W(njm) . t+b], 

d 2 x/dt 2 = — C(n/m) cos W{njm) .t+b) 

ni(d 2 xldfl)*m —Cn cos [y/in/m) . t+b]= —nx, 

which is (1). This shows, from § 49, that the particle executes a simple harmonic 
motion. 

A differential equation may (but need not) result from the differentiation of 
a function, sometimes called the primitive . and if this contains arbitrary con- 
stants, one of them disappears with each differentiation, so that the final 
differential equation contains no arbitrary constants. An ordinary differential 
equation involves one independent variable, say .r, one dependent variable, 


‘ °" ^ e "! i “ l f*“? ,ions w hich may be consulted arc: Piaggio, " Differential 
tqua ions, 1 942 an excellent mtroductoryircat.se); Hitchcock and Robinson, ••Differential 
Equations in Appj.cd Chemistry." New York. 1923. 2nd edit., 1936 (elementary)- Airv "An 

SEStai r? (eco r ricai 

cntial Equal ions." 4th edit . I9|4- Webster •• p,,SinS ' V I ’ • rrtf ? ,,sc on D 'ffcr- 
Physics" New York and Lcip/jg ’|927 •• 1 LSSS??*. 1 ^ ua .! , ? ls of Mathematical 

wars i i ^ ;i 

8S2T K. S* ^ JS3S^5£3i1a 

jsets-55 

plcmcntary Volume. 1877. ,s still useful for iomc Pumois tk *!. (scarcc) Sup ' 
non (and also " derivative ") appears in a letter Irnm7°w d,ffcrcm,al cqua- 

intended for Newton: » AcquattoK d.ffe^cntialem v^ ^ 8 ° f , 21 Junc ’ ,677 ’ 

quacque ex alia derivata est, qua valor jnsius v r<oril°K “ , !? r lpsius di M P rimi '“ r . 

Schriftcn," edit. Gcrhardt. Berlin. 1849. |^5 6 ' ex P r,miba,ur : Lcibmzens mathcmatischc 
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say y, and one or more differential coefficients of the latter. The example just 
Riven is an ordinary differential equation. . 

A partial differential equation involves two or more independent variables, 
one dependent variable, and partial differential coefficients of the latter; e.g. 

^ Z \( ^he^hlghest ^differential coefficient present is the nth i (e.g. d"y/d .x") i the 
equation is said to be of the nth order, and if the highest differentia Uoefltaem 
is contained as the mih power when the equation ,s cleared of fractions Uk 
equation is said to be of the mth degree. E.g. x(d>-/dx) 2 -><d>/dx)+«- 0 . 
where a is a constant, is of the first order and second degree 

In the case of partial differential equations, arbitrary functions of the variables 
as well as constants may have been eliminated in the formation from the primi- 
tive. The elimination of an arbitrary function of x and y in fonning a ‘P 3 ™ 1 
differential equation may be illustrated by taking u=f(fl/+ x), where e g. 

" “ time and x distance. Then (with f denoting f differentiated with 

respect to z=at+x): 

duldt*=(duldz)(dzldt)=f\at+x) . a, 
duldx=(duldz)(dzldx)=f'(at+x ) . I=f '(at+x). 

»ul»fimjf(at+x) . a-?f(at+x) . a^~aT(al+x)o=>aH"(.ai+x). 

2‘uldx* « ~V(al +x)- '(i' + f (■» + *> • 
whence dh,^a^uldx\ an important equation (§72* This may be proved 

ordinary differentia, 

equations. 

§ 57. Linear Differential Equations of the First Order 

A differential equation is called linear when U* ^“Ihe most 
derivatives (differential coefficients) occur only in the first deg . 
general form of a linear differential equation of the first order is. 

1 

where P and Q are either constants or functions of x. 

(i) If P is a constant, say P= -a, then : 

d>’/dx-o> = (? __ 

(.) If 2=0. dy/dx— ay=0, therefore 4yly-a4x-0. therefore Iny-ov- 
const. =A, ^ 

where C-e" is an arbitrary constant (sec §13. Rule tv). 

(6) If 2 is not zero, multiply both sides of (2) by e : 

/. c**(d yt6x)-ayt-“~Q* " * * 

• tAtA.Mr ** v). as is easily tounu 
The expression on the left of (4) is equal to (d/d x)(e - > 

by differentiation. Hence: 

(d/d xYc-“.y)=Q* • 

and by integration: c dx + C. 
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or (since l/e'“=e“): 

y=t ax $Qt~ ax dx+Ct ax (5) 

The solution (5) consists of two parts: 

(i) e“/0e'" d*, which is called the particular integral ; 

(ii) Ce", which is called the complementary function. 

Special cases of solution arise according to the nature of the function Q= f(x). 

E.g. if Q=Jfc bx , where //and b are constants, dy/dx—ay=He bx . Multiply 
both sides by e"“ 

.’. e ~ ax . dy/d.x-aye JX =Hc (i ‘ )x , 

/. (d/d .T)(e "»=//e ( * - , ‘, 


e~"y=fffc < *~‘ >x dx=[H/(b—a)}c t * '^d-const., 

/. >>=[///(6-0)]e>‘-f Ce« (6) 

If 6=a, (5) becomes: y=e ax fQc * r dx+Cc ax 

= e“J //e"e "d.v + Ce“ 

=//*e-“+Cc" (7) 

(ii) /* is a function of x. In this case an integrating factor p is introduced, 
this being a factor which converts the left-hand side of (I) into the differential of 
a function of ,v and y (see § 27). Thus, the expression : 

pdy+p(Py— Q)dx=Ndy+ Mdx (8) 

where M and N arc functions of v and y, must be the differential of a function 
of a* and y. 

The Principle of Undetermined Coefficients (proved in books on Algebra) 
asserts that it two functions of a finite number of terms arc equal for 0// values of 
any letter involved in them, the coefficients of like powers of this letter are equal 
in the two functions. Thence from (8), which is an identity: 

H = N and p{Py-Q)-M. 

By partial differentiation (§ 25): 

dN/dx^dp/dx, and dM/dy»(Py-Q ) . dp/dy+Pp . . (9) 

Euler’s criterion, (5), § 27, shows that the right-hand side of (8) is a perfect 
differential when tNJdx=ejlfjdy t therefore from (9): W ^ 

dpjdx=(Py-Q ) . dp/iy+Pp, 

( ^vWv=(/Y- QXWyKx+Prf^-VrlVyVy+Ppdx, 
b.ncc (/’>'— (?|(i/i/c r)d v= -(di;dv)(<>/< i)d.v, from (I) and (dy/dx)dx=dy, 

(W?x)dx+(a lt idy)dy=r ll dx . . . ( ’, 0) 

fherI?oVe^S ( d^r * * hC perfert difr<;rc "' ia ' "*«*« <*=/*<*. 

//>d.v=/d^=/dln^=|n M . . . (n) 

Ih S a, ™ C rf n ' bcing sup P° sed to deluded in f/>dv 
Since In e_ 1, ihe left-hand side can be mulliplied by In e: ’ ' 

(!Pdx) In c=ln e ,w '=| n (since n In v=ln x”). 


(12) 
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By substituting (12) in (8): 

©^(dy +Pydx) = d^* 11 ) =e* p±x Qdx (13) 

y M *=/^ M *edx+c, 

or y=t-l p * x !c! f *'Qdx+Ct i “* . . . (14) 

a solution first given by Leibniz. _ . . 

The method of solution of (1) is seen from (13) to be given by the simple 
rule: multiply both sides of{ 1) by e' M ‘ and integrate. This may well be remem- 
bered, instead of the formulae. Two examples will be given. 

(1) ( \+x 2 )(dyldx)-xy+mx=0 , 

dy/dx— (x/(l +* 2 )lV“ — mx/(l +* 2 ) (l5) 

jPdx=—fxdxl(\ +x 2 )= -i In (l +x 2 )= -ln^l +x 2 ), 

4** mt -M**>m 1/^0+**)' 

Multiply both sides of (15) by /x= 1/VO +* 2 ) : 

1 dy xy mx ^ _. 

V(1 +x 2 ) dx (l +x 2 ) 5/2 (1 +* 2 ) 1 ' 2 

The expression on the left must be the differential coefficient of : some function 
of x and y and the occurrence of dy/dx in one term and y in the other suggests 
that the function is of the form yf(x). If f(x) — l/VO + x ) 1 cn - 

(d/dx)f(x)= —x/(l +x ! ) >,! , 

and the expression on the left is (d/d x)[y/ V(f +* 1 )). '"tcgral being y/ x/( 1 + v -)• 

The integral of the expression on the right is 

-m/dx . x/( I +x 2 ) ,,J =»-/V<l +x 2 )+C, 
hence y/VO +x 2 )-m/V(! +x»,+C. or y-m+CVO +x 2 ). Since -he equation 

is linear, there is only one integration constant. ,„ mi . rules for 

The integrating factor has here been picked out by inspect, on. some rules Tor 

finding them are given in text-books. 1 . . , 

(2) An example of (1) is the equation of monon of 0 par'"* . < « " 
medium, i.e. a massive particle subject to a rcs, stance proportional ,0 me 

velocity v, and to another force which is a given func ‘ accelerations 

m=mass of particlc= 1, for simplicity ; the moving force ,s mo* x accelerate 

1 Xdv/dt, and the equation of motion is: 

dt»/dr— kv=((t). 

This is of the form (1) when />=-* (a constant, and G=f(r). The solution 
is given by (5) (a=—k): ^ .,^, +Cc ... 

If f(r)=g=acceleration of gravity, the case is that of a particle of radius r 
falling in a viscous fluid, A:=6rn/r, y being the \i^.os\ > 

v=Ct"+glk. 

As t increases, * asymptotically approaches the constant velocity */*• I he 
motion of ions in an electrolyte solution is also of this tyP*- 
The determination of the parameters k and n or 4 

dxldt=k(a-x) m t p 

from experimental results is discussed by Burrcdo. 

- Boole, » Differential E^uaUons." 55; Murray. - DUfcrcnlu. E*-U-»T 23. 

* An. FIs. Quim., 1935, 33. S44- 
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§ 58. Singular Solutions 

The equation (Clairaut’s equation, 1734): 

y=x(dy/dx)+f(dy/dx) t or y=px+((p) .... ( 1 ) 

where p^dy/dx (§ 26), is of the first order but of degree depending on the form 
of {(p). Differentiate with respect to x, putting df (p)/dp=f'(p) : 


either x+r(p)-0 .... 

or dp/dx=0 .... 

Equation (3) gives p=d>*/d.Y=const.=f, therefore from (1) 


p=p+x(dp/dx)+f'(p)(dpldx), [x+f'(p)](d/Vd*)=0, 


y=cx+r(c) 


jf y l T px + a Jf' { l > ?ves (x-a/p *) . dp/dx=0, therefore either x-a/p^O 
(2), OT Qp/dx—0 (3), therefore p = const. =c, therefore y=cx+a!c=cx+{(c) (4). 
Equation (2) gives p= \/(a/x) t and on substitution in (1) p is eliminated, giving 
y . therefore y*-4ax (5). This represents a parabola, and 
although it satisfies (1) it is not included in the general solution (4), which 
represents a system of straight lines differing in the value of the constant c. 
* , arc ta ? ge " ,s \° var,ous Po*nts of the parabola, the latter being 

mnrr^l efwe0pe ^ ° f 1 lincs - In 8cncral - a fami, y of curves may have 

in ^ n h r " !L C CnVC 0 P C - E , qual,on < 5 > is ca,,cd a singular solution of (1), and, 
m general, the singular solution of a differential equation is geometrically 

Z7t nt Z!r C Cn 7 lopC ° f f a [ ami, y representing the genTral so^ 

dX’r^ni!,i q °[ CaCh ° f lhcSC CUrves 3 Particular solution of the 

in^graT' U scdT"fi ( rrV J,‘ hiS has , a diffcrcm mca "i"g from “ particular 
integral used in §61). Each particular solution is contained as a SDecial 

case, .n the general solution, but the sinn..t, r ; ution is not “ ,nCa ’ 35 “ SpeClal 

flnng r ' ‘jSrJrZZ 0, ].‘J Uad ; a,ic C{ l ua,ion in P> «he roots being 

p ,, , ,, x 4o.\)j. The condition for equal roots is y 2 =*4ax which is 

7 as r pre r, s ,hc ,o ’ us ° r a " p ° inis forwh-chto 

,he gradient ° r ,he parab ° ra) 

strath, 'lines) 35 'T able ,he various 

equal roots being v 2 *4 ax wliirh is ih 4</v )J» the condition for 

Various types of loci arc encountered: 1 

scas.'srs ^.r 1 >■ ~ 

not appear in the r-diserm n, . r '?' UCS ' 3nd ,he ,ac locus does 

equation. d'^.mmam. nether docs it satisfy the differential 

(surfaces) ;^Cayley[ “Col toed Ma.'hema^ dTaKf 9 ' •r P '“ L Tnm - l892 ' >»• Ml 

l-orsych. •• Treatise on Differential Equals J' mSk'jj ran,b,,dge - ISI< 9. 2 . =*: '*95, 8. 529; 
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(3) The node locus passes through different points in which each curve of a 
given family crosses itself in a node (double, triple, etc.) ( rs in Fig. 30.1), 
and it does not satisfy the differential equation. It appears in the 
c-discriminant, but not in the p-discriminant, since the gradients are 
different at the crossing point (hence the p's are different), but changing 
c merely shifts the curve without changing its character. 



(4) The cusp (or cuspidal ) locus passes through all the cusps (§ 59) oi a 
( ’ familjTof curves (Fig- 3 1 .1): it docs no. satisfy .he differential equation, 
but it satisfies both the p-discriminant (since the pi at cusp i of ^ con- 
secutive curves arc equal), and as the two curves are consecutive it also 
satisfies the c*discriminant. 

If + denotes the satisfaction and - the non-satisfaction of an equation, the 



Only the envelope locus is a solution of the dinereniMi cqu« . . , 

singular solution: it can be derived from a consideration of the ditleren 

quation alone. 


Example. 

4xp 2 =(3x-a) 2 . . . . 0) 

•*. P=±Ox-a)l(2yx)= 

±(ix l/2 -Jflx-'' 2 ), 

dp= ±(jx ,/2 dx— Jflx ,,2 dx). 

By integration: p+e— ±x 1,2 (x— a), 
(p+c) 2 =x(x-<i) 2 . (U) 



» cusp locus 


Ho. 31.1. Cusp Locus 


This is the general solution. Equation <i) is a condUi*on for equal roots, 
form ax>-c-0 (the term bx being missing), and the condition to q 

V(fi>-4nc)=0, becomes x(3x-a) 2 =0. which is the /i-diserimmant. 
criminant is found from (ii) written as: 

c 2+2 yc+v 2 -v(x-fl) 2 =0. 

c= — 1/2 y± v!4^-V+4x(x-u) 2 l. 
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the condition for equal roots being x(x-a)*=0, the c-discriminant. The 
condition x — 0 is common to both discriminants, satisfies the original equation 
(with p->«>), and is a singular solution, the y axis being an envelope; x=a 
satisfies the c-discriminant but not the p-discriminant or original equation, and 
hence represents the node locus; x=$a satisfies the p-discriminant but not the 
c-discriminant or the original equation, and hence represents the tac locus. 
I he resulting geometrical representation is like Fig. 30.1 with the x and y axes 
interchanged. Since the p and c discriminants are not satisfied simultaneously 
there are no cusps. 


§ 59. Singular Points 

Two or more branches of the same curve intersect or cross one another at a 
pom where dp/d* has two or more real unequal values, and y has at least two 
equal values; the number of intersecting branches is the number of real roots of 



!n terser t * if * coc ® c j c > n * d >/< ** regarded as a function of x. The point of 

■I. Single C usps 




Hu. 34.1. Rhamphoid Cusp Fio . 35 .,. Double Cusp. Type A 

“j D SSST— to*”-" Abridge, .889, 2, 
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Fig. 36.1. Double Cusp. 
Type B 


B. Double Cusps , or points of osculation , Cayley's tacnodes (Latin, tango, 
tactum , touch), for which dy/dx has two or more real equal roots, and y 
has at least two real and equal values on 
each side of the point (Figs. 35, 36.1). 

A conjugate point or acnode (Latin, acus, a 
needle) has coordinates which satisfy the equa- 
tion of the curve and yet is itself quite detached 
from the curve. E.g. y 2 -x 2 (x- 2) has a point 
at the origin (x=0, y= 0) satisfying the equation, 
but the graph lies wholly to the right of the 
origin. 

At a terminal point the curve stops abruptly. 

E.g. y=x In x stops at the origin, when x=0, 
y-+- », and y does not exist for negative values 

° Vii-ffe y), then the value of (d 2 uldx 2 )(b 2 uldy 2 )-(t 2 uldxdy) 2 is negative 
for a node, zero for a cusp, and positive for a conjugate point. 

§ 60. Exact Equations 

The equation: ... 

Mdx+Ndy=0 <>> 

where M and N arc functions of x and y (or of one of these) is said to be exact 
if Euler's criterion (§ 27) is satisfied, i.e. if: 

dMldy=dNldx < 2 > 

In (his case, the equation has been formed by differentiating a function u of 
X and y: w*f(x, y); du=(duldx)dx+(du/dy)dy', and 

d 2 uldxdy=d 2 uldydx l 3 > 

which is equivalent to (2), since M=iuldx and N=du/dy. The most general 
form of a function, the x derivative of which is M , is obviously: 

u- JMdx+ Y (4) 

where Y is independent of x. but may be a function of y or a constant, since 
(4) gives duldx=M. The only other condition to be satisfied by u 
duldy=N, 

N=(d/dy)l Mdx+d Y/dy, 

d Yldy= N—(S/dy)l Mix (5, _ 


Since Y is a function of y alone, d 2 Y/dydx — 0 
By integration of (5): 


dN/dx^dM/dy, as in (2). 




or 


( 6 ) 


Example 1. , 

x(x + 2y)dx + (x 2 —y 2 )dy = 0. 

Since dMldy=dN/dx=2x, condition (2) is satisfied, and the equation is exac 

/A/dx=/x(x+2>')dx=Jx 3 +2x 2 y. 

* See Williamson, » Differential Calculus.” 1887. 261 Kortcwcg. 

1889 . 98. II. 1 1 54; Arch. Nterl, 1 891 . 24. 57, 295; Onncs and Kecsom. 

1912. 5, i, 653; Maxwell. “ Theory of Heal.” 1894. 200 f. 


j Koncwvg. •• — -- 

Enzykl.d math. Wisv. 
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(Note that y is treated as constant in this integration.) 

(d/dy)jMdx=2x 2 . 

(Note that x is treated as constant in this differentiation.) N=x 2 —y 2 , 

J ^jMdxjdy= f(x 2 —y 2 —2x 2 )dy= j(—y 2 —x 2 )dy= —$y s —x 2 y. 
(Note that x is treated as constant in this integration). Hence: 

u=(ix>+2x 2 y)-(iy>+x 2 y)~ix>-iy>+x 2 y+C t 
where the integration constant is added to the final result. 

If condition (2) is not satisfied, (1) is called a non-exact equation. In this 
case it is sometimes possible to convert it into an exact equation by multiplying 
by an integrating factor, p (sec § 57). 

Example 2. 2*yd*+(>' 2 -.v 2 )d>’=0 is not exact, but if both sides are multi- 
plied by p=\/y 2 it gives 

2(*/y)d* + ( 1 — x 2 /y 2 )dy=0, 

which is exact (dM /dy = dN/ dx = — Ix/y 2 ), and may be solved as above, or by 
inspection, since the expression is obviously d (y+x 2 /y), 

y+x 2 /y=C , or x 2 +y 2 =Cy. 

General methods of finding integrating factors are given in books on differ- 
ential equations, 1 where it is also shown that if one integrating factor exists, an 
infinite number can exist, the final solutions differing only in the integration 
constants. Thus, if ydx— xdy—O, three integrating factors arc at 2 , x“ x y~\ 
and y 2 , which give solutions y=C'x, In (x/y)=C'\ and x=C"'y, respectively, 
which arc all the same if C'= l/C'-e 0 ". 


§ 61. Linear Differential F.quation of the Second Order 

1 he general linear differential equadan , the second order is: 

d 2 yldx 2 +P(dyJdx)+ Qy~ R ( 1 ) 

where P, Q, and R are cither constants or functions of v. Take first the case 
when P and Q are constants, and consider the equation: 


d 2 v;dx 2 +P(dyfdx)+Qy=0 ( 2 ) 

The complete solution of (1) is: 

y=“+w (3) 

solui inn nf T*** “«•“** "» « » »ands. and u is .he general 

(3) in (0 ives ■ F ' ' f " ‘ S 10 ^ delermmcd and satisfies ( I ). substitution of 

d J u/d.« 2 +/’(du/d.v)+ pi/+rf2 u /dA-2+/ , (du , .'d.v )+ Qn = R . . (4) 

But, by hypothesis, since iv satisfies (1): 


d 2 »»/d.Y 2 +/ > (dM/d.r)+ Qw= R, 
hence, from (4): dtyd v 2 +/>(d M /d.Y)+ Q„=0, 

so that the function u must satisfy (2). 


1 H.g. Murray. 
1877,55. 


" Differential Equations.** 


1V25. 23; 


Boole. ** Differential Equations,” 
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The function w is called Ihe particular integral (P.I.). and the function u the 
complementary function (C.F.), of the general solution of (1). The particular 
integral is any solution of (l), the simplest being usually chosen; the comple- 
mentary function is any solution of (2), which, since this function has been 
twice differentiated in forming (2), will involve two arbitrary constants (see 
§ 56). Obviously, then, the particular integral contains no arbitrary constants. 

If U! and u 2 are two functions which satisfy (2), it is seen that equation (1) will 
be satisfied by: 

y=C x u x +C 2 u 2 ( 5 ) 

where C, and C 2 are any two arbitrary constants. This result is verified by 
substitution, when a relation between the constants in (I) and (5) will result. 1 

§ 62. The Operator D 

The operator d/dx=D corresponds to differentiation, and it has been shown 
in § 6 to have the following properties, u and v being any two functions of x, 
and a a constant: 

D(m+v)=Du+Di; (») 

(D+a)w=(a+D)u ( 2 ) 

D(au)=aDu 0) 

It must be carefully noted that Dixy) Is not equal to xDy. and equation ( 3 ) is 
true only when a is a constant. Further, as can be shown without difficulty : 

D"D"«=D-"u < 4) 

Thus, the operator D alone or combined will, constant ‘!' i P litr * ob 'gJ i !'‘ 
laws of algebra. This has been illustrated in § 37 .n connection w.th Le.bma s 
Theorem, and is now assumed generally. Then, if Du=i\ u v / 

DD _, = I 

It follows that 1/D or D~ l corresponds with the operation ol integration: c.g. 
D-'x2=ix’+C. 

§ 63. Solution of the Linear Differential Equation of the Second Order 
If A,, A 2 arc any two constants: 

(D-A 1 MD-Aj)u=(D-A,)(di//d*-A 2 u) 

-ie-xMs-*') 

-d 2 tf/dx 2 — (Ai+A 2 Xdw/dx)+A,A 2 M 
= (D 2 — (A, + A 2 )D+ A,A 2 Jm. 

Hence, any equation of the form: 

d 2 >>/dx 2 — (a +/fy(dj/dx) + «$>’ = 0 > 

where a and /? are constants, can be written in the form. 

(D-a)(D-/?)T=0. 

> The full treatment pays more attention to 

^dependent arbitrary constants: sec Forsyth. Treaty practical summary of 

10; Johnson, "Differential Equauons. 1891 . pldcr ** Murray. " Differentia! 

methods of solution of differential equations of the second ord . 

Equations," 1925, 118. 
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Thus, equation (2), §61, with P=— (Aj+A^, and Q= AjA 2 , may be 

written in the form: D 2 y— (A,+A 2 )D>’+A 1 A2>’=0, or 

[D 2 — (A i +A 2 )D+A 1 A 2 1>’=0 (2) 

The operator expression D 2 -(A 1 + A 2 )D+A,A 2 , may be treated as a quadratic 
equation, and since its operation on y results in zero: 

D 2 -(A, + A 2 )D+A 1 A 2 =0, or 

D 2 +PD+0=O (3) 

Equation (3) is called the auxiliary equation for the solution of (2). § 61. 

The solution of (3) is: 

V=\[-P±y/{P*-AQ)] (4) 

giving two values of D as the two roots of the equation. There arc three cases 
to consider: 

(a) If P 2 >AQ, the root expression is real, and there will be two unequal real 
roots, so that equation (2) becomes: 

(D-AjXD-A^y-O (5) 

where A, and A 2 are the roots of (3), i.e. 

( 6 ) 

Let 

(D— Xj)y=z 

then (5) becomes: ' 

(D— A,)z=0 (8) 

which is a linear differential equation of the first order. A solution of (8) is: 

:=Ac x '* ( 9 ) 

where A is a constant, since 

(D-A 1 )r=(AA l c'''-A,r)=A,(Ae'-'- 2 )= 0 , 

which satisfies (8), since A, is not zero. Substitution of (9) in (7) gives: 

<D-A 2 )j=Ac*' x ( 10 ) 

Thls aml of tl,e form d;/d.v-fl>-0 where Q = Ac a ‘*. already dis- 

cussed ,n § 57 under the form Q=/lc>*, where H and h are cons tan s h was 
there shown in (6), § 57, that the solution is: constants. It was 

y=[H/(b—a)]c*' + Ce", 

where C -const. Substituting </=A 2 , b= A,, 11= A, gives: 

y-c^+c^ ( H) 

constant' both r'and' r" d C * arbilrary cons,anI - Si "« * is an arbitrary 
o“ both C, and C 2 are arbttrary, hence (1 1) is the most genera! solution 

(b) lfp2=4Q ,he two roots of (3) ore identical : D= -}/*, and (10) becomes: 
(D— A,>v=,feV or iylix-X,y-Ae*. 

which can^se ' written* iMhe'fonn •** S ° IUli ° n ShOW ". ,0 * 

y=(Ax+ B)e*" =(C , + Cjxye* ( 12 ) 

where A and 8, or C, and C,, are arbitral constants. 
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(c) If P 2 <AQ, the roots are imaginary : -Z(P 2 -4Q)=iV( 4 Q- p2 )’ ^ her ^ 
it=y/-\. This case leads to solutions in periodic functions and is considered 

below. 


§ 64. Free Vibrations 

Let the differential equation be (1), § 56, #«= -»y. and put n lm=a>. 
a positive quantity. Then d>,'/d* J +<i'y=0, or (D*+a»)y=0. The auxiliary 
equation is i'+fl ! =0, or (A+iaKA-to)=0, where t= V'-l- Jhe solution i is 
found as from (7), §63, by putting (D -ia)y=z. when z=Ac , where A ts a 
constant. The final solution is found as for (1 1). § 63. and is. 

y =C l e“+C 2 c 4 " (!) 

where C x and C 2 are arbitrary constants. From De Moivre’s theorem (§ 46), 
with ax written for x: 

e Ujr =cos ax+i sin ax, and c" u '=*cos ax—i sin ax, 
y=Ci(cos ax+i sin ax)+C 2 (cos ax—i sin ax) 

=(Ci+Cj) cos ox+/(C, — sin ax. 

Put C,+C 2 =>4. and i(C t -Cd-B. 

y=A cosflx+Fsinfl.v (*) 

Let A=R sin <, and fl=*cos< (as in §49). where W(^+ fi2 ) and 

/4/fl=Un<,or«=Un-'(/4/fi)- This substitution is always possible. Then. 

y=ficosax.sin«+ff sin a.v . cos<«* sin (ov+«) ... (3) 

by (3), §41. This result, however, is much more cas.'y found as follows. 
Multiply each side of d»y/d.,4«>)-0. the differential equation, by 2(d,/d.v). 

2 (dy/dx)(d 2 >/dx ! ) + 2a 2 jfd>’/d.v)-0. 

But the first term is (d/dx)(dy/dx) 2 , 

(d/dx)(dy/dx) ! + 2a J j<dy/dx) = 0, 

which is immediately integrable, giving <dy/d*) 2 +aV=const. Put the con- 
stant equal to R 2 a 2 , and separate the variables. 

(dy/dx) I =« 2 a I -a ! y 1 =a 1 (« 2 ->''). 

/. (d ymP-y^aHW. 

... The integral of the fof.-hand^r, : is (2), §44. 

sin-'OV*), and the integral of the right-hand t< erm i s ± • 
positive sign and put const. =<, then y- R sin (ax +<). 


5 65. Damped Vibrations Mkmncel 

The solution of d 2 y/dx 2 +a>' 2 =0, when ' Vibration a mass-point, 
for y, corresponds with the free simple harm 7=2Wfl=2*v'<*M- 

The amplitude is R, the phase-angle <, and th< c q (crm />(d r 'dx) 

This equation is a simplified form of (1). § 61, 

m ‘ SSin 8- /Ah rav 

In the more general case, the two roots arc <*». 5 

a, — if+vtfp 2 — e>- ani1 
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This case applies to a particle vibrating in a viscous medium which sets up a 
frictional force proportional to the velocity (a damped vibration) (see § 57): 

/•=-/(dx/d/), 

where / is a constant, 

m(d 2 */d/ 2 )= —kx—f(dx/dt), or 

d 2 x/dt 2 +(f/m)(dxldt) + (k/m)x=Q ( 1 ) 

This is of the general form (1), § 61, with /?=0, which may be written: 

d 2 y/dx 2 +a(dy/dx)+by=0 ( 2 ) 

where a and b are constants replacing P and Q. The auxiliary equation is: 

(D 2 +aD+%=0 (3) 

V+aX+b=0, ^|=_i a± ^/(| a 2_ A) , 

If a 2 >4b the roots are real, whilst if a 2 <4b the roots are imaginary. Con- 
sider the second case. Let 1 y=zc-"'\ where j is a new variable. Then, by 
differentiation: 

D)=e-“'2(D— }a)r, and D 2 y=e-"' 2 (D 2 -flD+i<j2)r, 

/. from (3): d 2 r/d.v 2 +(6-JaJ)_-«0, 

the solution of which is z-A cos/?.v+flsin/3.v, where /3=V(*-ia 2 ), hence: 

y=c~“ ll (A cos fix + B sin /}*)= /?e""' 2 sin (/?*+<), 

where A, B, R, and < are arbitrary constants, the transformation being carried 
out as in § 64. 

The solution of (I) is, therefore: 

*=/?c-' ,2 ' w sin (/?/+<) ( 4 ) 

where j8=V(*/m-J(/2/m 2 )]. 

, T h // J! Cr ! od , is 7 '=^= 2 "M*/"i-/ 2 /4»,2). which is obviously larger than 
2 t /\/(*/" i). shown above to be the period of the undamped vibration; hence 

iir r J?T° r ra ."” n 15 ,ncre#sed by dam P in * lf ' in (4) is replaced by 
tiwMhc'oOicr "ihtt'faxis'JtaS^wnpleie^i^^onsJii^Tic'diffcreiKa between 

2o KBl - " ,,r ,imc is * and ,hc correspondins displa “ 

sin [0(/+5n+«]=sin [0(r+W0)-H]=sin [(/J(+„)+,]=sin f>S/+e). 

*1 = fte"* 1 ' 2 sin (fili+t), x J =/te-*».‘ T '» 2 S i n (8, |+f) 

x,lxi=e ,Ti (5) 

8an ‘ hm ° f A " ° aUSS ' S ,0garilhmi ‘ 
ing^unifbrmiy damped' vitua(^n £ : “ Un<iamPCd VibR “ io "- and lhc 


.v=/fe' 2ft r sin {2n}T)t . 

> L amb. •• Dynamical Theory of Sound," 1910. 24 55. 


( 6 ) 
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where /is a constant, then the ratio of one swing (half a complete vibration) to 

the next (backward) swing is: 

e -2 at. e <-2/n<f*T2> =c r = fc (7) 

where k is the damping ratio and In k=f \% the logarithmic decrement. 

If the roots A,, A 2 of the auxiliary equation (3) are real and unequal, a >4 b. 

In this case the solution is not periodic, but is: 

x=C 1 e- A > , + C 2 e- > *‘, 

and if the roots are real and equal, A, = A 2 =A, say, the solution is: 

*=(C, + C 2 /)e-* 

both cases having previously been obtained. The motion is aperiodic, and the 
graph of x plotted against / shows that x first rises, reaches a maximum value, 
and then approaches its initial value asymptotically.' This corresponds with 
strong retarding forces. 

§ 66. Forced Vibrations 

If the panicle, in addition to the two forces already considered, '^ubjecuo 
an external periodic force which prevents the vibrations dyingaway the mo«on 
is called forced vibration, the preceding cases being called free vibratton. 
This leads to the complete form of (1). §61. including the term R. 

d 2 x/d t 2 + fl(d x/d /)■ + bx *= f(0, 

but a and b are still constants. This involves a particular integral (§ 61). 

§ 67. Particular Integrals 

■ The preceding discussion is limited to the di*overy of the «***""«£ 
function of equation (1), § 61, since the function R was pul equal to «ro Th 
particular integral in the general case, when R is not • h f 

sidered. Since (I), §61, can be written symbohcally as f(D)y-R, where 
denotes a function of D, the particular integral will be . 

>-*/f( D)-f(D)-«* (,) 

There are several special cases in which this equation can be 
general solution is always the sum of the particular 
mentary function. There arc two general methods ol solution. 

(i) When f(D)-> can be resolved into factors ; and (-0 when «D c** 
expressed in par Half rad ions (§ 23); both these cases arc sometimes 
as in the example below. 

Let d 2 >»/dx 2 — 7(dj»/dx)+ 1 2y*= 

(D 2 -7D+12)>— (D-4XD-3)j-/*. 

If /?= 0, the complementary function is (§63): 

yi mCfi 4 '+C* 1 '. 

The particular integral is: I 1 \ 

y=f(D)-R = D ^r 4 • D r 3 R = (b-4 _ D^3) /i 

I Interesting curves of.lt the c~s dcl.^h w.,h spec* v.tue, of -he consunts. ... 

motion under nod.mp.na force, « - 

merely the antithesis of forced vibration. 
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Now y=R/(D— a) is equivalent to D y—ay=R or dy/dx—ay=R , the solution 
of which (5), § 57 is: 1 

y=e ax je'* x Rdx, 

which is, therefore, the result of operating on R with 1/(D— a). This result 
should he remembered: 

*/(D-a)=e~Je~*dx (2) 

Hence, in the present example: 

y 2 = e 4 ‘/e” 4 ‘/?d.t — e 3, /e " 3x /?d.v. 

As a particular case, take /?=e 5x , then: 

e 4x Je _4x . e 5x . d.v=e 4x Je x d*=e 5x , 
c Xx fc- J * . e Sx . d.t=c 3 */e 2 ‘dx-=i« 5x , 
y 2 =c 5r -}e 5 *=}e 5 *, 

and the general solution is: 

y=yi +y 2 = c,e 4x + c* *+ Je 5 *. 

If the factor form of f(D)“>: 


_L 1 1 

D— j, ' D— o 2 D-a n 

cannot be expressed as a sum of partial fractions, it is applied by operating in 
succession with the factors, beginning on the right: 

I I I 

D-n, • D-a, D^T, • *“■* / 


J h"" S y R ' discusscd in books on differential equations, include 

or a func,ion or (ii) y,; (iii) v * ; and (iv) 




(I). Let 


Now, 


f(D) /? *f(D) c ** 

Dc 

D 


l )c =(fc**, 

^ M,PPmCd CXpand0d in powers of I). c\cry power D' gives a lerm 
f(D)c J, =f(fl) c J \ 

sWeTJkh yt(D): P ' ier ■ a " ll P cril,or - operate on both 

f(D) f (D^-e-= f( D ) f(a)c-=r( a , f( j )) e-, 

SlnCC ,hC ° rder 0f l/f(D) and «•> - - changed, because f(a) is a constant. 
Sec S6| S . h0,,d * rCnKmb ' red ,hal 'he Particular tntegra, eon, a, ns no arNttary constant 
scc‘ S « mUM be tarefu "> — «* «*r of oprro.or symbols bc 50 cvchangcd . 
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Take the second and fourth terms and divide by the algebraic factor ((a): 

_L e „__le“ 

f(D) e • 

If a haDDens to be a root of the equation f(D)=0, then l/f(a>-> ». In this 
<Z, elementary algebra shows that (D-<r) is a factor of ffD), and if <f(D) is a 

function of D: f(D)=(D _ a) * D), 


hence, 


1 

f(D? 


1 „ 


1 


: D— a ' ^(D) C D-u'W #0 ‘ 




(II). Let /*=e“*, where A' is a function of x. Then : 

De“A'=e“DA'+fle“Ar=e“(D+ti)A', 

D 2 e“A'=D[e“(D+fl)A1=fle"(D+a)Ar+e"D(D+fl)A' 

=e“(flD+fl 2 +D 2 +flD)A'=»e"(D+fl) 2 A' 

• • • 

• • • 

D"e“Ar=e“(D+fl)"X . 

Thus, e“ may be moved from the right to the left of the operator D it D is 

replaced by (D+fl). ( 

(UI). Let: R=X", where n is a positive integer. In evaluating (i) f(D) 

is raised to the power the terms are 

and powers beyond D” are omitted (since' the) ’ 8 As an cxam plc 

on x - ); (ii) the several terms in the expansion operate o 
of (II) and (III) take: . 

d 2 y/dx 2 - 2 (dy/dx)+>*x 2 e J , 

(D 2 -2D+0>'=(D-IKD-l)>=^ 2c, ‘- 
The particular integral is: 

1 2 ix 1 L vl> 

^'f(D) XC D^T-D-l 

By rule II, move e 3 * to the left of the operator, and put D+ 3 for a 
hence D— 1 becomes D+2: 

*= e> ' ■ (DTV - ‘ D5+4D+4 

The case has now become (III): 


1 


D 2 + 4 D+ 4' 


l_ =i(1 _D+JD'+ ■ • ■> 


‘( 1 + d+ t) 


* 

by division. Operate with this on x 2 , giving: ^ 

Hence the particular integral is 

.-n, et csu,.o f opc- a .ingon«-w,,hD-w„lbcaco„sun.. 
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The complementary function is found by solving the equation with the right- 
hand member zero: 5 

d 2 y/dx 2 — 2dyjdx+y = 0. 

This is case (6), *63. since (D*-2D+ 1),=0 or (D-lft-Q. with two equal 
roots. The solution is (12), § 63, ,.e. (C,+C 2 *)e», and the complete solution 

•5 • 

.v=(C, + Cjx^+e^-ix+l). 

(IV). Let R=sin (ax+b), where a and b are constants. Then : 

D sin (ax+b)=a cos (ax+b), 

° 2 sin (fljc+h)= -a 2 sin ( fl . v+ /,) t 
D 3 sin (ax+b)= —a i cos (ax+b), 

D 4 sin (ax+b)-a* sin (ax+b)~(-a 2 ) 2 sin (ax+b), 
and, in general, as is easily seen >: 

(D 2 )" sin (0*+h)=(- fl 2)- sin (ax+b). 

If f(D 2 ) is a rational integral function 2 of D 2 : 

f(D 2 ) sin (ax+b)=f(-a 2 ) sin (ax+b). 

Since f(—a 2 ) is only an algebraic multiplier: 

f(D2 > • , lv . 

f(-a 2 ) s,n ( <7v +h)=sin ( ax+b) 

•*' fW ) Sin (ax+b ^f(^z ) (ax+b) 

by dividing both sides by f(D*). In the same way it is proved that: 

I | 

f(D 2 ) cos (</v+A)=s jyZi 2 ) c lS (*v+h). 

- - — 

dJ - ,,/4rJ - 2 «<3'/d.v+6v=fe'*sin( ? *+a) 

lZTZlZ7'ZT m ' Ka ' and elec,rical problcms; s ° me — of i, win 
A simple case is 5 d»y/dJr»-*Jy« s j n mx. 

Th , (DJ -* J )-' =(D-*)(D+*)y= s i n „, x , 

SwKSK, » — 0>: C,e*W. The 

L • i 

D*-k 2 s,n w v= 5 r^r _* 2 Sin mx, 
and the complete solution is: 

v=C,e‘*+C 2 c sin mx (m 2 +k 2 ). 

J tjo'e that (D-r is the operator, no. D". 

: S^SSMjasj.*ST* 

" Differential Fqua.ionO ,9,4 77 
' S J S ' mP,C ““ «*"« '“'"‘on » 69 i wi.hout damping. 
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Another example is: 

6 2 y/dx 1 +mdyldx+n 2 y=a sin nx, 

(D 2 +mD+n 2 )y=a sin nx. 

If A, and A 2 are the roots of the auxiliary equation, the complementary function 
is C 1 e i,x + C 2 e Aj *- The particular integral is : 

DH ^ D ^ aSln " X - 

Put D 2 =— n 2 in accordance with the rule, and this becomes: 

1 -1 

—a sin nx*— a cos nx , 
mD mn 

and the complete solution is: 

y= C, «*■*+ cos nx)lmn. 

§ 68. Linear Differential Equations of Higher Orders 

So far, linear differential equations of the first order (§ 57). and of the second 
order (§ 61). have been discussed. A homogeneous differential equation of the 
third order is: 

d 3 v _d 2 y dy . v 

* > d +a ' x & +a2X d* +a3y ~ 

where a„a 2 , arc constants, and X is a function of x. Sinc f>‘V h “" °' x 
containing x to the third power, all terms on the left are of the 'h'«l order and 
the equation is homogeneous. This is obviously capable of cMension o he 
nth order. If e' is substituted fo, x, or a - In x. where * .s a new am . >h_e 
equation transforms to one with constant coefficients, since d:/d.x=d(ln a),oa 

1 lx: 

dy_dy dz = dy I 
dx~dz dx = d z x 
the term x(dy/dx) becomes dy/dz; 
d 2 y d/d y\ d (<ty 1\_ dy , ld/dy\dz = 
dx 2_ dx\dx/ dx\dz x/ = x ! dzxd Adz/d* ^ [ ^ ( 

X 2 dz 2 “x 2 d z x 2 

hence the term x 2 (d 2 y/dx 2 ) becomes d 2 >/dz 2 — dy/dz; 

W^y d*y dy\. 
xW <iz 2 “ t ' cJz/’ 

and the term x 3 (d 3 y/dx 3 ) becomes d 3 y/dz 3 - 3 d*y/dz 2 + 2 dy/dz. 

§ 69. The Theta Operator , , • 

It is usual to denote the symbol xd/dx by 0 r °TO, "interchangeable 

xdy/dx=dy/dz), xDy=Oy. Since the operator symbols are 

(§ 62), x 2 D 2 is not equal to d\ but, as shown above. 

x 2 D 2 y=9 2 y—9y=9(9— l)y. 

xlD > y=a >y-^y+ 2 l>y~H 0 -W- 2 )y, and so on. 


1 /d 2 > dyv 
?\dz 2 d.-r 
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Lc t .v 3 (d ty/dx J ) + 2x 2 (d 2 yjdx 2 ) + 3x(d y/dx) — 3y = a 2 + x, 

=(^-l)(^+3)y 

=A 2 +A=e 2 *+e r . 

The complementary function is found from (&— l)(# 2 +3)>-=0, therefore 
(#— 1 )(i?+iV 3)(«?— /\/3)=0, which gives: 

C,e*’+ C 2 e , ' /,3, *+ Cjt~ WO)z . 

The particular integral is: 

* 2 +a _ x 2 x 

(i?-1)(^+3) - 5 j -i?2+3i?-3 + ( 1 ?-1)(^+3) •••(•) 

Now etc., 


and if ((&) is a rational integral function of &: f(«?)A"=f(w)A i ". Apply \/f(&) 
to both members and transpose the algebraic factor f(/w): 

• -*r-—xr 

•• mm' 

If m is a root of f(£)=0, then f(m)=0. In this case, put f(£)=(£_ m U(#\ 
when the particular integral is: 


_!_ L J_ i 

9-m • * &-ni~ 


xT In x 


TWfl - - - #»r 

TJ*An , ,Jt rm n 1 n ,h f r , ight 0f ^ ® ives -v-W— 4+6— 3)=x*/7, and the second 
gives i(l/(£— 1)]a— Ja In x. Hence the complete integral is: 

y-Ctc'+C^Oto+Cit In a. 

Replace z by In .v and use de Moivrc’s Theorem (§ 46) to find: 

r=C,.v+C 2 cos (v/3 In a)+C, sin (\'3 In x)+t/x 2 + ±a In x. 

1/^SSrrJ^ ma . y ^ u cx ^ rcssib,c in faclors or partial fractions like 

n\\ v' ,k C rtfSU , of lhc opcra,ion of </<*-«) upon X may be noted. 
[\l{V-a)]X is the particular integral of 

x(dy/dx)-ay=X, or dy/dz-ay=X, where *. 

B y (5), § 57, the particular integral is: 


dn x. 


c jc~* s Xd:, 

or, by replacing ; by In a and d_- by dx/x: 

*' a *fr'**X(dxlx)=x'Ix-‘'Xdx. 

Lcl A : (d 2 yjdx 2 ) — 2x(d v/d a) — 4y = a 4 , 

(* 2 D 2 -2*D-4);=jc4, 

P(*-])-2*-4]r«x4 

(*-4)(* + 1)>=a« 

The complementary Junction is C,e 4 -'+C,c**-r <v. . . 

integral is (using partial fractions): C > A +QA. the particular 

1 t / i | ^ 

(»-4X»+lj v4= HS=4 x4_ S+i Ar4 )=M*-«-' . «‘d.r— l /.r>-,.r*dx 

=(t 4 /5) In a— a 4 /25; 
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§70 


and the complete integral is: 

y=C x x*+C 2 lx+{x*IS) In x, 

the term -x«/25 being included in the term C,x 4 of the complementary function. 


§ 70. Partial Differential Equations 

Ordinary differential equations have two main classes of solutions: (i) the 
complete integral or general solution (including particular integrals as special 
cases), and (ii) the singular solution, a function of x and y satisfying the differ- 
ential equation but not included in the general solution. The singular solution 
commonly represents (§§ 58, 59): (i) a locus of singular points such as nodes or 
cusps, or (ii) an envelope or locus of points of contact with the curve representing 
the general solution, such as the two parallel straight lines which are tangents to 
a family of circles of equal diameter with their centres on a given straight line. 
Various types of partial differential equations are: 1 

I. {{dz/dx, dz/dy)=0, with the complete integral z=ax+by+c with b=((a). 

II. f(r, dz/dx, dz/dy)=*0, which can be reduced to an ordinary differential 
equation dz=<f>(z)dx+a</>(z)<\y, therefore x+ay= J d:/#.-)+C. 

III. f j(x, dz/dx) =( 2 (y, dz/dy), leading to z=f,(x, fl)+f 2 (>\ fl )+ C - 

IV. z=(3z/3x)x+(az/3>')>’+f(ar/3x, dz/dy), giving .-=<ix+/>;+f(a, b). 


Every ordinary differential equation with two variables is analogous to a 
partial differential equation in the same class, but. in the case of a common 
type of partial differential equation: 

(i) the arbitrary constant in the solution of the ordinary equation . m 

by an arbitrary function in the solution of the partial equation, hence 
the latter has an infinite number of particular boluiions; 

(ii) the solution CcT of the ordinary equation. (3). § 57, bwomes c _ 

where d/dy is the operator, and this expression is called the symbolic 
form of Taylor s Theorem (§ 35). For: 

df (y) m 2 x 2 d*f(y) 

f(y+mx)=f(y)+mx'jj-+“ 2 f dy 2 * ' ‘ " 


/ d m 2 x 2 d 2 

\1 + mc e-y + ~ir& + 


. . )ro>. 


where x is regarded as constant, or: 

((y+mx) 

where the bracket is an operator which operates* 

tial series (§33, No. 2), it may be represented by c • 

point of the whole treatment and must be kept constantly mm, ml. 

If d/dy is represented by D\ the symbol D meaning d/dx. 

((y+mx)=cr' r f(y). 

The genera! linear pariial differential equation of (wo independen. variables .s: 

a +Ai!=A . . ( i) 

■ Wien, n». z.. 1906, 7. 16: Horsy.h. “A Treatise on Differeniul ■*»*--' ,,M - 
408 S 1 1 

J Ricrnann, " PartieUc DiffcrcntialglcichungcD.’• 1938. 107 f. 

A.T.P.C.- ' 
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where A 0 , A lt . . A s , A may be constants or functions of x and y. The com- 
plete solution is the sum of a particular integral and a complementary function, 
as in the case of an ordinary differential equation (§ 57). The complementary 
function is found by putting .4=0 in (1), which becomes: 

(A 0 D2 + A l DD'+A 2 D'2+A i D+A 4 D’+A^z=F(D,D , )z=0. 

Consider the case where A 0 , A lt . . . are constants. A homogeneous 
equation of this type, i.e. one in which the differential coefficients are of the 
same order (d/dx, etc., or d 2 /dx 2 , etc.) is, for the second order: 


A 0 {d 2 z/dx 2 )+A l (d 2 zldxdy)+A 2 (d 2 z/dy 2 )=R ... (2) 

where R is a function of x and y. To find the complementary function put 
R=0. In the ordinary equation (§ 61), the solution y=eT* was assumed; in 
the present case the solution will be a function of both x and y. Assume 
z=f(y+mx). 


dz/dx=m('(y+mx), and dz/dy=f(y+mx), 

and, as in § 56: 


d 1 zldxdy=mf '(y+mx), ^z/d X 2~mH"(y+nvc), and 8»z/0 ^{"(y+mx). 

If these are substituted in (2) with fi=0, and the factor ["(y+mx) cancelled, the 
auxiliary equation (§ 63) is found to be: 


Aom 2 +Aim+A 2 =0 (3) 

a "‘! '" J are lhe r °° ,s of this quadratic equation, then (2) may be written 
(with R=0), with m, and m 2 replacing A, and A 2 in § 63: 

M 0 D 2 +^|DD'+^ 2 D' 2 )2=(D-m|D')(D-ni 2 D')z=0. 

Each factor will, as in (10), § 63, give a solution : 

c-^e-^-e-^OO, 

where A is not now a constant but is an arbitrary function of y, say ),(y). 
Hence: *-e-'‘ D *,(y)+e-* D * 2 < > >) 

=^.0'+»i,.v)+^( r + m ,,) (4) 

Thcoretn and ^ den0lC arbi,rary func,ion5 ' frora ,he embolic form of Taylor's 
If m { =m 2 *=ni, the solution of (D— m) 2 z=0 is: 

:=e m *(Ax+B), 

where A and I) are independent of v, and as is seen by analogy with (12), § 63: 

- - c”'" W lOO + 'to)]=A^j(y+o u ) i( J +nw j. 

The equation: 

W # D *+-l 1 D’- lD -+ . . . +A.D~U-Kx,y) • . . (S) 


F(D.D'). 


; = l. 


c , F(D,D') 

Suppose that l/F(D, D') can be resolved into linear factors: 


' ,, , I 

F(D, D y x ’ . 


D-w,D'D-m 2 D 
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From (4): e-"“ D '<«x, y)=4>(x, y-"")* 

. De-wtry^x, y)=D4>(x, y—rnx) (6) 

Direct differentiation of e _p “ D '<£(x, y) gives: 

D y)= -wD'e - “°^(x l y)+t~ maD D#x, y) 

=c-“ D '(D-mD^xj) ...... (7) 


and the right-hand members of (6) and (7) are, therefore, equal. Operate on 
each with e** 0 ’, then: 

c n * D 'D</>(x,y-mx)=c mxD . c'^D-mD'^xj), 

(D— mD')^(x, y)=d mxD Dfa, y—mx) < 8 > 

The corresponding formula for the inverse operator: 

u ± 5 # X ,y)-'r"' S Hx. J-—X). 

is verified by the application of (D— mD') to both sides, when : 

*(x. y)=(D-mD')e-' n ^x, y-mx) 


=(D-mD')e” D '0(x,y). say, 
=(D-mD'Mx,y+ntx), by t4). 

The expression on the right would be obtained by P“'""S«>'+" , ^ror > m 
D0(x, y) after the differentiation had been performed, and this would be 

<f>(x,y), from the definition of </»: 

Hx t y)-y<x t y-mx). 

D0<x,y)=*<x.y-mx). 

Hence the value of — p.«x, y) h t"»* "y the following rule: 

(i) subtract « from y in «x.y), 

function so formed with respect to x; (m) change y (> succession, 

obtained. With several factors, this rule »s appl.ed to them in success 

beginning on the right. 

d 2 z 

Ut 

i.c. (D 2 — a 2 D ' 2 )z = xy, (D-flD # )(D+aD')*-xy. 

1 1 

The particular integral is: D _ flD * • ^ 

_ L -rfx -x(y-ax), by subtracting ax from y , 

“D-aD' D v 

^ X 2 y -> fl x»), by integration. 


"D-aD 

sC «d* L($ X 2 y+iflxi), by subtracting -ax from y, 
=i x3y+ Jax-, by integration. Add -ax to y. giving 


Jx j y, which is the answer. 
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There are several special cases 1 of: 

F(D, D r )z=^(x,y)=R 

(where R is often used for the value of the function <f>(x t y ), as in (I), §61 
for f(x)) : 

(i) R=((ax+by); (») /?=sin (ax+by) or cos (ax+by); (iii) R=c Jxtb y- t 
(iv) /?=.vy, where r and 5 are positive integers; (v) R=t ax ' by X , where A' is a 
function of a*. These all use devices explained in connection with ordinary 
differential equations, and do not call for detailed treatment. 


§ 71. The Wave Equation 

Consider a wave motion propagated in the x direction with a displacement at 
right angles to the direction of propagation (sec § 49). If the frequency is v , 
the generating point P performs v revolutions per sec. and (if the phase angle is 
zero) the angle 9 swept out per sec. is 2vv. The angle for a time t is 2 ttW= 0. 
In § 49 the amplitude (maximum displacement) was supposed to be constant 
and equal to the radius A of the circle. Now suppose that the amplitude is a 
function of the distance * travelled by the wave, and denote it by fl=f(x); and 



let W now denote the displacement from the at axis, which depends on a and the 
'■ ~ ln $ 49 (*)• Ihc displacement was represented by r= 

A sin (InilT)-A sin 2 mi where T is the period, and the values of d.t/d/= 
2*,. -I cos (2m/) and d’s/dr* -Ws were found. In the present case: 

.4=«sin (2 t7i /) (Ij 

is assumed. a being variable (Fig. 37.1). C onsider Ihc general case 

•4=f(.v. /) (2 ) 

where •/ depends on x and /. From § 

dAJdl = ( 1) A J Ox )(d A*/d i) 

9 2 Alcl^{d!<ii)[(dA/0xXdxldl)] 

_€A d-A d.v d (dA\ d.v 
cx dt- di dx\l\x) ‘ dr 

=(^/l/avXd J A/dr 2 )+(d. v /dr)J(gM/ar 3 )=(d. v /d/) ! (a-.</aA J ) . 


Z 2 A/dl2=i,l(i*Af0 x 2) 


Sec W. W. Johnson, •• D.Hcrcnhal I quatiom.” 3rd cdi(.. .89!. 355. 


(3) 
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This equation represents a plane wave, travelling along the x axis in the xy 
plane. S' a spherical wave is considered, the corresponding equation is (sec 

§28 * : d2Aidt*=uWAi* x2 + d2A i d y 2+d2Aldz2)=u2r:;2A ■ ’ (4) 

§ 72. D’Alembert’s Equation 
The partial differential equation : 1 

d 2 uldi 2 =a 2 (a 2 uldx 2 ) 

where 2 u= f(x t) and a 2 =const. (first solved by D’Alembert in 1747— the first 
use of a partial differential equation) in the case when / dcn0 ‘« s l *"' c : a " d X 

SMSsliH 

.wo new variab.es, ,ben dfld,-. and 
*,/df— a, dW-dW' 0 - Also: 


<« d-’., 
• d i 1 


But 


(iu\ M /df\ JiA /dg\ * 

\S), \ith\4i ), d * ir > , 

(dhi\ d/diA du d 2 f d{ d /bu\ 

■ * 2 d/ * df w 

d/a«\ 

S\*f/ 

d /diA 

d/\3ij/ 


d 3 d (*Jf| (2, 

d/ 


dhA d»j 

aqardi’ 

d£ d 2 u d»j 

d? + an 2 dr 


tv 


(4) 


d 2 ji dr 

M 2 'd r 

d 2 u 

«*• >i f d^a»i — * - • 

Substilulc in (2) and put aVr/a*#-*"/** 8 "! <§ 27) ’ l J“ n; , 

a* an d* a« d*jJ5/Sf\* +2 i5L«.i’ + S S - 
a?“ai-d? + Si-d3 + ar*ld«j +2 *»i d ' d ' ^ \ d ',' 

Sinee d*f/d,’-0. d W<>. <dfldlP-<d*dOW. and (df/dr)(d,/d0= - • 

/dM "I" +</■" ... (3) 

therefore \diaj,”" af 1 2 

and similarly: . 

/d 2 u\ + 

Id 5jrap +2 ac^i +ft i* 

Substitute (3) and (4) in ( 1 ). then il *{* onl° 

(d/de)(du/dr / )=(d/dr ? )(du/dO=0, hence ^ depen ^ ^ 

only on tj. Thus u must be a _ function of * a d / by (*+«/), and 

where f» and f 2 arc any two arbitrary functions. $ is rep 

,b y( *-a, ): MS f, (x+fl0 +f2(x-0 uncSns 

An important result is that the indc PJ nd S." 1 ^"^oV^hcfunctions f, and f 2 
only in the forms {x+at) and (x—at). The Jam, s oi 

» This must be distinguished from the equation of het conduction. '« 
considered later. 

2 Note that this is not the velocity u of § 71. 70 , ol jnoihcr method, sec 

> Planck, •• Mechanik dcformicrba.cr Kdrpcf. . L« P«6. • 

Riemann, " Partielle Differcntialgkichungen. 
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cannot be deduced from the differential equation, but depend on the particular 
problem to which it is applied. A simple interpretation of (5) can, however, 
be given. If f 2 (x— <7/)=0, then u={ x (x+at). Hence u is constant when 
( x+at ) is constant, i.e. when d(x+tf/)=dx+fldr=0, or dx/d t=—a. Now 
dx/d / denotes a motion with a velocity —a along the x axis, i.e. with a velocity 
a along the negative x axis, the “ disturbance ” u being propagated along this 
axis with a constant velocity. This corresponds with a wave motion. Similarly, 
u=f 2 (x—at) denotes a wave with a velocity a along the positive x axis. 

In any particular problem, the forms of the arbitrary functions f| and f 2 
(which, as usual, are eliminated in the partial differential equation) are deter- 
mined by the conditions. If the case of a column of gas in longitudinal wave 
motion in a tube closed at one end, x=0, there is a node at this end and one 
at a distance / along the tube. The displacement u is zero for x=0 and x=/; 
hence : 

u=0=f|(fl/)+f 2 (— at), for x=0; 
and w =0=f,(/+ar)+/ 2 (/— at), for x— /, 

for all values of t. Put x—at, therefore f|(*)+f 2 (-x)=0, and fj(/+x)+ 
f 2 (/-x)=0 arc valid for all values of x. If (/+x) is written for x in the second 
equation. f,(2/+.v)+f 2 (— x)=0, and by comparison with the first, f,(2/+x)= 
f,(x), and f 2 (2/+x) = f 2 (x). 

This shows that f, and f 2 have the same values for (2/+x) as for x, i.e. their 
values repeat themselves when x increases by 2/; hence they arc both periodic 
functions of x with the period 21. Since: 

w— f,(v+fl/)+fj(x— at), 

the motion is also periodic with respect to time, the period being 2 l/a, since x 
has increased by 2/ when t has increased by 21/a. 

To find the most general form of a function f(x) with the period 2/, the 
equation f(2/+.v)=f(x) must be solved. The particular solution 


(6) 

where « is a constant, satisfies the equation when c 2,, = 1, since: 

f(2/+x)=e* ,2, *>=e« . e*=f(x) . e 2ta . 

The only real solution of e J, '=l is 2/*=0, which is not acceptable, since either 
I 0 or x-0 (which makes f(.v)= I). The exponent of c which suits the problem 

11 ' s a r"X' C °J ' = ' - | and is by Euler's equation, 
(8), § 46. C -I. therefore 2U=2nni, or a-mrf//. Substitute in (6), then: 

f(.v)«c-"' (?) 

rrom De Moivrc's theorem, (6). 546, when mx ,s written for .v, m being any 
constant number, in this case mr/7: k y 


f(v)=cos (nnx'li+i sin (wry//). 

c B 0 y s (imv'/lnn.l'dr ima S in . ary _ P atli °f «*>. '»» particular solutions, 

cons « , i'f 0 ar k c These can be multiplied by arbitrary 

constants, A and B„ for each value of //. from 1 to <r. and the sum of all such 
values will also be a solution of f(.v+2/)=f< v). 

f(.v)=,l 0 +r r (i cos (/mv /)+r/i n sin (nnx/l) ... (8) 

cad i r lrm';r ,h u r ^ an ' w a' m Va,u “ " f " a " omitted, since 

l,h lJn ** comblncd ««•« the one for +„ to form a single term, 
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and every term in the two sums 2 then really comprises two terms. The single 

term for /i= 0 (cos 0=1, sin 0=0) is denoted by A 0 . 

The series (8) is called a Fourier's series, and is dealt with in the next section. 
The constants A„ A , and B. are to be chosen to suit each particular problem. 
The serie^has the period Min x, since if x is replaced by (x+2/), -he angles 
increase by mr<*+2 /)//-mrx//=2mr, and the sines and cosines are hen t the 
same as for x; and hence every periodic function with the period 21 can be 

"StoSSto* the equation c* . *J/**+V • wherc 

P and y are constants, was investigated by Nagaoka. 

§ 73. Fourier’s Series 

Suppose that any periodic function of x may. by a suitable adjustment of he 
uffi be made t^have a period of 2. and that it may bc rep.cscn ^wi h 
sufficient approximation by a senes containing both sines and cosines 
multiples of the angle x : 

f(x)=A 0 +A i cos x+-4 2 cos 2x+ . . . +^ f cosrx+ . • • 

+ B l s\nx+B 2 s\n2x+ . . . + fl,sinrx+ ( ) 

where r is an integer and the zfs and fls are constants which such values 
that the series shall be valid for values of x lying within the period 2 ». 
series (1) can also be written in the form (8) ol 9 u. 


<(x)-A 0 +ZA, cos rx+ffl, sin <« 

Multiply by cos rxdx, assume that the series can be integrated term by term, 
and integrate both sides from — n to +»- 

f' f(x) cos rx . dx= J' Mo+'fV «• rx \i B - Si " C ° S ^ <3) 
The separate integrals on the’ right a’re all of one or other of the three forms: 

| ^ O cosrxdx 

I" A, cos 1 rx . > 5 » 

J — »-l 

C" ,mm ■ ( 6 ) 

and £ B, sin rx cos rx . 

J -• »«i (f 

Now f cos rx . dx=(l/r) Jsin rxj =0 ( ) 

since r is an integer and the values of sin (-^0 ^ ^ g^J ^herc sx and 
zero (§40). Also, from the tr.gonomctr^^^rmula O^) ^ ^ 

rx are written for the angles *(*+>') and 2 {x y) ana 
integers: 

J" cos(ix)cos(rx) . dx— ijjcos (r+J)x+cos (r— s)x)dx . <8. 

BUI , fsin (r+*M (r-x)x ] ' =0 (9) 

i [cos(r+j)x+cos(r-J)x]dx= 2 | r+s T r -s 
« Proc. Phys. Math. Soc. Tvkyv. 1906. 3. 17. 
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(13) 


(14) 


since (r+.y)x and (r— s)xare integral multiples of n or — n, the sines being zero. 
When s=r the integral (8) becomes, from (10), § 41 : 

J cos 2 rx . d*=ij (1 +cos 2rx) . dx=i|x+sin (2/*)/2rJ = n (10) 

the sines again vanishing and only $[n— (— 7t)]=tt remaining. 

Hence every term on the right of (3) vanishes except that which involves 
A, ( s=r ), which appears multiplied by n, 

J f(x) cos (rx)dx=7rA„ A,=(ljir)j f(*) cos (rx)6x ( 11 ) 

In exactly the same way, by multiplying (2) by sin rx and integrating from —n 
ton, it is found that: 

*r=0 l n )j f(x) sin (rx)dx ( 12 ) 

Integrating (2) from — n to n gives: 

f 9 r a r» r» »-■ 

f(.t)d.t= Aodx+ E A, cos (r.x)d.x -f E B, sin (rx) dx. 

J -» J -• J -m r-\ J-CI-I 

Equation (7) and the similar equation: 

/_»in “ |cos (r.v)j = -(-l + l )=0 . . 

show that: 

J f(x)dx= J_Aodx=2nA 0 , /. A 0 =(t/2n) f f(x)dx . 

(Note that the factor in (14) is l/2n, whilst in (1 1) and (12) it is 1/n.) Equations 
(11), (12), and (14) give the required values of the coefficients A 0 , A„ and B, 
in the scries (1), and if the integrals can be evaluated, all these coefficients are 
explicitly determined for a given function f(.v). It must be noted that the 
function is represented only in the range -n to +rr of x. 

If, instead of taking the range of integration from -n to +n, it is taken as 
0 to + 2 n, this simply means changing the origin for * from 0 to (-n, 0), or 
putting (x-n) m place of x, when the integrals and coefficients become: 

A 0 =(\/2n)j^ F(x)dx (15) 

A,=U/n)\ F(.v) cos (r.v)d.v (16) 

•*0 

a,uJ £,■(!/*) f F(.r) sin (r.r)d.Y ( 17 ) 

where l(.v— ?r) is represented by F(.v). If the constant A 0 in (1) had been written 

m nv hnni b Tu°'" CS “ >rK ' cl;l1 ca! * of fl6 > wi "' '=0, Since cos 0=1. and 
many books use this convention. 

The series (2), with the constants determined by (11), (12) and (14) or 
ahernatively) by ( 15), ( .6) and ( 1 7). is called a Fourier Serin, after Jean BaplJe 
P r» dt i °“ r lo /6 , 8 '' ,S3 ° K ' vho ,n his famous book “ Theoric Analytiquc 
l«“. . l Ti l ‘ l i"hn 2:i ' 'T™ 1 ' hn ' ' function, nol ncccL?ily 
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such a series have occupied mathematicians ever since.* The pri resuh .is 
that if f(x) is single-valued and finite between x= and x=tt, and has only a 
finite number of discontinuities (§ 2), and of max.rna and numma in t his range, 
then f(x) is representable by a Fourier's series (2) w.th the values of bewnstan's 
given by (11), (12) and (14); and, further, th.s ser.es alone .s equal «x) for all 
values of x between -* and tt, except values of x correspondmg to the dis- 
continuities of f(x), and to the values -"and* themselves if f («) not equal to 
f(_„) it is said 2 that the announcement of Fourier was received by L gr E 
“ with astonishment and incredulity", and William Thomson (Lord Kevin 
in his first (anonymous) publication* defended Fourier s series against 

drawn from the experimental values. Then if 

given 5 by: .. ,-ii 

A, =i z y, course). B,-i j r / .sinM) ■ (18) 

and a scheme of Illation duO to Runge is 

must be sought in special works on Fourier s series and integrals. 

I See e,. .he diction of H.maek in ^tandSeheHeis. - Uhrhuvh 4e, ***** 
und Inlegralrechnung," Leipzig and Berlin. 191 l. z.«- ; . d , nJ cdi ,.. 1926. 2. 476. 

; 1 
l .906, .30; Grover, Bur. W «. >*»• 

9.567. . . . HIM- iransl. by Freeman.- The Analytical 

• Fourier, " Thcorie Analytiquc de la Chalcur. 1 -- « ^ |J7fi 2 62f.; Fourier. 

Theory of Heal." Cambridge. 1878 f iP n«m- Sri.. » 829 - 8 - 5X1 ; '* 0cuVfC! \. 

M4m.de Vlnsu, 1819-20 (1824). 4. 185 (read 1 f£"' g s) j. •• Math, and Phys. Papers 

2 vols., 1888-9; Stokes. Trans. Cambr. Hnl. Sue., mi, . . J|; Lofd Kelvin. " Math. 

Cambridge, 1880. 1. 236; Donkin ” Acou>i*>. <>'}! ° ’ lkl ^ nUry Treatise on Fourier s 
and Phys. Papers." Cambridge. 1884. 2 41 . •• Boston. 1893 (the standard 

Series and Spherical. Cylindrical, and Hl'Pso'dal I a tn • * J, Mcllor. " Higher 

treatise for the applications); Gibson. /W ; gtlj? - Hailbuch do. Phys.k." 1909 2 23; 
Mathematics" 1902. 360; Auerbach .n W. Kclnunm^Ha ^ ^ phys a, cm.. 

Lamb," Dynamical rheory of Sound 19 0, K b variable." 2nd edit. Cambridge. 

1910, 14. 816; Hobson. " ,ns ‘ * * - Fourier's Ser.es and Iniegrals. 

1921-6. 2. 476; Lcdcrcr. Koll. Z.. 19-8. , *«. “ /></m ,. uM% Morngr.. 1931. B 584. 
3rd edit., 1930; Campbell and Foster. Bell /« /«/" ^ 4; Tilchmarsh . •• Introduction to the 

Lash Miller and Gordon. J. Phys. Client . \ 3 . - • Hermann. and I tiers. Ann. 

Theory of Fourier Integrals.” Oxford. ’’J^^JJ^hcLikal Functions in Engineering.” New 
Phys., 1939, 34. 393; von KArntfn and Biot. Maine 3*5 (practical Fourier analysis). 

York. 1940; Danilson and Lamsos.S. / rankhnln .. • ■ >4? ,. or tables of functions. 

Carslaw and Jaeger. " Conduction of r Heat m Sold*. ‘ kmcnury account of Fourier s 

see McKay. Proc. Phys. Sac.. 1930. 42. ^ An murcs^ ?g f 

work is given by Mach. “ Princip.cn dcr Warmclchrc. W 

4 # 
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§ 74. Discontinuities 

If the function f(x) has a finite discontinuity (i.e. does not run to + » or 

1/ \ .• « ...i... „ c .. .... .. .. >. • 




B y, 


Fig. 38.1. Discontinuity 
of a Function 


— od) at a particular value of x, say x=x lt it is 
proved in works on Fourier’s series that the value 
of the sum S in the Fourier series is no longer equal 
to the value of the function (which really has two 
values, y x at B and y 2 at C) but to half of the sum 
of the two values of the function f(x)=y at the 
point of discontinuity: S=K>’i+.> , 2) (Fig- 38.1). 

As an example, consider the function having the 
values f(x)=0 from x=-n to *=0, and f(*)=l 
from x=0 to x=n. 

A 0=0/2 n ) f j(x)dx=(l/2rr)f°0 . d.Y+(l/27r)Jj . d*=}, 

[to cos (rAT)d.v=(l/rr)J^0 . djY+(l/7r) J 1 . cos (rx)dx=0, 
B,**(\/n) j 1 . sin (r.r)d.Y=(l — cos nr)/nr. 

Hence f(x)=i+(2/7r)(sin x+sin 3x/3+sin 5.v/5+ . . . ). When x=0, the 
senes is equal to 1/2, and when x=n the scries is 1/2, but the function f(x) is 1 ; 
when x=-n the series is 1/2, but the function is 0. The value at the dis- 
continuity is i(l+0)=}. 

§ 75. Fourier’s Sine and Cosine Series 

In some cases, the function may be represented by a series containing either 
sines or cosines only, instead of both, as in (2), § 73. 

(i) Suppose that f(.r) in (1), § 73, is an odd function of .y (see § 21), so that 
f(-*)= -f(.r), e.g. f(.x)= v, then: 

Jjw cos (rx)dx- [j(x) cos (rv)dx+ CO s («)d* 

”/V> cos (rv)d J 0 V) COS (AV)d.V 

= f'f(x) cos (r.r)d r+ f f(— jc) cos (rx)dx 
Jn Jo 

=0 (since cos (-.v)=cos .y). 

from— iMo*.) cancels ‘.ft? ^ ^ = °' and <o=0(,he '»«« because .he integral 
from (2). § 73. and, La, (iTs 73 : + * ' ^ *" ' hC C ° Si " e ,ermS diSappear 

sin («)d,=(l/„)j'f W 5in ( ,,)d,_ (I/lr) (■}(_,) sin (r , )d , 

» o 

=(2/,)Jof(- v ) sm (r.Y)d, (since sin (-.v)= -sin a) . ( 1 ) 
the scries representing f(.x) is a cine series : 
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With the coefficients B, given by (1). The series is zero both when x=0 and 
x= „, and does not represent the function at these limits unless f(0)=0 and 
f( w )«0. Note that this formula does not contain the constant term A 0 . 

(ii) If f(x) is an even function of x (see § 21), so that f(x)=f(-x), e.g. f(x)=x 2 , 

then: ^ 

BM iwj f(x) Sin (rx)dx-(lMj Q f(-x) sin (rx) dx=0. 


I 


(3) 


(4) 


s (1/2tt)J' f(x)dx=(l/ir) [}(x)dx, 

A,=(w\\ H*) cos (rx)dx«(2/n)|f(x) cos (rx ) dx J 

and the function is represented by a cosine series: 

«*)-*+* A, cos (rx) . . . 

»- 1 

the coefficients being given by (3). This series represents lhe(un f°" b °' h 
when x=0 and x=n. Note that this formula contains the constant term i <<o- 
Since cos 0-1, the equation for A, will give A„ also if is used instead of 

^As examples of sine and cosine series, three simple functions may be con- 
sidered, viz. a constant, f(x)= 1, an odd function. f(x)=x. and an even fu 

f( m Let f(x)=l Since a period must be assigned, take this from 0 to n. 
Since f(+l)2l and f(- !)--!. the function is odd. and (2) applies; thcrefo 

from (1): 

BM 2Mj sin (rx)dx. 

J sin (rx)dx*= —(I/O cos (rx), 

• J'sin frxjdx- -(./r)[cos (rx)]*''- -OMIcos M-'M'W -cos Ml 

When , is even, cos (nr)-.; when , is odd cos (rn)=- .. hence the integral is 
2/r for odd values of r, and zero for even values, and nencc. 

f(x)= 1 =(4/w) (sin x+i sin 3x+i sin 5x+ . . •)• 

In Fig. 39.1 the curves for sin x, { sin 3x. {sin 5x \ and ^ s ‘" approachTiehori- 

by 4 /it, arc shown, and the sum of lh ^t" the* value of y is zero, so that the 
zonlal straight line 1. For x=0 and x-w. me vai / 
function does not represent the curve at the limits. 

(ii) Let f(x)-x. Then A=0. M o =0. BMwf * By in,Ceri “ 

tion by parts (§19): 

J x sin (rx)dx=r -2 (sin (rx)-rx cos (rx) 1 
(put rx=u and find J u sin udu). For - 2cos (r*)/r. 

X= -+-7T it is — r-tw cos (rw) (since cos (-X)— CO. )• Hence: 

When r is even, cos (nr) is + 1 . and when r is odd cos 

f(x)=x=2(sin x/1— sin 2x/2+sin 3x/3— sin 4x/4+ . . ■) 
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The functions y x = 2sinx, >-2=sin2x, >» 3 =fsin3x are plotted as curves 
1, 2, and 3 in Fig. 39.1, and by adding the ordinates the full curve 4 is found. 
This is an approximation to a straight line passing through x=0 and inclined 
at an angle of 45° to the x axis (i.e. y=x ). It is seen that the series fails at 
x=—n and .v=+tt, since it vanishes for both these values. By taking more 
sine curves a better approximation is found. The separate sine (or cosine) 
curves are often called harmonics , since they represent sines of multiples (or 



Fio. 39.1. Representations of f(x)«l (upper figures) anil (lower figures) by 

Fourier Scries 


“ overtones ”) of the angle .x, and the problem of resolving a function (e.g. the 
height of a tide) into such components is called harmonic analysis. 

(iii) Let f(x)=x 2 . Then: 

^0— ( I/2ir) J' =( l/d»r)I^— (— ir3>] — B,= 0; 

-4,=(lMj* .x 2 cos (r.t)d.v= T4/r 2 , by integration by parts as before, the signs 

being — or + according as r is odd or even. Hence: 

f(.v) = ,v 2 = Jtt 2 - 4(cos a / 1 2 —cos 2.v/2 2 +cos 3.v/3 2 - cos 4.v/4 2 + . . .). 

Both when and .x=+rr, the value of the series is ]^-4(l/l 2 +2/2 2 + 

3/3 : + . . .), which is known to be J-7r 2 +4(7r 2 '6)=7r 2 , so that this time the series 
represents the function at the limits ±rr. 

By plotting the first three cosine terms and adding the ordinates, a line which 
is an approximation to the curve v=.v 2 is found. 

§ 76. Fourier’s Integral 

In problems on vibrating strings or columns of gas, diffusion, etc. (some of 
which arc considered later), the limits are given numbers a. e.g. lengths /, and in 
ihis case v is replaced by .v=,/:V, where r is a new variable, z=nxja % so that 
when r changes Irom -r io v changes from — a to +a. The function 
I ( v) =!(</: ’-) may be developed as a Fourier series (2). § 73, in terms of r: 
f(r/*/w)=.4 0 -F I, cosr+.4,cos(2r)+ . . . +/f,sinr 

+B> sin (2r)+ (I) 

where .-!,=( cos (rrW.-. II —(I -) | * f (az/n) sin (r.-)d.-. 

.’. I ( V) = A a + A I cos (tta- </) + l , cos ( 2.-7.Y ,i ) -f . . . -f sin (irx/a) 

+ H">mj27ix a)+ ( 2 ) 
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|sin ^ si „^dA+ • • • ]} 


FOURIER’S INTEGRAL 

lhe coefficients , and B being the same as in (.). hence (2) holds in the range 
- a to +a, and (since d z=7rdx/a): 

A t =(\la) f 4 f(x) cos (rrrx/a)dx, *-( iwj_«x) sin (nrx/a)dx - A 
^The formulae hold for any value of * and 

for any value of x. In order to indica a definite integral 

doeMiot dependVn the in^e^'ndwrtvMiable.bu? only on the limits): 

,,=;r«A»cos^A. B,=;| f(A) Sin -dA . . . (4) 

On substituting theset®, writing * 7 * ^ "* ^ 

of the trigonometrical formulae of § 41, it is found 

fM-OwliffW^+r [fW cos 7 cos ^ dA+ "I 

>■ C ‘ r *a 

+ |_| f W ,,n 7 s,r 

f(A)dA^+cos”(A-.v)+cos 2 "(^-')+ • ’ • 1 

(since cos (x— y)=cos x cos >>+sin x sin y (ft). §41). 

= 2aj " f(A) d A [ 1 + 2 005 u <A — X> + ^ C °' ^ <A _ ,) + 

=^- f‘ f(A)d a/ l + cos [?(*-*) I + cos [(t ) (A_X, 1 + J 
2fl J-- l a \ V x v\ 4 -cos (w/a)( A- x), and similarly 

(by writing 2 cos (7r/a)(A-x) as cos (W^K f cxprcss ion with the first 

2 cos (2rr/fl)(A— x), joining the second term of the P 

term of the second, etc., and using (19), 9 ‘♦•J- 

■»(l/2«) f* f(A)dA((ir/ B ) cos l(0/a)(A— x)l+(”/°) cos l(*M)(A-"X)) 

+(n/a) cos l(2., fl XA-x)l . . «- /a V 

Urr/d) cos (( — 2 w/a)( A — x)] + • • . 

(by transferring „n after the ' , 

value of the express, on m 

braces becomes a definite integral (§ 20). 

f cos [MuXA-xIl*'”/"). 

... i, <. *. «**• - -»* - ““ 

the expression for f(x) finally becomes: 

f(x)=(l/2n)J"j(A)dAj cos [a(A-x)]da • ^ 

for all values of x. The double integral (see *22) '« often called 

Integral, and equation (6). given originally m this lorm y 

Fourier's Theorem. 
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§ 77. Alternative Forms of Fourier’s Series 
Several alternative forms of Fourier’s series, (2), § 73, are derivable by suitable 
modifications. If f(x) is an even function, (4), § 75, is: 

f(x)=A 0 +£A, cos (rx)=(\/n) I f(A)dA+(2 /rr)5 cos (rx) f cos (rA)f(A)dA, 
i Jo i Jo 

by changing x to A to indicate that the integration has been effected. Suppose 
x has the range —a to +a, change x to nz/a, or (keeping the symbol x) to 
TTx/a, and change A to ttA/o, then: 


f(:) “lJ, f(A)dA+ i 2 cos 7 , / O eos 7 T f(A)dA 


• • (i) 


Example. To find 1 an expression equal to v when x lies between 0 and c, 
inclusive, 2 and equal to zero when x lies between c and b. That is, f(A)=zi 
from A=0 to A=c, and f(A)=0 from A=c to A =b. In (1) a=b, 

cos — f(A)dA=w cos — dA= - sin -r-. 

J “ Jo O nr b 

. r/„\ vc , 2v l 1X0 nx . i . 2 tt6 2tt* \ 

fW “ i + 7 \ UD b cos T +i s,n T cos T + • ■ 

and when .v=c the series becomes ]*>, which is half the value of the function 
(see §74). 

Since (§21): 

J cosxd x=j cos xdx+J cos.vd.v 

/_ „ cos ,cd.v=£cos (— .t)d(— ,v)= — j"°cos xdx- J cos xdx 

(since cos (— .v)=cos x), J cos.td.v=2j cos^d.v. 

Similarly: J cos [«(A-.v)]d*=2j"cos [«(A-*)Jd«, 

and (6), § 76, can be written: 

f (') = ( I /’') J J< A)d A C cos [o(A—.v))d.v .... (2) 

«T,c double ionn°, f “ an<) ^ ^ ° f inte *" ,,i ° n 

f /< A)dA f COS |-x(A—.v)|da= I dal f(A)cos (*(A— ,v)]dA . (3) 
Now: J — 

f-s A)C0S t*(A-.v)|dA= J f(A)cos [*<A-.v)]dA+ f(A) cos [«(A-.v)]rfA. 

If f(.v) is an odd function : 

f(.v)=-f(- A ) or — f(.t)=f(— .v), 

! " n° Uricr ' > Stfrics Jnd Integrals,** 1930. 250. 

as u<v<c y r ' T '"''"' Cd ,n I"** *-> "<><-. Which is no. .he same .hin e 
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|° f(A) cos [«(A-x)]dA=£f(-A) cos W-A-.c)]d(-A) 

= -J f(A)cos [*(A+x)]dA. 

Therefore from (2): 

f(x) =(l/w) J"da J*"f(A)(cos a(A— x)— cos «(A+v)ld A 
=(2 /n)j dxj* f(A) sin (aA) sin (ax) . dA 

=(2/ir)| f(A)d aJ* sin (a A) sin (ax), da ( 4 > 

in any function of x. If f(x) is an even function. T(x) H 
shows that (3) becomes: w 

f(x)=(2/7x)| f (A)dAj o COs(«A)cos(ouf).d« . . • • () 

which holds for all values of x if f(x) is an even func.ion, and for all posiaw 

values of x in any function of x. f 

Finally, Fourier's scries (2). § 73. may be written in the form. 

f(x)=(l/2a)£ f(A)dA+| [(1 la) cos (nrx/o) J_ «>) < r ” X ' a) ' dA 

+(l/«) sin (nrx/a)jV) ("-*/«) . dA 

or, from (6), §41: 

f(x)— (l/2fl) f‘ f(A)dA + hla)\‘ ;w cos l(nr/u)(x-A)]dA 

where can ,hen he placed by 1c. and. wi.hou, loss of E cncrali,y. -he ,n,crva. 
in which f(x) is defined taken as -n to ", wnen. 

f(x)=(l/2ir)J"f(A)dA+r(lwJ_f(« cos < , ( X_A ’ 1 ^ 

which is sometimes 1 taken as the ” standard form o1 t | ic practical 

highly concentrated expressions arc. h ® wc • 
applications than the more intelligible scries <_) 

§ 78. The Rayleigh-Jeans Equation .. vibrations " 

An equation giving the number of stationary n "*'^ whh thtf theory of radia- 

in unit volume of a medium, was found >n conncx ^ ^ |||Cory of ,hc atomic 

lion by Rayleigh 2 and Jeans. 3 and is also the w5 

« E g. by Hobson. - Theory of Functions of a R ca1 p^;- Cambridge. 

**"•. “<* * ■> >***• n - * 


( 6 ) 


( 7 ) 


* mu. Mag., ivuu. Hue 

1912, 5, 253; Lodge. Nature, 192 6 . 11*. *■• , (iascs « 3rd edit.. W2\. 3-U . - 5 • * £ 

> Phil. Mag., 1905, 10. 91 : " Dynamical Theory ^ of physical Chemistry. - 4 / 

Trans. Faraday Sac.. 1915. Ill ; R,cc - ,n ‘^‘n^ " 1 930. 1K9. 209; 

313; Rice. " Introduction to Statistical McchanK. y Jf /»/„».. 1914. 4. • u , 

1913, 14. 1185, 1188; Brillouin. Ann. Jc Phys . ^ , 9 | 9 . 284; Lorcnt/. 

Wyi.2.. 1918, 19. 116; PTcfon." ThW J , 92 l. 197. 

Electrons." 1923. 93; Planck. " Thconc dcr W 
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Fig. 40.1. Plane Waves in a 
Medium 


heat of a monatomic solid proposed by Debye. 1 Consider a cubical 2 cavity 
containing a medium (e.g. air) transmitting longitudinal waves, for which the 
x directions of vibration are the same 

as the direction of wave propagation, 
A the latter represented by a “ ray ” OS 

J \ (Fig. 40.1). 

;. The waves are reflected on the walls, 

; \\ and by interference set up a system of 

u V. \\ stationary waves which have nodes on 

J \ \ the surfaces of the box and in parallel 

J \ \ s planes distant from one another by 

* W \ \ half a wave-length (A/2) for each com- 

' 'w \ ponent, and such that a whole number 

; \\ \ of nodal planes are interposed between 

\\ one wall and the opposite one. Since 

' V \ most lhe rays stri * ce walls at 

; oblique angles and the nodal planes 

1 i >- y are always perpendicular to the ray, 

■* - - “jAy ' ~ '} A y* it is necessary to consider rays travers- 

Fra. 40.1. Plane Waves in a ing.hc box in all possible direc.ions 

Medium Take one comer of the box as the 

origin O of a right-handed coordinate 
system (Fig. 40.1) and let a ray OS make angles 0,, 0 2 , 0 3 with the a:, y, and z 
axes. The components of the amplitude of vibration in the direction of the 
axes arc given by the equations (which arc not actually required in the present 
deduction): 

• , - . fliTr.v n-yvv nyrrz 

x axis: ?=/t Bl>-;>- ,cos27r»'/sin— cos — y-cos— y- 

y axis: >/= B „ u „ u cos 2irWcos" J p sin n ~ cos . (1) 

z axis: {■C -l . BJtll| cos 2 nvi cos cos sin 

Here w,, n 2 , n y are any three whole numbers, v is the frequency, / is the side 
of the cube. A, B. and C are constants depending on n h n 2 , n y \t is the time, and 
x, y, z are the intercepts of the nodal plane on the axes. 

Consider a point on the x axis which is also in a nodal plane; for this point 
£=0 and a plane through it perpendicular to the * axis and parallel to the yz 
plane is also a nodal plane for the component $. The next nodal plane parallel 
to it will be distant \ A„ where {A, is the part of the x axis cut ofT by two nodal 
planes distant , A apart perpendicular to OS. From the figure, it is seen that 
.« , cos ( , — vA. Similar equations hold for the v and r axes, and hence: 

A, cos 0 , = A, A, cos 0:= A, A. cos 0,= A .... (2) 

1 hese sections, however, must satisfy the condition that the cube side / must 
contain a whole number of nodal planes: 

/. /i i( A ,/2) = n 2 ( A./2) = n ,( A./2) = / (3) 


' Ann. nhyx., 1912. 39, 789. See \ ol. II. 

44 1 ™ ?' i,y 7 btHl ' of * ,n > ' l,a ' v is S'™ hy Wcyl. Math. Ann.. 1912. 71. 

53. 308 UC> A "" rh} ' • ,914 - 44 - 1 197: Mazumdar, Z. Phys., 1929, 
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where n„ n 2 , «, are positive whole numbers. From (2) and (3) 

n 1 = 2 //A I =( 2 //A)cosfli ' 
n 2 =2//A,=(2//A) cos 9 2 
nj=2//Aj=(2//A) cos 9j 
On squaring and adding the three equations (4) it is found that: 

ni 2 + „ 2 2 +nj 2 =( 2 //A)Hcos J 9,+cos 2 9,+cos 2 9,) . 

The values of cos 9„ cos fl 2 , and cos 9, are 
called the direction cosines of OS in the co 
ordinate system, and it is a well-known result 
of analytical geometry that: 

cos 2 9 1 + cos 2 9 2 +cos 2 9j=1 . . (6) 

This is easily seen from Fig. 41.1: 

OS 2 =OY 2 +YS 2 =OY 2 +(Y'Y 2 +Y’S 2 ) 

=OY 2 +OZ 2 +OX 2 

=(OS cos 9 2 ) 2 +(OS cos 9j) 2 +(OS cos 9,) 2 . 
from which (5) follows. From (5) and (6): 

2//A=±V(»i 2 + n2J+n > J) ’ • 

and from (4): ^ 9l -±n 1 M» 1 2 +» 2 , +»> 1 ) I 

cos9 2 =-±n 2 /V("i J +" 2:+,, > l) f 
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(4) 


(5) 



Fig. 41. 1. Direction Cosines 


(7) 


(8) 


VV4 v l ‘ 

cos9j=±nj/V(»i J +" 2J+ ' , > J) ’ 


Equations (8) show that viz. 

lengths (given by (7) in terms of the n and ^ and Wllh 

those which satisfy (7) and (8) with giN wave-length is related to the 

whole number values of n u n 2 . and y 

frequency v and velocity c by ($ 49): ... (9) 



.. .• r .hr velocity of light in vacuum). 

(in the case of cavity radiation c-c, the > 

lion (7) then becomes: . . (10) 

21vlc-W+»* 2 + n & . 

. , ,i u . present deduction, that 
It is easily shown, although it is problem. At all times the 

the equations (1) satisfy the conditions of lhc sinc factors in a 

amplitude at the origin (x-0, - ' . .u cr cforc, a permanent nodi . 

three equations (1) arc then zero. q and *»0, no that »/ and C vams i. 

the origin. At any point on the x ^nuXr (since sin mr-0). i*. from (3) 
The value of £ is zero for n,x//= a whole number t 

for x= A,/2, 2A,/2, 3A,/2 .... axis a t x= A./2. For all points 

Now consider a plane at right angles - c ; s zcr o for all values o 

in this plane, x=A,/2, hence it is a noda plane since c lhen along a 

r, y, and z. If a plane is at right-angles to tl ■ riod j ca lly with s for a 

section of this plane with the xz plane 0 >• * righl . ang lcs to the x axis and 

given value of t. For a plane with *r^J * and al any instant f varies 
cutting the xy plane, z=0 along lhc "!® ^ s hown that in the nodal p •« ,K " 

periodically with y. In a similar way it c. 7ero al a ll times, 

perpendicular to OS, the components *?. anu s 
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It is now possible to find the number of wave trains with frequencies between 
v, and v 2 which can be formed in the cavity or in the block of medium, or (as 
it is usually expressed) the number of proper vibrations between these frequencies. 
Consider a cubic lattice of points which are the corners of elementary cubes of 
unit side; then the corners of eight such cubes meet at each lattice point. Since 
the numbers n h n 2 , and n 3 , which will be laid off along the x , y , and z axes, 
respectively, are all to be positive, only the positive octant in the coordinate 
system (Fig. 42.1) is to be considered. The coordinates give the values of n,, 
// 2 , and n 3 , measured in multiples of the cube edge, and every point in the lattice 
space represents a set of three values n u n 2 , n 3 ; conversely every set of three 
whole numbers represents a point in the lattice. (In Fig. 42.1 four such cubes are 
shown; the other block of four will be laid on the shaded faces.) Every lattice 
point thus represents a wave train of fixed frequency and direction, given by 



(7) and (8), and conversely. All wave trains with frequency »•, correspond with 
points lying on the surface of a sphere of radius r, given by (10): 

r ]=(2l/c)f l = y/fa^+n^+ny 2 ) ( 11 ) 

and those with frequency on the surface of a sphere of radius: 


'’2=(2//c)i' 2 =v , (»i' 2 +n2' l +H,’ 2 ) (12) 

n<l!nr'il l H lin . S t.' Vilh i, frCqU > Cn u e5 bc,wecn ‘■ | and *■-’ are "Presented by lattice 
fL lde ^e spherical shell with radii r, and r 2 . Since each unit cube 

( 2//<) and since !•>-» , = Ar is small. 

(^ 2 3 -* 1 J )=((» 1 + A l ) 5 - Ii | ^]^ 3 l . | 2 Ai ', 

all higher powers of A* being negligible. Hence the volume is: 


(l/8K4/3)7r . 3 
or, by replacing »•, bv »• and A 
volume (/3=|) is; 


i'! 2 A *'(8/ , /c 3 )=(4r/ 3 /c J )»' l 2 A v\ 

>' by di\ the number of proper vibrations in unit 


T dZ=(4r’c 3 )j-?di' 

i his is the solution of the given problem. 


(13) 
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THERMODYNAMIC SYMBOLS 


Heat (entering a system) 

Work (done by a system) 

Temperature on any scale 

Temperature, absolute 

Volume 

Pressure 

Energy 

Heat Content (or enthalpy) 

Entropy 

Free Energy 

Available Energy 

Specific Heat per unit mass: 

at constant volume 

at constant pressure 

Molecular Heat: 

at constant volume 

at constant pressure 

Ratio of Specific Heats (c^/c,) 

Latent Heat: 

per unit mass 

per mol 

Chemical Potential 

Activity 

Density 

Compressibility 

Elasticity 

Number of Mols 

Mol Fraction 

Concentration (n/F) 

Equilibrium Constant: 

in terms of concentrations (or activities) 

in terms of partial pressures 

Activity Coefficient: 

in terms of molarity » 

in terms of molality 2 


.. w 
.. 0,t 
.. T 

.. v,y 

.. p,p 

.. E 

.. H=E+PV 

.. S 

.. F=E—TS 
.. G=H—TS 


C r 



... y 


.. / 

.. L 
.. n 
.. a 

P.d.D 

.. K 

€ 

.. n 

.. N{oix) 
.. c or C 

. K 
. K' 


• • • 


/ 
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§ 1 . True and Mean Specific Heats 

The science of thermodynamics, as its name indicates (Greek Otpiiog, heat, 

/.^h.‘?A«K Cr r ' S pr "? anly concc . rned " ilh ,hc relations of transformation of 
, er orms °f energy, which may. conveniently, be grouped under the 
' ,hc >'. arc al1 d 'rc«ly obtainable from, or convertible into, a 

Tas mn enr,r han ' Ca - P Hlc " llal cnct & represented by a raised weight. The 
ntfo IfTJ, LZT ? ° f heaI and work wil1 first be considered, then the 
reciprocal >nv ' , ! n '° ,v,n S lhe First Law of Thermodynamics), then their 
,f P ho h 1 " y ' involv " , f llK ' Second Law of Thermodynamics). 

ture oni c hot h , K°f n" 5 °; duc " ng con,acl with a co| d body, the tempera- 
' „ , : *"***> ">;« of the cold body rises, and it is said that a 

t/uannn of heal has passed from the hot 10 the cold body. 

1 Mols lit. solution. ^ . . . - , 

- Mols. kg. solvent. 
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may sometimes be determined theoretically, e.g. from the kinetic theory of 
gases, or from the quantum theory (see Sections III and IV), but is often found 
experimentally by measurements of c or c e at different temperatures. Since 
c e is found to vary only slowly with temperature it may often be represented 
empirically by a power series: 

c 9 =c o +a0+bd2+ (7) 

where c 0 is the value of c, for 0=0, e.g. 0° C., and the terms after a certain 
power of 0 may be neglected. It is obvious that if 0i=O and 0 2 =0 in (5), 
then: 

?-(|/9)J"cd0, c,~( d/dfl)(cfl) (8) 

Hence the true specific heat is found by multiplying the mean specific heat over 
the temperature range 0 to 0 by 0 and differentiating the product with respect 
to 0 . 

The specific heat depends on the conditions under which heat is absorbed, and 
it is usual to distinguish the specific heat at constant volume c r , and the specific 
heat at constant pressure c p . If M is the molecular (molar) weight of a substance, 
the corresponding molecular heats (specific heats per g.mol. or mol, sometimes 


called molar heat capacities ) arc: 

C f =A/c t and C p =Mc p (9) 

In the case of elements, if A is the atomic weight, the atomic heats are: 

C,= Ac t and C p =Ac p (9a) 


In the case of solids and liquids, c r and c p arc not very different; for gases sec 

§ 21 . 

The unit of heat is defined by making the true specific heat of water equal to 
unity when the temperature is 15’ C., i.c. it is the amount of heat absorbed by 
1 gram of water (the normal isotopic mixture), when its temperature rises from 
14 2° C. to 15j° C. This is called 1 the 15° gram-calorie (g.cal.). The kilogram- 
calorie (k.cal.) is 1000 times this value. In older literature the kilogram-calorie 
is written Cal. The mean calorie is 1/100 the heal absorbed by 1 g. of water on 
heating from O^C. to 100' C., and is slightly larger than the 15° g.cal. The 
name mover proposed b> T. W. Richards 2 for the unit of capacity heated by 
1 C. on absorption of I joule ($ 13) has not been adopted. The British Thermal 
Unit (B.Th.U.) is the heat required to raise the temperature of 1 lb. of water, 
at its temperature of maximum density, 39* F., by 1° F., and the Centigrade 
Heat Unit (C.H.U.) that required to raise the temperature of 1 lb. of water 

byre. 

Example. It the true molecular heat of hvdrogen eas at constant pressure 
(1 atm.) is given by C r = 6 -50 + 0-0009'/; where T is the absolute temperature, 
t C. + 273, to find the heat absorbed when 50-4 g. of hydrogen arc heated at 
1 atm. pressure from 0 3 C. to 500’ C. 


Warburg. Phys . Z., 1900. 1. 171; |\ T. Rcichsanstalt. Z. P/ivs., 1924. 29. 392; Auerbach, 
tiT'"'* •?Y 38 - 4 J" n,c Gcrman namo " Kilocalorie " (keal.) for the kilogram 

r V ‘ a . s !L d0 ? ,lo, lbc si/0 of lhc calorie, of which it is the multiple by 

' ' !■ V"-' calo . r ! c - K = m Peal., is no Itmger used. Various other ••calorics" 

; ; , Rcsnauhs caloric was the heal required to raise the temperature of 1 g. of 

. . , o' : M V Br,U>h ,hc,nul ‘ ,!lil Ol.Tli.U. or B.T.U.), 1 lb. of water through 
1 I . at 60 I .. see Powell, \aturc. 1942. 149. 525. 

- Z. phxs. < /uni . IWI. 36. 358; Richards and Row v.J.A.CS., 1921. 43. 770. 
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50-4 g. H 2 =25 g.mols. (mols). The heat absorbed is: 
9 =25r’(6-50+0-0009r)dT 
=»25 X 6-50(773— 273)+25 X \ X 0-0009(773 2 — 273 1 ) 

=87,135 g.cal. 

Alternatively, the mean molecular heat C, from 273" abs. to 773" abs., t.e. over 
a range of 500°, can be found : 

^=(1/500) f”(6-50+0-00097')d7'=(l/500) |6-50+ix 00009 T^j 
=(1/S00)[6 50(773 — 273)+0-00045<773 i — 273 2 )] 

=6-97; heat absorbed =500x25x6-97 
=87,135 g.cal. 

§ In sote n L“ e s a .te definition of, by (1), § ("f i^ t’fu"^ of 

is zero. Heat absorbed by a to* '^2 ^1 m^ured by 

23 afS^hSLSS 5 * appropriate sum.) and per mol by 
L, where L=MI. 


§ 3. Thermal Coefficients ,~«»,*viiiion 

The stale of unit mass of a homogeneous body of j ,xe \ p, specific 

inite when fixed values of any ,«v of tte vanawes P „ is 


is definite when fixed values of any twoo assigned. It is 

volume v (=1 Ip, where p=density), and t '""{V,* , cs to the area, and that 

assumed that the pressure on a plane area s at g * hodv is then a fluid, 

the pressure at a point is equal in all dl[ “= i^.^o uniform slress. 
which may be a gas. a liquid or an tso.roptc s ° hd sub ju « t ; 

These variables are connected by a characteristic cqtia (1) 

In all cases i, is assumed, unles^S 
stress (other than pressure), surface tension. *rtntow»; .. phy>ica||y - 
gravity, arc either absent or negligible. All vo ho|)|J hc notc j that the 

small, i.e. include a large number of mo ecu . • aMpk . u . infori.iation 

characteristic equation, or equation of state, do b it , |;|s 

about the state e.g. it does not speedy .U energy (althoucl. 
definite value), so that the first name i> prekra ’ , ,l, c diifcrenti.iK 

A small change of state may be functions of 

dv, dp and d 0, multiplied by thermal coe g“‘: bc represented by any one 

t>, p and 0 . The small amount of heat absorbed may I 

ofthe three equations: , . . . . ( 2a ‘ 

Sg-odi+Zd* • • • • (2b) 

=e,d»+f.dp ,2c) 

ssy.dv+y^ • • • ■ 

• Called by Rankine, EJin. N. Phil. J.. ,856 ' 2> ' 2 °' <5». <'*' ( ■ < ' ‘ U " 

* See Onnes and Kccsom. " F.nzykl. d. I he** dc. 

1912. Suppl.. 23. 22 f.; Neumann. ” Vorksungcn ulxr da 

Leipzig. 1875. 43. 
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The physical meanings of the thermal coefficients are found as usual from the 
differential coefficients: (dq/dO) t =c„ ( dq/dv) g =l rt etc.; i.e. c r and c p are specific 
heats at constant volume and pressure, respectively; / r and l p arc latent heats of 
volume and pressure change, respectively; 1 and y t and y p are coefficients which 
must not be confused with the ratio of specific heats at constant pressure and at 
constant volume, written without subscript: 

V=cje, (3) 

The equations (2) are definite and their legitimacy follows from the physical 
justification of the concept of “ quantity of heat,” which is based on experimental 
calorimetry in the way outlined above. 2 Although they rarely appear in the 
later books on Thermodynamics, their correctness admits of a formal proof, 3 
which is not here regarded as necessary. The question of the interdependence of 
the variables is taken up in § 5. Clausius’s use of (dqjdv) 0 , etc., as definite and 
determinate quantities, although it has given rise to some misunderstanding, is 
perfectly correct, 4 and will be followed in the sequel. 


§ 4. Reech’s Theorem 

Let unit mass of a fluid undergo two separate changes: 

1. An adiabatic change, i.e. one in which no heat enters or leaves the system. 
Such an adiabatic change may be supposed to be carried out with the fluid 
(e.g. a gas) contained in a cylinder with a piston moving without friction, both 
the cylinder and piston being made of a perfect non-conductor of heat. By 
pressing down or raising the piston the fluid is made to undergo an adiabatic 
compression or expansion, respectively, since no heat can pass out of or into 
the system (the gas in the cylinder). This condition must be carefully distin- 
guished from the absence of a generation of heat in the system itself by compres- 
sion, viscous motion, or chemical action. The temperature of a body usually 
rises in adiabatic compression, hence the body may be said to have heat generated 
in it, although 8</=0, as no heat crosses the bounding surface of the body. If 
the adiabatic conditions arc maintained, the rapidity of the change is of no 
importance. 

The name adiabatic change (Greek a, not; Sw/fcuW, to pass through) is due 
to Rankmc ; Gibbs 6 called it an isentropic change , since in a reversible adiabatic 
change a quantity called the entropy of the system (§33) remains constant. 
The two cases arc identical only when the change is reversible, and hence both 
names will be retained for use in appropriate cases. 

' CaS ?’ an .‘) d,abalic changc usua,, y takcs P ,ace ^ry quickly, so 
la! hv T ' S a,l ° u u ed for scns| ble communication of heat with the surround- 
n g i s b |rn C n°! d ? Cl,0 , n ' S , f nCra,ly a s,ow Process). Thus, if air is contained 
much h^fk " lubc l d ? sed b >’ 3 P islon * and «hc piston is rapidly forced in, so 
much heat is generated that a piece of tinder attached to the bottom of the piston 

y. Wn'°" W.. ^ |^ m 9 '^r n ' K " KV ' Paris - ,888 - * 

Ncw York ' ,w 

• Trans. Conneciaa Acu.l.. 1S73. 2. 3o»; "Sd^ific Papers" l4. 1. 3. 
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i- inflamed (fire syringe). The rapid change of pressure in a sound wave is 
another example. The general condition for an adiabatic change is obviously. 

8 , 7=0 

Therefore from 2b and 2a, § 3 : 

0 =c p dd+l p dp d p=-{cjlj&0 (2a) 

O=c e d0+/ e dt; d^=-(c r //,)d0 ( 2b ) 

Divide (2a) by (2b): . . (3) 

(dpl6v) 4 =c p l,lc,I p 

where the differentia! coefficient refers to adiabatic conditions, hence the suffix q 

a sss'ftt* « ■ srsascsJJ 

condition for an isothermal change is 0=constant, 

/. d0=O w 

Therefore from (2b) and (2a), § 3: 

5b 

and **-W 

Divide (5a) by (5b): .6. 

where the differential coefficient refers to an isothermal change, i.e. « const, in 
or d0=O. 

Divide (3) by (6): M ... (7) 

(dp/dtO«-HdW dt, )* sa< V f *- y ’ / 

This equation expresses Reech's /Aeorem,^ and may of (he ratio: 

The bulk modulus of elasticity of a fluid. «, is the 'mit.ng^ ^ 
small increase in pressure/rcsulting relative dec . ^ (8) 

c-Lim8p/-5w/t»--*(<V»/dv) . • • 

In all real cases « is positive; it volume. U is C thc same in both 

isothermal conditions (« # ), and since r, the initial voiun 

cases, (7) may be written: ^ r /c -y ^ 

Instead of the elasticity, its reciprocal the eompraoMuy , «. « oflen " ' 

k = I /« = — ( * /f 

For an ideal gas, Boyle's law gives: ^ 

for an adiabatic change: _ (12) 

— y(dv/i')=d/>//> 

• Reech, J. dt Ma,h. (Liouv.llc). 1853. W. 357 (4I4K Mjj**' r.^ Thumody 

1885. 61 ; for another deduction, see Burrows,./- nys. c •• 
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If y is constant (which need not be the case even for an ideal gas), 1 (12) may 
be integrated: 

— y In r=ln /7+const. 

pv y =consi.=k 2 (13) 

This equation was given by Poisson. 2 Conversely, by differentiating (13), it is 
easily shown thaU 4 =y/7. 

The velocity of sound , u, in a fluid is given by Newton’s equation: 

u 2 =e/p= —v^dp/dv) (14) 

where e=elasticity= — r(d/»/dr), p=dcnsity= l/r. Since sound is propagated 
adiabntically in a gas, e=e < =y/>, 

U=y/{yp/p)=y/(ypv) (15) 

which provides a method of measuring y. By substituting in (13) from the 
general gas equation: 

pv=RT/M (16) 

where /? is a constant for I g.mol. (mol). A/, of gas, it is found that: 

7t; v_, = const (17) 


§ 5. Relations between Thermal Coefficients 

In equations (2a)-(2c), § 3, ix/ is the same clement of heat, hence the six 
thermal coefficients arc not all independent. The rules of the calculus give: 

d0=(d0/dp),dp+(d0/dv) p dv (la) 

dr = (d t a /d 0) p d 0 + (dr/d/>)„d/> (lb) 

dp=(dp!d0).d0+(dpjdv),filr (lc) 

Put d*«0 in (la), dr-0 in (lb), and d/>=0 in (lc). then: 

(dp!d r) # - -(d 0 dr),/Wd /»), ( 2 a) 

(d0dp).“ -(dvjdp) t f(dv!d0) p (2b) 

idO;dv) p r= — (d/»/dr)*/(d/>/d^) f (2c) 

Liquation (2b). § 3. may be rewritten by substituting for dp from (lc): 

=c p d()+ / r [(dp/d 0),dO+ (dp!dv),dv) 

ss [ c p+fp(dp/d0) r ]d0+l p (dp/dv) ( idv ( 3 ) 

By comparing coefficients in (3) and (2a), § 3, it follows that: 

c r =c r~ Ip(dp/d 0 ) r ; l,—l p (dp/dv) t I p =/,(dv/dp) 0 . . (4) 

Since l p is usually negative (heat is naked on compression) and (dpjdv) a is 
always negative for real changes, it follows that r >c r and / r >0. 

bc found Wa Tl!^ IUll0 "i', n K *"u ' C Cqua,ions - " hich ^ no * all independent, can 
bv ™ L ! M bC '’ b,amcd fr °'» lhc ^ column headed *, 6 

ssskss T ie 

J- PUys' Chcm ., S I ® 7 * 1 97 : Bmm *- 

Formulas," Cambridge (Mass ). ’|V25. * ' ' Condcnscd Colkviion of Thermodynamic 
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s ° 

v,e 

P.0 

V.p 

c 9 =c P +lp (dp/dfl)c 
U=tp(dpldv) g 

c t =yp(dpldO), 

l,=Y,+YP (dpldv) 9 

-> 

r P “C»+/f(dt/dfl)p 
/ p =/,(dt/dp), 
c P =y.(df;d0)r 
lp=Y?+Y9 (dl'/dp)* 

Y,-l,+C, {dOldV)p 

y r =0 (dfy’dplr 
Y ,=cpid6l6v)p 
Yp=lp+cp W#/d P)v 



Fig. 3.11. Work 
of Expansion 


8 6 Work of Expansion 
Let a given volume of a fluid (e.g. a gas) be 
.here is a weightless piston of area A ““^^rface of he 

*££ as; £& n ' 

state, the small amount of work done is. 

8w=forcexdisUnce=/>di=P^dz=pdu . . (!) 

where Av=AAz is the small volume increase. In all cases the 

work done by a system is taken as poa“ v «- e , he 

pansion from an initial volume «i to , he work done is given by the 

pressure p will usually change continuously, and the won. 

definite integral: 

w-{V l2) 

The internal and external forces ***£ .*£ ““^fon mus'uherefore. 

since p is identified with the pressure of the gas. P 

occur reversibly (see § 8). _ with a bounding surface of any 

Equations (1) and (2) apply l0C .Jj?. , d fina i bounding surfaces of the 
shape, since the space between the n.t.al and tin n t0 each ol 

fluid may be divided into a very 

which (1) applies, hence Si v-Spiv p . i$ donc ) when v 2 is greater 

Since p>0, (2) shows that w is P°4«'« _< when Bj is | CS s than o, (com- 

than t, (expansion), but negati« (work I* which: 
pression). In all eases the work done by a nuio 



is given by (2), where », is the initial and <- 2 ^ during changes of 

may vary during the change of vojumtlM >■ 
volume, e.g. for a saturated vapour in p 

J <4 ’ 

where Av is the increase in volume=vol. of vapour-sol. of ifl ^ ^ ^ ^ ^ 

■ The effect of ropiJ ~Hm of ' 

Phys., 1857, 100, 353; Boltzmann. M * , KilIIO „v 
1939, 36, 303, doc not come into physKo-c^m 
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The work of expansion can be represented on a p,v-diagram, or indicator 
p diagram ,» as an area. In Fig. 4.II the 

curve AB is traced out by a point moving 
as defined by (3). The small strip is phv 
and the integral in (2) is the area between 
the curve AB, the ordinates at t>, and v 2 , 
and the v axis. If the area is traced out 
from left to right, this corresponds with 
expansion and is positive; if it is traced 
out from right to left, this corresponds 
with compression and is negative. It 
should be noted that this is not a con- 
vention, but follows from the choice of the 
positive sign for work done by a system. 

The work done in the isothermal ex- 
pansion of an ideal gas is found by putting 
/w=const.=*, (Boyle’s law): 

>’.~J'Pdv m k l J”dv/v=k,l 0 (v 2 fv l ) (5) 

£co W ns ( rk -t: e ^ ' hC adiabl “ iC eXPa " Si0n ° f a " ideal *>* is fou “« ^ puuing 

'.-fjpdv-kj . . . 

J P| 


V, 


Fig. 4. 1 1. Indicator Diagram 


/» v « 


( 6 ) 


Bui k lV -*mp, therefore k 1 v'-'J pv , and y>l, 

c w t m (Pl v l —PlVdKy— | ) 

For I g.mol. (mol) of an ideal gas: 

where R is .he general gas eonslan. and Tis .he “ absolute " gas temperature! 

F=r'C. + l/,=,' C .+273-l . . (9) 

where «,s. he coefficient of expansion of .he gas: ' ' 

. . *=(».— eoVftV) 

works of expansion per’ mol lherefore lhc isothermal and adiabatic 

1,,=/f7 'ln(*'2/B l ) 

(Note that T,>r 2 and y>l, henc^^f ° 

g .cm.!e^' of work, e.g. 
[(dyne)/(cm. 2 )] x (cm. 2 )=(dyne) x (cm.)=(erg). 

1 The indicator diagram was used bv l .m,-. vv... 

5Tr> / r P h l eh purp0sc is s,il1 cmplovcT $ "'" n d T h Crmin !! ,g ,hC ^ rform ^« of steam 
J -2 ^f° ,ePoly ! echn * > 834 . 14 . 153 (see §4|) «" Thermodynamics is due to Clapcyron, 
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A convenient unit called the litre atmosphere is obtained by measuring p in 
standard'atmospheres <76x .3-59545 x 980 616=. 0.3225 x .0* dyn« per cm.* 
at sea-level and latitude 45°) andi> in litres: 

p= l atm.= l 013225 x 10 6 dynes/cm. 2 

= 1033-2525 gm. wt./cm. 2 at sea level and lat. 45 ! 

v= 1 litre= 1000-027 cm. 3 

1 lit. atm.=^=1013225x 1000 027=IO13-25xlO‘'ergs 

= 1033-2802 xlO 3 g.cm. 

It may be noted that, although p and t, are mdependenlvanabiesfor the 

definition of the s,:u of a fluid, their absdute vanauons. ° gar’dcd 

do not define the path > joining the imtial and final states , this m y E 
as defined by a parameter which is a function of p and v.- 


8 7. Cyclic Processes 

The name sys'em as used in Thermodynamics 
body or collection of bodies or any region possessing energy ( 
vacuum containing radiation), every part 
of which has a definite temperature and 
pressure, 3 and is the object of investiga- 
tion. All things outside the system are 
spoken of as external bodies. An isolated 
system is one which cannot exchange 
matter or energy with external bodies; it 
may be regarded as enclosed in a perfectly 
rigid envelope impervious to heat, so that 
no work or heat can be exchanged with 
the surroundings. In all that follows, the 
system is supposed to be at rest, chemically 
stable, and appreciably free from the in- 
fluence of directed forces, gravity, surface 
tension, electrification, and magnetisation. returns to Us initial 

If a system undergoes any series »f change" mh ,han ^ imporlanl 
state, these changes constitute a cyclic 4 V 1 R 04 ). 
conception of a cyclic process is due to S.t 1 ; , d by ,hc point A(/>„ vj) 

U. a fixed massof a gas in a ,hc sU.e «, repre- 

on the p, v-diagram in Fig. 5.11, change y wor k done : 

sented by the point C{p 2 ,v 2 ) along the path . 



F10. 5.11. 


Work in a Cycle 


.J> =area AaCv 2 V|>0 . 


(*) 


. W in 1K73* - Collected Work*." 1928. 

• This name seems to base been > 

I, 3, from Trans. Connecticut Acad . ,1873 2. 

’ Tun.ll, J. Ph„. Chen,.. 3 *v I7 ^. .,.k. Thcoric dor Warms" Leipzig. I 8 ’ 5 ' • 

» Neumann, " Vorlesungen liber die mcchamsen 

Luder. 1. Chem. Blue., 1946, F „, „ sur , c s Moyens propres i 


^“u rj^cc MouXe du Feu - 5 U>: *** 

eelle Puissance," Paris, 1824, 17. 33. »«« u,g- E n 6 l uaml. by Thurslon, " Rcn«nom 
reprint, 1903 (1912, 1924 ); another^;... ls92 . 3 7; cr.us.sm b, Kaveau. 
on the Mouve Power of Heat, 18W. 

Compi. Rend., 1929. 188, 313. 
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is positive (area traced from left to right). Now let the gas be compressed from 
C along the path /? so that it recovers its initial state A. The work done: 

J? v =arca C/? Aviv 2 <0 (2) 

is negative (area traced from right to left). The expansion along a and the 
compression along 0 together constitute a cycle, and the net work, the algebraic 
sum of the amounts of work (1) and (2), is represented by: 

area AaCv 2 V|— area C/?Avit>j=*area AaC/?=area of the loop. 

This is positive when the loop is traced out clockwise, since then area AaCz> 2 Vi> 
area CpAv t v 2t but if the loop is traced out counter-clockwise, the larger area is 
negative, corresponding with a compression, and the net work is negative. 
This is not a convention but follows from the positive sign of work done. If 
more than one loop is traced out, the net work is the algebraic sum of the areas. 
The net work done in a cycle is represented by the area of the cycle on the 
p, v- diagram. 

§ 8. Carnot’s Cycle 

An important cyclic process, devised by Carnot (1824), 1 consists of four 
reversible operations, two of which arc adiabatic and two isothermal. The 




l ie. 6.11. Carnot’s Apparatus (Reversible M Engine ") 


so-called ’* working substance.” c.g. 1 mol of an ideal gas, is contained in a 
cylinder closed at the bottom by a perfect conductor of heat, and in which a 
piston moves without friction, the cylinder walls and piston being perfect non- 
conductors of heat. A stand of a perfect non-conductor of heat is provided. 
A source of heat (’’ hot body ') at a fixed temperature 0, = 7', on the absolute ” 
gas scale defined in (S). § 6. and a refrigerator (’’ cold body ’*) at a temperature 
0 ? _y 2 on the “ absolute ’* gas scale, arc provided (fig. 6.II). In order that 
7 , and 7\ (7 i>7’ ; ) may remain constant when finite amounts of heat are taken 
from or added to the heat reservoirs, the source may contain steam and water 
at 100 C.. and the refrigerator ice and water at O' C. 

The expansions and compressions of the gas in the cylinder become reversible 
when: 

(i) the pressure /> of the gas differs only infinitesimally from that above the 
piston, when a change ±Zp will send the piston up or down through an in- 


Moukv * Fcu " “*• * ; • "»*' 


of Carnot’s cycle, see 
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During this operation a quantity of heat q x is absorbed by the gas from the 
source. 

(3) The cylinder is placed on the stand and the gas expanded adiabatically 
till the temperature falls to T 2 . The state is p At v 4 , T 2t represented by D. The 
work done is positive and is: 

H'3=I/?/(y-l)](7'.-7 , 2) (3) 

(4) The cylinder is placed on the cold body and the gas compressed isotherm- 
ally until the initial state p 2t v 2 , T 2 is reached at A. The work done is negative 
and is: 

w 4 =RT 2 In (v 2 Jv 4 ) (4) 

During this operation a quantity of heat q 2 is rejected by the gas to the 
refrigerator. 

The cycle is now completed. The working substance (the gas in this case) 
is unchanged, since its final state is identical with its initial state; the changes 
arc confined to the heat reservoirs, one of which has lost an amount of heat q x 
and the other has gained an amount of heat q 2 . These changes will have caused 
certain changes of state in the materials of the heat reservoirs, which persist 
when the cycle is completed. 

The net work done in the cycle is represented by the area ABCD (clockwise) 
and is positive: 

{w)=w x + w 2 +w i +w 4 =RT l ln{v i /v l )+RT 2 \n(v 2 lv 4 ) . . (5) 

the amounts of work done in the two adiabatic changes (1) and (3) being equal 
and opposite. An amount of heat q x —q 2 has also disappeared. 

Since all the volume changes are reversible, the cycle may be carried out in 
the reverse sense, beginning at D, compressing adiabatically along DC till the 
temperature rises to T l% then isothcrmally along CB with rejection of heat q x 
to the source, then expanding adiabatically along BA till the temperature falls 
to 7*2, and finally expanding isothcrmally along AD till the original state is 
reached at D, the heat q 2 being absorbed from the refrigerator. The work done, 
represented by the area ADCB (counter-clockwise), is negative and is: 

(h')=/? 7' 1 In (v x lvy)+RT 2 In (v 4 /v 2 )= —(u) . ... (6) 
An amount of heat q x — q 2 has been produced. 

From (17), § 4. for the two adiabatics DC and AB: 

7> 4- ' = T,vr' and T 2 vr'=T,vr l (7) 

hence by division: 

T x vr l T 2 v 4 * 1 

••• fj/t-.-o./e* (8) 

(u)=R(T x -T 2 ) In (vy/v x )= -(»*•') .... (9) 

In the case of an ideal gas, here considered, the work done during isothermal 
expansion is equal to the heat absorbed {Joule's Law, § 54), therefore « 7 , = h- 2 , 
and </ 2 = — u 4 (the minus sign being taken because q 2 is heat given out by the 
working substance). Hence: 

q\^RT\ In (r, /«•,), and q 2 =RT 2 In (v 4 /v 2 )=RT 2 In {v } lv x ) 


R In (t'ilv x )=q x /T , =q 2 /T 2 . 

Therefore from (9): 

» =«/ ,U , - T>)/r x =q 2 {T x - T 2 )/T 2 (10) 

or q x 'T l =q 2 !T 2 ( 11 ) 
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absorbed from the hot body could be converted into work. 

6 9 The Reversible Conversion of Heat into Work 
The conditions for the reversible conversion of heat into work follow from 

'''(l'^The working substance must be left in the same state as at the beginning of 
only infinitesimally, i.e. the transfer mus^ isotherma^ m the h ^ 

with these by friction (which would 

(4) All moving parts e.g ; pistons) m«»»op* ions and expansions 

thelntcrnafand'externa! ^ 

reverslble'carmyt's'cyclV^nd the dewifip"!^^^ this fit § 8 formally demonstrates 

its reversibility. 

The First Law of Thermodynamics 

§ «».« « sk 

ccrning the nature of caloric, is, that o i S attracted by all other bodies, 
the particles of which repel one anot he . * ‘ ^ , lhal heal is 

Many suggestions were made, however, kinetic energy of the 

really a “ form of motion," i.e. the same in essence 

• On Carnot's cycle for any ^ Vot ,h t c c . J . ,,icr 

2 •• A New System of Chcm.cam^^^^^ |7J2 . 126 f.: Black 1 Uc; 

theories of heat see: Boerhaavc. Ekmcma C itcmi . bufKh> , xo3 |. JO f.. 117. 157. 

tures on the Elements of Chemistry. * * A ir and I ire." English iransl. by orsjer. 

Schcelc. "Chemical Observations and E^rimcnt of Specific and Latent Heats. 

1780, 66. 109. 1 1 1 ; McKic and Hcathcote. H"- 3 j 7; , 9W A || J. a long summary 

1935; Partington and McKic. Annah tf*^™** : , K4 , I0 . 5 2 f.; the name caloric 

is given by Munckc. in Gehkr s " Phys.kahch« Wor'ah f of chemistry. English 

for the " imponderable matter of heat is due o ,hcory due lo Clcghorn. whieh 

Iransl., 1796. 53. Black favoured a i mod. «{JJ allraC tcd with varying force by d.llcrcnt 
supposed the particles of caloric to be self-repellent 

kinds of matter. .. . , ,54 more precisely, J Hermann. 

J " Novum Organum." 1620. " Works. ML4.1*- nuidoIum . libr. duo.* Amsterdam, 
nomia sive dc Viribuscl Mot.bus Corporum jhc of a body is proportional to 

1716. 376 (Ochlcr. Ann. Phys.. 1880. 9 512). ^o wys * ^ .. calor> extern paribus, 

its density multiplied by the square of the vetoe y • ^ ratione agitation* pa.t.cu- 

csl in composite rationc ex remarked «ha. a large pro- 

larum ejusdem." Lord Rayleigh. Proc Cavc nd.sh. Rumford. Davy, and 

portion of outstanding English scientists. wk an d Dalton wore notable excep- 

Young, always favoured the idea that heal is mo ! “ 
lions), while the French school supported the caloric tne iy 
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small particles of bodies. Experiments by Rumford 1 in 1798 and by Davy 2 
in 1799 showed that unlimited amounts of heat can be generated by friction, 
and Hirn 3 in 1862 proved experimentally that in the operation of a steam engine 
heat disappears when work is done. 

Newton 4 (1687) seems to have had an idea of the conservation of energy 
when mechanical work or kinetic energy is converted into heat by friction, since 
he says: “ If the action of an agent be measured by the product of its force into 
its velocity [i.c. the work done per sec., or the power], and if similarly the reaction 
of the resistance be measured by the velocities of its several parts multiplied by 
their several forces, whether these arise from friction, cohesion, weight, or 
acceleration, action and reaction in all combinations of machines will be equal 
and opposite." 

The statement of Leibniz 5 is more definite and striking: when two soft or 
inelastic bodies collide, part or all of their “ force " [ = kinetic energy; see § 1 1] 
" is received by the particles, they being agitated inwardly by the force of the 
collision. Thus the loss ensues only in appearance. The forces are not 
destroyed, but dissipated among the minute parts [mais dissipees parmi Ies 
parties menuesj. This is not losing them, but is doing what those do who turn 
money into small change." 

Lomonossov, 6 in a memoir written in 1744 and published in 1750, taught 
that heat is always a form of molecular motion: " calor consistit in motu 
gyratorio particularum corporis calidi." Cavendish 7 believed that heat con- 
sists in the " internal motion of the particles of bodies"; and although he calls 
this ** Sir Isaac Newton’s hypothesis," it is really Francis Bacon’s. 

Rumford's experiments were made as a result of his observation of the great 
amount of heat evolved in the boring of gunmetal cannon, when only a small 
quantity of chips or powder was removed from the metal, so that a mere change 
in the capacity for heat of such a small amount of metal could not account for 
the liberation of heat sufficient to boil a large mass of water. He made some 
special experiments on boring a hollow cylinder of gunmetal with a blunt steel 
borer, and arrived at the following conclusion: 

“ NVe l,avc sccn that a very considerable quantity of heat may be excited by 
the friction of two metallic surfaces, and given ofT in a constant stream or flux 
in all directions, without interruption or intermission, and without any signs of 
diminution or exhaustion. ... In reasoning on this subject we must not forget 
that most remarkable circumstance, that the source of the heat generated by 
friction in these experiments appeared evidently to be inexhaustible. It is 
hardly necessary to add that anything which any insulated body or system of 


' Phil. Inins., 1798. 88 . 80; " Works." Boston. 1870. 1. 469. 

• . A -I l . SS '. ,y 0n ,,cal and L '* h, “ ,n Contributions to Physical an,/ Me, Heal Knowledge, 
b > 1 ' • Beddoes. BumoI. 1799; “ Work*." 1840. 2 . 1 1 ; “ Elements of Chemical Philosophy ." 
18k. I. >4; - Works. 1840. 4. 67: cf. Andrade. Suture, 1935. 135. 359. 

' " JTieoric mccanique dc la Chalcur." 1865. I. 84. Preston. " Theory of Heat," 3rd edit., 
4 ci. ' a UC ' 4 ' ;,nd 4:0 4 *•’ m wcrc found for the mechanical equivalent of heat, 
hclioliuin to third I au of Motion; ” Principia," Geneva. 1739. 1. 60; Tail. Proc. Roy. 

K t : ^ W< T; ,SW - 28 ‘ 28S: IX65 ‘ 29 « 55; " Advances in Physical 
. ^ 7\. I "^‘ n and ,J,t - " Treatise on Natural Philosophy." Cambridge, 1886. 

. 247 . Akin. Phil. Mag., 1864. 28. 470 (also other older hints of conservation of energy). 

otter to ( larkc. q. b> Stallo. Concepts of Modern Physics." 2nd edit. 1882, 81 ; the 
idea, and name, of "dissipation of energy " arc clearly expressed by Licbniz. 

Win m 7 T r/X' / ,,747 S '- ,75 °* *• **• Dstwald's Klassiker. 

i *iu. I7n. 19. .... 53; A. Smith. J I.C..Y. 1912. 34. 111. 

rs ’- w - iw». IS. 424: Maxwell. •• Thcocy of Heal.” 
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bodies can continue to furnish without limitation cannot possibly be a material 
substance; and it appears to me to be extremely difficult, if not quite impossible, 
to form any distinct idea of anything capable of being excited and communi- 
cated in the manner the heat was excited and communicated in these expen- 

m SOTiTdata tfwnby Rumford lead > to the value of 940 ft.lb. to heat 1 lb. of 
water by 1° F the correct value is about 780 ft.lb. 

Davy showed that two rods of ice arc liquefied when rubbed together by 
clock-work under an exhausted receiver surrounded by ice, and concluded 
that: 

“ A motion or vibration of the corpuscles of bodies must be necessarily 
generated by friction and percussion. Therefore we may reasonab y condude 
that this motion or vibration is heat. . . . Heat . . . maybedennedas 
peculiar motion, probably a vibration of the corpuscles of bodies tending to 
separate them." In 1812 » he said: “ The immediate cause ^ 

heat is motion, and the laws of its communication are precisely the same as the 
laws or communication of motion also that " it seems possible o account for 
all the phanomena of heat, if it be supposed that in solids arc in a 

constant state of vibratory motion, the particles of the hottest bod.es , mo 
with the greatest velocity and through the greatest space. .1 a 
elastic fluids (gases], besides the vibratory motion, * conc ' 

greatest in the last, the particles have a motion round tlwr . awn axes, 
different velocities, the particles of elastic fluids moving with the greate t quick 
ness; and that in ethcrial substances the particles move round 1 then own Mes. 
and separate from each other, penetrating in righldincsthoughspacc Tem 
pera.ure may be conceived to depend upon the velocities o r Vn ' ^and The 
increase of capacity on the motion being performed in gr, » cr space and the 
diminution of temperature during the conversion of sohds inio fluids g. ^ . 
may be explained on the idea of the loss of vibratory motion in co"'equence o 
the revolution of the particles round their axes at the mom*"' » 'hen tl y 

becomes fluid or inform. or from the loss of rapidity of vibration ,n 

qucncc of the motion of the particles through greater space. 

Roget > in .829 gave what is essentially a partial statement of.he^law^ol 
conservation of energy. “ All the powers and sourc .■ c ff cc ts 

operation of which we are acquainted, when producing that P^uhar encc . 
am expended in the same proportion as those effects »rc produced, and hence 
arises the impossibility of obtaining by their agency a .or. 

other words, a perpetual motion." This passage was rep oduced n IMU oy 
Faraday, 1 2 * 4 who himself never seemed to have distinguished clearly between 

1 Tail, " Ream Advances in Physica! a'^'n.mmll capjciiy^'f "w water and 

1894, 41, 3rd edit., 1919, 42, says Rumford estimated I he hama * and raive ,hc 

apparatus as 26-58 lb. of water. One horse was sufliui _ f i nds #47 ft.lb. as the 

temperature from 33* F. to 212* F. in 2$ hours jorn which aclually uscd 

mechanical equivalent, about 10 per cent, greater th Sketch of Thermodynamics.” 

two horses, but says one would have been > ufl *- icn, m 

Edinburgh. 1877, II. calculated 940 ft.lb. from the saw* eg*™* . .. Workb/ - , 840 . 4. 67. 

2 " Elements of Chemical Philosophy. 1812. 95. • • f lhis hypothesis. 

157 f. Rankinc's ” theory of vortices " (§ 3.1V ). * a <■ .. Qn , htf connexion of the 

» ••Galvanism." 1829. § 113. p. 32; sec also Mrs Comers me. 

Physical Sciences," 1834, 250; 3rd edit.. 1836, 237 41 1 . 2 , o3; Lvciy „wn edit.. 314. 

4 Note in " Expcrimenul Researches. 29 March. • • ‘ tfxag g C ratcd as a result 

The statement by Rogel is in general terms, and its importance has been gg 
of its quotation by Faraday. 
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“ force ” and 44 energy,” or to have appreciated the work of Joule. It will be 
noted that Roget says nothing about heat. 

Sadi Carnot, who died in 1832, left some notes which show that he was con- 
vinced that the caloric theory (used in his memoir of 1824) is incorrect. He 
says: 1 14 Heat is simply motive power, or rather motion which has changed form. 
Whenever there is destruction of motive power, there is at the same time produc- 
tion of heat in quantity proportional to the quantity of motive power destroyed. 
Reciprocally, whenever there is destruction of heat, there is production of 
motive power . . . motive power is in quantity invariable in nature— that is, 
correctly speaking, never either produced or destroyed.” He estimated that 
1 g.cal. of heat is equivalent to 370 kg.cm. of work (see § 13). 

Mohr 2 in 1837, after pointing out that radiant heat is regarded as an undula- 
tory motion, goes on to say that: 44 heat is no longer a substance, but is rather 
an oscillatory motion of the smallest parts ” [really Davy’s theory]. He, like 
Mayer in 1842, used the name 4 * Kraft ” [force] for energy, and said heat is one 
form of it. He pointed out the relation of the difference of specific heats of 
air at constant volume and constant pressure to this nature of heat, but docs not 
(as Mayer later did) calculate the mechanical equivalent of heat from this 
difference. SSguin 3 in 1839 gave data from which it follows that the mechani- 
cal equivalent of 1 g.cal. is 650 kg.m. Colding 4 in 1843 found from friction 
experiments similar to Rumford’s the value of 350 kg.m. (Mayer gave 365; 
the correct figure is 427 kg.m.) 

The hypothesis that animal lical is due to oxidation of material in the blood 
by atmospheric oxygen in the lungs was adopted by Crawford, 5 and had been 
supported by experiments similar to those made by Lavoisier and Laplace, 6 
to which he refers. It was found that the heat of combustion of the carbon was 
insufficient to account for the heat; Crawford supposed this was due to a change 
of heat capacity of the blood; Lavoisier and Laplace later thought the balance 
was provided by the oxidation of hydrogen. Crawford (whose statements 
arc not very clear) concluded from his experiments that 44 the quantity of heat 
produced when a given portion of pure air [oxygen] is altered by the respira- 
tion of an animal is nearly equal to that which is produced when the same 
quantity of air is altered by the combustion of wax or charcoal ” (p. 352); and 
he supposed that the heat is given out in the lungs (p. 355). Others, c.g. Davies, 7 
thought that animal heat was due to the friction of the blood in the veins and 
arteries, and this view, as a complete explanation of animal heat, had already 

' " Reflexions sur la Puissance Motricc du Feu,” 1878, 94; before his death in 1832, there- 
fore, Carnot had arrived at both the fundamental laws of thermodynamics; Mach, “ Die 
Prinzipicn dcr Warmclchrc” Leipzig. 1896. 238. 242; Dccombe, Compt. Rend., 1918, 168, 268. 

2 Z. f. Phvs. u. vernandte IViss. (ed. Baumgartner and Holger), 1837, 5, 419; Ann., 1837, 
24. 141 ; Phil. May., 1876. 2. 1 10 (tmnsl. by Tail); ” Allgcmeinc Thcorie dcr Bewcgung und 
Kraft als Grundlngc der Physik und Chemie." 1869. 

•* " Do l‘ Influence dcs Chemms de Fcr.et dc I'Art de les tracer ct dc les construirc,” Lifcge, 
1839. 2-: f., 385 f : Tail. Phil. Mag.. 1864. 28. 288; Tyndall, ibid., 1864, 28. 25; Joule, ibid., 
1X62. 2- . 121 ; 1864, 28. 150. claimed the priority of Seguin over Mayer. 

4 Pin. Mug.. 1864. 27. 56. referring to communications of 1843 f., which I have been unable 
to trace. 

5 “ I ."crimcnls and Observations on Animal Heat and the Inflammation of Combustible 
Bodies.” .'.nd edit., 1788, 310 f.. 315. 346. 352. 354 f. In the first edition of his book. 1779, 
17 f.. 32. 53. 69. SO. Crawford followed the phlogiston theory and attributed animal heat to a 
change of heat capacity of air on phlogislication. 

'• Mem. Acad. Sci.. I7.no |I7X4). 355: Lavoisier. “ CEuvres." 1862. 2. 283; Ostwald s 
Klassikcr, 1892. No. 40. 

7 Quoted by Joule. Phd. Mug.. 1843. 23. 435. 
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been proposed by Haller,' who expressly states that water can be heated by 
friction In 1821 the Academie des Sciences in Pans offered a prize for an 
investigation of the problem, and Despretz and Dulong made experiments. 
Despretz received the prize in 1823, and published his results - in 1824. He 
concluded, from numerous experiments on animals, that the complete heat of 
oxidation of the carbon and hydrogen leaves unaccounted for about 20 per 
cent, of the animal heat, which he supposed was made up " by the motion or the 
blood and the friction of its different parts." Dulong read h.s paper in 1822. 
and the results were published in extract before Despretz paper but in lull only 
in 1841. 3 He found results similar to Despretz', but suspected an error in the 
heats of combustion of carbon and hydrogen. He made fresh experiments on 
these, which were published posthumously. 4 and although these confirmed the 
previous value for carbon, they showed that the figure for hydrogen was much 
too low (24.000 units per g., whilst he found 34,444). The correction was much 
more than sufficient to remove the supposed discrepancy. , 

The physiological importance of animal heat, according to Epstein, explain 
the interest aroused by it in Mayer and Helmholtz, both medical men. 

J. R. Mayer 5 (who does not mention Mohr or others) arrived in 184. y 
semi-metaphysical argument at the idea that heat and work (Kraf.) are'wo^ms 
of an entity (which we now call energy): " Forces are causes and hence there s 
complete applicability to them of the fundamenta law causa “ 

the cause c has .he effect e, .hen e-e." He calculated .he mcch.n^l qu'va'en. 
of heat as 365 kg.m. per g.cal. from the difference of the two '**?"** j 
as explained in § 21. making an implicit assumpl.on that all ^ ^t absorbed 
in heating 1 g. of air through 1° a. constant atmospheric P rcss “ rc “PP!’7on 
external work In spite of statements to the contrary." Mayer in h.s publications 

■ •■Element. Physiotogiae." Uuunnc. .760 2. 
als Erfahrungswissemchaft," Leipzig. 1840. 6, 540; Worn. PM. M,«.. 1839, t«. P 
" Textbook of Thermodynamics," New York, 1937. 30 r. 

* Ann . Chim., 1824, 26. 337. 

» Ann. Chim., 1841, 1,440. 

* Am,. Chim,, 1843. 8, 180 (edit, by Caban). .. Jc[ watnKi - 

5 Ann., 1842, 42, 233; reproduced in his. 1929. 13. l8 - N ' J > cr - .Ruivrtstw ild sKlassiker, 

Stuttgart, 1867, 1 r,26(2ndedit.,1874;edit.by Weyrauch.SMiiigartJ 8 ' , dcI 

1911. No. 180; Wcyrauch, " Robert Mayer, dcr Enl decker <ks » ® , 

Encrgie," Sluitgart. I890;cf. Partington." Chemical Thcrmod^n-rmeN. 1924. II.. 

Mayer’s papers were translated, at Tyndall’s instigation, as loi owv. 

1. U842] Phil. Mo,.. 1862. 24. 371 (by G . C. Foster) ; summary by Tyndall.-**. 

II 11845). Summary by Tyndall. Phil. Mag.. I8M. M. 25. 

III. (1848). Phil. Mag.. 1863. 25. 241. 387. 417 (by Debus!. 

IV (1851). Phil. Mag.. 1863. 25. 493 (by G. C. Foster). * Ilh ^-productions 

Translations of Mayer’s and Helmholtz s (184 7 sec below) p • • no||CCN arc given 

of works by Grove and papers by Liebig and Carpcntc^wiih g According 

by Youmans. " The Correlation and Conservation of Forces New York. I 
to Ostwald. Z. pAy, CW. 1910. 75. 5. 1 the tetter ol ^rejection ^ ^ 

the German Chemical Society was signed by A. W. Hofm . hanJ awailing publica- 

not accepted because of the large number of purely cherned ,, , 802> 24. 121 ; 1864, 

tion. See also Tyndall. Phil. Mag.. 1862. 24. 57. 173 308 Joule ^ , , 74 
28. 1 50; Tail. Ibid.. 1864. 28. 288; Lord Kelvin MatlT and J hys. Pj*^ J^. .. A Lecture 
Views similar to Mayer’s were put forward by O ^ |9 J h ©f January. 1842. 

on the Progress of Natural Science . . . delivered on s J- . pr|VJ , c | y issued). 27; 
Prinud by order of the Managers of the London Instil f ’ Lectures delivered 

" On the Correlation of Physical Forces: bong the Su b *|* nCc of a c 

in the London Institution in the year 1843." 1846. 21. -9. c e. vvarm.-iheoric." Bruns- 

4 Tyndall. Phi,. Mag.. 1864. 28. 25; Claus, us. ” ?k ™han ^ “1. - AHund- 
wick. 1879, 2. 324; Bertrand. " Thermodynam.que ^r.s 1887. or.. <-'pp 
lungen und Vortrage," 1906, 1, 551 ; Ckrm. Zig.. 1923. 47. 80/. 
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did not justify this by reference to Gay-Lussac’s experiment of 1807 (see 
§ 23. VII A) until 1845, after the publication of Joule’s first papers (which are not 
mentioned). Joule pointed out the assumption which had been made by 
Mayer, and justified it by experiment. Letters of Mayer to Baur, however, 
show that he appreciated the significance of Gay-Lussac’s experiment in 1841, 
and this is noteworthy. 2 In the early part of his paper,* sent to Poggendorff in 
June 1841, the calculation does not appear. The only experiment to which 
Mayer refers is the rise in temperature from 12 c to 13° by shaking water in a 
medicine bottle, and he does not explain how the entry of heat from the hand 

was prevented. . 

The idea of the conservation of energy was again stated, in 1847, by Helm- 
holtz, 4 who developed it in several directions. He refers to Joule’s experiments, 
begun in 1840 (see below), which showed by various methods that there is a 
fixed relation between the measure of a quantity of work (or of electrical energy 
directly convertible into work) and that of the quantity of heat obtained from it 
by complete conversion. If these two measures arc expressed in terms of the 
erg and the gram-caloric, respectively, there will also be a relation between the erg 
and the calorie, or in general between any two units used for the measurement of 
work and heat, respectively. 

§11. Energy 

The erg is the e.g.s. unit of work (or energy), and is the work done by a 
constant force of 1 dyne moving its point of application through 1 cm. in a 
straight line. The dyne is the e.g.s. unit of force, and is that force which imparts 
to a mass of 1 gram an acceleration of 1 cm. per see. per sec. (i.e. when acting 
for 1 sec., imparts to it a velocity of I cm. per sec.). The dimensions 5 of force 
arc [mjr 2 ] and of work or energy [ms 2 r 2 ) t where m= mass, s= length, f=time. 

If a constant force P is applied for a time /, during which the particle of mass 
m moves over a distance s in the direction of the force, the velocity of the par- 
ticle changes from //„ to u. Then: 6 

force = mass x acceleration. 

/’=m(dW) (1) 

i J. R. Mayer. ** Kkincrc Schriftcn und Bricfc," edit. Wcyrauch, Stuttgart, 1893, 131 
(letter of 12 Sept., 1841), 152 (letter of 13 July. 1844). 262. 269, 281 (letters to Paris Acad, of 
Sci. of 1846 9); on the polemic between Mayer, Compt. Rem!.. 1846. 23, 544 (title only); 
1848. 27.385; 1849. 29. 534; and Joule, ibU.. 1847, 25,309; 1849. 28, 1 32; see Mayer. " Klcincre 
Schriftcn und Bricfc." 1893, 258 f.. and on Tyndall's part, ibid., 322 f.; Sarton. /sis, 1929, 
13, 18 f.; on Mayer, see also K. Duhring. ** Ncuc Grundgcset/c zur rationcllcn Physik und 
Chcmie." Leipzig, 1878. I. 99 f. 

: Haber, " Thermodynamics of Technical Gas Reactions." 1908. 35; Hinshclwood. " Ther- 
modynamics," 1926. 25. 

» " Klcincre Schriftcn und Bricfc." 1893. 100 f. 

* (hx-r die Er ha It ting dcr Kraft, cine physikalischc Abhandlung. vorgclragcn in dcr Sitzung 
dcr physikalischvn Gc'dl'cluift /u Berlin am 23sten Juli 1847." Berlin. 1847 (72 pp.), men- 
tioning Joule's publications on p 25; “ Wiss. Abhl ," Leipzig. 1882. 1,12; Ostwald's Klassiker, 
1889, I ; transl :» Taylor's 1 Scientific Memoirs." 1853, 1 14; Helmholtz, " Uebcr die Wechscl- 
wirkungen der Naturkra'tc." konig'boig. IS54; French transl. by Perard. “ Mcmoirc sur la 
Conservation J - | l orce " Paris. 

i Lor a 1 \ account ol the Mihjco of dimensions, sec J. J. Thomson, " Elements of 
the Mathematical Theory of Electricity and Magnetism.' Cambridge, 1904,452; Maxwell, 
"Theory ol Heat." 1897. 74 v i ami Jenkin, B. .4. Rep.. 1863. 130; and the criticism of 
Planck. " T I leone dcr I lekiri/u.n i,n ' des Magnet ismus." Leipzig. 1928. 14. The study of 
dimensions g*ics back to I ouiK-r, 1820; ncc § 73, I. 

On the " t dative "character of these d.imilions. see Newcomb. Phil. Mag., 1889, 27, 115. 
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j jj tNtKUI 

Multiply both sides by the identity ds=(ds/dr)dr, and integrate on the assump- 
tion (modified in the Theory of Relativity) that the mass .s constant. 

f'j’ds=/m(d J j/dr 2 Kds/dr)d/=imJd(ds/dr) ! =5'nJdu J 

0 Ps=\mu 2 -$'"u<t ! 

other system. Equation (2) (in which P P kinetic and potential 

wfiZd ,hcrc is fric,ion> 

mt> 2 , which Leibniz * had called v, s l ^_^ C ^ als0 used the name 

optics is due mainly to Fresnel ‘who was at on *• S. by 

meaning of " energy " was extended 1 to mclude^ts tnermo , # b( „ 

iater n ' ,S used Th ° name”' intrinsic* energy." ^--^1^*13 

fSSSerSSXXV^» » 

effort ou endrgie, qui n'est point dans un corps en rep . 

; ^ * - -« - wctkc " 

edit. Gerhardt. I860, Hi Folge, «. 238. |»- fw. »». **. Glut*". >***• 

1 />*«. Mag., 1853, 5, 106; Edia. N. »«. (;• '“’i 20 j 209.229. He used the name 

3, 381 ;^.CWm„ 1868. 13, 73; " M^Se^pm. ^ Kiclicc ofenetsy. 

^ 1 ■■ Spannkrafl." .. 

1877, 64; Thomson and Tail, " A TKatMOJ £ “J Account of h.s Socnliltc Life and 

n "- *“* • ,M2 - 4 - *• ,w - ,M; ,M5 - 
««•£*; M ^s£i;sau2. 

* •• Encyclopedic Milhodiquc. Seel. MaincnHUMuv, 

5* 
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§ 12. The Mechanical Equivalent of Heat 

The mechanical equivalent of heat / (after Joule) is the number of units of work 
which, if completely converted into heat, would give rise to one unit of heat. 
The work unit may be the ft.lb., g.cm., kg.cm., or erg; the unit of heat the 
lb.° F. (heat required to raise 1 lb. of water through 1° F.), lb.°C., g.cal., k.cal., 
etc. That such a mechanical equivalent exists is shown by (i) the fact that heat 
and work are interconvertible, (ii) the fact, first established by Joule, that the 
ratio is a fixed constant, depending only on the units of heat and work and inde- 
pendent of the process of conversion. 

Osborne Reynolds, in his memoir on Joule, 1 points out that Joule’s work was 
“ received in complete silence,” adding that “ ‘ the angels feared to tread,’ and 
perhaps the most remarkable thing is that in this case there were no fools.” 
Joule’s researches may be summarised as follows; the details of the experiments 
will be found in the better type of works on physics. 2 

(a) In 1843 3 the heat produced in a coil of wire by induction currents set up 
on rotation between the poles of an electromagnet was communicated to water in 
which the coil was placed, and was compared with the work done by falling 
weights in rotating the coil. This gave 7=459-62 g.m. per g.cal. 

(b) In 1845-78 4 the heat produced by stirring water, oil, and mercury was 
compared with the work done by falling weights which actuated the stirrer. 

Joule’s early water-stirring apparatus, which has great historical interest, 5 is 
shown in Fig. 9.11. The water was contained in the copper calorimeter AB with 
a lid carrying two tubes. Through one of these passed a thermometer and 
through the other the spindle of the brass paddle, consisting of eight sets of 
revolving arms working between four sets of stationary vanes fixed to the 
vessel. The spindle was interrupted by a boxwood cylinder, which minimised 
conduction of heat. The paddle was worked by the descent of lead weights ee 
suspended by string from the rollers bb, supported by steel axles cc on brass 
friction wheels dd, and the motion was communicated by line twine from the 
pulleys aa to the central roller f, which could be detached, for the purpose of 
winding up the weights, by the pin /». The height of the weights (about 5j- ft.) 
was read oil on the scales kk. I he weights were allowed to fall twenty times, 


Munch. Man., 1892, 77, ice also A. Wood. “Joule and the Study of Energy,'' 1925. 
James Prescott Joule. 1818-89. a pupil of Dalton and a brewer of Salford, near Manchester, 
must be regarded as the experimental founder of the law of conservation of energy. Sec his 
“ Scientific Papers." 2 vols.. 1884-7; Men, “A History of European Thought in the Nine- 
teenth Century," 1912, 2. 95. 

2 Winkelmann. “ llandhuch dcr Physik," 1906, 3. 537 f. 

x, ! itr " IR . 4 ?; P* 2 P; 1 347 * 435: " ° n lhc Calorific Effects of Magneto-Electricity and 
on the Mechanical Value of Heat. 

• Phil. Mat; IH45, 27. 205: “ On the Existence of an Equivalent Relation between Heat and 
he ordinary forms of Mechanical Power ibid.. 1847, 31. 173: “ On the Mechanical Equiva- 
lent of lle;.t a^ .lete r m ,n cd by the Ileal evolved by the Friction of Fluids"; Compt. Rend., 
. ' If' h T ' ,85 °* l40, 61 • rcnd in J,,nc - 1849 (communicated by Faradav); 

I> « mTvI -V r8 ? 4 601 : "° n lhc Mechanical Equivalent of Heat"; Phil. Trans., 
'^crm'nationNof the Mechanical Equivalent of Heat." Joule, "Scicn- 
arers. >3. . 1. !-3. 20- _/7. 2*8. 298. 632. A German transl. of Joule's papers by 
S sngel is Das mcchanochc W armcaqimalcnt. Ges. Abhl. von J. P. Joule." Brunswick. 1872. 

aCC °" m "! ,hc determinations of the mechanical equivalent of heat. 

l sg “; n »» ‘ »■ “"'«<'«■ ««• •***-. IW. 40. «l : •• D,, nonary of 

, . 1 , ,; S CS ' , 1 *• 4 • dealing with work done to those dates. A table of all the 

rOU,Kl lhc ,imC of Publication is given by Miculescu, 

, 0f ^ J, ‘ of , . h ': •*PP*iratus. in the Science Museum. London, is given 

m I d«ei. Heat lor Advanced Sludentx." 1899. 275. 
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weights on reaching the groun ( - 8 Thc melhod was a | s0 used with 

as well as minor corrections for ■ and fourth series lw0 cast-iron 

mercury (with an '™ n v< *** l) ' mcrcury T he water friction experiments 

rs? 

g.m. per cal. ln l878 J ^J* e U ^ which lhe ca | or imeter was suspended by a 

of 

SSK -- cwMaining ^ H- 
result was 423-9 g.m. f . 77 -> f , , b ^ ib. of water raised 

62 ' F raiWd ,hr ° USh 



Fio. 9.11. Joule s Apparatus 

ii tk 1 1 A recalculation J 
1° F. Thc modern value is 778-57 ft. lb. **? ern temperature standards, 
of Joule’s best experiments of this type, with modern P 

etc., gave 7-4-1714x1 0 7 ergs per * * 8 ’ C *J’ w pro duced by compressing and 

(c) Some experiments 5 on the heat a p 4 2 g. m .. respectively, but 

expanding air. made in 1X44-5. gave 436-1 and 44» g 

these results were not considered accurate. ing an electric current 

(d) In 1867 Joule <• measured the heat prod* ' ^ compa rcd it with the 

through a coil of wire immersed in it • cal • (Q |hc , aw discovered by 

electrical energy spent by the current . 

1 Phil. Tram.. 1878. 168. 365. rhjlcur " Colmar. 1858. I. 85. 

* " Rcchcrchcs sur rfcjuivaknt Mccamquc dc * • 1902. 34). 469. 

. ^.am*.**.***.™ r* j. f . a. 

4 Graclz. in Winkelmann, Handbuth <Kr rli).'.- 
Tram.. 1893, 188. 361. _ , Tt . mpcr aiurc produced b> the 

> Phil. Mo*.. 1845 . 26. 369: " On Changes * Jvmpaatu 
and Condensation of Air ** : ** Scientific Papers. 

<■ D A. Rep.. 1867. I. 512. 
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Joule 1 in 1841, viz. that the energy is proportional to C 2 Rt, where C=current, 
R= resistance, /=timc. The result (recalculated 2 on the basis of modem 
electrical units) was 7=4* 1665 x 10 7 ergs per 15° g.cal. 

The converse of Joule’s experiments, viz. the conversion of a measured 
amount of heat into a measured amount of work, was made with a steam engine 
by Hirn, 3 who found 7=415 g.m. per g.cal. 

In a simple apparatus for determining the mechanical equivalent in the 
laboratory devised by Puluj, 4 the friction between two metal cones develops 
heat which is communicated to mercury in the inner cone, the rise in tempera- 
ture being measured by a thermometer. A small apparatus with stirred water, 
similar to Joule's, is described by Christiansen. 5 

The validity of recalculation of older work has been disputed. 6 Very often, 
necessary experimental details are lacking, and there is doubt about the relations 
between units and standards of different periods, particularly in electrical 
measurements. In some cases the actual thermometers used by the experi- 
menters are available, and hence some check on the temperature measurements 
is possible. The corrections for heat leak ('* radiation ”) from the calorimeter 
are particularly elusive, and often make up a substantial part (over 2 per cent.) 
of the energy input. 

It may be noted 7 that to warm water just as much heat is required as is 
given out in the reverse process of cooling to the original temperature, so that in 
experiments like Joule's, the water may be regarded as passing through a com- 
plete cycle of changes. 

Work which could raise a weight is the only kind considered in thermody- 
namics, 8 the so-called internal work, which is supposed to be done against the 
attractions of the molecules, being rigorously excluded. It is equally necessary 
to state exactly what is meant by a quantity of heat q absorbed by a system. If 
a quantity of work n is expended by a falling weight and used to stir water and 
generate heat by friction, the unit of heat may be taken equal to the unit of 
work. I he same effect on the water may be brought about by putting it in 
contact with a hot body, and the heat absorbed from the body is n» units. If the 
change of temperature of the water is used to define its change of state, the heat 
absorbed may also be measured in calories, 1 g.cal. being the heat which, when 
communicated to 1 g. of water in a given state, raises its temperature 1° C. It 


' l ' hi J. }«>. ;*• •£* (abstract of a communication to the Royal Society, which was 
not published): 1841, 19. 260: ‘Scientific Papers." 1884. I. 60. 

Tra^im^m ^ , ^, Clmann ' " Handbuch dcr Ph > sik -" >*X>. ■>. 540 f.; cf. Griffiths, Phil. 

1 • Kec heretics sur f Equivalent NKvaniquc dc la Chalcur." Colmar. 1 858. 20. 174;" Exposi- 
'ISffiS'** Cl kxpcr,mcn,alc dc ,J 'hcoric Mccamque dc la Chalcur." Paris and Colmar, 

42 1 '/I,;- l57 ‘ 4371 ihui ' Kss5 - 2*. 531 • Sahulka, ihi.L . 1890. 41, 748, found 

‘PP^alUs: Rubens. I nlil. J. I). Phys. Gcs.. 1906. 8, 77; 

l<isn',il ’ eh r/'i .mt.'"?.- V>: C,n,CU and R,xpj ' 1 - Con, f ,t - Rcn,L > ,90 »- '47. 793; 
p ox . ’ ; " j f„d 1 * :; n '! n uc c ? lonmclcr: *> = 4 1X5x10?); Kann. Phys. Z., 

IS. anJ WoW - '«>. '*• "* 'Varan. HU. 

5 Am. p/ns., 1X92. 47. 374. 

..lid I iV cUSiifh" n b > 1 L Smi,h - M. Clark, E. Griffiths. 

iu7 ' C ~ 1 : °' N,,nc - N,l,mon - and Gmnings. D,„. Stan,!. J. Res 1939 

U 197. see on dissolved a,r. Jcxscl. /V.v Phys. .W . 1934. 46. 747; La by and Hcrcus. 

7 1** »r ter. " Thermodynamics." |93|. |o. 

" ** ° f C,rn '"- " Rcn “'° n ' 5Ur la 
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is important to notice, however, that the heat unit is defined Primarily wuhout 
reference to temperature. No other meaning will be g.ven to heat absorbed 

,h u!er S work by the water-stirring method indicated that Joule's result 

(4-1714X 10 7 ) is probably about 0-3 per cent, too low: R°'"'k" d (1879 80), 
found 4*188 X 10’ (4 187x10’); Miculescu’ (1892) 4*18! x 10 <4 183x10 ), 
Reynolds and Moorby * (1898), 4-1845X 10’ 4*183x 10 ) 

There were errors in Joule’s thermometer (compared by Rowland wun ms 
own) and the specific heat values he usedfor water and thecalonmctrjc apparatu 
also required ejection. Most of the more recent workers used the elec.ncal 
method. Some selected (recalculated) values (ergs/15 g.cal.) are. 


E. H. Griffiths J (1893) 

Schuster and Gannon 4 (1894) 
Callcndar and Flames ’ (1902) 

Dietcrici • (1905) ••• 

W. R. and W. E. Bousficld* (1912) 
Jaeger and von Steinwchr >• (1915) 
Laby and Hercus »» (1927) 


4 186x10’ (*4-194 x 10’) 
4-186x10’ (*4193x10’) 

4 182x10’ (*4 189x10’) 

4 193x10’ (*4 194x10’) 

4 181x10’ 

4 186x10’ 

4 186x10’ (4 184x7 at 16 7 I 


Dieterici used a Bunsen’s ice calorimeter, whtch can be very uncertain (see 

agreement among recent values of J 'Y.^ various temperatures arc considered. 

if the values of the specific heat of water alva comprising an induction 

Laby and Hcrcus used an ingenious near 20’ seem 

dynamometer and continuous-flow calonm y^l ^ ^ cx pc r imcntcrs. A 
to be affected by some error and were with V ^ ^ Hcrcus 

ttZMSEZZ “both air-free and aerated water 

they gave 4-1852 xlO 7 ergs per 15° g.cal. ] 

» Cf. Bridgman. " The Nature of termed) nam.es. , 44.‘|69; 1898. 

* Proc. Ante, Acad., 1879. 7. 75-200; Elehnochco,. 1908. 

46. 1 ; the bracketed values arc those recalculated by recalculation of electrical units 

17.743 (who adopted 4 187 x .0-Mhow Mm. '«», «• 

(difference of international and absolute ohms). Gruncscn anu 

179. who give 4-1842 int. joule. , cf Rispail, ibid. 1910. 20. 417; 

» J. de Phys., 1892. 1. 104; Ann. (h,m.. !89. 

Roebuck. Phys. Rev., 1913. 2. 79 (porous plug experiment . 

4 Phil. Trans.. 1897. 190. 301 ; . Hoc. *oy. *c - * ^ ,84.Vl : Phil. »»95. 40. 431. 

* Proc. Roy. Soc., 1894. 55. 23. . ioqi (popular). 

" The Thermal Measurement of Energy. Cambridge. 

4 Proc. Roy. Soc.. 1894. 57. 25; P M. Tffi. , 2 2 I2. , . ProC . Roy. Soc.. 

’ Callcndar, Phil Trans . 1902. 199. 55. 49 Barms 
1909. 82. 390; Callcndar. Proc. Phys. Soc.. 1 9-0. •». • ? , g% 57| 333; c f. Cotty. 

• Ann. Phys.. 1905. 16. 593. earlier papers. «• 

Ann. Chlm., 1911.24. 282. 

’ Phil. Trans.. 1912. 211. 199. . j 62; , 9 ,« A 21. 25; Ann. Phys., 

>0 Berlin Ber.. 1915.424; VerM.d. D. Phf.Ges . 191^' 

1919, 58. 487; 1921. 64. 305; cf. Sutton. Ph,l. May-. 1918. 35.^ ^ 2g , 

•' Phil. Trans.. 1927. 227. 63; Hcrcus. ,,h y s. ( hern . 1901. 38. 1*5: 

» men Ber.. 1891. 100. II A. 352; cf. von *TmPs> - Hodwcilk-r. Ann. Phys.. 1915. 
Rumclin, ibid.. 1907 . 58. 449 (both used resistance lamps). Hey 

46. 253 (Hg spiral.) 

'» Proc. Roy. Soc.. 1917. 93. 587. 
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The work of Callendar and Barnes, described by Osborne, Stimson, and 
Ginnings 1 as 14 without doubt more pretentious and comprehensive than any 
of the other researches,” has often been reviewed. 2 Callendar, who co-operated 
in the design and preparation of the apparatus, and Barnes, who carried out the 
experiments, differed in their interpretations of the heat-leak corrections. 3 
There was also a correction for the standard cells. Barnes 4 in 1909 gave 
4 1785 (4 1842 at 15°) abs. joules per g. per 1°C. as a definitive value, and 
Callendar 5 in 1925 gave 4- 187, both for the 20° g.cal. (a peculiar unit used by 
Callendar, the mean value of the quantity of heat required per 1° per g. of water 
between 15° and 25°). Laby gave 4-1795 at 20°. Osborne, Stimson, and 
Ginnings 1 remarked that: 44 It is difficult to believe that Barnes’ estimate in 
1909 that the error of the measurements in any part of the range did not exceed 
1 part in 10.000, or Calendar's estimate of 1 part in 4,000 for the absolute value 
of the mechanical equivalent, took into account all the possibilities for deviations 
from the true values.” 

The temperature scale and electrical units used by Jaeger and von Steinwehr 
were probably substantially the same as the present international standards: 
Jaeger 6 gave 4-1842 int. j./g. PC. cal. at 15°, but the individual results 
showed fairly large deviations from the smoothed values.' 

The choice lies between 4-184 and 4-186, and it is difficult to decide which to 
adopt. The relation to other fundamental units is also involved. In 1924, the 
author 7 adopted the value 4- 1 84 x 10 7 ergs/ 15° g.cal., from the Reichsanstalt 
44 Warmctabcllen ” 8 ; many authors use the (older) value 4-186 x 10 7 ergs. In 
1940 the author 9 adopted (with some reserve) the value 4-185 x 10 7 ergs, which 
is also the value found by Laby and Hcrcus (1927). 


§ 13. Relation between Energy Units 


Energy Units Conversion Table 


Erg 

Joule (abs.) 

15* C. gxal. Lit. atm. 

g.cm. 

1 

10 ? 

0 2389x10 ? 9-869xl0-i<* 

1 0197x10-2 

10? 

1 

0 2389 i 9 869xl0-> 

1 0197x10* 

4 185x10? 

4 185 

1 4 130x10-? 

4-2675x10* 

1 0133x10* 

1 0133x10? 

24 21 1 

1 0333x10* 

9 8066X10? 

9-8066x10 » 

! 

2 343x10 ? 9 678x10 ? 

1 


The modern calorimetric heat unit is essentially a unit of electrical energy. 
The international joule is defined as the product of the international volt by the 


1 Har. Stand. J. Res., 1939. 23. 243. 

2 Ames. Congees Intermit. Phys., 1900. I. |78 ; Laby. Proc. Pins. Sue. ., 1926.38. 169; Kiock, 
Dm . Stand. J. Res.. 1930. 5. 4SI ; Roth. Z. phys. Chem.. 1938. 183. 38; Osborne. Slimson. and 
Ginning*. sec ref. >. 

Scc ,hc W'on on Specific Heals of Gases. § 5.VII G. for a disagreement between Callendar 
and oiher experimenters on a similar problem in gas calorimetry. 

4 Proc. Roy. Site., 1909. 82. 390. 

5 Proc. Phys. Sac.. 1926. 38. 174, discussion. 

6 hi Geiger and Scheel. ** Handbuch dcr Phvsik.** 1926 9 476 

7 " nKn««n 1924. 10 : 4 184 is sekclcd by dc Groot. Nederl. TijJschr. 
\at:uirkde.. 1942. 9. 49 , ; Amer. Chem. Ahstr., 1944. 38. 3884. 

" Warmctabcllen." P. T. Reichsanstalt, Berlin. 1919. 

!!f- 2I4: ** M " c,,cr and Rossini. Amer. J. Phys., 
9'M.V.o 4 ‘ ;<r Cd y =4 IS * 3 in,crnal j° u,cs »- R' f ge. Rep. Progr. Phys., 1 942, 8. 
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international ampere by the second, whilst the absolve joule > is 10’ ergs. The 

-sr^ssa^- * - - * — 

unit for a single molecule; for 1 mol in k.cal. it is 

(l-60xl0-”x6-03xl0»)/(4185xl0’xl0>)=23 05 k.cal. per mol. 

(A value 23 053 is adopted I by ' Birge ’) .. i{i •• whcn electron volts 

It is customary to speak of electron «* r £« 1 £ vclocily of a mov ing 

- — - • 

- ■ “ „ 

. • • a Ka. •• v volts ** the actual velocity in cm. /sec. 

When the velocity is said to be v vous 

given by this equation. 



§ 14. The Specific Heat of Water ((|e valuc of J found by a 

If the specific heat of water vanes wUh tcmpe^ amoun , of energy will 

method depending on the heating of * weiehts of water at different 

vary with the temperature. By mixing k "“ urc . Haugcrgucs ' found 

temperatures and finding the temperatu t ||urc ^ut Neumann v lound 

a slight decrease in spccific heal with ^ , , hiU a , 27 . Rcgnault '» 

that it increased slightly, the value at 100 being 

' Onncs and Kcesom. Comm. Leiden YwVdTSjl! proposed to salt 4 2 abs 

SSMS "ZA*™ " m . *«•.. i»». v,f u,,, ' vjn *' in 

■ Bor. Stand. 1. Re,.. 1931, 6. \. 1934. 12. ’»•<"„ Yori .. ,„s. |. 315. 

Wcissbcrte,. " Physical Methods of Or«W.K ChemiM.y . M 

* Couch. Amer. J. Pharm.. 1V23. “• - • inS4 6 abs. joules. . 

* The mean value 251 98 gcal. ^ W A very useful *t l of 

» Rep . Progr. Phys. (Phys. Soc. I London). **». ■ • tUrk . Phil Ate- « 932 - W - - ,K 

lablcs for energies, wave-lengihs. frequencies, cic.. .s t..'C 

* J.A.C.S., 1922. 44. 653. 

» /’roc. Cambr. Phil. Sot.. 1928. 24. 89. 1 1 1. 

» J. dt Phys., 1813. 77. 273. 

* Ann. Phys., 1831.23.40. 1847 21,729: wcaHM* ‘ 

i. Ann. Otim.. 1840. 73. 5.35); Mem. Arad. Sc,.. 1847. 

Rend.. 1912. 1S4. 1483. 
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found the mean specific heats in the regions 15°-100° and 0°-20° in the ratio 
1-00709-1 0089 in two experiments, and in experiments at higher temperatures 
he deduced for the true specific heat at l°C. up to 230° the formula: c=l + 
0 *00004/ +0*0 6 9/ 2 . After correcting the temperatures from the mercury to the 
air thermometer scale, Bosscha 1 deduced the formula: c= 1 +0*00022(/— 18)~ 
1+0-00022/, and Velten 2 pointed out discrepancies in Regnault’s results 
above 100° which make them doubtful. A large variation with temperature 
found by Pfaundler and Platter 3 was not confirmed. 4 

Rowland first definitely established the variation of specific heat with tempera- 
ture. He observed the variation of / with the temperature of the water and 
found a minimum value at about 30 5 which he confirmed by the method of 
mixtures. 5 

The mean gram-calorie or “ Bunsen caloric ” c (0-01 x heat absorbed by 1 g. 
of water on heating from 0’ to 100 C.) is somewhat larger than the 15° g.cal. 
(1 mean g.cal.= 1*0002 15° g.cal. according to Schecl and Luther 6 ) but the 
difference is small. 

The specific heats of water determined by Bartoli and Stracciati 7 between 
0° and 35° were represented in 15° g.cal. by the formula 

c,= 1 *006630— 0-Oj593962/+0-Oj4338650/ 2 + 0-0 6 425520/ 3 — 0-0 8 2819/ 4 . 
Calendar's 8 results arc given in the table: 


0‘ 

1*0093 

35° 

0 9973 

70* 

1*0000 

5* 

1*0047 

40° 

09973 

75* 

1*0008 

10’ 

1*0019 

45’ 

09975 

80° 

1*0017 

15 

1*0000 

50’ 

09978 

85° 

1 0026 

20' 

0 9988 

55* 

0 9982 

90° 

1*0036 

25“ 

0 9980 

60° 

09987 

95* 

10046 

30" 

0 9975 

65* 

0 9993 

100* 

1*0057 


The values given by the Reichsanstalt 9 (which correspond with a value of 
J of 4-1842 internat. joules per 15° g.cal.) were: 


<r 

1 005 

15“ 

1 0000 

25* 

0 9983 

5‘ 

1 030 

18* 

0 9994 

29* 

09980 

10 

1 0013 

20’ 

0 9990 




Dieterici 6 gave for the true sp. lit. at 35 e -300 in 15° g.cal.: 

<*,=0*99827— 0*0,10368/+0*0 5 20736/ 2 . 


1 Ann. Pint.. /*<»£?. Juhelband, 1874, 549. 

- Ann. Pint. 1844. 21. 31. 

3 Am. /’/».»., IK“0. 140. 574; l»7.». 141. 537. 

4 ll,,n - < *«•*/.. 1X70. 70. 592. 831 ; Jamin and Amaury. ihid.. 1870. 70. 661 ; Miinch- 

hausen (Wu liner). Ann. Pint. IS~7. I. 592; Siamo. Dissert.. Zurich. 1877; Henrichscn. Ann. 
Pins.. IS 79. 8. S3; Baumgartner ll'l.mndkrl. ihitl. 1879. 8. MS; Gcrosa. Alii R. Accad. Lined 
1881. 10. 75; Ann. Pins. lUihl.. 1882. 6. 222 (table). 

' Sec also Liebig. Amtr. J. S, /.. 1883. 26. 57; Ludin. Dissert.. Zurich. 1895; abstr. and tabic 
in /. pins (hem. 1896. 20. <»2'>. corrected by Pcrncl. Arch. Sti. Pins. A at., 1896. 2, 531 
(method of mixtures: <*=l at 0 CM; K.rncs. Phil. Trans.. 1902. 199. 149; Trans. Roy. Soc. 
( an, ula. 190.., 8. in. I4| (proposed h, - Grifliths. Phil. Mae.. 1895. 40. 431 (on heat 
imn):( otty, Ann. ( him.. I9| |. >4. 2*2 (minimum ji 21 ). 

' / / 191* 14. "4 * ; cl*. Hicterici. Ann. Pins.. 1905. 16. 653; Behn, Berlin Ber.. 

1905. Guillaume. ( ampt. Pen,/.. |»r|2. 154. |4s3. 

1S94. 24. II. 145 ; Ann. ( him.. 1893. 29. 285 ; /.. pins, (hem |S93 II 4*>0 
■ Phil Tuan . 1912 . 212. - . r H PI . V v . 19226 38 174 ' 

-■“S! S J .m"'t Kr *, / ; 14 :j3: **** and von Stcinwchf, Am. 

»is> uilf ' ^ Wns ''"' " r ,Mkn " 5,h «*»- 2- 1250: c.m.f. of Weston 
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Thp 70° e cal is very nearly 0 001 smaller than the 15’ g.cal. The values 

Narbutt, 5 by combining all observations for water, found. 

c, (true)= 1 0073 — 0 0j7416H-OO 4 16845i ! — 0 0,95521 
c (mean)= 1 0073— 0-0 j3708r +0-Os56l5( J — 0-0,2388r’, 

one 15° g.cal. =4 1833 int. joules, are (true sp. ht. at / c.j.c 

+0 0j8742/ 2 , which makes c 0 = r ioo-- 


Temp.® C. 

Callcndar and 
Barnes 

Jaeger and 
von Stcinwchr 

Temp. C. 

Callcndar and 
Barnes 

Jaeger and 
von Stcinwchr 

5 

10 

15 

20 

25 

30 

35 

1 0047 

1 0019 

1 0000 

0 9988 

0 9980 

0 9976 

0 9973 

1 0029 

1 0013 

1 0000 
09990 

0 9983 

0 9979 

0 9978 


0 9973 
09975 

0 9978 

0 9987 

1 0000 

1 0017 

1 0036 

1 0057 

0 9981 

0 9987 
0-9996 


Callcndar and Barnes found a ^ ^-foKcd air)'. Roth 

Jaeger and von Stcinwchr at 33-5“, Jesscl at }T Uowcrcu uy 

31 The sp 9 hts 1 * * 4) of heavy water (0,0) were found ♦ to be, 

10” 1 0097 20” 10062 30” 1 0044 40 1 0037 50 1 0041 

with a minimum at 41°. . „ . /-.Jnninos i shown diagram- 

The calorimeter used by Osborne, j ^'"niTnhtcdcopPC^phcrcC.Sin.diam.. 
matically in Fig. 10 1 1, consisted of a thin gold-p p j in a c0 ||ed metal 
enclosing an electric resistance heater I of ™ gui dcs for circulating 

tube filled with magnesia, two screw propellers K. ana b potential drop 

the water. The energy input in the were used 

and current. Platinum resistance ^ . ncc thermometer in a copper 

in temperature measurement and control , a differences from this in the 

reference bloch R provided a reference a -. small di^rcoce^^^ ^ 
calorimeter or other points being measure y evacuated space sur- 

elements. The calorimeter globe was supported m an c c 
rounded by a controlled bath S of saturated water vapour sh e. » ^ ^ ^ 

1 Callcndar, PM. T,cn,.. Wl.W . ' I MW: vf. 

summary of older work in Wmkclnwnn. I . h <dj| ,94 j,66. 

Kaye and Laby. “ Tables of Physical and Chemical 

* Proc. Amer. Acad.. 1922. 57. 375: 73*/20 = I 0O4O 

> Phys. Z., 1918. 19. 513. „ . . Rry ..ny 23. 197 (Ro Paper No 1-8). 

4 Osborne, Stimson. and Ginnmgs. Bur . Maud. J. • duc !0 dissolved air 

Jewel. Proc. Phys. Sac.. 1934. 46. 747 who Tables." 1929. 5. 113. 

continuous flow method ; see the table by Awbcry. 

» Z. phys. Chcrn., 1939, 183. 38. 

* Cockctt and Ferguson. Phil. Mag . 1940. 29. I8>. 

’ Bur. Stand. J. Res., 1939. 23, 197. 
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heat exchange. The water sample was introduced from a container WC, and 
the saturated vapour could be withdrawn through a valve TV into a weighed 
glass receiver SR cooled in liquid air. The calorimeter and tubes were evacuated 
through VAC. 

Two types of experiments were made: (i) heat capacity measurements in 
which the calorimeter and water sample were heated over a measured tempera- 
ture range, in some cases with the calorimeter nearly full, and in others nearly 
empty, of liquid water; (ii) vaporisation experiments, practically isothermal, in 
which heat was supplied to evaporate water, the vapour being withdrawn at a 
controlled rate, collected in SR, and weighed: 

In the first experiments the change of a quantity a is found: 

a = H-p = H- t c vJ(Vg -v,) = H- Tv,(6p/d T) 
where //=entha!py or heat content of saturated liquid 1 water, / e =latcnt heat 
of evaporation, t>,=sp. vol. of saturated liquid, t>,=sp. vol. of saturated vapour, 


VAC 



Fig. 10.11. Apparatus of Osborne. Stimson, and Ginnings 


7-abs. temperature, and />= vapour pressure; dp/dT was evaluated by an 
equation derived by Gerry 2 from Reichsanstalt measurements. In the second 
experiment a value y.s found: y=/ c +/3. The results in international joules per 
g. per 1 C. for air-free water at 1 atm. pressure were converted into absolute 
joules by multiplication by 1 00019, and the following equation found: 

r r =4 l69828+0 0j364(/+ 100) 526 x 10- ,0 +0 046709(10)-° 036 '. 

In the table, the value of c p in abs. joules, the heat content at 1 atm. ( H at 

0- C.=0), found by integration. //=j V„d/. and the values in g.cal. per g. by the 
conversion factor. I abs. joule=0-23S846 g.cal.. » are given. 


rcuuires ', hc . f re!0urc of “«“»*«« «P°ur at a given temperature : this value 

wS^Wvsr^ r '-' a,m • “ sivcn in *■* ubk - « ^ 

■ TK b ° rn !‘i' Slimso ". and Ginnings Bn,. Stand. J. Res.. 1939. 23. 261. 

“ • 8 “'= ,/86 ° 
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l°C. 

c p 

//abs.j. 

//g.cal. 

i 9 c. i 

I 

o 1 

— -j 

H ab*». j. 

H g.cal. 

0 

5 

10 

15 

20 

25 

30 

4-2177 

4-2022 

41922 

4-1858 

41819 

4-1796 

4-1785 

01026 

211498 

42-1341 

63 0779 

83 9963 
104-8994 
125-7943 

0 0245 

5 0515 
100636 
15 0659 
20 0622 
25 0548 
30 0455 

40 

50 

60 

70 

80 

90 

100 

4-1786 

4-1807 

41844 

41896 

4 1964 

4 2051 

4 2160 

167-5777 
209-3729 
2511976 
293 0665 
334 9952 
377 0012 
419 1049 

400253 
50 0079 
59 9975 
699977 
80 0123 
90 0452 
100 1015 


„ • • ^ Vvtvvpfn 3Q 5 and 40°. The results agree 

There is a very flat minimum of c, bet and Jaeger anl j Steinwehr, 

r jar/ett 

SStS’Sl'tfr SmS* Vere is remarkable agreement with 

Rowland’s values revised by Day. f d lhe facl tha , 

In view of the disagreement among the older unju ostwald > 

many energy deteminations w m _ de ^ , he lhcrm al unit, and the 

proposed and used the kilojoule t*J-J ® cation of the “ International 

istjss: — -* a w ~ 

affected by the difference between the two joules. 

§ 15 . Forms of Energy s r>c n t in pro- 

Joule’s results showed that the ratio of ttawof^ 1 *- p which lhc work is 

during an amount of heat , i. ***** f^t Thea. and work. This 
converted into heat, and depends only on the uni. 

,alio: ,.»•/, 

is called the Monica, e.onole, of km. If »’ » 1 

15° goals, then: y=4 , 85x 10 - crg,.5° g oal • • • • - ® 

It is convenient theoretically to ha« book'arc based on this 

e.g. ergs, in which case J= 1 . and all squ notice that the equation : 

convention (first used by Rank.nc). Itis.mpor.an (J) 

then obtained enables a quantity of heat to !* conception of temperature, 
pcndently of any temperature scale or J2) 

which is foreign to the First Law of TlKrmmlynatntes » and are 

The simplest explanation of Joule’s “"’ C dcn o,ed by the symbol 

different forms of a physically real *«*»*£££** mechanics are other 
E. Il is clear lhal ihe potential energy a ha , t i cclr icul energy is another 

forms of ihiscnliiy. and Joule’s experiments ^ thc form of mechanical 

form. In magnetising iron or steel, enc , s or electrical energy in 

« i, ~ - <— — - 
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electromagnets, must be supplied, and this is transformed into magnetic energy 
in the magnetised system. Radiant energy is familiar in the forms of light 
(including ultra-violet light), radiant heat, and the electromagnetic radiation used 
in wireless transmission. The heat (and sometimes electrical energy) set free 
in chemical processes leads to the assumption of the existence of chemical 
energy. To form surfaces of separation, e.g. in stretching soap films, work must 
be done, which is stored up as surface energy. Radioactive substances emit 
particles with large kinetic energies (a- and /Trays), or electromagnetic radiation 
(y-rays), and. this energy comes from changes in the interior of the atoms, or 
atomic energy. Thus, the following forms of energy may be recognised : * 

(1) Kinetic energy of masses in motion. (6) Magnetic energy. 

(2) Potential energy of systems of forces. (7) Chemical energy. 

(3) Heat. (8) Surface energy. 

(4) Radiant energy. (9) Atomic energy. 

(5) Electrical energy. 


These forms of energy arc, in principle, interconvertible; as Rankine 2 said: 
“ any kind of energy may be made the means of performance of any kind of 
work." It will be seen later (§ 29) that this intcrconvcrtibility is subject to certain 
restrictions. Bridgman J said : “ No general meaning can be given to the energy 
concept, but only specific meanings in special cases.” This rules out any 
validity in speculations about the energy of the “ universe," and the applications 
of the energy principle to atomic nuclei, living organisms and the like arc subject 
to checking of the consequences by experiment. 

A good definition of energy is that due to Ostwald 4 : energy is work or any- 
thing which can he produced from or converted into work. All the forms of 
energy can thus be measured in work units. Rankine 5 defined energy as: 

Every a licet ion of substances which constitutes or is commensurable with a 
power of producing change in opposition to resistance,” which is essentially the 
same definition. Although energy is sometimes defined 6 as the ” capacity for 
doing work." it is much more than this; it has an objective existence, and is 
bought and sold in specified units. 7 

I he modes of interconversion of forms of energy arc. in general, familiar and 
need no description. One unusual case, in w hich heat energy is transformed into 
the mechanical energy of a sound wave, is that of the so-called “Trevelyan 
rocker (really invented by Gilbert).' in which a hot bar of metal laid across a 


n i h ° '' J , R Ma > cr (1845) in his ** Mcchanik dcr Wirmc." Stuttgart. 1867, 
pr ,:^ i ' ,hc sanK * " Echrbuch dcr allgcmcincn Chcmie." 1910. 2. i. 1 1 ; the 

riu-wv-iw-hi'' g ' Ven b> ,,r,mp,on - ••Thermodynamics." 1913. 27, including "Atomic 

v 1 ,s 1,10,0 important now than it was then. 

Nnv' Vor'k' \'m, ii'™' * ,M: "' Klin f ham - " Oullinc of the Theory of Thermodynamics." 

of "T Vo, h- l9:7 - l:7 - standpoint. "Outlines 

lionv and it n- iv w UK- t “ ‘f , S,ha!: 3,1 ' vcknow °f ,hc oul °i' world arc energy rcla- 
i'l a definite manner in timc'anV^cc^ ^” 1 MtCM ° f CnCr8y arc arrangcd 

' 757: ■ ° f Gcncral fhemtsto.." 1912. 16. 242. 

6 Maxwell. ** Theory of Heat." |S75 143 

S^rcKandS^l ,S9 1; -• *«*»••««. «*L. 13. that: "Titles. Family 

of ohjec U \ iiv , I o \ l ,1 1 [ *..\ 1 N d - w lhal ” lo have its price " is not conclusive 

- «. ISAS 
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L i, an“us con,r a c,ion P when the hea, passes into its inter, or by conduction. 

816 . The First Law of Thermodynamics 

As a result of the failure of actual attempts to construct a perpetual-mot, on 
machine the truth of the fonowingstatementbe ^sum^ ^ 

produced from heat ox vice versa may be a . <&*£<** « > f R bc 

t*-ssia:a5:.-sEy=Ssr"““ 

in brackets. Then if (q) and (n) are measured .n the same • 

<">-<*> . 

If (1) did not hold it would be possible M produce « ^ 
quantities of energy without producing any other change, wh,ch wou 

the First Law. • finaUnies of the system are differ- 

If a change is not cyclic (i.e. the initial a h in lhc energy of 

cm) it is not necessary that since there may t* * 
the system itself. , , ... ;tc emrev. or intrinsic 

The energy content of a ^ ^ ^ . 

energy, or total energy, sometimes denote > ^ dcnolcd by fc\ The 

may bc spoken of simply as the energy f ) d : by j £, and: 

increase in energy of a system in any change of state is oc 

AE (increase) =*<? (absorbed) — (done) • • 

n* «»io. — • « “ f.r”S tVSZl 

by the total amount of energy in the form change of state. In 

which passes into the system from °^ ld ? hc a w/ = 2251 x 10’ ergs is absorbed, 
the evaporation of 1 g. of water at 100 th<- / ... oandine against the atmo- 
and , he work 1662 X 10’ ergs is done by .he vapour expand, ng ag 

spheric ,o’ ergs-0,89 k, 

AE is zero ei, hrr if , and w are separably zero, or ,f .he difference , >■ 

“ ro ’ ie ' j £ =o if 9—o or ,-«• ■ ; i ; nctcs ' a 3 r ’ l , y 

This will obviously be true for all cyclic which the energy of 

zero, and i. may be .rue for some nmwychc of jn ideal gas (§ 8). 

the system is constant, as in the isothermal P ss j nlo the final state 

Suppose that a system in a given 'mtiaUtaiet ^ |c( |hcrc bc a reverse 
(2) by two or more different paths (9 t) • * . (h i Let the increase 

path , by which i. can pass from .he state (2) to .he slate ( I ). 

m. W. ,«4. 124, 485; 4a, ^ 

' By Clausius, Ana. 1 850. 79, 368 ; >*?>-»*«£ £££ C '**• »■ m 

* The " operator " symbol J was used ‘ n,h,s *£ y ; , 55 . junell. Ml l 74 f‘ 

> Cf. Trevor. J. Phys. Chem.. «hc scope of the prool- 

* This consciously excludes all vital and cosmic proc 
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of energy of the system during changes along the paths a, 0, and p be J£ a , 
AE Bi and -AE P (the energy change along path p being of opposite sign to 
those along a and p, since the two together form a cycle, for which AE= 0). 
By combining each of the paths a and P separately with the path p, two different 
cyclic processes are obtained, for each of which the net energy change is zero: 

AE a -AE=Q and AE^-AE= 0 

/. AE.=AE $ (3) 

The increase of energy of a system undergoing any change of state depends only 
on the initial and final states of the system and is independent of the manner in 
which the change from one to the other is effected. 

This statement has the following consequences: 

( 1 ) The energy content of a system is a function only of the state of the system. 

(2) When a system passes from one state (1) to another state (2), the energy 
change is the difference between the energies of the initial and final states: 

AE=E 2 -E X (4) 

(3) The energy of an isolated system is constant , since q=0 and w=0, therefore 
EA= 0, therefore E 2 =E X . This is sometimes called the Principle of Conserva- 
tion of Energy. 1 

It should be carefully noted that AE in equation (2) cannot be written as 
E 2 —E x without first proving equation (3); (2) can now be written: 

E 2 -E x =q-w (5) 

If the change is small E 2 —E x =dE,q=Sq, w=8w: 

6E*"hq—Z\v (6) 

It follows that d£ is a perfect (or complete) differential (sec § 27. I); since (5) 
and (6) show that it obeys the relation: 

Jd£-£ 2 -£, (7) 

whereas Bq and 8w arc not differentials of q and w but merely denote small 
values of q and w, the sums of which are denoted by \hq and J8w. It has been 
proposed 2 to denote them by dq and Gw, or dq and dw, but this is an inconvenient 
notation. The values of q and w for the change of state of the system depend 
on the path of change, whereas J F.. equal to the difference q— w, is independent 
of the path of change. 

This may be illustrated by considering the expansion of an ideal gas. If this 
is conducted isothermally and reversibly so that the state passes from (p x ,v Xt 6) 
to the state (p : . v 2 , 0). the work done is w # =Ar, In (v 2 fv x ). The heat absorbed 
I s Vo- Tl,c c^rgy of an ideal gas is independent of the volume if the temperature 
is constant ($8): (d£/dr)„=0. Hence from (5): w 9 =q $ =k x In (vj/vi) and 
J£=0. I his change may also be carried out irreversibly by allowing the 


' C f. Planck. *‘ D..s Prin/ipdcr Frhaltungder Energic." Leipzig. 1887; 2nd edit.. 1908; Bryan, 
* Thermodynamics." 1907. 39. Trevor. J. Phys. Chen,., 1909. 13. 355. stated the first law in 
the form: rhe algebraic sum of mechanical energy (work) and heat added to a body in any 
change o I its thermodyumk state is equal to the concurrent change of the value of a quantity, 
determined it may he in different ways in different regions of state, but continuous and onc- 
valucd m any region and containing an arbitrary additive constant." This is the energy E. 
and if its change is between the states a and h. E x is the energy of the body and £ 0 

the arbitrary constant. 

- Uy Neumann. " Vorlcsungen uber die mechanische Theorie der Warmc." Leipzig, 1875. 

i« C, iu!i X, T ,CrC d /V/ ,IICd ? " dl,,c,cns,al '* and d a “diminutive": sec Z. Elektrochem., 1912. 
18. fS; I revor. J. Pin «. Chen,.. 1899. \ tS9 ; i«)0rt. 4. 514. used d lf'and d Q. 



( 2 ), §6 shows that: 

W=5 1 

, AV-ft therefore u=0, hence from (2), § 16: 

If the volume is constant , d K-U, mcreio 

4£=g, * 

wh«e q is the beat absorbed *S!Klfcrf^ S“ ** 2^**** 

srMrra ^ 

If the pressure is constant, ( 1 ) becomes . 



Therefore from (2), § 16: ^ 

•'l) 

=(£ 2 +/ , k 2 )— (5) 

Le, 

Then if/* is constant : u.mAli . . • ( 6 ) 

,i,« £ ., 4 K^^^isvisrsr' ““ J " 

can be equaled to the difference of the values oW / ^ (fey Gibbs) x . „ now 
The function H sometimes symbohscd b> tK ^ , ca „ cd j( e „,halpy (from 
usually called the heal content. K«ne r ingn ,«i«i pressure 

SaAnor, heal). It is sometimes called Uto hea' J . ( ^ 1JW u , mm 

Equation (6) shows that the heal absorb « o/ . V)S „,„. Hence « 

pressure is equal lo the bicrtttte m »*« * * , he initial and linal slates ol 

^ »« . 1 . -> 

lOXtel the specific heal at constant pressure ' «/ 

content with temperature at constant pressure^ vo|umCt ar e proport.onul to 
The energy and heal content, like the ™ J ^ties, whilst the pressua 
the quantity of the system and arc called *' e callcd /wo/w "»*• 

and temperature are independent of quantity ^ ^ ^ ^ 

1 Dalton. Proc. A. rtW. H-ereo.. A-***" 1 2 ; j, iriuam,. from *■*-• bu,n "” i 
1922, 18. 139; Tuncll. i. /**• ««"■• ,932 ' *• 

(heat)- , . , .go* 4« 271(for”^«^r rcssU,ei )m 

2 MoUier, Z. Verein D. Ingemeure. 1904. «. 
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If the system is composed of n x and n 2 mols of ideal gases before and after a 
chemical change, then, if the pressure and temperature remain unchanged: 

PV l =n l RT and PV 2 =n 2 RT t 
PAV=P(V 2 -V x )={n 2 -n x )RT=AnRT 
S. AH=AE+AnRT or q p =q r +AnRT .... (8) 


§ 18. Hess’s Law 

The importance of the energy changes accompanying chemical reactions, 
although dimly perceived by the phlogistonists, was first clearly recognised by 
Lavoisier, who, in an investigation carried out jointly with Laplace, 1 stated as a 
self-evident truth that as much heat is required to decompose a compound as is 
liberated when the compound is produced from its elements. This is a special 
case of the First Law of Thermodynamics if the heat changes arc those occurring 
at constant volume, when they are equal to the changes in the energy of the 
system, or at constant pressure, when they are equal to the changes of heat 
content. 

In thcrmochemical calculations much use is made of a law discovered experi- 
mentally by Hess 2 in 1840, before Joule’s experiments on the mechanical 
equivalent of heat: 

If a chemical reaction occurs in stages , the algebraic sum of the amounts of heat 
evolved is equal to the total evolution of heat when the reaction occurs directly. 

Equations (2) and (6), § 17, show that Hess’s Law is strictly true 3 only when 
cither (i) the volume or (ii) the pressure is constant, in which cases the heats of 
reaction evolved are — AE and —AH. In reactions between liquids and solids 
the volume change A V is very small and the external work PA V, where P is the 
atmospheric pressure, is negligible compared with AE. In such cases it is rarely 
necessary to specify whether the reaction has occurred at constant volume or 
pressure, or what the pressure was during the reaction. In modern work, heats 
of reaction are taken positive when absorbed, and arc thus represented by AE 
and All, the standard pressure for AH being 1 atm. The symbols s, /, g as 
adixcs denote the solid, liquid, and gaseous states, and the absolute’ temperature 
as a sullix to AE or All denotes the common temperature of the initial and final 
states, c.g.: 

CH,0II(/)+|*0 ; ( ? )»C0 2 (g)+2H 2 0(/); J// m =- 173,630 g.cal., or 

J£ 298 =- 173,330 g.cal. 


§ 19. Energy and Heat Content of a System 

II the energy ol a mass m of a homogeneous substance at some standard 
temperature /'„ (e.g. at 298*1 K.) is E°. its energy at any other temperature T 
and the same volume is: 


•=£*+f'd£ 

• Tm 


( 1 ) 


555 ,w,: La ' 0,5icr - “ 0c “ vres -" *• 283 < 287 >’ 
/’ «. !*40. 50. Khs%iker . 1890. No. 9; Ostuald, " Lchrbuch dcr 


’ • * UVIIIOUVIl 

- 4: Andrew*, in IS40. mentioned Hess's "valuable memoir* 


al4!ci'H':s!cn < Vniic." I'M • 

Z , ; S ‘ i 1 *i u ! ' .i* 1 ™' 1 Hfcnt and scarcely required so elaborate a proof 
Andrews. ScientilK. Papers.** ISS9. 89. 107. 205. 

1 Duhem. " Mccaniquc Chimiquc." 1897, I. 50. 
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From (2), f 17, and ® 

£=£“+ J r '"<'- dr <3) 

c . , Iw if h° is the h*®, content at a temperature Tt and given pressure, the 

l ■ >■ - > ta " 

W=H°+f d « <4> 

J T* 

From (7), §17: d«-SV“«V lT <5) 

... h=h°+ f (6) 

J T# 

Fori mol, m=M. mf _c, and (7) 

£=,£•+ £c*r <8) 

W .»° + JV (9) 

and for n mols the values are n£ and ^nTmoteulw heats (sec § 1 (I))- 
Td molecular heats in jJHJ ) « and molecular heats by 

They may, of course, be replaced by 
such relations as: _ 

J C,&T~(T-T 0 )C, 

§ 20. Kircbhoff's Equation lV ,, rmochem isiry is to calculate a heal of 

One of the commonest pwbtant. m * 
reaction a. any given ‘^7,he^toni«' constants, the values of AE 

'Tio'n i£S »y person • and with 
or a physical change m ^f^.dlemperature T„ (abs.) be £ A .*• 

^cO— c £.-°— ( j£a +Dt u h 

J.A.CS., W9.51 1. 712. Abh l >882. 454; 

dcr a,,8imC ' ntn 

«* iot°; *. w - 
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Let the corresponding energies at the absolute temperature T be £a. Eb. and 
£ c ; then the heat of reaction at constant volume at T will be: 

AE=cE c -(aE A +bE tt ), 
and AE is to be calculated from AE°. 

Let C rA , C rn , and C rC be the true molecular heats at constant volume of 
A, B, and C, which are supposed to be known as functions of temperature in 
the range T 0 to T, e.g. as expressed in power series (§ 1): a+bT+cT 2 + .... or 
given by theoretical equations, or tabulated at various temperatures in the range, 
when the integrals must be evaluated graphically. Then the energy per mol at 
the temperature T is: 

Et= £,.+ JV.d T = £°+ JV.dr. aE A =aEn°+aj*C rA <iT, 

i£ n =*£ B 0 +iJVndr, r£ c =f£ c o+rJV, c dr, 
d £= c£ c ° — ( o£ a ° + />£ b °) + r J" V, c d T— [o ^C A d7'+/i|V, n dr 

=d£»+ r[rCc-(oC A +*C, D )]dr (I) 

• r« 

where cC, c is the total heat capacity at constant volume of the final system, and 
( aC rA +bC, n ) is the total heat capacity at constant volume of the initial system. 
If the algebraic sum of the heat capacities is denoted by AC r , taking those of the 
products as positive, and those of the initial substances as negative: 

JC r =cC rC -(flC rA +6C rB ) 

AE=AE°+ I* AC,6T (2) 

• r» 

In exactly the same way, for a reaction at constant pressure, the equation : 

(3) 


J//=J//o+ I* JC r dr 

* T* 


is found. 

Evidently^ (2) and (3) will hold for any reaction: 

a\+bb+. . . =rC+r/D+ . . . 

provided A( and AC r include all the reacting substances, according to the rule 
stated : 

JC=(rO< : +</C n + . . .)-(flC A +/>C,„+ . . .) 
JC r »(rC /C +,/C H ,+ . . .)— (<iC rA +/>C rA + . . .) 

It is also possible to use mean molecular heats, since from (5). § I : 


C 7= ( 7*— r,,)C A . etc. 


/. J£=J£0+(f-r 0 )dC . 

J//=J//«*+(7--7 n )jr,. 

It is also possible to put /"„=0 (the absolute zero), when 


J£=J£„+ I J('d7 

O 

J//= j //„+ f Jr r dr 


(4) 

(5) 

( 6 ) 
(7) 



520 kirchhoff's equation '55 

temperature over the -range T T, y ^ va|ueJ q{ t jn , his range only, 
EffiSSS S apply. Differentiating ( 6 , and ( 7 , wilh respect ,o T 
(wh e„ AEo and AH, are "^ dr)= , c , 8 , 

(AAHI&T),={iqJ&T)=AC,. (9) 

by the integration of which ( 6 ) and ( 7 ) are recovered. AE, and AH,, or d£“ 
and AH", being the constants of integration. hca|s iven as power 

I erieri^*vi^ r c«Hirarfe”OTperaturesand^hoseirn^vmg^h«>fi'<e^wnipera- 

£ IJXZ r. S S. constant term. 

and one to the term involving /, •n^escrie^ ^ ^ sla tes may be 

In thermochcmical notation. the g . * J lbo is- an older notation used 
denoted by (g). (/), and (j) placed af > * nd brac kcts for 

square brackets round the : symbol for sol ds eg anolhcr syslcm , 

ordinary^ronian ^ ^ «* -*• ** 

N As'^mptcol Ser't^t of formation of steam a. constant volume: 
H*)-H<Mr>-HrfX»>; AEn— 57.290 g.ca . 

For the initial system: A ._ , v J7 

C.(Hi)” 4 ' 650 + 0 ' 7 Sx 10 ” J 7 "; C.fOy.-d 850 + 0-75 X >0 7 
/. !TC r -7 075 +H 25 xl 0 - j r. 

For the final system: nio ,. in _, r i 

C,(H 2 O)-S- 750 +l- 566 xl 0 ->r -0 ' 878 xl 0 - ! r +00824^^^ 

• /ic.-^c.-.rc ,- 325 + 0441 X 1 “'^"® ^r?- 0 ^IM 8 x 10 »p. 

From ( 6 ): - r 

JEj-Jfib+j^Cdr. 

Substitute 57.290 and Integrate from 0 to 290; then it is 

found that dE 0 = - 56 . 91 ' 8 cal - tr , 

.-. d£| = — 56.911 — l' 3257 '+ 0 - 2205 x 10 ’^-“^o-.f.-O 2 I 8 X 10 "I" 


§ 21. Difference of Specific Heats 

Let unit mass of a fluid with the charac.cns.-c equation 

/> = f(V. 

absorb a small amount of heat S* and let a small amount 
done by expansion. From (2). § lo. 

fc-d£+$H=d£f+/*fc • • 


(1) 

of work 8u*=/x \v be 

.... ( 2 ) 
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The energy is a function of the state, and hence d £ is a perfect differential: 

dE=(dE/dd) r dd+(dE/dv)edv (3) 

from which, by substitution in (2): 

Sq=(dE/dO)'dO+[(dE/dv) 9 +p]dv (4) 

For a change at constant volume, di-=0 


••• a?,=(d£/dfl),d9 (d£/d9),=(d?/d0),=r r ... ( 5 ) 

from (3), § 1. 


For a change at constant temperature, d0=O: 

8^ # =I(d£/di>)J+/»Jdf /. (dE/dv) a +p=(dq/dv) g =l r . . (6) 
Equation (6) is important, since it is a very common error to suppose that when 
the volume of a system changes at constant temperature by hv, leading to the 
performance of work phv, this work is equal to the heat absorbed hq. The 
equation shows that this is true only when the energy of the system does not 
change, whereas it usually does. In (6), l r is the latent heat of expansion . 
defined in § 3. 

By substituting from (5) and (6) in (4), equation (2a), § 3 is found: 

&7=r,d0+/,di> (7) 

and by dividing by d 0: 

d<7/d0=c r +/,(dt>/d0) (8) 

Although h<, is not a perfect differential (§ 27.1), (d<7/d0) p and [dq/dv) 0 have 
definite values, since the state depends only on v and 0, and when cither of these 
is kept constant the path of change is fixed, and hence (d0) r and (du) fl arc definite 
changes. 

In (8), (dr/.d0) is indefinite, since (di*/d0) may have any number of values 
according to the conditions obtaining when 0 is changed. If the pressure is 
constant, these two differential coefficients become definite and: 

<d?/d0),«r r +/,(dt/d0), (9) 

and l (9 )- dr/ ' '* 0)p ~ Cp ' thc spccific hcal al constant pressure, hence from (6) 

r>=c r + / f (di/d0) p =f r +((d£/dr),+p](d V /d0) p . . . (10) 

which ' gives thc difference of specific heats r,-c f . 

In thc case of an ideal gas * (d£/dr) # =0 (§ 8) and pv=RT per mol 

0 = C r +p(dvfdT) r = C r + £ (11) 

J he term p{dv!dT) is the external work of expansion per V rise in tempera- 
ture. Equation (6) shows that for an ideal gas 

lr =P (12) 

Kv ' n R ‘ u madC lhc f,rsl ca,culal ' on of the mechanical equivalent of heat 

j ™t { . ' ,hc ttfrm the external work of expansion against thc 

r S r, ^ r :T ,rC * , eXprcsscd in mechanical (work) units, and r,-r e 

Lo^ Sw ^ . , ‘lo hCr T a , Un,,S ’ in ,hc casc of air VVi,h modern values, 

/ .. 1 . . - ‘calculated from c p by using the experimental value of 

oxn «nds bv - Ci % ‘>“‘'= 00687 gxal. One g. of air at 0° 

iS, 1 °" '° ' C - ;,nd 1 3,m - Prcss ure =I033 g./cm.». 

y=%’3 4 0 0f,sfi cx P anslon= x - 83=2923 -4 g.cm., therefore 

, [ Sh - - f Cm - pcr ? caL The value fou " d directly is 42,670. 

M.iNtr. With less accurate data, calculated 36.500. 

1 (I.IIIMHS. a nil. p/iys.. |X5l». 98. |7.3. 


• thiii, 1850. 79. 368. 


> Ann., 1842, 42. 233. 
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jcssa , sa=srBES^“«^ 

of wide applicability. 

The Second Law of Thermodynamics 

s 22 History of the Second Law of Thermodynamics 

sESSSSsHs 

its meaning and content. Thermodynamics was dis- 

The underlying principle of the the method of 

covered by Sadi Carnot in 1824 . . hcal engines, such as the steam 

obtaining work (** motive power ) from htKtyl** 8 - c , hc work lhcy can 
engine. In comparing the efficiency o ■ ^ |Q ; onsidcr an ideal engine 

produce from a given l ^ uanl ' ly fr ^!! * f h the hca t supplied into work, and this 
which converts the maximurn foctio C(J ^ such a reversible engine 

is the reversible engine described in § 8. P working between the 

is the most efficient one. and that all ^vers.ble eng. rc. |y ‘ efficienl . At 
same two temperatures of hot body r ar l ^ chc mists) regarded 

that time Carnot (with all professional p y ^ crcalcd or destroyed, 

hcat as an imponderable fluid, . and hc supposed that the 

and can “ flow - from a hotter body to a c<wler one. an^§ f # hjgh |c a 

work done was derived from a quantity difference of temperatures, 

low temperature, the work ^ 

just as the work done by a quantuy of fa g * in P corrcct , since some of the 
cncc in ,cvcl - . " fS? Mi from one temperature 

hcat is converted into .work, and if I e f “ d which . whcn multiplied by the 
to a lower one, it is the entropy (§ 33) “ansi cnlr0 py has been identi- 

dilTcrcnce of temperature, gives the work do . is of || t tlc significance 

flable with Carnot's caloric.* This purely formal analogy 

or importance. 1 fir . satisfactorily stated by 

The Second Law of ThermodyMmjw r |i n Academy of Science. 

Clausius in a paper read on 18 February. • 4 wi || iam Thomson (Lord 

and published in March and April of that year. 

r ... ......... i ll.Al I 


i r title, i v Impnmcric dc ouirauw., ™ • Am ,/, r m„i e norm.. ■ 

118, plate; facsimile reprint. 1903 (1912. > 92 *}* J , by Carnot. Paris. 1878; "J n ' | b > 
and in book form, with additions of W*****™ • , on don. 1890; Oswalds 
Thurston. " Rcncctions on the Moiiw Poj«r of H Th c book of 1824 was extremely 
1892,37; Harper's" Scientific Memoirs. NcwYoc mostly known only from Clapcjrons 
scarce even as early as about 1 845. and Carnot s dc ' publics sur lc haut 

memoir of 1834 (ft 4.,. " S>di CrnoU Picard.* Pans. 1927. with «m> 

de P Academic dcs Sciences avee unc In onc |alcr , n life. , y() . 

portraits ofCamot, the usual one <•** 17. d Ploc RoV . iuc., M*. . - • 

* See §34; Callcndar. Ph,t. Mag.. 1 9I J. "• . • 

•* Math, and Phys. Papers." Cambridge. 1929. 1. xrv. ... , c . 

i SSSSe bewegende Kraf, dcr Wdrmc and c,e gj« - ££ tKVj ^ *£ 

I&S52SK5 > 

72. 355; "The Mechanical Theory of Hcat. irans.- 
Memoirs," New York. 1899. 6. 
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Kelvin), 1 who says he had independently arrived at his statement of Carnot’s 
principle in terms of the efficiency of a reversible engine at the commencement of 
1851, without knowledge of Clausius’s paper of 1850, states unequivocally that 
“ the merit of first establishing the proposition upon correct principles is entirely 
due to Clausius,” and as Clausius and Thomson are the only possible claimants 
for the honour of founding the science of thermodynamics, the question of 
priority may be regarded as closed. The “ conciliation ” of Carnot’s and 
Mayer’s principles, which was discovered by Clausius and Thomson, was also 
discussed (apparently independently) by Hirn. 2 


§ 23. Energetics 

Since work =forcex distance, it seems possible that other forms of energy 
might be represented as the product of two factors. Rankine 3 interpreted 
Carnot's cycle as involving the 41 fall of heat ” down a temperature difference; 
he later 4 introduced the name “ science of energetics ’’ as meaning a generalised 
thermodynamics, and supposed that “ every kind of energy may be made the 
means of performing any kind of work," so that it may be represented as a 
product of two factors, x a 44 passive accident ’’ and X an 44 effort ” or 44 active 
accident." J. Thomson 5 had similar ideas. Gibbs 6 represented small changes 
of various forms of energy by expressions of the general form Xdx, where X 
may be called a generalised force and .v a generalised coordinate, but these names 
arc not used by Gibbs. Maxwell, 7 in discussing the work of Gibbs (which he 
was practically the first to notice), remarked that the existence of a system de- 
pends on the quantities or magnitudes of the system, which arc the quantities of 
the components, the volumes, and the entropies, as well as on the intensities of 
the system, viz. the temperature and the chemical potentials of the components. 
He says 8 the variables defining the state of a system may be separated into two 
sets, one of which includes intensities (pressure, temperature, etc.) and the other 
magnitudes (volume, entropy, etc.). The first arc sometimes called the intensive 
properties , and the second the extensive properties, of a system. The intensive 
properties are independent of the quantity (e.g. mass) of the system, whilst the 
extensive properties ol a homogeneous system in a given state arc proportional 
to its quantity. Trevor 9 said that 44 work ’’ terms are of the form forcexspace 
change and other energy terms of the form potential x quantity change, so that he 
distinguished between 44 work 44 and 44 work equivalent.” 


' mo’ 20 - 261 (rcad l85l > : Ph,L Mag., '852. 4. 8. 105, 168; Ann. 

C/nni. .185 36. llKJahresb.. 1851. 32: - Math, and Phys. Papers. 44 1882. 1. 174; see Larmor, 
Proc Roy. Soc 1908. 81. Appendix, iii; ibid., 1918. 94. 326; - Math, and Phys. Papers " 
Cambridge. 19.9. 2. -81. 590: Clausius. “ Hie mcchanischc Warmethcorie. 44 1879, 2, 321 f.; 
Harper s Seiennfic Memoirs.’ 4 New York, 1899. 6. 

- 44 Rechcrchcs sur lTquivalent Meeanique dc la Chalcur. 44 Colmar, 1858. 200. Hint's 
work has generally received little attention. 

' Phil. A/,<e . 1853. 5. 106; “ Mice. Sei. Papers. 44 1881. 203. 

l88| /> 209. />/,,Y " ' G ' atS ° H ' ,855 - 3 ' 381 : EJin - <V - PhiL J " ,855 ’ 2 ’ ,20: " Misc - Sc‘- Papers, 44 

PrhmT 473: cf Mach - " Geschichtc und Wurzel des Satzes von dor 

hrhahun^der Arbeit. I rague. W2. 54; q. by Ostwald. * ** ’ Lehrbuch der allgcmcincn Chcmie,’ 4 

! l^-pmneet. Acad., 1875 8. .3. 108. 343: " Scientific Papers.” 1906. 1. 55. 

Muscuinl'' 1 876 C US • ' T" S? 1 ? 1 ' 0 * of Seknlific Apparatus 44 [South Kensington 

I* , - Cam [* Ph, [ S,H - 2. 427; Phil. Mas.. 1908. 16. 818; 4 * Scientific 

• - orS.^i™;„ 4 JnJ Ph>s Papcrs " Cambrid » c - 2 - 705 - 

** J. Phi \. Hu m.. 1N99. 3. 339 
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follows, and the idea has often been used. 


Intensity factors 

force 

velocity 

pressure 

temperature 

electromotive force 

surface tension 

chemical potential 


Capacity factors 
distance 
momentum 
volume 
entropy 

quantity of electricity 
surface 

quantity of substance 
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be made of it here. 

S 24 Perpetual Motion of the Second Kind 
The First Law oflhermod^ 

as 

The Second Law of Therm^ynarrucs (of any ror m of energy 

£££* -verub, into wo*, such as ^ 

i Comp,. Rend., 1887. 104. >*:';*»>£ l*# ^ g Encrgcnk nach ihrer gcschkhl- 
» "Die Lchrc von dcr Energic. V, und/U ec dcr mathematischen Chcmie, 

lichen Entwickelung," Leipzig. 189*. 253^- • £ M j^naUd Chemistry." New York. 

836. .. Iuu , ,c tthc " chcmomctcr ): 1*95, 

is! 1897.’ " Lehr^chder 2." I 76.‘ ^awards 

Donnan, J.C.S., 1933. 346, says Oswald in his kclarcs loci 

-•■su « ,«. ». * ** » «-an5S*A £££«»$ 

61, 705; Gruncr, if. pA/5. CAem.. 1897. 23. 636 I , 
i JofTc, Ann. Phys., 1911. 36. 534 (opacity f-uor unknown). 

1 Quoted by Szily. Phil. Mug.. 1876. I. I. 231, 393. |897. 61. 790; Wise. 

— my * m ' 

^°^inn?Phys^!vvi6?Si?T2\“^A*ht 1 ; 

10 Garvcr, J. Phys. Chem.. 1911. 15. 20. 61 3. M"- • iv3v f 4 3. 759; BrdnMcd. " I hysical 

J. Chin,. Phys.. 1942. 39. 1 1 ; Hu/lchurM.y. **>*< ’T'^V^knlk. Sehkab.. Afa# ./>*. 193 . 

Chcmist r y, 1 M937;y.PA>-».C/.em..l940.44.699.AW_fAi ■ ^ |42 27J; MacDougaH. 

16. No. 10; 1941, 19. No. 8; and crrtici%m. Anon.. sec also Damianovich. 

7. Chem.. 1940. 44.713; Romberg *£ ***- ^3; 41. ^ ^ * 638; ,927. 
An. Soe. Cieni. Argentina. 1917. W. 105; I9.H. I0S. 

is *K ,o Balfour '»» 

380 ; and Ostwald. if. phys. Chem. . 1 892. 10 . 362 . l* 

2. 474. 
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is derivable from heat taken from a body at a uniform temperature without any 
other permanent change or changes occurring anywhere else during the process. 

This seems sufficiently obvious. A steamship might be supposed to draw on 
the immense store of heat in the ocean, convert it into work, and return it again 
as heat by the friction of the propeller and of the ship itself. Such a method of 
propelling a ship, which does not contradict the First Law, involves a perpetual 
motion of the second kind and is obviously impossible. Ostwald 1 suggested 
that the negation of a perpetual motion of the second kind is a special case ofa 
more general principle, that “ what is in equilibrium in one way is in equilibrium 
in all ways, and what is not in equilibrium in one way is not in equilibrium in 
any way." 

It might be supposed, on the basis of the impossibility of a perpetual motion 
of the second kind, that heat taken from a body of uniform temperature cannot 

be converted into work, but this conclusion is 
false. 2 Suppose that a quantity of a gas, e.g. 
air, is contained in a thermally conducting 
cylinder A (Fig. 11. II) closed by a frictionlcss 
piston a maintained in equilibrium by suitable 
weights placed upon it, and let A be immersed 
in a large bath of water B. Now allow the gas 
to expand reversibly by removing successively 
very small weights from the piston, which rises 
to b. The expanding gas docs work w. The 
energy E of the ideal gas is unchanged (this is 
very nearly the case with air), and the whole of 
the energy m* must be derived from an equal 
quantity of heat, q % absorbed isothcrmally by 
the gas from the water bath. Hence work w has been done at the expense of 
heat <i taken from a body at a uniform temperature. 

1 his is not a perpetual motion of the second kind, since there is a permanent 
change in the gas: it now occupies a larger volume. To restore the original 
volume, the work w must be spent on compressing the gas and the equal amount 
ol heat q is given out by the gas to the water bath. On the tfhole, therefore, no 
work is done and no heat is taken from the water bath;* when the gas is first 
expanded reversibly, and then compressed reversibly so as to recover its initial 
state, and no changes arc left in other bodies. 

This seems obvious, but now consider the following case. The cylinder is 
closed by a thin glass diaphragm at a, and at b is another strong diaphragm, the 
space ah being vacuous. If the diaphragm a is broken (say by rolling against it 
a marble in the space ah), the gas expands by rushing into ab without doing 
external work, and Joule s experiment (§ 23.VII C) showed that its temperature 
remained the same as bclore expansion, hence no heat is taken from the water 
bath. Jo recover the original state of the gas, i.c. occupying the initial volume, 
the work n must be spent in compressing the gas isothcrmally and the equal 
amount of heat q passes into the water bath. This result is quite different from 
the first, in which the work h* was first obtained and then spent, and the heat q 
was first absorbed and then emitted. Here a permanent change has occurred, 
not m the gas. which is restored to its initial state, but in the water bath, which 



( u !?; " ,>ritKi Pk> of Inorganic Chemistry,” 1904, 135; in " Out- 

! i V ‘\*r n • I ' r ‘ ?4 ‘ IS V1> S Ih,s “ duc lo Lord KcK but no reference ; 

• « tambridec <L - sa >' 16 
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has gained an amount of heat q. At the same time a weight the descent of 
which furnished the work of compression, is left at a lower level and has so los 
an amount of potential energy, which could have been obtained in the form of 
work but is now converted into an equivalent amount of heat given to a body 
of constant temperature. In order to make the whole change 
reversible i.e. to leave everything, gas and surroundings, in exactly the same 
state as at the start, this heat would have to be taken from the water bath and 
converted into potential energy by ra.smgthewe.gh.toi.song.niilhe,^ 

This process, however, would be a perpetual motion of the second kind, in 
essential difference between the two cases is that in the first case : the = volume 
changes of the gas are reversible (in the thermodynamic ' 

second case they are irreversible, and the importance of reversibility in connec 

5 with a perpetual motion of the second kind, and hence with the Second 

Law, thus becomes obvious. 

6 25. Equilibrium and Thermodynamic Reversibility 

The following are stated by way of definitions: (i) *»*-«** 
which is independent of time. In practice 

“ 1 iSSSim. * • mem.mmm ”/ 

° 0)”“w .Mch sp,«~.iy » 

reversible changes are only ideal limiting cases ® f real changes. 

(3) A system - in an equilibrium , state . K "he s^m a" in the 

a state a' only by the action of external infl u cnccs . ^ * (q a . . # ,,, , /|( . 

proceed spontaneously equally well in t V paiSiigc of a system 

reversible. Hence irreversible changes correspond Wl 
in a given state to a system «na slate of great p * for a || irrC vcr- 

arc the probabilities of the initial and hna . . W,<W\ being 

^ reason SlS 

=»££ :Ll" nd Uw E of Th^ynamic's have a statistical 

Mate ofasystemmus; 

A funcuon 

time a function of the probability of the system. It will be shown 
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free energy F is a function of class A, and the entropy S a function of class B, 
such that S=k In IF, where A: is a universal constant. 1 


§ 26. Free Energy 

The reversible or irreversible expansion of a gas at constant temperature can 
be considered from another point of view. It has been seen that when the 
expansion is carried out reversibly the maximum amount of work can be obtained. 
It seems simple to postulate that this maximum work 2 of an isothermal change 
is equal to the diminution of the free energy* F, of the system: 

Wj—AF ( 1 ) 

where AF is the increase of free energy in the given change. 

For an ideal gas (1 mol), from § 6: 

u’ T =/?rin (k' 2 /F 1 )=— JF. 

The apparent simplicity of the idea of free energy is belied by a consideration 
of the two cases of expansion of a gas considered in § 24. In the first, reversible , 
expansion, the free energy of the gas decreases by RTln (F 2 /K,), but in actual 
fact the energy of the gas remains constant, so that the whole of the diminution 
of free energy of the gas has come from the energy of the water bath, drawn 
upon to provide the work of expansion. 4 In the second, irreversible, expansion, 
the energy of the gas and that of the water bath are both unchanged and no work 
is done, yet the free energy of the gas still diminishes by /?7Tn (F^K i), since 
the gas by its irreversible expansion has lost the capacity it had, in its unexpanded 
stale, of making use of the energy of the water bath by doing this amount of 
work when expanded reversibly from the initial volume F, to the final volume V 2 . 

• On the concepts underlying this section, see Duhcm, J. Math. (Liouvillc), 1892, 8, 269; 
1893, 9, 293; 1894, 10. 207; " Traite Ekmentairc dc la M&aniquc Chimiquc fondtfc sur la 
Thcrmodynamiquc," Paris. 1897. 1. 32. 56 f.; Poincari, Thcrmodynamiquc," in " Cours dc 
Phys. Math ," Paris. 1892. 3; Wald, Z. phys. Chem., 1887. 1. 408; Wcscndonck. Ann. Phys., 
1899, 69. 809; Guyc, J. Chim. Phys.. 1917, 15. 215; Bcrthoud. ibid.. 1919, 17. 589; Kimball, 
J. Phys. Chem., 1931. 35. 61 1 ; Partington. ** Chemical Thermodynamics," 3rd edit., 1940, 25; 
Wilson, Phil. Man.. 1942, 33. 831 ; Scale hard, Science, 1942, 95, 27. 

1 The name " maximum work ” for the work obtained in a reversible change is due to 
Clausius. Ann. Phys., 1850. 79. 500. It was more particularly used for an isothermal change 
by Nernst, ** Theoretical Chemistry," 1904, 17 (where it is denoted by A). 

J The name " free energy *’ is due to H. von Helmholtz, Berlin Ber., 1882, I, 22; " Vor- 
lesungen liber thorctischc Physik, Thcoric der Warmc," 1903, 109 f.; Ostwald’s Klassiker, 
1902, 124, 18; R. von Helmholtz, Ann. Phvs.. 1887. 30. 401; Z. phys. Client., 1887, 1. 203. 
Other names arc "puissance motricc " (Carnot, 1824; Lc Chatclicr, J. dc Phys., 1894, 3, 
289), "action maximum" (Clapcyron, 1834), "force" (Kraft) (Mayer, 1842; Helmholtz, 
1847; Saint-Robert, " Principcs dc Thcrmodynamiquc," Turin, 1865), " molivity " (W. Thom 
son, Phil. Mag., 1879. 7, 348; " Math, and Phys. Papers," 1882, 1, 456; 191 1, 5, 6), " power of 
working " or " work-producing power " (Tail, " Sketch of Thermodynamics," Edinburgh, 
1877, 62). " available energy " (Maxwell. 1871). and " work function " (Fowler, " Statistical 
Mechanics." Cambridge. 1929. 96. 570). The name " free energy ” is, unfortunately, used for 
a dilfcrent function {F+PV) by G. N. Lewis. J.A.C.S.. 1913, 35. 1. and Lewis and Randall, 
"Thermodynamics." New York. 1923. 158, and other authors, e.g. Butler, “Chemical 
Thermodynamics." 1946. 259; see § 44. This function. G=E-TS+P V (S=entropy), is 
called the " available energy " in the present book. The name " free energy " for it docs not 
seem correct, since if F=E-TS is the free energy. G=E-TS+PV={E+PV)-TS=H-TS, 
should be called the " free heat content " or " free enthalpy." Sec the interesting discussion 
by Larmor, Phil. Tram.. 1897. 190. 205; " Math, and Phys. Papers." Cambridge, 1929, 2, 82 f. 

* It may, ol course. Ik* said that the work comes initially from the energy* of the gas, the loss 
of which is continually and exactly replenished by energy drawn in from the water bath by 
absorption ot heat, but no obvious purpose is served by this complication in the thermo - 
dynamic argument. In the kinetic description, the energy of the gas necessarily intervenes. 
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§ 27. Dissipation of Energy 

The idea of free energy is closely relaled to a general principle ofd'sstpalion 
of energy introduced by Lord Kelvin' (1852). In lh,s. po.enual energy 
electrical energy, and, in general, all forms of free energy, are regarded as useful 
forms^of energy, available for direct conversion into work; heat ,n a body of 
uniform temperature is completely unavailable energy, since it cannot be con- 
verted into work unless some other changes, which render cner ^ un ^'^ b '^ 
occur as well. All irreversible changes tend to produce unavailable enag>. 
The conversion of free energy into unavailable energy is called Aripa lion i 
degradation) of energy, and all irreversible processes kad 1 to d ^ , P al10 '' 
energy; the final result of all these will, if the principle holds good I k : the reduc 
tion of the whole stock of energy in any system into heat at a uniform tempera 

‘“Thr'vaHous^pcctr'oMh^ principle of dissipation of energy were clearly 
stated in a Royal Institution lecture by Lord Rayleigh 2 in 
for chemistry were pointed out, and in a later paper, discussed in the next . para 
graph, he gave an excellent quantitative illustration of it in connection with 
mixing of chemically different gases. 

6 28. Mixing of Gases 

' If a light gas such as hydrogen is carefully stratified over a heavy gas such as 

h'SSfifcT.. ~l. << ... 01 —w* ■ "SLlUfSS 

(Fie 12 II) by two selectively permeable (' scmi-permeabk ) P» J 

' r -mi 3 , jn i.Mi • lS* 

58, 85, 199; transl. Borns, " Worlds in "“Mak-ns. New YorM908. ««. 

" U Degradation dc l Encrgic/' Paris. 1908. * The dissipation of energy is 
1 Nome. 1875. 11. 454; ' Scent, lie Papers 1TO L ^ m ^ 

equivalent lo ihc principle of comptnsaiing ,,an ' " * ' /»/„., 1X62. 116. 

1854, 93. 481. and especially 10 L J 0 "^ noteworthy that Thomson restricted the 

73; 1863, 120. 426; Phi Max-. 186*. 35. 405. It is notes o » .. bu , ^ |hat ils 

unquestioned validity of the principle to ^ ... f P „ ridgman . •• The Nature of 

application to vegetable or animal life is also jHOtoaNC . «. or.o 8 
Thermodynamics." Cambridge (U S A ). 1941. 208- . . 

Si and O,, h, .908, 15. 

"I' Wkn Be,. .878, 78. 11. 753. The result was vtated - .eons of entrop, .9 5.) by Maxwell. 
" Ency. Brit ." 9th edit.. 1877, 7. 220; " Sci. Papers. 1890. 2. 644. 
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apparatus is immersed in a large water bath of temperature T, the mixing 
can be carried out isothermally and reversibly, and work w T is obtained. 
By pressing in the pistons, the gas mixture is separated isothermally and rever- 
sibly into its constituents and work w T is spent. If it is assumed that the pressure 
exerted by each gas is independent of the presence of the other gas, then: 

— JF=H , T =fli/?7'ln — ~~~ 2 +n 2 RT\n p- ... (1) 

The first expression on the right is the maximum work of isothermal expansion 
of mols of gas (I) from the volume V x into the volume (V x + V 2 ) t and the 
second the maximum work of expansion of n 2 mols of gas (2) from the volume 
V 2 to the volume (V x + V 2 ). It is obvious that the whole process depends on the 
condition that the two gases must be different; no work could be obtained from 
two portions of the same gas. The equation, however, does not contain any 
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Fkj. 12.11. Reversible Mixing of Gases 

reference to the chemical character of the gas. 1 This result, on which a great 
amount of argument has been misdirected, is called Gibbs's paradox } An 
experimental verification of the work obtainable by mixing gases was given by 
Woodward. 3 Since (as will be shown) the total energy of the gases is unchanged 
by mixture, the work in (I) must have been derived from an equal amount of 
heat q r = n r absorbed from the water bath. To reverse the process work w T is 
spent and heat t/j- w T is given to the water bath. Hence, if the gases were first 
allowed to mix by diffusion, for which irreversible process u-=0, this process 
can be reversed only by expending work w T and completely converting it into 
heat in a constant temperature reservoir, when it is completely unavailable 
energy. 

New light was thrown on the irreversible mixing of gases and allied spon- 
taneous changes by an idea of Maxwell’s. 4 Let the cylinder containing the mixed 
gas be supposed to be divided into the spaces (1) and (2) by a partition with a 
very small aperture which can be opened and closed without performance of 
work by sliding horizontally an ideal frictionlcss shutter. Now let a micro- 

1 Larmor. ” Math, and Phys. Papers.” Cambridge. 1929, 2. 99: the chemical difference of 
the gases cannot change continuously to zero. 

•’ See eg. Wictlcburg, Ann. Phvs.. 1X94. 53. 684: Guillaume. Arch. Sci. Plus. Hat., 1916, 
41. 445; I hrcnTcst* iManassjcwa. Proc. A I had. I Vetem. Amsterdam, 1918. 20. 1049; 1918. 21, 
5*: Szilard. /. Phys . I **25. 32. 753: 1929. 53. 4U: van 1 aar, ibid.. 1927. 45. 635; von Neumann, 
" Mathcni.itiM.lio Gnmdlagcn der (Juantcnthcorie." Berlin, 1932. 179. 

• Proc. Phis. .W.. 1883. 5. 318. 

* *' Them . of I le.u." IS'l. 308 (a “ King the name " sorting demon " was used by Lord 
Kelvin in is' J Proc. Hoy. .W. I’din.. 1875. 8. 325: Phil. Mag.. 1892. 33. 291; " Math, and 
I’hyb. Papers." 1911. 5. 1 1 ; “Popular Lectures and Addresses,” 1889, I, 137); Lippmann, 
Congr.s Int.rnai. Phys.. 1**01. I. 346; Smoluchowski. Ann. Phvs., 1906, 21, 756; Gdtt. Nachr., 
1913. 146; Giiyc. J. ( /urn Phvs.. |9|7. 15. 2I<: Routaric. ibid.. 1919. 17. 589; Pratolongo, 
(raz:.. 1918. 48. i. 121; S/ilard. Z Phys.. 1929. 53. 840; Baas Becking. Proc. K. Akad. We tens. 
Amsterdam. 1942. 45. 895; IVmcrs. < druid. J Res . 1944. 22 A. 27. 
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1 28 MIXING ur OAJCJ 

scooic being (“ demon ") 1 be stationed at the aperture. All molecules of gas 
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Law has only . considerate," in § I4.IV. where 

uh^sh'ow'n lhaMhc^niicrVM^pic'lKhniquc of the imap^ney deinon r' illusory, 

and hence the basis of the Second Law ,s rme than Marnd | imjn ary 
U is. perhaps, the most . extraordinary natural h. " cquali ' ns 

in physical ehemtstry. developed quantitatively by Lord 
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This separation could becjlccjcdby . p to** J quantitative connection 
with " molecular cricket bats. The : lull . ^ ^ c|car by Bo|u . 

between probability and entropy (§ 33) - scoaration of 100 c.c. of a mixture 
mann, 3 who calculated 4 that the spon ** ‘ d l0 ^ur j n a period of time 
of equal volumes of two gases would not be expected to oecur , 

less than 10 ,ol ° years. . • c decree to the control 

Modern experimental lcchni ^“« n0W G r ^ Lewis 3 in an interesting paper on 
of single atoms and molecules, so that G. N. Lewis, 

• The concept is that of a micro-robot. . p/ , s1ag I89 2. 33. 291 ; " Math. 

2 Proc. Roy. Sue. IUlin.. 1874. 8. 325: Aj«. 1874. 9. AA\ PluL Mag.. 
and Phys. Papers” 1911. 5. II : cf. Helmholtz. Nalmr. 1885. 32. 25. 

5 "‘ Wirn B,,.. 1*77. 76. II, J73; l»7*.7«. II. 7: "Whs. AbW •" ,W - *' ^ 

; t ■ £ »*— - •• 

(U.S.A.), 1941, 133 f. 
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the subject of irreversibility and Maxwell’s demons, said: “ In recent years, if I 
may say so without offence, physicists have become demons.” The Brownian 
movement is a phenomenon in which the limit of applicability of the Second Law 
has almost been reached in visible systems. 1 


§ 29. The Second Law of Thermodynamics 

The postulate that a perpetual motion of the second kind is impossible is one 
form of the Second Law of Thermodynamics, and as such it may be stated as 
follows: 2 

The operation of a finite cyclic process which produces no other effects than the 
abstraction of heat from a reservoir and the raising of a weight is impossible. 

Since every other form of energy except heat may be converted completely 
into the potential energy of a raised weight by suitable ideal reversible processes, 
c.g. electrical energy by an ideal motor in which there is no production of heat 
by friction or by finite currents flowing through resistances, all these forms of 
energy may be included in the group of work,” and it may be asserted that: 

(1) All forms of energy, including heat, arc quantitatively interconvertible. 

(2) A quantity of any other form of energy is completely convertible into heat. 

Statements ( I ) and (2) arc consequences of the definition and the measurement 

of energy according to the First Law. 

(3) The conversion of heat into work is, in general, cither impossible or only 
partly possible, unless other changes (" compensating changes ") occur as well. 
This is implied in the Second Law. 

The conversion of heat into work is thus limited by certain restrictions, due 
to some essential difference in quality between heat and the other forms of energy 
(Gibbs; Boltzmann). 3 Putilov 4 regarded heat and work not so much as 
quantities of energy, as forms in which it is transmitted, work then appearing as 
the macro-form, and heat as the micro-form. 


§ 30. Moutier's Theorem 

The work done in any isothermal reiersible cyclic process is zero (J. Moutier, 
1X75): 5 

( h ) t -0 ( I ) 

For if (»») r >0, this contradicts the Second Law. If (u ) 1 <0, this is possible 
if the cycle is irreversible, since work can always be wasted by conversion into 
heat by friction. But if the cycle is reversible it can be carried out in the opposite 
sense, and then (») r >0, which is impossible. Hence (n) r =0. 

Since for a cyclic process (n)=IV/, it follows also that the algebraic sum of the 
quantities of heat absorbed and emitted in an isothermal reversible cyclic process 
is zero: 

07 ) 1=0 (2) 

which is a second form of Moutier’s Theorem. 

1 Lorenu, " Lcs Theories Staiisriquc cn Thcrmodynamiquc.” Leipzig and Berlin. 1916, 47. 

- Planck, " Thermodynamik.” 19| I. 86; cf. Demers. Canad. J. Res.. 1944, 22 A, 27. 

3 (iibbs. *• Scientific Paper'.” 1906. I. 406; ” | use the term * equivalent * strictly to denote 

reciprocal convertibility, and not in the loose and often misleading sense in which we speak of 
hea: ml work as equivalent when there is only a one-sided convertibility.” The same idea is 
e.\p; cd by Holt/nunn. Hieif Her.. IS$3. 88. II. S6I ; Amt. Phvs.. 1884. 22. 39; “ Wiss. Abhl.," 
1909. 66. 

4 Hull. A, tid. S.i. V.R S.S.. 1937. Till. 713 (Chim.). 

Hull s,; . Philomath . |s's, |2. 38; " La Thcrmodynamiquc ct scs principals Applica- 
tion'.' 1885. 344. I he theorem does not follow from the First Law, as erroneously stated by 
Taylor, “Treatise on Physical Chemistry.” 1924. I. 57. 
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§31 

6 31. Alternative Forms of the Second Law of Thermodynamics 

mwmmm 

, hc student will be > ha " •»» «*?. 

an acquisition which will be ol mucr g 1 compactly constructed, 

of words on which a demonstration may be more or y js mosl casily 

The equivalence of v^ious for n S*c^ ^ from onc body 

demonstrated by remembering that po , Carnot's cyclic process 

,0 another a. a higher temperature by rnea"s f S nt Amount of heat is 

K„u^^ 

.He possibility of a perpetual 

motion of the second kind.' ^ lh c_ ond i aw io: “ Heat can 

In 1854 Clausius 6 modified h.s some other 

never pass from a colder to a in | 8 (,J lie said 7 that this 

“ot Hu. is a* postulate which can be tested 

and Physical Papers." 1882 I. I7«;cf. ***£■*£ MIS. '’2- 

maim Fesischr.. 1904. 123: Guyc. Phy'"- 2578. , houj .| U •• no valid statement 

^ 15 ,0 ~ 
of Heat. " .875, cf. ^ 

«■>"».. 1917. 15. 2l5.compared.hcd.llc.cn. ^Jcmen ^ mj| ,„ JllK:d ,|„, the statements 
Ehrcnfcst-Afanassjcwa. Z. Phys.. I 33. 933. ■ • .. . .. Lch ,buch dcr physikalischcn 
of Clausius and Thomson arc not quite equ • ' u j, 0 f a Carnot's cycle with the 

Chcmic,” 1928, 1. 81. 87. said that a of a perpetual motion 

cold body at the absolute zero (9 8) sho_^ that the f tfihc second law." and L anlclo. 
of the second kind (5 24, » docs not qinte- read* the heart ins. , 

J. Phys. (hem.. 1928. 32. 982. amplificdthispoint. .. 1940 

J Detailed proofs, see Partington. * Chemical Thamodyn 

b Ann. Phys.. 1854. 93. 481. 444. 

7 Ann. Phys.. 1863. 120. 426; cf. Wesendonck. ibid.. *899. . 
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by comparing the inferences from it with experience. In 1854 he introduced 
the “absolute temperature " T, and called *0/r 2 - l/r,) lhe “equivalence 
value ” of the quantity of heat q. He showed that the integral J(d q/T) round a 
reversible cycle is zero; round an irreversible cycle it is greater than zero. In 
1856, in a paper 1 on the application to the steam engine, Clausius (taking 
T=t° C.+273) used the equation: I(dq/T)=-N, where N is called the equiva- 
lence value of all uncompensated changes, the work obtainable from q being 
w=q-T 0 f(dq/T) t where T 0 is the lowest available temperature. In 1863 he 2 
introduced the concept of disgregation, which is the sum of the internal and 
external work divided by the absolute temperature, and pointed out the implica- 
tions of the Second Law in chemical processes; f(dq/T) is here called the “ trans- 
formation value" (Verwandlungswerth). In 1865, finally, the name entropy 
and the symbol S for it, were introduced. 3 

From the time of its enunciation, various objections to the Second Law were 
raised: these depended on misunderstandings, and some of the more sensible 
earlier ones were refuted by Clausius. 4 Since its statement in the form involving 
the impossibility of a perpetual motion of the second kind, these objections to 
the law have abated. The Second Law is an example of what Whitehead 5 
called “ postulates of impotence,” which assert “ the impossibility of achieving 
something, even though there may be an infinite number of ways of trying to 
achieve it." Many of the most fundamental laws (e.g. the quantum theory) 
have this character, limiting some possibility to a narrow region of actuality, 
whilst the surrounding regions are empty. 


§ 32. Carnot’s Theorem 

The Second Law shows that reversible transformation of heat into work by a 
cyclic process can occur only if at least two bodies at different temperatures are 
available, from one of which, at the higher temperature, a quantity of heat q x is 
taken, and to the other, at the lower temperature, the balance of this heat, q 2 , 
is rejected. Such a process is the Carnot’s cycle described in § 8. If tv is the 
work done in the cycle, the ratio w/q\=r) is called the efficiency of the cycle; 
Carnot 6 (1X24) showed that it is independent of the nature of the cyclic process 
and depends only on the temperatures 0 t and 0 > of the hot and cold bodies: 
7jMf(0,, 0 2 ). This is known as Carnot's Theorem and is a consequence of the 
Second Law. 

Let two cyclic processes [a] and [fi], (a] reversible, be carried out with the 
same hot and cold bodies (the source and refrigerator, respectively), and if 
possible let [fi\ be more efficient than (a). Let each process be arranged to 
absorb heat (/, from the source per cycle. Since (a) is reversible, let [fi ] be 

i Ann. Pltys., 1856. 97. 441. 513. 

- Ann. Phvs.. 1*63. 116, 73; 1863. 120. 426; here, the expression J(d//;T)^0 is used; Phil. 
Mag.. 186 X. 35. -t»5 (from a lecture). 

> Ann. Pliys., 1865. 125, 353: alternatively, the name " Verwandlungswerth " is used for the 
entropy. On the history of the development of thermodynamics, sec Rosenfeld. Ball. Soc. 
Bay. Set. Urge. 1941. 10. 199. 

4 Ann. Phy i.. 1851. 83. IIS (against lloltzmann); 1863, 120, 426 (against Him, etc.); 
•' Mechanical Theory ol Heat/' 1879. 332 f.; an objection by Fairboumc, Phil. Mag., 1922, 
43. 1047. was removed b> Winner, ibid.. 1924. 47. 152; and Fisher, ibid.. 1924, 47, 779. 

*' Phil. May . 1942. 33. 355. 

'■ - Reflexions Mir la Puissance Motrke du Feu." 1824, 14. 22, 38; sec Helm, “ Principles of 
Mathematical Chemistry." transl. Morgan. New York. 1897. 56 f. On an apparent objection, 
sec Roark. Phil. Mag.. I*»25. 49. s*4; Lewis and Randall, "Thermodynamics," New York, 
1923, 129. prefer to call » ( </i the " consersion factor." 
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coupled so as to work [a] backwards. Then in a cycle the components of the 
coupled processes perform the following operations. 

[0] M 

® ^» fromthesource; s s»; o,he$ource; 

S Jves up to -he refrigerator (iii) takes heat* from. he refrigerator. 

By the First Law: W +q 2 =w'+q 2 '=q l . By assumption: 

w'fai>"lqi w>>w * 

Therefore Q2>^2 • 

two operations which contradict the Second Law. ncncc 

is abo* a reversible cyclic process, it can be arranged that M works M 

T^Yfn^b .rr m SrL T eSi than W * 

would satisfy the definition of a reversible cyclic PW«». * P , he lcmpcra ,ures 

Vg^r'ancWTT^f'r water^vapour^and ako^iol vapowTfinding approximately 
W ThomsonTLord foX 'by 

S^Xrof^Fir.. Uw and both Carnot’ and Thomson, in 
fact, assumed the caloric theory of heat (§ 10). 


of free energy, J£, being defined by the equation . 

w 


lose any energy at all 
the equation : 


F=£-T6 


(2) 


where £ is the energy and F the frc. ^^^fXssumX'Sc S 
pertics of which are to be investigated^ f ““ £ r is . function of 

finite, and continuous, and to have the louowmb F hv 7'=f(0) is 

temperature 0, which increases aslhctcmpcraiuc.nccases^anu 

called the absolve temperature. S is a function called the entropy. 

1 Boltzmann, Fby,.. .90S, ... M: - .here is no hni.e evctic prox-ss ddFeren, from 

’ f Seh,„er. 

> Partington. Scicntia, 1947. 41. 85. Phil- M 7 jj 

1901. 5. 313; Pulilov. Bull. Acad. Sci. U.RSS-. *93? (Ch |BI ->- 7I5 * 

6' 
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For a reversible change at constant temperature (F=const.): 

AF=AE-TAS (3) 


Hence, from (1): 


-w r =AE-TAS or TAS=AE+w t . 


The First Law, § 16 (2), shows that q T =AE+w T , hence: 

q T =TAS, or AS=q T IT (4) 

The increase of entropy in a reversible isothermal change is thus measured by 
dividing the heat absorbed in the change by the absolute temperature at which it 
is absorbed. If the change is very small, (4) can be written : 

SS=dS=8?/r (5) 


It is necessary to show that SS=dS. the differential of S, i.e. that the change of 
S is independent of the path of change, provided this is reversible and iso- 
thermal. This is shown by considering (3). The First Law shows (§ 16) that 
AE is independent of the path, and the Second Law (§ 30) that this is true for 
AF( i.e. -u> T ). Hence, if F is constant, this is true for AS t and hence for SS, 
i.c. 8S=dS. 

Since AF for a reversible isothermal change is independent of the path, the 
free energy in a given state docs not depend on how the system has been brought 
into that state, and hence the change of free energy of the system itself is the same, 
for a given change of state, whether this change is reversible or irreversible. If 
the change is irreversible, however, there will have been a decrease of free energy 
outside the system (§ 27). It follows that Fis z function of the state of the system, 
and is definite for a given state, and hence that: 


JF=F 2 -F, 


( 6 ) 


where F, and F 2 are the free energies in the initial and final states. 

It can next be shown that AS is independent of the path in all changes, whether 
isothermal or not. For, any change of state may be assumed to be brought 
about by a succession of very small isothermal changes, each pair being separated 
by a very small adiabatic change, i.e. (§4) one for which 5r/=0, this adiabatic 
change producing the very small temperature change between the two iso- 
thcrmals, e.g. a small rise of temperature in adiabatic compression. This 
assumption, in some form or other, is made in all deductions of the properties 
of the entropy function. 1 All these small changes arc assumed to be reversible. 
For all the adiabatic changes Ebq, 7 =0. and hence for them, from (5), 27d8=0. 
Hence the entropy change is due entirely to the isothermal changes: 

dS=i’dr/ T=2.'dS(isothcrmal) (7) 

and since for each of them d.V depends only on the initial and final states, this is 
true for the whole change, which was to be proved. Hence it follows that: 

AS=S 2 -S l (8) 


This is true, for the system itself also for irreversible changes, and in all cases 
AS— i) for a cycle. In irreversible changes, however, since F decreases, S 
must increase, and somewhere outside the system there must be an increase of 


entropy 

In continuous changes of state, where the isothermal and adiabatic changes 
become infinitesimally small, the sums in the above equations arc to be replaced 
by integrals. 


* Cf. Bridgman. ** The Nature of Thermodynamics." I V41. 116. 
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In another aspect of the above argument, it may be assumed that, in the imme- 
diate vicinity of any given state, there will be an infinite number of ne'ghbounng 
states which cannot be reached from the given state by adiabatic changes alone 
37). For, a given adiabatic change can bring the system into one state only 
in which it has a definite temperature, and to attain any other state will, in 
general, be necessary to add or withdraw heat from the system by an isothermal 

Ch Equation (4) in quite a different notation was first given by William Thomson 1 
in a paper of December, 1851. The standard form, 2(q,T)=0 for a number o, 

absolute temperatures (not merely two), whieh may forma “ n ^°"“ c< * u “ C 
and thus correspond with the migration round a cycle ft, T-0 . was , en 
by Thomson » in a most fundamental paper read in May 1854. U was on ly a 
step but it was a highly significant step, and one which ltd to the full devc ojv 
ment of thermodynamics, to recognise that hq,T is the different, al of a function 
of state and to give a name (entropy), and symbol S, to this function, and this 
step was^ fust taken by Clausius 3 in 1864. He gives no derivation of the word 
“ entropy," which may be from the Greek v rponr,. " change or 
••to turn inside" (with reference to its one-sided tendency R of « 54 
,he same as .he “ thermodynamic function" 

ran ndiahatic heina then called a ** curve of no transformation ). as vvtsen 
donck 3 remarked, the function *’ appears almost automatically " m the thermo- 

dy r l a C bo« h d°fsc 0 u f ss,on l Tm, ended to justify Urmor s statement • that " the 
avaUab!e[free] energy is thus a single characteristic runcuonwh.chmca. d 
determines completely the circumstances, mechanical, thermal, and const, tut. c. 

... « 

in a urnoi s v>v.i , quantities of heat 

- a— <- «-> 

undergoing the cycle, equation (7). with dS=0, becomes. 

9 i/r,- 9 i/ 7 i -0 or T,IT 2 =q,lq, (9) 

with the two bodies as source and refrigerator (hot and cold bodies), respect, c.y 
Equation (9) may also be written in the form 

(</.-‘/2)/‘7i*=< r i” 7 '- ,)/r ' * ) 

or, since q y -q 2 = w, the work done in the cycle: 

»t/h-(7W 2 )/r 1 (I V 

If T -T =hT a very small difference of absolute temperature w=hw is a 
small amount of work done in the cycle, and if <,,=</=heat absor e 
hot body at the absolute temperature T x -T, then. 

' 

• Proc. Roy. Soc. EJin.. 1857.3.91 (read 1851). Phil ^ISiSlIJn'Si 

Papers," 1882. I. 316: 1911. 5. 4; if Carnot’* funcuon .s expressed as eq 

S££ SfwSlt '23;" Math, and Phys. Papers." 1882. .. 232. 

4 Phii. r!a^'.. I | 8 8M. l l 2 M. 3 n5: •• M.SC. Sckn«. Papers." 1881. 352. 

i Z: " Math, and Phys P-Pers” -929. 2. 88 
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Equation (11) may be written as w=(q JTi)(T l — T 2 ), and since q\ITi=q 2 IT 2 = 
AS, the work done in the cycle may be said to be that done by a quantity of 
entropy passing from an absolute temperature 7, to an absolute temperature 
r 2t multiplied by the absolute temperature difference. 1 If entropy is identified 
with Carnot’s “ caloric,” the original deduction of Carnot then holds good. 

§ 34. Alternative Treatment of the Entropy 
The extension of the result for a simple cycle (two isotherms and two adia- 
batics) to any reversible cycle, given in § 33, is essentially that first used by 
Clausius. 2 He later 3 adopted a method due to Zeuner, 4 which is exactly the 
same in principle, but since it has points of interest it will be given here. 5 

The absolute temperatures are defined as in the ratio of the heat absorbed to 
the heat emitted in the cycle, or if heat absorbed by the working substance is 
taken as positive and that emitted as negative (- q 2 is written for q 2 ): 

T\/T 2 *=—qi/q 2 t or q\ITx+q 2 IT 2 =0 .... (1) 

In Carnot’s cycle there arc reversible exchanges of heat at only two tempera- 
tures. In general, reversible exchanges 
of heat will occur at a large number of 
temperatures. Any reversible cycle may, 
however, be decomposed into a very 
large number of infinitesimal Carnot’s 
cycles (Fig. 1 3.1 1), to each of which (1) 
applies. The adiabatic parts of these 
cycles which lie inside the loop of the 
given cycle cancel out in the limit, since 
each is traversed twice in opposite direc- 
tions, except the vanishingly small adia- 
batics at the left- and right-hand extremi- 
ties, but the upper and lower isothermals arc traversed only once, and in the 
limit these constitute the contour of the given cycle. Hence for the latter, in the 
limit: 

ZiSqJTx+hqdTJ-SZqlT-fSqlT-O 

.'. ihqlT-Q ( 2 ) 

If the cycle is divided into two parts (Fig. 5.1 1) and is integrated from A to C 
along a and from C to A along/?: 

J«V//7'= I 6q/T+ I ty/r-O, 
a i v«: 

f's ? /T= | Vn 

A nj.i 

which proves that «v/, T=d.V is a perfect differential (§27.1) of a function S of 
the state of the system, S being the entropy of the system. In reversible adiabatic 

i Lippnunn. ** Cours do Thcrmodynamiquc." Paris. IS89. 78. long anticipating Callcndar, 
Phil. Man., 1913, 26. 7*7; and Bidnslcd. “ Physical Chemistry," 1937, 11:7. Phys. Client. 
1940. 44. 699; F'inck. J. Franklin /ml.. I94X. 245, 301. 365. 

i Ann. Phys., 1854. 93. 481 ; " Mechanical Theory of llcat." transl. Browne, 1879, 88. 

• " Mechanical Thcor> of Heat." transl. Browne. 1879. 89. 

* " Mechanischc Warmelchre." 2nd edit.. Leipzig, 1866 ; 3rd edit., Leipzig, 1887, 42. 

■ Cf. Buckingham. Phys. R,i .. 1896. 4. 39: Durand, J. Phvs. Chcm., 1896, 1. 10; Trevor, 
ihid, 1899, 3. 389; 1900. 4, 514. Br>.in. “ Thermod> namics." 1907, 64; Jazyna, Phys. Z., 1925, 
26. 622. 
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changes 8,=0, therefore dS=0 and such <U mUS ‘ * 

S£ss^tj=SSraS3E 

Jrty impossible 

not seem very helpful. „ . idea as t0 what thermo- 

It is probable that the “ average student Sa ns some j I rf long 

more and more interesting, and he should i completely said in very 

in a very small compass what -ould othc^ 

many words. But unless he knows l ' oui y $omc interesting features. 

A long discussion 9 on entropy in 1903 g may be misunder- 

but is perhaps more noteworthy in * equations which involve 

stood by those who can use. competently Bryan, •« 

entropy changes in the practical applica ' f ., ab , c cn ergy divided by the 
who defined the entropy increase as the -(AE-AFVT approached the 
lowest available absolute temperature of entropy is much 

one more concerned with measuring entropy than defining it. 

' ^ e * n , c t^'' l* 1 - £&? 

" Text-book of Thermodynamics. 1913. where 

since about 1925) is expressed. illiwf .#.../ 1922. 44. 1008. 

2 J.A.C.S., 1917. '1899. 69. 66: /. phys. Chen,. 1899. 

» Wicdcburg. Ann. Phys.. 26. 787. 

29. 27; Calendar. B.A. Rep.. 1912. 387. Phil. Mo*.. 

« J.A.C.S., 1929.51. 1955. . 1*66; 3rd edit.. 1887. 41; 

• Partington. J. Phys. Chen,. 1926.3°. 288^ 

’ See Onsagcr. J. Phys. Chen,. 1928. 32. 146. 

• Edsall. .M.C.S., 1935.57.967- MravhMc Planck. Swan, and Poincare. 

• Swinburne, Perry. Evershcd. Robmson. Lod*. Hca% mdc Swinburne. " What 

Electrician. 1903. 50. 315. 398. 477. 478. Ml.. »«• 

is Entropy?," 1904; Morlcy. Engineer. 19I-. . 113. • |943. 151. 225: Campbell. 

1912, 114, 90; Neumann. Stahl u. Eisen. 194-62. >. • ‘ , /W ly43 j5| t 672: Harrow. 

Ibid.. 1943. 151. 138: Swinburne. iWrf.. 1943. 151. 335 TT 6-^ by Rankinc lo The Lngmeer 
Amer. J. Phys., 1944. 12. 183. The popular arucks *- ^ f ^ jls0 notC woriby. 

in 1867-70. and reprinted in " Misc. Scjcnt. I‘XI7. 56. 

"» Ann. Phys., Boll annul leUsehr., 1904. 12J. I 
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§ 35. Calculation of Entropy Changes 
The increase of entropy of a system in passing from a state A to a state B is, 
from (7), § 33: 

jjqlT=jdS=S t -S A =^S. 

Since the entropy depends only on the state, the change of entropy, whether 
the change is carried out reversibly or irreversibly, is always S B —S A . It is only 

in reversible changes, however, that this is measured by J* Sq/T. In irreversible 

cycles the equation applies to the system in the form j6S=0 but not in the 
form jSq/T=0. 

If a system a undergoes a change in which the entropy increases by AS, then 
two identical a systems undergoing the same change will gain entropy 2 AS. 
Hence entropy, like energy, is an extensive property, and the entropy content S 
is proportional to the total mass (or quantity) of the system. The only case in 
which entropy is not additive is when a pencil of radiation is divided into reflected 
and refracted parts by partial reflection. The sum of their entropies is not equal 
to the entropy of the incident pencil and the absolute temperatures of the three 
pencils arc generally different. 1 

If q is in g.cal. and T is the absolute Centigrade temperature (§ 36), the entropy 
unit is called the clausius. 2 * * For unit mass of a homogeneous substance heated 


reversibly at constant volume (8q=dE): 

d5=8^/r=f r dr/r=c t dlnr=d£‘/r (I) 

.*. (d5/d£) f =l/T (2) 

and tfS/dT) r =cJT (3) 

and if heated reversibly at constant pressure (fy=d//): 

dS=S?/r-c,d7yr«r,d In 7*=d///7* .... (4) 

.-. (ds/d//)„=i/r (5) 

and (dS/d7*)„=c,/7* (6) 

The increase of entropy on heating unit mass of a system at constant volun 
is therefore given by (3) as: 

JS r « | \c./T)dT= J* T c,d In T (7) 

and at constant pressure by (6) as: 

AS P = f , (r A /7')dr= I T c p d In T (8) 

J To J To 

If <V and c p arc constant over the range of temperature considered: 

J5 r =c r In (777* 0 ) (9) 

AS p =c p In (777*o) (10) 


1 Y‘ >n Lauc - ph > 5 ’ I**. 20. 365: 1907. 23, I. 795; Epstein. Phys. Z., 1914, 15, 673; 
von Hirsch, Ann. Phys., 1935, 22. 609. On entropy in moving media, sec Meissner, Ann. 
Phys., 1938, 32. 115. On the relation between heat capacity and entropy. Trevor. J. Phys. 
mT ib* - J0 ’ 4 529> ind bc,wccn ,cm r cra,u,c and entropy, karapctofl’, Gen. Elec. Rev., 

2 0nncs and Kcesom, “Enzykl. d. math. Wiss." 1912. 5. i. 631 ; Comm. Leiden, 1912, Suppl. 

23, 17. use this name ior the unit I joule, 1 K. The distinction drawn by Neumann, Leipzig 

Bcr., 1891. 43, 75, and Smith, Phil. Mag.. 1942, 33. 775, between entropy and specific entropy 

(entropy per unit mass) is unnecessary. 
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is used, when the result must be multiplied by 2-3026. 

lo the energy content (loosely expre pound of boiling water. 

— *> ■ “ ,ic 

same value throughout the system of bodK>- „ , considered 

Maxwell > defined the temperature of a body as . I ilale d 

with reference to its power of communing heat ^ .. bodies 

.0 be in thermal equiUbHun, on contact. 

This must be regarded as . . result of in wh ich the changes of 

Temperature is usually measured by l " tr f lcmpcr aturc. If the tem- 

volume of a liquid or a gas are rcta e .|, in points of water is taken as 
perature interval between the fr«« d ^ ^ |hc lw0 fixed points, but 
100‘ C., this scale may be extended abo e ond wjlh equal tempera- 

if equal volume changes are again suppo^ mercury, air, and hydrogen 

turc changes, the temperature as n^sured^mercury. ^ ^ ^ adoplcd 

rrsti, , 

independent of” any particular substance used in ^a ^^/^^rno^',^" 
Thomson (afterwards Lord Kelvin) "asthr « lhe foundation 

5 — - “ 

heat is indestructible (§ 10) and did not mention Joule s ^ 

l Examples, sec Pa.ling.on and '• **• f " 

t Sec e g. Day and Susman, in Gla/cbrook. fW lisaiion of the absolute seuje. 

lhe thermodynamic defininon of icmiwaliiK- an P 96; Rucker. IW . IM** 7 . 

On several aspects of lhe mailer, sec b 01 *®”- 7*97 »S: - Mail., and Phys. 

104; Blakcslcy. ml. Wfc »• n>, (U. I9B. 36, .744, Beni, am. 
Papers," Cambridge. 192V, 2, 85, 5*). 72 . j 4 

P,oc. Phys. Soc.. 1942. 54 121 ; OTxaty. * cr * jrn ^hrc" 2nd edit.. Leipzig. 1900. 

42 ; d 

~m r , Cambridge. ,93, 5, would 

regard this as a " zeroth law of thcrmodynaiwcv J/. fcW., 1918. 107. 

» l or a deduction from Camofs principle alone, see Kascau. 

20.329. 1X48 33 313;** Math, and Phys. Papers. 

« Proc. Cambr. Phil. Soc.. 1848. 1. 60; Phil ^ ^ 8I> Appendix. 

1882, 1. 100; Ann. Chin,.. 1850. 30 1 18 ; proposed by Onncs and Kcc'om. 

The symbol ' K. (-Kelvin) for absolute temperature P> » 

Comm. Leiden. 1912. Suppl. 23. 16. 
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The good agreement between his measurement of the effect of pressure on the 
melting-point of ice and the value calculated by James Thomson from Carnot’s 
principle in its original form, made William Thomson reluctant to accept 
Joule's theory until he had, with much difficulty, reconciled it with Carnot’s 
principle. Clausius 1 first showed how Carnot's reasoning must be modified 
to agree with Joule's results, but he did not develop the idea of absolute tempera- 
ture. Thomson 2 then gave the correct argument. 

In fixing his first absolute scale, Thomson 3 assumed with Carnot that the 
work done when the heat unit "falls” (§22) from the temperature & to &— 1 
depends only on &, and he chose the scale so that this work is the same for all 
values of &. His second absolute scale 4 is identical with that developed here. 
In principle, any thermodynamic equation involving temperature could be used 
to measure temperature absolutely, e.g. a vapour-pressure equation. 5 In 
practice, the method followed is to link up the absolute thermodynamic tem- 
perature T— f(0) with the temperature reading of an ideal gas thermometer 
(§ 8 ).* 

It has been shown in § 33 (9), that the ratio of the absolute temperatures of 
two bodies participating as heat reservoirs in a direct reversible Carnot’s cycle is 
equal to the ratio of the quantity of heat q { withdrawn from the body at the 
higher absolute temperature T x to the quantity of heat q 2 rejected to the body at 
the lower absolute temperature T 2 : 

‘7i/02 == 7'i/7V 

This result does not depend on the particular system undergoing the cycle of 
changes, and hence it will be true for an ideal gas. In this case, T x and T 2 arc 
defined by the equation (§ 8): <7i/?2=7V/7y, where T is now written for the 
ideal gas tempera tare, defined by T' = t C. + l/*o, where sq, is the coefficient of 
expansion of the ideal gas (§ 6). It has been shown by experiment that l/ao= 
273-16. But = 7\. hence T x T 2 =T X 77V, or T=kT\ where k is some 

arbitrary numerical constant which fixes the absolute temperature scale. If 
k= I, 7 = 7 . The thermodynamic absolute temperature scale is thus identical 
with the temperature on the ideal gas scale. 

The size of the degree is fixed by the number chosen in the interval between 
the boiling- and freezing-points of water: if this is 100 , the degree is the Centi- 
grade degree; if 180 . it is the Fahrenheit degree. The zero of absolute tempera- 
ture (usually called "absolute zero”) is determined by (10), § 33, since if q x 
and /', are finite, 7\=0 w hen «/:=0, i.e. if all the heat taken from the hot body 
is converted into work, the temperature of the cold body is zero. 7\ cannot be 
negative, since then q 2 is negative, or work is being obtained by taking heat from 

' Ann. Pliys.. 1850. 79. 368. 

: Trans. Roy. Sue. Min., 1853. 20. 2<>l dead 1851); " Math, and Phys. Papers." 1882. 1. 
174; I. armor, /’/«•». Roy. Soc , 1 90S. HI. Appendix. 

3 Ml- A/./v-, 1848. 33. 313; cf. Sclucbcr. Ann. Phys.. IS98. 64. 163; 1898, 65. 648; 1898, 
66. 1 186; Z. phys. Own., 1S9X. 26. "51 ; Auerbach. Ann. Pins.. 1898. 64. 754; Z. phvs. Chem., 
1898. 26. 751. 

4 Thomson. Trans. Roy. A,.. . Mm.. 1853. 20. 261 (read 1851): Phil. Mag., 1852, 4. 8; " Math, 
and Phys. Papers.*' 1882. 1. 174. Mthoiigh Thomson v.i>s the suggestion that Carnot's func- 
tion C should he equated to J T. where J is the mechanical equivalent of heat, was made to 
him by Joule in December 1848. Clausius. Phil. .Mag.. 1856. II, 388. pointed out that it had 
been proposed by Hollzmann in 1845: cf. Thomson. Phil. A tag.. 1856, 11. 447; " Math, and 
Phys. Papers," 1911. 5. 45. An interesting sketch of the development of thermody namics is 
given by Maxwell, " Scientific Papers." 1890. 2. 660. 

5 W. Thomson, “ Math, and Phys. Papers. "Cambridge. 1890. 3. 152; Buckingham. Bur. 
Stand. Bull., 1910. 6. 409 ; Cotter. Phil. A tag.. 1928. 6. 318. 

« Cf. Vcrschaflelt, Bull. Acad. Roy. BHg.. 1927. 13, ISO. 
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each of two bodies at temperatures T , and T„ without any other changes result- 
ing which contradicts the Second Law twice. (S'^ the cold body wtoi 
r ,=0 takes no part in the cycle, it looks as if it could be stealthily removed, 
when the cycle will continue to work without it and apparently contradict the 
Second Law. The reader may like to perceive the fallacy in this argument for 

h *The‘existence of a lower limit of temperature (O’ K.) suggests that there might 
also be an upper limit; thermodynamics predicts no such upper limit, but other 
considerations > (e.g. of the energy of the neutron) suggest an upper limit of 
1 08 x 10“ 0 K. Lehmann 2 argued that absolute temperature is proportional 
to the average kinetic energy of molecules, and the molecular velocity can n 
exceed the velocity of light. (For this velocity, however, the mass would seem 
to become infinite.) The characteristic equation of matter at excessively high 
temperaTureand pressure, discussed by Hund.> is of some mieresnn astrop ysics 

(interior of hot stars) and in the explosion of the atomic bomb, but will not con 
Lrn us here. It is possible thal some entirely new principle, as yet unknown, 
involved. 4 


6 37. Temperature as an Integrating Factor 
Zeuner 5 first defined the absolute temperature as the integrating 

mmmm 

agrees with Clausius's 7 formulation of Carnot s principle. 


[| (a ? /0v)-^(W»«)]/ ( a»/9 ,) - f( ' ) (,) 


where f(r) is measured on an , arbi ^/iVo" 

SSSTdSfiS. “|«5 -* - - •— * - ■ 

atui- luia 1*72* Luka. ibid., 1944,38, 3173; 

• Pliftck, Amer. Chem. Absir.. 1939. 33. J W67. 1944. 31 . =' kuochfm , 9 , 9 25. I. 325. 

Rosenblum, J. Chem. Educ.. 1940. 17, 418; chan|C of hcal inlo potential 
suggested . hat the upper limit “™^ he ™thcd*n S c IS completely possible); Pokrowski. 
energy is impossible (converse of 0 K »ncn Qn , hc supposct l tempera- 

! 1936. 15. .89 (46 ref,). 

4 Mott, Endeavour. 1946. 5, 107. l8 o 7 w 

5 ••Tcchnische^crmodyrumik -^rdcd 1 ... Lj‘P ■ 6- ** |909 , , 39; Bu ddc. Ann. Phys.. 

4 Boltzmann, Arm. Phys.. 255; Farkas. ibid.. 1896. 20. 256; 

1892, 45, 751; see also Fliegner, *""•****■ f™* 1 ' chem Soe.. 1898. 30. 31 <P); Ann. 

Durand. Phys. Rev., 1897. 4. 343; SchjUer .J. /*?*■( M 1902. 8. 472: 

Phys.. 1901. 5, 313; Dcnizot. Ibid.. 1902 7 358. 190 8. 9-7 rhyf 192M 9. 

Hasenohrl. Wien Per.. 1906. 1 15. II A. 1005. Press. Phil. ., log ' ^ , 9 j 2 3 303 . Odonc. 

306; Sow. Phys. Z.. 1933. 3. 487 ; Hausen. 13 310 A Daniel. ” Note on Equations 

AUL R. Accad. Uncei. 1936. 23. 865; Nuov. 1940 (privately 

of State and the Fust and Second Uws of Wilson. « bid.. 1943. 34. 828. 

printed); Ehrenbcrg, Phil. Mu*.. 1943. 34. 396 19 . . ( llon j 3 ) ( 122 (equal 

7 " Mechanical Theory of Heat.” transl. Browne. 1879. Ilbtcqua 

32-40). 
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thermodynamic definition of absolute temperature T can be given as follows: 

T=T 0 t l ' xd ‘ (2) 

where X=f(t), from (I), and T 0 defines the size of the degree, an equation given 
by Lippmann. 1 

The temperature concept is regarded as given; no interpretation of it is 
attempted in thermodynamics, which only gives a possibility of setting up a 
scale. “ Classical thermodynamics begins with the assumption, not only that 
unambiguous temperature symbols exist (defining the position of a body in a 
temperature series), but also that these symbols are quantitative.” The justifi- 
cation is found in the agreement of the results with experiment. 2 

The laws of thermodynamics have been derived in a purely formal mathe- 
matical way by Caratheodory 3 from a consideration of the integrating factor of 
PfafT's 4 expression d//=rA',d.v, (becoming P faff's equation when dt/=0; the 
case for two variables has been dealt with in § 27, 1: dw= Xdx+ Ed;'), where X { 
is in general a function of all the independent variables x t . The method is too 
abstract to appeal to many students of physical chemistry, and no more than an 
indication of its existence can be given here. The fundamental principle is that 
if a system is in a given state, then there are many other states near the initial 
state which cannot be reached by an adiabatic change; e.g. for a gas, if p h v x 
arc the initial pressure and volume, the values after an adiabatic change arc 
definite, p 2 , v 2 . other values being excluded. An interesting derivation of the 
general principles of thermodynamics was given by G. N. Lewis, 5 * who said that: 
“ There arc endless ways of making contact between our theoretical principles 
and experiment, and the choice of a particular method of making such contact 
will be largely a matter of taste.” 


§ 38. Entropy Diagrams 

It the entropy .V is plotted against the absolute temperature T, the area of this 
entropy-temperature diagram will give the heat absorbed in a reversible change, 
since r/=J7dS, just as the area of a />. v diagram (§6) gives the work done, 
n=//Hlv. An entropy-temperature diagram was. apparently, first mentioned 
by Belpaire its characteristics were fully worked out by Gibbs, 7 * and the 
diagram was first used for steam by Macl-arlanc Gray *: it is now applied 


1 ** Cours dc Thcrmodynamiquc.** 1889, 80 f.. 93. 

Barnett, J. Phys. them.. 1942. 46. 715. who also considers more fully the meaning of the 
" bodies in contact.** used in imaginary experiments in the working out of the idea of tempera- 
ture. but. in general, gets little further than Maxwell. ** Theory of Heat,** 1871, 32. 

' .\/.u/i. Ann.. 1909. 67. 355: Berlm Ber .. 1925. 39; Epstein. Ann. Phvs., 1917.’ 53. 76 ; criticism 
b> I hrcnle-sl-Afanassjewa. Z. Phvs.. 1925. 33. 933; 1925. 34. 638; for less abstract expositions, 
see »om P/m., *. 2 2. 218. 249. 282; Planck. Be, tin Ber.. 1926. 453; ** Thermodynamik." 

Sl ,d !'.‘u‘ , .u : , l h T, IC ' ,CrWarmc -" l93045: Physica. 1935.2. 1029; Landc. in Geiger and 
SS*’ 1 ; ‘ kr ' h > s,k - ’ l926 - 9 - 2X1 • Larmor. ** Math, and Phys. Papers.** Cambridge. 

’ " J Si> Hiroshima Lniv.. 1930. 1 A. 43; Yamaoka. Proc. Phvs. Math. 

Soc Japan. \ 193 .19. .46; Putilov. Bull. Acad. Sci. URS.S.. mUChim.). 715. 733: Margenau 
and Murphy I he Mathematics of Physics and Chemistry.** New York, 1943, 26. The 
accounts by Planck and Yanuoka are intelligible. 

Cambridge's^ ,8,4 ‘ 15 * 76: Fors > ,h - “ Thcor > of DilTcrcntial Equations." 

1 J.A.C.S., 1931, 53. 2578. 

* Bull. Acad. Roy Bel*.. 1872. 34. 509; Boulvin. "The Entropy Diagram and its Appli- 
cation transl. Donkin. 1898. 2: de Saussurc. Arch. Sci. Phvs. AY it.. 1894. 31. 421 ; Thurston. 
J. f ranklin Inst., 1896. 141. 27; Fox. ibid., 1898. 145. 214. 

7 Trans - Connecticut Acad.. 1873. 2. 309. 382; " Scientific 1‘atvrs,** 1906 1 1 U 

* Proc - ,nsr - S1t ’ ch - Eng.. 1889. 379. 399; Ewing. Phil. Man.. 1920. 39. 633.’ * ’ ‘ 
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Fig. 14.11. Entropy- 
Temperature Diagram 


1S Sinoe d£=7Vli-pdt> for a reversible change, for a cycle: 

§dE=0=}TdS-ipdv, jT6S=$pdv, 

and acetylene were given by Keesom and 
HouthofT, 3 and Keesom, Bijl, and Monte 
modified the diagram (for nitrogen) by plotting 
//against log p. . 

In a reversible Carnot’s cycle, since 

dE=Bq-hw=T6S~pdv=0, 

it follows that jT6S=jpdv. If 5 and T 
are used as axes instead of * and />. re- 
spectively, a rectangular area (Fig. 

ABCD=(r 2 -T 1 )(5 2 -5 I ) is obtained giving 
the net heat absorbed in the cycle, and equal 
(in the same work units) to the area in the />. 
t» diagram. In some cases a simplifiwuon °f cylindrical 

representation in thermodynamic diagrams is achieved ny u b y 

instead of Cartesian coordinates. 5 
§ 39. Methods in Thermodynamics 

~4**iSeS!3S5S. E :£ 

could never be carried out, and the idc . > * piclurcs G f pre-quantum 

are, of course, much nearer natura > rcauircs at least one 

dynamics. 6 The calculation of an h Since no 

reversible palh belwccn the initial and . thinkers • have always 

method of reversing life-processes ts § 31). 

hesitated in applying the two law J o( 'J’' rn, ° ^ h charac teriscd most of the 
The use of cyclic processes m ,hc ™ f 0 ^“ a bTe value in preventing errors 
original contributions, and they arc o interesting and instructive 

which can slip into symbolic treatments.’ The interesting 

i Mollicr, Verhl. d. Vtrcins Z. Br/ard. d . ^ Th’crmodynamic'charls." New 
Thermodynamics," 1940. 284. 302; Elknwood and Mackey. 

York, 1944. , 

i Saurcl, J. Phys. Chem., 1901. 5. 179. 

: *. 1 w ' 4MS - 

: "*• «*-■ tr cjmm - m - my 1 
205, G. N. Lewis, J.A.C.S., 1931. 53. 25/8. 

^ - N - Yo,k - 

1923,121. . . - Mnffi- Ncrn>(. “ Theoretical Chcm- 

v Orr. Phil. Mag.. 19M. 8. 509 (appreciation of van l Ho j. 

islry 1904, 22. 
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method of this type used by Washburn 1 called out a typical over-zealous 
denunciation of cyclic processes in general from van Laar, 2 who had rendered 
notable services by the use of the thermodynamic potential (G—E—TS+PV). 
Although Lewis and Randall 3 spoke rather slightingly of cyclic processes, it is 
noteworthy that many of the original contributions described in their book 
were actually derived by the senior author by such cyclic processes. 4 Over- 
systematised schemes of thermodynamic relations 5 are more confusing than 
illuminating to some students. 


§ 40. The Law of Reaction 

The so-called Law of Reaction is based historically on the principle of electro- 
dynamics due to Lcnz 6 (1833), that the direction of a secondary induced electric 
current produces effects which oppose the action of the primary current giving 
rise to it. A generalised form of it was proposed by J. Thomson 7 and by 
Lc Chatelier, 8 and an extended form by Braun. 9 Thomson's statement (in 
language characteristic of himself and his brother William, afterwards Lord 
Kelvin) is: " If any substance, or any system of substances, be in a condition in 
which it is free to change its slate (whether of molecular arrangement, or of 
mechanical relative position and connexion of its parts, or of rest or motion), 
and if mechanical work be applied to it (or put into it) as potential energy, in 
such a way as that the occurrence of the change of state will make it lose (or 
enable it to lose) (or be accompanied by its losing) that mechanical work from 
the condition of potential energy, without receiving other potential energy as an 
equivalent; then the substance or system will pass into the changed state." He 
considered many special cases and apparent exceptions. Lc Chatclier's form, 
as phrased by Oslwald, reads: 

// a system in equilibrium is subjected to a constraint , whereby the equilibrium is 
modified, a change takes place, if possible, which partially annuls the constraint. 

The essentially vague character of this rule was later emphasised, ,0 and attempts 
were made to give it greater precision.* 1 For our purposes, however, it will 


' { } 32 • 467 - 653 - l636 - J Chim. Phys., 1910, 8 . 358; Z. phys. Client., 1910, 

74. 385; * Principles of Physical Chemistry." 2nd edit.. New York, 1921, 475. 

- /. phys. Chen,., 1911. 76. 67; sec his valuable book. " Seths Vortrigc iiber das thermo- 
dynamische Potential." Brunswick. 1906. 

‘ - Thermodynamics." New York. 1923. 2: " limping cycles." 

* li "J?™' 4c ? / -' ,900 * 36 - ,45 - 1901.37.49; 1907. 43. 259 (cycle); Z. phys. 

( hem.. 1900, 32. 364; 1900. 35. 343; 1901, 38. 205; 1907. 61. 129; Z. Elektrochcm., 1904, 10. 

■ Lange. Z. Elektrochem.. 1937. 43. 158. 

* 'I/''"' 5/ - Petersb., 1833, 2. 427; Ann. Phys.. 1834. 31. 483. 

ia R T n S x C \'*x'' 'I'™?' Maxwell, “ Theory of Heat," 1875. 131. Traces of the 

M bs. m.M ; >I C \ ,hc0,y of an,i P fris,a sis> Or the resistance of a substance to change of 

. s i " ? * . Z r ° f ,htf la,cr “ hools: scc Bo > >«. " New Experiments and 

J*! w » » ice 1 * k T ° " h,ch Jrtf addcd An Ex;,n,cn of Antiperistasis." 1665, 
o/-. work'. I 44. 2. 355: 'an l\*'cntcr. Z. phxs. Chcm 1888 2 9’- 19*»7 no 

' c Z rl , T 1 ; ,m - V- 7* z a ™- 1 ** '•• iL '££ ™ w 

ISW.ilj • ■ l#8 ‘ 341 : 0 ' , »ald. “ Principles of Inorganic ChcmUlry!” 

I -12 s - "■ m - '**»• »• 1910. 31. 1 102; Z. phys. Chcm.. 

1887. I, ^59, .69. Bert helot, Thernux'himie.** 1897 1 13 

^«/ l9K RenJ - ?67 - l0M: *■ * 1909. *. 572; Ariis, Comp,. 

69 ‘ ’ IS - l917 ' 250: Wicdcburg, Ann. Phys.. .899. 

’27 V<dkho?Iw /' s“”' p/‘ , u"‘ ? ■ IW - 41 - Ml - 565 2. phys. Chen,.. 1911. 77. 

ihli mx h «x7,P y l912 - **■ - ,10 ,r >- 19.6, 48. 272 (C.); Bursian, 

•' ,9 ' 8 ' 49 ’ 87 ,P | - Benedicks. Z.phys. ( Inn, . 1922. loo. 42: Schoukv. Ulieh. and Wagner. 
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p Q 

Fic. 15.11. Clapeyron’s 
Diagram 


remain a useful qualitative guide,' which, in the great majority of cases leads to 
correct results. Its mathematical formulation is hampered by the difficulty of 
making a satisfactory choice of the independent variables, and the equations 
derived have no advantages over the ordinary thermodynamic formulae. 

§ 41. Clapeyron’s Equation 

Carnot’s fundamental ideas were first put into a symbolic form by Clapeyron - 
in 1834. Let unit mass of a system defined by 
the characteristic equation f {p,v, 7~)=0, be taken 
round a very small reversible Carnot’s cycle 
between the absolute temperatures T (isothermal 
BC) and T-hT (isothermal AD), the volume 
change along the upper isothermal, PQ=* Sy, 
being also very small (Fig. 15.11). The cycle 
A BCD may be regarded as a parallelogram, 
quantities of the third order being neglected in 
comparison with those of the second. 

The work done in the cycle is (from § 7), equal 
to the area of the cycle: (Siv)-area ABCD = area 
FBCE= FBxPQ=FBxhv. FB is the pressure 
rise at constant volume for an increase in tem- 
perature 8T, therefore FB={$pl&T),hT, 

/. (8»v)=»(d/>/dr),873r (1> 

Since the change along BC is isothermal, the heat absorbed is, from (2a), § 3: 

8?-/ v 8t> < 2) 

hence by substitution of (2) in (1): 

(8w) * (dp/d 7^,8 7^//, w 

But, from § 33 (II). the work done in the cycle is equal to ’ 

Ihe higher temperature divided by this temperature and multiplied by 
difference of temperatures: 

(8w)=*8^8r/r w 

hence from (3) and (4) Clapeyron's equation is found : 



Since (IJT) is the entropy change per unit increase in volume at constant 
temperature, viz. (dS/di>) T , hence: 

(dS/dv) r = (d/»/d T)„ or (dt//dS),=(d77d/>) ) 

" Thcrmodynjmik.’' Berlin. 1929: Frank U'^S'U U 

1933, 30, 742; Posthumus. Rec. Trav. Chun . 1933, , Berlin 

Chatelicr, Com,,. Rend.. .934 .98 1329 of Thermo- 
Ber.. 1934 . 79; Ann. Phys.. 1934. 19. 759 1934 20 l^r. i-P v- || 2 9; 

dynamics." New York. 1937, 374; Rcnaud and Bau.ngardt. Comp,, nena.. ,y 
Prigoginc, Bull. Acad. Roy. Bely.. 1946. 31 .60°- Bancrofl( J.A.C.S.. 1910. 

• Chwolson. “ Lchrbuch dcr Physik." Brunswick. 1905. 3. 4/4, oancr 

36.91 ;" The Phase Rule," Ithaca (N.Y.). 1897. 4 556 (j lrans | a . 

* J del' bole Poly technique. 1834. 14. 153. Ann “ | 837 347 ; Wilson. Phil. 

lion); Ostwald’s Klassiker. 1926. 216. Taylor* .Srw" •/« ‘ * f „\e deduction) that the 

Mag.. 1943, 34. 828; Clapeyron assumed (whK.his now O ' /1/( „ | K S0. 79. 368. 

heat given out along DA=thc heat absorbed along . ' . , ,u . „nri d on c in the 

made what he calls " a small change " by putting the difference equal to the 

cycle. 
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which is one of Maxwell’s equations (§ 48). Conversely, equation (5) may be 
deduced 1 from the first equation (6) by multiplying both sides by T. 

If the work done in a small reversible change is given by hw=Xdx 9 instead 
of by pdv, where X is called a generalised force and x a generalised coordinate , 
X and .v can be used in the diagram instead of p and v, giving: 

l x =T(dX/dT) x (7) 

where l x is a latent heat corresponding with unit change of x at constant T 
(see § 42). 2 

Again, if equations (2a) and (2b), § 3, are written in the form: 

fy=c x dT+ l x dx=c x dT+ IxdX, 


it is found, as in §5, that: 

c x— c x~~ UdX/d T) x (8) 

l x =l x (dX/dx) T (9) 


§ 42. The Equation of Maximum Work 
An important equation, which includes the First and Second Laws of Thermo- 
dynamics, and was called by the author 3 the Equation of Maximum Work , may 
be deduced in several ways. 

Suppose the system defined by the absolute temperature T and a set of other 
variables .v,, x 2 , . . . x„ so chosen that in a change of temperature with con- 
stant x's no work is done ; these arc called normal variables. Let the system pass 
reversibly and isothcrmally from an initial state T , (.v,)o, (x 2 )o, . . . (xj 0 to a 
final state T, .v,, .v 2 , . . . Then, from (3), § 33, AF=AE-TAS, 

(dJF/d7')j a =(dJ£ydr)j,-r(dJs/dr) Jx -J5 . . (i) 
the subscript showing that in the finite change at T+d Tin stead of Tthc values of 
■*i—(v,)o. »v 2 (.v 2 ) 0 , etc., remain constant, with the same values as they had at 
the temperatures T. By analogy with (5), § 21, and (3), § 35: 

idE/dT) x =T(dS/dT) x , 
hence the first two terms on the right in (I) vanish, 

.*. (dAF/dT)j x =-AS*=(AF-AE)/T 

or AF-AE=T(dAF/dT) Jx (2) 

The equation (2) is nearly always called the " Gibbs-Hclmholtz equation," 
although, as Bancroft 4 said, it is one which “ Gibbs could have, and perhaps 
should have, deduced, but did not." Larmor 5 very properly suggested that it 
should be called the Thomson equation, since it was deduced in 1855 by W. 
Thomson 6 (Lord Kelvin) by the following very elegant method. 7 
1 Saurcl, J. Pins, ('hem., 1901. 5. 256. 

i Saurcl. J. Phys. Chen, 1900. 4. 195: 1901. 5. 393; who says Clapcyrons deduction 
is as general as it is simple. 

' “ Thermodynamics.** 1913. 112: Szarvassi. Ann. Phys., 1905. 17, 248. 

4 J. Phys. ( hem.. 1927. 31. 638: he is in error in saying that Helmholtz did not deduce it. 
since it is equn. l/r. p. 31. in his paper. Die Thermodynamik chcmischcr Vorgiincc. in Berlin 
Bcr. 1882, I. 22 I*.; Ostwald's Ktassiker, 1902. 124. 17; " Wiss. Abhl.," 1883. 2.958; 1895, 3, 
92; Scarpa. Alii Accad. hai.fis. mat., 1941. 2. 1057. 

2 \oi°12A ROy ’ SOC " ,90S ' 8I * Appcnd,x - xh: " Ma,h - and Ph >’ s - Papers." Cambridge. 1929. 

/ U'T-i 'i 57 * "'I 7 (da,cd ,855,; Phil K,a *> ,87S - 5. 4; - Math, and Phys. 

Papers, I88_, 1. .97; Tail. " Thermodynamics." 1877. 141 ; another deduction, without the 
use o! entropy was given by Lord Kelvin in 1898: Proc. Roy. Sac. Edin.. 1898. 22. 126; 
Math, and Phys. Papers." 1911. 5. 24 ; Gruner. lerhl. d. D. Phys. Gcs.. 1912. 14,655. 727; 

/ ' ** n C 1 9 1 57* *298 1 348* ” 6 ^' Compt ' RenJ - l919 - ,68 < ^39; 1919. 169, 432; Le 

7 Buckingham. " An Outline of the Theory of Thermodynamics." New York. 1900. 170 f.. 
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Consider any definite change of state at the absolute temperature 7, and 
reversed at the temperature 7+87 , so that the cycle consists of these two iso- 
thermals and two other parts in which no work is done during the temperature 
changes (e.g. at constant volume). Let heat q be absorbed at 7 and heat 
C q+hq be given out at 7+87; there will be heat (^/d7K57takcn.n a, the up^ 
transition and <df*/d7) x 87 at the lower, where J£=£-£o, and T+&T 
average temperature for these changes. I hen ($ J3J. 


2 


»7 7 7+87 \ d7 )j ,7+^87 
/dJ£\ 7+^87 q jr+jST) q+Sq 

•■•I'd FL m ~ir'f+ sr *7+87- 


Multiply out and neglect a term with ST 2 , then: 

(d J£/d7) 4l = -<7/r+(d<7/dT)j,. 

Put q—AE+w, (d^/d 7) j, = (dd £/d 7) j . + (d »»/d 7) j„ 

J E+ wm 7(d w/d7) j, (3) 

wUh «*« wo^ do^ during a cha„ g e of v 2 . . . . 
at constant temperature is: 

5M»£A'idX| w 

and the energy increase due to a change of all the variables is: 

d£=(d£/d7"),dr+£(d£/d.V|) f d.X|. 

Hence the heat absorption is: 

8</=d£+8»v 

=(d£/d7),d7+ri(d£/dx,) T +A' 1 ldv, .... 

8^/7=(l/7)(d£7d7),d7+(l/7)£l(d£/dv 1 ) f + A',ld.», . 

where the suffix x indicates that all the ^ yatocs of *i. .v 2 . — * ,rc hc,d conslanl 
during the change of temperature (cf. (5) and (4), s 21). • 

5^/7=dS= (dS/d7),d7+£(d.V/d v , ) jdx , 

giving, on comparison of (6) and (7): 

(dS/dD =<l/7-Kd£/dn. * 

and (dS/dx.Jr-d/mdf/dxOr+A,) ...•!> 

Put £=£-7S, then 

(d £/d 7 ) x = (d £/d 7) k — 7(d S/d 7 ),-i. 

who gives ,h,s deduction, found it “ less easy to ana., sc and less clear " than the a.tcnauvc 
one given below: d £-7dS-2:*i*; dF~-SdT-ZXds 

5= —(dFltT)x r "f +7 0 .^^ bsturc 

This is not really equation (2). and the meaning of ' ' ' '' Roy , Soc. LA".. 

The cycle here described was. apparently f.rst used b> n , ig h, be called a 

1853, 20 147 (read 1850); " Misc. Sc.e"t. w". 113; Kankinc calls 

" Rankine cycle Partington. " Text-Book of 
the curves representing changes without performs 


(5) 

(6) 
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From (8), the first two terms on the right hand vanish, 

/. (dF/dT) x = — S= (F— E)fT (10) 

If there is only one normal variable, say volume, at, = K, then: 

(dF/dT) y =(F—E)/T 

and for two states, V, and V 2 , at the same temperature: 

(dFldDv-(dFldDv,=VF-4E)IT . . . . , ( 11 ) 

which may be written in the shorter form: 1 

(dAF/dT) Al ,~(AF-AE)/T (12) 

or in the general case: 

(dJ£/d7*)j x =(J£-J£)/r (13) 

An early use of the Maximum Work Equation in chemistry is that of Horst- 
niann, 2 in 1872. Jiiptncr 3 by dividing each side of the equation dw^qdT/T 
by it- found dw/w =(dT/T ) . q/w, or d In w/d In T=q/w. 


§ 43. Relation between Energy and Free Energy 

If £ 0 and S 0 arc the energy and entropy in the standard state, the free energy 
defined by I =E-TS contains an arbitrary linear function of temperature 
F 0 -TS 0 . Since £ and S arc extensive properties (§23), and Tis an intensive 
property, it follows that F is also an extensive property and proportional to the 
total mass (or quantity) of the system. 

I or an infinitesimal change in which there is a change in temperature: 

dF=dE-TdS-SdT (1) 

From the F irst Law: 

d £-&y-8»v (2) 

l or a rnersible process (only), (5). § 33 gives 5//=7dS, and if the only external 
work is due to volume change. $H=£dF, then: 



dE=TdS—PdV . . . . 

... (3) 

1 fence, from ( 1 ) 

and (3), d£= —SdT—Pd V' 

and 

(dE/dK) 7 «-F 

... (4) 

(d£/dD r — S . . . . 

... (5) 


/*- £- - rs- T{dFidT) x - . . 

... (6) 

1 roni (5), and § 

35 (3): 

and from (4): 

(d^F/dr 2 ),.- -(d5;dr),.= - Cr /r . . 

... (7) 


(d 2 £/d F’ 2 ) T r= —(dP/d V) T .... 

... (8) 


<d - J/ ; d nu > ^ .. eouu SU6e c 5 . >ha. ^ 

i, ^. p i •“ constant volume. whereas df often involves a \olunie chance as in 

« l ^|-T C n r ' ,n ; ,n ° f 1 T ] of ukMl whcn JF-WrinO'j/l'OaruI (dJF,dr)j r = 

lh w, h rvs^t'u TV / 'VT, Fl Jnd F: ° f J/ n,ay * and in dilTcrcn- 

KpvU lo 7 - \ aih mu '« hold constant. In sonK cases, as in deal in e with the 

temperature changes" ^ fot «' «" "-"‘-a, be held constant whilst the 

‘ Am. 1872 Supplbd. 8. 112: Oswalds Kt assiker. 1903. 137. 8. 
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Rearrange (6) and divide by T 2 : 

H iF \ a.L- ±( F \ 

"TWIST 1 4T\Tjv T 2 

—F/T=l(EIT 2 )iT+C W 

where C is the integration constant, giving a relation between the free energy F 
and the energy E. 

For finite changes in state of a system: 

=f^fdr+c. . . ■ no) 

~AT\t] T 2 T )T- 
§ 44. Available Energy 

A function of state here called 1 the available energy is defined by. 

g=f+pv=e-ts+pv 0 > 

In isothermal changes at constant pressure: 

AG=AF+PAV W 

But in reversible isothermal changes, JF w r . ,he ex,erna ' 

work due to volume change, hence: 

where tv' T is the available (or net) work, i.e the 

reversible change at constant temperature and pressure less thee 

done by expansion under a constant pressure, e.g. the pressure of the atmosphere 

For an infinitesimal change (1) gives: 

<lG=dF+P4V+VtP 

=(dE-TdS-SdT)+PW+ VdP 
~(d£-7tis+/ , dio-sdr+ wr- 
it the only external work is due to volume change : 

4E+PdV=hq, 

and since, for a reversible change, 8,-FdS. the expression in brackets is rere . 
hCnC ' : AG=-SAT+VAP 

!’ 


and 

The heat content is: 
.*. from (1) and (6): 
from (4): 


(dC/dP) r * 


H~E+PV 


:F +ts+pv=g+ts 


H = G—T(dGldT)r ! 

or AH~AG+TAS=AG-T(MG/dT) t . • • • 

Hence 2 from (9) and (3), and § 17 (6): 

W ' T + qp =mw T idT) f •••••• n 

‘ Other names arc " thermodynamic potential l**( r.^cnthalpy " (Martin. Amo. 
Strictly, it should perhaps be called ** frcc-heat function or free entha.py 

Chem. Abslr., 1943, 37, 2250). , 7 mlnrt Chcm . I90X. 62. 119; Gr |,ncr . 

2 On equation (10), see Lorenz and Katayama, Z. p*> • _ N crns t. Berlin Do.. 

VoM. d. D. Phys. Ges., 1912, 14. 655: , ‘ 19 ^ 94 '746;' Lorenz, ibid.. 1924. 

1913. 972; Wcgscheider. Z. phys. Chem.. 1912. 79 223. 1920. 

110, 40; Partington, ” Thermodynamics.” 1913. 107. 


186 


THERMODYNAMICS 


II 


In (9) the pressures in the two terms of AG=G 2 -G X need not be the same, 
but may be P 2 and P lt respectively. In this case each pressure must be held 
constant during differentiation by T. The case is similar to that of (11), § 42, 
for AF. This would apply, for example, to a gas cell having the same gas at 
pressures P x and P 2 at the two electrodes. Since E (or H) and S are functions 
of state, having definite values for a system in a given state, this is also true 
of G. 

Differentiate (1) with respect to T at constant pressure, 
(dG/dT) P =(dF/dT) p +P(d V/d T) p , 

G=H+ndF/dT) p +PT(dF/dT) p , 
F-H+T(dF/dT) p +P[T(dV/dT) P - V/T) . . (11) 

The maximum work at constant pressure is still - AF, not -AG (there has been 
some confusion on this point), hence the equation w+ AH =7'(du/d7'), is not 
correct unless (dV/dT) P = F/T, i.c. for an ideal gas. 

Natanson 1 called G (which he symbolised A') the “ inner potential energy," 
-pv the "inner mechanical energy," and TS the "inner thermal energy": 
-SdT is the " transformed heat," equal to dF+dw. 

From (4), and § 35 (6): 

(d 2 * * G/dT 2 ) p = — (dSyd7*)j,« —c p /T (12) 

Since dF/=d(E+py)=dE+PdY+ydP, and dE+Pdy=Zq=TdS; therefore 
d//=TdS+ ydP 


(d H/dS) P =T (13) 

and (dH/dP) s = V (14) 

From (6) it is found, as in the deduction of (9) and (10), § 43, that : 

(d(G/r)/drjp=-///r 2 (is) 

and \d(AG/T)JdT] P =-AH/T* (16) 


ien?// CqUali0n!? piVe a rC,alion bctwccn lhc available energy G and heat con 


§ 45. Note on Thermodynamic Functions 

Massicu ,n 1869 showed that all characteristic properties of fluids can 
be expressed in terms of one or other of two functions or their differential 
coefficients: 

11= -<C-rS),T: H =-(E-TS+PY)IT 

Which he called c/iaracl.rhlic functions: in 1876. following a sucocstion by 
ljcrtrand he used the funct.ons //=-<6-rS> and iri-(E-rS+PV). 

iilnrtian • HZ ZZ ~ ,e ~ rS+Pr) T - »hich he called 0 or 0. as a potential 
‘ "’ e s:ln,c wpentes in a system a, constant temperature and 

pressure as the entropy at constant energy and volume. 

°r SCrVCd ,hal lhc n,aximum work «n an isothermal process is the 
decrease of a function E-TS, for which he used the name available energy. 

2 9 '^6: 

Ann Phys. 1887, 32. 462: " Thcrmodynamik." 1911. ||6? 

* Theory of Heat ” 1871. 185. 
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He confused it with the entropy, but later corrected the mistake. 1 Gibbs 2 in 
1873 used the function E-TS+PV, which Duhem 5 called the thermodynamic 
potential. Gibbs 4 in 1876 used the three functions (in his notation): 

fi=c — tf] [=E-TS=F\ 

[=E-TS+PV=G] 
x =«+pv [=E+PV=H)> 

calling -l> the force function for constant temperature, +x the heat function at 
constant pressure, but not naming 

Lord Kelvin 5 (1879) used the name motivity for the possession, the waste 
of which is called dissipation," and at constant temperature this is the tree 
energy F. Helmholtz* (1882) generalised the potential energy function of 
mechanics so as to obtain a function the decrease of which at a given constant 
temperature represents the maximum work obtainable for a gi\en change o 
configuration. This function could be transferred to other temperatures by an 
application of the Second Law; he called it the/m* energy and denoted i : by 
In the earlier editions of his "Theory of Heat Maxwell ussd the name 
"entropy" for what was really the free energy. 7 but in the cdtuon > of 

this was corrected, and the name " available energy s of r core- 

edition (p. 195 f.) also contains a clear account of Gibbs s ™thod °* 
sentation of the properties of a substance by means of a surface and a diagr m 
(p. 207) of a volume, entropy, and energy surface from a ^ n f b ; J 
well. The “ thermodynamic function introduced by Rankmc in 18 

^TtafacUhal the energy £and hca.con.cn, //arc also" PO^^^ons 
for constant entropy and volume, or constant entropy and 
lively, which follows from the equations d£-rdS-pd». ' d, // Td. i+ 
and similar equations with generalised coordinates and f ° r “ s (§ ^' h “ S ' ° 
course, long been recognised.'" with the other obvious result ^ 'he entropy s 
a potential function for constant energy and volume (or generated 
The names “ Helmholtz free energy " and - Gibbs free energy for F and 0, 
respectively, arc historically incorrect. 


§ 46. Calculation of Free and Available Energies 

In order to integrate equation (10). §43: 

-JF/r-j(J£/r 2 )dr 

and equation (16), § 44: 

-JG/7«J(d///7* 2 )d/' 


(1) 

( 2 ) 


« " Theory of Heat,” 1X75. 187. 
j " Scientific Papers,” >906. 1. 50; he says h 

4 •• 


re •• h id been vailed the aunlable mag) ■ 

" Scientific Papers." 1906. 1. *i; ne say> a-TS .. 

" Lc Potcnticl Thcrmodynamiquc cl sc* Applications. ■ j I875 6 . 3 , 108 f.; 
"Scientific Papers." 1906, I. 87-92; from Tran,. Acaa.. 

Nutting. Science, 1946, 104, 317. •• iuii a a 

5 Phil. Mag.. 1879. 7. 348; ” Math, and Phys. PjPjnj * 5 ’ ’ 

‘ Berlin Bcr.. 1882. i. 22; Ostwald's Klassiker, 1902. 1Z4. . 

7 See Gibbs. ** Scientific Papers." 1906, I. 52. 

• Gibbs, "Scientific Papers." 1906. I. I f. .. . 

9 PM. Tran 1854. 144. 126; "M.sc Scent. Paper* New York. 

,w Sec e g. Buckingham. " An Outline > of «hc * '> 293; Nu „ int! , Science. 

1900. 167 f; on Gibbss methods, see Lash Miller. Chem. Ret .. ir. 

1946. 104, 317; Coffin. J. Chem. blue.. 1946. 23. 584. 
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musl be known as functions of temperature. Kirchhoff’s equations 

(§ 20) give: 

AE=AE°+JAC r dT (3) 

J//=J//°+/JC p dr (4) 

Substitution of (3) in (1) and (4) in (2) gives: 


-AF=T 


1 


(AE°+fAC t dT) 


T 2 


'dr 


and 


••• -AF=-AE 0 +T^JAC.dT 
-AG=-AH a +T^AC p dT 


(5) 


( 6 ) 


If the true molecular heats are of the form: 1 

C r =a+bT+cT*+ . . . 

C,-a'+£T+cT*+ . . . 

then (3) and (4) give: 

AE= AE 0 +Za . r+ 1/2 . Zb . r 2 + 1/3 .Zc.T>+ (7) 

Af/=AH 0 +Za' . T+ 1/2 . Zb ' . r 2 + 1/3 . Zc ' . P+ . . . . (8) 

and (5) and (6): 

AF-AE 0 -£a.T\ n T-l/2.Zb.T*-\l6.2c.T>+ ... +/7* . . (9) 

jc=j// 0 -r«' . rin r- 1/2 . . t*-\/*.Zc' . r*+ . . . +/t . (io) 

The integration constants /and /' may be eliminated if Jr and AG arc known 
tor one temperature. 

Fin 1 ^:^ bea ? may bc calcula,cd from ‘hcoretical functions (such as the 

he n uc of >C | ,n u ° nS r ° r . sol “ b * or s P ec,rosc O P ic data for gases), and 

values of s -f tJ ca " r ,hcn * ob,aincd from «ables. Since absolute 

V- ue of An t r ak f"? fr ° m Nerns, ‘ s Hcal Theorem « 69), standard 
'.Hues ol A and G may also bc tabulated. 

§ 47. Difference of Specific Heats 

From (10). §21: 

^-o=/ r (d®/dr) p =|(dr/dt) r +/7j(dt/dr) p .... (i) 

S4I - ™ l |H nr, ' = i rid/ ’? r) ' bc substituted from Clapcvron's equation, (5), 
, i j " d 5 :5 r°This P,r " a ' dilrercn,ial coenicienls transformed according 

= /'(d/'d7').(dtvd T) p 
= - r(dr/d T) p 2 J(dv/dp) T 

Iva1ir b r™lhudes CnCC h r ' f ' k " OW CXprCSwd in ,er,lls of experimentally 
. I , ... . a e- n,Iu dt s NUch as the coeflicient of expansion 2 x=(dv/6T) !v n 

-rofd^/dt^and'ihe^oih 00 ^. ==(d/ ' d7) ,hc isothermal elasticity ( T = 
WP^<) T , and the isothermal compressibility * r = -(dv/dp) T Jv 0 . 

dynamkArchcm" s ,,y/A ; c»^r of Htcrmo- 

lionen," Leipzig 1913 5S T ■» lh>slUI '' iho dcr Gasrcak- 

- *« taS i! ri^ “^.3 Am *■ w ' “"*■ ,927 - *• '»• 
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§48 m**"*-- - 

§ 48. Maxwell’s Equations 

Four very useful differential equations, first deduced by Maxwell * by a 
geometrical method which is not very easy to follow, 2 are obtained as follows 
The deduction depends on the principle that the energy £ , heat content //, free 
energy F, and available energy G arc all functions 
of state (§§ 16. 17. 33, 34. 44), having definite 
values when the system is in a given state; for any 
system the state of which is defined by two indepen- 
dent variables x and y , Euler’s criterion (§ 27.1) 
gives (where X may be £, H, F, or G): 

d /d*\ _d /d*\ 
dx\d y), dAd*/» 

j d£*7dS-/ , dFfrom(3),§43, 

• (d£/dF) s =-/\ and (d£/dSV=7*. 



Fig. 16.11. Maxwell’s 
Equations 


II. 


d(£+/ , E)*d//»d£+/ > dF+ VdP 

= Td5+ VdP, from the above equation for d£. 
(d///dS),= 7\ and (d///d/»),=» K 


III. 


IV. 


d(£-rS)«d£=d£-rdS-5dr 

a —SdT—Fd V from the equation for d£. 

• (dFldT) y =*-S, and (d£/dF) x *-£ 

(\{E—TS-\-Py)—dG^d £— TdS— 5d 7 + Pd F+ YdP 

ss(dE—TdS+PdY)—SdT+ VdP 

= -Sdr+ VdP. from the equation for d£, 

• (dC/dD P *= — V. and (dC/d£) f « K 


( 2 ) 


(3) 


(4) 


The four equations are easUy 

not, of course, a deduction,. Wn.e down an P E | c . Start- 

order in two parallel lines as shown in fig. . P paraHc! sides 

ing at P, read round two sides clockwise, and then rouno i 

• Maxwell, - Theory of Heal.” 1871. 1«* »» " VnTph ^ IWMMTJ 
obscrved’ttet ctJilnfcMB w establish, n 6 .he existence of .he functions £ 

1895. 322. It may be Phy^C'hrm.. 1899. ^ 

sub.rac.ion of dUy) is called a Legendre irams/or>nan^. see 1 
339, 523; 1900, 4. 570; Rungc. Hnn. Phys.. Bohvnann Festschr.. 1904, 2W. 
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anti-clockwise. Then start at S, V,and T, in succession and repeat the operation 
The sign order is - + - +, in accordance with the second rule below: 

(1) “ AP by d 5 at constant V equals minus AT by d V at constant S," 

i.e. ( AP/AS) y =—(AT/AV) s , equation (1). 

(2) “ dS by d V at constant T equals AP by dTat constant V," 

i.e. ( AS/AV) T =(AP/AT) y , equation (3). 

(3) “ AV by d7*at constant P equals minus AS by AP at constant T," 

i.e. (Ay/AT)p=—(AS/AP) T , equation (4). 

(4) “ dT by AP at constant S equals d V by AS at constant P % " 

i.e. ( AT/AP) s =(AY/AS) p , equation (2). 

If the three letters in the second half of the equality, or these letters reversed 
are in alphabetical order (/>, T, V; V, S , P reversed) the sign is +; if they (as 
written or reversed) are not in alphabetical order the sign is - (T, V S' S P T) 
Maxwell s equations lead very directly to a large number of important thermo- 
dynamic equations and deserve to be more widely used in physical chemistry 
A generalisation of this type of equation is obviously possible, and several 

thcfu'ndarnM ? r . equa, '? n * “ r «= available.' For most purposes, a knowledge of 
? equal,0 " s and the exercise of a little ingenuity provide a more 

“ SUCh SpCC ' al J equalions - " sh0 “M be noticed that all the 

equations (l)-(4) can at once be deduced from the expressions for d E, d // d F 

97 d t?r prcss r d '? Ihc sencral form *«-X4x+Y4y, by using the result 
(5 27 -D for a perfect differential, dY/ex^dX/dy. 

, a ,?°™8f n . e ™ 1 'hermodynamic formulae arc of frequent use, and the followine 
(all of which have been deduced) arc particularly important: 8 

(d7/dF) s = -(dJ>/dS)„, (d77d/>) s =(d F/dS)„ 

(dF/d7),= -(dS/d/>) T , (d/’/dr), ,=(d5ydF) r , 

(d //; dS), ■» T= (d £/d S ),,, (d/7dF) r =-/>=(d£/dK)j 

(d///d/ > ) s = K=(dC/d/>, I . (df/dD,- -5=(dC/d7) P . 

§ 49. Effect of Pressure on Specific Heats 

From (3) and (6), §35: 

AS=c,AT/Tai constant volume, therefore (AS/AT^c.iT; 

AS=c p AT!Tal constant pressure, therefore {AS/AT)p-cJT. Hence 

f M 

from Maxwell's equation (3), § 48, (di7dl') r -(dP/d7),.. Also 
from Maxwell's equation (4), § 48, (dS'd/») I= _(<J VfdT),. 

Chen,., 1896-7. I. 205; .899. Trcvor * J ' Ph >>- 

Bridgman. Phvs. Ret., 1914 3 ’73 •• a VS?',. 4, 570; UurT<nvs - ibid., 1901. 5, 233; 

Cambridge (U.S.A.). I925;Lunn. PH™ Ret ™'™*ynamic Formulas." 

29. McKay ibid., 1935. 3. 715: 1 ermar l Ph >' 5 ' ,935 - * 

Physics ." 1939. 24; Moran. An V„ nj, , !;• - SL ' ,c , r - " Introduction to 

>942. ,0. 644: Crcely. Lc Comp,,. „„4 


( 1 ) 


( 2 ) 
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Equations (1) and (2) are useful in correcting measured specific heats of actual 
gases to the values in the ideal stale, but they are quite general and apply also to 
liquids and solids. For an ideal gas t (dPI<\T)v*nd (6V/6T) P are both independ- 
ent of temperature (§ 54), and hence its specific heats are independent of pressure, 
although they may depend on temperature. 

§ 50. Generalised Coordinates and Forces 

A system is normally defined when its state is specified in terms of the tempera- 
ture T and the least number of other so-called normal variables x,, v 2 , . . ., .v,„ 
so chosen that no work is done provided all the xs remain constant . b.g. 
with a gas, the independent variables are any two of the groups v, T and clearly 
t, and not p is a normal variable. With each x a so-called generated force X 
may be associated so that the clement of work done at constant temperature is. 

S» , r =£A'idx, <*> 

and a generalised latent heat I ,, so that the clement of heat absorbed is: 

&7 T =r/,dx, < 2 > 

It should be noted that 5w r in (1) should be such that it may ultimately, by 
suitable apparatus, be realised as the potential energy of a 
For each pair of variables x, and X x an equation similar to the C apcyron 
equation (7), §41 has been deduced by takmgx, instead oft; and A*, instead of p 
diagram: , 1=7Xd * l/d r>., *3, 

The latent heat due to a change of one normal variable at constant temperature 
is, from (2) and (3): ^ 

, r »f /.d-x.-rj (dJr,/dD„dx, 

in which all the other normal variables^ consul «■ J * •^ on 
(since the xs are supposed to remain constant when the temperature alters). 

iJ''^-|^(dWr),«u+>r'(dx7dr)-Ar-(d*7dr) . . (*> 

the second and third terms on the right vanish ; hence (4) may be written: 

“> 

from (1). This is the equation of maximum work «42). 

The following equations follow from the fundamental definitions . 

8q=d£+8w=(d£/dr),dr+X((d£/d.V|)r+^il l *'’ r > • • • J 

=r(ds/dn,<ir+rr(ds/d.v,) J dx, 

(d(£-7'S)/dr],=(df/dn. = -S 

|d(£-rS)/dx,J r =(d£/dx: 1 )T=-.*'i ' 

• Von Un 8 . Wien Bn.. I WO. 99. II. «99; 

1. thy,, arm.. 1896 7. I. 205: Duhem Trails do Maangw Thcoo „ f m . rm0 . 

Pcllat. Compl. Rend.. 1897, 125. W»; BuAin«l»^ ••Theory of Solution." Cambridec' 
dynamics." New York. 1900.89. 117 ,JT5>: Koenig./ rtrm.rt».. 
1902. 23; Partington, " A Text-Book of Thcrmod>nan»ic%. • J5 3 7 , 5; Lcrman. 

.935, 3. 29; J. kys. CW. 1937 4. 597 McKay / Oem *£ > ^ as X 
tbUl., 1937, 5. 792. 994. It should be noted that oh m 
is not a normal variable. 



192 


THERMODYNAMICS 


II 


E=F-T(dF/dD x ( 11 ) 

&<]=T[(dS/d7^ x dT +E(dS/dX x ) T dXi] (12) 

d£=(d£/d7') x d7'+£(d£/dA',) T <iA'| (13) 

8n=EX i((d.v 1 /dA' 1 ) r dA'i+(d.r I /dr) x d7'J . . . ( !4 ) 

If G=E-TS+ZX x x x (15) 

(dG/dT) x = — S; (dC/dA' 1 ) r =.r, (16) 

E=G-T(dG/dT) x -ZX l x l 
=G-T(dG/dT) x -ZX l (dG/dX l ) T . . . . (i 7 ) 


It is often more convenient to proceed rather differently. For example, 1 
in discussing the change with temperature of the electromotive force of a cell, 
the electrical work is 8w e =e8Q, where e is the potential difference V x — V 2 
between the poles, i.e. the electromotive force, and 8Q is a small quantity of 
positive electricity flowing inside the cell from pole 2 to pole 1, and the external 
work against the atmospheric pressure is 8uv=pdi;, where dv is the total change 
in volume. If heat 8q T is absorbed at constant temperature: 

d£= 8q T - S»v,- $»»;= &? r -cd Q -pdv 

= TdS—cdQ—pdv (fg) 

Subtract d(7*5) from both sides of (18): 

d(E—TS)=dF= — Sd 7- cd Q -pdi 
/. (dF/d0 r „— * and (d£/dn Qi r =-6 . . .(19) 
Alternatively, subtract d[TS-pv) from both sides of ( 1 8) : 

d( £— TS+pv) = dG = -SdT-edQ+idp 

(dO/d and (dG/dT) QtP ^-E . . . .(20) 


§ 51. Fntropy Changes in Irreversible Processes 

rC u C K ,blc Cyck ‘ (§ ( m )“7i-'72 * s a maximum, and hence the only 

v.i> m which an irreversible cycle can differ from a reversible Carnot's cycle is 

the rnlH l/( u^n * /: V ?• ,f ,hcn <h><h„ i.c. more heat is given to 

substance) ' ’ ^ U,k,ng 7: aS ncpa,,vc for hcal out by the working 

fai /7 , +</: ,7 2 ).<('/i/7'i +<i2/T 2 ),<0, 

and for the general case: 

S° (I) 

W re^rsiblc and ,he .nequality to irreversible 

substance or k « n b >. N ' csc l ndonck 2 the temperature of the working 

i t ts ten,™ r-f . n r". ‘V"^ 0 '" 8 Whils * Neuman " 3 maintained that 

II IS the temperature of the reservoir from which heat is taken; in irreversible 

the* sa me * asm iist^M h* * U FCS ^ "° l * (wi,hin an infinitesimal amount) 

,s *>• and il is a di » u '* d ^ 

1 Parlinglon. " Text-Book of Thermodynamics ” 1913 a#,'- •• i • •» 

1940,71. ' • e hcmical Thermodynamics, ' 

2 Ann. Phys., 1899, 67. 444. 

> Uipeig Be,. 1891. 43, 75 (89); Vo*. •• Thc,n,od> M „ uk ." Lc, r d 6 . 1903. 1. 251. 
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An irreversible process can be coupled with a reversible process to form an 
irreversible cycle: 

^ + JV„— (2) 

where 8 2 is some positive number. 

For a thermally isolated system (&7=0): 

S B -S A =V > 0 ( 3 ) 

i.e. the entropy of such a system tends to increase and will be a maximum in 

equilibrium. . , 

Equation (2) is usually called the inequality of Clausius. In 1868 Clausius 
announced the Second Law in the form that: “the entropy of the universe 
tends towards a maximum,” and, from time to lime, philosophical or semi- 
philosophical speculations have centred about this. It has been suggested 
for example, that a direction in time is somehow connected with [ ncrc a s, "S 
entropy. It should be emphasised, as was done by G. N. Lewis, that the 
Second Law of Thermodynamics has nothing to do with time, and tha its 
extension to the “universe" is meaningless/ unless the universe is 
so as to constitute a thermodynamic system. That the laws of t^^ynam'c 
apply both to the "universe” and also inside the atom the 

Kolosovsky 6 calculated the energy of the universe as 8-l x O g .ca ; and th 
entropy of the universe as approaching a maximum of 4-8 x 10 g.caL/ 1 
The thermodynamics of irreversible processes is entirely quabUti* a “ d 
little interest in physical chemistry. A selection from the very extensive ^cra 
lure on the subject is given: 7 some of it contains material interesting from other 

« Phil. Mag., 1868, 35. 405: et Bridgman. - The Nature of Thermodynamics/ Cambridge 

<U iMdiZ’.'“N..u re of ,h. Physic. World." CM * .!«. « ^ 

and Thermodynamics.” Oxford. 1947; M.lne. At trophy s. J.. 1940. 91. 1.9. de Pontier. ~ 

Acad. Roy. Belg., 1946. 31. 560. 

> Science, 1930.71. 569: Dingle. Proc , 23 

4 See also Steinmei/. Gen. Electric Rev.. 1912. 15. 419; Mech. F.ng .. m.. * 

1912, 114, 103. 

* Schack, Phys. Z„ 1921. 22. 73. .... a it., w 1928 14 592. 

* J. Gen. Chem. U.S.S.R.. 1931. I. 393; cf. ' ' -’| 8 79. 2. 319; 

1 Clausius, Ann. Phys., 1863. 120. 426; " P*. tncC p? T ',' . . , . 8 u« 25 512; "Elementary 

Allard, Arch. Sci. Phys. Nat., 1868. 32. 89; Parker. PA//. ^ . ' • matics - , 894 10 2; 

Thermodynamics." 1891. 138; " Themriynanita ^39 517; 1892. 47. 213; 

Neumann, Leipzig Bcr., 1891,43.75; Gros. Am. >.\ a „ d f aJiC chemical equilibrium. 
Duhem. on the thermodynamic theory of I^^o^ ummary by Trcvor. J. Phys. Chem., 
Mem. Soc. Sci. Phys. Nat. Bordeaux, 1896. 2. Ij 1207 “J" protlcmcnt. et dcs faux 

1896-7, 1, 369); ” Thcorie Thermodynam.qtK de la V^tCjOU m ^ ^ 4%; , 897> 
Equilibrcs Chimiqucs." Paris. 1896: 2 ^ 9 ,'. ,903. 43. 695; Natanson. 

24. 666; 1898, 28, 577; 1900. 33. 641 ; I 9»,HW2, «3 . 190K37. £ . 285; |899< 

Z.phys. Chem., 1894. 13. 437; 1895. 16. 289; 1896. 2t. 193. 189 ' . : M. 302. ? ^ ^ who uscd 
30, 681 ; 1903. 43. 179; Phil. Mag.. 1896. 41 function (Rayleigh. Proc. 

Hamilton’s principle of varying action and Ra>lc g 170 "Theory of Sound.” 2nd 

Undon Math. Soc., 1873. 4. 357; " Scicnufic Papers Ann , Hhys ., ,897. 61. 

edit.. 1926. 1, 103); Wassmuth. * n n. Phys 1897 62. 5 2. 758; 1901. 5. 514; Z. 

705; 1897, 62. 652; 1897. 63. 154; 1898. 64 519; ! 899. ™ *,899. 29. 27; 1900. 32. 

Phys. Chem.. 1897, 24. 563; 1898. 25. 180; I * 98 - 7 4 j'phyi' 1 899. 67. 444 ; 1899. 69. 809; 
406; Carvallo, J. de Phys., 1899. 8. 161 16 588; Liebcnow. Ann. Phys.. 

1900,2,746; 1902,7,576; 1902.9. 1133; 1903.10.456. . 4 .514 ; Weinstein. 

1900. 2. 636; Planck. Ann. Phys.. 1900. 1. 621 ; Trevor, J. Phys. Chem.. 19UU. 

A.T.P.C. — 7 
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aspects. The validity of the deduction of the inequality of Clausius has been 
questioned, 1 and has also been defended: 2 with the approach from the general 
conception of reversibility and irreversibility given in §25, the conclusion 
that irreversible processes involve a net increase of entropy follows almost 
automatically. 3 

The principle that there is a net increase of entropy in all irreversible changes 
is so general that a formal proof which docs not depend on the principle of 
dissipation of energy (§ 27), or some other very general assertion, can hardly 
be given. 4 An example of a special case is given in § 52. 

Discussions 3 of supposed cases (thermocouples; thermal diffusion of gases) 
in which an overall decrease of entropy occurs, and the proposal to limit the 
statement to: “ an isolab/e reversible process never changes the entropy of the 
universe,” seem to be based on misunderstandings, and in any case “ isolable ” 
is already implied in the definition of a “process.” In thermal diffusion, e.g. 
a gas is contained in two vessels at different temperatures, which cannot be in 
thermodynamic equilibrium. A supposed case in crystallisation is only 
apparent. 6 


§ 52. Transfer of Heat 


Let a large mass of copper at 100 C. be put in contact for a short time with 
another at 0 C. The hot copper becomes slightly cooler and the cold copper 
slightly warmer, so that a quantity of heat q passes from the hot to the cold 
copper This is an irreversible change. The masses are supposed so large 
that only an infinitesimal change of temperature occurs in each. The entropy 

n-n by ^ hot u c °PP cr *? ?/ 373 and lhc entropy gained by the cold copper is 
ql~ii. I here has, therefore, been an increase of entropy, since 

JS=«7(l/273- 1/373)>0. 

The aspect of the Second Law which applies directly to this case is that stated 
by C lausius: heal cannot of itself pass from one body to another body at a higher 
temperature. It is easily shown that this is exactly equivalent to the form stated 
in 24. Let the heat q which passed to the cold body be removed by a reversed 


ThernitxJynamik und Kinelik dcr Kdrper." 1903. 2. 351; Orr, Phi! \{ a2 I9<M 8 S09- 

S q W ?928 ,n,07o7- £??• ,56 - 421 • Kolosov sky, J. Russ . Phys. 

Klein y Ph r v 1 911 ’ 7? "n ? 8 ' Z 'i \ !*; 9 ? 9, ^ 498 (cn,ro W of in irrev. changes); 

Bu " Acad - •** «• «*= 

'J 87 ' 265 - Buckingham. Phys. Rtv., 1896. 4, 39; Phil. 
U3 1*26 15, f ' isV rh O'llhrvc of lhc Theory of Thermodynamics." 1900. 99, 104, 109, 

iliLLIJn'r Ch '; o 5o n . MLc hrbuchderPh y sik/*l923.3.ii.88. ' 

m2 XV. m C m Thormodynamiquc." 1889, 228 f.; Poincare, " Thermodynamiquc," 
} Farlington. J. Phys. Clem.. 1928. 32 1439 

S : s l p *" in * ,on - " 

arc JStaEd ISd ‘m? ^ '*“•>» <"**'•= corrcc. explanations 

Xn ft" 193o"'n9 I * ' 237 (a " '"" res,ing “ d i“l™cti« discussion); Urbach. 

6 Sommcrfeld, Centr. Min., 1932, A, 189. 321. 
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Carnot’S cycle. An amount of work w must be spent in the cydeandan amount 
nf heat fa+w) will be given up at the temperature of the hot body. Of this, 
^nasses into the hot body, and the amount of heat iv can be given to another 
? bo P dy a. thesame temperature as the hot body. The heat exchange , has been 
reversed, but another, compensating, change has occurred, ,va * h ^ e " 
; n to heat in a body at a constant temperature. This last cnange 

teelf "he. without a compensating change, in this case the passage of a quantity 

c. and c 2 . assumed independent of temperature, is. 

c,T,+c,Ti-lei+c^T 

Trevor > related heat capacity C and entropy 5 by the equation: 

i(TS)tiT=T(.4SliT)+S=iql<lT+S=C+!>, 

heat per 1*. 

§ 53. Conditions of Equilibrium >0 reversible 

SSSssssr--’- 1 ' 

(5S) 4 <0 ( V 

0 ,b te . ,»« .o.di,,o, i. . a 

of any isolated system it ^ :. s cncrgy , he variation of its entropy 

in the state of the system which do not alter its energy, 

shall either vanish or be negative **: /?) 

(5S), <0 * * 

He did not show the exact relation bc ’““ n ^ "'^' (c h “' by'volunicchan^S 
an is ^understood at *-d*. and if 
can be done, in which case die-l) in */ u 
d£=0, then hq=0, which is equivalent to case 

. ir . •• SkcKh of Thermodynamics. 

• Tail, Proc. Roy.Soc. 6/m . 1867-8 6. «•' skfjhal< jhui, 147. 8X3: Fmdcn. ihhi. 

1877. 123; Luther, Z Etcklrmhcm 1935 ^• -° ^ tK: ^ K>n ol a general equation derived by 
622; I he case for o, =o was given J' a .. Ma ,hcmaiKal and Physical Papers 

W. Thomson (Lord Kelvin). Phil. Man. I 5 - IUi - 
1882. 1. 554. 

i J Phvx C hr in.. 1900. 4. 529. _ . .. .... •• ion/, I 56: Wilson, in A 



«. 525.436, 488; Buckingham, " An Ann 1913. 40. 297; Cor- 

1900, 149; Bloch. 1 .In Pkys . 19 I I. . 9I-. t ^ y „ M . 88. 469. 
bachcv, J. Phys. dim,. USS R.. 1931. 2. 823. wuckr. ' 
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As an antithesis to (2), Gibbs formulated the second condition: “ For the 
equilibrium of any isolated system it is necessary and sufficient that in all possible 
variations in the state of the system which do not alter its entropy, the variation 
of the energy shall cither vanish or be positive 

m s ^o (3) 

He justified (3) by remarking that it is always possible to increase or decrease 
both the entropy and energy of the system together, by adding or taking away 
heat, since &?=d £. If (2) is not satisfied, a variation for which 85> 0 and 
8£=0 is possible, and hence by decreasing both the entropy and energy in the 
varied state, a state will be obtained for which, considered as a variation of the 
original state, 85=0 and 8£<0, and (3) is not satisfied. Conversely, if (3) is 
not satisfied, there must be a variation for which S£<0 and 85=0, and hence 
one for which 8£=0 and 85>0, and hence (2) is not satisfied. Hence the 
truth of (2) necessarily implies that of (3). 

KmJ A 

Fig. 17.11. Kinds of Equilibrium 



The conditions of equilibrium at constant temperature are more conveniently 
expressed in terms of the free energy F at constant volume, and the available 
energy G at constant pressure. For any very small reversible isothermal change, 
(1), § 33 gives 8 m t = -d£, therefore (8n+d£) r =0. If the only external work 
is due to a volume change, SivsFdK, therefore: 

(/ > dF+d£) T =0 ( 4 ) 

Since a reversible change is possible only if the system is in equilibrium (§ 25), 
it follows (since /’dr=0 when dF=0, or V is constant) that (4) gives the condi- 
tion for equilibrium at constant temperature andvohune as: 

<d£),. T =0 (5) 

From the Principle of Dissipation of Energy (§ 27) it can be inferred that (5) 
is the condition that the free energy is a minimum when stable equilibrium is 
reached. From (1). §44: 

G=F+Pr (6) 

dG=d(£+£F)=d£+£dF+Fd£ (7) 

But if T is constant (4) gives, for equilibrium: 

(d(7-I'd/>) r =0 ( 8) 

and hence if P is also constant: 


(dG) PfJ =0 (9) 

and again it is inferred that (9) is the condition that the available energy 
is a minimum when stable equilibrium is reached at constant temperature and 
pressure. r 

In dynamics, states of equilibrium are classified as (i) stable , (ii) unstable , and 
(m) neutral, according as the system, when slightly displaced from its position 

rihTmovTf rth SOmC T rnai fCrCC - ,CndS (i) 10 rC,Urn 10 ilS iniliaI Slate > 
( I) to move further away from this state, or (iii) to remain in the displaced 

state, respectively, when the displacing force is removed. Examples are afforded 

by a sphere resting at the bottom of a bowl, on the top of the inverted bowl, and 

on a smooth table respectively: or a cone resting on its base, on its point, or on 

its side, respectively (Fig. 17.11). F 
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It is shown (and is obvious from the examples quoted) that the condition for 
stable, unstable, and neutral equilibrium of a mechanical system is that, for any 
possible small displacement, the resulting change of potential energy shall vanish 
to the first order, and be positive, negative, and zero, respectively, to the second 
order; that is to say, the potential energy of the system is a minimum, a maxi- 
mum, or stationary (§§ 9-1 1.1) respectively ( Dirichlet's Theorem). Thus, the work 
done in any infinitesimal displacement is zero to the first order, and negative, 
positive, or zero to the second order. The values of the second order changes 
are to be calculated by Taylor’s theorem (§ 32.1). 

In Thermodynamics the corresponding criteria are seen on a little considera- 
tion > to be: 

(1) (dS) E =0; (d 2 5) £ <0 stable, (d 2 S) E >0 unstable, (d 2 S) t =0 neutral. 

(2) (d£) s =0; (d 2 £) s >0 stable, (d 2 £) s <0 unstable, (d 2 £) s =0 neutral. 

(3) (d£) r .^=0; (d 2 F) r . ^>0 stable, (d 2 £) r . k <0 unstable, (d 2 £) r .^=0 neutral. 

(4) (dG) r . P =0; (d 2 (7) T . P >0 stable, (6 2 G) TmP <0 unstable, (d 2 G) r . r =0 neutral. 


Thermodynamics of Special Systems 

§ 54. The Ideal Gas 

An ideal gas may be defined by the equation: 

pv-RT <*) 

where p is the pressure, v the volume of 1 g.mol. (mol). T the absolute tempera- 
ture /° C.+273 1. and R the genera I gas constant, which Avogadro s hypothesis 
shows must have the same value for a mol (molecular weight in grams) o! any 

,d ?n ^ experiment made by Joule in 1845 (§ 23.VII A). air was allowed to 
rush from one copper globe into another vacuous copper globe until the pres- 
sures were equalised: in this process, no external work is done, therefore u. 
The globes were in a water bath, and it was found after stirring that there was no 
change in temperature of the water; hence no heat was absorbed or emitted by 
the gas, therefore </= 0. From the First Law. «/« J£+h\ it follow, tint ^£>0. 
or the energy of a gas is unchanged in a volume change at constant temperature 
i.c. the energy at constant temperature is independent of the volume, and he cc 
it is a function of temperature only. 

From (6), §21. / r «(d£/dv) f +/>, un expansion dt, at constant 

temperature, the heat absorbed is the sum of the IT . c 

piv, and the increase of energy due to volume increase, via. (d£/dt'),dt. 1 
second term is sometimes called the internal work.) 

Clapeyron's equation, (5), § 41, shows that: 

/.-rowan, 

(d £/dv) r +p ■* T(dpl4 T ), lZ) 

I his equation is general. For an ideal gas (I ) gives: 

( 6pldT) r =Rlv (3 > 

/. m P ldT),=RTIv=*p (4) 

1 For details, see van dcr Waals and KohnsUmm. * ^ 

Leipzig. 1908. 1. 125; Pariingion. " Thermodyium.cs 1 S 0 2 5l7 . 

equilibrium was introduced by Oswald. - Uhrbuch dcr dlgcmc men < he «. u ^ ^ 

On stability in small isothermal-adiabatic changes, see Verse ■ c . ^ , of , ypc U l 

1945. 31, 252. 304; Bijvoel and W,cbcnga. Rcc. Trav. C him.. 1946. 65. grunge 

equilibrium). 
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from (2): 

K=P (5) 

/. (6E/dv) T =0 (6) 

or the energy of an ideal gas is independent of the volume. This is the result 
found in Joule's experiment. 1 

From (3), (d 2 p/dT 2 ) 9 =0 (7) 

and from (1), (dv/dT) p =R/p (8) 

(d 2 v/dT 2 ) p =0 (9) 

From (1) and (2), §49: 

(dcJdv) T =T(d 2 p/dT 2 ) f and (dc p /dp) T = -T(d 2 v/dT% 
and (7) and (9) above, it follows that, for an ideal gas: 

(dc r /dv) T =0 (10) 

(dc,/d/>) r =0 (II) 


i.c. the specific heat is independent of volume or pressure. It should be noted, 
however, that nothing can be said about (dc r /dT) r and ( dc p /dT ) p , except that if 
(dcJdT), is zero, ( dc p /dT) p must also be zero. 

It has been proved in (1 1), § 21, that for one mol of an ideal gas: 

C,=C P +/? (12) 

For a small change of volume and temperature, the heat absorbed is in general 
(§ 3), 8<7=c r d7'+/ r dv. But for an ideal gas, l r =p, from (5), 

Sq=c,dT+pdv (13) 

Equation (13) holds only for an ideal gas, since it assumes that no energy 
change results from a change of volume only. For an isothermal change 

(dr=0): 

(/T= : lpdv=WT (14) 

and for an expansion of I mol from a volume v x to a volume v 2 : 

t/ T =w T =l (RTlv)dv=R7'\n(v 1 /v l )=RT\n(pJp 2 ) . .(15) 

In adiabatic changes of an ideal gas, S<7=0, therefore (13) gives: 

c r dT+pdv=0, 

or per mol (C r =A/c r ; V=Mv): 

pd - C,d7'= - RdTiiy- 1 ) 

Irom (12) and y=C r C\. If y is assumed constant (i.c. c r independent of tem- 
perature): 

n,=//>dF=-/?7;(y-l)+const. = /?(7' l -7' 2 )/(y-l) . . (16) 

as found in (12), §6. 

\ For a different treatment, see Buckingham. "Theory of Thermodynamics," 1900, 68. 
It is obvious that any two of the law* of Boyle. Charles, and Joule, arc sufficient to define an 
ideal gas, since from these the third can be deduced by thermodynamics; Stuart, Ann. Phys., 
1863, 1 19, 327; Bryan, " Thermodynamics." 1907. 1 17; Partington. " A Text Book of Thermo- 
dynamics." 1913. 139. See the unnecessary discussion between Bakker. Z. phys. Chem., 1894, 
14, 671 ; 1895. 17, 171 ; 1896. 20. 461 ; 678; 1897. 22. 543; J. ,/e Phys., 1899, 8. 214; and Baynes, 
Z. phys. Chem., 1895, 18. 335; 1896. 21. 556; also Carre../. ,ie Phys., 1898. 7. 718; Webster and 
Rosanoff, Phys. Rev., 1909, 29. 304; Buckingham. Bur. Stand. Butt., 1910, 6, 409; Farnau, 
Phys. Rev., 1912, 35, 47; Clark. Trans. Roy. Soc. Cana, la. 1924, 18. Ill, 293; Koltschin, Z. 
anorg. Chem., 1925, 146, 312; Foz, An. Fis. Q uim., 1941, 37, 25. 
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If n mols of gas occupy a volume V at the pressure p and temperature 7\ 
the concentration is c-njV , and since the volume occupied by 1 mol is V/n : 
equation (1) may be written: 

p{V/n)=RT p—(n/V)RT=cRT (17) 

§ 55. Thermodynamic Functions for an Ideal Gas 

For 1 mol of an ideal gas (13), § 54, and (5), § 21, give: 

&7=C f dT+pdF=d£+pdr (I) 

Hence the energy per mol is: 

£=fio+/C r d7* (2) 

The heat content per mol is: 

H=H 0 +iC,6T (3) 

and the entropy per mol is, from (13), § 54: 1 

5= /&7/r=5 , o+/c,dr/r+ jpd v/t 

= 5 0 +/C,dr/r+//?dF/F(since p=RT/V) 

=S 0 +IC,ATIT+R In V H> 

If C f is independent of temperature: 

E=Eo+TC, ( 2 *> 

H=H 0 +TC, < 3a) 

S=S 0 +C, In 7+* In V (*»> 

The free energy per mol is: 

F=E-TS=E<,- TS„+ JC.dr- TfC.AT/T- RT In V . (5) 

and the available energy per mol is: 

G-F+PV-F+RT 

=£^-rs 0 +Jc r dr-r/c,dr/r-/?r(in v-\) ... (6) 

The first four terms on the right of (5) are functions of temperature only. 
Put i*i\ 

E 0 -TS 0 +IC,dT-TIC,ATIT=g(T) (7) 

and g(D=g(7-)+*r < 8 > 

where g (1~) and g (T) are functions of temperature, and if r= l/K-conccntra- 
lion in mol/lit. , ov 

F=g(T)-RT\ny=g(T)+RT\nc (9) 

and G=F+RT=g(T)+RT+RT\nc=i(T)+RT\nc . (10) 

If C t is constant, (5) can be written: 

F~E,-TSt+TC-TC.\n F-RT\n V . . . -(5a) 

Since pV—RT, equation (4) can be written: 

S^5 0 +/C,d7-/r+/?ln (RTIp) 

=(S 0 +/? In D+KC+WDT-* In p 
=S 0 '+iC,4TIT-R\np (4b) 

• For the entropy of a gas obeying van dcr Wash's equation: 

see Njegovan. Z. EUkiroch^mi. 1924. 30. 29. ^ 9 ^ 3, - 5 - % 

equations for the energy and entropy of gases, sec Huang. Phys. Rrv.. 1931. 37. . 

38, 1385; Michaud, J Chim. Phys.. 1937. 34. 333. 
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where S 0 '=So+R In R (4c) 

If C p is constant: 

S=Sb'+C>r-*!n/> (4d) 

From (3) and (4b): 

G=H—TS 

= H 0 -TS 0 '+IC,dT-TIC,dT/T+RT\n p (6a) 

and if C p is constant: 


G=H 0 -TS 0 '+TC p —TC p \n T+RT\np . . . .(6b) 
The decrease of free energy per mol for isothermal expansion from a volume 
V\ to a volume V 2 is, from (5): 

-4lF-trin(»VK l )-i?nn(p I /p 1 ) . . . .(11) 

and the increase of entropy is, from (4): 

AS=R In (y 2 /V t )=R In ( Pl / P2 ) (12) 

which also follows from (11), §6 (since iv r =?r) by dividing the heat absorbed 
by the absolute temperature. 

§ 56. Ideal Gas Mixture 

Iffli.flj. n i • • • mols of different gases occupying volumes V It V 2t . . . 
at the same temperature T and at the same or different pressures are put in 
communication so that the total volume is V (which need not be the sum of the 
separate volumes), then it is found by experiment that, after the gases have mixed 
by diffusion and the temperature has its original value, the pressure of the 
mixture is: 

p-(RTIV)Zni~£pi ( 1 ) 

where />, is the pressure the first gas would exert if it alone occupied the total 
volume of the mixture; />, is called the partial pressure of the first gas and 
(1) is Dalton’s law of partial pressures. This cannot be deduced by thermo- 
dynamics from the general gas equation, pV=RT alone; some additional 
assumption is necessary, and an ideal gas mixture 1 may be defined as one for 
which the free energy is the sum of the free energies of the separate gases, each 


occupying the total volume of the mixture, V: 

F=£F l>y (2) 

Therefore from (9), § 55. in which V is the volume of I mol : 

fW7/i|g,(7*)— /?727/ij In(F//i,) (3) 

where I is the total volume of the mixture. Hence: 

(df/d^r— (j?77K).2Si I — Ep x (4) 

where />, is the partial pressure of the first gas. But from (4), § 43: 

(d/7dF)r=-/> (5) 

/. p=Zp x (6) 

which is Dalton’s Law of Partial Pressures.* From (5). § 43: 

(JF;dDv=-S (7) 


prepay , (® ) bcCOnfuScd wilh " a mixlurc of idcal eases.” which need not possess the required 

in Svn r i mg,0 J 1, Annals A °f s f“ n “‘ 4. 245. The experimental results arc considered 
in § 22. VII A. For non-ideal (van der Waals) gases, sec Carrara. Nuov. Cim., 1928, 5, 225. 
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Therefore from (3), and (4) and (7), § 55: 

S=-Zn l (-S 0 -iC'dTIT-R In K)=2>.>S, •••<») 

where S, is the entropy of the first gas occupying the total volume of the mixture 
Hence ^ ^ eal gas mix, are is the sum of ihe en, rop.cs of he 

Zarates a,J same unsure and each occupying the mat -col, one of 

the mixture. 

SinC ' <’) 

therefore from (3) and (8), and (7), §55: 

E=Zn x (E Q +\C,dT)=Zn x E x <10) 

pses. respectively: , =J£=£ _£o = o < l » 

i,. no heal is evolved on A.^nlun^rcssurc. 

therefore AV=0, (12) 

i.e. no hea , « on mixing ideal’ gases a, 

and (12) show that no change of temperature occurs he t 

at constant volume or at constant pressure. 

§ 57. Mixing of Ideal Gases . . 

In § 28 an equation for .he decrease of free energy °o 
obtained by a method which assumed that '^ fr “ C " ^ ' hl lotJ | volume of 

sum of the free energies of the components, each occpyg frcc 

the mixture. The same equation follows from the expression^ ^ 
energies given in §55. Let there be 8 11 '" upy j ng volumes 

gases (1), (2). (3) at the same * m Pl £ ure ; £ „„„ of the initial 

V„ V 2 , V,,... in separate containers. The totaKree gy 

system consisting of the unmixed gases is from (3). S » 

f*=rii 1 g,(r)-*rrn, m (v,i",> 

Now let the pses be allowed to mix by putting the separate vessels 
munication so that the total volume is . . (2) 

Since (11) and (12). § 56. show that He temperature remains constant, the total 
free energy of the ps ,3, 

Hence the diminution of free energy on mixing * s ,4. 

FQ-F=-AF=RTZn x \n(VlV x ) • • • * ‘ 

which is the value found in § 28, and is obviously ^'^gy^^changed. The 
decreases on mixing, although from <•'). § . . Qc wi „ ^ur spontanc- 

process is attended by a dissipation of energy. 

ously. The increase of entropy : <51 

JS=-dJf/d7**=iirM l In (VIV X ) 

is obviously positive. 

7* 
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No assumption as to the nature of the gases has been made; if they are 
separate portions of the same gas, then obviously no change of free energy 
occurs, although if the separate molecules could be marked they would also mix 
by diffusion owing to molecular motions. This result is known as Gibbs's 
paradox (cf. §28).' The molecular aspect of the process throws no light on 
the matter, since there is an entropy change on mixing, say, nitrous oxide and 
carbon dioxide, with physically almost identical molecules, but not on mixing 
either gas with itself. 

An alternative form may be given in terms of the mol fractions, N, of the 
components of the mixture. For two gases: 

Ni =n t /(n !+« 2 ), A r 2='*2/(/*i+/i 2 ) (7) 

where A^ I +A r 2 =l. Then the work per mol of mixture is: 

-AF/(n x +n 2 )=-RT(N x ]nN x +N 2 \n Ay ... (8) 

if the pressures of the separate gases and the pressure of the mixture are equal 
since, from Avogadro’s hypothesis, *V(P,+ P 2 )=/i,/(/i 1 +/; 2 )=Ar 1 , etc . 
Hence, per mo! of mixture, for any number of gases: 

af=rtzn x i n n x (9) 

For two gases, since N 2 =\-N x , (8) may be written: 

AF=RT[N X In jV,-f (i—At,) In (1 — Af 2 )J . . . .(10) 
and (5) may be written: 

AS=-R[N X \*N X +(!-*,) In (1-*,)] . . . .( 11 ) 
or for any number of gases: 

AS=— R£M X In N x ( 12 ) 

§ 58. Chemical Potentials 

Consider a solution, gaseous or liquid, composed of the masses, /#i 2f 
• • • m n ol „ different substances, with a total volume V, a total energy E, and 
a total entropy S. The energy may be expressed as a function of S, V , and the 

n masses : 

£=f(5, P,m„m 2 ,,,„) (1) 

energy is ^ ° f Cn,ropy ’ vo,ume - and composition, the change of 

d£=(df;d5) liB|iBji d5+(df/dl'). VlIim . dl' 

+27(d£/dw,) J<| . >Wli . dm, . (2) 

exeem", he 1 fir,? fr Wilh rCSpCCI " is s,, PP° sed ,haI K and all the masses 
constant. When all the masses are constant (dm,=0. 

from ( 3 ), § 43 - h ^ ‘ S “ S ' mpte one of unvar > in ? composition, for which, 

4E=TdS-PdV (3) 

M2) and (3); t0lal PreSS “ rC ' HenCC ' by com P arin 8 coefficients of dS and dV 

(dEldS),.,^. : =7- (3a) 

and (3b) 

' See Bridgman, •• The Nature of Thermodynamics." Cambridge (U.S.A.), 1941. 168. 
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Therefore (2) can be written : 

d£=rdS-/ > dK+r / x,'dm 1 (4) 

where 1 #1 ,'=(d£/dm 1 )s.»'.- i ... 

is called the chemical potential of the first component in the solution (^nons 
similar to (5) will hold for the other components). Convenient alternative 
definitions of the chemical potential are found as follows. From (1). §43. 

iF=HE—TS)=iE—TiS—SiT I6 > 

Therefore from (4) and (6): 

dF^-Sdr-WK+r/x/dw, 

<7) 

From (1), § 44, and (4) and (3) above: 

dC=d(£— 7'S+f’F)=d£— 7"dS— SdF+/’dF+ VdP 

=(d£-7<15+FdF)-Sdr+FdF+r/x,'dm I 



/. ^'-(dC/dmOr.P.-,... (9) 

For a single pure substance, m 2 - 0. etc., hence: 

^.^(dC/dm.Jr.r^C, 

i.e. the chemical potential of a pure substance is equal to 

uni, mass. The meaning of the differential coetficen. m 00] » » 

the pure substance is added to any mass of the same p j$ obviously 

temperature and pressure, when the increase ^ ' ho u, d be noted that a similar 

equal to the value of G f 5 )r *^ 0 ^^ must remain constant.) 
argument docs not apply to (7), since then the morc convcnicnt lo 

Instead of referring chemical potentials to uni ma . firsl 

refer them to molar quantities. If Mi >s the molecular we.gn 

substance: fin 

dm , = M ll,; 

where n x denotes the number of mols. Let: 

m i#*r*=Mi ■ 

be the chemical potential per mol. then (5), (7), and (10) may be written: 

M , =(d£/dn ,) S . Cdf/d« .... - . 

In the applications to systems in equilibrium^lhe effects o Sruvdationa 

- * 

considered later. 

* h' is written instead of m for a reason explained in nunKfOU s: for a few. sec 

The publications on the chemical potential arc osc -wl ^ 7 97 , l5; van 

c.g. Ricckc. Ann. Phys., 1891. 42. 483; .894. SnitMck. 1906; Oruncr. 

Laar. "Scchs Vortrftge iibcr das ihermodyMmisclK *85; Wcgsd, cider. 

Vert,, d. D. Phys. Ges.. 1912. 14. 655. 727: Brtdjr. £”• • J, j 72; FfC n/cl. dml. 1924. 

Z phys. Chen,., 1920. 94. 739; 1923. 106, D f Physical Chcnt.stry. 
110. 547; Donnan. “ The Influence of J Willard Gibbs on 

Franklin Inst. Centenary Celebration. \91A. f . •• Scientific Papers." 1906. 1. 144 > 

1 Gibbs, Trans. Connecticut AcuJ.. 1*76. 3. • } , 4Q 373 . 

Shorter, Phil. May.. 191 3. 25. 31 ; Koenig. J. Phys. (. hem.. 1936. 40. 

* Koenig. J. Phys. Chem 1936. 40. .597. Scientific Papers." I90f.. I. 219. 

* Gibbs. Tran 1 . Connecticut Acad. 1877-8. s. >*> 
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§ 59. Conditions of Chemical Equilibrium 

Consider a chemical reaction: 

^1 + ^2+ . . . =V I 'A,'+V 2 'A 2 '+ . . . , 
where v represents the number of mols of the substance A undergoing change 
and suppose that a small change of mass dm, of A, occurs; the changes of mass 
of all the other substances are completely determined by dm, and the stoichio- 
metric coefficients v u . . . v x \ .... Let; 

dm^i^A/jdAs/^dA (!) 

where dA is a small arbitrary positive number which determines the extent of 
the chemical reaction. It may happen that some components of the system do 
not undergo chemical change (e.g. solvents), and these indifferent substances 
may be denoted by the suffixes i to n, the reacting substances having the suffixes 
Ito/». Then (6a), §58, gives: 

<*F=-SdT-PdV+i: tll 'dm l + t x l 'dm l + . 


+/x fl 'dm r 


From ( I ), and ( 1 2), § 58, (2) can be written : 


dE=-5dr-/>dK+dArv I/ x l+/ x/dm j + . . . -fzx/dm. 


( 2 ) 


(3) 


For equilibrium at constant temperature and volume, dE=0, from (5), 5 53 
hence (3) shows that for equilibrium at given temperature and volume and given 
quantities of indifferent components, i.e. dT=0, dK=:0, dm.=0 . . dm =0 
it is necessary and sufficient that: " ’ 

r^/4,-0 ( 4 ) 

Mna™ bC , m ? tUkCn f ° r aU thc rcac,in 6 substances, the products of reaction 
k A i PO! " l ' t ' and ' hc lmllal (disappearing) substances negative. 

In exactly thc same way. by starling with (8), § 58, and using (9) S 53 it can 
be shown that (4) also gives the condition of equilibrium o he system; con" 
sun temperature pressure, and quantities of indifferent components. The 
Ml d sneeifi°,l * qu,l, ^ r *“ m 3 system undergoing a reversible reaction is, from 

§ 60. Equilibrium in Gaseous Systems 

Equation (4), § 59, is very general, but of no actual use unless u can be related 
o he pressure (or volume), temperature, and compotihon of the system by 

(3). j 56 g“°e"' : “ lhc Case of an ideal 8 a * mixture, for which 

f =3ir ( gi(T)— /?r2>i| In (V/n,) (j) 

!*»• 2 - ?”■ rhe inert phases cT.nld S, hi £? om' s.Lc - 2"^" 

importance than the beaker containinc the ' they arc of no greater 

494. See also Saurel. J. Ph,s. “ w T A ‘,o "" B °"- i ™‘ X Chrm - l925 . ». 
738, 1239; Wereide. Z. Pins., 1934 W 469 FmeL , r .T) "”L I9W - ,37 - 46 ' 253 - 
229, 201 ; 1942, 233, SI ; 1947, 243 I 1 16 Van nan'oi'/p l938 ' 225 ■ 411 1 l9J 0, 

1940, 43. 387, 609; Foehs. /■roc "te 

•• Thermodynamiquc Chimique.” 2 vols Liege Tv n 43 , 3 V-l" 808 ™ and Defay, 

563. 686; 1947, IS. 107; Schulz Z. { <?""■ «'»■■ '*«. 14, 

59, 629 (general, sed stress); Dubrissy. Bull. I94~7 8 "' ^ SoC " l947 ' 
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Since n, mols of the first gas are present in a total volume V, its volumetric 
molar concentration (mois/lit.) is: 

c,=n,IV «> 

/. F=2?n,g 1 (I1+*rrn 1 lnc, < 3 > 

Differentiate (1) with respect to keeping T. V and all the other .. s con- 

slant, and use (2): 

/. (dF/dn 1 )r.v..,...=/‘t=e■( ^ ) +,^r+ * ^ln< ' , ' ' ’ () 

or if, as in (8), § 55, gi(T)=g x (T)+RT 

#»i-*i<T)+*rinc, 

gas from (7), §55; it is, per mol: 

KD = £ 0 - T&,+ 1 C,dT-TI(C ,/r»dr+ RT < 6 > 

From (5), and (4), § 59, the condition of equilibrium in an ideal gas mixture ,s 

found,obe: XW.B, marine, ho m 

... ft, inc,— £v,i,(r)/*r-f(r) (8) 

which is the equation for the law of mas, ac.loa. with the equilibrium constant 

giv ' nby: ‘ , 0 K— Z'MTW 

From (9) and (6): d|nJC , d ^ |g ,(r) 

~iT‘~RiT T 

where: i(T>!T= ejt— s 0+( 1 /Dfc.dr- /(C,/Ddr+ « ^ 

(d/dr)(g(r>/r]= -£i/T»+c,/r-(i/r«)/Cdr-cjr 
— ( £„+/c,dr)/r»=-£/r J . • 

from (8), § 19; hence from (10) and (II): 

d In KldT=Sy,E,IRr-=dElRT‘^q,IRT . ■ 

This is the so-called Reaction Isochore equation, deduce > 'an 
1885: 2 a full account of it will be given later. c0(rcspo nding with the 

If p, and W, are the partial P" . RTIV: 

concentration Ci, then, since p x =*n x RI I* •‘ na / 7 '» ^ 

P\~N\P 

Hence (5) may be written in the alternative forms: ( , 4) 

Fi-fM 0 {T)+RT\npi 

=^'(p,T)+RT\nNx (,5) 

whete: ^T^ri-Rr^RD 

tll »- 0 >,r)»g,(r)-*nn(*r/p) 

, uu . t h.n, |W6. 10. 520. for another 

• This holds also for p{v-b) = RT: /ma," Bouiarfc. U Ku.hum. 1919. J 98 * 

deduction, see Urmor. Phil. Tran,.. 1897. 190 205 t^6K ^ 2 , No . ,7; Z phy, < hen, 

* Art. JWW.. IMS. 20. 302. U**-. , y2 , , 9 5. The name , 

1887. 1. 481; Phil. Man-. 1888. 26. 81. Alemh.c 

derived from 'an. equal ; (volumcj. 


(9) 


( 10 ) 


0D 


(12) 
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It should be noted that /x,°' in (17) is a function of the total pressure as well 
as of the temperature, which is not the case with /m 0 in (16). 


§ 61. Remarks on Chemical Potential 

The chemical potential was first used (and named) by Gibbs, 1 and later 
(sometimes in somewhat modified forms) by many later authors. 2 Essentially 
the same theory is hinted at for a simple case by Maxwell in two letters to 
Andrews 3 in 1874 and 1876, and especially in a letter to Stokes 4 in August, 
1875, in which, as Larmor 5 says, “ he spelled out the whole abstract theory of 
the co-existence of two phases in a mixture of substances, exactly in the manner 
of Gibbs and, moreover, looked forward to getting clearer ideas regarding the 
functions afterwards named by Gibbs the 4 potentials * of the constituents.” 
As G. N. Lewis 6 said, Gibbs’s treatment practically completed classical 
chemical thermodynamics: “nothing has to be subtracted, and remarkably 
little has to be added to satisfy all the demands of modern thermodynamics.” 
Essentially, Gibbs’s method is developed in a very practical and attractive form 
by Lewis and Randall, 7 whose writings have popularised it in chemical circles, 
although the earlier efforts of Ostwald » should not be forgotten, since they made 
Gibbs’s methods known to physical chemists. 


§62. Activity 

The chemical potential per mol of a substance present in an ideal gas mixture, 
from (15), §60, is: * 

W°'(p t T)+RT\nN (1) 

where /V is the mol fraction and T) is a function of pressure and tempera- 
ture. Thus: K 

P-P*'=iRT\t\ N (2) 

by (13), 5 58 is the increase in available energy, AG, when 1 mol of the substance 
isotncrmally and reversibly transferred, at constant pressure, from a standard 

I SX'n^T'pnl^'h. 18 ”' I08 " " Sci "’ ,ifiC PapcrS ’" 1906 ' «• “ Potential." 

fiWnicnia^'dc MW. «1 Thcrmodyr'anuque cl scs Applications." Paris, 1886, 31 ; " Trail* 
1887 31 189 ?lfhr, UC ; Par “- l898 ' 3 ' Planck ' Am - Fh >‘ - 1887. 30, 562; 
O™ 189? 7 97 pt 'Z', 3 ! .V*", 188? ' '• 577: RiKkC ' V 

l904 S “n q u“ i ™sS; lcs h f ux la' 

" Math and Ph!f Pi^s'" rZi It , ' ” J; KI “ n,Jn ’ «*»■ *•-. 1925. 25, 250, : Larmor, 

2. m™lQS,°l\5. UC ' l90S ‘ 81, Append,x * cf " Ma,h - and Ph >s. Papers," Cambridge, 1929, 

• J.A.C.S., 1937. 59, 2750. 

I '* Thermodynamics," New York. 1923. 203 *>54 

•• H- iranjla.ion of Gibbs. 

1902. Lupag. 1892. NShciham. Theory of Solution." Cambridge. 
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phase in which N= 1 (in this case the pure substance) to a large mass of a phase 
in which the mol fraction is N. Since N< 1 this JC will be negative, i.e. work 
could be gained in the process. It is assumed here that the same equations 
apply to very dilute (or ideal) liquid solutions. 

For non-ideal gases or solutions, put: 

l i-^'(p t T)=RT\na (3) 

where u-/* 0 ' has the same significance as in (2), and a is one form of what was 
called by G. N. Lewis 1 the activity of the substance. If N is the mol fraction 
of a substance in the solution, the ratio : 

y=»a/N 

is one definition of the activity coefficient. Since (2) is assumed to hold in very 
dilute solution, y takes the limiting value * 1 for the solution when the mol 
fraction of the solvent approaches unity. Thus, from (3): 

T)=RT\nN+RT\ny (5) 

Differentiation of (3) at constant temperature and pressure gives: 

(dlna/d,x),. T ~l/tfr < 6) 

or d M =*rdlna 0 ) 

which may be regarded as alternative definitions of activity. For any reversible 
isothermal change: .8, 

Each activity is referred to a standard state (specified by £)* ind 

■aftsssaraassaisSK 

molar concentration c (sometimes called the molar, ty when ^ volume unu » 
the litre, i.e. mols per litre, . or else the molality per WOO • o okent, 

for which appropriate definitions of activity can be given. Thus, with 
centration, 4 (4) is replaced by: (<>) 

/safl/C . . • • 

where / is an appropriate activity coefficient, and (3) becomes : 

„_ M .-- (p ,r)=*rino-*nnc+*rin/ .. <»> 

Let a solution of density p contain n„ n,. n, . - • “^I'on^^dilute ir 
ponents in a volume V. If n, denotes the solvent , the solution 

n 2 , n, . . . are small compared with n,. The mol fra 

= ' ■ ' ' ' ’ 

1 Pro c. Amn. Mod.. MOO, 36. V M (“ ■ 'iw ‘'lc»,s and' 

43, 259 (activity); Z. phys. Chcm., 1900.: »5. 3 L * „ cr j ( iciMn sec e g. van La.ii. 

Randall, ••Thermodynamics." New York, *923. - ■ • , R ft/tr- 1934. 20 

Z. phys . Chent., 1911. 76. 67. Sec also van p js l9 r 6; M und. Fripial. and 

234; Dc Donder, » L'Affinilc." edit, by van Ryssclberghe. Ians. 

Sallcts, Bull. Soc. Chim. Belg., 1946. 55. 245. 

2 II should be noted thai y may be either smaller or rg . | ( a nd the specification 

> In the case ofliquids. Ihc effect of moderate pressure ihangcv i> snull. J 

of the pressure is usually omillcd. .h-it c is really variable, owing 

4 In differentiating with respect to TJt > ho V. 1 ^ eLtrochenmiry of Solutions New York, 
to the volume change ; see Hamcd and Owen. The Ele 
1943,11. 
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and in dilute solutions En x ~n x \ the volumetric molar concentrations (molarities) 
are: 


( 12 ) 


(13) 


Ci=nJV, c 2 =n 2 JV 

the molalities (mols per 1000 g. solvent, denoted by subscript 1) are: 

= 1000/A/ ,, m 2 =1000;/ 2 /n,A/ 1 

where M is a molecular weight. If V is in litres: 

\000pV=2n l M l (14) 

/!,/w, =m, A/,/ 1000 (15) 

— N t in dilute solutions (16) 

c,IN t =EnJV= IQOQpZnJZnM 

= 1000p(l+/i 2 //i,+ . . .)/(A/i+(fl 2 //i l )A/ 2 + . . .) . (17) 

/. cJN t ~ lOOOpo/A/ , ( 18 ) 

in very dilute solutions, where p 0 is the density of the pure solvent. Also: 

m,/ 1 00027/1,/// , A/ j = 1 000/ A^, A/ (19) 

=(1000/A/ l )(l+m 2 A/,/1000+m 3 A/ I /l000+ . . .) . (20) 

~ 1000/ A/ , in very dilute solutions (21) 

From (17H18) and (5) it follows that: 

M=M 0- 0 >. T)+RT\n {MJlOOO^+RTtn c+RTto 

hcncc in (10): P 1 ' 

/x°"(/>.r)- M o-0>,D+*7-ln(W,/1000 Al ) . . . .(22) 

/= (po^Vij MJpAf i En)y (23) 

and the corresponding activity is defined by (9). Again, from (19H21) and (5) 
it follows that: 7 w 

/‘=/*°'(/>. n+/?rin(A/ 1 /1000)+/?rinm+/?riny/(l+m 2 A/ 1 /IOOO+ ...), 
hcncc if the activity is defined in terms of the molality: 

(24) 

l l ~P n (p, T)=RT\n m+RT In y m (25) 

p 0, "(p, T)= t i0'(p, T)+RT\n (A/,/1000) (26) 

y-=y/(l +m 2 A/,/1000+m,A/ l /1000+ . . .) . . (27) 

In an infinitely dilute solution (iV, = l) it follows from (23) that y=/= I, 
since the factor multiplying y may be written : 

*&,»/, /..v.a,,-*' 1 +n "- ir * iooo +'»3A/,/iooo+^. . .1 

p(l+m 2 A/ 1 'l000+m J A/ l /1000+ . . .) * 

Also n follows from (27) that, in an infinitely dilute solution, y=y„=l. fo an 

tnal.o U uni. n v W vt Jt" 0 ’ ,nfi f cly v dilu ' e - r~'- V.arenot in general 
equal to unity ,y„ is then equal to .V„ the mol fraction of the solvent ' 

For equilibrium. (4).§ 59. and (3) or (10) give: 

. • • ;»|''ll;'-' (29) 

where A ,s a constant at a given temperature and pressure, and (29) may be 

(791 kin? “ g H nC : f l "" ° f mass ;,c,ion - since »nlike A’ in (9), § 60, K in 

called the d ,;r" d 7 ° f Concc "' ra,K > n in "on-ideal systems. K is sometimes 
called the thermodynamic equilibrium constant. 

1 Young and Vogel. J.A.C.S., 1932. 54. 3025. 
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From (13), § 58, (3) or (10), and (29), the available energy decrease in a rever- 
sible isothermal reaction is: 

-AG=w T '=RT\*K-RTEv x \iia x (30) 

where a x is the activity of a substance in its initial or final state. If K in (9), 

§ 60, is denoted 1 by K 0 : 

K-wZK ■ ■ ■ WZ ■ ■ •> <3,) 

From (16), §44, d(AGIT)IAT=-AHIT>, the differentiation being at constant 
pressure and initial and final states.* If the normal states for the activities are 
in the region of ideal solutions, then: 

HaG°IAT)=-AH'IT'- < 32 > 

where AG" refers to the standard slates, and AH' is the heat ^'T'lhc refo re 
ideal (infinitely dilute) state. But from (30). AG°=-RT\nK, therefore 
A(AG°IT)l<iT= - Rd In K/dT. 

d In KldT=AH'IRV < 33 > 

§ 63. Partial Molar (or Molal) Quantities 
An extensive properly (volume, energy, heat content, heat capacity, entropy, 
free energy, available energy) of a system, which is proportional to the to 
mass, may be denoted by the general symbol: 

*«fO>,7>i,n 2 .#»j....) 

where p-pressure, T*= temperature, and n,, n 1% n it . . . arc lh * ° 

mols of the components. The partial molar (or molal) values of A arc 

defined as: . 

£|B(dA7<bi|)r.r.ai.«»..« m 9X/dni\ (2) 

^ 2 =aAr/a/i 2 ; *}-$*/*»> • • • J . 

where p, T, and all values of * except the one varied arc kept constant m the 
differentiation. At constant pressure and temperature. 

ilX=(^ldn l )dn l +(dXien 2 )iin 2 + . . ,d/»,+A' 2 d/i 2 + ... • K) 

The values of *„ X lt . . . depend on p. T, and the comi^siuon of the sol | - 
tion, but not on the total mass, and they arc thus intense P’<’P< compo . 
dAT is the increase in X for the addition of dn„ dw*. . . - x (or a finite 

nents to a solution containing #i a » n 2 , n j • • • "J® 15 * ,he .^ a . com ponenis 

mass of this solution is found by supposing all the quunti ic constant 

increased by finite amounts so that their ratios remain constant, and at constan 

temperature and pressure: 


Idiuiv UIIVJ pivaauiv. 

X=jdX-jy i dn,+jy^n 1 + ■■=* ' 

A'=A>,+i>2+ 

X M =XI(n l +n 2 + ...)=X l N l + X 2 N 2 + ... 


(4) 

(5) 


* To distinguish K in (29) from K for ideal bcSnScSlTlVom the context, 

the second K„ but it is usual to denote both by A. the distinc l -jipbic. |f ihc molality 

2 The small change of concentration c with temperature is usually ncgi.gm 

m is used, this does not arise. m •• iv23 41 ; Pariingion 

> Lewis and Randall, AX.C*. 1921. 43. 193.. 53. 


1928*. 32,' 1461. 
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where X m is the value of X for 1 mol of solution, and N,=n,fSi i, is a mol 
fraction. By differentiation of (4) at constant temperature and pressure: 

d*''=A'id/i,-F/i 1 d^ 1 +A J 2 dn 2 -f/j 2 d.? 2 + ••• » 
and by comparison with (3), which is true in general: 

/i,di’ 1 +/i 2 d^ 2 + ...=0 (6) 

or N \&X \+N]AX 2 + — =0 (7) 

which is called the Gibbs-Duhem equation .' For the special case of a two- 
component system: 

N i dt l +N 2 6X 2 =0, or N^dX/dn^+N 2 (d X/dn 2 ) B| = 0. 

(d^.) Bi =-(^ 2 /A r i)(dA'/d// 2 ) <I| X\ = -(N 2 /N t )X 2 . (8) 

If X=G, the available energy, then from (13), § 58: 

* , =6X/dn , =dG/dn ,=/*,; * 2 -d*/div 2 -dG/div 2 «p 2 

are the chemical potentials. Hence an alternative form of the Gibbs-Duhem 
equation is: 

A^id^,-fAr 2 d/i 2 + . . .=0 (9) 

or, for a binary mixture, from (7), § 62: 

( 10 ) 

d In 0 , = — (A^/W,^ In a 2 ( 11 ) 

Since /V, + /V 2 =l, therefore dAf, = -d/V 2 , therefore from (10): 

(d/* ,/d In ^,) r .,-=(d/ij/d In N 2 ) T p (12) 

/. N l id\na l /dN l ) Tt ,=N 2 (dlna 2 ldN2)T.p . . . .(13) 
F.quations (12) and (13) are alternative forms of the Gibbs-Duhem equation 
X for a binary mixture. The treatment 

B' of partial molal quantities at infinite 
dilution given by Lewis and Randall 
^ has been extended and made more pre- 

C c - cisc by Krichcvsky and Kasarnovsky. 2 

Example. The density of 39- 19 per 
cent, sulphuric acid at 15° is 1-300. 
[// Thc solution contains 39-19 gm. H 2 S0 4 

8 / =39-19/98=0 40 mol H,S0 4 =n lt and 

/ 60-81/18=3-38 mols H 2 0=/t 2 . The 

' mol fractionsarc: H 2 O3-38/3-78=0-89; 

H 2 S0 4 1 — 0*89 =0-1 1 . The mol ratio 

A l y of acid isO-1 1/0-89=0-124. ForlOOgm. 

N,= o n 2 solution 100 1-3=77 ml., therefore 

N,«o mo,aI volume =vol. for «,+n 2 =l, is 
F,<; 18 **• Graphical Calculation of ' 7/3 78=20-37 ml. 

Partial Molal Quantities The values of A', and A* 2 for a binary 

... solution may be found graphically by 

PJ. , ? ga ' nsl /; i for a fixcd value of n 2 . and then against //, for a fixed value 
of //,, and finding the slopes of the tangents, d.V/d /i, and dA'/d n 2 . for particular 

143 T D..tm C --°| n H r; that of Gibbs. Trans. Connecicu, Acad.. 1875, 3, 

Kireev ^ P .° ,cn, ; c ' n’ermodynamique." IS86. 33. used Euler's Theorem (§30.0; 

Kireev, Ada Phvsicochmi. O.R.S.S.. 1941. 15. 293. 

2 J.A.C.S., 1935. 57. 2171 : Lewis and Randall found cX : ~ f 6wt\V, = -Nj/Ni, where 
o i ana Oj arc our mi and M 2 . and assumed that when AVA’, =0. BN Z =0 or c<k<W. = cc, 
but there arc three other cases. 
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values of /i, and n 2 . In a more convenient method, due to Roozeboom, 1 
X..=x=XI(ni+n 2 ) is plotted against the mol fraction N 2 (¥\g. 18.11), a tangent 
to the curve is drawn for any value of N 2 , and the intercepts of the tangent on 
the axes J^-l and JV 2 =1, give X x and X 2 , respectively. Th.s is proved 
as follows: 

AB=AC— BC, 

AC=X xl =x for N 2 = Xftn x +n 2 ), 

BC = Af 2 (dx/d Af 2 ) = Af 2 x (slope of BB). 

(d x ldn,)„=l\l(n,+nMdXldn,)-XHn,+n,V. 

(d W 2 /dn ,)„ = (d/dn , ) [/« 2 /(» , + w 2 )1 = — « 2 /(n , + 

(dx/dW 2 )=(dx/dH l )(d n ,/dW ; )= — ((«, +n;)/H ! )(dA'/d«,)+ */«,. 

Af 2 (dx/d JV a ) = - (d r/dn ,)+*/(»,+ n j) = - * 1 + •''■■ 

AB=£i; and similarly A'B=.? 2 . 

Example . — The heat absorbed, dWg.cal.. in the formation of a mol I of aqueous 
solution containing the mol fraction N, of sulphuric acid (=hcat absorbed per 
mol of acidx N 2 ) is: 

N 2 0-95 -85 -75 -65 -55 -45 40 -35 -25 -15 

-AH 427 1207 1950 2639 3195 3456 3452 3378 2969 2125 

AH is the total or Integral heat of solution. If a small 
solvent) d* is added to a given solution, /7-dJ/ftf*. is 
heal of solution (or dilution). Allis plotted against N 2 1 and the tangent 
at, say, N 2 =0-5. The intercept of the tangent on the N x - 1 s • ’ 
which is the differential heat of dilution. dJ// d»r, = #i. it \ 1 aci f 

0-5. The intercept on the Af a - 1 axis is - 1900. which is the 
solution, dAHIdn 2 -n 2 , of acid in the solution. The partial heat of 
of a solution of mol fraction Af 2 -0-l in a solution of mol fraction N 2 J 
-2940, the intercept on the ordinate at A^-O-l between the tangent at N 2 -V 

differential heal of solution f1 2 of sulphuric acid in solution of mol fraction 
N 2 of sulphuric acid is: 

-R 2 12970 7520 4040 2960 1890 670 460 173 102 47 

N 2 0 1 -25 40 45 -50 60 -65 *75 80 

From (8): Jdfl, — HNJN&R* ™ 
abscissa and find the area under the curve from A , 1 .« v ..i,, cs of 

^-0 6). Its negative value, +20.0, is the diBercnc, -» 

/?, for JV,=0-4 and N t = 0. From the previous graph //, lor . . 

be -8300, therefore /?, = 2010 - 8300= -6290 g.cal. for a solution contain., g 

N 2 = 0 -60 of acid. 

§ 64. Heterogeneous Systems 

Consider a pure solid in contact with a moU Vsolid be 

energies of the solid and solution being C and O • Then 

supposed to pass into solution at constant temperature a P 

1 Cf. Partington, ••Thermodynamic^/' 1913. 311: So | ,n ^: y jo24 (with useful 

Randall and Rossini. Ibid., 1929, SI. 323; Young and Vogel. «*. 1932. 54. 
tables for change of variable); Koenig, ibid.. 1936. 58. 317. 
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G' decreases by (dG'/dn)hn and G" increases by (dG"/dn)8n. The total change 
of available energy is: 

6G=dG"+dG'=(dG”/dn)hn—(dG , /dn)hn t 
which, by (9), § 53, is zero when the system is in equilibrium: 


(dG'/dri)=(dG”/drj) (1) 

Hence from (13), § 58: 

( 2 ) 


i.e. there is equilibrium when the chemical potential is the same in both phases. 

This result is obviously true for each of any number of components in any 
number of phases, and such a system is in equilibrium when the chemical poten- 
tial of each component is equal in all the phases. 

This general condition leads to the formula known as the Phase Rule, as was 
shown by Gibbs, 1 who says: “ If a homogeneous body has n independently 
variable components, the phase of the body is evidently capable of w+1 inde- 
pendent variations. A system of r coexistent phases, each of which has the 
same n independently variable components, is capable of /i+2— r variations 
of phase. For the temperature, the pressure, and the potentials for the actual 
components have the same values in the different phases, and the variations of 
these quantities arc . . . subject to as many conditions as there arc different 
phases. Therefore, the number of independent variations in the values of 
these quantities, i.e. the number of independent variations of phase of the 
system [the number of degrees of freedom], will be n+2— r." 

Gibbs’s statement may be slightly expanded as follows. In (4), § 58, there are 
2/r+5 variables (the n values of m, the n values of fi, and the values of E, T, 
S, P, and V), but of these /i+2, viz. the n values of /x, T, and P, can be found by 
differentiation, as in (3a), (3b), and (5), § 58, and to these (4) is an additional 
relation, making /i+3 in all. Thus, the number of independent variables is 
(2/1 + 5)— (/i + 3)=//+2. But if all the //i’s, 5, and V arc varied in the same 
ratio, only the amount of the system and not its state is varied, and there are 
/i+l independent ratios of these /i+2 quantities (e.g. mrfV, mJV, . . S/V), 
so that the number of independent variations of state and composition of a 
homogeneous body is /i+I. 

The total number of independent variations of the r separate phases is 
r(//+ I), but if the phases co-exist, the temperature, pressure, and the chemical 
potential of each of the n components in each phase must be equal, giving 
(/i+2)(r— 1) conditions (any one phase may be taken out as a “ test phase” 
and it must be in equilibrium with the remaining r— 1). Hence the number of 
independent variables for all the phases is r(n+ l)-(/i+2 )(r- I)=n+2-/\ 


The Nernst Heat Theorem 
§ 65. The Principle of Maximum Work 

f rom an early period : the cause of chemical change was identified with a 
semi-occult “ force *' called affinity, which brought about the union and separa- 
tion of substances. According to Bergman (1775) 3 the reaction A + BC= 

' Tunis. Connecticut .1 «././. 1876. 3. 108 f.; "Scientific Papers," 1906. I. 96; Hutler, in "A 
Commentary on the Scientific Writings of J. W. Gibbs." New Haven. 1936, I. 105. 

2 Ostvsald. " Lehrbuch dcr allgemcinen Chcntie.” 1911, 2. ii. 1 f.; Partington. “A Short 
History or Chemistry." 1948. 322 f. 

1 IX- attractionibus elect i vis. in S ova Acta Lpsal., 1775. 2. 159-248; " Opuscula." Uppsala, 
1783. 3. 291 ;" A Dissertation on Elective Attractions.” transl. Bcddocs. London. 1785. 
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AB+C takes place completely if the affinity of A for B is greater than the affinity 
of B for C. Bcrthollet 1 clearly recognised the importance of secondary factors 
(temperature, volatility, insolubility, mass) in determining the course of a reac- 
tion, and he emphasised the reversibility of reactions, so that the reaction 
A+BC=AB+C is not usually complete, but a state of equilibrium is reached 
in which B divides itself between A and C in proportion to their affinities and 
“masses" (i.e. concentrations): A+BC^AB+C. Attempts were made to 
determine the relative affinities from the ratio of partition of one substance 
between two others competing for it. This will be fully dealt with in a later 
volume. . , 

A new point of view was introduced when Julius Thomsen in 1853 proposed 
to measure affinity by the amount of heat evolved in a reaction He started 
with the correct fundamental principle that the energy of a body is constant 
under the same conditions, and showed that Hess’s law (§ 18) is in agreement 
with this. In order to bring the heat of reaction into relation with chemical 
energy, he assumed that the heat evolved in a reaction is equal to the difference 
between the energies of the substances before and after the reaction, a proposi- 
tion which is strictly correct only if no external work is done, or any other lorms 
of energy except heat are produced. This is usually the case when the change 
occurs at constant volume, and is approximately true for all reactions between 
liquids and solids. To this consequence of the First Law, Thomsen in 854 
added a new “ principle " which he developed from views on chemical affinity 
then in vogue. He assumed that the heat evolved in a chemical reaction is a 
measure of the work done by the chemical forces, and so is measure of 
chemical affinity. , , . , , 

In Ihc decomposition of an exothermic compound (one formed w'lh evolu- 
tion of heat), a great expenditure of energy is necessary, and only such processes 
can bring it about which themselves develop more heat than is absorbed n the 
decomposition. Metals such as zinc. iron, and magnesium, the oxides “ 
are formed with the evolution of more heat ihan in developed in the fo mat on 
of water vapour from the same amount of oxygen, decompose steam, but if he 
heat of formation of the oxide is less than the heat of formation of steam, the 
metal (e.g. copper, silver, gold) is not oxidised by steam. 

From such considerations. Thomsen arrived at the 
•' Every simple or complex action of a purely chemical nature is »«ompan,«l 
by an evolution of heat." The criterion of the possibility o _a i rcac'ion wa 
on this hypothesis, EQ,-EQ.=a. where EQ, and EQ ar : : algebra c i sum 

of the heats of formation (evolved) of the final products and of the 
stances, respectively, and a is a positive magnitude. 

Similar ideas were advanced by Marcellin Ber.helo. > . n his 
maximum work (“ principe de travail maximum ), which he yarded ‘ 5 . . 
what different from Thomsen's principle, and stated as follows. E«ry chemical 

change, accomplished without the intervention o a 8 bodies which 
dtrangdre] tends to the production of the body or system of bodies which 

I •• Rcchcrchcs sur les Lois de .AHinili." WO. : a ^“ C “ 2 ^ ' 

... OI ui. .wo 92 34: ** Thcrmochcmischc 

* Ann. Phys., 1853, 88. 349; 1853, 90. 261 ; 1854. 91. 83. !*>•». 

Untcnuchungcn,"4vols..Lcip/ig, 1882-6.1. 15 ^ Q iquc ;- | 864 . 399; 

* "Lemons sur les Mcthodcs gcndralcs dc SyntneM. «. i« 7 < 4 S‘"Essai<k* 

Compi. Rend., .867, 64,4.3; 1870. 7L 303; Ann \ *, CW»/>r Rend.. 
Mdcaniquc Chimiquc fondcc sur la Thcrmochimic. 2 voh. 187V. 1 . m. 7 . 

1924. 178, 2248. 
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evolves the most heat. . . . Every chemical reaction susceptible of accomplish- 
ment without the intervention of preliminary work, and apart from the inter- 
vention of energy foreign to the bodies present in the system, is necessarily 
produced if it evolves heat." 

It is noteworthy that Berthelot called this the principle of maximum work, 
not of maximum heat (although he used heat evolution as a criterion of chemical 
work), and he later 1 restricted it to reactions between solids (in which case it is 
approximately true). He pointed out that it would be more exact at low tem- 
peratures, and defined chemical heat, to which the principle applies, as that 
transformable into work, i.e. really free energy (see § 26). 

At the time when Thomsen and Berthelot put forward their 44 principles ” 
they seemed to be logical consequences of the First Law, and eminent physicists, 
such as William Thomson 2 (Lord Kelvin) and Helmholtz, 3 had made an exactly 
similar mistake in another field, viz. the relation between the electromotive 
force of a cell and the heat of reaction of the chemical process occurring in it, 
as will be explained later. 

The following, among other, objections were brought against the principle 
of maximum work: 4 

(1) It implies that a reaction should proceed in one direction only, in which 

heat is evolved, and thus reversible reactions should be impossible. 

In this sense it is a retreat to the old theory of Bergman. 

(2) There arc many reactions which occur spontaneously with absorption of 

heat, whereas such endothermic reactions should be impossible. 

The second objection was got over by assuming that some physical change 
(c.g. solution, conversion of a solid into a gas, etc.) accompanied by absorption 
of heat occurred as well as a chemical change, and the reactions were not 
" of a purely chemical nature." This is not altogether without significance. 


§ 66. Applications of the Second Law of Thermodynamics to Chemistry 
The first applications of the second law of thermodynamics to chemistry 
were made by Horstmann, 3 who used the entropy and extended the method of 
Clausius; his first paper (1869) was merely an application of the Clapcyron- 
Clausius equation to dissociation. 6 The first application of the free energy 
to chemical problems was made in a Royal Institution lecture in 1875 by Lord 
Rayleigh, 7 in the form of Lord Kelvin's principle of dissipation of energy 
(§27), when he pointed out that ** a chemical transformation is impossible, if 
its occurrence would involve the opposite of dissipation (for which there is no 
convenient word) he gave as an example the lowering of vapour pressure of 
a solvent by a dissolved substance, the argument being identical with that later 
used by Helmholtz. 


. ' Co T.- IK94, ,I8 ‘ l378; " Thcrmochimie," 2 vols., Paris, 1897, 1, 10 f.; Tantzov, 
J. Russ. Phys. Chan. Soc.. 1928, 60. 361. 

\ •* , 18 ; ’• 2 - 429; " N1j,h - and Ph > s - Papers." Cambridge, 1882, 1, 472, 490, 503. 

y 0bcr d,c Lrhaliung dcr Krafi." Berlin. 1847. 45 f. 

* Ostwald, " Lchrbuch dcr allgcmeincn Chcmic.*’ 1910. 2. i. 64 f. : 1911. 2. ii, 83 f.; in Watts* 
Dictionary o! Chemistry, edit. Morlcy and Muir. 1890. I, 86, where the criticism is too 

sweeping, and not closely enough related to numerical data. 

a ,868 ;_ I **69. 2. 137: 1871. 4.635: 1881. 14. 1242; Ann., 1872. Supplbd. 

V •/ : ,r '* / Xa,u,bis, - X/ed 'veins Heidelberg, 1877. 1, 177; Ostwald’s 

Masstker, 1903 . 137 . 

* Independently applied aKo by Peslm. Ann. Chin,., 1871. 24. 208 (dissoc. CaCOO; Moutier, 
( on, pi. Rend., 1871. 72. 759 (dissoc. CaCOj. salt hydrates, etc.). 

7 "Scientific Papers." 1899. I. 238. 
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Gibbs 1 in 1874-8 gave a complete thermodynamic treatment of chemical 
equilibrium (see § 59), but his memoir was published in a journal of limited 
circulation, and was composed in a very abstract and dry mathematical form, 
which did not appeal to chemists. Helmholtz 2 in 1882 showed (§ 42) that the 
heat evolved in a chemical reaction is not generally a true measure of the work 
done by the chemical forces (“ Arbeitswerth der chemischen Verwandtschaft- 
krafte "), and in some cases the two can be opposite in sign. The true measure 
is the maximum work, or diminution of free energy, — AF, in the reaction. 1 he 
applications of thermodynamics in the measurement of affinity were clearly 
realised and stated by van't Hoff, J who emphasised that free energy changes 
could be treated like heats of reaction by Hess's law (§ 18). 

In spite of its incorrectness on general theoretical grounds, the Thomsen- 
Berthelot principle often gave results surprisingly near the truth. In practical 
sciences, a zealously critical symbolic-algebraic method of approach can be 
grossly misleading, and can easily blunder over a large bulk of important truth 
concealed under a thin crust of apparent error. 


§ 67. The Nernst Heat Theorem 

Nernst, 4 in a searching criticism of Bertheloi's principle, after pointing out 
that it cannot be regarded as a general law, added that: " a rule which holds 
good in many cases, but which fails in a few cases, contains a genuine kernel ol 
truth, a kernel which has not as yet been shelled from its enclosing hull. . . . 
A law of nature lies hidden in this ' principle of maximum work the further 
development of which is very important.” This law was revealed in 1V06 oy 
Nernst's discovery * of a new principle in thermodynamics, which is usually 

• Trans. Connecticut Acad., 1874-8. 3. 108. 342; " Thcrmodynamischc Siod.cn." iransl 

Oslwald, Leipzig. 1892; Gibbs. " Scientific Papers." 1906 1. 55; Objected *<>*'• - • 

1. 55; a long summary is given in Osiwald. " Lchrbuch dcr allgcmc.ncn Chcro*. iwz. z. i. 
1 14-48 

* Berlin Bar., 1882. 1. 22; " Wiss. Abhl.” 1883. 2.958; 1895. ^\°^Chem\^ 
1902. 124; summary by R. von Hclmholu. Ann. Phys.. 1887. 30. 401 ; 7. phys. ( him.. 

> " L’tludc dc Dynamiquc Chimiquc." Amsterdam. 1884. 1 77; Z. anoig. Chcm.. 1898. 
18.1. 


* "Theoretical Chemistry.” 190*. 689 . . ...... pi,,.. 

* Cull. Nachr., 1906. I; long abstr. in / t.kknochem.. 1906. 738 / < • ' 

1910. 8. 228; Berlin Be,.. 1906. 933: 1911. 65: 1912. 134 /*•»•/. I2 - M 7 ‘ ' j 

Akad. Weens. Amsterdam . 1911. 14. 201 ; Her.. 1914. 47. 608; •• Experimental and 1 
Applications of Thermodynamics to Chemistry." New Vork. 1907; I « K l r * . ^ 

cxpcrimcntcllcn Grundlagcn dcs neuen Warmesat/cs." Ifaalle. 1919. .nd ed . - • j .. 

•• The New Heat Theorem" 1926: Haber. " Thermodynamics of leehnnal 

transl. Umb. 1908. 83; Pollilzer. Die Bcrcchnung chcmischcr Allm.taie.i nacl. de | 

vehen WinwihrArcm rhrm . uiul chem.-leehn. I or I rave. Stuttgart. HI-. 


schcn Warmcthcorcm. Samml. (hem.- i mil chem.-iechn . ( h. mie 

Partington, " A Text-Hook of Thermodynamics" 1913. 483: Jdlmck. 1 h ^ 

dcr Gasrcaktioncn." Leipzig. 1913. 57; Sehulc. " Tcehn.schc I lK.nKHj>m.m.k 1923. 2. 
Hcrzfeld. in Wicn-Harms. " Handbuch dcr Fxpcrimcntalphysik. 1 9-8. 8 - • 

Ergcbn. d. cxaki. Naturmss., 1930. 9. 222 (review of 25 years of progress - 1 
publications on the Nernst heat theorem, see: Kohnstamm and Or ns e . • 

ST; 

U Miun,. 1,19. II. 348; Camlh. «- Cm. » 2« 5. 341 

Kulte-lnd.. 1929. 36. 154; Hijvoct and Vcrwecl. ( hem. Werkhl.. H3-. Z9. Z . . 

Cim., 1932. 9. l*v; Kohnstamm. Rec. Trav. (him 1932. 51. 53 ,cfl ,<j 1044 ; 

Ber., 1932. 780; di Jorio. Nuuv. Cim.. 1937. 14. 4K0: DcM. Buerca Set.. 

Ulich. Die Chemie. 1942. 55. 21 1. 
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called the Nernst heal theorem ; Nernst himself, 1 and most American authors 
(following Lewis and Gibson), 2 called it “ the third law of thermodynamics.” 

Approaches, to varying distances, towards the Nernst heat theorem had 
been made, after Berthelot, by several scientists, including van’t Hoff 3 and 
T. W. Richards, 4 whose contributions were fairly stated by Nernst. Richards 
gave —q and w curves meeting both tangentially and at a sharp angle, and said 
the calculation, although fundamental, is quite impossible. A nearer miss than 
his may be found in a paper by Ponsot, 5 where it is said that: 44 at absolute zero, 
two systems of solids containing the same elements have the same specific heat,” 
that the specific heats of a solid and its saturated vapour approach equality and 
vanish at the absolute zero, and that the specific heat of the saturated vapour is 
less than that of the solid. 

A statistical deduction of Nernst’s heat theorem, based on the quantum 
theory, was first given by Sackur 6 in 1911 ; this aspect is considered in Sec- 
tion IV. 

In view of its historical interest, a sketch of Nernst’s own treatment will 
first be given. Equations (3), § 42, and (10), § 44: 


M, r+?.=T(dw r /d7*) (1) 

w t + f Jp s= T(6w'/6T) (2) 

arc of the same form and may be combined in the single equation: 7 

w+q=T(dw/dT) (3) 

in which iv is the maximum work (or tv' the nett work, respectively), and q is 

the heat of reaction (absorbed) at constant volume (or pressure, respectively). 
Equation (3) may be integrated by writing: 

<l=<lo+(q-qo) (4) 

where q 0 is the value for T= 0 (absolute zero), and then: 

HlT-(wlT)<,= -qolT+(q/T)t+j^ \(q-q„)ITHiT 

»=-?.+ rJ o te- fc vnjd7-+ri(»'+»)/7To . . <5) 

The integration constant is. from (3): 


[(H'+^)/rj 0 =(dH/dr)o (6) 

The Thomsen-Berthelot principle (§65): 


h - -q, or w+q=0 


(7) 


1 " Thcorctisclic Chcinic" 7 Aufl.. 1913. 753. 

• J.A.C.S., 1917. 39. 2554. 

’ Ann. Phys.. Uohznumn /'exist hr.. 1904. 233. 

4 p !‘. vs ' r/, ‘7' ; 42 - >29; * FJehlrochen,.. 1904. 10. 637; J.A.C.S.. 1914. 36. 2417; 

n r ?° r - 1 ,"*■ CW * l905 - 9 - 299: Bell, ibid., 1905. 9. 381; see also Bronstcd. AT. 
Uanxke l ulens. Set dab. Shrift., 1906. 9. 103. 297; Nernst. " The New Heat Theorem," 1926. 

< on, pi Keml., |y<»2. 131. 651. 703; full abMr. in J. Phvs. Chan.. 1902, 6. 429. 
c _ Phys.. 1911. 34. 455; 1911. 36. 958. 

' Nernst. ** The New Heat Theorem.” 1926. 213. 
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although untrue generaUy, is approximately valid in many reactions between 
condensed phases (especially solids), and more nearly true at lower tempera- 
tures. If it is assumed for condensed systems that: 

»v 0 +9o=° ^ 

then (6) shows that (d w/dT) 0 must be finite (including zero) or infinite to a 
smaller order than \/T. Equations (6) and (8) give: 

(div/d7%=l(w+?)/7To=0/0 {9) 

but the indeterminate value is found (§ 16.1) by differentiating the numerator 
and denominator of the second term of (9) with respect to Tand then putting 

T=0: 

(dWdr)o=l(dw/d7’)+(d^/dr)/(dr/dr)]o=(dMVdr) 0 +(d < 7/dr)o . (10) 

With the sign system adopted, w is work done and q is heat ab< sorted I, .or is 

heat evolved. Nernsfs fundamental assumption was that, in view 
approximate validity of (8) at finite tempera- 
tures for reactions between pure solid or liquid 
substances (not gases or solutions), the curves 
of iv and — q plotted against T not only meet 
at the absolute zero but do so tangentially 1 
(Fig. 19.11, where G—*). Hence: 

-(d<7/d7%= (d 0/dr) o «= (dw/dDn . . (11) 
and from (10): 

(div/dDo=0 . . 

(d^/drjo-O . . 

Hence (6) shows that iv may be calculated from 
(5) for such reactions from purely thermal data, 
since q, the heat of reaction, may be expressed 
in terms of q 0 dn<\ heat capacities by Kirchhofl % 

lot’s principle in the form that, for every transformation, a tempenilure canbc 
found for which »v= - q . Nernsfs heat theorem makes this always true fir/ 

The integral of (1) is (sec § 43): 

w T ~Tl(qJT 2 )*T+aT, 

where a is an integration constant. Equation (12) gives: 


(12) 

(13) 



I-ig. 19.11. Maximum Work and 
Heal of Reaction for Condensed 
system near the Absolute Zero 


Wr -rJ(*/r»xir. 


with .he meaning .ha. an indefini.e in.eg.al (§ 17 I) ts w Ik f ou d and .h n 
.he upper limit /inserted in .he result.’ Byk * used a comp ex var.ab c and 
some cases took as .he lower limit of the integral an .maE'nary quanUly 
Nems. a. firs, gave both (7) and (I I) as the necessary and suffic.cn. 

■ This cnab.es .he - curve .0 be drawn when .he 
Miguez, Phyt, Z., 1915, 16 , M 7 (mechanical panlopaph .ype mtegr b D J (2 4JJ). 

16, 295, 451. Richards, Z. ph„. Cktm.. 1902. 42. 129. J.A.CS 1914, 
supposed that dw/dr= - M . dQ/dT. the avcragcvaluc of M being i. 

1 J. Russ. Phys. Chem. Soc., 1921. 53. 1. 247 (Q tt * . M . .. Thc New Heat 

» Ncmst. " Grundlagcn des ncuen Wlimeauo. Halle, m*. 

Theorem." 1926, 8! ; Schmolkc. Z. Phys.. 1934. 88. 139. 

4 Phys. Z.. 1919, 20. 505. 
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II 


of his theorem, but both are included in (12), which is the kernel of the theorem. 1 
The assumption that (10) leads to (13) is true only when (dw/dT) is zero or finite 
otherwise ( dq/dT) 0 could be co— co, i.e. indeterminate, in proceeding to the 
limit in (10). Equation (8) can be replaced by the alternative statements that: 
(i) w 0 is finite (including zero), or (ii) q 0 is finite (including zero). The theorem 
may also be expressed in another form. Let 



. (11a) 


where b is an unknown positive constant; then (11a) applies in the immediate 
neighbourhood of the absolute zero, which need not be the case with (11). 
By differentiation of (3): 

dq/dT=T.d 2 w/dT 2 (3a) 

In the neighbourhood of the absolute zero (3a) can he substituted in (1 la): 



Td 2 w 

£ m o*dl* 


and by integration: 


by § 14, I, 


Lim 
7- 0 


d 2 w/dT 2 
dw/dT ~ 


Lira 

7-0 


d[ln (dw/dT)) 

dr 


b/T 


Lim In (dn-/d7)=/> In 7+const., 
7-0 

Lim (du/d7)=const. 7\ 

7-0 


(d»v/d7)o«=0; 

hence (12) is identical with (I la). If a negative sign had been used in (11a), 
the result would have been (d»»Vd7)=(const./7V>-‘»; hence Nernsfs theorem 
requires that the curves for w and — q must separate from 7=0 on opposite 
sides of the horizontal (Fig. 19.11). The other assumption had been made 
by van’t HolT. 2 Ncrnst's theorem in its original form may thus be stated in a 
number of alternative ways: 

I. w 0 = -q 0 ; »v 0 is finite; q 0 is finite. 

II. (dq/dT) o =0; ( dw'dT) 0 is finite (including zero). 

III. (di» , /d7) 0 = —(dq/dT) 0 . 


IV. (d,./dn,=0 : [(,,+ 9 )/n o -0: Lim = ' Lim where b 

7 • 0 ' d7 / h T -0 


is a positive undetermined constant. 

Equations (5), (6). and (12) give: 

<h+T/\q-q a VT*#T ( 14 ) 

which, with KirchhofTs equation (§ 20): 

q-q 0 = I JCd7 (15) 

Jo 

■■ f C ,W - 1 IJ: ,90S ' «• 109 ■ Bcnnewftz. in Oeiecr and Schccl, 

' a : s , 9 - ,54; 1*34. 100. 584: di Jario. Nuov. Cm.. 

1937. 14. 480; Schoitky. Xaturwiss.. 1943. 31. 400. 

* Ann. Phys. Boltzmann Icstschr., 1904. 233. 



THE NERNST HEAT THEOREM 


219 


(where C is C r or C p according as q is q x or q r and hence w is w r or w' T ) provides 
a complete solution of the problem of calculating a free energy change w from 
a heat of reaction q. From (14) and (15), integration by parts (§ 19.1) gives: 


»r 

w =- 9o +r 

0 

= - 9o - 1 j cat+ rjUciryiT 

=- 9 +rJ"(«ic/r)dr (>«) 


The substitutions w=*—AF or —AG,q=AE or J//, give: 

AF=dEo+j jc,dr-r[jjc,/rxir 
=j£-rJW,/r)dr ( ,7 > 

and JG=Jw 0 +J^c,dr-rJjjcyr)dr 

=j//-rJ(Jc^r)dr <>*) 

Nernst assumed as an approximation that -AE can be expressed in a series 
of powers of T: _ . 

-A E^-AEo+iT+pTi (19) 

-dJ£/dr«-d 9 /dr-«+?0r. 

But from (11), a=0, 

-AE=-AE„+PT‘ (M) 

Therefore from (I) -d(AFIT)ldT-AEIT>=(-A£ u +tlT‘)ITK therefore by 
integration -AF= -AE 0 -fiT‘+ const. X T. By differentiation and comparison 
with (12) when T= 0 it is found that “ const." =0, 

.-. —AF= —AEa—flT 1 (2D 

All these equations apply only to pure substances in condensed systems, not to 
gases or solutions, but Nernst showed that the Heat Theorem can be ex en t 
to apply to gas reactions, as will be explained in a later volume. 

§ 68. Alternative Statement of the Nernst Heat 1 heorem 

From (12), §42, and (3), §33: 

dw/d7 = —dAF/dT=AS W 

an alternative form of Ncrnsl’s heat theorem is found, viz.: 

<dS) r -o^S 0 =0 ,2) 

In reactions between pure condensed phases at the absolute zero there ts no 

Fowled and’sterne, 1 after concluding that " it is not true in general that 
dS o =0," surmised that the Nernst heat theorem " is always irrelevant 

i Rev. Mod. Rhys . 1932. 4. 635 (707;. 
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useless ... and should now be eliminated.” It is, of course, equally correct 
to say that Newton’s laws of motion “ are not true in general,” but both they 
and the Nernst heat theorem play their part in the practical applications of 
Science and are unlikely to be eliminated. Result (2) has been held » to suggest 
that the velocity of an irreversible process vanishes at the absolute zero but 
Thermodynamics is not really concerned with velocities or time. 

Nernst 2 expressed the heat theorem in the form that: it is impossible by a 
thermodynamic process to cool a finite condensed system to the absolute zero 
In an adiabatic process in which d n mols react, let the temperature decrease 
by dr. Then if C is the total heat capacity * and q the heat absorbed per 
mol: r 

dT=qdn/C ( 3 ) 

If the process were carried out isothermal/y: 


q=TAS=TAS 0 +T^(ACIT)AT 


Assume that the temperature is so low that the specific heats obey a law: 

C=aV, or JC=aT\ where b> 1 .... (5) 
(as will be shown later to follow from the quantum theory), then: 


J S=*So+ \\aT h /DdT=dS 0 +a''T h 


q=T(4S 0 +a"D 


From (3)-(6): 


dT=dn{AS 0 +a"T')laT •*« ( 7 ) 

tl ! i! PPr0i, ^ C f Zcr °' lh , c numcralor approaches diu3S 0 and Ihc denominator 
/c o hence dr becomes large and the cooling effect will reach absolute zero. 
II this result is to be excluded, then: 

J5o=0 (g) 

' hc Prac,ion b ~ 1 om “ “hich vanishes as T approaches zero. Equa- 
tion (8), however, is identical with (2). 

Accnr,llnf,' h ', S h dC M C ' i0n T" c, ?' icistd by Einslein ' 4 il is upheld by Epstein. 5 
mi idhh L i C ^ ernSt hea ‘ V he ° rCm ' ,hc iso| harmal T= 0 coincides with 

.sother m T r ^ " 0 °! hcr “diabatics. so that any cycle in which the 

isotherm / - 0 forms a part would seem impossible. 

00^“: ,937 - ”• 599 ' l20 ^ ™ *. 260; 
r,Vv l{ \9\4 ^ '• 4: Ncw Hcal Thco,cm " 1926. 87; Czukor. Verhl. d. D. Phys. 

reversible transition V hi • m ? fferencfs between stales of a system between which a 
’ l!y al capacity is clearly ,h.,l of !hc final system. 

,921 ' 293: “• z - 
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§ 69. Planck’s Form of the Nerast Heat Theorem. 

Equation (2), § 68, AS 0 = 0 (due to Planck), is obviously satisfied if the entropy 
of each pure condensed phase is separately zero at the absolute zero, and tins 
was assumed by Planck: 1 

(S)r-o=So=0 (1) 

Quantum statistics (Section IV) show that this is true only when the multi- 
plicity at T=0 is 1, and when this is not the case, or when transitions to his 
state of lowest multiplicity do not occur in the range of temperature used in 
the specific heat measurements, (1) will not be true. Since in the majority of 
cases (1) is true, it seems preferable to refer to the exceptions 
than to attempt a wide general statement which excludes them. The case is 
analogous to the retention of Taylor’s Theorem by mathematicians. 

Equation (I), with (7) or (8). § 35. will give finite entropy values: 


S=j\cjT)iT or s=Jjcv/r>dr 


( 2 ) 


The necessary and sufficient condition that the entropy shall remain finite as 
7 approaches zero is that C, or C, shall decrease f»«« »han 7 h.ch us the 
case for specific heats based on the quantum theory (§ 68). and hat C zn , 
shall be zero at 7=0, which is in agreement both with the quantum thu>r> a 

W, lf undergoes allotropic change, or changes into a liquid or gas. at a 

certain temperature 7 0 , the increase of entropy is: 

J5,=/,/r 0 ; • (3) ^ 

where A is the latent heal of transition per g. or mol, and the addition I of ’ (2) 
and (3) gives the entropy of the new solid, the liquid, or the gas. ® lljolls 

(2) being continued with the appropriate specific heat. The comp 
apart from allotropic or other changes or transitions of ^ ^ ^ 0 , , 

standard entropy S° at the temperature T. when corrected for deviations 

the ideal gas state are: 

(i) When the boiling-point at 1 atm. is below 7: 

C T \t 

S T °=S 0 + J C, (solid) d In 7+ J// (fusion )/7 w 

+ f C p (liquid) d In 7+ J/f (evaporation )/7„ 

•* T .u 

rr r 27 p T> 

+ C, (gas at 1 atm.) d In T+^ * p fs 

where T u , T, are the melting- and boiling-points ,n K. and the las. term is 
correction to the ideal gas state given by Ber.helo. s equation (§ 1 5. VII L). 

(ii) When the boiling-point at I atm. is above 7: 


(4) 


the 


c T sf 

5/=5 0 + C p (solid) d In 7+ Ml (fusion) T u 

rr 27 P T V 

• C„ (liquid) d In 7+/? In /»r+ 32 R r T i 


( 5 ) 


i "Thermodynamik." 3rd edit.. 1911. 266; Pkys. Z., 1911. 12. 6* 1 ' ,9U ,3> ,65 ’ 
1912 , 45 . 5 . 
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where p T is the vapour pressure at r°K. The Berthclot correction term is 
usually only about 01 unit per mol. The Nernst-Planck heat theorem requires 
that S 0 =0 in these equations. M 

The pioneer experiments of Nemst and his school 1 showed that the heat 
theorem was verified, but some examples are unsuitable and some calculations 
arc not clear; a more striking demonstration of the validity of the "third 
law was provided by experiments and critical treatment of data by G. N 
Lewis and collaborators.* and it is now part of everyday Physical Chemistry! 

(see Section 1 rV) 11 ^ ^ the0rem and 9 uan!um statistics is also very firm 

§ 70. Standard Free and Available Energies 

' h ' "’° d " n a PPhcations of the Nemst heat theorem, it is usual to calculate 
and tabulate the values of the free energies F and available energies G, or their 
changes, for the substances concerned. The available energy change is : 
AG t =AH t -TAS t 

= + JC, d7j-7-(jS,„ + J Jjc, d In rj . (1) 

Alternatively, the free energy may be found * from (9), § 43: 

f — Tfle/rwr (2 ) 

a8ain /‘ T(E bein 8 found ^ P^'^g C r against T 
and graphical integration, or from formulae for C r ) and the area under the 

Bitcn b? ?F tC n/r h, i mu ! ,ip,icd b >' T ? ivcs F Th ' entropy S is then 
05) §44' " 3 S,m,3r Way lh<? aVailable cncrg >’ is found from 


-rjjHirvr 0) 


and the cntropy.is 

M „ , S-,II-G)IT (4 ) 

or GtstmlM r IT'"’ "VSf s “’ ca " ed s,mdmd va,ues - * ivin * 'he excess of F 
f , a a,m - a " d 25 C <298 I K .) of given substances as compared 
ith standard states, c.g. hydrogen gas. oxygen gas. rhombic sulphur, graphite. 

eouatil^ MsS" “5" 'SUf* 4 al 298 14 •< can be calculated from the 
(I claus^us)^ ~ <J " and arc usual| y given in g.cal./l°C. units 

The entropy of I mol of nitrogen gas at 25 C. and I atm. pressure in the ideal 

r,r„ Th s r m " ,926; for ■ - - * 

l ' 9 -’ 0 - 42 - l529; hewis, Gibson, and Uli- 
"c v'e iv Parl' , ; . J I' d '«3. 45. 93: and many later papers: 

out That ' on Jeu^ ; m t AcaJ '«». No, 3. 43. had pointed 

sa function caractcrisiiu.ie |f,“ o? '^STT^“T t ** ' °" ' oudra 

calcul nuisuu.- mm v . ‘ ‘ ' UIK ,lM a,, <-'ni.lc rcstc ncscraqu'unc affaire 

Par«icllc':- r N exprimer j au moycn dc la fonction caraclcris.iquc c. de scs derives 

K6r^“ h HSie,' 1920*“™ ncKvhnun S •*« fcsamlen und freien NVirmeinhalt fester 

" ,L, " : " ine JV '" a ' "* 5 all standard states of elements 
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state (S*) is calculated as follows,' the initial state (5=0) being crystalline solid 
al zero absolute: 


0° K. to 10° K. from Debye's equation 

10° K. to 35-61° K. by graphical integration - 

Transition 54-71 g.cal./35 61“ — 

35 61° K. to 61 14° K. (m.p.) by graphical integration 

Fusion 172-3 g.cal./63 -14° - 

63 14° K. to 77-32° K. (b.p.) by graphical integration 
Evaporation 1332-9 g.caI./77-32“ ... 

Total entropy of gas at b.p. ••• • - 

Correction to ideal gas state (Bcrtheloi s equation) 

77-32° K. to 298-1° K. by spectroscopic data ... 
Hence the final result is S“m i 


0 458 
6034 

1- 536 
5 589 

2- 729 
2 728 

17 239 

36 31 ±0 1 
0-22 

3653 

9-36 

45*89 


The following table 2 contains material for a test of Nernsfs hcal lhc0 ""J’ 
the values of the calorimetric entropy of the vapour at the by an 

pressure), cor f r “^'° al r=o7or ihe solid) being com- 

*« g.cal./l" C. per mo. caMaled by s^is- 

•id method, from spec-roscopic da.a ^ Sec.mn lV)^ The jng 

excellent, many supposed anomalies found by L 
been eliminated by later accurate experiments. 


Gas 
A> 
Kr« 
0 2 > 
Nj ‘ 

F» 1 
HCI* 


S N.H.T. 
30-85 
34 63 
40 70 
36 53 
51 56 
37-29 
41-3 


S spectr. 
3087 
34 65 

40 68 
36 42 
51-55 

41 45 


Gas 

HBr'O ... 
HI «• ... 

NH» 12 ••• 
Si (298°) » 
H*S 14 ••• 

CjNi 15 .- 
HCN •* - 


5 N.H.T. 

44 9 
47 8 
44 13 

46 38 
55 43 
47-94 


Sspcctr. 
44 92 

47- 8 
44 10 
53 85 

46 44 
55 67 

48- 25 


« Giauquc and Clayton. J. A.C.S.. 1933. 55. 4875 orimelhylamine): Yost and Felt. 

* For other data see Aston er ai. J^A.CS 944. H * Frank . /. phys. Cl, cm., 

ibid., 1934. 56. 68 (chlorine monoxide 5-67 9 at A - 9gJ (nilromc thanc). 

1936, 34 B. 405 (phosphine): Jones and Giauquc S.. 1947. 

1 Clusius and Frank. Z. Elekirochem.. 1943 . |c TcIrodcs formula. 

« Clusius, Kruis, and Konnertz. Ann. Phys.. 1938, n. 

* Giauquc and Johnston. J.A.C.S., >929. 5!. 2300 

* Giauquc and Clayton. J.A.C.S., 1933 . M. 70(NHT) . Giauquc and Overstreet, ibid.. 

I Giauque and Powell, J.A.C.S., 193V. 01 , it 
1932, 54. 1731 (spectr ). 

» Kanda, Bull. Chem. Soc. Japan. IJJ 7 . 

’ Giauquc and Wicbc. J.A.C.S., 19-8. 50 10 • 

»« Giauquc and Wicbc. J.A.C.S.. 1928. 50. .I9J- 

" Giauquc ani Wicbc. ^.C.S 1929. S . I44L ( 3014. 

II Overstreet and Giauque. jaCS '. a \‘ ' 

Stephenson and McMahon, ibid.. 1939. 61. 43 . 

” GodncwandSswcrdlin.Z. /*>*•' 1935. ^• ,24 ‘ i and Ffank> Z phys. Clem.. 1936. 
>4 Giauquc and Blue. J.A.C.S . . 1936. 58. 831 . t-iu iu 

34 B - 420 - , . . c 6 , -h) 40 McMorris and Badger, ibid.. 1933, 55. 

15 Ruhrwcin and Giauquc. J A.C.S.. 1939. 61. 

1952. find 5 spectr.=57'8 at 25“ C. 26 26 (an anomalous sp. hi. ««. and a 

“ Giauque and Ruhrwcin. J.A.C.S.. 1939. 6I - double and triple polymers in the 

complicated calculation, of doubtful validity. a*sum 6 
vapour). 
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Gas 

5 N.H.T. 

S spectr. 

Gas 

S N.H.T. 

5 spectr. 

COS » ... 

... 52-56 

52 66 

CHjCI 7 

54-27 

54-31 

CS** ... 

... 57-48 

57 60 

CHjBr * 

57-86 

57-99 

ecu (25° C.) 3 

... 74-35 

74-05 

C 2 H 6 (25‘’C.) ’ ... 

54-85 

54-62 

SO: 4 - 

... 5807 

58-23 

C.H* «o 

59-93 

61-0 

AsFj * ... 

... 7209 

72-12 

CH 4 (25° C.) 11 ... 

43-39 


C 2 H 4 * ... 

... 47-36 

47-35 

COCI 2 

66 63 

68-26 


The case of hydrogen is fully considered in § 24.IV. The following sub- 
stances show an anomaly between the two entropy values (at the boiling-point): 


S N.H.T. S spcclr. 

CO ” ... 37-2 38-32 

NO •« ... 43 03 43-75 

NjO'» ... 47-36 48 50 


The cases of CO and N 2 0 are discussed in § 26.IV. Nitric oxide shows a 
deviation of 0-72, approximately $R In 2=0-69, which could be explained by 
assuming the presence of two isomers of N 2 0 2 with an entropy of mixing. 
Oxygen, a paramagnetic gas, shows no anomaly. 

The entropy of a binary compound is not, in general, half-way between those 
of its components, as is seen for the following 16 (gaseous state): 

Br* ... 55-4 IBr ... 60 6 I 2 ... 62-29 


Entropies calculated by Kelley 17 (in g.cal./dcg. mol at 25° C. for the actual 
physical states at 25°) arc: 


> Kemp and Giauque. J.A.C.S., 1937. 59. 79; cf. Wagner. Z. phys. Chem., 1941, 48 B, 
309; Euckcn and Schafer, ibid., 1942, 51 B. 126 (correcting ibid., 1941. 51 B. 60). 

2 Brown and Manov, J.A.C.S., 1937. 59. 500. 

» Lord and Blanchard. J. Chem. Phys.. 1936. 4. 707; correcting Yost and Blair, J.A.C.S., 
1933.55.2610. 

4 Giauque and Stephenson, J.A.C.S.. 1938, 60. 1389. 

* Russell, Kundle. and Yost. J.A.C.S,, 1941. 63. 2825. 

* Egan and Kemp. J ACS . 1937. 59. 1267; York and White. Trans. Amer. Inst. Chem. 
Eng., 1944. 40. 227. 

7 Mcsscrly and Aston. J I AS.. 1940. 62. 886. 3529. 

■ Egan and Kemp. J.A.C.S.. 1938. 60. 2097. 

■* I* w '“ •»<»** K«"P. J AA .S,. 1937. 59. 273: Kemp and Pitzcr, ibid., 1937, 59, 276; 
Klinsmann, / phys. Chem., 1938. .39 B. 23; Kisliakowski and Na/mi, J. Chem. Phys., 1938, 
6. 18 (correcting Fuckeii and Wcigcrt.Z. phys. Chem., 1933. 23 B. 265). 

Powell and (iiaiiquc. J.A.C.S.. 1939. 61. 2366. who regard it as anomalous; cf. Kistia- 
kow>k> et ,il.. ibid.. 1939. 61. 2980. 

11 Storcli, J. A.C.S . 1931. 53. 1266. 

Giauque and Jones. J. A.C.S.. 1948. 70. 120; the discrepancy of I 63 units is interpreted 
as due to random orientation of triangular COO* molecules in the solid, the maximum effect for 
which would be R In 3 = 218. 

•> Clusius and Teskc. Z. phys. ( hem.. 1929. 6 B. 134; Clayton and Giauque, J.A.C.S., 
1932.54.2610:1933.55. 5071. 

w . John 't°n ™d Giauque. J.AA V.. 1929. 51. 3194; for NOCI (5=64 04 at 298') see Jahn, 
J. Chem. Phys., 1938,6,335. 

1935 57 vn’ * ,llkr * JnJ Vjl,j:l,cn - / phys Chem ' ,93 °- 7 B - 4 - 7 : Blue and Giauque. J.A.C.S., 
16 McMorris and Yost. J.A.C.S.. 1931. 53. 2625. 

l! lg‘ 'I"' 1 '' ‘["‘I' | ,9J i °* 434: f OT c - ,rl1 ^ values (including methods of calculation), ibid., 
I t} 350; 1 * *4. 371 ; 1936. 394; for earlier calculations of JG° (later revised in their book, 
I her mods namiCN and the Free lnerg> of Chemical Substances.” New York 1923) sec 
Lew.s and Randall. J I C S . 1914. 36. 1968 <11 and O). 2259 (I). 2468 <S); 1915 37 458 (O 
2308. N.: 19.6. 38. 2348 (Bn; for 11,0 at 25 (.6 9). Giauque and Ashley. Phys. Rev., 1933.’ 
43, SI ; values ot (Go — to ) / Horn spcctioscopic data. Murphy. J. Chem. Phys., 1937, 5, 637; 
lor l.ght hydrocarbons. Holcomb and Brown. !nd. Eng. Chem., 1942, 34. 590; Thompson, 
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A1 - 

Sb 

A 

Be 

Bi 

Br 2 ... 
C (dia- 
mond) 

C (graph- 
ite) 

Ch 

Cu 

•Hj 

h 

Fe 

Pb 

Hg 

Ni 

N 2 


STANDARD FREE AND 

6-75 

0 2 - 

49-0 

10-5 

K 

15-2 

36-99 

Sc 

100 

2-28 

Si 

4-5 

136 

Ag - 

1020 

36-7 

Na ... 

12-2 

S-a ... 

7-62 

059 

S-0 - 

- 7-78 


Sn ... 

12-3 

1 36 

W 

80 

53-3 

V 

70 

7-97 

Zn 

995 

31-2 

BiClj ... 

45-8 

27-9 

BCIj ... 

686 

6-47 

CaO ... 

95 

15 49 

tacos 

22-2 

18-5 

CaS0 4 ... 

25-5 

7-1 

co ... 

47-3 

45-79 

co 2 ... 

51-1 
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• Excluding nuclear spin. 


CS 2 ... 
ecu 
CH« - 
CjNj ... 
CuO - 
H2O ... 

H 2 S 

FcO - 
FejO, .. 
Fc,0 4 -• 
PbO ... 
HgO ... 

Hg ci ... 

N# ... 

NO ... 

NHj - 
KCI - 
KNO, 
:sio 2 ... 

t Calcitc 


36-2 
74-2 
445 
57-9 
104 
1675 
49 2 
13 5 
21 5 
350 
166 
166 
23*5 
52 58 
503 
460 
19 76 
31 8 
101 


Ag 2 0 

AgCI 

NaCl 

NaNO 

so 2 

SnO 

Sn0 2 

SnCU 

TiO? 

V 2 0, 

V 2 0 4 

V 2 0, 

ZnO 

ZnS 

ZnCI 2 

Znl j 

ZnCOj 


291 

23- 5 
17 3 
27-8 
59-2 
13-5 
12-5 
62-1 
124 
23 5 

24- 5 
31 3 
104 
13 8 
259 
38 5 
19-7 


X Quartz. 


The following .able gives .he values 
at 1 atm. and 25° C. (A positive sign denotes energy eioitea.) 

state for gases is ideal. 


H:(g) ... 

0 2 (g) ... 

H 2 O0?) 
H 2 0(/) ... 
HiO (s) ... 
S 2 (g) ... 

Sa 

S a 

H 2 S (g) ... 
H 2 S to) 

SO 2 (g) ... 
SO ,(g> ... 
H 2 S0 4 (/) 
HBr(g) ... 
HBr ( aq ) 
li(f) — 

I*« -. 

Hl(g) ... 
HI (a*) ... 
C (graphite) 
C (diamond) 
CH 4 (g) ... 
CS 2 (g) ... 
C*H 6 «) ... 
CO(g, ... 
CO 2 (g) ... 
CHjOH (/) 
CxHjOH (0 


-d/f* 

0 

0 

57-836 

68 330 

69 991 
-29 69 

-0082 

0 

4-76 
9-32 
69 30 
91 60 
21240 
8-30 
28 59 
-1510 
0 

-620 

13-32 

0 

-0 204 
18-24 
-2601 
— 19-73 
2645 
94 40 
57-28 
67-14 


-dG* 

0 

0 

54 508 
56 560 
56419 
-1828 
-0018 
0 

7-84 
640 
69 66 
85 89 
176 50 
12 54 
24 60 
-463 
0 

-0315 

12-36 

0 

-0 390 
1220 
-17 60 
-30 64 
3301 
9445 
3996 
4263 


Cl 2 (g> - 
HCI (g) - 
HC1 to) 

N i(g) - 
NH» (g) 
NH,to) 
NO (g) - 
N0 2 (g) 
HNOj (g) 
HNO, to) 
Br 2 (g) 

Br 2 (0 - 
NaCl -. 
KCI 

AgCI - 
Ag 2 0 - 
HgCI - 
Hg;S0 4 ... 
HgO 

PbCI 2 • 
PbO (red) 
MnO: •• 
CaO 

AI 2 Oj - 

SK> 2 * - 
FcO 

Fc 2 Oj - 


-j/r 

0 

2200 

3955 

0 

1098 
1935 
-21 60 
-6-84 
34 40 
49 79 
-7-59 
0 

97 80 
105 60 

30 1 
694 

31 84 
175 0 

2160 
85 60 
52-36 
. 125 30 
. 1517 
. 393 3 
. 208 3 
. 64-25 
. 195-2 


— dG* 

0 

22 67 
31 35 
0 

3910 
63 
•20 85 
-11-92 
18 21 
26 50 
-0-755 
0 

91 79 
98 43 
26 22 
2-395 

25-14 
147-80 
1381 
7504 
45 05 
11260 
1545 
389 6 
195 3 
600 
189 8 


• a -quartz ^ ^ 

*• The Total and Free Energies of Formation^ V 'TlT» 

1943; Rossini e/ ai, - Tables of Selected Values of Cl *™ ™ j physX hrm. U.S.S.R.. 

U.S. Bur. Stand. , 1947 (3 series, loose-leaf); for ions , ^ t ^ n fro ni atom* values. « c Kl, ^ v * 
1946. 20. 941; for free energies and cniropKS of </.«■»» U S .S R.. 1946. 

dcra PhyUcochlm. U.R.S.S., 1946 21 1 5 . 

20, 339; 7. Gen. Chem. U.S.S.R.. 1946. 16. 1199. 1391. 

A.T.P.C. — 8 
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The entropies of some ions in aqueous solution have been calculated: 1 
the following table gives also some values of AH° and AG° at 25° for 1 molal 
concentration in the ideal state. 



-AH' 

-AG° 

S' 


-AH' 

-AG' 

S' 

H‘ 

... 0 

0 

_ 

Cl' ... 

39-55 

31-36 

13-5 

Na‘ 

... 57-53 

62-59 

140 

Br' ... 

28-95 

24-58 

19-7 

K‘ 

... 60-31 

67-43 

24-2 

I' • ... 

13-32 

12-36 

25-3 

nh 4 - 

... 3146 

1893 

26-4 

IO,' ... 

54-20 

31-58 

28 0 

Ag- 

... -24-90 

-1845 

17-5 

HS' ... 

3-40 

-2-98 

— 14 9 

Cu" 

... —16-50 

-1591 

-26-5 

S'' ... 

-10 00 

-23-45 

— 

Zn" 

... 36 60 

34 98 

-25-7 

HSO,' 

147-5 

123 92 

32 6 

Cd" 

... 1740 

18-35 

-164 

SO," ... 

146-9 

116 68 

3 0 

Hg" 

... -40 20 

-36 85 

— 

SO/' ... 

215-8 

17650 

4-4 

Ca" 

... 129-5 

133-70 

-114 

NO,' ... 

25-60 

8-50 

29-9 

Sn" 

... -240 

6-28 

-4-9 

NO,' ... 

49-79 

26-50 

350 

Pb" 

... 0-50 

555 

39 

HCO,' 

1646 

140-00 

22-2 

Fc" 

... 20 80 

2035 

— 

CO," ... 

161-1 

125-76 

— 130 

Fe • 

... 960 

312 

-61 

HSO4... 

— 

— 

30-6 

OH' 

... 54-53 

37-46 

-2 49 






The following table gives the entropies and the standard available energies 
— AG°, at 25° C., for a number of organic compounds. Other values have been 
collected. 45 The substances arc all in the state in which they normally exist 
at 25° C. and 1 atm. pressure. Heats of combustion of hydrocarbons 21 provide 
data for calculations of - AG. According to Huffman, Parks, and Barmore, 18 
the entropy of normal paraffins is a linear function of the number n of carbon 
atoms in the molecule, and that of substituted hydrocarbons at 25° C. is given 


by S=25-0+7-7/»-4-5r+19-5/>, where 

r=no. of CH 3 

branches 

in main 

aliphatic chain, and p- no. of phenyl groups. (In the table, the small numerals 

after the names of the substances belong to the literature references. 



S 

-AG 


5 

-AG 

propane 52 

64-7 


2. 2-dimcthylpcn- 



/i-butane «• 

54 9 

62 

tane* 4 .* 5 

68-1 

610 

/(-pentane 17 

62 0 

11-9 

2, 3-dimcthylpcn- 



/(•hexane* * 

706 

70 

tanc * 4 . 15 

73-2 

67-0 

/(•heptane* 4 . 15 

78 9 

73 0 

2. 4-dimethylpcn- 



/(•octane *• 

86 0 

3 0 

tane* 4 .* 5 

69-7 

560 

/(•nonane** 

93 9 

— 

3. 3-dimcthylpcn* 



//•dccane** 

102 5 

29 

tane* 4 . 15 

70-1 

67-0 

/(-undccanc** 

110 9 

— 

2. 2. 3-trimethvI- 



//-dodccanc ** 

118 1 

— 

butanc* 4 . * 5 

64-8 

51 0 

/i-tctradecanc 



mcthylnonancs 57 ... 

e. 100 

— 

ChHjo 12 

134 4 

— 

f/i-2-bulcne 76 

73 0 

-14-86 

2-methylhcxane * 4 . * 5 

75 3 

72 0 

//am-2-butcnc 74 ... 

71-2 

-14 45 

3-mcthylhcxane * 4 . 15 

74 0 

68 0 

/jobutene 7t > 

69 0 

-14 20 

3-ethylpcntane * 4 . * 5 

74 6 

600 

butene 24 

72-5 

-16-78 


I or notes to this tabic, see page 228 


1 Latimer and Kasper. J.A.C.S., 1929, 51, 2293; Latimer and Ahlbcrg, ibid., 1930, 52, 
549; Latimer. Schulz, and Hicks, «/»«/., 1934. 56. 88; J. Chem. Phys.. 1934. 2. 82; Ahlbcrg and 
Latimer. J.A.C.S., 1934 . 56. 856; Brown, Smith, and Latimer, ibid., 1936, 58. 2144; 1937, 
59. 921; Pn/er. ibid., 1937. 59. 2365; 1938, 60. 1828; Smith, Pitzcr, and Latimer, ibid., 1937, 
59. 2640. 2642; Pitzcr and Smith, ibid , 1937, 59. 2633; Smith. Brown, and Pitzcr. ibid., 1937, 
59. 1213; Pitzcr, Smith, and Latimer, ibid., 1938, 60. 1826; Latimer, Pitzcr, and Smith, ibid., 
1938. 60, 1829 (summary and table); latimer and Slansky, ibid., 1940, 62. 2019; Coulter and 
Latimer, ibid., 1940, 62, 2557 ; Coulter, Pitzcr, and Latimer, ibid., 1940. 62. 2845; Kapustinsky, 
Con, pi. Rend. U.R.S.S., 1941. 30. 799, S02; 1946, 53, 719; J. Phys. Chcm. U.S.S.R., 1941, 15, 
1055; Latimer, "Oxidation Potentials," New York. 1938; for absolute entropies, sec F. H. 
Lee and Y. K. Tai, J. Chinese Client. Soc., 1941, 8. 60(H' = —5 4); Eley, Trans. Faraday Soc,, 
1944. 40. 184: Yatsimirsky.y. Gen. Client. V.S.S.R.. 1947, 17. 169; Bull. Acad. Sci. U.R.S.S., 
t him., 1947, 453; liapon.J. Phys. them. U.S.S.R.. 1947, 21, 759, 1057. 



227 


570 


STANDARD FREE AND AVAILABLE ENERGIES 


/i-heptcnc 28 
1,4-pcntadiene 28 ... 

ethylene dichloridc 22 
ethylene dibrom- 
ide 22 

butylethylcnc 21 ... 

di-/wbuiylethy- 

lene > 7 

propylene 1 * 
trimcthylcthylene 17 
dimclhylacctylcne 

(/) 40 

cyclopcntanc 22 » 48 
cyclohexene' 7 . 48 ... 
methylcydo- 
hexane ,7 - 48 ... 

methylcyclo- 

S tane 18 

methylcydo- 

pcnlanc' 8 

isoprene 48 

benzene 16 

toluene 12 

ethylbenzene 47 ... 
n-butylbcnzene 18 ... 
rm-butylbenzenc 18 

o-xylcnc 18 

m-xylcnc 18 

p-xylcnc 18 

pcntamcthylbcn- 

zene 18 

hcxamcthylbcn- 

zene 18 

diphenyl * 8 
diphenylmcthanc 16 
triphcnylmcthanc 18 

dibenzyl '• 

triphcnylbenzene 21 
naphthalene 18 
0-mcthylnaphtha- 

lene 18 

anthracene 18 
phcnanthrcnc 18 ... 

stilbcnc' 7 

Cumene 18 

p<ymcnc* 8 

durenc 18 

iio-durcnc 18 

pyrene 27 

prchnitcnc' 8 
methyl alcohol >.».' 2 
ethyl alcohol 2 .». 8 .' 2 
n-propyl alcohol 8 - ' 2 
iw propyl alcohol *■ 

8 .’. to. 12 

"•butyl alcohol >.' 2 
rm-butyl alcohol ». ' 2 
n-amyl alcohol 20 ... 
fcr/-amyl alcohol 20 
hexyl alcohol 8 
cyclohexanol " ... 

glycol 4 .> 2 .*’ 
glycerol 4 . » 2 . 42 ... 

erythritol ». > 2 .* 7 ... 
dulcitol 8 . > 2 . ... 

mannitol ». >*.«» ... 
glucose 4 .* 2 
W-gluCOSC 28 


s 

-AG 

78-6 

-19 05 

58-2 

-39 97 

49-8 

— 

534 


61-3 

— 

71 4 

-360 

631 

-148 

59 5 

— 110 

466 


49 4 

-44 

51-8 

-154 

59-3 

0 

59-2 

2-7 

64 5 

10 

548 

— 

41 9 

-27 6 

524 

- 24-3 

61-2 

— 23-6 

768 

— 27-5 

666 

— 25-1 

593 

- 24-5 

603 

- 24-2 

605 

-204 

703 

-281 

74 0 

-271 

49-2 

-54 5 

57-2 

—60 1 

746 

— 101 4 

646 

-60 1 

878 

— 115-10 

399 

-429 

48-7 



496 

-69 4 

506 

-682 

600 

—75 3 

67-7 

—21 0 

73-3 

-28 4 

58-7 

-240 

741 

— 

51 4 

0 

69 5 

— 

31-0 

44 2 

38-4 

43-2 

46 1 

43 3 

431 

48 1 

54 5 

43 2 

453 

50 1 

609 

39 1 

54 8 

47-7 

68 6 

41 7 

47 6 

37 5 

39 9 

81 -8 

49 7 

115 7 

39 8 

152-0 

560 

226 8 

57 0 

226 1 

50 5 

2190 

50-7 

21872 


/W-glucose 20 
o-</-glucose 
hydrate 70 

sucrose 20 

a-lactosc mono- 
hydrate 28 
0 -lactose 78 
0 -maltosc mono- 
hydrate 2 * 

/- sorbose 28 
a-J-galactosc 28 ... 

ethyl ether 8 - 12 ... 

isopropyl ether 20 ... 
acetone 7 .' 0 - 12 - 

formic acid'. 12 ... 
acetic acid 4 . 12 
n-butyrk acid *• 12 
palmitic acid 4 -' 2 ••• 
lactic acid 28 
d(/+) lactic acid 24 
/(*/—) lactic acid >4 — 
oxalic acid 4 . 12 
maleic acid 20 — 
fumaricacid ' 7 - 20 ... 
succinic acid' 7 - 20 — 
ethyl acetate 20 

glycine 20 

urea »• 72 
(//•alanine 20 
(/-alanine '» 
/-asparagine 18 
/•asparagine 
hydrate 10 

/-aspartic acid 18 — 
(/.glutamic acid '• ••• 
creatine 18 
creatinine ,v 
(//-leucine 28 
./-arginine 28 
/-tyrosine 28 
adenine 24 — 
hypoxanthinc 24 — 
guanine 24 — 

xanthine 24 

uric acid 24 ... 
allantoin 24 
alloxan 24 — 

K'loho,:. : 

ben/oic acid — 
o-hydroxybenzoic 
acid 22 --• 

m-hydroxybcnzoic 
acid 22 - . - 

p-hydroxy benzoic 

acid 22 -• - 

phthalicacid 2 ’ - 
phthalic anhy- 
dride 27 - ••• 

dibcnzoylethylcnc 17 
dibenzoylcthane 17 - 
1 . 4-diOxanc 22 
thiophene 22 
nitrobenzene 27 — 

Bnllmc 28 •-■ 

thiophcnol 27 
pyridine 27 — 
quinoline 27 


S 

-AG 

54-4 

218 32 

60 4 

275-76 

86 1 

371 6 

991 

418-2 

92-3 

373-7 

99 8 

412 6 

528 

217 1 

49 1 

219 6 

604 

32 3 

704 

— 

47-8 

36 6 

30 7 

85-2 

38 2 

95 4 

54 1 

95-1 

113-7 

94 0 

45-9 

124-3 

34 3 

— 

34 0 

— 

28 7 

1665 

38 1 

151 3 

397 

1572 

42 0 

180 4 

62 0 

77-3 

26-1 

87 8 

250 

47 2 

31 6 

89 44 

31 6 

888 

41-7 

1252 

51 0 

183 3 

41 5 

173 5 

457 

170 2 

45 3 

64 1 

400 

2-9 

49 5 

83 83 

59 9 

58 49 

53 0 

97-75 

36 1 

-70 42 

34 8 

- 17-25 

38 3 

-10 22 

38-5 

40 73 

41 4 

91 46 

466 

107 47 

44 6 

182 88 

34 1 

no 

51 8 

8 1 

408 

60 1 

42 6 

101 8 

42 3 

101 6 

42 0 

102 4 

49 7 

143 6 

42 9 

79 8 

76 3 

-18 0 

77 6 

6 5 

47 0 

56-3 

42 2 

-263 

53 6 

-339 

45 8 

-354 

52 6 
42 8 

— 37 3 

51 9 

-632 


For notes to this uble. see page 228 
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21 Kennedy. Shomate. and Parks. J.A.C.S.. 1938. 60. 1507. 
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'2 Pitzer, J.A.C.S., 1940.62.331. 
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M Anderson and Siegcman. J.A.C.S.. 1941. 63. 2119. 
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4 Osborne. Docscher. and Yost. J.A.C.S.. 1942.64. 169. 
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Since many organic compounds should, in principle, pass spontaneously into 
simpler substances, their preparation has been said, 1 from the standpoint ol 
thermodynamics, to be “skating over thin ice.' Standard entropies of 
inorganic and organic compounds were calculated by Meissner - with empirical 
formulae. 


§ 71. Remarks on the Nernst Heat Theorem 

Eastman’s J assumption that a pure perfect crystal may have a positive if 
small entropy at absolute zero if the unit cell contains many atoms, was shown 
by Pauling and Tolman 4 to be unsound. The very cautious statement of the 
"third law" by Lewis and Randall: » "every substance has a finite positive 
entropy, but at the absolute zero of temperature the entropy may 'become zero 
and does so become in the case of perfect crystalline substances does not cover 
all cases, as will be seen below, and is over-sophisticated. Fowler consistently, 
if with diminishing assurance, rejected the “ third law in the fo ™ 0 ' 
preferring the older form dS„=0 (but see § 68). This means, in practice hat 
an additive constant is first added and then subtracted regularly and mono- 
tonously in all calculations, which consumes time to no obvious purpose. 

Klceman's treatment of an " absolute zero o entropy ’ d^d s he en y 
and entropy of a substance into " controllable and uncon ol ab'c pans 
the latter being assumed independent of temperature and volume, and the 
controllable energy and entropy to have minimuni values ror ccrla n valu 
u and T. The value of C. is never negative, and (dp/dTI and ld p/dn a e 
always finite. A substance or mixture in the condensed s a, e ,n contac w^ 
its vapour at 0°K. corresponds to a state on the admbatic of zero entropy 
and zero entropy is the same as zero energy, the zero being ca c ' 
zero of control." At this zero, C,=0. even for a gas at ■nfin 'c vo'ume. Sornc 
of Klecman’s conclusions seem to be incorrect. The postulate. of a thernm 
dynamic " potential energy,” affected only by change of hca P ? , 0 

by temperature,* is also rather obscure. Kolossowsky * and Njcgovan 
supposed that the entropy of a gas at 0 K. is zero. 

i Partington. J. Phys. Chtrn., 1925, 29. 494. 

* Ind. Eng. Chem., 1948. 40. 904. 

> J.A.C.S., 1924, 46. 39. 

4 J.A.C.S., 1925. 47. 2148. 

> "Thermodynamics," New York, 1923. 448. .. 1936 ’O* 228,231 Sum- 

* " Statistical Mechanics," Cambridge. 1929 141. ,4y -*^. c f quite appreciate 

tical Thermodynamics." Cambridge. 1939. 192. jj**"*** • , |h , w ( C | car |> hinted h> 

the significance of " order-disorder "effects .» cjmjc ion > Pivc , 

Partington. " A Textbook of Thermodynamics. 191 3.53 1 >• s h y Giauquc and John- 
Soe., 1928, 118, 52, shows; sec Rodcbush. P'oc.Ku,. * ,y 3 2. 4. 635 

ston. J.A.C.S.. 1928, 50. 3221 (see § 70). Fowler and S ‘ crf J‘ in d has been of little 

(707) felt that the idea of absolute entropy has caused much cl$c agrctfv 

assistance in the development of the subject." an opinion with h k 

’ Sconce. 1927. 65. 2.0. 426; 1927. 66, 2.6; MAta. PM. 

m-J. Phys. Chem.. 1927, 31. 747. 937. 559. 1669 I 9 .H 32 1M£ IM . |y26 . 37 . 

Mag.. 1927, 4. 335; Z. Phys.. 1927. 43. 152; Jajyna. £ , hn ,, 

304. 1927. 41. 21 1 ; Phys. Z.. 1925. 26. 622; *927. 28. W- S,mon * 

Naturwlss., 1930. 9. 222; Schmolkc. Z. Eleklrochem.. 1935. 41. W. 

• NJegovan, Ada Physicochim. U.R.S.S.. 1940. 13. 825 . 

9 Phys. Z.. 1927, 28. 476; Z. Phys.. 1927.43. 509. I»27.4«. 756. , 213. 1937. 

10 Coll. Czech Chem.. 1933. 5. 415. 424 H boros >ky‘. Chem. Usly. 1937. 
6. 109; Z. Phys.. 1935, 94. 377; 1935. 97. 390; 1935. 98. 415. BuPorosMy. 

31,187. 
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Lewis and Gibson 1 slated the Nemst heat theorem in the form: “ if the 
entropy of each element in some crystalline form be taken as zero at the absolute 
zero, the entropy of any pure crystal at the absolute zero is zero, and the 
entropy of any other substance is greater than zero." Eastman’s statement: 2 
“ at * he absolute zero entropy changes in reactions of the same type are equal, 
and in reactions in which the system does not change in type the entropy 
changes are zero," if it has any meaning at all, seems to have an erroneous one, 
and his idea that entropy depends on crystal structure is also wrong. 5 Gibson, 
Parkes, and Latimer 3 concluded, from some rather indefinite results, that the 
entropy of a solid solution of ethyl and propyl alcohols is not zero at the absolute 
zero. The experiments of Gibson and Giauque, 4 usually quoted as showing a 
finite entropy for a glassy solid (glycerol) at absolute zero, are indecisive: 
what was actually found was a difference of 5-6 g.cal./l 0 per mol at the high 
temperature of 70° K., and it was assumed that this difference would, approxi- 
mately, persist down to zero absolute. Pauling and Tolman 5 concluded, from 
theory, that the entropies of a perfect crystal and a supercooled glass differ by 
R In a, where a is a small number given by 4>{N')=Ca N \ where is the 
number of ways in which the mean positions of the N' molecules in the glass 
can be arranged when the degrees of freedom corresponding to the positional 
coordinates are excited to the first quantum state, arrangements due to permuta- 
tions of atoms being excluded. 

The very slow adjustments of glassy solids or very viscous liquids to equili- 
brium even at moderate temperatures should have suggested that specific heat 
measurements made rapidly in an ordinary vacuum calorimeter would be of 
doubtful value in testing Nemst’s theorem, and Simon 5 predicted that this 
disturbing cftect had vitiated some experiments. This was proved experiment- 
ally by Obald and Newton. 7 who used the calorimetric method of mixtures, 
and allowed several hours for supercooled liquid glycerol to reach statistical 
equilibrium at 167°-293 K. The results at low temperatures were decidedly 
lower than those found by Gibson and Giauque, and no relevant conclusion 
can be drawn from the latter results. In the case of stifT glasses, weeks would 
probably be required to reach equilibrium, and there is no valid evidence that 
the entropy of a glass differs from zero at 0° K. A similar effect probably 
vitiated the results of Anderson « with glassy selenium, for which a higher 
entropy was found than for the stable crystals. 

Kelley y disproved a consequence of Eastman's statement (sec ref. 2 ), that the 
entropies of two different crystalline forms of the same substance must differ 
at 0 K.. by showing that this is not true for two forms of cyclohexane. Later 
experimental and theoretical research has been unkind to some of the more 
zealous critics of the Nernst heat theorem, whose errors were in no way miti- 
gated by the intemperate language in which they were sometimes expressed. 
O. N. Lewis was a notable exception among many workers in his careful 
and appreciative, although critical, attitude. 


• J.A.C.S.. 1920, 42. 1529. 

2 JA.C.S.. 1924, 46. 39. 

3 J.A.C.S., 1920. 42. 1542. 

4 J A.C.S.. 1923. 45. 93. 

} JA.C.S., 1925. 47. 2I4S. 

! Z , Ch * m - w?l - 2 °L 2ly : Schmolkc, Z. Pkys., 1931. 64. 714. 

vv ,93 VVT 5: Pdrks - Thomas - Light. J. Chem. Phvs.. 1936, 4, 64; Parks, 

, S y '™.C . .V °^9} 7^59 ^ 103 6 ' 94 ' ’ 63 ' ' l33: NdSOn 3nd New,on - ibi,l < l941 * 63, 2178. 

' J A.C.S , 1929^ 5l[ 1400. 
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§ 72. Empirical Formulae 
Latimer 1 proposed the formula : 

S=|/?ln ,4-0-94 (1) 

for the entropy of 1 mol of a solid element at 25” C., where ^atomic weight; 

sa* ssgsass 

implies, among other things,' that the molecular d'ame.er ts gwen by 
rP-COOSt.^.+^M-Ma) for a b.nary compound. Herr found 

empirical rule; s ^ = cons, < 2 > 

where ^entropy at 25” C. and c= specific 

is 9, for salts 9 n, where --number of atoms '“ hc ™ olcc ^ a do ;. s not 
theoretical interpretation of such formulae is not always 
impair their usefulness. 4 For binary salts: 



values at 25° C. by the equation: 

5^5 2M +2-303C,log(rj298) • • •; • W 

— « c, (.»-.« — »;f ■ ■ “ssc aanss 

value of 20 units (S,Br 2 . and I 2 are abnormal . Thcit which wou ld be a 

that entropies would be equal at the critical tem^rature. wn.cn 

" corresponding state ” for entropies. 6 when Sj • in ,hc 

Kelley, Parks, and Huffman • expressed the specific near 

f ° rm: c,-c;(A + BT) < 51 

where c,” is that of a standard substance and A and B are consmnjs. Then 
the molar entropy of a substance at a fairly lou P 

s , 0 =.s- M+ fi{ o Cdr < 6 > 

where S 90 " and the temperature dependence of f “““““'"n” J ^ ,0 *^.,i ons , lhc 
In calculating the free and available v j he var f ous ca scs depend 

following approximation formulae may be use . 
on the values of JC r and JC P . 

Case 1. JC> 0, JC,= 0. Then: ^ 

=dc r -dc, = - dr= -A5,.(r-W 

> J.A.C.S., 1921, 43. 818: Her i. Z ,75> 245 

J Jcllinck and Rudat. 2. anorg. Chen,.. 1928. 17?. -*»'• 

» 2. anorg. Chem., 1929. 182. 189. 

4 Cf. Her/, 2. anorg. Chem., 1929. 181. 281. 

* Hcrz, 2. anorg. Chem., 1930. 186. 251. 

6 J. Phys. Chem., 1927, 31, 681. 

? J.A.C.S.. 1922. 44. 1008. 

1 J. Phys. Chem., 1929. 33. 1802. .. y4> p aI( ,ngion. “ Chemical 

v Ulich, " Kurzcs Lchrbuch dcr phyvikabschcn Chem*. 

Thermodynamics." 1940, 40. 
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also J£b=J/Vf7' 0 JSo, AH 0 =AG 0 +TAS 0t 

S. AF t =AEo-TAS 0 and AG^AHq-TASq. 

Case 2. zJC,=const.=o and AC p =const.=a'. Then: 

AS T -AS T =j'dT(AC r /T) or jdT(ACJT)=aln (7/7 0 ) or a' In (T/T 0 ) 

AF T =AF T -AS 0 (T-T 0 )-aT[\n (7/7 0 )+7 0 /7-l] 
AG T =AG T -AS<AT-T 0 )-a'71\n (7/T 0 )+To/7-l] 
AF T =AEo-TAS 0 -aT\\n (TjT 0 )+T 0 /T- 1] 

AG r = AH 0 -TAS 0 -a'T[\n (7/7 0 )+7 0 /7- 1) 

If 7*0=298°, the expression in brackets can be replaced up to 7=1600° by 
0 00077—0-20 with an error of only a few per cent. 

Case 3. AC r and AC P vary appreciably with temperature. The values of 
a and a' in case (2) arc then modified as follows: 

(i) 7<500 : a=AC r and a'=AC p at 300° K. 

(ii) T 500— 1000 : a and a' arc mean values of AC t and AC p between 300° K. 

and 600° K. 

(iii) 7*1000— 2000 :a and a'=| (mean value of AC r>p between 300° and 

600°+ mean value between 600° and 1200°). 

(iv) 7*2000— 3500: a and a'=} (mean value of JC rtP between 300° and 

600°+mean value between 600° and 1200°+mean value between 
1200° and 2400'). 

§ 73. Properties of Substances at Very Low Temperatures 

from Maxwell’s equation (3), §48: (d/>/d7) r =(dS/dt>) 7 , and since d 5= 
c,dT/T, it follows that: 


(dp/dT) 


figs,) dr. 

T\ dv] T 

% o 


But. from (I), §49: (dc r /dt>) 7 = 7(dV/d7 2 ) f , it follows that: 

(d/i/d7i=jjdWdr;),dr=(d/>/dr).-(dp/dn„, 

where the zero subscript denotes 7=0. Hence: 

(dp/dT) f =0 (1) 

Similarly, from Maxwell’s equation (4), §48: (dt»/d7) p =— (dS/dp) T , and since 
dS=c p dT/T. it follows that: 

(d cW ,=-[l(|')dr. 

Prom (2). §49: (dc P J/>), = — 7(d 2 t;/d7' 2 ) p , it follows that: 

(dvjdT, = |* (d 2 r/d7 2 ) r d7=(dWd7) /) — (dr/d7) po , 

(dr/d7) re =0 (2) 
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These results 1 are in agreement with experiment, as will be described later in 

V °Although van Laar* maintained that Planck's deduction (given above) of 
the equation (do/dr)„=0 is incorrect, since it does not agree with a formula 
proposed by van Laar, Keesom > in experiments on the melting-point curve of 
helium at very low temperatures found evidence in support of Planck s tquauon, 
and the prediction of van Laar that (dp/dr)„= « was disproved: the curve of 
Vpl&F had a maximum at 1-8° K. In a similar way it can be shown that the 
temperature coefficients of surface tension, thermoelectric force, and magnetic 

susceptibility vanish at the absolute zero. defined 

Equations such as (1) and (2) may be generalised. \ If the system is define 
by the absolute temperature T and generalised coordinates « > x »’ **••. jj 

corresponding with the generalised forces X x ,X 2 ‘hen in chang 

only one of these alters and the rest remain constant: 

dS=(dS/<U0r.*i. 

and . 6S=(dSI<lX l )r.x i .x>...M l MdSldTh l .x t ....M 

For T=0, d S must vanish, by Nernst’s theorem, hence : 

(dS/dx |) 7 «o. a*. “0, and (d5/dATi)r-o.x,.x^... -° • 

The analogues of Maxwell’s relations (§ 48) then show that: 

(dx,/dr) r -o=0. and (dA'j/dTJr-o- 0 • * ’ ( ) 


§ 74 . Solid Solutions . . 

Planck 6 suggested that solid solutions at 7=0 had a tote «nl«W of « W 
S*s—REN\ In (§ 57), and this seemed to be confirmed for mixture f ^ 
and glycerol, 7 and mixed crystals of silver bromide an 
example is unsuitable, in view of the anomalous beha viou r of water a" 
error due to time-lag with glassy solids (§ 71)- 1" llie se “ n ’ > 

mental accuracy was not very high. Stern » (who assumed a zero-point energy) 
concluded that the entropy of a solid solution at T-0 wil e 10 C0nc i u( jcd 
at this temperature has a smaller entropy than the others. Q 

from theory that the entropy of mixing of gases (§ 57) shou 

. Planck. •• Thermodynamik," 19. 1. 27. ; ef. Stoll., Ofv. «"“« ,904 ' 

No. 8. 

1 Proc. K. Akad. Wttens. Amsterdam, 1924. 27, 897. Objections 

' Proc . K. Akad. Wetens. Amsterdam. 1927. 30. 952 (Comm. Utfm ^Suppl. ^ ^ ^ 
to Planck’s deduction raised by Weinstein. Ann. Phy t.. 1917. 5Z. 

79, were answered by Epstein. Ibid., 1917, 53. 176. .. 2 1 1 cf Keesom. Phys. Z.. 

« Nemst. Berlin Ber.. 1913.972; *’ The New Meat Theorem. 1926. -1 1 .cl. kccso 

1913. 14. 670 (Peltier effect). . „ iA „ „ 0 

J Epstein. “Textbook of Thermodynamics, 1937. w. 

* " Thcrmodynamik." 1911. 279. .. j 93 Sin , on a nd Ungc. 

7 Simon, in Geiger and Schccl. " Handbuch der Phys.k. 19-6. iu. 3«. 

Z. Phys., 1926, 38, 227. 

1 Eastman and Milner, J. Chem. Phys., 1933, 1. 444 (bibt.). 

* Ann. Phys., 1916.49.823; 1916.51.236 16 669 (Comm. Suppls. 

10 Proc. K. Akad. Wetens. Amsterdam, 1913. 16. 227. 1914. 16. oovicc 

30-. 33); Phys. Z., 1913, 14, 665; 1914, 15. 217, 368. 
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SECTION III 

THE KINETIC THEORY OF GASES 


BIBLIOGRAPHY OF THE KINETIC THEORY OF GASES 

Arrhenius. Theories of Chemistry. 1907. 109 (elementary): Bloch. The Kinetic Theory of 
Gases, 1924 (simple and useful); Boltzmann, Vorlesungcn liber Gastheorie, 2 vols., Leipzig, 
1896-8 (mathematical): Boynton, Applications of the Kinetic Theory. New York, 1904; 
Burbury, A Treatise on the Kinetic Theory of Gases. Cambridge. 1899 (mathematical); 
Byk. Einfuhrung in die kinctischc Thcoric der Case. I. Die idealen Case (all published)] 
Leipzig and Berlin, 1910; Clausius. Die kinctischc Thcorie dcr Case, in Die mechanische 
Warmcthcoric. vol. 3. edit, by Planck and Pulfrich. Brunswick, 1889-91; Dushman, Gen 
Elec. Rev.. 1915, 18. 93, 952. 1042, 1159; Herzfeld. in Miiller-Pouillet. Lehrbuch der Physik, 

I Ith edit., 3, ii, Brunswick. 1925, and (re-written) in Taylor. Treatise on Physical Chemistry, 
2nd edit., 1931, I. 72 (clarifying many difficult points); Jager, Die Fortschrittc dcr kinctischcn 
Gastheorie. Brunswick. 1906. and later editions (clear and excellent); idem, articles in Winkel- 
mann, Handbuch dcr Physik. Leipzig. 1906. 3, 68. and Geiger and Schecl, Handbuch dcr 
Physik. Berlin. 1926, 9, 341; Jeans. The Dynamical Theory of Gases. Cambridge. 1904, 3rd 
edit., 1921. 4th edit., 1925 (mathematical; a standard work); idem. Introduction to The Kinetic 
Theory of Gases. Cambridge. 1940 (excellent mathematical introduction); Kennard, Kinetic 
Theory of Gases. New York. 1938 (modem, mathematical, but clear and informative); 
Kirchhoff. Vorlesungcn liber die Thcorie der Warmc. edit. Planck. Leipzig, 1894; Kleeman, 
A Kinetic Theory of Gases and Liquids. New York. 1920; Knudsen, The Kinetic Theory of 
Gases. 1934 (parts only of subject, especially Knudsen'a own researches); Locb, Kinetic 
Theory of Gases, New York. 1927. 2nd edit., 1934 (straightforward and intelligible); O. E. 
Meyer, Die kinctischc Thcoric der Case, Breslau, 1877, 2nd edit., 1899, transl. [with additions) 
by Baynes, The Kinetic Theory of Gases. 1899 (intelligible); Risteen, Molecules and the 
Molecular Theory of Matter. Boston. 1895 (elementary); Tolman. Statistical Mechanics, 
New York. 1927 (some aspects); Watson. H. W.. a Treatise on the Kinetic Theory of Gases, 
Oxford, 1876, 2nd edit., 1893; Weinstein. Thcrmodynamik und Kinctik der Kdrpcr, 4 vols. 
(I-III i and ii), Brunswick. 1901-8. 

§ 1. History of the Kinetic Theory of Gases 

The earliest form of the Greek atomic theory, due to Lcukippos and 
Demokritos about 450 b.c., postulated that the smallest particles (atoms) of 
matter are in ceaseless motion, this being a natural properly and not due to 
an external cause. 1 The theory was used by Gassendi 2 to explain the three 
states (solid, liquid, and gaseous) of matter, and changes of state. Boyle 3 
and Newton, 4 however, explained gaseous pressure by a statical theory, 
although Huygens 5 and Hooke 6 accepted the older view of moving particles, 
and the latter attempted to explain Boyle's law by the assumption that air 
consists of small particles set in swift motion by the ether and separated by 

' Lindsay and Smith B.A. Rep., 1871. 30; Giua. Gazz.. 1919. 49. ii. 1; Polvani, Nuov. 
Cim., 19-4. I. 1 (115 rets.): Partington. The Origins of the Atomic Theory, in Annals of 

Science. 1939. 4. 245. 

2 " Syntagma Philosophicum 1658; see Lasswitz, Ann. Phis., 1874. 153, 373. 

3 " Experiments Ph>Mco- Meehan krai I," 1660; Works. 1744. I, 8. 

4 " Pnncipia." Amsterdam. 1723. 270. 

5 ' Trane do la Lvmiere." I(.‘>0 iw T itten in 1678). ch. I; Larmor. "Aether and Matter," 
Cambridge. 1900. 311. 

6 - De Potcntia Rcstitutis a." 1678. 16; Tail. " Properties of Matter," 4th edit., 1899, 295. 
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large spaces. Hooke says: “ If therefore a quantity of this body (air] be 
inclosed by a solid body, and that be so contrived as to compress it into less 
room, the motion thereof (supposing the heat the same) will continue the same, 
and consequently the Vibrations and Occursions will be increased in reciprocal 
proportion.” Newton 1 proved mathematically that if an elastic fluid consists 
of particles at rest, between which are repulsive forces inversely proportional to 
the distance between contiguous particles, the density would be proportional 
to the pressure, a result which, in his characteristic way, he did not identify 
with Boyle’s law. A deduction of Boyle’s law for a gas composed of particles 
(corpuscula) in ceaseless motion, between which no forces act. and which give 
rise to the pressure on a container by bombarding its walls and lid and being 
reflected from them, was given in 1738 by Daniel Bernoulli^ who gave a figure 
illustrating his idea. Lomonossov in his treatise J on the I lieory oi ine 
Elastic Force of Air ” also made use of a kinetic theory. But the great authority 
of Newton long prevented these early applications of the kinetic theory j from 
receiving the attention they deserved. 4 It was not until 1845, when Joule 
showed that there is no change of temperature when a gas rushes from a rigid 
vessel into another rigid evacuated vessel, so that no external work is done, 
that it was clear that there could be no repulsive forces between the molecules, 
and Newton’s static theory was perforce abandoned. 

The real development of the kinetic theory of gases, as we now understand 
it, must be said to date from the memoir of Clausius, published in i 1*5 • , 
i.e. in the opening years of the second half of the nineteenth century, and its 
further amplification was mainly due to Maxwell an^ Boltzmann the former 
giving the very important law of the distribution of molecular velocities § ) 

The revival of the kinetic theory of gases (Greek kinesis, motion) car ly it i he 
nineteenth century by Herapath 7 passed unnoticed, and the long and intcresimg 
memoir by J. J. Waterston, of Bombay, sent to the Royal S^.ety in Deccm^r 
1845, and read in March 1846, was not published until Lord Rayleigh found 
paper in the Archives of the Society in 1892 and had it printed, with ntcrcsting 
annotations. 8 A paper by Joule * passed without notice, and it was the b> 

' " Principia," lib. II. sect. V. prop, xviii. Amsterdam edit.. 1723. p. 270; Parlington. 

Annals of Science, 1939,4,245. . , . ...w, Atti Acetal 

* " Hydrodynamics." Strasburg. 17)8 200. Cuarcch. 

Torino, 1910, 45. 641; Du Bois Reymond. Ann. Phys.. 1859 10 . 90. ^ Corporum 
account. See also J. Hermann. "Phoronomia sivc dc \»ri*isci ™ Ldoruml sec 
solidorum et fiuidorum. libri duo." Amsterdam. 1716. 376 (dc lotu i 

1 Comment. Acad. Pe.ropoL. ,747 «. I. 230 307 (m,b^hcd m 1750,: 

Klaulker, 1910. 178. 28. 34. 54. 55; Smith. Jui.CS.. 1912. 34. 109. 

4 0. E. Meyer, M Kinetic Theory of Gases." 1899. II. 

4 Z. Jfe SftMK SS Tw r on the Nature of the Motion 

"“Si 8. JU’pSfeUv' Llas.ic Molecules 

* "On the Physics of Media that are composed of Free and ^Kcricc . .. ,, K . 

in a State of Motion." in Phil. Tran,. 1892 183. ' j * 1 ^Sy/^nd the chemical 
Paper u nothing but nonsense, unfit even fo» read.rj Wok i ^ obvuuJS .,| g cb,a.c 
part is also notably modem for its time, as Rayleigh pointed • Ncrns , ihco- 

inaccuracies in the paper arc not destructive of us general conau • • * d , Haldane. 

rcticaJ Chemistry." 1911, 198: "Collected Scientific Papers ol Waterston. 

9 Month. Mem., 1848. 9. 107; reprinted in Phil. Mag . 1*57. '^ 2 ' ' * 10 ^] Vo 'the absolute 
>884. 1. 288, 290. Joule had shown that the t* U*-'J was IWWJ 1 { 
temperature, and calculated the velocity of hydrogen molecule' as — 
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Krttnig 1 which drew the attention of Clausius, 2 who gave the main lines of the 
theory in a satisfactory form. Maxwell 3 and Boltzmann 4 extended the 
theory. The name dynamical theory of gases was used by Maxwell, 3 and sig- 
nifies that the laws of dynamics are assumed to hold for the motion of the gas 
molecules; the name kinetic theory, first used by Lord Kelvin, 5 was afterwards 
adopted by Maxwell, 6 and is now commonly used. 

By introducing various simplifying assumptions it is possible to develop 
quantitatively the main features of the theory in a very elementary manner. 7 
The more elaborate mathematical treatment gives more information on many 
points of detail, and covers properties not amenable to the simpler theory; 
some of the equations then found are of fundamental importance in Physical 
Chemistry. 

§ 2. Elementary Kinetic Theory 

It is assumed 8 that a gas consists of a very large number of perfectly elastic 
molecules, the volume occupied by which is negligible compared with the whole 
space occupied by the gas; that the duration of each molecular collision is 
infinitesimal compared with the interval between two such molecular collisions; 
and that the influence of any forces between the molecules is vanishingly small. 
The particles, not being acted upon by any forces, describe straight-line paths 
with a constant velocity between collisions, and as they are perfectly clastic they 
rebound from the walls with unchanged kinetic energy. Since the temperature 
is assumed to be determined by the kinetic energy, it remains constant. 

The pressure exerted by a gas on its container is due to the bombardment by 
the gas molecules. The velocities remain constant at a given temperature, and 
obviously when the volume of a given quantity of gas is reduced to \/n of its 
initial value, the number of molecules per cm. 3 is increased n-fold, the number 
of collisions per second is also increased n-fold, and so also is the pressure. 
Thus the pressure is inversely proportional to the volume. This deduction of 
Boyle’s law was given by Bernoulli in 1738 (see § 1). 

The increase in pressure when a gas is heated in a container at constant 

* " Grundzugc cincr Thcoric tier Gasc," Berlin, 1856; reprinted in Ann. Phvs., 1856, 
99, 315. 

2 Ann. Phys., 1857, 100, 353; Phil. Mag.. 1857, 14, 108, mentioning Joule (whose paper he 
had not seen) and Kronig; reissued in Die kinctischc Thcoric dcr Gasc in " Die mcchanischc 
Wiirmcthcoric," Brunswick. 1889-91,3, I. 

J Phil. Mag.. I860. 19, 19; I860. 20. 21; Phil. Trans., 1867, 157, 49; - Scientific Papers," 
1890, I, 377; " Theory of Heat," 1897, 308 f. 

4 Numerous papers in Wien Ber., I866f.; " Wissenschaftliche Abhandlungen," 3 vols., 
edit. Hascnohrl, Leipzig. 1909; " Vorlcsungcn uber Gastheorie," 2 vols., Leipzig, 1896-8; 
" Popularc Schriftcn," I cip/ig, 1905; Boltzmann and Nabl.art. Kinctischc Thcoric dcr Matcrie, 
in " Encykl. d. math. Whs.,* ** 1907. 5. i. Heft 4, 493. 

5 B.A. Report, 1871, p. xciii (Presidential Address). 

6 Nature, 1873. 8. 298; ** Scientific Papers." 1890, 2. 343. Jeans still used Maxwell's name 
in his " Dynamical Theory of Gases." Cambridge. I9W, 4th edit., 1925, but his new book is 
called " The Kinetic Theory of Gases." Cambridge, 1940. 

7 The simple deducations t§ 2) of the gas laws from the kinetic theory given in most elemen- 
tary books arc due to Naumann. Ann.. 1870. Supplbd. 7. 339, and Zoppritz, ibid., 348; see the 
criticism by Pfaundler, Wien Her., 1871. 63, II, 159, who gives a simple deduction similar to 
that in Jeans, "The Kinetic I heory of Gases." 1940. 17. The device of imagining one third of 
the molecules in a cube moving along directions parallel to the edges goes back to Joule (1848), 
but he assumed all the molecules combined in ihrce masses. 

8 Clausius. Phil. Mag., 1857. 14. 108; cf. O. E. Meyer, ** Kinetic Theory of Gases," transl. 
Baynes. 1899; Edscr. "Heat for Advanced Students." 1899, 287; Partington. "College 
Louise of Inorganic Chemistry." 1945, 96. 
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volume is supposed 10 be due to an increase in the velocity of the molecules, 
this causes an increase in the number of collisions per second and also .an 
increase in the violence of each collision. The heat absorbed by Uie gas, as 
form of energy is supposed to increase the kinetic energy of its molecules. 
This consists partly of the kinetic energy of the molecules due to their motion in 
straight lines {translator motion ] >, and this 's the on y e^ vhen hega ^ 

monatomic (mercury vapour, argon, etc.). The °o \ ec ufcs are mon- 
cases due only to this translatory motion, whethe ni“„ crev supplied 

depends, at a given temperature, on the : mass of for a|| molecules 

average translational kinetic energy is supposed , , .u an lighter, 

at the same temperature, heavier molecules move 

TTtis appears in the greater diffus.bil.ty of light as co di of , h c 

In air at the ordinary temperature, the molecules 

order of a quarter of a mile a second. h-iwccn successive 

The average distance through which a molecule moves between succ^ ^ 

collisions with another molecule is called the mean f pa ' • pressure, 

the pressure, and is smaller at higher pressures. n *".. . #.q-s cm ). If all 

the mean free path is about a ten.thousa^h of a nulhm . e ^^n,^^^^ 

l » - * 

t7* b, deduced as follows. 

mass m of a gas are contained in a box in the form of conla jner. Col- 

results arc obviously independent of the shape an si7e ( moving 

lisions of molecules with one another are negloc c • A ^ M wi „ , ravc rsc 
to and fro between opposite faces of the box lhe op p OS ii c 

2 cm. between successive collisions with one face ’ * elected) lhc interval 

face and back), and (if the duration of the col .s on ^^^n.sions per 
between collisions with this face is 2 ,!u sec.. velocity) of a molecule 

second with any one face is u/2. The moment ur * ( __ ' _„ iu after 

relative to the face changes from mu before c momC ntum per second 

collision, i.c. by and the Tn parallel 

is {ul2)x2mu=mu 1 . If all the molecules «« ^uld be nm* and 
lines the total change of momentum per second o « fifs , a pproxi- 

this would be equal lo the pressure on lhc face of urn . u|( .. afc n)OV j„g al 
malion, Joule (1848) assumed that one third I of It '“ su[c <m lhc walls is 
nghl angles to each pair of opposite faces. Hence This may 

W3)m«», or p^nmu^W- where ,.M P« «■; 
be called the primary equation of the Kinetic Thcoryo donl . but the 

The molecules are actually moving in all d,rccU0 "' d „ parallel 

velocity V of each can be resolved into three ■ __ x ^ . aMS , rc spec- 

to three cube edges meeting in a point, and taken • ’ , h velocity 

lively. Also V>=u>+v>+»' (§78.1). A. any face, « * only 

1 CUuilus, lot. eit. i See del Lun.o, Nuov. Cmi., 1916. 12. I*’*’ 
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component at right angles which is reversed on collision, say u, and the interval 
between impacts is determined by this component. For three perpendicular 
faces: 

p x =m(n l u l 2 +n 2 u 2 2 +n i u i *+ . . .), 
p y =m(n x v l 2 +n 2 v 2 2 +n y v i 2 + . . .), 
p i =m(n x w l 2 +n 2 w 2 2 +n i w i 2 + . . .), 

where n x molecules have component velocities u ( , v x , w u and so on. The 
expressions in brackets can be replaced by_averages, nu 2 , nv 2 , nw 2 , and since 
Px^P^Pz^P, it follows that nu 2 =nv 2 =nw 2 , and p=$nmc 2 , where ‘c 2 =u$+ 
v 2 +w 2 is the mean square velocity. Since mn= mass of all the molecules in 
I cm. 3 =dcnsity p of the gas, 

P-ipc* (1) 

Since the molecular velocity is constant at a given temperature, by assumption, 
(1) shows that the pressure is then proportional to the density, which is Boyle's 
law. _(It should be noted that the average is over the squares of the velocities, 
viz. u 2 , etc., not (u) 2 , etc., which would be the squares of average velocities.) 
Since p = M/v= mass/volume: 

p=}pc 2 =\(\!/v)c 2 , therefore pv=l($Mc 2 )=jE kt 

where E k is the kinetic energy of translation of all the molecules. Although it 
has been stated 1 that the relation pv=\(kinetlc energy) is true only for a gas 
obeying Maxwcll-Boltzmann statistics, it is, apparently, 2 true also for Bose- 
Einstein and Fermi-Dirac statistics (§§ 31, 33, 36.1 V). 

It is assumed that the absolute temperature of a gas is proportional to the 
average translator kinetic energy of the molecules 3 (energy of rotation or 
vibration not entering into consideration). Hence: 

pv-\E k ~kT (2) 

where E k is the kinetic energy of translation, and k is a constant. This is 
equivalent to Charles's law. 

If two gases contain //, and n 2 molecules per cm. 3 at the same pressure and 
temperature, then, if the masses of the molecules are />»i and m 2 : 

p=\n x ni x c x 2 =in 2 m 2 c 2 2 (pressures equal) 

\m x c x 2 -{m 2 c 2 2 (temperatures equal) 

•'•'*! (3) 

which is .1 vogadro's hypothesis* 

I he relation Jm,r, 2 = {w**: 2 at the same temperature gives c^ 2 /c 2 2 =m 2 lm x , 
and if the molecular velocities arc taken approximately as the square roots of 
the mean square velocities (sec § 8): 

r i ! y 2=y/{f^ 2 lm x ) (4) 

or the molecular velocities are inversely proportional to the square roots of the 
molecular weights, which is related to Graham's law of diffusion. 

1 Su *uki. Proc. Phys. Math. Soe. Japan. 1933. 15. 257. 

- Mayer and Mayer. " Siaiisiieal Mechanics." New York. 1940, 377. 425. 

1 See lirillouin. Ann. Chim., 1909. 18. 387. 

3 Clausius. Phil. Stag.. 1857. 14. I0S; Maxwell, Phil. Mag.. I860. 19. 19; Boltzmann, Wien 
Hrr . 63 347; Watcrston (1845). Phil. Tram.. 1892. 183. 1 ; but sec Maxwell, Trans. Cambr. 

Phi Sac.. 1878. 13. 547. 
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From equation (1). as Joule showed, the average translatory velocity of the 
molecules of a gas at a given temperature may be calculated^ Assume : for 
simpUcity a constant molecular velocity «• For oxygen at 0 and II atm. 
pressure, p=l »tm.=76xl3-595x980-6-1.013.225 dynes/cm,, P-0-001429 

g ./cm. 3 

po=l,013,225=ix0 001429x«2, .\ ^=46,000 cm. /sec. 

Some values of the translatory velocities (really v'(c ! ) so calculated are given 
below: 

Molecular Velocities at 0° C. in m./sec. 

Hydrogen, 1,693 (1.286) Oxygen. 425 (317) 

Helium, 1,202 Carbon d,ox,de 362 (257) 

Steam, 565 (401) Chlonne. 2*5 i (206) 

Nitrogen, 455 (337) Mercury vapour, 1 70 

The velocity of a projectile fired from a high-muzzlcvelocity gun i may be about 
1700 m. per second; if fired venicaUy into vacuum with a speed of 11 . wu 
m. per scTond it would escape into space from the ear hs 
velocities of sound in the gases, calculated by equation (3). 1 3. are given 

“is the total mass of gas in a volume V, then p- tf/K. therefore from (1): 

(5) 

so that the product of pressure and volume is mo-thirdi the 
translation of the molecules . If M is the molar weight. A ogadro 
and Boyle’s law show that pV has the same constant val 1 * y kinetic 

for all gases (since V is the same for all. and pF .s } ™ ven 

energy of translation of the molecules is the same f° r < l '"°t of a "> K 
temperature and is equal to jpV. For any gas at S. . •• 

K«22-41S lit.— 22-415X 1000-028 cm.> 

1,013,225 x 22-41 5 x 1 000 028 = 3 -407 x 10"' ergs. 

which is large enough to raise a weight of about a ,on 1 , hal 

Since the experimental gas law is P^ R T ' ^ square-riot of the absolute 
molecular translational velocity is proportional to he ’ J iva , cnl 

temperature for any one gas. The assumpt.on of '**^™S*, lh c transla- 
to the assumption that the absolute temperature is pr po Avocadro’s 

tional kinetic energy, will, conversely lead to a deduction of Asoga 

hypothesis, as is shown above. 1 . „ f c « c h, and if 

If several gases arc separately contained in a vo in l j,j s 

n u n 2 , . . . are the numbers of molecules of masses 2 . • 

volume, (5) gives (since m i/i | = M |, etc.) : 

= Pi^hni^ci 2 

where £|, E 2 are the kinetic energies of the ^V/thc 

are mixed in the volume V, the kinetic energy E k CV o|\cd or absorbed 

separate gases, since it is found by experiment that no c 

on mixing. Hence: . (6) 

E—E i + £z+ • • • 

1 See del Lungo, Alii R. AecaJ. Uteri. IV16. 25. II. 322; Nuov. Cut . 
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From (5), p=i^m 1 n l Ci 2 nt where e t 2 m etc^are the root-mean-square velocities 
in the mixture. Since (6) shows that 27m I c, 2 (11 =27m 1 Ci 2 , it follows that: 

P=ZP\ (7) 

which is Dalton’s law of partial pressures (§ 56.11). 

The heating of gases by adiabatic compression is explained 1 by assuming that 
the molecules rebounding from a piston moving so as to reduce the volume of 
the gas acquire additional kinetic energy, since they are thrown back with 
higher velocity. This, however, corresponds with a higher temperature. 


§ 3. Specific Heats 

For a monatomic gas the heat absorbed at constant volume goes entirely to 
increase the translational kinetic energy of the molecules. For 1 mol of gas 
and 1° rise in temperature this heat absorbed is the molecular heat at 
constant volume , C r . From (5), §2, -\Mu 2 =\pV=\RT, per mol, where 
A/=mol. wt. Hence per 1° rise in temperature the increase of kinetic energy 
is j/?(7*+ 1)— \RT=*\R t and this is equal to C e . The gas constant is: 

/?=pK/r==jx3-407xlO>o/273 116=8-315xl0 2 ergs/l°= 

8-315 x 1074-185 x 10 7 = 1-987 g.cal./l°, 

so that for a monatomic gas C,«|i?«=3 g.cal., very nearly. This is found to 
be the value for mercury vapour, argon, etc. 

The molecular heat at constant pressure is found as follows. Since it is 
assumed that no forces exist between the molecules of an ideal gas, the energy of 
the gas is not changed by an increase of volume at constant temperature, and 
the difference C„— C, for any gas must be equal to the external work done 
during heating at constant pressure (usually atmospheric), i.e. pressure X increase 
in volume (§ 6.11): 

C,-C t -p(V'- V)=pV[(T+\)IT—\)=pV/T=*R . . (1) 


Hence for a monatomic gas C P (=C V +R)~ 3+2=5 g.cal., and the ratio of 
specific heats is y=c^c r =C,/C f =5/3= 1 -666 . . . (since C t =Mc, and C p =Mc p ), 
which is the value found for mercury vapour, argon, etc. 

For polyatomic molecules, the heat supplied at constant volume will increase 
the translational, rotational, and (sometimes) vibrational energies, 2 the first 
being due to the movement of the molecule as a whole, the second to its rota- 
tion, and the third to the vibration of its atoms. If E is the part due to rotation 
and vibration per 1° rise in temperature: 


CJC _ig+*+ M*+« ■ , fifi 

CplC '~ \R+E < \R <l 666 


( 2 ) 


I his is found to be the case; for many diatomic gases C p /C t is 1-400; for 
more complex molecules, with greater possibilities of rotation and vibration, the 
value is less than 1-400: c.e. for CO> it is 1-30, and for ethylene (CH,=CH 2 ) 
it is 1-25. 

The velocity of sound U in a gas is given (§ 4.II) by: 


U=V(yp/p)=V(ypv)=V(yXT/M) (3) 


> Kronig, Ann. Rhys., 1856. 99. 315; Clausius, ibid., 1857, 100, 353; Voigt, Colt. Nachr., 
1885. 228; Natanson. Ann. Phvs.. 1889. 37. 341; Clausius. Die kinctischc Thcoric der Gase, 
in " Die mcchanischc Warmethcoric." 1889-91,3.29; O.E. Meyer, “Kinetic Theory of Gases,' " 
1899. 34; Paul. Ann. Phvs., 1937. 29. 179; Jeans. “ Kinetic Theory of Gases," 1940, 27. 

• Watcrston (1S45), Phil. Trans., 1892, 183, 1; Clausius. Phil. Mag., 1857. 14. 108. 
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hence if c 5 " is the mean-square molecular velocity (see (1), § 2): 

V<?=VOpIp)’ 

V(y/3) < 4 > 

and hence the velocity of sound is something under three-quarters of the root- 
mean-square velocity (for diatomic gases with y-14, such as air. the factor is 

0-683).' 

§ 4. Mean Free Path 

The molecules in a gas move with quite high speeds, in air a 

quarter of a mile per second. If a little ammonia gas is released ^t eme end o, 
a room, however, an appreciable time elapses before the smell is f none* * 
opposite end, so that the rate of diffusion is qu.te slow. ' Th apparen d.ffi 
culty 2 here was explained by Clausius.' The reason ror the slowness of 
diffusion is that the molecules are constantly entering tnto eo/too.u, so tha 
long path which a single molecule would describe if it were unimpeded is 
broken up into a very large number of zig-zags in all direction ™ e av " *' 
length of one of these zig-zag paths is called the metm . free pa It. In the same 
way, gnats in a swarm move about with considerable speed , . h 

may be nearly stationary. The possibility of collision mutdepend onihe 
finite size of the molecules; if they were mere points^occupying nojacethey 
would not impede the motion of other molecules. From diameters 

and other resuUs depending on the length of the mean tar ^ dialer, 
of molecules may be calculated. The diameter of an oxygen molecuk. assum 
spherical, is about 3x 10 *cm.=»3 A. (A. = Angstrom T'“ ' V^jLach 

and all ordinary molecular diameters are of the order of '• wil4f can 

to molecular dimensions can be made by finite objects. 

be drawn to 10- cm. in diameter, ordinary gold lea .10 'cm^ h k, the 

black parts of soap films are 6x I0-’ cm. thick, and oil films on water are y 
10-r cm. thick, or even less, and arc often ummolecu ar. ^ shown | atcI , 

The mean free path I is most convemenlly calculated a dcnsi|y- 

from the viscosity v of a gas by the formula/- 1 W' (pp J; £ lowered. 
P»= pressure, in suitable units. It increases when th p cy p, 

because the molecules are then less crowded 1 °^ C . , hc Vh Jc k ness the thinnest 
the mean free path / is about 10“ s cm., the same as the urc t hc mean 

gold leaf; it is nearly double this in hydrogen. A hasex j s t between 

free path is about 1/10 mm. in hydrogen. At low P rcs ^ • nd a m0 | c . 

the walls of “ thermos » flasks, the free path is encoun- 

eule rebounds from opposite walls of such a flask ma . h j s 

tering another. In hydrogen at 1 miHionth of anam^pc al i00 km. 

18 cm. The free paths in the atmosphere at high altitudes a 8 from 2 oo 
the free path is only a few centimetres, but at 300 km. i P l5 ooo km. 

km. (125 miles) on a summer day up to a maximum P , , lhal ihc upper 
(over 9000 miles). Observations of heights of the aurora show that 

• Stefan. Ann. Phys., 1863, 118. 494; S. Tolvcr ^V^vclSiy of ihc n'okcuk^ 

Maxwell told him the velocity of sound was v^S)/ 3 =(F 1 fftnncc . velocity of sound and 

Waterston (1845). PUL Trans.. 1892. 183. 1. had tned to connect xc.ck 


- • vitnj), r nit. iruru.i • * 

molecular velocity, but his result is incorrect. 

2 Buijs-Ballot. Ann. Phys.. 1858. 103. 240; Holm, rfe 
>859. 108. 153. 

> Ann. Phys.. 1858. 105, 239; Phil. Mag.. 1859. 17. 81. 


I.. 1858. 104. 279; Jochmann. ihhl. 
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atmosphere (stratosphere) extends at least 300 km. (200 miles) and to a slight 
extent even to 1000 km. (600 miles). At 100 km. the density on a summer 
day is only 6x 10' 6 of that at 1 standard atm. pressure; at 300 km. it is only 
10 -7 of that at 100 km., but even so there are still 1 about a million molecules 
per cm. 3 . 

The number of collisions per second between the molecules of a gas is called 
the collision frequency , and is calculated as follows. The sum of the free paths 
described by a molecule per second is the mean velocity c (§ 10). The number 
of impacts per second is 2 thus c/I, but as two molecules collide at each impact, 
the collision frequency referred to one selected molecule is half this. The 
number of impacts per second in oxygen at S.T.P. is c//=4-25x 10 4 /10 _3 = 
4-25 x 10 9 . At very low pressures, when the mean free path is 1 cm., there are 
still 10 3 or 100,000 impacts per second. 

An approximate formula for the mean free path is easily found. Select any 
molecule (A) in the gas and consider its collisions with other molecules (B, 
C, D . . .). Let o be the diameter of each molecule; then a collision will 
occur when the centre of A and that of any other molecule approach within a 
distance o. The result is the same if we consider A to have a radius a and all 
the other molecules to be points. If B, C, D . . . are supposed to be at rest, 
A moves among them, and for each centimetre of motion it sweeps out 3 a 
volume 7 to 2 . If there are N molecules per cm. 3 , the chance that the centre of 
any of the molecules B, C, D . . . falls inside this volume is Nvo 2 , and hence 
the average distance A would travel without making a collision is \/Nva 2 , 
which is the length of the mean free path. The detailed calculation (§ 22) shows 
that the correct value is \ly/(2)Nno 2 **\/\'4\4Nno 2 =0-107/Nno 2 . 

Although the molecules arc very small and the total volume in 1 cm. 3 occupied 
by the actual molecules is only a very small fraction of the total volume, being 
j7rA'(<//2)\ the area of surface exposed by the molecules is very large. The 
surface of all the molecules (assumed spherical) in 1 cm. 3 of oxygen at S.T.P., 
4vN{aj2) 2 , is about 7 m. 2 . 


§ 5. Liquids and Solids 

Since liquids and solids are only slightly compressible, even by very large 
forces, it is assumed that their molecules arc relatively closely packed with only 
a small amount of free space, and exert large repulsive forces on one another 
when an attempt is made to bring them closer together. A liquefied gas 
occupies only a small fraction of the volume of the gas. Since the molecules 
of liquids and solids, unlike those of gases, do not tend to separate and to 
spread through a space available to them, they arc supposed to be held together 
by an attractive force of cohesion when an attempt is made to separate them. 
In the normal state, the repulsive and cohesive forces arc in equilibrium in a 
system of forces which also involves a tendency to spread owing to the heat- 
motion ol the molecules, and the external pressure. In the case of gases the 
cohesive force is very small compared with the external pressure, but in liquids 
and solids the opposite is the case. When the gas is strongly compressed, 
however, the cohesive forces increase as the distances between the molecules 

1 Kennurd, " Kinetic Theory of Gases.” 1938. 80. 

- Actually c /= number ol impacts per second — I. since the first path has only one collision 
at the end, but I is quite negligible compared with the number of impacts per second. 

1 lie volume is 1 - ; -■» 1 = »•?. if the hemispherical caps at each end arc taken into 

account. 
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become small, and (especially if the gas is cooled, so that the heat-motion is 
reduced) the gas may ultimately pass into a liquid. 

The general molecular morphology of the liquid and solid states was also 
sketched by Clausius: 1 a good summary of his views is given by J. J. Thomson: 2 
“ In the solid state the molecules oscillate about a position of equilibrium and 
never get far from their original position in the body: in the liquid state the 
molecules arc supposed not to oscillate about positions of equilibrium, but to 
be comparatively free to move in any direction; they cannot, however, move far 
without coming under the influence of other molecules, so that their courses are 
constantly being changed and do not bear any approximation to straight lines; 
in the gaseous state the molecules are so far apart that for the greater part of 
the time they arc describing straight lines, the time during which they are under 
the influence of other molecules being an exceedingly small fraction of the 
whole time.” 


§ 6. Sizes of Molecules 

Leslie, 3 from the fact that a single grain of musk would perfume a large 
room for twenty years, computed (by a method he docs not explain) that it 
contained 320xl0 24 particles; he assumed that the seeds of contagion 
(bacteria] were even smaller. Attempts to find an upper limit for the divisibility 
of matter by the dilution of coloured solutions arc quite old. 4 

The first attempt to calculate the sizes of molecules was made by Loschmidt. 
and the number N L of molecules per cm. 3 at S.T.P. is sometimes called 
Loschmidt' s number . He calculated the density of liquid air by taking atomic 
volumes of oxygen and nitrogen from the molecular volumes of liquids alter tnc 
manner of Kopp (sec Vol. 11) as II and 12. respectively, and hence the liquid 
densities 16/1 1 = 1 -4545 and 14/12= 1 1666. whence the density of liquid air was 
1-224. If the molecules arc close-packed spheres, the volume they occupy is 
1-17 times the sum of their volumes and the ” true density is 1 *-24 x “ • 

The ratio of the volume of the molecules to the volume of the gas which 
Loschmidt called the " condensation coefficient." is 0-001293/ 1 * 

The Maxwell formula for the mean free path <18).§ 21. is /= 1 / X /( 2 )A i or 
1 cm. 3 of gas v=$N L n{ol2)>=lnN L o' .*. jV t -6t/w\ 

By taking /= 140 m,x from viscosity measurements. Loschmidt thus fou 
1 m/x=10-* mm. The value /= 95 m,x, adopted by O. E. Meyer, g 
o=0-68 m/x. 

1 Phil. Mag., 1857, 14, 108. . . Itfun , K , 

1 Walls, " Dictionary of Chemistry." edit. Morky and Mmr 'XW. I. , 

* "Elements of Natural Philosophy." Edinburgh. 1823. 1. 14 f- 2 ' '' ' ‘ ,' (M s 2 $. 

Tail. " Properties of Matter." 4th edit.. 1899. 90. Aitkcn. hoe. Roy. .ft* f |m| 
?94 ; A* tenuity of odorous exhalations is an old argument forihe -ex ' inc ,l,ods 
molecules; Partington, Annals ofScimcc. 1939. 4. 245. Fora 

of finding molecular sizes see Rutherford. EngttKtnnx. 1925. 119. _ > , | Kll |,. ir k,-ii 

* Muncke, In Ckhtart - Phy«k,l«hc, W^crbuch.;' 183, 9. 1 - , 

^ Karstcn, " Allgemeine Encyclopaedic der Phys.k. Leipzig. 1W9. 1. • .,., ia lcm." 

experiments, dating back toMusschcnbrock." Introduced Phi o » P Schwc. 

^'den. 1762. 1. 27. For earlier views and experiments see ParlingMMi. • ' / ,’ |) . /(/mv 
>939, 4, 245 (267); for methods of determining atomic dimensions, wx • 

38. 93 (64 ref,.,; Virgo. *t. *«*,.. '933 . 27. 634 ' 

" 51 . and Burki. Heh. Chim. Acta, 1919. 2. 703. detected m sc nM>lctuk .*. 

containing 2x10-. g./lit. A survey of the methods for Imdnf «hc 

>nd ions i, given by Hcrzfcld. Jahrb. RaJioaki. F.kkirontk. 19--. . • • w .,l!ot. /Vm v / . 
t * Wen Ber., 1865, 52, H, 395; Z. Math. Phys. (Schlomilch), 18^5. 10, >i 1 . 

‘942,43.530. 
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Lothar Meyer 1 showed that the ratios of the volumes of the molecules in 
two gases is very nearly equal to the ratio of the specific volumes of the liquids, 
and calculations of molecular diameters were also made by A. Naumann, 2 
Lord Kelvin, 3 and Maxwell. 4 A full consideration of the molecular diameters 
as calculated from the volume in the liquid state, deviations from Boyle’s law, 
dielectric constant, mean free path, and various other methods, was given by 
O. E. Meyer 5 in 1899. A few values for the “condensation coefficients” v 
calculated by Meyer are (at S.T.P.): 

H 2 0 2 Nj NO NH, HQ H 2 S S0 2 C 2 N 2 

ix 10*. 0-98 2-30 2-54 2-66 3*93 3 98 5-01 7-36 9-20 

Dorn 6 and Exner 7 calculated the “ condensation coefficient ” v from the 
Clausius and Mossotti formula, based on the assumption that unit volume of a 
dielectric, of dielectric constant A\ consists of conducting spheres occupying a 
volume v surrounded by a non-conducting medium: v=(K— \)/(K+2). Ac- 
cording to Maxwell’s electromagnetic theory of light, K=n 2 , where /^refrac- 
tive index for waves of infinite length, therefore v=(n 2 — \)/(n 2 +2). If p is the 
density of the gas, v/p gives the volume of the molecules in unit mass. The 
following values of v were calculated: 8 

Air C0 2 N 2 0 CH 4 C 2 H 4 NH, NO H 2 S HCI C 2 N 2 S0 2 

vxlO*. 2 0 3-1 3-3 3 1 4 4 2-6 2 0 4-3 30 5-6 4-4 

An interesting collection of the older results of various methods for obtaining 
an approximate value of molecular dimensions is given by Rucker: 9 the values 
arc in m/t (10 -6 mm.): 


l iquid films, upper limit (Plateau, Maxwell, Quincke) »® . . . . 118-50 

Range of unstable thickness of film (Rcinold and Rucker) 11 . . 96-12 

Limiting thickness of film of silver on glass which alters the phase of 
reflected light (Wiener) 12 


Thickness of permanent gas or water film on glass at 23 9 (Bunsen) 10-5 


» Ann., 1867, Supplbd. 5, 129. 
i Ann., 1867. Supplbd. 5. 252. 

J Amer J Sci.. 1870, 50. 38. 258; Ann., 1871, 157, 54; Nature, 1870, 1, 551; 1883, 2 8, 203, 
250. 274; " Popular Lectures and Addresses," 1889, 1, 147. 

4 Phil. Mac.. 1873, 46. 453. " Ency. Brit.." 9lh edit., 1875, 3, 36, art. Atom; "Scientific 
Papers." 1890, 2, 361,445. 

i "Kinetic Theory of Gases." 1899. 299 f.; cf. also Ncmst, "Theoretical Chemistry," 
1904. 4l6f; Jeans. Phil. Mag., I9<M. 8, 692; Sirk, Ann. Phys., 1908, 25, 894; crit. by Reinganuro, 
ibid., 1908. 28, 142. 

A Ann. Phvs., 1881, 13. 378. 

7 Rcpcrt. Physik, 1885. 21, 446. 

* Rucker, J.C.S., 1888,53.222. 

J.C.S., 1888. 53. 222 (references given); Z. phys. Chcm.. 1888, 2, 973. 

, ; rudc - My*- H*9I, 43. 158, calculated the thickness of the black spots on soap films 
as I , x 10 * cm. or 17 m,.; Rontgen. ibid.. 1890, 41, 321, found 5-6xl0‘» cm. for an oil 
film on water, and Raxlc.gh. Nature, 1890. 42, 43. found 1-6 m M ; letter to Lord Rayleigh, 
Miss I i*ckcls. \amrc. 1891. 43. 437 (film trough); on Miss Pockcls, sec Ostwald. Koll. Z., 
, ;, l: on mcrv,,r >- <5x10 7 cm.. Fischer. Ann. Phys., 1899, 68. 414; Weber, 

, 06 10,1 h,m <l 15 "’/*)• Chamberlain. Phys. Rev., 1910,31, 1 70(1-5 x lO-’crn.). 
•' Phd. Irons.. 1886. 177.627. 

:: Ann. Phys.. 1887. 31. 629. 

. ' Tram - |N ‘°- 120. I (49); Magnus. Ann. Phys., 1853.90, 601; Quincke, 

V; 6 ;^ 00, 2 - 4I4; NVu,,ncr and Grotrian. ibid.. 1880. 11. 545; Kayscr, ibid., 
18M 14. 450; 884 , 23. 416 ; Bunvcn. ibid.. 1883, 20. 545; 1885. 24. 321 ; 1886. 29, 161 ; Pfeiffer, 
Ann Ihys-teM., 1884. 8. 630; Bottomlcy. Chcm. News. 1885. 51. 85; Muller-Erebach, Ann. 
I'"'- „ 9 - b T!] " irtnug and Ihmori. Ann. Phys.. 1886, 27. 481 ; Schumann, ibid.. 

18X6. 27. >\, Ihmori. ibid., ]\\7. 31. 1006; Krause, ibid.. 1889, 36. 923; Miihlfarth. Dissert.. 
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Mean distance between centres of neighbouring gas molecules at ^ 

SnaMUittm^ofmetal films showin 8 lh€ ' r cmf ' on p,aunum J _, 
Thk^^c'tncd dou^U^(UPP™""' 

,w : 00 ,- 00 , 

Inferior°UrniUo diameter of gas mokcults (W. Thomson) 0 

nature of the methods then avatlable. 

8 7. Molecular Magnitudes 

Tabu or MoucuLAB Magnitudes. 

Number of molecules per cm.’ of gas . aj : S T.P.- N J- 2 * 9 ^ ^ 

Number of molecules per mol (22-41 5 lit. at S.T.P.) 

Mass of hydrogen atom- 1 69 x 10 - g- - |6 .oj x iq* cm /see. 

Mean velocity of hydrogen molecule at 0 m-i* frv 


Mean velocity of hydrogen motccu* « v ~ ^ -66x I0 -,« crs . 

Translational kinetic energy of a molecuk a‘ • 66x |0 - M 2 75 — 2 07 

Rate of change of translational kinetic energy per 


10 “erg. 


..... ... 7 luni 2 239: Parks , Phil. Mat- 

Bonn. 1900; Ann. Phys.. 1900. 3 328 (long lir-Gaaar.an. Con.pt Rend 

1903. 5. 517; Briggs. J. Phys i Cheat. 1905. 9. £ 7 . O * 55 , 0 ,. Myl.us *W. I?> 7 . 

1906. 143, 1233; Mylius and (Jroschuff Z C jq 7 rs ; Gfjy jnd D urt. /.C .V. 
55. 233; Schccl and Heusc. Verhl. d. I>. Phys - Get.. * *• ” ?4 567; G u*chard. Compt. 

1909. 95. 1633; Druckcr and UUmann. Z. phys.* j , )ruc kcr. Jimeno. and Kangro. 

W ( 1911, 152. 876; Cohnstacdt.^n/../»A>i. WI2 -w. peuijohn. (M-. o ,9 ' v * 

Z. ,Ay,. arm.. 1915. 90. 541; Langmuir JLA.CJS. . "'^Tp^n,. Z. /%.«.. >^2 ’. «7 
41. 477 (00,166 cm.); Sherwood. 9I8 * ,2 ; Wllh mercury vapour); McHafla. 

(removal of water film by electron bombardment and Inn k fused quJlU) .H a ngham 

and Lenher./.C.*. 1925. 127. 1559; 1924. 105. 4K : ra*c . 
and Burt, 7. Phys. Cheat., 1925. 29. 'VJ* 54 ?: ? ' (unim0 l<cul.ir film on firc-foh'hcd g • 

Patrick, and Smith. 7. Mj*. Ctaa. ‘’V'/’S y A PP I. Phys. (Moscow!. 19-7. 
but 50 molecules thick on acid-treated glass). Shi o . |6J 2 97 (fused silica apparatus 

4. 37 (HjO on glass); Billz and Muller. Z. an ”* .^ e ” | , uncis and Burt. /«* 

slowly evolves gas. probably CO. on strong heating m vacu (un , molecular water 

See.. 1927. 116 586 (NH, on glass); ^^ .^^^Igamatcd platinum); Hurt. tow. 
film on amalgamated silver, but 30 molecules thick on a rn j 36 2) (ni0st probahl, 

Faraday Sac.. .932, 28. 179 (NH,); M-chaud ^.s. 

thickness of water film on glass=4xl0 • cm-). ,<*,*/. 1940. No 9. 3. £»*'• 

1007, 1020; Van Itterbeek and Vereycken -MedrL Kon. ™ (water films on vanous 

CAem. Ahur., 1943. 37. 3989; Veith. Z. \,k on glass). 

glasses 5 to 800 A. thick); Kistcmakcr. FAyj«ro. 947^ \j. , d .. Uhrbuch da * 

Salem ,J. Phys. Cheat.. 1948.52. 1208 (H;0 on glass). ~ 5lhcd it.. 1923. 124 (hihl 

meinen Chernie." 1911. 3. i. 217; Undol«-Bornsie. n . J^|^ $ 77 

For films on twenty-year-old fiint glass, sec Sissmgn. rat. . 

‘ Phys.. 1887, 31. 337; 1891. 42. 193. , 8 75. 5. 494; C»m P t. R' " ' ■ 

2 Lorenz. Ann. Phys., 1870. 140. 644; l-'PP fnjn - 139 (157) (0 02 mi*). , , , s0; 

1882, 95, 686 (0 03 mu); Oberbeck. Ann. Phys.. 1*®4. 2 l' */. Coa P t. Rend.. WH. ,52 ' 

* Apparently first by Perrin. Ann. Chun.. • • 42 |273. 

11 Lea Atomes,” 1914, 37; cf. Heydweillcr. AmJhgW-; ^ J2 
4 From Partington, " General and Inorganic Chemisinr. 
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Diameter of hydrogen molecule =2 -40 x 10~* cm. 

Mean free path of hydrogen molecules at S.T.P.= I -22 x 10~* cm. 

Average distance apart of centres of gas molecules at S.T.P.=3 x I0~’ cm. 

Number of collisions per second per cm.> of oxygen molecules at S.T.P.=S-85 x 10** 
Time of describing free path of oxygen molecules at S.T.P.=2*3 X 10-»o sec. 

This completes the elementary treatment of the Kinetic Theory. In the 
following sections the subject is dealt with in greater mathematical detail. 
In this way many finer features come to light and some phenomena beyond the 
reach of elementary treatment come within the scope of discussion. 1 The 
modifications introduced by the more exact treatment are usually only in 
numerical coefficients in the equations, and even now these are sometimes in 
doubt. 

§ 8. The Pressure of a Gas 

An expression for the pressure of a gas is found as follows.* Consider a 
sphere of radius wand let 0 and ^ be angles measured as shown in Fig. 1 .III, 
0 between the r axis and a. and <j> in the x, y plane between the x axis and the 



Fig. I. III. Spherical Polar 
Coordinate System 



Fio. 2.111. Solid Angle measured 
on Sphere 


projection of a, the origin being the centre of the sphere. Consider a small 
element of surface do bounded on the sphere between four radii as shown in 
ng. -.III. The length ol the clement on the longitude is wd0, and that on 
the latitude is (a sin 0) hence: 


do=wd0x(w sin 0)d <f>=a 2 sin 0d0d^ 


( 1 ) 


I 7 C h . }i C um ' mi ' 8 - M7 * who Pointed out that the difficulties increase 

2 l «, 2 S * ,0 , a r n . ;,m g,Ca,Cr s,r,c,ncss - a P cncral result in most branches of Physics. 

l.« S m «. nd r 2* * MawI1 - p,il - A/flf.. I860. 19. 19; 1868. 35. 129, 

on l l J "• *' 1 IS72 ' 65 ' 323 : Pfaundler. ibid., 1871. 63. II. 159; 

\ l ' l .I V \ ’ j Ann P,ns ' ,872 - ,45 - 29 °- The present treatment follow 

«**• 4f - and in Winkclmann. " Handbuch 
Li- F ‘\ a d,, ' Crcm ,rca,n *"'- ** O E. Meyer. » Kinetic Theory of 

- k7„'.s Ti ' ' 2 ' 3 * 5 5 * ^ Kcn ?? rd - " K,nc,,c Theory of Gases.” New York. 1938. 7; Jeans. 

I MO? 244 V ° GaSCS ' l7: ChMonc. " Textbook of Physical Chemistry." 
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If ami, this becomes the solid angle do., subtended by the area with the centre 
of the sphere: 1 dlu=sin MM * (2) 

The small volume element dr cut ofT between two such surfaces a distance da 

apart is dcrx da, i.e.: m 

d r=a 2 sin 8d6d<f>da wJ 

a is always positive, 0 can vary from 0 to », and 6 can vary from 0 to 2 m 
these variations of the angles comprising the whole space about the centre of the 

SP Consider N gas molecules in a volume V. Let their velocities i se represented 
in magnitude and direction by radii of the sphcre cach spec.ficdby particular 
values of a 0,6. There will be N of these rad.., and they w.l cut the surface of 
snhcre in N Doints They also cut the surface of the sphere of unit radius, 
l h e C of ar^ l inTpoints Assume .ha, N is very large, when the po.nts can 



Fic. 3.111. Spherical Zones 
between Double Cones 



Fio. 4.111. Collisions with Wal 


be regarded as uniformly distributed over the surface. w,,h a dcns,l > of c,is,nbl1 
tion given by the number of points on unit ■*”*"*• ' ' ' 0 I0 fl+dtf and 

The number of molecules having velocities in u conc of solid 

to will be represented by the number of Tad I jn (||C dirccl i 0 n 

angle du>, i.e. Ndoj/^rr, hence the number ha v mg hounded by 0 and 

• to t+dt for all values of <f>, i.e. in the thin double cone bounded 

0+d0 (Fig. 3.III) will be. from (2): 

(W/^Jdw-fWWpn «dW=(W/2) sm 060 ...*** 

the integration being with respect to >f>. ol , llc wall by 

To find the number of collisions per second nude dw - N in OMI. 

all the molecules represented by radii in the cone o * . samc velocity *' 

it is first assumed that all the molecules in the g*«s . , i >s per cm. ‘ 

along the various directions of motion. The number ol moke 

. 1 A solid angle is measured by ihe area cut off on a isphcrc ol unit mUkin « ^ , Ni|| „ clulllll . 
hy a cone, not necessarily circular, with its vertex at the “ grounding a point •' ■* • 

(or enclosing) the given solid angle. Clearly, the total I. 

«h» being the total area of the surface of the unit 14 " • 
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having velocities in the directions enclosed by the solid angle 6uj is(N/V)(6co/4tt). 
All the molecules contained in a cylinder of length c and 1 cm. 2 cross-section 
will just collide with I cm. 2 of the wall in 1 sec. (Fig. 4.III). The volume of the 
cylinder is c cos 0 , hence the number of molecules in the cylinder is: 

(A7F)(daj/47r)ccos 0=(NcJ4ttV)cos 0sin 0d0d^ ... (5) 
This expression involves two differentials 60 and 6<f> t so that two integrations 
will be necessary: first integrate with respect to <f>, keeping 0 constant, and then 
integrate the result with respect to 0, keeping <f> constant (since 0 and <f are 
independent variables). This is represented by a double integral, as explained 
in § 22.1. 

The total number of collisions per second on 1 cm. 2 by all the molecules in 
the volume V will be: 


(Nc/AttV) 


p/2 r 2 m 

) | | cos 0 sin 0606<}> (6) 

in which 0 is taken from 0 to n/2 only, since only the molecules with velocities 
in the direction of one hemisphere can collide with 1 cm. 2 of wall on that side 
The integration with respect to <f will give simply 2n. 

p/2 f2» -„/2 

Now (NcfAvV) | I cos* sin 0606<f>=(Nc . 27t/4ttK) cos 0 sin 060 

p/2 [m/2 

-(Nc/2V ) } sin 28d6=(Nc/2V)J j sin 20d(20), from (9), § 41.1 

= -(iVc/8n[cos 2«|^ o = -(Wf/gK)[-l-lJ, from (1), § 43.1 
(since cos 0= + 1 and cos tt= - 1 ; sec § 40.1). 

= Nc !* V (7) = iVjC/4 (8) 

where N L -NjV~no. of molecules per cm.* If the molecules had been sup- 
posed divided .mo three groups with equal velocities in each direction, and 
halt of one group with velocities towards a particular direction taken, the 
incorrect result A L c,6 would have been found. The simple calculation of §2 
gives the correct formula for the pressure, but an incorrect value for the number 
ol molecules colliding with the wall. 

Only Ihc component ccosfl of the velocity c is effective in producing a 
pressur e on the wall, and hence the change of momentum per collision of each 
molecule of mass »i with the wall is me cos B-(-mc cos B)=2 me cos B. The 
total change of momentum per second is found by multiplying this by the 
number of collisions per second in the (fl. *) direction, and then integrating 
over all possible values of 0 and 4>: 

A c 


P= 


2Nc 2 m 
4-1' 
Nmc * 
V 


j cos 0 sin 0606(f) . 2 me cos 0 

J 0 

2Nc 2 m . 2tt 


cos 2 0 sin 06O6j>. 


I 


4ttV 




Nmc 2 f B - 


»/2 

cos 2 0 sin 060 
o 


co* 1 ' 9 sin 0 d 0 = d (cos* 9), 


anTcosO=, 3 &rS :<,Sin9d9(SeC§58 ^ and since « W2)=0 


P J(A'"ic 2 /l'')[cos- t »] o =-i(Afme»/KX0- l)=Nmc*l3V . 


(9) 
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Since Nm/V is the total mass of all the molecules in the volume V divided 
bv this volume, it is equal to the density p (mass per cm. J ) of the gas. Hence: 

p=ipc 2 00) 

Now suppose the molecules have different velocities instead of a constant 
velocity c The contribution to the pressure of a group of N , molecules having 
a velocity c, is, from ( 9 ): p,=W 1 mc 1 */3K, and the total pressure, found by 

summing over all the velocities Cj, C 2 , . . •> is ; 

p=EN l mc l 2 pV=(mHV)£N x c x 2 . 

Put £NiCi 2 =Nc 2 _<”> 

where N=£N, is the total number of molecules in the volume V, and c* is the 
mean square velocity, i.e. the average of the squares of the velocities (which is 
different from ( f ) 2 , the square of the mean velocity), defined by: 

c 2 =(N l c x 2 +NiC 2 2 + . . .)/W+^2+ • • .)=MiCx 2 lZNi= s N lCl 2 IN (12) 

If all the molecules had the same velocity V(‘ 2 > P r£ « u,£ would *“ ,ha ' 

observed, hence: _ _ .... 

p^Nntc 2 / V~iN L mc 2 -\pc 2 (13) 

which is the same result as that found in § 2 (where u replaced c). 

Let K„-molar volume (containing 1 g.mol. wt. or 1 mol, 

<•<> 

The absolute temperature, T, of the gas. which is identical with that defined by 
the general gas law (§6,11), P V m =RT. may now be introduced into (14) 

pV,=\Mc 2 =RT, _ , |5 , 

where *=*,* is the gas constant per molecule, called 
N being N l V„ Avogadro’s number (§ 7). or the number of molecules in a mo . 
and m=M/N is the mass of a molecule. Hence : 


where E is the translational kinetic energy of a mol of gas, and < nK,,n 
translational kinetic energy of a molecule, < = EIN. Hence . 

1161 

The value of * is 1-38x10- erg/degree per molecule. 
cedure is to define T by (15), when the discussion rests M 0 „ of 

theory (see §2). BriUouin * attempted to extend r= r wUcrc f 

temperature to liquids and solids by taking the equation. • junction 
is the mean kinetic energy of the molecules, a is a constan , • 
of the coordinates. , . , ... i wal \ ; ,j constant 

From (16), the part of the heat capacity per mol f A to K . ; 

volume of a gas due to the translational kinetic energy o . ^ 

C,«(d£/d7^=|*=3g.cal./mol 

For an ideal gas ( § 3. (1) ). C,=C. + * and hence for a 
which (17) gives the total heat capacity per mol at constan 


5/3=1-666.... 


capacity per 
Ann. Chim.. 1909. 18. 387. 
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If u, v, are the components of the molecular velocity c in the directions of 
the x y y, z axes: 

c 2 =u 2 +v 2 +w 2 , 

\mc 2 = \mu 2 + \mv 2 + \mw 2 . 

Boltzmann 1 assumed a state of molecular chaos, viz. that on the average there 
is no correlation between the positions and velocities of the molecules. In 
that case, the molecular velocities have no preferred directions in space, and the 
mean values of u 2 , v 2 , and w 2 must all be equal; hence, from (15): 

^m 2 = i 2 mv 2 =\nm 2 =i(imc 2 )=^kT (18) 

This is a special case of the principle of equiparlilion of energy , further considered 
in §9. 

For a mixture of different kinds of molecules , the same reasoning which led 
to (9) gives: 

p—N l m l c l 2 l3V+N 3 m2?2 2 ftV+ (19) 

The assumption that the average translational kinetic energy of each kind of 
molecule is the same at the same temperature (see § 2) 2 (another form of the 
principle of cquipartition of energy): 

J/;i,f, 2 =Jm 2 c 2 2 = (20) 

then gives: p=(m l c l 2 /3V)(N l +N 2 + . . .)=(3Ar/3F)(A', + ^ 2 + . . .) 

-(KTiNVM l +N i + . . .)=(RT/V)(n l +n 2 + ...) . . . (21) 
where n |, n 2 , . . . arc the numbers of mols of the gases in the volume V. 
Equation (21) is Daltons Law of Partial Pressures (§ 2). If this is assumed as 
an experimental result, the validity of (20) follows. 


§ 9. Equipartition of Energy 

The theorem of cquipartition of energy was first stated by Waterston in a 
paper presented in 1845, read in 1846, and first published in 1892. 3 It was 
again staled by Maxwell, in 1859, 4 and a few years later it was brought into 
prominence by Boltzmann. 5 It was treated from a different point of view by 
Maxwell in 1879,* who regarded it as doubtful, saying that: ** The theorem that 
the average kinetic energy of a single molecule is the same for different gases is 
not sufficient to establish the condition of equilibrium of temperature between 


1 " Gasthcoric." 1896. 1. 20: this assumption was criticised by Burbury. “A 
Kinetic Theory of Gases." Cambridge. 1899. 10. 24 f.. Holm. Ann. Phvs.. 1915.4 


Treatise on the 

, n .. . , - . ...48, 481; sec § 10. 

- I or two kinds ol smooth hard clastic spheres this may be proved directly from the laws 
collision: sec Joans, " Kinetic Theory of Gases." 1940. 21; cf. Maxwell. Phil. Mag., I860, 
20. 21; Holm, lac. cil. 

* Phil. Irani., 1892. 183. I (16); published by Lord Rayleigh. Waterston says: " In mixed 
media, the mean square molecular velocity is inversely proportional to the specific weight of 
the molecule. This is the law of the equilibrium of vis-viva" Lord Rayleigh, who found 
the- paper in (lie archives of the Royal Society, and had it printed, remarks in a footnote: 
" I his is the first statement of a very important theorem." but adds that Walcrston's proof 
ol it " can hardly be defended." See Haldane. " Gases and Liquids." 1928, 4 f. 

* Phil A tag.. 1X60. 19. 19; 1X60. 20. 21 ; “ Scientific Papers." Cambridge, 1890. I. 377. 
Boltzmann. Him tier., 1X66. 53. II. 195; 1867. 56. II. 682; 1868. 58. II. 517; 1871, 63. 

I 39, , 6-9. 712: 1876. 74. II. 553: 1881. 84. It. 136; 1S87. 94. II. 613; 1887. 95. II. 153; 1888. 
)h. II. 891; 1894. 103. II. 1125; Plnl. May., 1882. 14. 299; 1887. 23, 305; 1888. 25. 81; 1893. 
VV* If,r ' kS,S8 - l3 ‘ ,s - Z Phys. (hem.. 1893. 11. 751; "Wiss. Abhl." 1909, 1.9. 

34. 49. 237. 288; 2. 103. 572. 5X2; 3. 225. 272. 293, 366. 428. 500, 510. 598. 645. 

.. Ph,L SoC ' ,879 - ,2 - - S47 : -Scientific Papers." Cambridge. 1890, 2, 713; 

I hcory of Heat. edit. Rayleigh. 1897. 326; his treatment was improved by Jeans. " Dynamical 
Iheory ot Gases." 3rd edit.. 1921. 97; Rayleigh. Phil. May.. 1892. 33. 356; 1900, 49. 98; 
Scientific Papers, l*K)2. 3. 554; 1903. 4. 433. 
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gases of different kinds, such as oxygen and nitrogen, because when the gases 
are mixed we have no means of ascertaining the temperature of the oxygen and 
of the nitrogen separately. We can only ascertain the temperature of the 
mixture by putting a thermometer into it." 

The theorem of equipartition of energy was regarded with peculiar animosity 
by most British physicists. Lord Kelvin, 1 e.g., saying that it is: " not only 
unproved but untrue.” It is now a standard theorem in regions in which it 
applies, i.e. where the quantum theory goes over into it in the limiting case, and 
a general proof, due essentially to Boltzmann, will be given later (§ 20.1V). 



§ 10. Maxwell’s Distribution Law 

Even if all the molecules of a gas had initially the same velocity c (without 
regard to direction), this would be upset by col- * 
lisions, as is seen from the simple case shown in ' N 
Fig. 5.1II, in which a collision of two molecules 
moving with equal velocities at right angles is 
depicted. Molecule A is then brought to rest 
and molecule B moves ofT with a velocity \/2 
times its initial velocity, in a direction inclined at 
45° to its original motion. The problem of the 
distribution of molecular velocities in a gas in a 
steady state ( p and T constant) was solved by 
Maxwell 2 in 1859 by the following method. 1 
He probably arrived at the result intuitively, and 
then constructed a demonstration. 4 

Maxwell considered a large number of gas 
molecules having component velocities u, v, »»’, 
and assumed that the probability for the occur- f 

rcnce of a given velocity component, say u, is independent of the al . 

• Proc.Roy. Sac., 1891, 50. 79; 1892, 51. 397; Phil. Mag.. sS] 

387; » Malh. and Phys. Papers." 1910. 4. 484. 495; m his Baltimore 1 cclu ^ 

he admitted the force of Rayleigh’s criticisms. See Larmor. I roc- <•) • • .. • j , 77 n 

1 B.A. Rep., 1859. ii. 9; Phil. Mag.. I860. 19. 19; " Scientific PgM. ..>**• 'ju. M2; 
essentially similar deduction is given by KirchholT. " Thcorie dcr •' • H(H ) /»/„,. 

Md Weinstein. " Thermodynamik and Kinctik dcr Korper. 1901. I. »*■ 

Rev \900, 10. 253; Wassmuth. Wien Bcr.. 1921 130. IIa 159. |jf co „ Kio ns. „ 

1 Since the deduction docs not introduce the consideration Ihcmkhc giving, 

cannot be regarded as dynamically satisfactory, and there is a vciy ~ , Cunt" 

“J «■*»*«. ollw P'OOfs. A proof b, O. F. . ' » 

1877. 259. was criticised by Boll/mann. Wien Her.. 1877. 76. II. • • • . cf||KlWl | h> 

J. IM. and a second proof by O. E Meyer. Ann ‘i^u/nunnX own ptnol. 

Bol«/mann. Ann. Phy ... 1880. 11. 529; » Wiss. Abh 1909. 2.354. Uoh^n. |h , oiy 

^ '871. 63. II. 397; "Wiss. Abhl." 1909. 1 237lscc H. . W ( ; a W 

of Gases." 1876. If.) was criticised by Burbury. " A Treatise on N ' r ? . Mo , t/nulllli \l„nal 
Cambridge, 1899. 10 . 24f.; Kirchhoff’s deduction (sec -’) «« b > PI okL 
«94. 24. 207; Ann. Phy,.. 1894. 53. 955; " Wiss. Abhl. 1909. 3. » • 


Fkj. 5.111. Collision of 
Molecules 


Inn. 


., ... «i, mm. i n/j., i >> • ----- . | . >| v imnioscinen'. ".is 

Phy,., 1895, 55. 220, attempted to improve KirchhofT s deducti . s>? ; "Wiss. 

oot admitted by Boltzmann. Munich Ber.. 1895. 25. 25; Ann ^ , 404 

Abhl.» |909. 3. 532. A discussion between Zcmpten Gy0/». Mom.. 
3^761. and Burbury. Ibid.. 1900, 3. 355; 1901. 4. M6. may be '■ .j hv Huibius. 

>903, 5, 597; " Dynamical Theory of Gases." 3rd edit-, 1921. - • j c>lU «. ilnd . I‘<0\ 

PhlLMo t 1903. 6. 529; 1904. 7. 467. but his Vi. I*'-'- 

7,468; sec also Lcnz. Phy,. /... 1910. II. 1175. - • j s ^iccn «') von 

J3 ; 842; del Lungo. Nuav. Cim.. 1916. 12. 215; a simple strict deduct. 

Mnes ,Phys.Z., 1918, 19. 81. 

4 Polvani, Nuov. C/m 1924, I. I. 
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other two velocity components, say v and w. This assumption (which is one 
form of what has been called the principle of molecular chaos ; § 8) is one of 
the largest bones of contention over which the opposing schools have quarrelled. 
The assumption was rejected by Burbury, 1 and by Poincare 2 ; the first 
claimed that molecular chaos had never been properly defined, and the second 
stated that it is an unjustifiable application of the laws of probability. In the 
presence of so much stir, one can only wonder at the genius of Maxwell, 
which produced such a fundamental and accurate law by a method which gave 
so little satisfaction to the mathematical purists. Maxwell’s deduction proceeds 
as follows. 

The probability that a velocity component of a selected molecule lies between 
u and w+dw is assumed to be a function f(n)dn of u alone, and independent of 
v and w ; and similarly for f(v)dv and f(w)d»v. The probabilities for the occur- 
rence of velocity components in the ranges u to u+du, v to v+dv, and w to 
»v+d»v (which is more concisely stated by saying that the components lie 
within the range d //, dv. div) arc, therefore, f(u)du, f(v)dv, and f(u-)div, and the 
probability that the molecule has simultaneously velocity components in the 
range (d w, dv, div) is the product of the separate probabilities: 

f(M)f(r)f(n)dMdt'dH> ( 1 ) 

The resultant velocity c is supposed to be constant, and since: 

c 2 «w 2 +w2+h* (2) 

d(c 2 )*MdM+vdw+HxJiv— 0 (3) 

For a given value of c the value of f(w)f(v)f(»v) is constant, hence by differentia- 
tion, since: 

df(n)=f'(n)dM, etc (4) 

f '(w)f( »)f( »v)dw + f(w)f w)d v + f(i/)f( r)f '(n)d »»• = 0 . . (5) 

Divide by f(n)f(r)f(H>: 

■■■ • 

Now multiply (3) by an arbitrary constant A and add to (6): 

(t(^ ,+ A ") |J " + (flt) + At ) d ''+ + A “') d, '-o • • < 7 > 

Since the values of dw, dv, and du, arc now perfectly arbitrary, it follows 3 that 
their multipliers are separately zero: 





r<«) +AM “° 

•• f ( „) d "- 

— Aiiau, 

1(f) % 

.. + Ar=U 

. n* >). 

• • ri—*dv= 

— Ardr, 

Mr) 

f(l) 


f(H) 

, , + An =0 

• f ; ( ^dn = 

— Audit*. 

f(n) 

•• r<») 


1 A Iicatisc on the Kinetic Theory of Gases." Cambridge. 1899. 10, 24 f.; see his 
polemics with Zcmplen Cyo/o. and Jeans, in ref . i , p. 251 ; also the polemic between Bertrand, 
Kcr.t., 1 896, 122, 963. 1083. 1174. 1314. and Boltzmann, ibid., 1896, 122, 1173, 1314; 
also Raslcigh. Phil. Mag.. 1891. 32. 424; " Scientific Papers." 1902. 3. 473 (on collisions); 
I dgewonh. Phil. \fag.. 1920. 40. 248; 1922. 43. 241 (on probabilities!; Holm, Ann. Phys. 
1915. 48. 481. 

' " Calcul dcs Probabilitcs." Palis. IS*>6. 21. Osecn. Arkiv Mai. Asiron. Fys.. 1921, 16, 
No - s -"‘l will not ln*ld if the particles have potential energy. 

’ Un ,h,s P° in '- see Modwjn-Hughcs, "Physical Chemistry." Cambridge, 1940, 59; 
Hmshclwood, " The Kinetics of Chemical Change," Oxford, 1945, 21. 
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Integration (§18.1) gives: 

In f(u) = — Au 2 /2+ In ^ , 

In f(u)=— Av 2 /2+ln A t 
lnf(w)=— Aw 2 /2+ln 

where In A is written for the constant of integration. Thus (§ 13.1), if a is a 

constant given by A/2= 1/a 2 : ^ ^ 

f(u)=/le — 

f( w )=Xe-' rtl =^e— 

Thus: ® 

f(u)du=/4e "^du. etc W 

If .he total number of molecules in .he f 1 j* * 
having a veloci.y component between u and u+du will be .he produc 

and the probability for this range: 

dN m »NAt'***u (,0) 

and .he number with veloci.y components r/muftm.eour/y be.wecn^ and ,,+du. 
v and f,+dt». and w and w + div i.e. .n the range (du. dt>. du) will be. 

d^-(^c-^du)(^e-^dt»)Me-^div) 

=NA i c- l '* , ' UwXh ' i < iuAvdw^NAh'^udvdw . • 

The values of .he constants X and « -c found as follows. J^«l°city 
component, u, v , and iv, has all possible values be number of 

hence the integration « of (10) between these limits gives the total 

molecules, N : m 

JdN.-Af=Af-<j_«—’ du 

4;:-^- ,,2> 

“ 4,i ’ 1 “’ "" 

Put u/a=x, t>/a=>\ du=adx, dv=ad>\ 

■■■H 

The double integral was evaluated in § 54.1, and is equal to n. lie 
from (14), . . (15) 

/l = l/a\/ w • • • * 

r+ « «•+« . (I 61 

c -u lt * J »dxd>’=". • • • 

From (8) and (15): ,_nW«K- • < 17 ' 

f(u)=(l/«Vr-)e f(„)=(l/«v'’* ' Rn) " (l/ ' . , ow 

The constant a remains to be determined, and this is ta cn 

■ THe imegnil was evaluaicd by Laplace. H78. 
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The distribution of velocities given by Maxwell’s law is of the same type as 
the distribution of shots on a target made by a practised marksman ,» both 
being subject to the same law as the distribution of errors given by the method of 
least squares. 2 Equations (17) show, as Maxwell pointed out, that a zero value 
for one of the three components of velocity is more probable than any other 
since e etc., have the maximum value 1 when u, etc., =0. This does 
not mean that the resultant velocity is zero, since the other two components can 
have all possible values. With the analogy of the target, if a series of parallel 
lines are drawn across it (parallel to the x or y axis), the one of each se[ which 
passes through the origin has most points on it; points equidistant from the 
centre lie on a circle described about the centre, and the circle passing through 
most shot-marks is not one of the inner circles, which are too small to contain 
many marks, but a circle of medium size. 

The probability for a given velocity c in a definite direction is: 

f(«)f(t l )f(.v)d U dMiH’=(l/aV 2)e ‘’-'dudodiv . . . .(18) 

L S i" C I d ^! dH " = ? T " C2 Sin as shown in § 8. Where c is taken as a, 

this probability is also: ’ 

(1/otVV sin Sd&tydr (19, 

The probability for a given velocity between r and c+dc without regard to a 
par, tcuiar direction is found by integrating (19) over all directions in space, i.c. 
taking 8 from 0 to tt and ^ from 0 to 2 n, which gives a complete sphere : 

(l/aV Ve-"”'dcJ j'^sin 8d0dJ> 

=* (2nc 2 fo i n i ->-<■ “’dcj\in 8d6= -(2c*/«V*)« •’ “dej’d (cos 8) 

«-(2cJ/«V»)e '’“jeos flj dc=(4/aV’')rV' , °'dr . . .(20) 
since costt=- 1 and cos 0=1. 

, nu "ibcr 'of molecules in a total number N having velocities between 

c and c+dc in any direction is 

d^=(4yV/aV»)c 2 e ,,ai dc (21) 

vejnrlvt7 con * lSinl a is ncxl found as Allows. The most probable 

zelocity is found from the condition that (21) is a maximum, i.c. (§9.1): 

T . . . (d/dc)c2e rt -’=0. 

Ihc dilTcrcntiation (§ 13.1) gives: 

2ce ,,J +c 2 (d/dc)e rta, =2ce rta, +cV** , (d/dc)(-c 2 /a 2 ) 

=2ce-‘*’ oJ — (2c/a 2 )r 2 c * a, =2e-‘ : ° ? (1 -c 2 /a 2 )=0, 
and since c J? is not zero: 

I-c 2 /a 2 =0, c 2 =a 2 (22) 

thU mV.7 8 r °8ahle velocity ; hence a can be retained in the equations with 
this meaning. (It should be noted that r in (22) is a special value of the velocity, 
i/. and is not the general symbol of previous, and later, equations.) 


Higher Mathematics for Students of Chemistry 


M«x«dl,y.C^. 1K75. 1.1. 493; Metier, 
and Physics,” 1919. 511. 534. 

IS7.V4T ‘ ^IMmca7- 0 <S'7' S ?7^ a 1 ,i0n “ n i'' GMnvn. 1823; •• Wcrkc." Got, ingen. 



MAXWELL'S DISTRIBUTION LAW 

To find the mm - (« ■ £S 

~ and ,hen ,hc resuit div,ded 

JE- f”c 2 e ‘ 1 '*' • e • dc=(4/«V") [ c ’ e "' : “‘ dc - 
c AT «V*J« Jo 

Put c/«=x, 0-A»; «*/»*-**: dc=adx. 


^ ” * 

c=(4a/V")J xV* 5 dx=(4a/V*)Ji 

• r 


where 7, is the va.ue of the integral. The vaiutj*^' “^^xdA^and 

^ ^J«r-d*— JWer-)— 

Hence: r r i- r — « «*1* 

(*W-dx- -ixV+Jxe-dx]^^ -*e ] # - 

The first term vanishes a, both Umils (0 and -); -he second vanishes a. the 
limit a, but becomes \ at the limit 0, hence. 


y,« fVe-^dx-i (23) 

Jo 


and ?*i(4«/\/w)=2a/V ,r ^ 

iS".Ss';» s ”, Jd di.id.d », » «*. d— » * 

a constant, is performed first): 

Put c/a=x, and integrate by parts twice: 

?«(4«W*)f x 4 c“ lt, d x = (4« 2 / Z v )Ji' 

T£tSr**tSd-; anddo=xe- ,,= -f/2. Hence: 

; 2 ,fx-e-dx=(-ix»c- + ){x'c-dx] o , -(25a) 

The first term in £ brackets vanishes a, both fimi.s; to find the second. 

*^zr.-.d— -d-r^ -=-r 


fxV-dx=[-ixc-’+i|c" , <i*) o 

Jo 1 . . .. ... f. 


. . . (25b) 


The firs, term in the brackets vanishes a, both limits: , find the second ihc 
formula (16) is used: 


J-« J-» ,u.. «•» 


, v n i c has the same value and sign 
Since c-* 1 is an even function of x (§ 2U). • ( _ x)2=x 2), it follows 

ror ec.ua> positive and negative 

» Note ihal c is never negative ; u is »hv > 
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that the integral from — a> to 0 is the same as the integral from 0 to hen c* 

from (3), §21.1: 

”[ 2 fH : 

f"e—d x=^, and fW*, . 

.'o *■ j o 4 

Hence from (25), (25a), and (25b): 

■ 

••• V(c 2 )— V(3/2)a= 1 -2248a, 

or a=0-8165\/(c 2 ) (27 a ) 

This most important result allows the constant a in Maxwell’s equation to be 
replaced by an expression involving the absolute temperature, since, from (15), 
§ 8, c 2 =3kT/m, where k is Boltzmann's constant, 


(26) 


(27) 


* 2 =$c 2 =2kT/m 


(28) 


On substituting a=y/(2kT/m) in (21), this becomes: 

=lNV(2/n))(M/Rr)>' 2 c 2 c-*> 2Rr dc 
since mlk-MjR, where A/= molecular weight. Put jmc 2 
single molecule, then m=2</c 2 , c 2 =2c/m, dc=d«/mc, 

/. <M=[HV(2/n)](m/kT) 3 c . 

and dyv < =Ar[2/ % / w (Ar) J2 Jc-*V(<)dc . . 

Boltzmann, and Jeans, 1 put: 

l/2A7Wi 

<\N=4TrN(hmlTT)' h-^c^c . . 

Equations (24) and (28) give for the mean or average velocity : 

i=2%/Vn-2y/(2kTlirm)=2y/(2RTIrrM) 

It should be noted that c (sometimes denoted byf?)is not the same as x/fc 2 ) 
(sometimes denoted by G): 2 

i-2V(2kT/nm) ± y/{?) = y/QkT/m) 

c = [4/ V(<wr)J v/(c 2 ) = 0 -92 1 3 \/ (c 2 ) (36) 

1° ^ n d *hc distribution of velocities in a given direction, (11) can be used in 
the form: 

dA r w =(A f/aV 2 ) C ^dudtxJn- 

=N(m/2nkT ) 1 2 e -""“ l •**"»> 2kT dudvdw 
1 lie mean kinetic energy component in a given direction is: 

|W J T W/2).e— ^du 
lmu 2 =(\/N)\ — dA T= J — y 


■ (29) 

• (30) 

, the energy of a 

(31) 

(32) 

(33) 

(34) 

(35) 


(37) 


pV"" ! .2*r du 


_1 

Ji 


roL!-,°nT , /, r, K i hi !\t ,a Zr* 22 ' 43 ‘ ??, 5, proposcdy ms,cad of A. ‘O avoid confusion with Planck’s 
2 nr \v ’■ bU hC JT onl,ncn,al notation used above is almost universally adopted, 
cr. "cinstcm. Thcrmodynamik und Kinctik dcr Korpcr," 1901, 1, 142. 
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To find the integrals/, and /* put u^lkT^m, therefore 

/,=*r|* xV^dx, and / 2 =|__ e_< ' dx - 
It has been shown (25b) that: 

f"x 2 e' x *dx=l f e" x, dx. 

Jo Jo - 

and \m*=\kT (38) 

Similarly \m^kT and and since «—*+.*+■«. Ihef ' f °" 

^rSoflS KM«i«r — ' — - - 

assigned value 1 imili 2 will be. 

e 2 * r du 

N'-N^ 

,— a . 


{N'IN) m (2IV”)\ '~“' SxmJ 


(39) 


where ,,-VWW integral cannot be evaluated by elementary 

mathematics, but: 

. (40) 


, r- e-*'* ^T(-1)XW! 


30 

001 


in which as many tern* are to be ..ken as am given by the next whole number 
i' less than x,. The error is then (V2 /*,* 

Values of 7(39) arc: 2 . 2<i yo 

S l 0°«, A £ £ £ £ £ 0 .6 0034 ^ 

The percentages of molecules having velocities in excess o sta e 
u/fl (u=mean velocity) arc: 5 7 . s 

uia .. .. os .o i; 5 5 J? 0 oi2 

Percent. .. 88 80 46-70 , lhc num ber having 

If the motion of the molecules is r * s ' r } c a * d v and t,+dt/ is. from (10): 
component velocities between u and u+ -*dudt;. 

"hcLcl form as the 

from (15), where c i=u*+e\ This eqwlion i» y ^ marksman aiming at 

Gauss formula for the distribution of shots ’ (hc coordinalcs of the 
the centre of a plane target if u and v stand to 2 Thc chancc tha , , hc 
shots measured from the centre of the targe coordinate between y 

x coordinate shall be between x and x+dx. an ' which measures 
and y+dy, is then y. where a is a c 

the skill of the marksman. 4 

• Alexejev, J. Chim.Phys., 1926.1^415. , 940 . 30 5; Edqu*st. Phys. Z, '930. 

* Fuller table in Jeans. " Kineuc TJW® ,,c£misiry. M *• ,0 °- . rhrm 1919 
31. 1032; cf. Hcrefcld in H. S. Taylor. * ph >^ K ?‘ ^ 5 ^ rf. jarvinen. Z. phys. Chcm.. 

» Kcnnard, '* Kinetic Theory of Gases, . 

^MaxwelU.CS.. 1875. 13. 493; " Scientific Papers." .890. 2. 4.8. 

A.T.P.C. — 9 
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In polar coordinates (§ 54.1): dudu=cdcd^, 

dNJN=(\/7To. 2 )t- <i ai cdcd<f>. 

Integration from <f>=0 to 4>=2tt (i.e. over all directions in the plane) gives: 

6NJN=(2/<x 2 )c-‘ ia2 c6c. 

But a 2 •=2kT/m = 2RT/M, from (28), and £=±Ar m c 2 =±A/c 2 , therefore 
6E=Mc6c t 

d N„IN = ( \/RT)t~ E * r d £ (41) 

Since /?7 r =jA/a 2 =most probable energy per mol = £i), this can also be 
written as: 

dA r Br =(A r /£o)e~ £ ^E (41a) 

By integration, the number of molecules having energy 1 E is 

A JV E *d£«-tf |e’**J «AT(1 -e’®*). 

N e -N=-Nc- ee *, 

or N/(N-N e )=c ee * (42) 

The fraction of the total number of molecules in a plane having energy 
in excess of a given value E is given by: 


N E IN=(\/RT)jy ERT 6E=e- BKT 

N e =Nc ert (43) 

This equation applies whenever the energy can be expressed as the sum of two 
so-called “square terms": E=\ax 2 + \by\ where a and b arc constants. In 
this case a=b=m, .v=u, y=v. Equation (43) finds extensive application in 
the theory of reaction velocities. 2 

The deduction of Maxwell’s distribution law given in this section cannot be 
regarded as rigorous from the point of view of classical dynamics, since it 
takes no explicit account of molecular collisions, which arc nevertheless con- 
sidered as giving rise to the distribution of velocities. A more rigorous proof, 
in which the effect of collisions on the distribution was considered in detail, 
was given by Maxwell, 3 and Boltzmann. 4 but as the derivation on the basis of 
Statistical Mechanics (§ 33.IV) is much more direct, the rather long deduction 
on the basis of collision processes will not be given. Attempts to extend it 
to liquids have been made. 5 


' See Kolourniizky.y. Russ. Phvs. Chcm. Soe., 1912. 44. i, 151 (P); Sutton, Phil. Mag., 1914, 
28. 798. 

2 See Hinshclwood. " The Kinetics of Chemical Change,*’ Oxford. 1945, 11, 39, 81. 

> Phil. Trans.. 1867, 157. 49; 1879. 170, 231 ; Phil. Mag., 1868, 35, 129, 185; Trans. Cambr. 
Phil. Soc., 1878-9. 12. 547; ** Scientific Papers." 1890. 2. 26. 681. 

4 Wien Per., 1868. 58. II. 517; 1872. 66. 275; " Wiss. Abh!.," 1909. 1. 49. 316; objection 
by Loren tz. Wien Bcr.. 1887. 95. II. 115; new proof by Boltzmann, ibid., 1887, 95, II, 153; 
1887. 96. II, 891; "Wiss. Abhl," 1909. 3. 272. 292; " Gasthcoric," 1896, 1, 15; sec also 
O. E. Meyer, " Kinetic Theory of Gases." 1899. 45. 368 (including summary of older proofs); 
Bcrthoud. J. Chim. Phvs., 191 1, 9. 352; 1913. 11. 577; 1914, 12, 565; Jeans, " Kinetic Theory 
of Gases." 1940. 102. 

5 Buchanan, Phil. Mag.. 1888. 25. 165; correction for molecular attraction in gases, Shiba, 
Prac. Phvs. Math. Soc. Japan. 1927. 9. 157; Bull. Inst. Phvs. Chen,. Res. Tokyo, 1928, 7, 740. 
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§11. Summary of Formulae 

The equations deduced in § 10 are of such fundamental importance that a 
summary 1 of the main results (in some cases slightly modified by inserting 
values found later in the paragraph than the main equation, numbered below 
as in § 10), is appended for convenience of reference. 

(1) Number of molecules having velocity components in the range du, 

dV,d ’ V ' dN=N(ml2nkT) y2 c- mim, -*' 9l ' 2 * T . . • • • < 37 > 

(2) Number of molecules having a velocity c in the direction of motion given 

by angles 6 and >f> in the range dr, d 0, d<£: 

dN=N(ml2nkT) i 2 e“*‘ , 2 * r r 2 sin 0d0d<£dc .. . .(19) 

(3) Number of molecules having a velocity c in the range dc without reference 

to direction: . . 

dAr=.4 w N(m/27iA7-) )2 c— ' ,2 * r c 2 dc (21) 

(4) Number of molecules each having a kinetic energy in the range < to 

<+d< ’ dtf^Wl/ffATVV^V 2 d« (32) 

(5) Mean velocity of molecules: 

c= y/(MTInm)m |4500\/(77A/) cm./scc.. where A/«mol. wt. . (35) 

(6) Root mean square velocity: 

v /(?)=.%/(3Ar/w»)=l5800 v /(77A/)cm./sec. . . (27)-(28) 

(7) Most probable velocity: 

a- y/(2kTlm)m 12900^(77*0 cm./scc (») 

The various types of molecular velocities arc given by O. E. Meyer, 2 in a 
book still frequently consulted, as follows: 

(i) The Joule-Clausius velocity. C. defined by P =\DG>, where 0-densily 

in g./cm. J , which is our y/(c 2 y, 

(ii) The arithmetic mean velocity. Q= vWM C=0-92I3C. wh.eh ,s our f. 

(iii) The most probable velocity W-\y/^)Q- y/WV. which is our «: 

(iv) The mean probable velocity 0=1 W-0 960. meaning , ha, .here are 

as many molecules with velocities less than O as there r arc ! wrth 
velocities greater than 0: this ts not much used The sutett.utton 
of the translational kinetic energy by TC=1T g.cal./mol, seems 
unnecessary. 


§ 12. Some Useful Integrals 

In the Kinetic Theory of Gases integrals of the type: 

Jx*e *“*dx 

Cambridge. 1940. 63 f. 

*. «?■■»»• »• « ° ( Ma '- 
well’s equation); Tolman.y. Franklin Inst., 1927. 203. 661. 
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(n is an integer) are frequently met with, and some of these have been evaluated 
by integration by parts in § 10. They can be evaluated in finite terms when 
n is odd, and when n is even they can all be related to the integral : 


i: 


e‘***d x=J. 

) 

A general formula for cases when n is even (n=2k) is: 

f"x 2k c~** , dv={ (1.3 . . . (2A- — 1 ))/2 fc * 1 } -v/fW/S 2 * ' '). 
Jo 

and one for cases when n is odd (n=2k+\) is: 

x» l t **d x=k\l2p-'. 


/; 


Special cases 1 (each of which may be obtained from the one immediately 
above it by differentiation with respect to p under the integral sign) 2 are: 


n 

n even (including n— 0): 

M • 

n odd: 

n 

0 

| # e-**dr-J %/<*/#> 

[V***dx«l/20 

1 

2 

f Ve-**dx-!v(«/ 0 >) 

[" ie-fc»dx-l/2^2 

3 

4 

. 

f"jr*e-* , <L* = l/0> 

5 

6 

j # W**d*-ttv'(« /*») 

I x’e-«**cLr-3/^ 4 

Jo 

7 

n 

f "x«e-4i»dx- 1.3.5 . . . (»-lK»/b»/ 


M 


Jo 

• 0 

n 


The integral (2/\A*)J e”* l dx=(2 \/y/n)J t called by Glaishcr 3 the error function, 

erfx, cannot be evaluated in finite form, but must be expanded in a power 
scries and integrated term by term. 

§ 13. Numerical Values and Graphical Representations based on Maxwell’s 
Distribution Law 

Some values of the root mean square velocities and average velocities 4 at 
20° C. in cm./sec., are: 

H: N, O, Hg 

cxIO-J .. 1-755 04703 04401 0 1842 

\/c*xl0-> .. I 904 0 5106 0 4778 0 1908 

Of 1000 molecules of oxygen at 0° C. (mean speed 425 m. per sec.): s 
13 lo 14 have a speed below 100 m. per sec. i.e. T k 
from 100 to 200 


}> 

}» 


81 .. 82 

166 .. 167 200 .. 300 

214 ,. 215 300 .. 400 

202 .. 203 400 .. 500 

.. 152 500 .. 600 

VI .. 92 600 .. 700 

76 „ 77 .. .. greater than 700 

1 Moelwyn-Hughcs, “ Physical Chemistry." Cambridge. 1940. 622; Jeans. " Kinetic Theory 
of Gases. " Cambridge, 1940, 306. 

2 Riemann, " Particllc Diffcrcniialgleichungen." edit. HattendorlT. Brunswick, 1938, 37. 

3 Phil. Mag.. 1871, 42. 294, 421 ; Pcndlcbury. ibid.. 1871. 42. 437; Burgess. Trans. Row Soc. 
Blin., 1897-8, 39. 257 (tables). 

4 Dushman, “ Production and Measurement of High Vacuum." Schenectady. 192 2. 9. 

* J. J. Thomson, in Watts. " Dictionary of Chemistry," edit. Morlcy and Muir. 1890. 1. 87; 
O. E. Meyer, " Kinetic Theory' of Gases." 1899, 57. 
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Fig. 6.111. Graph of (4 against x for Maxwell's Distribution Law 



^£-^( 3 / 2 )* - 1224 * 

\'(8/J*)v^“0 92l V& 
Plot of dV ( -f4/^lW(c-<WW 

=l4/ % '«)Nx»c-**dx 


Oidi- 
— most 
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If the molecular velocity is expressed as a fraction of the most probable 
velocity a from (24), § 10: c/a=Ar, then (21), § 10 becomes: 1 

(l/d.vXdN < //V)=(4/V^).t 2 e^ ; (1) 


The expression on the right is plotted for values of x from 0 to 4 in Fig. 6.III 
(on finding values of e“**=e" r , where y=x 2 , see § 13.1). 



l ie;. Kill. Graph of Ma*ucll-Bolumann distribution of energies. The ordinates represent 

(2/n »)| \ ix)c-* 3 dx 

plotted against v=» hr. The left- and right-hand curves have corresponding scales. 

The ordinate for each value of x gives the fraction of the total number of 
molecules which correspond with the range d.v= 1. The curve rises steeply 
to a maximum at ,v= I for values of x from 0 to 1, and then falls more slowly 
for larger values of .v. the ordinate at a*= 3 being already quite small. The ordi- 
nate approaches the limit zero only when .v approaches the limit infinity, but it 
is clear that the values are quite negligible for values of x greater than about 4. 

If a small rectangle is erected on the base d.v, its area is d.v(l/d.v)(dA' < /A r )= 
d NJN, hence it gives the fraction of the number of molecules having velocities 

1 Natanson, Ann. Pins., 1888. 34. 970: Z. pins. Client., 1894. 14. 151; O. E. Meyer. 

" Kinetic Theory of Gases,” 1899, 51 ; Jarvincn, Z. phys. Chem., 1919, 93, 743. 
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between x and x+dx. This depends on the position of dx, and is given in the 
following table: 


dx 

d INJN 

dx 

0-01 

0001 

13-1-5 

01-03 

0 021 

1-5-1 -7 

0-3-0-5 

0063 

1-7-1 -9 

05-07 

0112 

1-9-21 

0-7-09 

0149 

2 1-2-5 

09-1-1 

0161 

25-30 

1 -1—1-3 

0150 



d AWN 
0 112 
0-078 
0058 
0034 
0030 
0008 





The total area under the curve is (lwJ"dW = l. The table shows that the 

fraction is greatest in the neighbourhood” of x=l. i.e. when the molccular 
velocity is the most probable velocity a. The curve « , “ 
regards c=a or x-1. the area on the right bang somewhat larger hence the 
average velocity c is somewhat greater than a. as shown. From 24) § 10, 
c=1128a. The value of the rooi-mean-square velocity, v(‘ )- 1 -2.48a. is 
also shown. 
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§ 14. Molecular Shower Formulae 

The kinetic-molecular interpretation of the pressure exerted by a gas on a 
containing vessel is that a continuous hail or “ shower ” of molecules, pictured 
as excessively small elastic hailstones, beats constantly against all parts of the 
surface and is reflected from it. The number v of collisions per second on 
unit area is given by (7), § 8, in which, to include all types of molecules moving 
in a direction normal to the wall, c is replaced by c, the mean velocity, given 
by (35), §10: 

v=N'cl4V={NI2V)x\2RTInM) (1) 

which gives the number of molecules striking 1 cm. 2 per sec. For 1 g.mol. 
(mol) of gas, V=V m (molar vol.), N=N (Avogadro’s number), 

/. N/V=N/V m =NplRT, 

. , Np I2RT Np j RT p 

* ' v 2RT*J vM RTfJ 2nM y/(2 vmkT) * ’ * W 
where m=M/N= mass of molecule (A/=mol. wt.), k = R/N= Boltzmann’s 


constant. Equation (2) may also be written as: 

v'=Nf \/(kT/2mn ) (3) 

where ^concentration 1 in mols/lit., since p=RT/V=£RT. 

If p is in dynes/cm. 2 , equation (2) may be written: 2 

y'=2’653x \Q l9 p/y/(MT) (2a) 


The mass, p, of gas (in grams ) striking per sec. 1 cm. 2 of wall (or other solid), 
exposed to 1 cm. 3 of the gas, is found by multiplying (1) by the mass m of a gas 
molecule (or the average mass m for a mixture of gases): 

,i = vm=Nmcl4V=ipc=i(\fp/RT)2V(2RT/nM)=p>/(MI2TrRT) . (4) 
where p=Mp/RT= density in g./cm. 5 . 

The number of mols (g.mol.) striking 1 cm. 2 per sec. is found by dividing • 
(2) by the number of molecules in a mol, i.e. iV, and is: 

v''=v’/N=(piRTW(RT/2n\f)=(\/y/(27rR)](plV(MT)). . (5) 

In (4) and (5), p and R must be in e.g.s. units, p in dynes per cm. 2 and R in 
ergs per degree per mol. These equations play an important part in the theory 
of heterogeneous reaction velocity. Equation (2), apparently first deduced 
by Hertz. 3 and extensively used by Langmuir and others, is sometimes called 
the ** Hertz-Knudsen equation." 

§ 15. FfTusion 

It the cm.- of surface exposed to the molecular shower (§ 14) is supposed to be 
a small trapdoor which is suddenly opened (Fig. 10.III), the number of molecules 
rushing in all directions 4 (" cosine law ") through the trapdoor into a vacuum 
is equal to the number coming to it in the molecular shower, viz.: 

Nc/4 V=pCI4m=pW(2mnkT) (1) 

1 Since the symbol c is here reserved for the molecular velocity, an alternative symbol for 
concentration is taken as the Greek letter f, this being the symbol used by Guldbcrg and 
Waage in their classical memoir on mass action and so having an historical sanction. (An 
alternative would be [c). or some other symbol.) 

2 Dushman. " Production and Measurement of High Vacuum.” Schenectady. 1922, II. 

J H. Hertz. Ann. Phys.. 1882. 17. 177; O. E. Meyer. “ Kinetic Theory of Gases," 1899, 80; 
Knudscn, Ann. Phvs., 1909. 29. 179; Marcclin. J. Chim. Phys.. 1912. 10, 680; Langmuir, 
Phys.Z., 1913, 14. 1273; J.A.C.S.. 1913, 35. 105, 931; 1915. 47.417, 1 139; Volmcr and Ester- 
mann, Z. phys. Chem., 1921. 99. 383. 

* The uniform distribution of velocities in space was experimentally proved by Mayer, 

Z. Phys., 1928, 52, 235, with a torsion balance and molecular rays. 
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where p=density, from (4), § 14. Equation (1) applies only to a gas streaming 
into a vacuum. The rate of efflux (or effusion) is the same as if the gas of 
density 0 streamed through the aperture with a uniform linear velocity ,c. 
The dependence on m shows that the rates of effusion of different gases at the 
same temperature and pressure are inversely as the molecular 

weights or the densities. This is Grahams law of effusion (§ 5.V11 D) 

Graham > in 1846 tested this by measuring the rates of passage of various 
gases streaming through a fine perforation in a brass plate into air, with the 
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Rate of Effusion 

Gas 

(air = 1 ) 

(air-1) 

Hydrogen 

Methane 

Ethylene 

Nitrogen 

Air 

0 263 

0 745 

0-985 

0-986 

1000 

0276 

0753 

0987 

0986 

1 000 

Oxygen 

Carbon Dioxide . . 

1-051 

1-237 

1-053 

1-203 




Fig. 10.111. Eilusion 


ine numbers in me sccona anu uwu 
probably exceed the experimental errors. The 
reason was discovered by Knudscn 2 in 1909. 

The molecules, which arc of finite size, enter into 
collisions with one another in passing through 
the aperture, and this interferes with the mole- 
cular streaming. Knudscn used a very small hole 
in a thin platinum sheet sealed on the end of a 
glass tube In one case .he sheet was 0 0025 mtm.h.ck and the hole had an 
area 5xl0-‘ cm.*; in another the sheet was 0 005 mm. thick -nd ‘h 
66 x 10-* cm.*. The results agreed with the theory at very low pressures (do* 

to 0 01 mm. Hg), when collisions were very infrequent. 

The agreement was good when the mean free path ($ ) 1 , 

was not less than ten times the diameter of the hole. Eor s • j 

the amount of gas effusing was somewhat greater 'han.ha, g.ven by (Ihaml 
as the pressure increased the molecular flow passed o\cr i n U 

predicted by the hydrodynanucal formula for the flow of a “" “oris llu; 0 ; 
This can readily be deduced for the simple case " PP 6 as 

(described in § 5.V11 D), in which apertures of 0 01-01 mm. 

“mount of work spent in forcing each of two gases through the 

aperture is represented by the rise in level of the liquid betw im . 

the effusion tube, and is the same in each case, so that the motion of 

parted to each gas is the same. If u, and „ 2 are the velocities of bulk motmn o 
the gases, i.e. the speeds at which the liquid level 
m, and m 2 arc the total masses of gases expelled. These oc P> I 
therefore m 1 /m 2 =p,/p 2 = A/,/A/ 2 . where p^den^ty.A/^mol.'vt^^ 

1 / i/m 2 == z 2 /^ 1 * where ti and / 2 are the effusion times for L< l u ‘‘ 1 

/2 2 /^l 2== Pl/p2=^l/^2 


• Phil. Trans.. 1846, 136. 573; " Researches." 1876. 88 , 559 . 

* Ann. Phys., 1909, 2*. 75; 1911. 35. 389; Smoluchowski. iM.. • • 

1 Os tv. aid, " Lchrbuch der allgcmcincn Chemic." 19IO. I. I 'o- 

9 * 
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This applies only to isothermal effusion. For adiabatic effusion the ratio of 
specific heats y=c p /c t is involved. 1 

Consider a small aperture of area A in a thin plate dividing two portions of 
gas at pressures pi and p 2 . The numbers of molecules reaching the two sides of 
A will be, from (1): 

v l A=p l A/\/(2TTmkT), and v 2 A=p 2 A/ \Z(2nmkT), 
hence the number passing through per second will be (pz>P\): 

A(v 2 -v{)=(p 2 -pi)[Aly/{27rmkT)] (3) 

or the volume in cm. 3 measured at unit pressure (1 dyne/cm. 2 ) is: 

y=A(u 2 - Vl )kT=(p 2 -p l )Ay/(kT/2nm)=A^py/{RT/2nM) . (4) 

For a circular opening of diameter </cm.: 

V=dp(7Tii 2 J4)\/(RT/2rr\f)=2S(>4<l 2 dp\/(T/M) cm. 3 . . (5) 

The case when the gas issues into another gas (c.g. the atmosphere, as in 
Graham's and Bunsen’s experiments) instead of into a vacuum requires special 
consideration. Saint-Venant and Wantzel 2 found by experiment that the rate 
of elllux is about the same as that into a vacuum, provided the gas is driven 
through the orifice by a pressure not less than twice that in the gas into which it 
passes, and this result is easily explained. 3 The gas molecules passing through 
the orifice into a space less densely filled with gas rarely collide with others, 
since most of the latter have also only just emerged from the orifice, and arc 
moving in the same direction, with nearly the same speed, as those which 
follow, and hence arc rarely overtaken by them. If the exterior pressure is not 
much less than that within, the distribution of pressure in the orifice, and in its 
immediate neighbourhood, is quite different from that when flow occurs into 
a vacuum. But with two different gases, with the same values of the pressure 
within and without, the pressures in the orifice will be the same in the two cases, 
and the speed of efflux is still proportional to the molecular speed. 

I he amount Q of gas passing in a given time by effusion through a capillary 
ol diameter </ with a pressure difference J/>, is approximately given 4 by 
Q—K<l 2 \ Ap for J/»=01-l | atm., and Q = Kt! 2 $ Ap for Jp= 1 *1-2-0 atm., 
A being a constant depending on the gas. 

An interesting application of low pressure effusion, to which (1) applies, is 
the determination of the degree of dissociation of a gas or vapour at various 
temperatures. A small constant flow of gas at a small pressure (~01 mm. Hg) 
escape-' through a small hole of area A into a high vacuum. For a substance 
X 2 *- 2 X. if there were no dissociation: N'—Ap'l\fl27rm 2 kT)> but if there is 
dissociation: /V 2 =.4/7 2 / v '<2jrw 2 *7') > and N x = Ap l ly/{2irm x kT ). where the 
suffixes I and 2 refer to X and X 2 . But N'=N 2 +{N U and />=/?, +Pi* 
where p is the pressure at the small hole. Thence it can be shown that 
Pi = (\/2/(v/2— l)l(/>— />'), and as p is measured and p' can be calculated, 
Pi and hence the degree of dissociation, can be found. 5 

‘ Bunsen. " Gasomctry." 1857. 121: O. K. Meyer. Ann. Phis.. 1866, 127. 253; Donnan, 
Phil. Mat;.. 1900. 49. 423 (bibl); Voss. Ann. ,/e Phis.. 1923. 20. 66. 

2 J. de l'£cole Polyfechn., 1839. |6. xwii. 85. 

1 O. F.. Meyer. ** Kinetic Theory of Gases." IS99. 85. 

4 Kulisky. Schevchcnko, and Goronovsky. Anwr. Chan. Absir.. 1943. 37. 3647. 

» Wcide and Bichowsky. J.A.C.S., 1926. 48. 2529 <! : ); Dc Vries and Rodcbush. ibid., 

1927, 49. 656 (Br : and I*); Bichowsky and Copeland, ibid., 1928. 50. 1315 (H); Eyring, ibid., 

1928, 50. 2398; Wrcdc.Z. Phys., 1929. 54. 53 (H. N. O). 
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FiO. 1 1 .III. Thermal Diffusion 


§16 

s&h it.g=s=f sr ssssssi 

they will gradually reach equality by trans- 
piration. If, however, the temperatures 
of A and B are different, the rates of 
transpiration will differ, the gas lending 
to pass from the cooler to the warmer 
region, and a steady state is reached with 
different pressures in A and B. This 

phenomenon was predicted by Neumann ^ ^ Rcyno|ds , inde . 

A ,hcory of 11 " a ‘ siven 

by Maxwell, 4 who called it tUcrmoT pressures, densities and 

absolute ^emperatures^n A and B^the tem^ra^ure difcrencc^n^pejnumently 

rxwssr 33?oWS sc. « 

and hence the ratio of the pressures is. (I) 

PaIPo^Pa a Pn b \ found good agreement 

* Nhcr pressures the agreement broke 

d °The phenomenon of lhcr ^ 'by°™"™ 

when pieces of apparatus at differc p* apparatus be 

tubes. Not only will the total pressures ldc * hc ^ , h e pressure is m easured 
different, so that considerable errors may f „ ascs j s usc d there may 

only in one par,, bu, also m «£»• * XhfJKS «l«" * which is of 

be differences in composition .n different parts 1 1 

importance in dctcrmmmg equilibrium compositions. 

; ** «■ " ,J - 45 9: ,8,J ' 49 ' l0,; 

"wS Trim.. 187,. ,70. 727: - « 7 "> ; K " Ud “"' 

• PM. Tram., 1879. 170. ?>'•; til »«. Sue.. 1919. 31. 278; 

«• 267; VJ " ,,KIbKk am ' 

Ml/. Mo,.. 1917. 34. 146: 1919 38. 82: 1928 S. ,Vii. 99. 385; 1925. 107. 470. 

Dootson, Phil. Mate.. 1917. 33. 248. Ibbs. |y2 5 , 08 J7g ; Eastman. JA.C.S.. 

Physica, 1937, 4. 1133; EUiou and Mauof^. Proc. s • 97; Rfxkbush . ih„L 1927. 

1926. 48. 1482; 1927. 49. 794; ,0,9; Weber. Oh*m. Lchkn 1932. 

49. 792 (correcting Eastman,; Lugg. ™ J low’ temperatures,: Blub. Blich. and Pusch- 

Suppl. 716; Weber and Keesom W..I9M. J23Mk»w Wg 1W0> 8 . 949: Leaf and 

ncr, Phil. Mu,.. 1937. 24. 1103; Wall and Holley, A C*«». ** 

Wall. J. Phys. Chen,.. 1942. 46 820. jnd Kncppcr . /. Elekiruchem 

* Forster and Gcib. ifnn. '/ J4 ’ *°* .J?,* «, i 7W >. ,933, 55. 1376; Chipman and 

.936, 42. 681 : Emmcl. and Shut./. J A.C.S I911M. 3780 ^ 29. 1248 

Fontana. «/„</.. 1934. 56. 201 1 : Tompkins and WhocKt^run 846; , 937 . 43. 

Towndrow. Them. London. 1937; Damkohkr. Z. Ekktrochen,.. 

1.8; Darken and Smith. J.A.C.S.. 1945.67. 1411. 
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The correction for the pressure read on a manometer which is at a different 
temperature from the vessel is possible only in two extreme cases: (i) when the 
diameter of the connecting tube is small compared with the mean free path (1) 
can be used; (ii) when the diameter is large compared with the mean free path 
the correction is more complicated and is based on a formula deduced by 
Maxwell: 


AT Mp/\ 4 +% 2/ 


( 2 ) 


where ^ = viscosity, A/=mol. wt., </=diametcr of tube, ^coefficient of slip 
(§ 12. VII F). Owing to the dependence of q on temperature and of £ on tempera- 
ture and pressure, the exact calculation is difficult and is best made graphically. 1 
The necessity for these troublesome corrections is not always appreciated and 
large errors may enter at low pressures. The factor 6*1 has been used by 
Knudscn 2 in place of 4 in 4£r//2. For higher pressures £ may be neglected and 
(2) integrated to give: 

Pi 2 -P2 2 = 6W?( 7V- 7* 2 2 )l(d 2 T 0 /4)M .... (3) 

in which Knudscn replaced 6 by 7-4. Knudscn's formula is: 

Pi 2 —Pi 2 =c(T\ 2 —T 2 2 )/273 2 (dyne/cm. 2 ) 2 . 


where c varies only slightly with temperature but depends on the tube radius R, 
viscosity >/ 0 of the gas at 0' C.. density p 0 at 0° C. and 1 dync/cm. 2 pressure, and 
Sutherland’s constant C (sec § 5. VI I F): 


k /I +C/273\ i/o 2 
4 0- 30967 \ I +C/T JpqR 2 ‘ 

The constant k from elementary kinetic theory is 1. but experiments gave 
k = 2-3. 


The separation effect in thermal diffusion has been largely used in the separa- 
tion of isotopes, 3 an application suggested by Chapman 4 in 1919. 


' Bichowsky and Wilson. Pins. Rev.. 1929, 33. 851: Herzfcld. in H. S. Taylor, " Physical 
Chemistry." 1931, I. 196; Konnard. " Kinetic Theory of Gases," 1938, 330. 

2 Ann. Phys., 1910. 33. 1435: 1927. 83. 797; Weber. Comm. Leiden, 1937. 2466; Weber, 
Kcesom, and Schmidt, ibid., 1937. 246<i. 

3 Clusilis and Dickel. Saiurwiss.. 1938. 26. 546; 1939.27, MO. 148; 1940. 28, 461. 71 1 ; 1941, 
29. 560; /. pins. ( hem . 1939. 44 ». 397.451; Welch. Ann. Rep. C.S., 1940. 37. 153 (review) 
Cacciapuoti. \uo:\ Cim.. 1941. 18, 114 (review). A selection from the exuberant literatur 
on thermal transpiration and gas and isotope separation is given below: Ibbs and Underwood 
/W. Pins. Soe.. 1927. 39. 227 (CO. N : ; CO*. N.-O); Bluh and Bluh. Z. Pins., 1934, 90. 12 
Shibata and Kitassaga. J. ( hem. Soc. Japan. 1936. 57. 1300; Bluh. Bluh. and Puschncr. Phil 
Mac., 1937. 24. 1 103; Ibbs. Physica. 1937. 4. 1133; Puschncr. Z. Phys., 1937. 106. 597; Euckcn 
Oshrr. ( hem. Ztc.. 1938. 41. 137; korsching and W irt/. Naiurwiss.. 1939. 27. 110, 367; Ber 
1940. 73. 249; Blumontlul. Phil. Mac.. 1939. 27. 341 ; Gillespie. J. Chcm. Phys., 1939. 7. 530 
Atkins. Basiuk, and Ibbs. Proe. Roy. Sor.. 1939. 172. 142; Nier. Phvs. Rev., 1939, 56. 1009 
1940. 57. 30. 338 l urry. Jones, and Onsagcr. ibid. 1939. 55. 1083 (bibl.); Brewer and Bromley 
ibul., 1939. 55. 590; Watson, ibid.. 1939. 56. 703; 1940. 57. 899; Bramlev and Brewer. J. Chen 
Pins., 1939. 7.553.972; Maicr. ibid.. 1939. 7. 854; Taylor and Glockler. ibid., 1 939. 7. 85 1 ; 1 940 
8. 843; Taylor, .\amre. 1939. 144.8; van der Grintcn. Naiurwiss.. 1939. 27. 317; Waldmann 
ibid.. 1939. 27. 230; 1943. 31. 204; 1944. 32. 222. 223; Z. Phvs.. 1939. 114. 53; 1943. 121. 501 
Groth. Satunviss.. 1939. 27. 260; I rankel. Phys. Rev.. 1940. 57. 661; Bardeen, ibid., 1940 
57. 35; 1940. 58. 94; Brown, ibul.. 1940. 57. 242; 1940. 58. 661; Jones and Furrv. ibid., 1940 
57. 547; Jones, ibid., 1940. 58. 1 1 1 (summary of theory |; Meischmann. Phvs. Z., 1940. 41. 14 
Groth and Harteek. Naiurwiss.. 1940. 28. 47; Srivastava. Proe. Rov. Soc., 1940. 175, 474 
Proc. A at. Inst. Sci. India, 1941. 7. 289; Wcsthavcr and Brewer. J. Chcm. Phvs.. 1940. 8. 314 
Scaborg. Wahl, and Kennedy, ibid.. 1940. 8. 639; Wall and Holley, ibid.. 1940, 8, 348; Chap 
man. Nature, 1940, 146. 431. 607; Proe. Roy. Soc.. 1940. 177. 38; Krasny-Ergen. Phys. Rev. 

* See note ? on page 267. 
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Enskog’s 1 theory predicts a tendency of heavier molecules to diffuse towards 
the lower temperature region until the thermal diffusion is balanced by ordinary 
diffusion tending to produce a uniform composition; lighter molecules tend to 
pass into the higher temperature region. 

If a mixture of two gases of molecular weights A/,. A/ 2 , in mol fractions 
(§ 57.11) N { . N 2 , is contained in two connected vessels at absolute temperatures 
T,, r 2 , the difference in mol fraction of cither constituent is AN-k, In (/ :/'>)• 
where ’ k T is the thermal separation coefficient, 
equal to £) T /D 12 *«JV,/V 2 , where D r , D l2 are the 
thermal and ordinary diffusivities and a is the ther- 
mal diffusion constant. If the molecules arc perfect 
elastic spheres, a = 105( A/ 2 — Af ,) ' H 8( A/ 2 + A/ ,). but 
the imperfect behaviour of real gas molecules re- 
duces the value of a to about half the theoretical. 

The equation for AN also applies to a gas mixture 
between horizontal parallel plates at temperatures 
r h r 2 , with a concentration difference on the plate 
surfaces. If this apparatus is turned so that the 
plates are vertical, a convection current in the 
direction shown by arrows in Fig. 1 2.1 1 1 is set up. 

This carries upwards the gas enriched in lighter con- 
stituent at A, and the gas descending at B contains 
more of the heavier constituent. A second concen- 
tration gradient develops in the direction CD, which 
may be considerable even if the changes due to 
thermal diffusion along AB arc very small. If the apparatus is very I. d '■ 
opposing effects of convection currents arc reUltv^ unimportant, and con 
siderablc ennehments of the components are produced at die top and bo to m. 
In Clusius and Dickers apparatus, a long vertical glass tube. ^me wd! 
by running water, had an electrically heated amal platinum or mchromc wire. 

.940, 58. 1078; No,o,c. 1940. 145. Mj’ Hc4m!1bb.!’nd 

150, 320; 1945, 156. 267; Schmal and Schewe.Z. Ekk lrochem \ I94U 4 ». w » • 

Wild, Proc. Roy. Soc.. 1941, 178. 380; Nicr and Bardeen. J Chen, «> 7 9. «0. H.roia 
Boll. Ch,m. Soc. Jopon. 1941. 16. 274; Clusius and Ko.alsk. / get»^W. I941.47 ; 

9. 923; Stcinwald, Die Chemie. 1942. 55. 152; StcUcr A S2B 348; 
Amer. Chem. Abs.r .. 1944. 38. 4846; Clusius ami D.ckd. Z.phy < Chem I 34 ZB. 

1943 53 B 178- 1944 193, 274 (see also above): Harrison. Proc. bic.. -• ■ 

.24, 175; Grew. Proc. Roc. Soc. 1947 . 89.402; 

Naiurwiss., 1947. 34. 166; Angew. Chem.. 194-5 ' 3 ,. y - k ., / Naiurforsch.. 

IWifcre - 22h MS 

1948. 16, 636; Bernstein and Taylor, ibui. 1948. 16. 903. 

• See note 5 on page 267. 
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the parallel surfaces were thus in the form of concentric cylinders. In other 
forms a rigid internally heated inner tube replaced the axial wire. The chlorine 
isotopes 35 C1 and 37 C1 were separated in a nearly pure state as H 35 C1 and 
H 37 CI by using hydrogen chloride, and ,3 CH 4 from methane. In some cases, 
chemical exchange methods lead to better isotopic separation than thermal 
diffusion. 

A supposed inversion of the thermal diffusion effect is said 1 to occur during 
the process of spontaneous mixing of two gases stratified with the lighter gas 
above. The upper gas becomes slightly warmer and the lower gas slightly 
cooler, but when mixing is complete the temperature has again its initial value. 
Waldmann calculated a possible maximum change of temperature of 7° on 
diffusion of nitrogen into hydrogen. 

A similar effect to thermal diffusion in gases is found in liquids, and the 
so-called Ludwlg-Soret effect, a change of concentration of an unequally heated 
solution, becoming less concentrated in the warmer part, is supposed to depend 
on the same causes as thermal transpiration. 2 It has also been used for isotope 
separation. 

An elementary theory of thermal transpiration and gas separation was given 
by Rai and Kothari 3 and by Fournier, 4 an advanced treatment by Chapman 
and Cowling; 5 the theory for Bose-Einstcin and Fcrmi-Dirac gases (§ 36.IV) 
was given by Gogate and Kothari. 6 

' Clusius, Naturwiss., 1942, 30. 711 ; Waldmann. Z. Naturforsch., 1947, 2 A. 358; Z. Phys., 
1947, 124, I ; cf. Dufour, Arch. Sci. Phys. Nat., 1872. 45. 9; 1874. 49. 103; 1875, S3. 177. 

2 Ludwig, Wien Ber., 1856, 20. 539 (note of fact only); Sorct, Arch. Sci. Phys. Nat., 1879, 2, 
48; 1880, 4, 209 (many experiments and theory); Ann. Chim., 1881, 22, 293; van't Hoff. 
Z. phys. Client., 1887, I. 487; van Bcrchem, Compr. Rend., 1890. 110, 82 (ment. Ludwig); 
Dcs Coudrcs, Ann. Phys., 1894, 52. 191 (bibl.l; Arrhenius. Oftersigt af K. Vctcnsk. Akad. 
For hand!., 1894. No. 2. 61 ; Z. phys. Chan., 1898, 26. 187; Abcgg. ibid., 1898, 26, 161 ; Duane, 
Ann. Phys., 1898. 65. 374; Z. phys. Chan., 1898, 27. 674 (abstr.); Licbcnow, Ann. Phys., 1899, 
68. 316; 1900. 2. 636; Voigt. Ibid., 1899, 69. 706; Wesscls, Z. phys. Chan., 1914, 87. 215 (bibl.); 
Eilcrt, Z. anorg. Chan., 1914, 88. I ; Chipman. J.A.C.S., 1926. 48. 2577; Porter, Trans. Faraday 
Soc., 1927, 23. 314; Bruins. Z. phys. Chan., 1927, 130. 601; Eastman. J.A.C.S., 1928. 50. 
283; Bruzs. Z. phys. Chan., 1931. 157. 422 (bibl.); Clusius and Dickcl, Naturwiss., 1938. 26, 
546; 1939. 27, 148; Z. phys. Chan., 1944. 193. 274; Korsching and Wirtz. Naturwiss., 1939, 
27. 1 10. 367; Z. Elektrochan., 1939. 45. 662; Bcr., 1940. 73. 249; Wirtz. Natnnxiss., 1939, 27, 
369; Ann. Phys.. 1939. 36. 295; Debye. Ann. Phys., 1939. 36. 284; Hiby and Wirtz. Phys. Z., 

1940. 41, 77; Taylor and Ritchie. Nature. 1940. 145. 670; Gillespie and Brcck, J. Chan. Phys., 

1941, 9. 370; Carr. Phys. Rev., 1942. 61. 726; J. Chan. Phvs., 1944. 12. 349; Hirota, Bull. 
Chan. Soc. Japan, 1941. 16. 475; 1942, 17, 286; /. Chan. Soc. Japan, 1942, 63. 105, 292, 999, 
1061 ; 1943. 64. 16. 1 12. 756; Hirota. Matsunaga. and Tanaka, ibid., 1943. 64. 81 1 (fused salts); 
Hirota and Kimura, Bull. Chan. Soc. Japan, 1942. 17,42; 1943, 18, III; Fournier, Conipt. 
Raul, 1942. 215. 529; Korsching. Naturwiss., 1943. 31. 348; 1944. 32. 220; Wirtz, ibid., 
1943. 31. 349, 416; Alkha/ov. Murin. and Ratner. Bull. Acad. Sci. U.R.S.S., 1943. 3; for 
Sorct effect in solid mixed crystals: Reinhold. Z. phys. Chan., 1929. 141, 137; Z. Elcktrochcm., 
1929, 35, 627; Reinliold and Schulz. Z. phys. Chan.. 1933. 164, 241 ; for isotope of Ag separa- 
tion by conduction of ion transport in solid Agl. Klemm. Z. Natur/orsch., 1947, 2A, 9; Van 
Drancn and Bcrgsma. Physica, 1947. 13. 55S; dc Ciroot. ** L'Effct Sorct," Amsterdam. 1945; 
Cotnpt. Rend., 1947. 225. 377; J. de Phys., 1947. 8. 129. 193; Ninii. Suomen Kcmisl., 1947, 20 B, 
49; Atner. Chan. Abstr.. 1948, 42. 2822. 

3 Indian J. Phys., 1943, 17. 103; Cacciapuoti. Nuov. Citn., 1943, 1, 126. 

4 J. de Phys.. 1944, 5, I (including effects of molecular diameter). 

5 '* Mathematical Theory of Non-Uniform Gases." Cambridge. 1939, 252; Powell, Rep. 
Progr. Phys., 1939. 5. 164; Furth, Proc. Roy. Soc.. 1941-2. 179, 461; Jensen and Waldmann, 
Naturwiss., 1941, 29, 467; Jensen. Angaw Chan., 1941, 54, 405 (the complicated equations are 
given in full in Anier. Chan. Abstr., 1942. 36. 441 1 ); Gurevich, J. Phys. U.S.S.R., 1945, 9, 312. 

6 Phys. Rev., 1942, 61. 349. 
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§17. Evaporation 

The equilibrium between a liquid or solid and its saturated vapour is kinetic, 
i.e. as many molecules leave the liquid or solid in unit time as pass back to it 
from the vapour. 1 The rate of evaporation from the condensed phase is 
constant at a given temperature, so that if the pressure of the vapour is lowered 
the rate of evaporation exceeds the rate of condensation, since the latter is 
proportional to the number of vapour molecules impinging on the condensed 
phase per second, and this is shown by (2), § 14 to be proportional to the pres- 
sure. If the pressure of the vapour is increased above the saturation value the 
rate of condensation exceeds the rate of evaporation. In both cases, when the 
equilibrium has been upset, it is ultimately restored by evaporation or con- 
densation (sec § 40.11). . , , . 

Since the rates of evaporation and condensation arc equal when the vapour 
is saturated, it might seem that the rate of evaporation could be found by 
equating it to the rate at which vapour molecules impinge on the condensed 
phase, as given by (1). § 14. A difficulty arises from the fact tha III i is b> -no 
means certain that all the vapour molecules striking a solid are condensed a 
fraction may be reflected from it without condensing. A factor «, called he 
coefficient of evaporation, giving the fraction of the impinging molecules which 
condense, must be introduced, and unless « ,s known or can be shown to be 
unity, the rate of evaporation cannot be found. The amount of maternal 
evaporated in g. per cm.* per sec., and also returned to the condensed phase by 
the vapour, is then given by (4), § 14. multiplied by *: 

w=nnn=3 9.p\'(Ml2iTRT) (*) 

Information on the value of a in the evaporation of nie-curyisg,vcnby 
direct experiments 2 in which the mercury was contained in a very high vacuum 
between ffic walls of a thermos vessel, the inner wall being cooled by liquid air 
and the mercury was kept at a given temperature by immersing the vessel in a 
thermostat" 0 The evaporating molecules passed across .he sp.ee practKafly n 
free paths without collisions, and condensed on the glass al 
lure The deposit was melted off and weighed, and thence the rale of vvapora 
.ion determined. The value of « was found to be approx, ma c lor hqu d 
mercury and for solid mercury below - 140= C .. whilst foe so!, d nK^u y above 
-100C. it was about 8 to 10 per cent, less than I. Since the formula < > 
contains the molecular weight, and the vapour pressures of ^ ^ 
nearly equal.* the rates or evaporation of the isotopes of mcreu^ should be 
slightly different; this was shown to be the case by measuring «h* density of ti c 
liquid condensed mercury and of the residual mercury. If a " 

assumed .= 1 , equation (1) gives a means of measuring vapour pressures (see 

§ 12. VIII J, Vol. II). 

• Clausius. Ann. Phv ,.. 1857. 100. 35): Die mechanise* Thcoric dcr Case, in " Die 

mcchanischeWarmeiheonc. ‘ Brunswick. IXX9-'>I. 3. I- w ,«o 0 , 06 144 (Hi:); 

* Knudscn. »i5. 47 - “J ,^2 43 JuHg Volmcr and 

1921, 107. 6»9 (Cb); Z. phys. Chrnt.. 1921. 99. W. PM. M*K.. • 

F.sicrmann, Z. Phys.. 1921. 7. I ; Mulliken and Hark.ns. J.A.C S.. 1 «2. 44. 37. 1033. »' 

“"i <■— ; wilb H compounds. 

the differences arc quite large. See V I0.VIII L. Vol. II. 
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§ 18. Experimental Tests of Maxwell’s Distribution Law 

Several experimental tests of Maxwell’s law of the distribution of molecular 
velocities have been made. 

(i) The wavelength of light emitted by a moving atom will be modified by a 
Doppler effect, and the broadening of the spectrum lines of monatomic gases 
agrees 1 with Maxwell’s law applied to a large number of radiating atoms. 

(ii) If a copper plate is covered on one side with glass and suspended from 
a fibre as a vane in chlorine gas, the copper side experiences a smaller pressure 
than the glass side because some chlorine molecules combine with the copper 
and do not rebound elastically; the momentum imparted is then mu and not 
2/m/, where // is the velocity normal to the plate. If it is assumed that combina- 
tion occurs only with a minimum velocity, the variation with temperature of 
the pressure difference and the increase in weight of the plate were found by 

Cantor 2 to agree with the distribution 
law. A similar method used by Kap- 
pler 2 depended on the condensation 
of molecules from a vapour at low 
pressure on a vane of a miniature torsion 
balance. 

(iii) A model in which steel balls 
moving on a glass plate by sliding a wood 
containing-framc gave results corres- 
ponding with a Maxwellian distribution. 3 

(iv) The first direct measurement 
of molecular velocities was made by 

Fio. 13.111. Stern's Experiment Stern. 4 The principle is the same as 

that used in the aberration method for 
determining the velocity of light. A platinum wire W (Fig. 13. Ill) heavily plated 
with silver was surrounded by a cylindrical drum D with a narrow slit S, this 
being in turn enclosed in a larger concentric drum PP'. The whole could be 
rotated as a rigid body about W and was contained in a vacuous enclosure. 
The wire W was heated electrically to such a temperature that silver atoms were 
thrown olf. and as the pressure was very low these had long free paths and many 
passed through the slit S. With the apparatus at rest these condensed at P on 
the outer drum, but if it was rapidly rotating the outer drum moved an appre- 
ciable distance before the beam of silver atoms struck it, and the atoms were 
deposited at P'. Atoms moving at different speeds deposited at different places, 
and the position and intensities of the deposits would indicate the distribution 
of velocities of the atoms. By rotating the drum first in one and then in the 
other direction, two lines each displaced from the central position P by equal 
amounts were obtained. The average velocity of the silver atoms was found 

1 Rayleigh. Phil. Mai:.. 1889. 27. 298; Michclson. ibUL. 1892. 34. 280; Fabry and Buisson, 
Comp l . Ren,/.. 1912. 154. 1224; y. dc Phvs.. 1912. 2. 442; Ornstcin and van Wyk. Z. Phvs.. 
1932, 78. 734. 

2 Cantor. Ann. Phvs.. 1897. 62. 482; 7. phvs. Chcm.. 1898. 26. 568; Prcdwoditelcw, Z. Phys., 
1927, 46. 406; Frommer and Polanyi. 7. phvs. Chcm.. 1928. 137. 201 ; Bennewitz and Neumann. 
ibid.. 1930, 7B. 246; 1932. 17B. 457; Kapplcr. Ann. Phys.. 1938. 31. 377 (torsion balance). 

} Minnacrt. Z. phys. chcm. I'nicrr.. I ‘>19. 32. 69; Wulf. ibid.. 1921. 34. 5. 

4 Z. Phvs.. 1920. 2. 49; 1920. 3. 417; Phys. 7.. 1920. 21. 582; on molecular rays (or beams), 
sec Fraser. " Molecular Rays." Cambridge. 1931; Rodebush. Rev. Mod. Phvs., 1931, 3, 392; 
Bcsscy and Simpson. Chcm. Rev.. 1942. 30. 239; Estcrmann. Simpson, and Stern, Phys. Rev., 
1947. 71. 238; Estcrmann and Foner. ibid.. 1947, 71, 250. 
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10 be 643-675 m. per sec., as compared wilh the Iheorclical value 672 m. per sec. 

f0, A h l^VnXap U ;ara«us on .his principle, in which a beam of bismuth 
molecules emitted from a stationary oven passed through a fixed J.t, and ,h 

SsSBrsEp 

Nation The molecules in the range dc thus spread oser a distance ds= 
-vnD'&clc 1 and if A is the number depositing per unit length. 

Adi— CcV**dc, 

X^C/nnWH+'MCW. 

■n: ssrffi sis ,i£= rr ,, — s «■— -5 

BSR=SgS£aj£5SSS 

SS£SS«= 

Equation (12), § 60.11. r . 1 eiieU y with alkali 

Experiments with a similar appaw us y The aUo s(u dicd the 

metals gave a very good confirmation of M^wdl * « 1 • 1 ^ ^ scallcrct i 
velocity distribution in a beam of pota* *iu 1 ^ wj|h Maxwc ||* s law. the 

by a magnesium oxide “"^ ^lemperature of Ihc scaitcring crystal 

absolute velocities depending only on the temp h , aloms 

and being independent of the origin of the bcanv Tim " i d ca cs dia . 
were no. specularly reflected, but were h* ”»■ 

then emitted diffusely a. a and others, who found 

This agrees with experiments of Knudscn. Langn . rc|alcd l0 the 

that the directions of molecules after impac • > d EI|cll passed 

directions of the molec , ^ £ f ° oduccd curvc d tracks, 
the charged atoms through a magnetic . p . This magnetic 

the radius of curvature being proportional to l c vclou£ h y 
method was also used for lithium and potassium by SchclTcrs 
who found excellent agrccnicnt with Max^Hs law. ^ , nclhod used 

(v) A method proposed by Stem aim lar »o il dclcrm inalion of 

by Fizcau to measure the velocity of light, was applied to 

i Mt K. 7. .73; Loch.- Ki„£ Thcon , Of O—- New VorX. .934, 

132; Kcnnard. " Kinetic Theory of Gases. New York. ma. • 

7 Phys. Rev.. 1937. 52. 502. 509 .. 26 f Woo d. Phil Mag.. 

< Ann. Phys.. 1915, 4*. 1113; “ Kinetic Theory of Gases. 1934. zo 

1915, 30. 300; 1916, 32. 364. Faraday Soc.. 1921. 17. 607; 

» Phys. Rev.. 1916, 8. 149; J.A.C.S., 1918. 40. 1361. Irons, rarauu, 

Locb. *• Kinetic Theory of Gases." 1934. 338 1. 

* Phys. Z.. 1933. 34. 48. 245. 

7 Z. Phys., 1926. 39. 751. 
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molecular velocities by Costa, Smyth, and Compton, 1 by Eldridge, 2 and by 
Lammert. 3 A beam of atoms or molecules from an oven O (Fig. 14.III) passed 
through a slit S and then in succession through two wheels W, and W 2 with slits, 
rapidly turning on the same shaft. The widths of the three slits were equal but 
the slit in W 2 was set at an angle of 2° behind that in W Thus, those molecules 
which travel exactly the distance between W, and W 2 whilst the wheels turn 
through 2° pass through both slits, the slower and faster molecules being stopped 
by W 2 . By rotating the wheels at different speeds, molecules travelling with 
any assigned speed in a given range were transmitted and formed a deposit on 
a transparent screen, from the density of which the number of molecules could 
be calculated (Lammert); or the molecular beam was allowed to fall on a small 
radiometer vane behind W 2 , from the deflection of which the number of mole- 




Fig. 14.111. Apparatus for Determination of Molecular Velocities 

culcs in the beam was calculated (Costa, Smyth, and Compton). The slits 
separated the molecules into a velocity spectrum, and Maxwell’s law was 
verified with considerable accuracy. 

(vi) Some miscellaneous methods depend on the structure of rotational band 
spectra, 4 5 and on the velocities of electrons and positive ions emitted by hot 
bodies 5 (sec ” Thermionics.” § 1 1.VI1I K, Vol. II). 

These quite different lines of experimental evidence leave no doubt of the 
validity of Maxwell's Distribution Law. The theoretical deduction given in 
§ 10 is, as stated, not regarded as satisfactory, and others have been given. 
Boltzmann in 1872 established what is generally called the H- theorem; by a 
detailed analysis of the effects of molecular collisions he showed 6 that the 
Maxwellian distribution is actually the only steady state possible in a gas, and 
that any other distribution will almost certainly alter by collisions so as to 
approach the Maxwellian form. The details of such investigations will be 
omitted here, since the law is more easily and directly obtained from the general 
principles of Statistical Mechanics (§ 33.1 V). 



1 Phys. Rev., 1927, 30. 349. 

2 Phys. Rev., 1927, 30. 931 ; cf. Tykocinski-Tykosincr. J. Opt. Soc. Amer., 1927, 14, 423. 

> Z. Phys., 1929, 56. 244. 

* Eva von Bahr. Verhl it. D. Phys. Gcs., 1913, 15. 710. 

5 Richardson. " The Emission of Electricity from Hot Bodies." 1921. 154 f., 206 f.; Lang- 
muir. Z Phys., 1927. 46. 271; Locb. " Kinetic Theory of Gases," 1934, 114; T. J. Jones, 
" Thermionic Emission," 1936. 

6 " Gasthcoric," 1896, I. 32; Jagcr. Ann. Phys., 1905, 16. 46; Holm, ibid., 1915, 48, 481; 
Jeans, " Dynamical Theory of Gases." 3rd edit.. 1921. 22. 64; ** Kinetic Theory of Gases," 
1940, 297; Kcnnard, " Kinetic Theory of Gases." 1938, 52. 
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Fig. 15.111. Gas in Gravitational 
Field 


§ 19. Boltzmann’s Equation 

A very important general equation deduced by Maxwell 1 
concerns the distribution of molecules (or tons) in 2 very 

consideration of Boltzmann's equation may be approached by way of very 
simple formula for the decrease in atmospheric 

pressure with height ( Barometer Formula). —'em — 

Consider a gas in a tall vertical cylinder of 
1 cm. 2 cross-section, and height z (Fig. 1 5.111). 

Let the number of molecules per cm. } at heights z*dZ p -d P 

2 =j 0 =0 (’’ground level*’) and z=r be No and 2 p 

N respectively, the temperature T being constant N 

throughout the column (see below). If m is 

the mass of a molecule, the masses of gas in 

g. per cm. 3 (densities) at heights z=Zo and - = -* 

will be Nom=po and N/»i=p. respectively, and 

the weights per cm. 3 are No"'* and Nmg, where 

g is the acceleration of gravity, supposed con- , 5 m g*s in Gravitational 

stant in the column. Let p and p-dp be the Field 

pressures in the planes of height z and z+d-. ... d- is od-® 

respectively; then, as the mass of gas in the slice of the thickness d. pez 
(M/ndz, where M=molecular weight. K=molar volume, Ihe pressure differ- 
encc (in absolute units) is: 

-dpmg{MIVyi:-(MglRT)pd:. 

the minus sign being taken because /> decreases as increases. Hence, 

dp//»=d In p= —(A tglRT)d:, 

In /»=(— Afg//?7')J+const. 

Put z-0, therefore In p„=consl., where Pe- pressure at the base of the column. 

.\ln (p/po)=-(«S/*n-'-- < ">*/* 7 ')- • • (1) 

where m=M/IVand * = */*. N being Avogadro's number "“**"*"£ 

percmA ... inwau— ~r-»T m 

and <3) 

Now mgz-e,. the pounlial energy of the molecule at the height referred to 
that at the heighi z 0 as zero, 

N~N.fi -* r < 41 

Since the pressures are proportional to the numbers of molecules per cm.*, 

follows from (4) that: _ f kT ... (5) 

p—PrF ' 


a ,*7 t . w\ 

SS? Oxford! 1876. 12 f. ^-1 ^ H R. £*. p^ki 1 ^. mffh. w£?' SS 

dcr kinetischcn Gasthcoric.” 1906. 68; Onncs and Kccsofn. > criticism of 

5. i. 769; Herzfcld, in H. S. Taylor. "Physical CheMnr. ««'. >• ll6 - 
Loschmidi, Wien Bcr.. 1876. 73. II. 128. 366. .s mentioned belo*. 
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Equation (2) was used by Perrin 1 in the study of the distribution of uniform 
gamboge particles in a vertical column of suspension. In this case, the gravita- 
tional force on the particle is reduced by the upward thrust due to the buoyancy 
of the liquid, which can be calculated by Archimedes’ principle, and the resulting 
equation is: 

In ( N/N 0 )=-(SfgzlRT)(\-d/D ) (6) 

where d and D are the densities of the liquid and of the solid particle, respec- 
tively. By counting N and /V 0 , the value of M, the “ molecular weight ” of 
the microscopically visible particle, was calculated. The mass m of each 
particle was calculated from the counted number per cm. 3 and the total mass 
per cm. 3 found by evaporation and weighing. From M and m, N=M/m, 
giving the value of Avogadro’s number as 6-8 x 10 23 . 

Schrddingcr 2 showed that two isotopic gases of different masses could be 
reversibly mixed by using a gravitational field, giving the usual entropy equation 
(§57.11). 

In principle, the method could be used, especially if assisted by a centrifuge, 
in separating mixtures of gases of different density. 3 

The above calculation, although it gives the correct result for the distribution 
in molecular density (/V) with height, throws no light on the way in which this 
is brought about. A consideration of the matter from the point of view of the 
kinetic theory shows that the gradation of density in the gas must be due to the 
motion of the molecules. A molecule having a velocity component w in the 
direction of the vertical r axis will behave like a stone projected vertically 
upwards in a gravitational field. 4 i.c. it will rise to a height j such that it acquires 
a potential energy mgz equal to its initial kinetic energy and will come 

to rest with zero kinetic energy. It then falls back, and the potential energy 
is converted into kinetic. Since the temperature is proportional to the mean 
kinetic energy, it might seem that the temperature of the gas should fall off 
w ith increasing height. 3 but it must be remembered that it is just those molecules 
having higher kinetic energies than the average which will reach the upper 
layers of the gas and leave the lower layers; there is thus a compensation, and 
the average kinetic energy, and hence the temperature, remains the same 
throughout the column. 0 

A vertical column of gas under gravitational action might be supposed to 
have a somewhat higher " temperature " in the lowest levels, because of the 
fall of the molecules (so acquiring kinetic energy) by gravity, although this 
does not lead to heat flow, and is in apparent contradiction to the Second Law 
of I hermodvnamics. 7 This has been called 8 the sama effect ; attempts to 
delect it 9 failed (it should be 3 x 10 6 degree per cm. at 10 -4 mm. pressure), 

> " Lcs Atomcs." 1914. I29f. 

Z. Plus.. 1921. 5. 163: cf. Gouy. Compt. Rout., 1914. 158. 664. 

J c 8- Nla77a - B "« Ba < •*23.003 1935: Rabu. L' Industrie Chim.. 1935. 22. 896. 

4 CT. Low. Z. phvs. Hu m.. |9|2, 80. 192. 

5 T h,s was sll PP°W'd to be the case by Loschmidt. Wien Her.. 1876. 73. II. 128. 366. 

b I hrcnfest. Z. Phys.. 1923. 17. 421 (already emphasised by Boltzmann); see also dc Boer. 
Arch. A ccri. 1901. 6. Wl ; Exner. Ann. Phvs.. 1902. 7. 683. For the action of gravity on a 
gas mixture, see Gouy. Compt. Ren,/.. 1914. 158. 664. 

’ Loschmidt. Wien Bcr.. 1876. 73. II. 128. 366; 1877. 75. II. 287; 1878. 76. II. 209; cf. 
Polvani, Nuov. Cim.. 1920. 19. 225. 

* Von Dallwitz-Wcgner. Z. Phvs.. 1923. 15. 2S0; see criticism by Ehrcnfcst, ibid., 1923, 
17, 421, as *' an old deceptive delusion." 

0 Holm. Arkiv Mat. Astron. Fys., 1927. 19 A. No. 34 ; 1928. 20 A. No. I ; 21 A. No. 12; Compt. 
Rend., 1928, 187. 531. 
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but a now of gas detectable by a light vane (gravimolecular pressure ) was 

Cli It must now be shown that the Maxwellian distribution will hold in the 
different parts of the force field, and in the first place it will be supposed that 
the molecules moving vertically do not enter into collisions. Consider the 
levels z and z+dz. Then, if Maxwell’s law holds in the region of Ifa ptot . 
the number of molecules leaving 1 cm 7 of this plane in an upward direction 
which have velocities in the range w to w+d w will be, from (3/). 9 iu. 

N(ml2nkT)' W* 2 * r d»v 0) 

since the cube-root of the expression in (37) § 10. giving the number o( ™o| e ^ 
cules of specified type per cm.', is multiplied by »■ to give the number grossing 
the plane per second. Each molecule reaching the upper pl' nt -’+ d - "'" 
have lost kinetic energy mgdz, hence if primed symbols are used for 2+ - 

PlanC ' imw'*+ntg4z=\mw l > .*. rtw'mwdw. 

But c 2 =n 2 +t> 2 +w 2 , c' 2 s=M' 2 +t*' 2 +H- 2 . 
and u' —u, v'=v\ hence (7) can be written: 

Nt -* . fa/MT) 1 Ve— "‘“W .... (8) 

Since Nt-"*'=N\ by (4). it is seen that (7) and (8) arc the same expressions 
for the conditions which apply to the heights 2 and r+d z, respectively, 
hence Maxwell's law applies to 2 + dz. 

This shows that it must apply throughout 
the gravitational field. 

Next consider the effects of collisions. 

These will change the group of veloci- 
ties to which a molecule belongs, but if 
a Maxwellian distribution holds at any 
point, collisions will add as many mole- 
cules to a group moving in any given 
direction as arc removed from it, so that 
the final effect of collisions is to leave 

things as they would be without collisions. i«„„ »k- of 

If two molecules collide, they merely exchange vc !°c it tes alo ng 1 a ' 
collision, and the other two velocity components at right angle t are i mhMgd. 
Thus, the product dudodudir’diiW before collision becomes du dvd.vdudr, d» 
after collision and the two products remain equal. . R , 2 

A mathematical proof of this was given by Boltzmann.' Although RoUto # 
maintained that Boltzmann's proof was unsound, and g ^ , hal 

functional determinant is shown to be equal to I. Je ... 13 lV ) 

the result is almost obvious. It is a speeial case of L.ouv'l'e s cqua ion (§ 3-tv,^ 
Boltzmann’s argument, which applies to two kinds of molecules, is asfoUows^ 
Through the centres of two molecules of masses m and m, at tl e moment 
collision draw a line OK. and from O draw OC and OC, rcpresent.ng in magn. 

Jl-ftuS'-fc*® 

Phyi., 1886,29, 153. 

* Ann. Phys., 1917. 53. 151. 

> " Dynamical Theory of Gases." 3rd edit.. 192!. 21. 

4 See Watson. " Kinetic Theory of Gases." 2nd edit.. Oxford. 18VJ. 9. 21. 
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CC| at S such that m x . C,S=w . CS, then OS represents the velocity of the 
centre of gravity of m and m x . OK can be taken as the axis of the velocity 
component u. The two components of the relative velocity perpendicular to 
OK will be unchanged on collision, so that v and w remain the same. If the 
components parallel to OK are u and u x before collision, and u' and w,' after 
collision, the principle of conservation of momentum gives wu+m l u 1 = 
mu'+tn x u x \ and the principle of conservation of energy gives imu 2 +$m x u x 2 * i 
iwm' 2 +i/MiMi' 2 ; hence either u'=u and u x '=u lt or u'=—u and u x '=—u x . 
Since the molecules fly apart after collision, only the second solution is possible. 
Hence the two components of the relative velocity which fall in the direction of 
KiK 2 parallel to OK arc simply reversed on collision. In the plane of K,K 2 
and CC, draw SC' and SCY equal to SC and SCi with the same inclinations 
to K,K 2 as these but reversed, i.c. ZKjSCi = Z.K 2 SCi'. Then C' and C,' 
arc the ends of the velocity vectors OC' and OCY after collision, and C’C X ' 
represents the relative velocity of m and ;w, after collision. 

If now, with C fixed, the point C, describes a small parallelepiped volume 
element dM,dx>,dw,=dw,, then the complete symmetry of the figure shows that 
C' must describe a congruent parallelepiped dui'diYd»V| ,:= daY» which is 
the mirror image of dcu|. With C x fixed, C will describe a parallelepiped 
dwk’du^ditf, and again the complete symmetry of the figure shows that C' 
will describe a parallelepiped dM'dv'd»e'=dt«', which is the mirror image of 
du>. Hence dtu 'dtu i ' = do>do> x . 

If Maxwell’s law holds for all parts of the gas (thermal equilibrium) then 
for the z plane: 

dN/N=(ml2rTkT) i V*-*-*— 2kT 6u6vdw. 

But from (4), yV=/V*' * T . where N 0 refers to the plane r=0; hence: 

d yv/yv 0 = (;n/27r A T ) 3 ***'> 2 * r d M dwju-. . . (9) 

where N 0 is the number of molecules in a given volume in the plane r=0. 

Equation (4) is easily extended to other kinds of potential energy, e.g. of 
charged particles in an electric field. If an clement of volume dr contains 
mass points which exert no attractive or repulsive forces, and if N 0 is the 
number of particles per cm. 3 , then the number of particles in dr is A^dr. But 
if the particles exert forces on one another and are free to move, this number 
will be less (repulsion) or greater (attraction) than A^dr, say N6r. Let the 
force originate from a central point (e.g. a charged ion), and consider a small 
volume at a distance r from it. Let the average electric potential be V. In 
equilibrium, the same numbers of particles pass across any section, but the 
number will be smaller (attraction) or greater (repulsion) than in the absence 
of the central charge. Now take N 0 in the vicinity of this. Formula (4) may 
be applied if the gravitational force mgz is replaced by the electrical force of 
attraction Vcr, where e is the (positive) electronic charge and v is the valency 
of the ion. Thus, In (iV/A' 0 )= — VevjkT , or: 

N=N t fi ~ Ve ‘ h r (10) 

This is the equation used in the theory of strong electrolytes of Debye and 
Hiickel. 1 

Boltzmann’s principle is stated by Noyes 2 as follows: “ When a large number 
of molecules possessing an average kinetic energy \kT arc distributed throughout 

» Phys.Z., 1923,24, 185, 334; Debye, ibid.. 1924, 25,97; Partington, ‘•Chemical Thermody- 
namics,” 1940, 129. 

2 J.A.C.S., 1924, 46, 1080. 
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MEAN FREE PATH 


a reeion where there prevail a. different points different fields of force, whereby 

;X i *J = tr *t=tvs r ft - 

mean free paths. 1 * * 4 


§ A sS — les in a straight line with ^average 

spheres exerting no forces on one • %v P ilh a collision at each corner. 
The total path will then be an irregoter zig g. coHisions Thc individual 

tophs^of ffleM free^tte wil^var^conside^bly.^bjjtjor ® vesy^ jMg e 

followed here. inlerv aH but over a sufficiently long 

Thc collisions will °“ ur ( a ' , ' 0 g „ a « ^ond approaches a definite number 
time, the average number of c ° U ' s '°" S JJ r b ^°?G e " a n, " Stosszahl "). Since 
called a collision frequency "^ denoted y Z (G co , lls ions into free 

the distance traversed per second, c, is oroxen up , 
paths of average J length /: _ ^ ^ 

molecule. The average of the free paths descr d^by^ ^ palh /. A 

given volume of gas in any given l "* er ” m ,| IMOns per second; the total 
large number N of molecules per cm ’ make WZ coll, sm ^ ^ ^ , f |he 

number of molecular impacts made by 1 0 T complete collisions per 
molecules are of the same kind the total 1 nu ** r ° jsc cxp , CS s C d, the number 
second, each involving m impacts, is \NZ ’ , ccond is NZ. 

of times an A molecule collides "''VZ Lmic ihTn ” 0 A P , n „| c cules collide 
but if the other molecule is also an A " collisions «>f each A molecule 
at each impact and the number of complete collisions 

is JAZZ. . , I C 0 h v iously increases with its speed. 

Thc probability of collision of J ™ *c 1 m0 [ cculc whcn , his is moving 

and it has a greater probability of striking . velocity The probability 

than if it is at res,. Thus ■' M > ^r module during 
that a molecule moving with a 'cloci y if molecular chaos is 

a short interval of time dr is ^’correlation with the positions 

assumed (§ 10). thc position of one mo i ccu t C s arc distributed at random, 

and velocities of any of the others^ •£*£££« also . obviously, proper- 
however, the chance of one molecule mcemifc 
tional to their mean density. 

i Holm. Ann. Phys.. 1915. 48. 481: MrAkl ■ D^kfncU^hVVhcoric dcr Case, in 

* Ann. Phys.. 1858. 105. 239; FM. Ma* 1859 17 » • ” 0 fc. Meyer. “ Kind* 

» Die mcchanischc WarmeiheoncZ Brunswick. 1889 vi. 

Theory of Gases," 1899. 153. . t a-. IS rarely done. 

> The mean free palh should, smelly, he ««>» '• bu * ,h,s 

4 A *• strict ” proof of this need hardly be gl'cn. 
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Two general conclusions follow from first principles: 

(i) If the temperature is raised, the average velocity c increases propor- 

tionally to y/T (see (35) § 10,). Increase in temperature is equivalent 
to multiplying all the velocities by a uniform factor y/iT^Tx), the re- 
lative distribution of velocities being the same at all temperatures. 
The collision frequency is thus proportional to y/T as well as to 
the density. 

(ii) The mean free path varies only with the density and is inversely pro- 

portional to it, and thus at a given temperature it is inversely pro- 
portional to the pressure. This follows from (1), l=c/Z, which 
shows that / is independent of temperature if both c and Z arc pro- 
portional to y/T. 


§ 21. Molecular Collisions 

The collision of two molecules is simply defined for two hard elastic spheres; 
if r is the radius there is a collision when the two centres come within a distance 
2r=o, where o is the diameter of a molecule (r=a/2), as is seen from Fig. 17.111. 
If, however, the molecules arc not spheres, or if they are supposed to exert 
repulsive forces increasing rapidly with decreasing distance, the definition of a 
collision becomes more difficult. Maxwell 1 showed that the calculations are 
fairly simple for the cases of (i) hard perfectly clastic spheres with the Max- 
wellian distribution of velocities, and (ii) spherical molecules which repel one 
another with a force inversely proportional to the fifth power of the distance, 
F=kr -, when the results arc very like those for hard clastic spheres. More 
recently, the very difficult calculations for general force laws have been carried 
through, but the results arc very complicated (sec § 3. VII F). 

It is simplest to begin with the case : of hard clastic spheres of diameter o. 
Obviously if a=0, the molecules never collide, and the probability of collision 
increases with a, and is proportional to a 2 , i.e. to the target-area offered by a 
molecule, f irst assume that all the molecules have the same velocity c, that 
there arc A molecules per cm.\ and that all arc at rest in fixed positions except 
one. which threads its way among the fixed molecules with a velocity c. There 
is a collision when the distance between the centre of the moving sphere and 
that of any fixed sphere becomes equal to a (it cannot be less than a). Hence 
if a point (the centre of the moving molecule) moved with a velocity c among 
fixed spheres of radius o, the number of collisions would be just the same as in 
the case considered. This point may be taken as the centre of molecule B 
and the fixed sphere is C (Fig. 1 7. III). 

Let the probability that the point moves a distance x without collision be 
IF, = f(.v), and the probability that it moves a distance .v+d.v without collision 
be IKv«K = f< v+d v). The probability f(.v+d.v) is composed of two prob- 
abilities: (i) the probability that there is no collision in a path x, and (ii) the 
probability that there is still no collision in a further path d.v. The probability 
that there is a collision in the path d.v is obviously proportional to d.t, say 
ad.v, where a is a constant, and hence the probability that there is no collision 
in the path dx is: 

1— ad.v (1) 

i Phil. Mag., 1860, 19, 19; Phil. Trans., 1868. 157, 49; "Scientific Papers," 1890, 1, 377; 
1890. 2, 26. 

: Clausius, .-Inn. Phys., 185S. 105, 239; 1862, 115, 239; Phil. Mag., 1859, 17, 81. 
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The function f(x+dx) may be expanded by Taylor’s Theorem {§ 32.1) : 

f (x+ dx)=f(x)+f'(*)dx=r(.<Xl-<'d*) • (2) 

... f'(x)=-flf(x), /. f’(x)/f(x)=-" or f(x)=6e-“ 
where b is a constant. The probability thaMhere is no colbs.on .. -he path 
x=0 is obviously certainty, i.e. 1, therefore b- 1, 

/. w 

This case would presumably apply to the motion 
electron moving among gas molecules wh.ch, for all pracuca. p P 

rest in comparison with the moving el^ r ( * bab ’, ily 0 f m collision in a 
Now return to equation (2) to calculate in p angles 

distance dx. i.e. f(x) dx. Draw two paral in section at 
by a cylinder of cross-section 1cm Th g ou , of the cylinder is 

right angles to the planes in Fig. 18.UU* 1 nc vu 



Fio. 18.111 

Fig. 17.111. Collision of Spheres 

riier'^husO-^xh and the' probability of there being no collision 
is given by the ratio: . ,, nAv \ 

(freearea/totalarea)=d-WTO-dx)/l ( )• 

■ a=i W. .'. fW-cr-- ‘ (4) 

Now consider a very large 

that -he molecule goes a 

“susstfses m— « - « 

n " mnt rlWUM^iK-^Xe-^ 

_ , , ... an H as dx is small, retain only the 

Expand the exponential function e . Hence n"=n'(\-Niro 2 dx)<n'. 

first term (see § 13. I): *-*"**- 1— W"**. Hence « . N „ 0 , dx 

The number of paths with lengths between x and x+dx 

=nc~ N ”" . N wctMx . (5) 

=nae~"dx, 


where a=Nno 2 
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The length of each of these paths will be x, hence the total length of such 
paths is nae~**xdx, and the total length of all the molecular paths is: 


i 


na | e **xdx, 
'o 


and this divided by the total number of paths n gives the mean free path, /: 

/. /=aj e-"vd.v=u|-.ve-"/a] +JV“d.v= 

-(l/a)[c-“| o (see § 16, I)=l/o=l/AW, 
/. [/Nna 2 (6) 

Substitute a=Niro 2 =\/l in (3), 

f(.v)=e-* * (7) 

Equation (7) shows that the probability that a molecule can move a distance x 
without undergoing collision is e“* f , and it is important to notice that this is 
independent of the point at which the last collision has taken place, since the 
point .v=0 is not the point of the last collision but an arbitrarily selected point. 1 
The fact that / is the mean free path is proved by the process of averaging x: 

I?-"** I 

The proportion of molecules with paths between x and x+dx is thus: 

df(x)-(d x//)e-*' (8) 

from which it is found that, of a given number of molecules: 

1/148 have free paths greater than 5/ 

1/22027 10/ 

1/2-7 xI0*» .. 100/ 

According to a calculation by O. E. Meyer,* out of 100 molecules: 


99 traverse the path 0 01/ 

78 traverse the path 0 25/ 

14 traverse the path 21 

98 

.. 002/ 

72 .. 

.. 0333/ 

5 

3/ 

90 ., 

.. 01/ 

61 

.. 05/ 

2 

.. 4/ 

82 .. 

.. 02/ 

37 .. 

1/ 

1 

.. 4 6/ 


in all cases without making a collision. 

Equation (7) has been tested in the case of a beam of electrons entering a 
gas with velocities comparable with the molecular speeds, when the diminution 
of the current / should follow the equation i=/ 0 e -0 *, where a is a coefficient 
of extinction, corresponding with 1//. The experiments 3 show that there is 


* Clausius. Ann. Pins.. 1830. 10. 92: Kortcwcg. ibid., 1881. 12. 136; Holm. Ibid., 1916. 51, 

7o5 (bibl.). 

3 " Kinetic Theory of Gases." 1899. 160. 

J Lcnard, Ann. Pins.. 1903. 12. 714: Ramsauer. Phys. Z., 1920. 21. 576: Ann. Phvs., 1921, 
64. 513: 1921. 66. 546; 1927. 83. 1 129; Mayer, ibid.. 1921. 64. 451 ; Brodc. Phvs. Rev.. 1925, 25. 
636; Rusch, Ann. Phys.. 1926. 80, 707; Bruchc, ibid. 1927. 82. 25; 1927, 83. 1065: 1927, 84, 
279 ; '2? 9, I* 93: ,929 * 2> W9: l93 °- 4 - 387; l93 °- 5 - 281 : ,93 °- 7 - 579; Kollath. Phvs. Z., 
1928 29. 834; 1930. 31. 985 (49 refs.); 1931. 32. 80; Ann. Pins.. 1932. 15. 485; HoUsmark, 
Z. Phys., 1929. 55. 437; Bailey and Duncanson. Phil. Mai;., 1930. 10. 145; Brosc and Kcyston, 
Nature, 1930. 126. 806: Phil. Mag.. 1935. 20. 902; McMiUcn. Phil. Mag., 1930. 36. 1034; 
Ldhner, Ann. Phys.. 1930. 6. 50; 1935. 24. 349; Ramsauer and Kollath. ibid.. 1930. 7. 176; 
1931. 9. 756; 1931. 10. 143; 1932. 12. 529; 1933. 16. 560. 570: 1933. 17. 755; Ramsauer, 
Kollath, and Lihcnthal, ibid., 1931. 8. 709: Holst and Holtsmark. Kgl. Norsk. Vidensk. Selsk. 
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P ood aerecment, except for very slow electrons moving through monatomic 
eases Jhen a curious sharp decrease in apparent atomic diameter oi jolhsio 

bSs^Hhc k^nrtictheo^bS^^wer^^*^ ^nXtion 

=*«as ss ItSSSSSm 

optics fails for very long waves of e cc ' r ^^ n ''' a n j nc of atoms or molecules 
Equation (7) has also been applrcd to the *£**»«•» « ^ 

(e g- beams of molecular rays, such as from , small 

factory results. 2 In such experiments a** ftrsl vacuous an( j then con- 

aperture in a heated vessel P asscd d , D of lhc deposit of silver on 

taining inert gas at low pressure, ^e^.ty^oM^ ^ 

glass plates at varying distances x was measured. 

where D 0 is the density for a vacuum, / can be cakulated^ is . 

If c is the velocity of the molecules in a gas. the dural / / (9) 

The number of collisions per sec.. Z. "i‘ 'by' «•" » •*«* J^fgSS 

with the other fixed molecules per cm.* is equal to he 

described per second, since each free path .^terminated by a collision ^ 

Let m be the probability of fo = 'o^.ons occurrmE in . ». 
then this is found from (7) by putting x=»cf. and I// Z.\c 

• 

a result easily found directly by a method n "”|V ?? .'^hafiMd' molecule in 
The probability that a selected “°'« u ' ^ ^ h wiM co hde in the time 

K?i °r , . 

interval dr after an interval f without collision ^ ( 12 ) 

Fork!., 1931. 4. 89; Townsend. Proc. Roy. 3 j Wl. 133. 637; 

8. 135; Arnot, Proc. Roy. Soc.. 1931. 133. 615. * ? Hug |, cs and McMiHcn. 

Klemperer. Ann. Phys.. 1932. 15. 361 ; Rovrnberg. Aj 7 -. >932. . Bailey and Rudd. 

Phys. Rev.. ,932. 39. 585; ,932 40. 469; Ba, cy MA ^ilW Voss. /. Phys.. >933 83 58, 
ibid.. 1932. 14. 1033; Ba.lcy and So^rvdk ./.^. IVK 1 1935 24. 543 

Sieger,. Ann. Phys.. 1934. 21. 503; Wolf. ^935 ^ ^ SuH . ^ 1937 

Goodrich. Phys. Rev.. 1937. 52. 259; Fisk. iW . '3 • • , y)8 54, 639; Amdur and 

,2. 269; Roscoc. MIL ~ Wen. W «y*. W«. »• 

Pear, man. J. Chen,. Phys.. 1941. 9 ,938. 142. 392. and many 

519; 1923, 70. 1 ; for neutrons, von Halban and Kowar.M. 

later papers by various authors. . , ummar v , n Mohr and Massey." The 

' Fraser. "Molecular Rays. Cambridge ‘ f \ Kcnna ,d. " Kinetic Theory of Gases. 
Theory of Atomic Collisions," Oxford. 1933. >3 . 1936. 42. 8; Champion. 

1938. 124; Rice. J.A.C.S.. ,932. 54. 4559; Schmid,. Z. Bekirochem.. 

R f P- Proyr. Physics. 1938. 5. 348. „ 8 | . Stern. Z. Phys.. 1926. 39. 

■ Born, Phys. 1920. 21. 578; 1925. > . Jof Japa „ ,, 28 . ,». 

751, Knaucr and Stem. ibid.. 1926. J9. 764. Ocbiai. *<* . «> | 9 J4.90. 559; Massey 

120; Jotm^n.Wy,. Res, UheWclicall; Schmidt, at. Eiehuo- 

and Mohr. Proc. Roy. Soc.. 1933. I4i. ***. • • Q l0? ,qq 

chem.. 1934, 40. 498; Hirota. Bull. Chem. Soc. Upon. 1944. 19. 102. ,09. 
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as is found by expanding the second exponential function: 

e -z(i-d,) =c -zi e“ zdl =e” z '(l — Zd/). 

Suppose that a selected molecule can exist in some special (e.g. excited or 
activated) state and that r is its average life in this state; the probability that 
it will remain in this state after a time t is defined as e"' T , and the probability 
that it will make a collision whilst it is in its special state in the interval between 
t and t+dt is: 

c~‘ r . Zc _z, d/ (13) 

=Ze~ l{l ' Zr)T di (14) 

The probability that any selected molecule will make a collision whilst it is in 
its special state is: 

zf\-" ,z "'dn=ZT/(l+ZT) (15) 

and if there arc N molecules in the special state, the probability that one of 

them will make a collision with other molecules during its active life is: 

yVZr/d+Zr) (16) 

The simple formula (6) was deduced by Clausius. 1 It is based on two assump- 
tions: (i) the actual state of affairs can be simplified by assuming that only one 
molecule moves and the others arc all at rest, and (ii) the speed of the moving 
molecule c is constant. Both obviously require correction. Clausius in 1858 
also showed that the assumption (i) when corrected for the motion of all the 
molecules gave a factor l =0-750 to equation (6), and a better value for / 
would thus be given by: 

/=0-750/AW (17) 

This still assumes that all the molecules have the same velocity. This second 
assumption is corrected 2 by replacing the constant velocity c by the mean 
(or average) velocity c calculated by Maxwell’s equation (35), § 10. This 
gives a still better value: 

/=lM2)tfTra 2 =0-707|/Mra 2 (18) 

as is proved in § 22, and equation (18) is the one used in later calculations. 

If A is the mean distance apart of two neighbouring molecules in a gas, then 
A' is the volume of a cube containing a molecule, 3 

/. A 3 =l/N or /VA 3 =I, /=A 3 M2)™ 2 , 


or A=^ ( V (2 )ira 2 /] (19) 

The collision frequency is given from (18) as before by: 

Z=r;7=\'(2)MrcV (20) 

and the lime of describing a free path by: 

t=1 V(2).Vtt «x 2 (21) 


Ray 4 suggested for the mean free path /= N » (.V;3)-cr in place of (18), the 
latter giving /=« when o=0. 

» Ann. Phys., 1858. 105. 239. 

2 Maxwell, Phil. Mag., ISAO. 19. 19; " Scientific Papers.” 1890. I. 377. 

3 Clausius. Ann. Pliys.. 1858. 105. 239; Holm. ibid.. 1916. 51. 768; Gans. Phys. Z.. 1922. 
23. 108. 

4 Proc. XV Indian Sci. Congr.. 1928. 141. 
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§22 

6 22. Collision Frequency by Maxwell's Equation 

The calculation of the mean free path may readily be generalised by taking 
orrnnnt nf the Maxwellian distribution of velocities. 1 The assumptions of 

misunderstanding, and the formula is per- 
fectly correct. 3 For greater generality, a 
mixture of two gases is considered. 

Consider 1 cm. 3 of gas containing N x ana 
N 2 molecules of two kinds of gases. A and 
B, with masses m, and m 2 , and diameters 
o, and o 2 , respectively. At the instant ot 
contact, the centres of the two molecules 
arc j(o,+a 2 ) cm. apart (Fig. 19.111), hence 
if one molecule is chosen, the centre of the 
second molecule must, at the instant of col* 

lision.lic on a sphere of u , , wo ^ lecIed molecules. (A) 

drawn about the centre of the first molecule. lh rangcs: 

and (B), one of each kind of gas. have veloa.y component in ■'* S 

for (A): ui and ui+du, and o.+do, 

for (B): n 2 andu !+ du ; and V ,+dv, "*”*">****<* 
and consider such a type of collision that the § 8). 

v. or ». — - "« 



Fig. 19.111. Condition for a 
Molecular Collision 



Fig. 20.111. Collision Frequency 
Une of centres a, the monien, of 

centres and any definite plane through th I t ^ cq J m0 | ccu | c mu st. at an 

that this collision shall occur, the ten cylinder of bast- 

instant dr before the instant of collision, he inside a smai, y 

iKon l 177* H W. Watson. 

. Maxwell. Phil. Mu*.. llifiioltzmann. " Gasthcoric." 

» Kinetic Theory of Gases.” Oxford. 1876. 9 tod edit.. « • . Jcans •• Dynamical 

18%. 1. 61 ; O. E. Meyer. of bases." 1927. 35. 56 f. 90. 250; 

Theory of Gases.” 1921. 18 f.; Locb. KweUC Theory oi oases. 

Jaftt. Ann. Phys.. 1930. 6. 195. 

1 Phil. Mug., 1860, 19, 434. .. ■ jut 

3 Niven’s note in Maxwell. ** Saenlific Papers. 1890. 1. 387. 
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a , 2 2 do» and height Vdt cos 0, i.e. of volume Vo l2 2 cos 0dtdu). The number of 
B molecules per cm. 3 is given by Maxwell’s law (37), § 10, as: 

N^nuJlitkTf 2 e- m > ( ** tr *' m * )2kT du 2 dvjlw 2t 
hence the number with centres inside the cylinder is: 

N 2 (m i/lnkT) 3 2 c~ mt(u '- 1 ,iX ' Wi * ) 2MT du 2 dv 2 dw 2 Vdt cos 0o l2 2 do) . ( 1 ) 
where N 2 is the total number of molecules of the second type per cm. 3 
The number of molecules of type (A) per cm. 3 is: 

.... ( 2 ) 

and hence the number of collisions of the selected type per cm. 3 in a time dr is 
given by the product of (1) and (2) as: 

N lN ^ aUt^T 2 ) lkT Vo\i 2 dt cos 0da>dw,d®,d»»'idw 2 dv 2 d»? 2 • (3) 

where c, 2 =M| 2 +Vi 2 +h , i 2 , and c 2 2 = M 2 2 +t' 2 2 +»* , 2 2 - 
To find the total number of collisions per cm. 3 , the restrictions put on the 
type of collision must be successively removed. First remove the restriction 
that the direction of the line of centres shall lie in the solid angle dio by inte- 
grating over dco=sin Od Od<f>, i.c. over the limits 1 of 0 from 0 to n/2 and over 
the limits of from 0 to 2tt. Taking cosfldw from the expression (3) this 
gives (as in (6) and (7), § 8): 

f »/2 p2« 

| cos 0 sin 0d0d<f>=n, 

and by dividing (3) by dr to give the number of collisions per cm. 3 per second 
between molecules having velocities between the specified limits, but now 
without regard to the direction of the line of centres, this gives: 
7rA r ,/V 2 (/;j,/;i 2 /47r 2 A 2 7' 2 ) 3 2 * r Fa I2 2 dM,dv I dH',du 2 dr 2 dw 2 . (4) 

The integration over the velocities, which removes the restriction to molecules 
having velocity components within a narrow region, is more difficult. Put: 


i/=(m,i/ l +m 2 M 2 )/(m,-Fm 2 ) (5) 

with similar equations for v and w (the components of the motion of the centre 
of gravity of the two molecules), 

c 2 ™i/ 2 -f t> 2 +n t2 (6) 

and 

a*a|f 2 — M|, P = V 2 — V lt y = H' 2 — H'| .... (7) 

(the components of the relative velocity, V, of the two molecules). Then: 

K2=.«2 + ^2 +y 2 (8) 

It is then easy to show that : 


ni i c l 2+ni 2 C2 2 =0n l +m 2 )c 2 +y 2 [m l m 2 I(m l +m 2 )\ . . . (9) 
The transformation of the differential product df^dz^dn^d/^dz^dn^ is done 
in three steps, since i/| and u 2 are functions only of u and a, and so on. From 
(5),dM=dw, . />!,/(//!, +m 2 )+du 2 . /n 2 /(m,+m 2 ), and from (7), dx= — du,+du 2 , 
and the solution of the simultaneous equations givesdw jdi/ 2 =di/da ; and similarly 
dvidv 2 =dvdfi, and dH l dn 2 =dHdy. Hence: 

dw 1 dz' I dH',dM2dr 2 dH , 2=dwdz'dnxlxd^dy .... (10) 

i Since collision occurs only on approach, only a hemisphere is considered, i.e. 9 varies 
from 0 to n/2. 
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The number of collisions per cm.! per sec. between molecules with restricted 
velocity components is then, from (4): 

' (l,) 

where dr=d U dtdu-dad^dy, and, from (8). T ? m,eEra " 

(11) it is first transformed to polar coordinates by putting, from (3), § 8. 

dudwlw=c 2 sin 0 'd 0 ’d^'dc, 

and .he integration is the same as that in §8 except that c replaces o in (3) 
there; hence: ^ 

J'j'c* sin fl'd9'd^'dc=4uc ! dc < 12 > 

Similarly, it is found that: 

dad£dy= l' 2 sin 0”d0"d^"dF, 

2 *V 2 sin 0"d0"d^"df'*4irK 2 dK 0 3 ) 

The number of collisions per cm.> per sec. for winch candMieun.hm .he 
ranges c and c+dc, and Kand V+AK wi.hou. regard to d.recuon, is thus 

we-"--- I ‘‘ L 

Integration from c=0 .0 c=« gives .he number of colhs.ons in which 
between Kand V+AV. The integral: 


a 


t 


m t Xi l*T C 24c 


is evaluated by putting: \mt\ 

(m i +m I )c ! /2*7' = x 1 . -y/c- x/((m, +m l )/2*r ]. 

2cdc-2xdxl2A77(m,+m 2 )] 

dc =» (x/f )(2AT/(m , + ni 2 ))dx *= [2kTI(in i + w 2 )] dx 

. c -*, . M ,m 2*r f 2dc=.l2A7/(m 1 +/»i 2 )]’ 2 c"“ , x 2 dx. 

From (26), § 10: 

c""x 2 dx= v/w/4, 


f. 


. (*>«., "^>-• 2 *Vdc=(v' w /4)l2A:r/(m,+/M 2 )] ,2 • 

an A ihcn gives the total number of 
The final integration between K -0 and 1 J* 
collisions of the two kinds of molecules per cm. per sec. as. 

r IkT V 2 l' n i ,n 2Y* 2 f * — 2 -»rc«, ~a»|/>dK . 05) 

U 2 >v 0,2 Jo c 

Pu. |« 1 », 2 /2*7'(m 1 +». 2 ))P J -x*. xHV»-m*JXn* t +"* 

• m F*l(/>i|+m 2 )2A7'//r , i/n 2 l x 

yi= s [{nti+m 2 )2kTlm x ni2Y 2 x i 

6 y=\{ni l +ni 2 ) 2 kTlni l ni 2 y 2 dx 

. f" c -«,«i,K».2iin»i—»>|'3dK=l(m,+iw 2 )2A:r/m,m 2 l 2 J # c K, x*dx 

Jo =2(*T(m,+m 2 )/m|W* 2 ] 2 , 

since from (23), § 10: J e— xMx-J. 
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The total number of collisions is, therefore: 

. r 2kT l 32 [m x n * 2 \ 32 AkTipt^m^y 

[ (mi+mj) J ‘ (4*27-2) - 2 [ m,m 2 

=2y/(2Tr)N l N 2 < , \2 2 \/\( m i+ m i)kT/ni l m2] (16) 

=2Ar I Ar 2 a I2 V[(W/0(l/^, + l/m 2 )] (17) 

where h= 1 /2kT. It will be remembered that <7i2=i( a i+ a 2)* 

If N 1 , N 2 molecules are each present in a volume v cm. 3 (not to be confused 
with the velocity v above), the expressions above must be divided by v 1 to 
find the number of collisions per cm. 3 per sec., since N x /v and N 2 fv replace 
N\ and N 2 above. 

If cj and ~ 2 are the average (mean) velocities of the two kinds of molecules, 
(16) can be written in the form: 

Z x2 =2N x N*j x 2 2 [2irkT(m , +/w 2 )/m 1 wi 2 ] ,/2 .... (18) 

and the substitution from (35), § 10, then gives: 

F l =2(2kT/vm l ) l2 t F 2 =2(2kT/rrm2) l \ 

/. (FP+F?)' 2 =(4 • 2*77™/,+ 4 . 2kTlnm 2 )' 2 
= [^kT(m x -\-m^lvm x m ^ 2 
=2(2A:r(wi+w 2 )/7r/;iim 2 ] 1 2 . . . .(19) 


Thus, an alternative expression 1 is: 

Zi 2 =^ A r i ^ i 2 2 (^ 2 +^ 2 )' 2 ( 20 ) 

An expression for the mean relative velocity V was found by Maxwell. 2 

It is found by taking V from (8) 
or (9), multiplying by the ex- 
ponential factor and differential 
clement from (3), and integrating 
over the surface of a sphere. The 
actual result is also obtained by 
intuition by considcring_that, 
since the mean velocities cj and 
r 2 may be inclined at all angles 
from 0 to 1 80 the average angle 
Ho. 21.111. Mean Velocity will be 90°, and the resultant 

relative velocity will be repre- 
sented by the hypotenuse of a right-angled triangle having the component 
mean velocities as sides: 



/. V-Vtt+c?) .... ( 21 ) 

For identical molecules (F[=r^=r): 

P=\ 2. ( 22 ) 

Hence (20) can be written: 

Z\2=*N X N0 X2 2 V (23) 


By starting with (21), a very simple deduction of the collision formula (17) 
can be obtained. 3 


» Note that ci 2 and c:- arc the squares of the average velocities c 1 and cz, not the mean 
square velocities c> 2 and fj 2 . 

2 Phil. Mag., I860. 19. 19; "Scientific Papers/* 1890. I. 377; Clausius. Phil. Mag., I860, 
19, 434; Ann. Pliys., 1862. 1 IS. 239; sec Weinstein. " Thcrmodynamik und Kinclik dcr Korper," 
1901, 1, 172; Rothc, Ann. Phys., 1917, 53. 151; Ishida. Phil. Mag., 1917. 10, 305. 

3 See Glasstonc, ** Text Book of Physical Chemistry/’ 1940, 267 f. 
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If the velocities of two molecules are c, and c 2 , and are represented in magni- 
tude and direction by DT=c, and OT=c 2 (Fig . 21.111; in the figure c, and c 2 
are denoted by v, and v 2 ), meeting at an angle 0, the relative velocity is repre- 
sented by: , , . 

OD= K=v/(ci 2 + c2 - 2c i r 2 cos 

The mean relative velocity V is found by integrating over the surface of a 
sphere with centre 0, and is: 1 

K=(r 2 +ic, 2 /c 2 ) when c^c, <24) 

and i7=(c,+ic 2 2 /C|)*henc,>cj (25) 

Equation (16) gives the number of free paths of the AT, molecules of kind A 
per cm. 1 which terminate by collisions with B mo'ecu'es. 'f both molwulc 
ire of the same type, it might be supposed that the numl*r of < ^‘.ons per 
cm. 1 per sec. would be found by putting m,=m 2 =m in (16)-(1»). viz.. 

But in this case each collision has been counted twice, once when the molecule 
is a colliding molecule (B type molecule) and once when it » • * ,ru ‘ k ""'f "J* 
(A type molecule); hence to find the actual number of collisions per cm. p 
see. the above expression must be halved, giving: 

Zu-2JVW(«*77">) (26) 

and, by substituting from (35), § 10. Z-2VC *77*»>. it is found that ; 

Z„-(./s'2)NW 2 \ 

Since each collision terminates ,wo free paths, one ,he 

number of free paths described per cm. 1 per sec. by all the molecules is. 

(2W\/2)/VW«v/(2)"^ ? o 2 ^ c=4Af V( w )«V( A:/ / m ) • • (Z8 ' 

which is equal to the total distance Nc moved in 1 sec. by all the molecules. 
Thus, the mean length of a free path will be: 

/=We/\/(2>nlV 2 o 2 c=“l/\/(2)no 2 A ,= 0'TO7l/!To ! At , . (W) 

which is Maxwell's expression given in (18). § 21. , jn , hc 

The equations deduced in this section are of fundamental mpo.tancc 'n lhe 
theory of bimolccular gas reactions. It is noteworthy th «, , a hhoogh they h j 
been known for many years from the tune of their deductmn by Maxwc 
and Boltzmann. 1 it is only fairly recently that they ha« ^n y^ma ,cal y 
applied in the study of such reactions. Some readers may not follow the rather 

elementary mathematics used in the deduction. in ■ mo ij c j lY an( i wide 

content with a knowledge of the results, which are of great simplicity 

a useful variant: __ . . ... .. , <ift) 

■ Boltzmann, » Gasiheoric.” 1896. 1. 62; Langmuir • noiem^)! 

- Die Eigcnschaftcn dcr Case ” (Ostwatd^ruckcr. Ha (detailed 

Leipzig, 1919, 29; Kcnnard. “ Kinetic Theory of Gases. New rone, i«o. 
proof) ; Prcissmann. Arch. Sci. Phys. Nat., 1946, 61. 

* Phil. Mag., I860. 19. 19; “ ScMfc Papen. «** ■; 3 "; .. Gas!heoric » |8%. 1. 61 f. 
» mm Bcr., 1868, 58. II, 517; * Wiss^ Abb .. IWI. 49 uas ^ ^ 

On the mean free path and the width of spectrum lines, sec Schonroc . 

22. 209. 

A.T.P.C. — 10 
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is found. By collecting the numerical constants, and using instead of AT, 
and N 2 the molar concentrations, £1 and £ 2 (mols/cm. 3 ), the equations: 1 

. . .(31) 

ZnlN=l0 2i ' 2922 i 2 a 2 y/(T/M) (32) 

are found, in which ZjN is the number of mols (g.mols.) colliding per cm. 3 
per sec. 

Now consider a single molecule of kind A moving in a mixture of A and B 
molecules. The total number of collisions it makes per cm. 3 per sec. will be 
the sum of its collisions (Z,) with A molecules and of its collisions ( Z 2 ) with 
B molecules: 

Zi = v'(2Wi 2 A , iC,+7ra,2 2 A r 2v'(Ci 2 +^2 2 ) .... (33) 
and similarly for a B molecule colliding with A and B molecules: 

Zi=y/(2)no 2 2 Ntf2+‘no n 2 Niy/(c’\ 1 +C2 2 ) .... (34) 
The substitutions c\=2\/(2kT/TTm l ) and T 2 =2\Z(2kTlrrm 2 ) give: 

Z l ^4y/(n)N l a l W^kT^m x )+2V^2n)N 2 a l2 2 l(m i ^m 2 )kT|m l m 2 \ l,2 (35) 
Z 2 =4y/(ir)N 2 p 2 2 y/(kTlnti)+2^(2n)N 2 pi2 2 l(mi+mj)kTlm\m2] 112 (36) 

The reciprocals of the mean free paths for_cach type of molecule are found by 
dividing Z by the value of ”1 in (33) and of c 2 in (34): 

l//l*\/2 • irOi 2 Ni+*Oii 2 N2>/[( ni l+ ,n 2)l ni 2\ • • .(37) 
\/l 2 =y/2 .TT(7 2 2 N 2 +7TOi 2 2 N\^[(mi+ni2)lMi] • • *(38) 
equations also deduced by Maxwell. 2 

The number of collisions per cm. 3 per sec. between molecules with a relative 
velocity greater than an assigned value V 0 is found 3 by integrating (15) between 
the limits Vq and «>: 


«'■*■■** 2 «g3=a 


m t m 2 Vf 


1 3 2 r» 

J c -m l m i n.2lmrm ] )kTyy ( ^y 




. (39) 


. (40) 


where Z is the total number of collisions. 

The number of collisions per cm. 3 per sec. in which the component of the 
relative velocity parallel to the line of centres of the molecules, R= V cos 6, is 
greater than an assigned value R n is found by integrating (3) first over all values 
of c from (6), and then over all values of <f > : 


, . \ W 2kT v 3 2 1 

2tt X 4tt x I — — X4rr 

4 \wi| +m 2 i 

x sin 0 cos emv 


wm| 3 m 2 3 

(m,+m 2 ) 3 8A 3 7* 3 




)kT V> sin 0 cos 6d66V, 


* Dushman, J.A.C.S.. 1921. 43. 397. 

* Phil. Mag., I860. 19, 19; " Scientific Papers." 1890. I. 377:0. E. Meyer, " Kinetic Theory 
of Gases," 1899, 415. 

3 For equations (39M42), see Tolman. “Statistical Mechanics," 1927, 67: Herzfcld. in 
H. S. Taylor, " Physical Chemistry," 1931. I, 124; cf. Langcvin and Rcy. Le Radium, 1913, 
10, 142. 
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and then integrating over all values of V from R Q to co and of cos 6 between 
1 and RofV: 


JX 


f t wi, 3 /h 2 3 


1/2 

e — 2( ". 


,+m 2 ) 3 ] 

=Ze— l "‘ 


J s j n 0 cos 0d0d K 


■ ; )2lrr 


(41) 


where Z is the total number of collisions. The fraction in a given range is 
found by differentiation: 

dZ-Z-^^.jLe— -* r RdR . . . (42) 
ni|+/M2 ^ 

It should be noted that the mean free path as defined and calculated by 
Maxwell’s method, which may be called Maxwell's mean free path, is not the 
only one which can be obtained, although it is the one most commonly used. 
It is obtained by finding the average value of the collision frequency Z for 
molecules moving with velocities distributed according to Maxwell s law, and 
dividing the average velocity i by this frequency. 

Another free path was calculated by Tail. 1 At a given instant the number of 
molecules per cm. 3 with speeds between c and c+dc is given by ( 21 ), 
§ 10. Suppose all these molecules describe an average path. A, from the given 
instant until their next collision; then if N is the total number of molecules in 
1 cm. 3 , Tail’s free path is defined as: 

/'=(I/Ar)JAdA, <43) 

and it can be shown that this is given by: 

l (44) 

1 nNo 1 1 ^ ift-v) vNoi 

where ^x)«xe“ jr, +(2x2+l) (V'M* and the integral in this cannot be 

expressed in simpler terms and' must be found by quadrature. Tan s free path 
is about 4 per cent, less than Maxwell’s, in which the numerical factor is 
1/^2=0-7071. Jeans 2 found the factor to be I -255/ \ 2=0-7079. 

Natanson 3 worked out the case in which 2, 3. .... molecules after collision 
may remain together as a complex; he showed that the velocity of the centre of 
gravity of the complex follows Maxwell’s distribution law and the average 
kinetic energies of the single and complex particles arc equal. Gibbs s disso- 
ciation formula was deduced. He also pointed out 4 that Tail had calculated 
that 99 per cent, of the Maxwellian distribution is set up in a gas in 5 x 1U sec., 
but the remaining 1 per cent, would, theoretically, require an infinite time. 

Let 8 be the short distance between the surfaces of two colliding molecules, 
small compared with the diameters. Before collision the molecules arc in this 


> Trans. Roy. Soc. Min.. 1886. 33. 65 (the tables arc incorrectly copK-d m o some books). 
Boltzmann, " Gasthcoric." 1896. I. 73; Booty. J. <hr Phys.. 1914. 4. 450. Dushman I reduc- 
tion and Measurement of High Vacuum." Schenectady. 1922. 24; JalTc. Ann. Phis., ivw. 
6. 195; Rosenberg. Phys. Rev., 1942.61.528. 
i Phil. Muk ., 1904. 8. 692. 

I Ann. Phys., 1888, 33. 683. 

4 Ann. Phys., 1888. 34. 970; Drudc. ibid.. 1897. 62. 693. 
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region 8 for a lime 8/R, and fo r an equal lime after collision; hence the mean 
duration of a collision is 2 8/R, and the mean duration for all collisions is: 




• e-"-- . RdR 

R (ni\+m£kT 


= 8 \/[27r/;i ,w 2 /A:7'(/w , + m 2 ) J (45) 

or, if W|=/w 2 =m: 

T=8\/(irm/kT) (46) 


and I/t is the probability per unit time that a pair of molecules at a distance 8 
will break apart. 

The probability of a triple collision, in which three molecules collide, is 
much smaller than that of a binary collision; 1 it has been calculated in different 
ways. Herzfeld 2 defined it in terms of a collision time equal to the interval 
in which the distance between two colliding molecules afterwards struck by a 
third like molecule is less than the molecular diameter; it may then be shown 
that the ratio of the probability of a triple collision to that of a binary collision 
(between two molecules) is approximately equal to the ratio of the molecular 
diameter to the mean free path: and hence if Z 2 , Z 3 are the binary and triple 
collision frequencies: 

Zy/Z 2 ~a/I (47) 

Therefore from (29) and (27): 


Zy=2\/(2)nN>oW(”l<Tlm) (48) 

Since /=10' 3 cm. at I atm. presurc, and o~10-* cm., it follows that Z 3 is of 
the order of 10” 3 times Z 2 ; at lower pressures (/ increases) the ratio is larger. 

This completes the discussion of the fundamental equations of the Kinetic 
Theory of Gases. The applications of the theory to the specific heats, viscosity, 
thermal conductivity, and diffusion of gases, and the properties of gases at very 
low pressures, arc dealt with in Section VII. 


• l.armor, Stanch. Mem., 1908, 52, No. 10. 

* Z. Phys., 1922, 8. 132; Syrkin, Phys. Z, 1923. 24, 236; Tolman, - Statistical Mechanics," 
1927, 247. 
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BIBLIOGRAPHY OF STATISTICAL MECHANICS 

Aston, in H. S. Taylor and Glasstone. " Trcat.se on Physical Chemistry." New York. 
1942, 1, 511; Boltzmann. ** Vorksungcn iibcr Gasthconc. Leipzig. 1895. I. 38. 58. 1898 2. 

62 f.; Darrow. Rev. Mod. Phys.. 1929. I. 90; Fowler. " Statistical Mechanics. Cambridge. 
1929 2nd edit., 1936; Fowler and Guggenheim. " Statistical Thermodynamics. Cambridge. 
1939; Gibbs. "Elementary Principles in Statistical Mechanics" 1902; " ' P r,nc, P« 
taircs dc Micaniquc Statistiquc." Paris. 1926; “ Collected Works. 1928 2 U C. 

" Recent Advances in General Chemistry." 1936. 53; idem, “Theoretical C ^ mii ' r >; Ncw 
York, 1944; Herzfcld. in Muller-Pou.llct. " Lehrbuch dcr Physjk H* ed't.. Bmnswick. 
1925, 3. ii; Hinshclwood. " The Kinetics of Chemical Change Oxford. l 945 . Jeans. Dy- 
namical Theory of Gases." 3rd edit.. Cambridge. 1921. 349; Kennard. 

Gases." New York. 1938. 338; Landau and L.fsh.tz. Siamtjcal Physics, transl. Schonberg. 
Oxford. 1938; Lindsay and Margenau. " Foundations of Physics. New York 936 8 

Lorcntz, “ Us Theories Statistiquc cn Thcrmodynam.que. Leipzig and Berlin. 1916. Mayer 
and Mayer. " Statistical Mechanics." New York. 1940; Moclwyn-Hughcs Phy*^ 1 Chem- 
istry." Cambridge. 1940; idem. " Kinetics of Reactions in Solution. Oxford. 1*1 . Orr. .m 
Butler, " Chemical Thermodynamics." 1946. 537 f. ; Planck. Theorie dcr W itmw ™ h .' 8 ’ 
4th edit., Leipzig. 1921. 1 1 1 f ..idem, " Theorie der Warmc. 1930. 183 f.; Rice. ■ n, I 0 ‘* uCU °J| 
to Statistical Mechanics for Students of Phys.cs and I Physical thcmisiiy. V. 930: I Ro< ilcbush 
and Webb in H. S. Taylor. "Treatise on Physical Chemistry. New York. 1931. *. '«*'• 
SchrOdinger, "Statistical Thermodynamics." Cambridge. 1946; Tolman. "Swttsttcal Mec * 
anics," New York. 1927; idem. Oxford. 1938; Ze.se. " Thcrmodynamik auf den Grundcn dcr 
Quantcntheoric, Quantenstatistik. und Spcktroscopic, Leipzig. 1944. 

§ 1. Thermodynamic- and Micro-States 
The kernel of Statistical Mechanics is the concept of state, and the most 
general formal definition of state is that it is represented by a function ol 
certain variables, the choice of which sets up a description of the state which, 
when treated according to specified rules (which may vary with the nature ol 
the system considered), leads to significant results. It is usually possible to 
give alternative descriptions of a state and. as far as possible, these should be 

equivalent. , . . , . 

The thermodynamic states of systems, defined in terms of such variables i as 
volume, pressure, and temperature, are what Francis Bacon would have called 
" Idols of the Market Place." The pressure is not a continuous distribution 
of force over an area, but an average of countless blows delivered by separate 
molecules. The temperature is not a continuously distributed property; the 
readings of an exceedingly minute and very rapidly acting thermometer in a 
gas would fluctuate from that when no molecule was colliding with it to a very 
high temperature when one of the fastest molecules hit it. The temperature is 
only an average value of the kinetic energy of translatory motion of the mole- 
cules, and comes into being only when the thermometer is large enough to 
smooth out the very different indications delivered over various parts ol ns 
surface by colliding molecules of varying kinetic energies. 

293 



294 


STATISTICAL MECHANICS AND QUANTUM THEORY 


IV 


The kinetic theory of gases gives (§ 2.III) pv=$nmc 2 for n molecules, each 
of mass m, in a volume v and with the mean-square velocity c 2 . Hence, if 
}/?ic 2 =€,= average translational kinetic energy of a molecule, and n=/V, the 
number of molecules in a mol (Avogadro’s number), pv=jlV(jmc 2 )=jN( l . 
But pv=RT , therefore €,=\{RjN)T=\kT t where k is the gas constant per 
molecule, or Boltzmann's constant. Obviously, i, has no definite value for a 
single molecule, but only for a molecule forming part of an assembly, and the 
same must, therefore, hold for the temperature T of the gas. 

From the molecular standpoint, the state of a gas is defined by such things 
as numbers of molecules per cm. 3 instead of density, and energies of molecules 
instead of temperature. These may be called the micro-states. A system, 
then, has an immense number of micro-states, e.g. varieties of molecular 
energies, at a given instant. The problem now is to connect the micro-states 
with the single thermodynamic state, which is something which can be measured. 
It is not too much to say that modern thermodynamic theory, including statistical 
mechanics, is almost wholly preoccupied with the correct definition of states. 
The problem is largely one of statistics. 

Any object or event, when sufficiently closely scrutinised by the eye of the 
mind, becomes discontinuous, and the supposedly continuous processes 
described by Newtonian physics are illusions. The only “ truly ” continuous 
entity which could be imagined was the nineteenth-century “ ether " (or 
" aether," in more refined terminology, Greek alQrjp) and, as far as can be seen 
now, the ether is non-existent. The continuous functions of mathematics arc 
also merely convenient approximations when applied to actual systems. 


$ 2. Types of Statistics 

In daily life, fairly accurate predictions can be made about events happening 
in large collections of individuals. In a large enough population, the birth and 
death rates are known to a certain degree of accuracy, although it is impossible 
to say anything definite about individuals as such. The precision increases 
with the number of individuals. In the same way, statistical mechanics obtains 
average values over immense numbers of micro-states, and these averages 
specify the thermodynamic states. Just as in life statistics, something must 
be known of the character of the population, as the birth rate in London, for 
example, may be different from that in Southampton, so in statistical mechanics 
use is made of appropriate rules of calculation. The one which applies to the 
great majority of cases is Maxwell- Boltzmann statistics. Two other kinds, 
based on the quantum theory, arc Bose- Einstein statistics and Fermi-Dirac 
statistics. 

Statistics deals with probabilities rather than certainties, and it is first neces- 
sary to define the probability of a state. Any given thermodynamic state may 
be realised in a great number of different ways by taking different sets of micro- 
states. and its probability is defined as equal to the number of sets of micro- 
slates. This is denoted by IF (German, W ahrscheinlichkeit ), and will be a very 
large number. If every molecule in I cm.* 1 of a gas has a different energy from 
the rest, and if it were possible to read out the energies of the molecules at the 
rate of a million a second, it would take just a million years to specify this single 
set of micro-states. I he molecules, however, are constantly exchanging 
energies by collisions, and in a very short space of time the gas has assumed 
another set of micro-states. 
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The relation of all this to the second law of thermodynamics was first pointed 
out by Maxwell (§ 28.11). In the expansion of a gas into a vacuum there is an 
increase of entropy. Now suppose the vessel divided by a partition half way 
up the cylinder, with a microscopic hole fitted with a sliding shutter, and suppose 
a “ demon ” or “ micro-robot ” stationed at the aperture. When a molecule 
coming down approaches the aperture, it is let through; but when a molecule 
coming up approaches, the shutter is slid and the molecule is reflected back. 

In time, all the molecules will get back to the lower half and the gas is as it was. 
No heat or work changes are involved (since the ideal sliding shutter absorbs 
no work), yet after a time the entropy change has been compensated. But 
after what a time! This would take millions of years, even if a micro-robot 
could be found. The second law is statistically true to a very high degree of 
probability, even if not ideally true in the sense of " absolute truth if there 

IS IUs outside the province or power of thermodynamics to link changes of 
state with time changes. That the second law of thermodynamics and entropy 
are connected with time, and that ihe uniform increase of entropy in physico- 
chemical changes can be regarded as providing a " pointer Irom past to 
future, as has been asserted,' seem incorrect.* Neither has thermodynamics 
any legitimate business in an undefined " universe,;’ since this docs no con- 
slitute a thermodynamic system (§7.11); nor can its results be applied w.th 
confidence to living organisms, except in so far as their > la !5* ca " bc d ^ ,,Kd 
in terms of the variables of thermodynamic states alone. That the states ol 
living organisms can be completely so defined cannot be asserted with any confi- 
dence. The results of thermodynamics arc entirely in place in the biochemical 
laboratory, but not in philosophical speculations about un.vcrscs or living 

bC Since the probability that two independent events having the separate 
probabilities and w\ shall occur together is *- *> **> 
multiplicative. Entropies, however, arc additive $=*> + S 2 This s igg< tsts 
that entropy and probability arc connected by the < equation f '* 1 * 
where k is a constant. The absence of an additive constant S 0 ) follows from 
Uie C Nernst Heat Theorem, since at absolute zero all the molcc«ks are ,n the 
same state, i.c. there is only one micro-state. Wm\, In 1-0, and sm v S 
it follows that S 0 =0. Suppose the system consists of a very large numbe 
of ** pans" J with different energies. N t with energy L lt N : with energy h* 
and s P o on, the total energy being E-W,£,. The problems to find l ow 
the energies are distributed over the parts, i.c. to find N x% N : , etc., when 

^Suppose .he parts sorted into “ boxes." each labelled 

then N,. N„ etc., arc the numbers in the boxes. There arelhrce 

of statistics to consider * (the new Gentile statistics ,s mentioned n§ 37). 

(I) In Maxwell- Boltzmann statistics, the parts, e.g. gas mokculLs aK p 
posed to have individuality, so that if there are three molecules A. B, and C . 

lohde. " Time and Thermodynamics. Oxford. 1947. 

in a vacuum, or energy quanta, etc. 

4 Lcnnard-Joncs. Pruc. Pttys. Sue.. 1928. 40. 320. 
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and two boxes, corresponding with the energies E\ and E 2 , the three arrange- 
ments in Fig. 1 .IV are all different: 

□ 0 0 0 0 0 

Fig. I. IV. Maxwell-Boltzmann Arrangements of Three Parts in Two Boxes 

The arrangement inside each box, however, is regarded as unspecifiable, e.g. 
BC is the same as CB, since, if it could be given, everything would be known 
in the minutest detail and there would be no field for statistics and no thermo- 
dynamic states. Thus, the arrangements in Fig. 2.IV, 

Fig. 2.IV. Identical Maxwcll-Boltzmann Arrangements 

must, in Maxwcll-Boltzmann statistics, be regarded as identical. 

If the energies of the various parts in the group £, were not identically £,, 
but differed by infinitesimal amounts, d£, as a maximum, from £,, the box £, 
would still be regarded as containing them all, and no specification of the 
actual energies of the parts within this range d£, would be regarded as possible. 
In classical kinetic theory, the value of d£, is regarded as continuously variable, 
with zero as the lower limit and the maximum value d£, as the upper limit. 
In quantum statistics, however, the parts arc regarded as having only discrete 
multiples of a quantum, the parts with each different multiple going into a 
separate box. 

(2) In Bose-Einstein statistics the “ parts ” lack individuality and arc identi- 
fiable only if they have different energies, or are in different boxes, so that the 
three arrangements in Fig. l.IV arc identical. If the parts are light quanta or 
photons, the condition 27 j V, = W drops out, since the total number may vary 
owing to absorption or emission. The result leads to Planck’s radiation 
formula. In Bose-Einstein statistics, N may have any value up to infinity; 
in Gentile statistics (§ 37) N is supposed to be finite. 

(3) In Fermi- Dirac statistics any box can contain either no part or only 
one. This applies to electrons, but since there can be two electrons with the 
same energy but with different spins, two electrons can go into one box. but only 
two ( Pauli's principle). 

The idea of these kinds of statistics may be illustrated by supposing there 
are two parts and two boxes, when the following arrangements are possible: 

(i» Maxwell- Boltzmann (Fig. 3.1V) — four arrangements of parts regarded 

as identifiable: 
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Fig. 3.1V. Maxwcll-Boltzmann Arrangements 
(ii) Bose- Einstein (Fig. 4.1V)— three arrangements of identical parts: 


Fig. 4.1 V. Bobc-Einsicin Arrangements 
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(iii) Fermi- Dirac (Fig. 5.1V)— one arrangement only of identical parts: 



Fig. 5.1V. Fermi-Dirac Arrangement 

The formulae for Bosc-Einstein and Fermi-Dirac statistics are very much 
alike, and it will be shown that both go over into the Maxwell-Boltzmann 
formula as a limiting case in conditions fulfilled for systems consisting of 
molecules at not too low temperatures. At very low temperatures, however, a 
gas should obey Bosc-Einstein statistics, and it seems as if liquid helium at very 
low temperatures behaves as a Bose-Einstein gas. The electrons in a metal, 
even at moderately high temperatures, obey Fermi-Dirac statistics, and are in 
a degenerate state, which explains why they contribute practically nothing to 
the thermal energy of the metal. The modern quantum theory shows that 
the Maxwell-Boltzmann statistics never applies strictly to any system, but is 
only an approximation. . . 

Although it has been rather maliciously said » that Statistical Mechanics is 
“ a subject which however and by whomever belabored has never refused to 
yield at least what was already well known,” and although many publications 
on it could well be spared, its great utility and interest emerge from more 
detailed treatment. 2 


§ 3. Mechanical Interpretations of Thermodynamics 
The first attempt to relate the laws of thermodynamics to mechanical principles 
was Rankinc's J hypothesis of molecular vortices, which is not unlike ihe theory 
proposed by Davy (§ 10.I1). 4 His exposition is not very comprehensible, and 
Maxwell's 5 quotation from Milton, that he “through the palpable obscure 
finds out his uncouth way," is not unjustified. The " explanation of the 
laws of thermodynamics by molecular vortices is now quite lacking in cogency. 
Vibrating " ethers " and rotating " ether particles " have also been invoked in 
attempts to " explain " the quantum theory. 6 Clausius. 7 starling from his vinal 
theorem (§40.VI1C), gave an explanation of the laws of thermodynamics in 
terms of quasi-periodic motions. Similar attempts by Boltzmann, 8 Szily. 
Burbury, 10 Nichols," Watson, 12 etc.,' 1 did not lead much further. 


' Keyes, J.A.C.S., 1928. 50. 931. 

J Tolmjn, J. Franklin Inst., 1927, 203, 661. 811. 

> Trans. Roy. Soc. Min.. 1850. 20. 147; 1851. 20. 425; 1853 
Mag., 1851. 2.6I.509;I855. 10.354.411; 1865.30.241; Safer*. I 1851 39; Phil. Trans.. 1854. 
144. 115; ” Misccll. Scientific Papers." 1881. 16. 49. 234 307 3 £- ‘ 4 - 7 - 

4 As Rankinc himself says. Trans. Roy. Soe. EA*.. 1853. 20. 56>. 

5 " Scientific Papers." 1890. 2. 660. .. Q 

* Zehndcr, Verhl. J. D. Phys. Ges.. 1912. 14.438; 1916 18. 181 : Umow Phy , . I9U. 

15. 380; Ncrnsl. Verhl. d. D. PhyS. Ges.. 1916. 18. 83; for collisions of gas and ether atoms 
Edwards. Chen,. News, 1919. 118. 270. a large mass of worthless literature is passed our 

^Mn^Phys.. 1870. 141. 124; 1871. 142. 433; 1872 144 265; Berlin Bee 1884 «3. 

» Wien Der., 1866. 53, II. 195; 1871,63.11. 712 ; Ann. Phvs.. 1871. 143. 211. 1896.57. 771. 
1897, 60, 392; " Wiss. Abhl.," 1909. 1. 9. 228. 288; 1909. 3. 578. 

’ Ann. Phys., 1872. 145. 295; 1873. 149. 74; Phil. Mag.. 1876. 1. 22. 

«o Phil. Mag., 1876. 1. 61 ; 1882. 13. 417; 1902.3. 225; ” A Treatise on the Kinetic Theory of 
Gases," Cambridge. 1899, 122, 130. 

•' Phil. Mag., 1876. I. 22. 369. ^ ^ 

» " A Treatise on the Kinetic Theory of Gases." Oxford. 1876. 46 . . . f 

•> See e g. J. J. Thomson. Phil. Trans.. 1885. 176. 307; 1887. 178. 471; Applications ol 
Dynamics to Physics and Chemistry,” 1888. 91. 

10 * 
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The elaborate purely dynamical theory of monocyclic systems, proposed by 
Helmholtz, 1 and extended by Boltzmann, 2 PoincarS, 3 Bryan and Boltzmann, 4 
Larmor and Bryan, 5 Zermelo, 6 Schiller, 7 and Einstein, 8 gave only formal 
analogies, mostly useful in driving home the conviction that in thermodynamics, 
dynamics cannot be regarded as the fundamental physical science. Ostwald’s 
“ energetic ” view (§ 23.11), that dynamics is merely a branch of a science of 
energy, was, in fact, true and helpful in this sense. A very refined discussion, 
introducing Pauli’s principle, was given by Kimball and Berry. 9 

The recognition that an explanation of the second law of thermodynamics 
must be sought in statistics is due to Maxwell, Lord Kelvin, and Boltzmann. 
Maxwell 10 said: “The state of the system at any instant is ascertained by 
distributing the molecules in groups, the definition of each group being founded 
on some variable property of the molecules. Each individual molecule is 
sometimes in one of these groups and sometimes in another, but we make no 
attempt to follow it: we simply take account of the number of molecules which 
at a given instant belong to each group. . . . We thus meet with a new kind 
of regularity, the regularity of averages, a regularity which, when we arc dealing 
with millions of millions of individuals, is so unvarying that we are almost in 
danger of confounding it with absolute uniformity.” Whether “ statistics is 
a method of arrangement rather than of demonstration,” 11 depends on what is 
understood by “ demonstration.” The difficulty of adapting dynamical systems 
to explain thermodynamics may be appreciated from the experiments of 
Horzclski, 12 who used a mechanically operated lever for tossing a coin into the 
air so that it revolved several times. With a new sixpence, he found 98 heads 
in 100 throws, and with a slight readjustment of the lever, 99 tails in 100 throws. 
The laws of probability do not operate with a machine. 

The relation between probability and entropy, which is fundamental to the 
whole development of statistical mechanics, is due to Lord Kelvin 13 and 
Boltzmann. 14 It is much more subtle than Newtonian dynamics, and proved 
capable of comprehending the development of quantum mechanics, intro- 

» Berlin Bcr., 1884. 159. 311. 755: " Wiss. Abhl.." 1895, 3. 119. 142, 163, 173, 179. 203; 
sec Bryan, "Thermodynamics." Leipzig. 1907, 188; Decombc. Compt. Rend, 1910. 151, 
1044: Boguslawski. J. Russ. Phvs. Cheat. Sac., 1918, 49. 138 (P): Phys. Z., 1922,23,209; 
Mimuru, J. Sci. Hiroshima Unit'., 1931. 1 A, 43. 1 17; Schimank. Naturwiss., 1947, 34, 2. 

J J.f. Mmh. ICrelk-I. 1884-5. 98. 68; 1887. 100. 201; " Wiss. Abhl.," 1909. 3, 122, 258; 
Men Bcr., 1885. 92. II. S53; Cun. Naehr., 1886. 209; " Wiss. Abhl.," 1909. 3. 153. 176. 

> Compt. Rend, 1889. 108, 550. 

* Men Bcr., 1894. 103, IIA, 1125; Proe. Phys. Sac., 1895. 13. 485; Boltzmann, "Wiss. 
Abhl.," 1909. 3. 510. 

y B.A. Rep., 1891, 85. where it is clearly stated that thermodynamics cannot be " deduced " 
from dynamics. 

* Ann. Phys., 1896. 57. 485: 1896. 59. 793. 

» Ann. Phvs., 1907. 22. 593. 

» Ann. Phvs., 1902, 9. 417; 1903. II, 170; 1904. 14. 354; Witte. Phvs. Z., 1910, 11. 347. 

’ Phil. Mug., 1932. 13. 1131. 

10 Quoted from MS. notes by H. W. Watson. “ A Treatise on the Kinetic Theory of Gases," 
Oxford. 1876, vii. where Laplace is mentioned as an originator; Pclsenccr, " L'£volution de la 
Notion de Phenomene Physique dcs Primitifs it Bohr et Louis de Broglie.” Brussels, n.d. 

(1947). 77. 

" Larmor, " Math, and Phys. Papers," Cambridge. 1929, 2, 215. 

'i Nature, 1945, 155. 111. 

«* Nature, 1874, 9. 441; Proe. Roy. Soc. B/in.. 1875. 8. 325; “ Popular Lectures and Ad- 
dresses." 1889. 1. 137; Phil. May., 1892. 33. 291; " Math, and Phys. Papers," 1911. 5. 11. 

Men Bcr., 1877, 76, II. 373; 1878. 78. II. 7; "Wiss. Abhl.," 1909, 2, 164, 250; Fredey, 
Compt. Rend., 1906, 142, 513; Hcrzfcld. Men Bcr., 1913. 122, HA. 1553; Ehrcnfest, Phys. Z., 
1914,15, 657. 
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duced by Planck in 1900 (§ 15); il is not so much an "explanation" as an 
instrument, and as G. N. Lewis 1 said. “ gain of entropy means loss of informa- 
tion," a remark which will be more fully appreciated later. 

§ 4. Probability and Thermodynamic States 

One mol of a monatomic gas occupying a volume V at a temperature T is 
in a definite thermodynamic state, or constitutes a ** thermodynamic system," 
the pressure p having a definite value corresponding with V and T according to 
the equation pV=RT. The gas is composed of a very large number (A'= 
6-03 x 10 23 ) of molecules, and the positions and velocities (and hence energies) 
of these are constantly changing, owing to motions and collisions. The gas 
in an adiabatic enclosure can assume an immense number of dynamical stales 
or micro-states (defined by the positions and energies of all the individual 
molecules) consistent with the total energy of the gas being E, and with the 
molecules distributed so that an average pressure /> is exerted over the surface 
of the vessel. The temperature docs not come into the dynamical picture at 
all. If the gas is contained in a vessel permeable to heat and placed in a bath 
at constant temperature T, ihc exchanges of energy between the gas and the 
bath, consequent on deviations from the average value of the energies of 
translation of molecules colliding with the walls, will be so small that the energy 
E of the gas at any instant will still be practically the same as it would have 
been in an adiabatic enclosure at the same temperature, and hence E is prac- 
tically constant. 2 Thus, every thermodynamic stale may be realised by an 
assembly of a very large number of micro-states, having the same total volume 
and total energy as the given system. 

The probability W of any thermodynamic state may be defined as equal to 
the number of micro-states which belong to the thermodynamic state. In 
classical dynamics, these micro-states form a continuum, their number is 
infinite, and no progress can be made in defining the probability of the thermo- 
dynamic state. In quantum theory, however, their number is finite (but 
usually very large), i.c. the totality of micro-stales forms a discrete manifokl, 
and the finite number of these states defines the thermodynamic probability, IV, 
of the thermodynamic slate, W being equal to the number of ways in which the 
thermodynamic state may bo realised from suitable assemblies of micro-states. 

§ 5. Entropy and Probability 

A system in a given thermodynamic state which undergoes a spontaneous 
change passes from a slate of less to a state of greater probability and in stable 
equilibrium the probability is a maximum. The probability changes in the 
same sense as the entropy, S. The result of identifying this probability of state 
with W as defined in § 4 may be examined. Entropies are additive, but proba- 
bilities multiplicative, and a relation S=f(IP) satisfying this condition is: 

S=k In W 0) 

where k is a universal constant, later <§ 14) shown to be the Boltzmann 
constant, or the gas constant per molecule, 1 Rj A f . where R is the general gas 
constant, and N is Avogadro’s number (6-03 x I0“). the number ol molecules 

■ Science, 1930. 71. 569; of. Wcombe. Comp,. Rent . 1924. 178 694; von Uuc. Fandumgen 
unJ Forischriite, 1944, 20. 46; Grocncuold. Fhyuca. 1946. 12. 405^ 60. 

i Schrodmgcr. ** Statistical Thermodynamics." Cambridge. 1946. 3. i. etc. 

> Kimball. J. Rhys, them., 1929. 33. 1558. 
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in a mol. Equation (I) is a modification by Planck 1 of one due to Boltzmann 2 ; 
it contains no arbitrary additive constant S 0 , nor can it contain such a constant 
if W is to have the definite value postulated in § 4. Since W cannot be less 
than 1, S has the minimum value zero. 

According to the Nemst-Planck theorem (§ 69.11), the entropy of a solid at the 
absolute zero is zero: 

S>-° (2) 

hence (1) shows that in this case W=l t i.e. the entropy vanishes when the state 
of the system can be realised in only one way. The absence of an additive 
constant in (1) is characteristic of Planck’s form of the Nernst heat theorem. 

Since discussions of probability are foreign to classical dynamics, all dynamical 
or micro-states would have equal probability, and in course of time a thermo- 
dynamic system could be supposed to assume all the possible dynamical states, 
e.g. for a system confined in a rigid adiabatic enclosure, all those consistent 
with the volume and energy (one of these states, e.g., will be that in which all 
the energy is possessed by a single molecule). This statement (usually called 
the ergodic hypothesis) seems at first sight to be incompatible with the existence 
of a thermodynamic equilibrium state of maximum entropy, and hence incom- 
patible with the second law of thermodynamics, since the micro-states are not 
confined to those belonging to the equilibrium state. 3 This objection is only 
apparent. 

The probability of the thermodynamic equilibrium state is the ratio of its 
thermodynamic probability W m% which is the maximum for all possible thermo- 
dynamic states, to the sum of the thermodynamic probabilities for all the 
thermodynamic states (including all non-equilibrium states) possible in the 
given conditions. Since the entropy is a maximum in the thermodynamic 
state ( S=S m ), corresponding with a maximum probability (W=W m ), equa- 
tion (I) gives: 

W'/W'.- (3) 

Since JS—S m — S>0, e~ JS * is a proper fraction. XV is very large, whilst S 
has a moderate value in the usual units, hence k (in the same units) must be 
very small (it is later, in § 1 4, show n to be l*38x 10 _,4 erg/l° C.). For a moderate 
value of JS, WfW m must, therefore, be extremely small, and hence any appre- 
ciable spontaneous deviation from the equilibrium state must be excessively 
rare. In consequence, the second law of thermodynamics retains its full 
validity in the statistical sense, in which it deals with average values, for which 
there arc quantitative laws to any desired degree of approximation. The 
statistical character of the second law is, in fact, experimentally verifiable in 
experiments on the Brownian movement and similar “ fluctuation ” phenomena 

i " Thcoric dor Warmestrahlung,” 4th cd., Leipzig, 1921, 111; “Thcorie der Warrae," 
Leipzig, 1930, 183. 

* "Gasthcoric,” 1896. 1. 38 ; Fortrat, Rev. Gen. Sci., 1919. 30. 135. Boltzmann had 
proved on classical grounds that a magnitude // always increases in spontaneous changes in a 
gas. and that it can be related to the entropy; Boltzmann, “ Gasthcoric," 1896, 1, 124; 1898, 
2,217; Cohen. Phys. Z. 1909. 10. 138. 196; Planck. ibid., 1909, 10, 195;Tolman. “Statistical 
Mechanics," Oxford. 1938. 99; on the //-theorem for a van der Waals gas, sec Happel, Ann. 
Phys., 1910, 33. 275. The //-theorem is considered in works on the kinetic theory of gases; 
see Section III. Bibliography; for a criticism, sec. e.g., Postma, Proc. K. Akad. Wetens. Amster- 
dam, 1906, 8. 630; 1907, 9. 492; and a reply by Ehrcnfcst and Ehrenfcst, Phys. Z., 1907, 8, 31 1, 
referring to seven letters of criticism in Nature, 1894-5. The matter is considered further 
in § 6. For thermodynamics and probability, see Rcboul, Compt. Rend., 1939, 209, 792; 
1941. 212, 149, 222; 1946, 222. 1063; 1947. 224, 314. 

> Davydov, J. Phys. U SS R., 1947, 11, 33; Bom, Research, 1948, 1, 165. 
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with sufficiently coarse micro-states. 1 Another way of expressing these ideas 
is to say that there are so many more ways of realising disordered as compared 
with ordered states, that disorder (leading to large entropy) is always much 
more probable than order. 

The following very simple case was considered by Einstein. Suppose that 
a gas contains n molecules, which exert no forces on one another, in a volume 
v 0 , the entropy being S 0 . Now imagine a volume in the gas, and 

suppose the entropy for the n molecules in a volume v is S (the temperature 
remaining constant). The probability that at a given moment all the n mole- 
cules will be in the volume v (owing to their motion in the volume v 0 ) is 
H / =(v/t; 0 )". Boltzmann’s equation. AS=k In H'=(/? A') In then gives 
JS=(/?/yV)M In (vlv 0 )=R In ( v/v 0 ), when /i=/V, which is the correct expression 
for the entropy change per mol (§55, II). From this, since df.=0 when 
r= const, (dilute gas with no forces between the molecules), it follows that 
-6(E-TS)=p<\v=T6S=RT{<lvlv), therefore p-RT/v, the general gas law. 
Nernst 3 considered the limiting case for the isothermal work done by an 
expanding gas consisting of a single molecule, and concluded that an infinite 
time would be required to furnish a finite amount of work. 

Einstein 4 then considered the case where the state is defined by a parameter A, 
which undergoes a small reversible change from A<, to A=Ao+8. at constant 
energy. Then, from thermodynamics, u = Jd£— jrd.V, and if the change is 
very small (since d£=0). iv= — T(S— So). 

Since 6=</?//V) In 

/. S-SoMfl/WlMlF/lFo) /. »» = -(/?rA r )ln(»VMn). 

or B = M'oC ^'" f =lf' 0 c" ,r ‘* r - 

Actually, it is more correct to speak of the probability of a region ICicbict) of 
states rather than of a stale, and to write: 

dlt'aconst. e • r fcl . dA 


putting dA instead of df(A) without loss of generality. 


§6. The Ergodic Hypothesis 

The crgodic hypothesis, 3 mentioned in § 5. has been the object of much dis- 
cussion, and its meaning is not very obvious. As G. N Lewis said, the 
is introduced to: " the various forms of the ergodic hypothesis, according to 

» On the theory of fluctuation* see e g. Pcrnn. - Us Atomes.” 1914. 190; 1 
Principles of Statistical Mechanics” Oxford. I9». 636; Kcnnard. Kinetic Theory of Gases. 
New York, 1938, 267. 

2 Ann. Phys,, 1905, 17, 132. ... , , - „ n , nsrallfli*. 

i Berlin Ber., 1933. 467; for ihc consideration of a single molecule in a sphe P 

Amsterdam, 1912, 14. 840; see the interesting extension of Einstein s idea i by ON.L w 

Acad., 1928. 14. 569. 575; Mayer. J. Chem. Phys . . 1942. 10. 629. On Jhe ^ 

occupying sites in two and three dimensions, see Miller. Proc. < • • • _ 

On dilute solution*. Larmor. Proc. Cambr. PUL Soc.. 1897. 9. 240: Phd. Trans . I8>7. 190. 
205 (275); " Aether and Matter ” Cambridge. 1900. 286. 

1 Greek. <pyo*. work. oSoc. a way. 

6 J.A.C.S.. 1937. 59. 2750. 



302 


IV 


STATISTICAL MECHANICS AND QUANTUM THEORY 

which every system returns over and over to something like its original state, 
so that on the average no property, such as the entropy, has even the probability 
of changing in one direction rather than in another. Finally, to complete his 
mystification, the student learns that the entropy is determined completely by 
such variables as the energy, the volume, and the masses of the various con- 
stituents, so that when these are fixed, the entropy cannot be considered to 
change at all, even in thought." C. E. Guye 1 quotes Herodotos (5th century 
b.c.) as saying: ** qu’on prodiguc Ie temps tout possible s’ arrive yet Herodotos 
says: 2 in a life of seventy years there is not one day but will produce events 
unlike the rest." The crgodic hypothesis was introduced by Boltzmann, 3 and 
adopted (as the “ principle of continuity of path ’*) by Maxwell. 4 It was 
criticised by Lord Rayleigh 5 and others, 6 and has been shown 7 by a mathe- 
matical argument depending on the assumption of orders of infinity, not to be 
possible for a gas, so that it may be said to fail for classical statistics. It is 
doubtful if the mathematics has any physical meaning. If all the possible 
states of a system could be represented by a surface, the ergodic hypothesis is 
equivalent to the statement that the path representing the succession of states is 
a Pcano curve, passing through every point of the surface. In quantum 
statistics, a system may be truly ergodic, since the number of arrangements for a 
given energy is finite. 

The so-called quasi-ergot/ic hypothesis, proposed by P. and T. Ehrcnfest, 8 
states that the simple undisturbed motion of a system, when indefinitely pro- 
longed, will bring the stale of the system indefinitely near every physically 
possible point on the surface representing the total energy, and (unlike the 
crgodic hypothesis) this can be applied to a gas. 9 10 11 Krylov 16 argued that the 
phase spaces retain their size in the motion of the system, but the parts are dis- 
tributed with a steadily decreasing degree of uniformity, and with a relaxation 
time. 


$7. Most Probable and Average Distribution 

I or a system composed of a very large number AT of parts n (e.g. of molecules), 
having a total energy E, the classical kinetic theory calculates for the thermo- 
dynamic equilibrium state the number n, of molecules each having an energy 
lying between c, and <,+d<„ where d< r may be as small as is wished ; i.e. 
€, is regarded as continuously variable, with a lower limit of zero. In the quantum 
theory, on the contrary, the energy of a part cannot vary continuously, but will 

1 J. Chim. Phvs., 1917. IS. 215: " Physico-Chemical Evolution,** 1925, 30, 60; I have not 
found the remark in Herodotos. 

2 " History.** i. 32. 

' Men Her.. 1868. 58. II. 517; “ Wise. Abhl. .** 1909. I. 49; Kcnnard. ** Kinetic Theory of 
Gases." 1938. 341. calls it the “ crgodic surmise." 

4 Train. Camhr. Pint. Soc.. 1879. 12. 547; " Scicnt. Papers." Cambridge. 1890, 2. 713. 

5 Hhit. A lag., 1900. 49. 98; ” Scicnt. Papers." Cambridge. 1903. 4. 433 (bibl.). 

‘ rrmclo. Ann. Phvs.. 1896. 57. 485: Jeans. " Dynamical Theory of Gases." 3rd edit., 
Camb' ,,c. 1921. 101. and references. 

K«* -'.th.il. Ann. Phvx.. 1913. 42. 769; Planchcrel. ibid., 1913. 42. 1061; Brillouin, "Die 
Quamcn M.ilistik.” Berlin, 1931. 90; for the statistics of non-crgodic systems, see Jaffe. Ann. 
Phvx.. 1924. 74. 628; 1925. 76. 680. 

Bcgnilliche Grundlagen dcr statistischen Auflassung der Mechanik, " Enzykl. d. math. 
Wins.." I9||. 4. 2. II (32». 31 tsep. pagination). 

v Rosenthal. Ann. Phvs., 1914. 43. 894. 

10 Xainrc, 1944. 153. 709. 

11 These may, for example, be modes of electromagnetic vibration in a perfect vacuum. 
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assume a finite number of discrete values, so that a specification would give the 
number n, of molecules each having the energy c,. 

Before temperature or entropy can be assigned to such a system, the restric- 
tion that the N parts are completely isolated must be removed, since the statis- 
tical basis of the second law of thermodynamics requires a sequence of changes 
of micro-states into one another in course of time, so as to give rise to an 
average or thermodynamic state. This restriction may be removed by imagining 
the system, e.g. a gas, immersed in a constant-temperature bath, since exchanges 
of energy between the system and the bath, consequent upon fluctuations of 
molecular energies, are always vanishingly small, and cancel one another in 
course of time. Such a system is practically equivalent to an isolated portion 
of the gas. 

When the average numbers of molecules (or parts) in specified energy states 
are known, the thermodynamic functions of the system can be calculated, e.g. 
the energy E and entropy S. The most probable distribution is more easily 
calculated than the average distribution, but the two arc not the same unless 
the most probable distribution is rigidly maintained. This is not the case if, 
in course of time, some molecules assume less probable stales owing to fluctua- 
tions. As is indicated in § 5 , however, such departures from the most probable 
distribution (W a maximum) arc quite negligible if N is very large, which is 
always the case in a thermodynamic system, and hence the most probable 
distribution may always be substituted for the average distribution without 
sensible error . 1 


§ 8. Maxwell-Bolt/mann Statistics 

In the great majority of cases the method of calculating most probable distri- 
butions used by Maxwell and by Boltzmann 2 applies with sufficient approxima- 
tion. Consider a system composed of a very large number N of parts (e.g. 
particles, or molecules), completely independent and basing states charac- 
terised by the discrete energies <„ < 2 . «>.••• «»• ,hc ,0, > a [ cn f. rgy 
let the numbers of parts in each of these energy groups ( box or cell ) 
be H|, n 2 , n,, . . . n„ where: 

M,+«2+ M J+ • • ' + * • ' • • * 

and w,<i+/i2«2+ w )«>+ • • • = t . . . ( ) 


Moyer and Mayer, “ Statistical Mechanics. 1940. RO 

Maxwell, 0 /1. Rep . 1873. II. 29; Boltzmann. MV*. Orr . I 8 77 . W Jl -'73. 18 . • • 

'.vs Ahhl " 1909 2 164. 250: Lorentz. Verhl. J D. Rhys. Or*.. 1907 9. 200. Us > >eo 


■. Ekktrochem., IMJ. ». 75*. *». 1734. 40. M2. ^5: 735. 41 »7 3* -73 


c. aeKirocnem.. ivjj. jv. uo. o»* •• Tk..m«.«.lvn .mik jut 

1941. 47. 380. 595. 044; 1942. 48. 425. 476. 693: 1944. 50. * ' 3: 

den Gninden dcr Quantcntheoric. Quanlcnsui.st.k. nnd Spcktroskop.c Lc J 

Gebclin. Ann. Phys.. 1934. 19. 533: Moclwyn-Hughc " Phy-caU Chcnn 
1940. 51 ; Margenau and Murphy. " The Mathematics of I hysics and C hem ry. 

1943. 415; Staverman, Chem. Weekbt.. 1947. 43, 199. 

On Ludwig Boltzmann (1844-1906,. see Schafer. Nun****.. ■ A 
* The -li.es” mus. no. .hcn.scl.es be pcmuubk-: th.cnfcs.-Afanassk.a. 

Akad. Weiens. Amsterdam, 1918, 21, 53. 
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Now consider the number of ways in which the N parts can be distributed 
among the r energy values. If the N parts were arranged in a line there would 
be N\ ways of arranging them, if each is assumed to have the possibility of 
having all energy values between c, and e,. If /i, of them have the same energy 
value however, the possible number of arrangements is less, since there 
would have been «,! further ways of arranging these n x parts if they were all 
different. If the number of arrangements is now W lt then N\=W x xnA t 
therefore W x = N\ln x \. 

In this arrangement account is taken of the individuality of the parts, but it 
is assumed that the actual arrangement inside the “ cell ” e, is not known. If 
n 2 parts are now supposed to be in the cell c 2 , the number of arrangements is 
further reduced, and becomes W 2 =N\ln x !/i 2 !, and so on. 

In the general case, the total number of ways in which the energies can be 
distributed among the parts if (as is assumed in Maxwell-Boltzmann statistics) 
there are no special restrictions, is: 

W=N\l(n x \n 2 \n>\ . . . *,!) ( 3 ) 

and this will be the thermodynamic probability in accordance with § 4. Equa- 
tion (3) thus defines the Maxwell-Boltzmann statistics. A special case of (3) 
is explained in detail in § 30. 

The most probable distribution is that which makes M'a maximum: 1 

8^=0 ( 4 ) 

subject to the conditions that (i) the total number of parts, and (ii) the total 
energy, are constant, i.e. from (1) and (2): 

£8/i, =0 (5) 

and 2*,8w,= 0 (6) 

Take logarithms of (3) and use (4), then: 

8 In JF=8 In N\—Eh In w,!=0 (7) 

When n, is large, which is true when the states contribute effectively to the 
whole assembly, the factorials in (7) can be transformed by using a simplified 
form of Stirling’s Ihcorcm: 

N\={Nlt) N (8) 

In /i,!=/i, In n,—n, In e=/», In n, —n, ( 9 ) 

A simple deduction of (8) is the following. 2 For AN— 1 the equation: 

A In N[/AN=[\n Nl - In (N- 1)!]/1 =ln [N . (N-\)\/(N-\)\]=\n N 
is an identity, since N\ = N . (/V— 1)!. Now write the equation in differential 
form: d In N\/dN=\n N . therefore d In ,V! = In NdN, therefore In iV! = J In NdN. 
By integration by parts (§ 19.1): 

/ In NdN=N In ,V-Jd.V=/V In N-N, 

In N\=N In N—N, 
or N'.=(N/e) x , which is equation (8). 

1 It is assumed, without investigation, that (4) is. as is the case, the condition fora maximum 
value of If' and not a minimum value. 

- Satterly, Nature, 1923, III. 220. A more complete form is N'. = \ (2m\){N/e) N , the 
deduction of which is given, c.g.. by Poincare. "Calcul dcs Probabilites." Paris, 1896. 62; 
Hack. " Wahrschcinlichkcitsrcchnung." Leipzig. 1911.46: Czubcr. “ Wahrschcinlichkcits- 
rcchnung," 4th edit.. Leipzig. 1924. 1. 24; Planck. "Thcoric dcr WSrme." Leipzig, 1930, 197. 
The form .Y! = \ (2».VX/V/c)-v is sufficiently accurate for /V>10; for very large values of N, 
the large quantity \ (2wAf)can be taken as of the order of unity in comparison with the very 
much larger quantity (N! c)* v . and (8) is then very nearly true. The method used by Fowler, 

“ Statistical Mechanics." Cambridge. 1936. docs not involve Stirling's theorem. 
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Equations (5), (7), and (9) give: 

8 In W= -ZBn, In n,=0 (10) 

Multiply (5) by A and (6) by /z, where A and n are arbitrary constants, called 
undetermined multipliers, and subtract from (10): 

£8/i,(lnn,+A+/z* ( )=0 (H) 

Since Bn, is now arbitrary, apart from the restriction implied in (5), it follows 
(the full argument will be found in textbooks of algebra) 1 that ( 1 1 ) is satisfied 
only when the expression in the brackets vanishes: 

In w,+ A+/zc,=0 (12) 

/i,=(l/Oe-^' (13) 

where C=e* (14) 

Equation (13) is the fundamental equation of Maxwell-Boltzmann statistics. 
It follows that: 

N=Zn=(\/C)Zc-*"=ZIC (15) 

where Z=Zc~*' (16) 

is called by Planck the stale sum (" Zustandssumme "), and this name is the 
best one, 2 since it expresses clearly what the symbol denotes. 

Also, from (2) and (13): 

£=£*/, =(l/C)£V, C -~ (17) 

The average energy of a part (e.g. a molecule) is thus: 

- FIN 0/C)2>,c-- 2>.e— 

« - E/N- (I / C )£ fe -*-' Lt-~' 1 

Put Zc'^'^x, then (d/d/z) In x=(l/x)(dx/d/z). But 

dx/d/i =* (d/d/z)^ - ***' = -IV, c--. 

(d/d M ) In -d/rc 

Hence -(d/d/z) In Zt^'= -d In Z/d^z (18) 

£-AK = -tf(dlnZ/d/z) (19) 

If W-/V (Avogadro’s number), (19) is the energy per mol. f rom (I). § 5 
and (3), the entropy is S=k In W=k (In Af!— Z71n n,\), and from (9): 

S«k[N In N-N-Z(n, In /»,-/», )]=k(N In N—N—Zn, In n,+N) 

=k(N In N-Zn, In n,)=k[N In N-NZ(nJN) In «,), 

5* —kNZ(nJN) In (nJN) (20) 

From (13) and (15): 

//,//V=e--'/Z, In {n,/N )= In e -'-In Z= -/z< ( - In Z. 

8= -Ayvrtn f /yv)(-/z< f -ln Z)=kpZn,€,+kN In Z 

S=kN)nZ+kpE (2D 

1 See e g. C. Smith. " A Treatise on Algebra." 1892. 151. . .. u 

1 See e.g. Margenau and Murphy. "The Mathematics of Physics and Chcm'stry New 
York. 1943. 449. who also use the symbol Z. " Sum over states, used by Tolman «cms an 
incorrect translate of "Zustandssumme." The name "partition function, and symbol/, 
introduced by Fowler (whose treatment does not introduce the sum cxphcily.andhencc 
cannot use the name) seem rather misleading, because Z is not >n itself a r^"tion functu n 
in the same sense as Maxell's distribute law <§ 10.111). but only half ' 

given in the " Report of a Joint Committee of the Chemical Society, the Jawd • 
and the Physical Society on Symbols for Thermodynamical and 
tides." London. 1937. was introduced after the Committee had presented its report, and 
never approved. 
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from (2). By denoting e - '*' by Z„ (20) can be written in the alternative form: 

S=—kNEZ, In Z, (20a) 

The value of the multiplier /z may be found from the general thermodynamic 
equation (2), § 35.11: 

(dS/d£),,= l/r (22) 

Differentiate (21) with respect to n at constant volume: 1 

(dS/d,z)=AN(d In Z/d/z) + A £+ A/x(d £/d/z) 

= -A£+A£+A/z(d£/d/z), from (19), 

/. (d£/d£)=(d.S/d/z)/(d£/d/z)=A/z= 1/7*, 

M = 1 IkT (23) 

This gives a definition of temperature, which so far has not entered the 
formulae. This value of /z may now be inserted in equation (13), giving: 

i»,«(l/C)e-«* r (24) 

which may be regarded as the fundamental equation of Maxwcll-Boltzmann 
statistics. The insertion of the value of /z in (19), with d/z= — (\/kT 2 )6T, and 
in (21) gives the values of the energy £ and entropy S , and hence also the free 
energy £: 

£=AOT 2 (d In Z/dT) (25) 

S=kN In Z+E/T (26) 

F=E-TS=-kNT\nZ (27) 

An alternative formula for the entropy is: 

S=(E—F)/T 

=A.V(ln Z+7*(d In Z/dD] (28) 

The molecular heat at constant volume (with A , =A r . Avogadro’s number, and 
R=j\k) is. from (19), (23), and (25): 

C\ = (d£/d T) = (d£/dfi)(d/i.dr)= (d £, d/z )( — 1/AT 2 ) 

= — A/z 2 (d£ d/«)=A/V/z 2 (d 2 In Z/d/z 2 ) 

= {RT i) 62 ' nZ (29) 

1 'd(l/D 2 

f rom (27): 

Z—q~ frt (30) 

f rom (13). (15). and (23): 

C =Z/N and n,—(NjZ)t~ t ' kJ (30a) 

From (30). by dividing numerator and denominator of the index by N (which 
may be = .Y. Avogadro’s number), Z=e , - kr . where /, is the free energy per 
molecule. 1 lence 

CN=e~ /,kT and n, = jVe* * r (31) 

All the fundamental formulae of Maxwell-Bollzmann statistics have now 
been obtained. The use of Stirling's theorem by Boltzmann, 2 and Planck 3 

1 The state sum for the translational kinetic energy depends on the volume, as is shown in 

* 33. 

•’ ” Gastheorie.** 18%. I. 41. 

" Theorie der Warmestrahlung." 1921. 124. 
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has been criticised. 1 An alternative method, 2 using Cauchy’s contour-integra- 
tion for a complex variable, and a “ method of steepest descents,” a purely 
mathematical device for evaluating certain coefficients in power series, is 
unsuitable for elementary exposition; Kistiakowski 3 was “ still to be convinced 
that the . . . method has any advantages, except some mathematical elegance, 
over the much more instructive Boltzmann procedure,” and considered that 
” statistical mechanics could be adequately presented with a greater economy 
of mathematical symbols.” The involved mathematics, in fact, led one of its 
originators into error in one application. 4 
Another procedure, used by Gibbs, 5 assumes in effect that the integral: 

j e -ta.«IAT dr „| ( 32 ) 

is unity when taken over all the coordinates, dr being an element of generalised 
space (§ 13), « the energy, and a a parameter to be determined. Bichowski 6 
generalised this to: 

Jf(</ikr)e- to,,,, * r dT-l (33) 

where f (t/kT) is a function of the argument e/kT\ the Nernsl heat theorem requires 
that f(«/*r)=0 when T= 0. Brillouin 7 showed that (32) is applicable to 
quantum statistics. 


§ 9. Statistical Weights 

In some cases a group of g energy states occurs in which the values <„ |, 

«,. 2 are such that the difference («,.,-«,) is very small compared with 

the difference between the average energy of the group, and the energy of the 
next state or group of states. In such cases, the group of g states arc taken 
together as one state in the state sum, g being called the statistical weight 
(sometimes, oddly, " quantum weight ”) of the state. Thus equation (13), § 8 
(/i=l/AT) for this group is replaced by: 

n,-(l/C)g,e-‘ r (D 

which is equivalent to the sum of the separate terms all having (practically) 
the same energy The complete state sum will then be : 

Z-goC-‘** r +*ie'‘' * r + . • • +g. c-* T + • • • -Zgfi-*'” • <2> 


' Sec e g. Flamm, Phys. 2.. 1918. 19. 116. 166: Lichiencckcr. ihid.. 1919. 20. 12; 1922, 23. 
43; Verhi d. D. Phys. Ces.. 1919. 21. 2)6; Leipzig Ber.. 1925. 77. 189; Schwinger. Rhys A. 
1924, 25. 41 ; Berlin Ber.. 1925. 434; and ihc reply by Planck. Berlin Bet., 1925. 49. 442. 5/ell. 
Phys., 1933, 84. 1 12; 1934, 86. 810. , _ 141 

1 Darwin and Fowler, Proc. Cambr. Phil. So c, 1922. 21. 262. 391. 730; Ph,l Mo K I92 ; . 
44 . 450. 823; Fowler, ibid.. 1923. 45. 497; " Statical Mccha.no Cambridge. 1936. ).. 
Schottky, Ann. Phys.. 1925. 78. 434; Rice. " Imroduclion to Statistical Mechanics. J30. -8 
Lindsay and Margcnau," FoundalionsofPhys.es." New York. 19)6. 25-; FowIcrandGuggen- 
hem. ** Statistical Thermodynamics." Cambridge. 19)9. 34; Margcr.au and Murphy. Ik 
M athematics of Physics and Chcm.slry." New York. 194). 436; Schiod.ngcr. SUt.slK-l 
Thermodynamics." Cambridge. 1946. 27 (who says the nKthod " appeals to some scholars >. 

J J.A.C.S., 1940. 62. 2889. 

4 Howler and Sterne. Rev. Mod. Phys.. 1932. 4. 649; " »ca'ly .ncorrcct .. 

5 •• Elementary Principles in Sut.st.cal Mechanics." 1902. 32; „ 
York. 1928. 2. 32; Postma. Proc. K Akad. W„ms. Amsterdam. I90J-8. 10 390 I 08 9 I 
303. 781; Ratnowsky. Verhl. d. D. Phys. Ces.. 1916. 18. 26); Pin, IW H. 62 on .Ik 
limitations of Gibbs’s procedure, sec Euckcn. Naiurwus.. 1938. 26. 230. Ncrnst. 

27. 393. 

> von Neumann. iUu. •*>. MJ. l»; Wi^«. »**• 

*«•. 1932. 40. 749; Mayer and Band. J. Chem. Phys.. 1947. 15. Ml. 
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All the g states are assumed to have equal statistical weights, i.e. given equal 
opportunities to possess the energies necessary for their separate existences, all 
these states are equally probable. 1 A state said to have an a priori weight g 
is really a group of g states which have so nearly equal energies that they are 
nearly equally affected by temperature change, and for simplicity in calculations 
they are grouped together as one state of weight g. 

Equations (17a) and (18), § 8, must now be re-written in the form: 2 

. E (MC)Z g,<fi-''* T \ dZ__dlnZ 

( ~N~ (\/C)£g,t-<' kT “ Z d,x dp * # * W 
If the energies in each of the group of g states become identical , the group of 
states is said to become degenerate , each energy c, then corresponding with g, 
micro-states. In certain circumstances, c.g. in a magnetic field, these states 
may unfold into different states, with slightly different energies, and they must 
therefore be counted separately in all cases. 

In Wave Mechanics (see § 10.V) the multiplicity g of a state with an energy £ 
is the result of the existence of g distinct proper functions (i/i) satisfying the 
wave equation, and the proper function of the system is a linear combination 
of these functions with g arbitrary constants. The physical significance may 
be illustrated by considering an atom with a magnetic moment mp. In a 
magnetic field H, the magnetic axis will set itself so that its projections in the 


direction of the field will have only the discrete values: 

y- 1 \, ... -j (4) 

where j is the so-called inner quantum number. The energy in the field is 
-nip H. and the state sum has g=(2j+\) terms, corresponding with the values 
of m: 

ZmStr* ,kr (5) 

m 

When 11=0, the system is degenerate and: 

Z=2y+ 1 (6) 


§ 10. C anonical Assembly 

An assembly of systems all having exactly the same energy and all in the state 
of maximum entropy was called by Gibbs 3 a micro-canonical ensemble (or 
assembly); 4 this corresponds with isolated systems (d£=0). 

An assembly in which the average energy, set up by exchange of energy with a 
constant temperature bath, has reached an almost constant value, corresponding 

' Giauquc. J.A.C.S., 1930. 52. 4808; on phase space with degenerate or coherent degrees 
of freedom. Epstein. Berlin Bcr.. 1918. 435. The assumption of equal statistical weights for 
the k Males is made into a " fundamental hypothesis *' by Tolman. “ Statistical Mechanics,” 
Oxford. 1938. 59. and Fowler and Guggenheim. *' Statistical Thermodynamics." Cambridge, 
1939. 7 (” no short or simple discussion is of any value 

- Ehrenhcrg. \atitre. 1946. 158. 308. 

’ " Elementary Principles in Statistical Mechanics.” 1902, 115; “Collected Works," 
1928. 2. 115. 

4 The name " assembly " is used by Slater, ** Introduction to Chemical Physics," New 
York, 1939, 32. 46. and other modem authors, as equivalent to Gibbs's “ensemble." In 
German, ” Gcsamtheit " is sometimes used. Sec Hcrz. Ann. Phys.. 1910, 33, 225; Einstein, 
ibid., 1910. 34. 175; Tolman. J.A.C.S.. 1920. 42. 2506; 1921. 43. 126; 1922, 44. 75; Adams. 
ibid . 1921, 43. 1251. As van der Waals. jnr., Ann. Phys.. 1911. 35. 185, pointed out, Boltz- 
mann considered systems in which the energy is regarded as constant, but did not really define 
his distribution of states before reaching the account in the second volume of his “ Gas- 
theoric " (1898. 2. 68 f.). whilst Gibbs's treatment is essentially one in which the temperature 
is regarded as constant. The treatment adopted here follows Planck. Berlin Bcr., 1925. 442. 
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with the maximum entropy, was called by Gibbs 1 a canonical ensemble (or 
assembly). For all but a negligible fraction of the states, the two assemblies, 
as has been indicated (§ 7), may be regarded as identical, and hence the name 
“ micro-canonical ” is rather misleading. 

The probability that any arbitrarily selected or sample elementary configura- 
tion in the assembly shall have the energy f, is given by (13) and (15). § 8, as: 

nJN=e -‘' fcT /re ukT . 

Since the elementary configurations are all of the same kind, they undergo the 
same changes in lapse of time, these changes giving rise to the various micro- 
states. The above probability, therefore, also gives the probability that a single 
elementary configuration, undergoing changes with lapse of lime, shall have the 
energy e, at any selected moment, the energy changes in this case being due to the 
constant temperature bath, as a kind of Brownian movement. The equation 
then gives the definite energy fluctuations of a single elementary configuration 
immersed in a bath of temperature T, these depending only on the temperature. 

If i is the average energy, it is easily shown 2 * that 

J =(^T^/c 2 = - Ar 2 (d/d7*XI/i). 

In a degenerate group of g, states, each having the energy in a constant 
temperature bath, the energy fluctuations of a single elementary configuration 
will be specified by (13) and (15), § 8. and (2). § 9 : 

n,IN~gjt-* kT l2gfi- 4 - lkT O) 

When g,= l, the smallest energy < 0 will occur most frequently, the exponential 
in the numerator then having its largest value, but in a degenerate system 
(g,>\), g, increases with r.s ince a larger energy may be distributed in many 
more ways over the different coordinates (degrees of freedom) than a analkr 
Thus, the numerator of (I) will first increase rapidly with r. but ^ ter with 
sufficiently large values off,, it will become vanishingly small, on account of the 
increasing effect of the exponential function. The maximum va,uc <” ( l| 
then no longer occurs for c 0 (as when *=1). but nearer the average energy 
i.e. the energy fluctuations are smaller than in a non-degenerate system, J i ( I 

has a small and sleep maximum The most probable energy is thu y y 
equal to the average energy, and hence such an elementary conf.gural.on w,«h 
many degrees of freedom has. for every temperature, a definite avcrage cncrgy. 
Conversely, each energy corresponds with a definite temperature o ‘the con- 
figuration, which temperature exists independently of a constant tempera u 
bath in which the system may be supposed to be immersed. i,/,. 

Since, in the stale sum. all terms in which the energy differs 
from the average energy, F.=E are negligible, any body of finite “ ™ 
may be treated as a single elementary conliguraiion with many degrees 

freedom.' Then:* z . G . e -*»r (2) 

where G=£g, is the sum of the statistical weights of all the at*M ' he 
energy is very close to E. The steep maximum at L,=E is conditioned oy 
(i) the factor G for values £,<£. and (ii) the exponential I function for values 
£,>£; and hence on both sides of E the contributions to (2) are negligible. 

I - Elementary Principles in Statistical Mechanics." 1902, M. «. 68: C “ lkacj Wo,k ’' 
New York, 1928, 2. 34. 46, 68. 

1 Planck, " Theoric der Warmc." 1930. 205. 

> Planck. Z. Phys ., 1925, 35. 155; Berlin Ber. 1925. 442. bk encfKY G. 

* G is here primed .n roman type to dblingubh .1 from the symbol of ava.lablc gy 
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Since In Z=ln G— E/kT, equation (27), § 8 (since all the N states are now 
counted separately) gives: 

F=-kT\nZ=-kT\nG+E (3) 

S={E—F)/T=k In G (4) 

The comparison of (4) with (1), § 5, shows that the statistical weight G which 


must be substituted in (1), § 5, to give the entropy of a system of given energy is 
practically equal to the total number of micro-states of the system the energy of 
which does not exceed E. 

It is often more convenient to use an expression in which the micro-states 
having a common energy E, are written separately: 

Z=EG,t~ E,lkT =Et~ E, ' kT (5) 

in which z denotes summation over the separate states having this energy; 1 
equation (5) comprises all the micro-states of the assembly, from the smallest 
to the largest energies, to infinity, and any arbitrary grouping of the terms can 
be used in finding the sum. 

In the case where the state at absolute zero, T= 0, has a statistical weight 
go not equal to unity, i.e. consists of g 0 states with practically equal energies, it 
is easily seen that (28), § 8, must be written: 

■Si—*Sb+^[ln Z,— In g 0 +7'(d In ZJ6T)] .... (6) 
where R In g 0 =R In Z i0 is the entropy (if any) at the absolute zero. Planck’s 
form of Nernst’s theorem, 5 0 =0, is therefore strictly true only when go*=*. 
which, in the majority of cases, is true. 

The values of S referring to a crystalline solid at T= 0 as zero have been 
called the " virtual ” or Nernst theorem (NT) values; the values of S calculated 
from the complete state sums (including nuclear spins: see § 21) have been 
called the ’* absolute ’’ or nuclear spin (NS) values. 2 The NT energy is all the 
energy liberated on cooling from the given temperature to T=0 at constant 
volume, whilst the NS energy includes in addition the zero-point energy of the 
molecules, which is not thermodynamically observable. The effect of nuclear 
spin multiplicity cancels out in thermodynamic calculations, since it is not 
affected by temperature and concentration, and for such calculations nuclear 
spin effects may be subtracted from the NS functions. At present it cannot be 
decided experimentally if Ncrnst’s theorem, 5=0 at T=0, applies only to 
NT entropy, or whether, at temperatures very near T= 0, the effects of nuclear 
spin multiplicity also vanish. 

The entropy of a mixture of isotopes 3 in mol fractions a- and (1 —a) would be: 

5=a5,+(I — a)5 2 — /?(a In a+(I — a) In (I — a)] ... (7) 

• Planck, " Thcoric dcr Warme." 1930. 211; ” Hicr soil dcr Index ; bedcutcn. dass die 
Summation nicht iiber die Ordnungs/ahlcn r dcr Encrgic, sondem liber die cinzclncn ZustSnde 
/u crstrcckcn ist. so dass jede Fnergie E, so oft gczahlt wird. als cs ZustSndc gibt, welche diese 
Encrgic zukommt." 

1 On the distinction, see Nernst. Berlin Ber., 1913, 972; Kccsom, Phys. Z., 1913, 14. 665; 
Stern, Ann. Phys., 1916, 49. 323: Epstein. - Textbook of Thermodynamics,” New York, 1937, 
243; Ubbelohdc. " Introduction to Modem Thermodynamical Principles.” Oxford. 1937, 55; 
and the papers by Giauquc et at. given in § 29. 

3 Maxwell. " Ency. Brit..” 9th edit.. 1877, 7. 220; "Scientific Papers," Cambridge, 1890, 
2. 644. in discussing Gibbs*s paradox (§ 28.11). said: “ It is not probable, but it is possible, that 
two gases derived from different sources, but hitherto supposed to be the same, may hereafter 
be found to be different, and that a method may be discovered of separating them by a reversible 
process. If this should happen, the process of interdiffusion which we had formerly supposed 
not to be an instance of the dissipation of energy would now be recognised as such an instance," 
and he gave an equation equivalent to (7). 
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where the last two terms specify the entropy change due to the mixture effect 
(§ 57.11), but since no ordinary process affects x they usually cancel in the 
calculations. If there is a specific heat anomaly at a given temperature in- 
volving an entropy change S a> then S(NT) is reckoned from an apparent NT 
zero, S(NT)+S s from a true NT zero, and 5(NS)=5(NT)+5 J +5„ where S, 
is the nuclear spin part, from the statistical (NS) zero. 

A highly mathematical justification of Gibbs's 1 postulate that a statistical 
ensemble of mechanical systems generally converges in course of time to a state 
of statistical equilibrium, if it is not already in that state, is given by Kroo, 2 
and the treatment of Gibbs’s statistical mechanics on the basis of polydimen- 
sional geometry by Herz 3 may also be mentioned. The statistical foundation 
of the quantum theory is considered by Wereide 4 to imply that the element of 
generalised space dr (§§ 13-14) is chosen so large that the state at absolute zero 
is always included in it. These mathematical considerations are outside our 
province. As Born 5 says, the laws of probability can be regarded as hav mg the 
same validity as other physical laws, i.e. as ** demonstrated " by the agreement 
of their consequences with experience. Each type of statistics depends on the 
choice of equally probably cases, or, more generally, on the assignment of 
suitable statistical weights, and the result from classical mechanics that the 
statistical weight is proportional to the extension in phase-space can be justified 
only by the agreement of the consequences with observations. I lie descrip- 
tion of statistical weights is even simpler for quantised systems, each state of 
given energy which cannot be split into several states by physical means having 
the same statistical weight. 


§11. Zero-point Energy 

The value of <„ in (2), § 9. in the application to molecular systems, is the 
spectroscopically determined zero-point energy in the ground state of the 
molecule (sec § 17). If the free atoms are used as zero states for the energy- 
levels of the molecule, these levels differ from those in the above convention by 
the energy of dissociation of the molecule in its ground state into normal 
atoms, and the state sum is then 

2's-Ze"'** r (D 

In this case the zero-point energy factor is automatically included in the factor 
for vibrational energies (§ 16). In other cases,'* the state sum is defined as: 

Z"=go+KiC-" k, +g* "■*'+ (2) 

Z=Z"c *’* f 

If the energy of a molecule can be separated into translational (<,). rotational 
(«,), vibrational (< r ), and electronic (<.). parts, as is usual in spectroscopy : 

«=«, + «, + «r + «* ^ 


1 "Elementary Principles of Statistical Mechanics.” 1902. 142. . . .... 

! Am. Ph,,., 1911. 34. 907; crit. by Silbcntan. ibul.. 1912. 37. 386; reply by Kroo. IM-. 
1912, 38 88$ 

1 Ann. Phyt., 1910, 33. 225, 537; cf. alvo T. and I*. Ehrcnfcst. Wien Dtr.. 1906. 115. IIA. 

cf.'llloVhintscv. , „„ US**.. 1940. 2. 7, ; „ 4* 

Nemirovsky, ibid., 1940. 3. 191. 

1 “ Experiment and Theory in Physics." Cambridge. 1943. 26. 
c Giauque. J.A.C.S.. 1930. 52. 4808; see Gladstone. Ann. Rep. C hem . W-. I >35. or. k 
Z. Phyt., 1938, 109. 753; Clusius. Die Chemie, 1943. 56. 241 
’ Not to be confused with the general symbol «, used in § 8. 
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the state sum will be equal to the product 1 of the state sums for these separate 
parts: 

Z=2>r<: bT =2k- i <'*''+'^ kT =Z l .Z l .Z,.Z e ... (5) 
The last three factors may be grouped as an internal state sum: 

Z,=Z,.Z..Z, (6) 

This is only an approximation, since changes in vibrational energy afTect the 
spacing of the rotational levels, and both the vibrational and rotational levels 
are influenced by the electronic energy state of the molecule. 

§ 12. Some Equations of General Dynamics 
Some equations of dynamics 2 will be required later. The fundamental 
equation for a mass m considered as a particle is Newton’s second law: 3 

force = lime rate of change of momentum, or P=d(mv)/dt . (1) 

and when the mass is constant (non-relativistic dynamics), forcc=massx 
acceleration: 

P = m(d i//d / ) = m(d 2 s/d t 2 ) = mf (2) 

If the force is resolved into components X, Y, Z, parallel to the coordinate axes 
of.v, y, z : 

X—mx; Y—my; Z=mz (3) 

where x«d 2 .v/d/ 2 , etc. (§ 6.1). 

If a system of forces acts on any number of particles and if / denotes any 
selected particle, equations (3) become: 

wA-A'i-O; m,y,-Y t = 0; w/i,-Z ( =0 .... (4) 
Multiply these equations by the arbitrary (" virtual ”) displacements $.v„ 
by,, and form the sum for all the particles; then the resulting equation: 

~| («»,’*, - -V, )5.v, + ( m,y, - Y, )5 v, + (m,z, — Z,)hz t ] =0 . . (5) 

is called D'Alembert's principle * The virtual displacements must be consistent 
with any conditions of constraint imposed on the system; e.g. if any two particles 
are rigidly connected no displacement is possible in the line joining them. 

1 Since Ihc energies in the exponential arc additive. 

- See e.g. Thomson and Tan, "Treatise on Natural Philosophy," Cambridge, 1886, 
I. 301; J. J. Thomson. " Applications of Dynamics to Physics and Chemistry," 1888, 8; 
Holt/mann, " Prin/ipien dcr Mcchanik." 2 vols., Leipzig. I892-19W; Webster, "The Dynamics 
«>l Particles, and of Rigid. Elastic, and Fluid Bodies." Leipzig. 1904; Ricmann and Weber, 
" P i'tielle DilVeicniialglekhungcn dcr mathcmatischcn Physik," 1910, 1, 295; Routh, 
*• Elementary Rigid Dynamics." 1913, 45, 317; Schaefer, "Die Prinzipicn dcr Dynamik," 

I cip/ig. 1919; Planck. " Iinfuhtung in die allgemeine Mcchanik." Leipzig, 1920, 167; Phillips, 
J opt. \ *r .-inter., 1922. 6. 229; Whittaker, " Analytical Dynamics," 3rd edit., Cambridge, 
1927. 34; Sommerfcld. "Atomic Structure and Spectral Lines," 3rd edit., 1934, 1, 96; 
Margen.m and Murphy. " The Mathematics of Physics and Chemistry," New York, 1943, 
268 (vector notation), l or the history of dynamics, sec Whewell. " History of the Inductive 
Sciences." 1857, 2. I f.; Mach. " The Science of Mechanics," 1893, 269 f.. 331 f.. 466 f. 

J As dc Morgan. " DilTcrcntial and Integral Calculus." 1842, 504, said; " the word force, 
when used to signify both the pressure which produces acceleration, and the acceleration 
itself, has always been a stumbling-block to beginners." A force is " something ” which, 
acting on a mass m. can give it an acceleration f. and is measured by the product mf, the unit 
of force being derived from those of mass and acceleration (i.c. of length and time) so that this 
equation is true without a constant. In statics, forces act without producing accelerations. 
The dynamical symbol of force. P (" potentia "). must not be confused with the same symbol 
for pressure ( = forcc/arca). 

* Jean 1c Rond D'Alembert (1717-83). " Traite dc Dynamique." 1743. 


SOME EQUATIONS OF GENERAL DYNAMICS 


Now introduce, instead of the space-coordinates x , y, z , a system of generalised 
coordinates (which may c.g. include angles), denoted by q lt q 2 , q 3 , . . 
q k , . . and suppose the space-coordinates expressed as functions of these: 

*i«ifoi.* 2 . • • • 9*. • • •), etc. 
hx={dxjdq ,)&?,+ (dxJdq 2 )Zq 2 + . . . +(fajdq k )8q k + . . . 

=Z@xJdq k )hq k (6) 

In (6), dx,/dq k is an abbreviated form of dx,(q tl q 2 , . . .)/dq k , whilst in general 
8x ( is a variation of the coordinate .v,. Since Bxj8l=x„ and 8qj8i=q L , the 
velocity components follow from (6) as: 

* i =(dxjaq l )q l +(dx i ldqM 2 + . . . -gdxJdqM . . . (7) 
and similarly for y, and i { . 

Now replace 8x, by (6), and 8y, and 8 j ( by similar equations, in (5), then : 
ZUm-x.-XWdxJtqJhq^O, 

the terms involving y, and z, being supposed included. Now: 


.dx t d f dx,] . d dx, 

'd /% 181 


and from (7) by partial differentiation: 

dxJdq.^dxJdqMdqJdq^dxJdq, 

d«p%J d/L x, a#.J *d/la», J 

d dx, d*x, . C*x, . 

and 

=VI*lk)[VxJ*i l )q l +VxJtq 2 )q 2 + 

~dxjdq k , from (7). 


Hence: 




Substitute from (9) and (10) in (8), then: 


•• 

x, 

Hence in (5): 

• l " , 

k 

since m ( (d/d/)(i • ^/^-(d/diX^XW. 2 ). and hx ‘ is S' vcn b V (6) - since 
mx? is the kinetic energy of the ith particle along the x axis, and there are 
similar equations to ( 11 ) for m.yfiy, and mffii,, the sum of the right-hand 
sides of these three equations will give in place of the first term in (I I): 

S 4 % (! " ,|, ' 2)8 "‘ 

where v^xf+yi+t*, v , being the resultant velocity. Since £\m,v t 2 =T 
•he total kinetic energy, the first term will be S(6/6i)(cT/dq k )8q k . A similar 
summation gives £(dT/tiq k )8q k for the second term in (1 1). 


4 * %k 1 *?/-■ ' 
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Suppose the forces can be derived from a function V of the coordinates 

x i« v,, 2 1 9 x 2 , y 2 , z 2 by the equations: 

x^-dv/dxr, Yi-av/ty,; z,—dvidz t . 


In this case the system is said to be conservative and V is the total potential 
energy. Thus: 

Yfa+Zfiz^-dV^-ZidV/dqJhq* . . .( 12 ) 

Then (5) can be written, by using (12) and results just found, as: 


Let 


2 d/dr\_dr 

d tVcqJ Cq k 


bV 


s?.=o 


(13) 


L=T—V 


(14) 


be the Lagrangian function or kinetic potential. Since V is supposed to be a 
function only of the coordinates q h and not of the velocities q k , bV/bq k = 0, and 
(13) can be written: 

at" 

d#UJ ?q k 

k 

The variations 87 , , bq 2 , . . . are arbitrary, hence (15) can be true only if 
each of the coefficients of Bq k is zero: 

(d/dOfaL/ew-ai/^-o ....... . (16) 

This is called Lagrange's equation of motion. 1 If the configuration of the 
system is represented by a minimum number k of generalised coordinates, the 
system is said to have k degrees of freedom , and the deduction shows that the 
Lagrangian equations of motion arc true for any system of coordinates, pro- 
vided that the number of coordinates is equal to the number of degrees of 
freedom. There will be k equations of type (16) expressing the motion of the 
system, and each is a differential equation of the second order (§ 56.1). It will 
now be shown that these k equations may be replaced by 2k differential equations 
of the first order by using generalised momenta and including differentiation 
with respect to time. 

Corresponding with each generalised coordinate is a generalised momentum 
p k defined by 

Pk — ^LJbq k = bTJcq k ( 17 ) 

For the simplest case where T = Jiwr 2 , q k —z\ and bTfbq k ={6!(\v){\mv 1 )=mv. 
It should be noted that V is not a function of </*, but L=T— V is a function of 

< 7 i. '/». • • •• <l\, (‘h and in the most general case also of the time /: • 

L=Hq kt q k ,l) (18) 


tq k =0 


(15) 



f rom (16) and (17), since (d d t)p k =p k : 

f k =cLj?q k (19) 

which is a simple form of Lagrange's equation. 

Now introduce the Hamiltonian function: 


H=Pi4i+P&2+ ■ - +Pdk-L~Prik-L . . • .( 20 ) 

and write down its total differential, supposing for generality that L may 
depend explicitly on the time 1 : 

di/=rp k d^+r^dp t -r(ai/? 9t >d 9t -r(c-L^^)d^-(aL/ar)dr 

=Sq k d Pk -Z{bL/bq k )dq k -(cL/bt)6t (21) 

* Joseph Louis, Comptc Lagrange (1736- 1 SI 3). " Mecaniquc Analytique,*' 1788. 
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by (17). If H is supposed to be expressed as a function of the q k s, p k ' s, and 
/, then (21) can be resolved into the partial differential equations: 

q k =dH/dp k and dL/dq^-dH/tq,, 

and from (19): 

q k =dH/dp k and p k =-dH/dq k (k=>\,2, ...k) . .(22) 

which form a system of 2k differential equations of the first order, replacing the 
k Lagrangian equations (16) of the second order. Equations (22) are called 
the canonical equations of Hamilton. 1 In the particular case where the con- 
ditions defining the motion are independent of lime, and the kinetic energy T 
is a homogeneous quadratic (second degree) function of the q k s, Euler's theorem 
of homogeneous functions (§ 30.1) gives, with (17) and (20): 

2T=Z(dT/dq k )q k =i:p t qi=H+L=ir+T- V. 

H=T+V=E (23) 

the total energy, here expressed as a function of the q s and p's. Hence the 
canonical equations for this case can be written in the form: 

q b =<>Eldp k and p k =-dE/tq k (24) 


§ 13. Liouville’s Theorem 

An important equation of general dynamics is equivalent to one deduced by 
Liouvillc. 2 A dynamical system is assumed to be defined as to configura- 
tion or '•position" by k generalised coordinates, q q 2 . - - - ft- and a* 10 

"velocity" by their time rates q lt q 2 For a mass point m, the 

generalised velocity q k can be replaced by the generalised momentum, p k =n\q k . 
Now suppose the mass points to move so that after a small interval of time dr 
the coordinates have changed by: 

d<7»=(fy/20d/=«M'. 

and the momenta by: 

dp 1 -(ap,/a/)d/-/> t d/. 


• Sir William Rowan Hamilton (1805-65). Phil. Trans.. 1834. 124. 247; 1835 125. 195. 
Hamilton is also famous as the inventor of quaternions (1843). a quaternion being the sum oi 
a scalar and a vector, and involving four independent numbers, such as the scalar and three 
coefficients of the vector. The general equations of dynamics nay also be deduced by methods 
involving the calculus of variations, depending on the so-called principle of least action. 

which the integral ["/dr shall have a minimum value {Hamilton's principle). For the ( alculus 

of Variations, sec dc Morgan. ** Differential and Integral Calculus." 1842. " Jf**’ 

mentary Treatise on the Calculus of Variations." Dublin. 1850 (less strict and more mtell gib c 
and practical); Todhuntcr. " History of the Progress of the Calculus of Variations. 8M 
idem. " Treatise on the Integral Calculus." 1891. 388; Williamson. Integral Oku us. 1906. 
425; Bolza, " Vorlcsungcn uber Variationsrcchnung." Leipzig and Berlin I <- 
cuius of Variations" Chicago. 1925 ; Kncscr. " Lchrbuch der Variationsrcchnung. Bruns« Kk. 
1925; Forsyth. "Calculus of Variations." Cambridge. 1927; Koschmcidcr. Jr ' ' ? ,o ,4 
nung." I. Berlin. 1933; Morse. " The Calculus of Variations in the Uv. New r Y «*. 1934. 
Margcnau and Murphy. " The Mathematics of Physics and C hemis try. Ni* Y ork ‘ ' . t .1 

* J. dc Math. (Liouvillc). 1838. 3. 342. See H. W. Watson. " Kinetic Theory of Oa^ 
Oxford. 1876. 12; Boltzmann. " Gastheorie." 1898. 2. 66. 77; Planck. Theora- de. Warme- 
slrahlung." 1921. 129; Jeans. " Dynamical Theory of Gases 3rd edit.. Cambdgsi^.. 
Tolman, " Sutistical Mechanics." Oxford. 1938. 48. The theorem is calkd by Gibbs. 
'• Elementary Principles in Statistical Mechanics." 1902. 10 (with a deduction), the Pnnc'P'c 
of conservation of density in phase on the quantum aspect, see von Neumann Gull. Aortfcr.. 
1927. 245. 273; Wigncr. Phvs. Rev.. 1932. 40. 749; Mayer and Band. J. them. rh>s.. ■ »>■ 
15. 141. 
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The clement of “ phase volume," or the small region of generalised space 
defined (by analogy with 6v=6x6y6z) by: 

dr=dq x dq 2 . . . dq k dp x dp 2 . . . dp kt 

may be regarded as an infinitesimal parallelepiped of 2k dimensions with its 
edges parallel to the axes of the q's and p's. After the time dt the volume dr 
becomes dr', which is approximately again a " right-angled ” parallelepiped, 
if terms of higher order are neglected : 

dr , =d(^ l +<7,d/)d(^ 2 + </ 2 d/) . . . d(p x +p x dt)d(p 2 +p 2 dt ) . . . 

Now dq x =(dqil?q x )dq x tPi^&PifiPiWPu . . 

dr'— dr=dr(8q x /8q x + . . . -\-8p x /dp x + . . .)dl=0 . . (1) 
the expression vanishing because, from (24), § 12: 

dq\/cq x =8 2 E/dp x eq h and dp x ldp x = -b 2 EI8q x 8p u 

and the two expressions arc equal, since d E is a perfect differential (§ 27.1). 
Thus, Liouville's theorem is proved for the given coordinates q Xt q 2 , . . ., 
since dr is independent of time. 

To show that it is independent of the choice of coordinates, let the k 
coordinates q x , .... q k be replaced by k new coordinates x lt . . x k , which arc 

functions of <71 q k . Now compare the values of dr, and dr,, the phase 

volume elements expressed in terms of the q's and the .v’s, respectively, and the 
corresponding momenta p's and $'s, say. After a finite time, let dr, and dr, 
have moved in the generalised space far from their original positions, when their 
values have become dr/=dT, and dr x '=dr x . Now take a third set of 

coordinates : x which shall very closely coincide with q x , .... <7* 

at the beginning of the motion and with .Vj, v* at the end: this is allow- 

able. since no functional relations among the coordinates have been laid down. 
Since the momentum coordinates are completely determined by the configura- 
tion coordinates, the set corresponding with : Xt . . . z k will closely 

coincide with the set f|. . . . f* corresponding with x t ; . . . .v*. Hence 
dr.=dr i| and dr.'sdr/. Liouville’s theorem shows that dT.'=dr„ hence 
dr^dr,, and this proves that the value of dr is independent of the choice of 
coordinates. 

§ 14. Ideal Gas 

The general equation for the energy per mol of any system is (25), § 8: 

E—k\T 2 (d In ZfdT)=RT 2 (d In Z/dT) .... (1) 

Since /i = IAT. from (23). §8. therefore \lp=d\r\pldp (from §14.1) 
=kT- RT .V: hence /?r=.V<dln,i/d/i>. and dp/dT= - \/kT 2 , and the heat 

content U: 

//= E+ Pl’= E+ RT '= RT 2 (d In Z,'dT)+RT 

= Rr 2 i - 1 >kT 2 )( d In Zf d/z)+ A(d In /x/d/x) 

= -.V(d In Zldp-d In pfdp) 

= — iV[d In (Zfp)/dp] (2) 

The molecular heat at constant pressure is (since A* kT 2 =Nk/k 2 T 2 =Rp 2 ): 

C p = d // d T= ( d H!dp)(dp;d T ) 

= -N[d 2 In (Z/zx^K- l/*n 
= Rp 2 [d 2 \n(Z/p)!dp 2] 
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A molecule of an ideal > monatomic gas is dynamically specified by its 
position coordinates .y, y, :, and its velocity coordinates x=dxjdt, y=dy/dt. 
and z=dz/dt. Instead of the velocity components, the corresponding momenta 
mx, my, mz (where /n=mass of molecule) may be used. The coordinates are 
then (i) generalised position coordinates (< 7 ,=.v, q 2 -y, <7j=-). and (ii) general- 
ised momentum coordinates (p x =mi t p 2 =my, py=mt), satisfying Hamilton’s 
canonical equations of motion, (24), § 12 : 

q x —dEldp x , . . .; £,=— dE/dq lt (4) 

where E is the total energy (kinetic + potential), expressed as a function of the 
p's and q's, and supposed to be constant; the p's and q's are called canonical 
coordinates. 

Let the micro-state of a system be defined by 2/ canonical coordinates 

q |, <7 2 . ?j. • • Qb P\> P 2 > Pi Pb ^ich may be regarded as rectangular 

coordinates of a point in generalised space of 2/ dimensions. The changes of 
the micro-state in time arc then represented by the trajectory of the point in 
this generalised space. In the classical theory the phase points fill the phase 
space continuously. Any finite clement of phase space will in course of time 
undergo displacement and deformation, every phase point in it moving along a 
definite curve according to the equations of dynamics. 

In classical theory, the element: 

dr=d</id«/ 2 . . . dq,dp x dpi . . . dp, 

can be infinitesimally small, but the quantum theory shows that it has a mini- 
mum size, and since the product dqdp has the dimensions (energy) x (time) - 
(action), the same as the dimensions of Planck’s constant h, Planck suggested 
that the finite minimum volume will be dr* hf. The number of micro-states 
In a given system is proportional to the statistical weight W (§ 4), and the 
quantum theory shows that this is finite. 2 
Liouville’s theorem (§ 13) shows that: 

dr=dq x dq 2 dqy . . . dq,dp x dp 2 dp } ... dp, . . . . (5) 
is independent of time and of the choice of coordinates, provided these satisfy 
(4). (The finite extension is sometimes emphasised by using J instead of d.) 
Thus, the same probability may be assigned to a representative point in an ele- 
ment of given volume situated anywhere in the generalised space, i.e. this 
probability is proportional to dr. 

According to Heisenberg’s * uncertainly principle, it is impossible to spccily 
exactly simultaneously both the position and the momentum of a particle; il 
a molecule has coordinates lying between q , and <7,+d<7,. and momenta lying 
between p, and pj+dp,, the product d< 7 ,dp, has a minimum size h/An, or with 
sufficient accuracy, A, where A is Planck's conslant=6-6 x 10 27 erg sec. Hence 
in (5 > : 

dr=A' . (6) 

One mol of an ideal monatomic gas can be regarded as a single system 
(’’ molecule") having a large number /of degrees of freedom, in temperature 
equilibrium in a heat bath. 

1 For the statistics of a van dcr Waals gas, see Waldmann. Physica. 1937. 4. 1117. 

2 Somme rfcld, Phys. Z.. 1911, 12. 1057; Planck. Berlin Ber., 1916 653. 

* 2. Phys., 1927, 43. I ; Bohr. Nature, 1928, 121. 580; Lewis and Mayer. Proe. Nat^ 

!929, 15. 127; Darwm. Science. 1931.73.653; Kothan. Phil Mag 1 939 27 65 Mf*’ " 
and Murphy. -The Mathematics of Physics and Chcrmsiry. New York. I W3.33 l.mk. 

to- Quim., 1945. 41. 573; Bopp. Z. Natur/orsch., 1947. 2 A. 20JL I " 

depending on the " free volume " of a mokxulc. see Svenson. Ann. Phys.. 19.8. 
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For a system of N identical parts, each with /degrees of freedom, the phase- 
space of the individuals, of dimensions 2/, is sometimes called 1 the mu-space 
or /t- space (“ molecular space ”), and the configuration of the whole system is 
represented by N points in /z-space. But it is also possible to represent the 
state of the whole system by one point in a space of 2A/dimensions, called the 
gamma-space or y-space (“ gas space ”). The present discussion refers to a 
y-space. 

Since each monatomic molecule has 3 degrees of freedom, /=3/V and: 

dr=(d^ 1 d/7,)(d^ 2 d^ 2 ) . . . (d? 3N d/7 3N ) .... (7) 

The energy of a molecule is: 

c=\m(xi+y2+i2)+f 0 =(\/2m)(p l 2+p 2 2+p } 2)+c 0 . . (8) 

since p l =mx,p 2 = my, p 3 =*mt; e 0 is the zero-point energy. The total energy of 
the gas (if M 0 =E 0 ) is: 

£ =£ o+(/>i 2 +/>2 2 + • • • +PsN 2 )/2m (9) 

The state sum in the appropriate form is (5), § 10, and can, for an ideal gas, 
be replaced by an integral extending over the whole phase space of 6/V dimen- 
sions, since the differences of translational energies are very small. But as this 
includes all the micro-states derived by permutations of the W identical mole- 
cules, viz. A'!, this integral must be divided by N\ in order to represent the 
thermodynamic state, in which each micro-state is counted only once. 2 The 
interchange of any two identical molecules, in fact, leads to no change of state. 
Each term in the state sum is multiplied by dr/A'=l, from (6), and the integral 
taken over all points for the position coordinates, and all momenta from 
— co to +»: 

Z= Jn'. f c " £ • • • d ?3 N^PiN (10) 

E being substituted from (9), and N\ replaced by (N/t) N by Stirling’s theorem 
(8), § 8. Integration over the 3/V position coordinates gives: 

+ •• 

/*+ BO 

where V is the volume of the gas. Since (from (16), § 10.111): 

.*. Z=E-* kT [(eV/hW)(2nmkT) i2 ) N .... (11) 
Thus, from (3), § 10, the free energy is: 

"-kT In 2= —kNT In [(e V/k i NX2irmkT) il2 ] + E$ . . (12) 

1 P. and T. Ehrcnfcst. ** Enzykl. d. math. Wiss.” 4. II. ii. Heft 6. 

! Planck Ber.. 1916. 653; Ann. Phys.. 1921. 66. 365; see the criticisms by Lichten- 

cckcr Verhi <1. D. Phys. Ces.. 1919. 21. 236; Phys. Z.. 1919. 20. 12; 1922, 23. 43; Leipzig 
Btr 1925, 77 189; Nordhcim, Z. Phys.. 1924. 27. 65; Schrddingcr. Phys. Z., 1924, 25, 41; 
Berlin Ber.. 1925. 434; and the reply by Planck. Berlin Ber.. 1925. 49. 442. A deduction is 
given by Bosc-Finstcin or Fcrmi-Dirac statistics (§ 33). but the assumptions and the result 
are identical. Schrodinger. " Statistical Thermodynamics." Cambridge. 1946, 56. said that 
" classical theory gives pure nonsense.” which is an exaggeration. The division by N\ 
really applies only to such a dilute gas that it is improbable that any appreciable number of 
micro-states will have more than a single molecule in any given small clement of generalised 
space. Each n in the denominator of (3). § 8. is then either 1 or 0. its factorial (/»,!) in cither 
case being 1, and the expression reduces to .V!. 
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From (4), § 43.11, and (12): 

-(dFI<\V) T =p=kNTIV ( 13 ) 

Bui 

p=RT/V ( 14 ) 

hence, as stated in § 5: 

k=R/N ( 15 ) 

From (12) with V=RT/p=kNTIp, the entropy follows from (5), § 43.11: 
S=-(6F/(\T)y=R{ j In T-\np+\+ In [(2vmk) y *klh>)) . ( 16 ) 

=R\n(T y2 Alp) (17) 

where 

A=(2rT»ik) i,2 kc i2 lh> ( 18 ) 

The values of the constants in (18) are A: = l-38x I0 -16 erg/1 C., A=6-61 x 

10-27 erg sec. Also R=Nk, where /V=6 03x 10*\ and m=M/N, where 
M = molar weight. Hence : 

In ((2irm) J ' 1 2 A 5 ' 2 /A , ]-ln [(2nlN)*Hk i ’ 2 lh>))+i\n M. . .(19) 

The entropy of 1 mol of a monatomic gas (C,*=J/?) is given by (4a), § 55.11: 

S=S 0 + f*ln t+r In V, 


and since pV—RT this may be written as: 

S=S 0 + f R In T—R \np+R In /?. 

By comparison with (16) it follows that the entropy constant is: 

S 0 =\R-R In R+R In [(2nmkf 2 kl»] 

-{R-R In R+R In UMNW'lW+i* In A/ • • (20) 
from (19), and this also represents the constant for the translational entropy per 
mol of any gas. The translational entropy per mol is thus: 

$„-*{ In [(2nmkT) y 2 Vlh>N)+i) (2D 

If p is in atm. (I atm.= 1 0132 x 10* dyncs/cm. 2 ) and m- A///V in (16): 

£„-}/? In M+\R In T—R In p+R In ((2w k/hW)' J */ 1 -0132 x 10 6 )+ \R 
-f R In M+\R In T—R In p-7-262+4-965 (22) 

where R is put equal to 1 -986 g.cal. per 1 C. per mol. 

• In the standard state (ideal gas at I atm.) p*= 1 , the entropy is : 

S„°=i* ^ M+\R In T- 2*297 (23) 

The available energy per mol of ideal monatomic gas is, from (16), and 
EmEo+C'T-Eo+lRT: 

G=E—TS+RT 

= E 0 -\RT\n T+RT\n p-RT\n ((2*mm)- \k- 2 Jh ')) . . . (24) 
From (21) and E=*E 0 +iRT it follows that: 

G—KTl (25) 

The entropy constant equation for a monatomic gas was deduced in various 
ways,« the forms sometimes differing slightly, the present one being found by 


1 Sackur Ann Phvs 1911 36 958: 1913.40. 67. 87; Nemsi Fesischr.. 1912, 405; per., 1914. 

47. 1318; Tetrode. Ann.Phys.. 1912. 38. 434; 1912. 39. 255; fin*. K Akad Wrtrm. 

»9I5. 17. 1 167; Kccsom. Proc. K.AkaJ. Wetcns Amsterdam. 1913. 16. 227 -J 91 4 ’ * 7 ’ ^ ,»j an ^ ‘ 

1913.14.665; 1914.15.217,695; Vershg. K.AkaJ. Z \920 21.' 

G6tt. Nachr., 1913. 137; del Lungo. Nuov. Cim.. 1918. 16. 68. Schamcs. Phis. 
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Tetrode. A different deduction, in which quantisation is confined to a solid 
phase in equilibrium with the gas, was given by Stern. 1 

The so-called “ultimate rational units” system of G. N. Lewis 2 and 
Tolman’s 3 " principle of similitude ” can only be mentioned. Lewis, 4 from 
his theory, deduced for the entropy constant In [* 3/2 c 3 / yv 5,2 (4rr«*)6], where 
e=elcctronic charge, e=velocity of light, but direct comparisons with experi- 
ment 5 favour Tetrode’s form. 


§ 15. The Quantum Theory 

The quantum theory was introduced into science on 14 December 1900 by 
Max Planck, 6 to explain a serious difficulty, or “ cloud V which had arisen in 
the theory of radiation. By an application of the classical theory of equiparti- 
tion of energy (§ 20) to black-body radiation, Lord Rayleigh, 8 whose calcula- 
tion was later overhauled and confirmed by Jeans, 9 deduced an equation: 

p^ink^T/c* ( 1 ) 

for the energy density p , in ergs/cm. 3 of radiation of frequency v in equilibrium 
with a black body of temperature 7, where A is Boltzmann’s constant =R/N, 
and c is the velocity of light. Although (1) gave good results for long waves 
(small v), it failed for shorter waves, and for no apparent reason. 


38 39; Tolman, J.A.C.S., 1920, 42. 1185; 1921. 43. 1592; Ehrcnfcst and Trkal, Proc. K. Akad. 
Wetens Amsterdam. 1920. 23. 162; Ann. Phys., 1921. 65. 609; Planck. Ann. Phis., 1921, 66. 

J 92 . 2 ' 69, 161 : To,man and ^dgcr. J.A.C.S., 1923, 45. 2277; Urey, ibid., 
V 5 ’ I t 5 ,'' c ns . k ° 8, Ann - Phys " l923t 72 * 321 : Schidlof - Arch - Sci. Phys. Nat., 1924, 6. 
28!. Suppl. 61; Syrkin. 7. Phys., 1924. 24. 355; Becker. ibid., 1924. 28. 256; Rascili, Nuov. 

’J.? 26, 3 ‘ 67; Saha and Sur * PhiL A,ag ' l926 - »• 279; Wcrlhcimcr. Phys. 7., 1926, 27, 
771 ; Gibson and Hciilcr. 7 Phys.. 1928. 49. 465; Sackur and Simson, " Thcrmodynamik und 
Thcrmochcmic. 1928. 308. Although Fowler and Guggenheim. " Statistical Thcrmo- 
dynamics. C ambridge 1939. 156. did not regard any earlier discussion than that of Ehrcnfcst 
and Trkal (a pupil of Fowler’s) as "logically convincing." the formula was known and had 
been used nearly ten years before this. 

• Phys 7 , 1913. 14. 629; Ann. Phys., 1914. 44. 497; Z. E/cktrochtm., 1919. 25, 66; Born. 

1926°l70 C ° r,C d ” fCMCn ZuS,andcS *” l923 * 705: Ncrns, « *' Thc Ncw Hca ‘ Theorem," 

, * **"&*?>* *“’• l914 * 3. 92; 1914. 4. 331; Lewis, Gibson, and Latimer. 

J 'I C.y. 192., 44. 008; Lew, S. Phil. Mag.. 1923. 45. 266; 1925. 49. 739; Lewis and Randall, 
rhermodynamics 1923. 456; Van Vleck. Phys. Rev.. 1926. 28. 980; criticised by Lodge, 

r/ -’ r 75 ' . ? 25 .’ 49 ' 751 : Cam P bcl1 - ihi,, ‘ ,924 - 4 ?. 159. Witmcr. Proc. Nat. 

Acad., 1946. 32. 283. found /ic/e-’ = 86l - J(42 x4l) 

I4 i: JACS - 'Ml. «• 8W: Bridgman, "Dimensional Analysis," 
New Haven. 1922; J Phys. Chem., 1924, 28. 410. 

4 Lewis and Adams. Phys. Rev.. 1914.3.92; Lewis, ibid., 1921. 18. 121; Lewis, Gibson, 
and Latimer, J.A.C.S^ 1922,44. 1008. 

5 Giauquc and Wiebc. J.A.C.S., 1928, 50. 2193. 

sruAom’ o /i/Su 0 "' l 1 ' > ° 0 - 2 ’ 202 ‘formula). 237 (deduction); Ann. Phys., 1901, 4, 553, 
Piln *n. 9, i!‘i lh ^ or,c dcr Warm cstrahlung." 1906. 148; on the origin of the theory, sec 
h‘ nri"i 0bC ,u 2 ,n lecl ! ,r x c - " Dte En **«hung und bishcrigc Entwicklung dcr Quantcn- 
Ihconc, Leipzig 1920. and Saturviss., 1943. 31. 153; Roscnfcld. Osiris., 1936, 2. 149; Jordan, 
Forsehunsen ^ Fortschntte, 1943. 19. 321. On Max Planck, b. Kiel, 23 April, 1858. d. 
Gottingen 4 October. 194 . see Flint. Nature. 1948. 161, 13; Partington, ibid., 1948, 161, 47. 

. n? r vm ’ Ro > al Institution lecture. April. 1900; Phil. Mag., 1901, 2. 1. 

Plul. Mag 1900, 49. 539; Nature, 1905, 72. 54. 243; McLaren, Phil. Mag., 1912, 23, 513, 
later proved that the energy distribution in black-body radiation cannot be deduced on a 
classical basis. 

’ toil. Mat; ms, 10.91 .Phys.Z 190S.9.853;Planck.^./-A,.s.. 1910,31, 758; " Theorie 
d« Wirmcslrahlung Leipzig 1921. 197: Swan. Phys. Rev.. 1916, 7, 154; see, however, 
Carwile, Phd. Mag., 1938, 25. 926. 
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Planck considered the emission and absorption of radiation by a linear 
Hertzian oscillator consisting of two equal and opposite electric charges 
oscillating in a fixed straight line. He considered a number of such oscillators 
in a closed space, assuming them free from damping and at large distances 
apart, and subject to the action of monochromatic radiation. Observable 
radiation cannot be regarded as strictly monochromatic; 1 its frequency covers 
a small but finite range from v to v+dv. and it would appear in a spectro- 
scope as a very narrow band and not as a mathematical line (cf. § 50.1). 

Kirchhoff’s law that in a closed space or cavity (“ Hohlraum ”), contain- 
ing bodies of any character whatever, the distribution of the radiant energy 
over the frequencies ultimately acquires a steady or equilibrium state, was 
interpreted by Planck as indicating that in such an enclosure a magnitude, 
which he called the electromagnetic entropy , exists, which increases to a maxi- 
mum value in thermodynamic equilibrium. He assumed that, in natural 
radiation, the deviations of single rapidly varying magnitudes from their 
average values is random, and the theory of probabilities was carried over 

from the kinetic theory of gases to radiation. 

Planck, from classical theory, found for the mean energy E ol a Hcrztan 
oscillator of frequency v: 

v 2 £=kp, 0) 

where k is a universal constant, and from Wien'* displacement law, 2 that 
A,7' m =const., where X m is the wave-length of the maximum-intensity radia- 
tion in the black-body spectrum at the absolute temperature T m . which is also 
deduced on classical grounds, it was shown that: 

vlT-HpJv') • • • (2) 

where f denotes a function of the argument pjv\ Equation (2), § 35.11: 

l/r=dS/d£, then gave: M ... 

If there arc N identical oscillators in the cavity, so far apart that they exert 
no mutual actions, the state at a given moment is assumed to be the same as 
that of a single oscillator in N consecutive slates. If the total energy /v /: i 
divided into P equal " energy elements," «, distributed at random among the 
oscillators, then: ... 

A (4) 


The number of possible ways in which the P identical energy elements can be 
distributed among the N oscillators is given by the theory of combination 
with repetition," when the things permuted arc not all different, and the genua 
formula J is: 

W={N+P-\)W-\)'P'- 

The number of " complexions " W was defined by Planck as the P^ah.lity 
of a state, this increasing in proportion to the number of ways in w ««■ 
state can be realised in the given conditions. The general equation connecting 
probability and entropy (I), § 5: ... 

S=k In <0 ’ 

if 1 is neglected in comparison with N and (N+P) in (5), and the facioria 
transformed by Stirling’s theorem (8), § 8, In N\=N( In N— 1). goes. 

S=k[(N+P) In (N+P)-N\n N—P In P). 


' Schuster. "Theory of Optics," 1920. 35. 

1 C. Smi*/- A Treatise on Algebra" 3rd edit.. 1892. 352; Ehrcnfcs. am! Om.o. 
1915 , 46 , 1021 ; for a deduction without using entropy, see Wc.nstc.n, • 1 
A.T.P.C. — 1 1 
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Substitution of P=NE/e from (4), and simplification, gives: 

S=kN[(l +£/c) In (1 +£/*)-(£/«) In (E/e)) .... (7) 

Since S is a function of a single argument E/e, it follows from (3) that this 
must be proportional to E/v , and hence: 

(8) 

where A is a universal constant, since F in (3) is a universal function, i.e. the 
same for every system involving radiation and oscillators. 

Assumption (4) is the kernel of the deduction: as Planck 1 said: “ it is neces- 
sary to regard E, not as a continuous magnitude divisible without restriction, 
but rather as a discrete quantity composed of a finite number of equal parts. 
If we call such a part an energy element 2 e, it is thus necessary to put E—Pe, 
where P is a whole number, usually large, whilst the value of e we leave, for 
the present, undetermined.” 

The entropy of a single oscillator, S\ is found by dividing (7) by N, and if 
E/hv=x: 

S'=k[\n (1+a)+* In (1+*)— *ln*] .... (9) 

Again, dS/6E=\/T. But d5/d£=(d5/d.x:)(d.v/dE). If £ now denotes the 
mean energy of a single oscillator, then E=(\/hv)(dS'/dx). Differentiate 
(9) with respect to t, multiply by I /hv, and equate the result to 1/7’: 

(*/M »n f(l +x)/x)=(k/hv) In [(hv/£)+ 1]= \/T 
.*. In (hv/E+\)-hv/kT t or t MkT ^hv/E+\ 

/. £-Av/(e' ,r/ * r - 1)-» .... (10) 

The quantum theory presented a strange contrast to the nineteenth-century 
idea of the essential continuity of physical change. It asserted 5 that there arc 
physical systems which exist only in definite discrete states, and never occupy 
intermediate states, without solving the problem as to how such systems pass 
from one of these states to another. Planck 4 said: “The continuity of all 

1 Ann . Phys., 1901 , 4. 553 ; Planck used Us for E, and calculated h =6 55 x 10* 17 erg sec. In 
Ann. Phvs., 1901. 4. 564. lie calculated the mass of the hydrogen atom os 1 64 x I0"*« g. ( and 
in ibnt., 1902. 9. 629, as I 62 x I0-’ 4 g.. and the electronic charge as c=4 69xl0" 10 e.s.u., 
from radiation data. The present value is /i-6 62 x I0*« erg sec.: sec Millikan, Ann. Phys., 
1938, 32. 34. 520; Dunnington. Rev. AW. Phys., 1939, II. 55; Birge. Phys. Rev., 1940. 58. 
bin. Rep. Progr. phys.. 1942. 8. 90 (who takes 6 624 x 10 *’). 

- The name quantum, apparently first used (as " Lichtquant ") by Einstein, Ann. Phys., 
1906, 20. 199, is now very generally used for "energy quantum." although there arc other 
quanta (e_g. ol electricity, i.e. the electron) besides this. The name ergon , proposed by the 
wrner. * Text Book or Thermodynamics,** 1913. 521. did not find favour. This name " ergon " 
was used by the translator of a paper b> Clausius. Phil. Mag., 1868. 35. 405, as the equivalent 
ol " Wcrk," i.e. "action." and the dimensions of It are (energy x time), or "action," as 
understood in d> nunnes. The ergon has not a constant value, but depends on the frequency »•, 
as docs the " photon." 

• Poincare. J. tic Phys.. 1912. 2. 5; " Dcmieres Pcnsces” Paris. 1913, 163; Gibson, En- 
Rmeenng. 1912. 94. 515; Millikan. Science. 1913. 119 (historical): Jeans. B.A. Rep., 1913, 
° n k - u,M,u * n and ,hc Quantum Theory" (Physical Society), 1914. 66. 2nd 
edit., 19.4, 51 ; idem. " Dynamical Theory of Gases." 3rd edit.. 1921, 373, 404; Lorcntz, Katur- 

M Tpi 7 %# 13, l0 V ; Dcb>c * Z ,cchn Fhys " |938 - ,9 - 121 portrait of Planck, aged 80). 

Plnl. Mag.. 1914. 28. fO. For connected earlier accounts of the quantum theory, sec 
c.g. Jeans, opp. cit. \ " 1 j Theorie du Rayonnemcnt ct les Quanta." Solvay Congress (Baissels, 
191 1), 1912; various authors, in Ahhl. ,1. I). Bunsen Ges.. 1914. 7 (edited and transl. from Solvay 
Congress. 1911, by Euckcn); Lailenburg. " Plancks elementares Wirkungsquantum und die 
Mcthoden zu seiner Messung." Leipzig. 1921; Valentiner. " Anwendungen der Quanten- 
hypothese in der kinetischcn Theorie der festen Kdrper und des Gases." 2nd edit., Brunswick, 
1921; Gerlach, "Die cxperimcntellcn Grundlagen dcr Quantentheorie." Brunswick, 1921; 
Tolman, J. Opt. Soc. Anier., 1922. 6, 211; Bligh, "The Evolution and Development of the 
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dynamical effects ... was formerly taken for granted as the basis of all 
physical theories, and, in close correspondence with Aristotle, was condensed in 
the well-known dogma: Naiura non facit saltus [“Nature makes no leaps”]. 
But even in this venerable stronghold of Physical Science present-day investi- 
gation has made a considerable breach. This time it is the principles of thermo- 
dynamics with which that theorem has been brought into collision by new facts, 
and unless all signs are misleading, the days of its validity are numbered. 
Nature does indeed seem to make jumps— and very extraordinary ones.” 

At a time when it was thought that some "explanation” of the discon- 
tinuous energy exchange might be given in classical terms, several “ interpre- 
tations ” of Planck’s hypothesis were forthcoming. 1 All these must now be 
regarded as fundamentally unsound. One difficulty seemed especially serious. 
The quantum At- corresponding with an oscillator of very high frequency is 
relatively large, whilst in all radiation at realisable temperatures the intensity 
corresponding with high frequencies is relatively very small; hence it would 
seem that a high-frequency quantum would only very rarely be available, and 
the oscillator would not be 
able to absorb energy from 
the radiation. The same diffi- 
culty occurs for all frequencies 
at very low temperatures. 

Planck, therefore, modified 
the theory by assuming a con- 
tinuous absorption but a dis- 
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assumption that the oscillator 
emits a single quantum, but later * on the assumption that absorption occurs 
continuously until a whole number of quanta are taken up. ami h then i ernission 
occurs by loss of the whole of the absorbed energy (Fig. 6.1V). This gives 
the same formula for the energy density of black-body radiation as the early 
quantum theory, but the energy of the oscillator is now: 

(,l) 

instead of (10). The first term on the right vanishes for r=0 (sec below), 
and whereas (10) gives zero energy for the oscillator at absolute “™' n 
leaves it with a zero-point energy • of half a quantum. /Mtliough Planck -s 
" second quantum theory " (continuous absorption but discontinuous mitsio ) 
is now given up. the idea of zero-point energy plays an important part 

compared with unity, and (c h “* r -l) . ana lor y ” 11 

= l/c“=0. 

Quantum Theory." 1926; Persico. Scienna. 1928. 373; Rckhc. " The Quantum Theory." 

3f ■ Haa’s ]jm. Rodioaki. Elrkironik. 1910. 7. 261 ; J. J. Thomson PM. Mm^l' W20.1. >*: 
Wertheimer. Phys. Z. 1911. 12. 408; Schidlof. Ann. Phys. ..1911. 2 £ b 1 |9 ,J 45 5; 
Phys. Ces.. 1912. 14. 1W; Goldhammcr, Phys. Z., 1912. 13. 535. I Unck, Her., m-. . 

Houstoun, Phil. Max.. 1947. 38. 479. 

5 £ 

Einstein, Ann. Phys.. 1905, 17. 132; 1906. 20. 199; 1907. 22. 

1911. 12.931; Frank. ibid., 1912. 13. 506. Bkho*Nky .Phys. /?«*«-. M*- 
4 Cf. Einstein and Stern, Ann. Phys., 1913, 40. 551. 
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The expression (1 1) is closely related 1 in form to the function : 

*/(e*- !)+£*= ±*(e*+ l)/(e*- l)=|x coth ir, 
the expansion of which gives the so-called Bernoulli numbers as coefficients of 
even powers of x. 


§ 16. Energy of Oscillator 

Many formulae of the quantum theory are easily, but not strictly, found by 

dividing up the generalised 
( p , q) space into “ cells M of 
equal volume, associating each 
cell with a quantum state, 
and using the Heisenberg un- 
certainly principle, (6), § 14. 
If there is only one q and a 
related p, the space will be 
two-dimensional, and the rela- 
tion between p and q will be 

Fig. 7.1 V. Energy Cells of Linear Harmonic Oscillator represented by a plane curve. 

For a single harmonic os- 
cillator 2 of frequency v the energy « is the sum of the kinetic energy 
\mq 2 =p 2 /2m (^nd^/d/s velocity ;p= momentum «?/>!) and the potential energy 
2n 2 mv 2 q 2 ((6), § 52.1). Thus: 

€=p 2 /2m+27i 2 niv 2 q 2 (1) 

/. p 2 /lV(2/m)) 2 +^/lV(«/2^mv 2 )P-l .... (2) 

which is the equation of an ellipse 3 of semi-axes \/(2 rm) and \/(€/2n 2 mv 2 ). 
flic plane “ cells " arc then bounded by ellipses of constant energy (Fig. 7.IV), 
and, as the area between the curves is h (since /= 1 in (6), § 14), the area of the 
//th ellipse is nh. This area is also given by the formula of analytical geometry 3 
as i -ab, where u and h arc the semi-axes of the ellipse, hence: 

w\/(2/m) . v (</2rr : /m- 2 ) =«/»'= ;;A, c =nhv ... (3) 

The oscillator energy is thus a whole multiple of the quantum hv. 

In the old quantum theory, the only permitted energy levels lie on the ellipses 
themselves, and in transitions from one energy state to a neighbouring one, the 
phase point must jump abruptly from one ellipse to the next. Heisenberg’s 
uncertainty principle (§ 14), however, suggests that an energy level will be 
blurred into a band such as the shaded area, which represents the “ cell ” of 
phase space, and the naive assumption that the average energy of the oscillator 
is that of the middle point of the "cell " between the /ith and (/i-f l)th levels 
leads to: 

<=II(w+1)+mJAi=(/i+1)A*' (4) 

I his result is shown later (§ 7. V) to follow strictly from wave mechanics. 

The state sum for a set of simple harmonic oscillators is (§ 9): 



Z,=Zg, c~ fkT 


Z r =e“'»* -fe **• h *' kr +e . . . +c -«o-»/.o/*r + # # . ( 6 ) 


1 O. Lodge. Nature, 1925 . 1 15. 79;: ; A. Lodge, ibid., 1925 . 1 15. 838; Grccnhill, “ Differential 
and Integral Calculus,” 1896 , 235 . 

2 Planck, ** Thcorie der Warmcstrahlung.” 4ih edit.. 1921. 138: Sommcrfeld. "Atomic 
Structure and Spectrum Line*.” 1923. 195. 

J Gibson, " Elementary Treatise on the Calculus," 1933, 50, 310. 
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where c 0 is the zero point energy, and all the statistical weights g t are unity. 
This can be written as: 

Z, = e“^* r ( 1 + e“ h,/ * r + e~ 2 * w * T + . . . +t~* MkT + . . .) . . (7) 

If hv/kT=x, the expression in brackets is an infinite geometrical series with the 
common ratio e -x , and its sum is 1/(1— e _x )=(l — e“ r ) _, =(l— c~ h ‘ k1 )~\ 

Z'=c—’ kT ( I-e ” kT )-' (8) 

It follows from (18), § 8, that the average energy of an oscillator is,' since 
4=1 IkT: 

t = — d In Z,/d/i=A»(c l " * T — 1) -, +« 0 (9) 

For, In Z f =ln e - **'* 7 — In (I— c - *"* 1 ) . . . .(10) 

-=-«£*- In (1 -«-*"), 

—In Z t =(on+\n (1— 

-din ZJdp.,+ j ^ 1 ». d V t k 'l 

— <o+f^i=3=. ■ <— e _ *~X— *•) 

hv . e-**'* hi 

“*o+ | _ c -hn‘ | 

=«o+M e^* r -l)-* (") 

The vibrational entropy per mol is given by (28), § 8: 

S,«=*/V(lnZ r +r(d lnZ,/dD|. 

From (10): 

In Z r = —co/A 7"— In (I — c~ l *"* f ) <*2) 

. An(dlnZ./dr)=< 0 +Mc l, ** T -l) ' 

7*(d In Z l /d7')=(l/AT)[<o+Mc l '' fc ' — I) ‘J • • • • < 13 ) 
The sum of (12) and (13) multiplied by kN=R gives: 

S r =R[(hvlkT)(c , " kT — 1) 1 — In (1— c -1 " * T )) . . ■ (14) 
which is seen to be independent of < 0 . the zero-point energy. 


§ 17. The Morse Equation 

A system of n free mass points has 3/i degrees of freedom ($ 14). If the 
mass points, which may be considered as atoms, arc combined into a molecule, 
this will have 3 degrees of freedom of translational motion of its own centre of 
mass, and 3 degrees of freedom of rotation about this. Hence there arc 3»-6 
degrees of freedom of vibration possible for the atoms. For a linear molecule 
(rotation about the axis being excluded; sec § 23) there will be 3n-5 degrees ol 
freedom of vibration; if the molecule is diatomic (/i=2) there is only one degree 
of vibrational freedom, that in the line joining the atomic nuclei. 

The forces binding the atoms are essentially electrical, and may be simplified 
into an attractive force varying as 1/r 7 , and a repulsive force which increases 
more rapidly than the attractive at small distances and is of the order of I// 
where n is 9 to 14. Generally, the resultant force between the nuclei is: 

F=-air+blr* (,) 

1 For another deduction, see Tolman. " Statistical Mechanics/ Oxford. IV38. 37v. the 
above deduction is strict. 
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where m is the exponent of the attractive force and n that of the repulsive force. 
For a certain value of r=r ti F= 0, and this corresponds with the equilibrium 
position. 

It is usual to plot the potential energies rather than the forces against the 
nuclear separation r, the potential energy of the molecule being: 

V=j Fdr= J (-ar~ m + br^)dr= mar~ <"->>- nbr~ [n ~ 1 1 . . (2) 

In constructing a so-called potential energy curve , the curves V^nta/r”" 1 
and V„=-nb/r- 1 are plotted separately for given values of m and n, and the 
sum of the ordinates at each value of r gives the resultant potential energy 
curve. This has a minimum at r=r n corresponding with the equilibrium 
position. This corresponds with F= 0 on the force diagram. 



Fig. 8. IV. Morse Curse for Diatomic Molecule 


The potential energy of a diatomic molecule is a function of the distance r 
between the nuclei and has a minimum for the distance r f . For other values 
of r, the energy may be expressed as a function of r in a Taylor’s scries (§ 32.1): 

««fl 0 +tf I f+(tf 2 /2!)f 2 +(a3/3!)f 5 + . . ., 
where f is a function of r which is zero for r=r ft when c=j 0 » so l ^ at a^ — D, 
i.c. minus the bond energy, since by convention (cf. § 13.V) the potential 
energy is zero for / -•*» (separated atoms), and as energy D is absorbed in 
separating the nuclei at rest in the position r=r, to infinite distance, the energy 
at r must be — D if — D+ D=0. Again, as c has a minimum at r=r t , de/dr 
must be zero when r=r t (§ 9, 1), therefore dc/df=<7,+a 2 f+ • • • =° whcn 

f=0, therefore </|=0. therefore c = — D+(a 2 /2!)f 2 +(flj/3!)f 3 + • • • 

It is usually sufficient to retain only the term in f 2 , giving c = — D+^aif 2 - 
The arbitrarily chosen function f=(c _-l ' _, ' > — 1) satisfies the condition that 
f=0 when r-r t ( a is a constant), 

c=-Z)+Ja 2 (e-‘^ , -l] 2 , 
and as c=0 when r-> <x, i.e. e - * 1 *0, 


0= — D+a 2 '2 a 2 /2=D, 

« = — />+ 1 J 2 

€ = Z)[e -2-(,_, * > — 2e~* u " , • , ] . 


( 3 ) 
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Equation (3), which is semi-empirical, was proposed by Morse, 1 and has been 
overworked in many branches of investigation. The value of D in (3) includes 
the zero-point energy (in D 0 , Fig. 8.IV this is omitted). Differentiation of -« 
with respect to r gives the force F between the nuclei: 

F= — d€/d/=2flZ)(c" 2 '‘ /_ '' , — e _Jl ' _, ' , ) .... (4) 

For r=r t , F vanishes, as it should according to the previous discussion. 

The first term in (4) refers to the repulsion, important at small distances, and 
the second (negative) term to the attraction, significant at larger distances. 
Fig. 8.1V shows a Morse curve for the energy of a diatomic molecule, the quantum 
numbers v being marked for various vibrational levels. Some values of the 
constants (from which Morse curves can be drawn) are given for diatomic 
molecules and radicals in the table (distances are in A = 10 -8 cm.). 2 



D in k.cal ./ 

D in electron 





mol 

volts/molecule 

r, in A 

4i in A 1 

9r aos. 

H, 

103 


m 

1 94 

6140 

CH 

81 


■sii 

1 99 

4100 

NH 

97 



1 96 

4400 

OH 

102 


096 

2 34 

5360 

HCI 

102 

4 40 

1-27 

1 91 

4300 

NO 

123 

5 3 

IIS 

3 06 

2740 

o 2 

117 

509 

1 20 

2 68 

2260 

n 2 

170 

7-35 

1 09 

BBH 

3380 

CO 

223 


M3 


3120 

C 2 

128 


1-31 

2 32 

2370 

Cl 2 

57 

2 47 

1 98 

2 05 

810 

Br 2 

46 

1 96 

2 28 

1 97 

470 

la 

36 

1 S3 

266 

1 86 

310 

Li 2 

26 

1*14 

2 67 

083 

500 

Na 2 

18 

076 

3 07 

084 


k 2 

12 

051 

391 

078 

140 


The Morse equation can also be used to calculate the frequency of vibration 
£ of a diatomic molecule. Suppose the atoms displaced by a small amount 
from the equilibrium distance r„ and expand the exponentials, taking as a first 
approximation only the first terms: 

F-2aD[\—2a(r—r f )— 1 +air-r f )]--2a*D(r-r,) . . (5) 

For two particles of masses m, and w 2 at distances r, and r ? from the centre of 
mass, where (r,+r 2 )=r, the forces arc: 

/W|(d 2 r,/df ? )= —2a 2 D(r , +r>— /■.). 
and w 2 (d 2 r 2 /df 2 )= -2 a*D(r,+r 2 -r,). 


1 Phys. Rev., 1929. 34 . 57; Bates and Andrews. Prof. Nat. Acad., 1928. 14 . 124; Huggins. 
J. Cheat. Phys., 1936. 4. 308; Chakravorti. Z. Phys.. 1938. 109. 25: Schmidt and Gcfd. Ann. 
Phys., 1938. 33. 70; Alyca. J. Chem. Bine.. 1942. 19 . 337; Coulson and Bell, leant. Faraday 
Soc.. 1945. 41. 141; Valatin, J. Chon. Phys.. 1946. 14. 568 ; 1947. 15. 336; ProC. I hys. So, .. 
'946. 58. 695; ter Haar. Phys. Rev.. 1946. 70. 222 ; Rees. ibid.. 1947. 59. 998- 

2 Bichowsky and Rossini. " Thermochemistry of the Chemical Substances. New York. 
1938; Slater. " Introduction to Chemical Physics." New York. 1938. 132 ; Her/berg Mole- 
cular Spectra and Molecular Structure. Diatomic Molecules.” New York 193 >. I hys 
*<*.. 1946. 69. 362; Moclwyn- Hughes. “ Physical Chemistry. Cambridge. 1940. 403. A. u. 
Gaydon. •• Dissociation Fncrgies and Spectra of Diatomic Molecules. London, i . 
Glocklcr. J. Chon. Phys.. 1948. 16. 602. 604; HagMrum. Odd.. I94X. 16. S4X. Very discordant 
values arc given in the literature. 
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Divide the first equation by m, and the second by m 2 and add: 

<* 2 (ri+r 2 )/d/ 2 =-2£i 2 D(r,+r2-/- f )(l//w, + l/w2). 

Put l/wii + l/w 2 =l/fi, where p. is called the reduced mass (not to be confused 
with n in (12), §8), then: 

/i(d 2 r/d/ 2 )= —2a 2 D(r—r f ) (6) 

This equation is of the same form as that for a simple harmonic motion (§ 49.1) : 
m(d 2 x/dt 2 )= —kx, with /i=m and 2a 2 D-k, when the frequency is given by 
a>=(l/2rr )\/(kfm). Hence in the present case: 

dr = (1/2 W ) x /(2^2 Z>/ax) (7) 

The so-called characteristic temperature is: 

e=hu>lk=(h!2irkW(2a 2 Dhi) (8) 

The values of 6> r arc given in the table. They show that the vibrational energy 
is insignificant for all molecules standing above Cl 2 in the table, except at very 
high temperatures, which agrees with the measured specific heat values. 

The bond energy D in (3) and (4) is not what is commonly called the heat of 
dissociation, D Q . of the molecule, since this refers to the energy of separation of 
the nuclei in the ground state to infinite distance. In the ground state (i>=0), 
however, the molecule has still the zero-point energy < 0 , hence the heat of 
dissociation (per molecule) is D 0 =D —( 0 . 

Since w may vary with the amplitude, the value for very small amplitudes, 
or & t ("equilibrium value"), is often used, and instead of the frequency, the 
wave-number u>=w/c (c - velocity of light) is used. 

Many modifications of the Morse equation have been proposed. Birge 1 
and Mecke 2 suggested w,r, 2 =const.. but Morse J found considerable deviations 
and proposed a>/, J =const. = 3x 10 21 (w, in cm." 1 , r, in cm.). Clark 4 
suggested a relation to the rows in the periodic table of the elements to which 
the two atoms of a diatomic molecule belong, using a so-called molecular 
period constant k and a group number /V; CO. for example, has a group number 
10. since it has 4 and 6 electrons contributed by the C and O atoms, respectively, 
to form a shared group (these two atoms belonging to Groups IV and VI in 
the periodic system), and a symmetrical completed non-bonding (KK) pair of 
electrons, giving the period number k=2. A constant k' is a correction for 
ionised molecules (for neutral molecules A'=I). and the equation as given 5 is 
a*r,'\ \'=k—k'. The best known equation in this group was proposed by 
Badger 6 in the form k^r t —d u ) } = const., where k a is a force constant for 
the bond, in dynes cm. >, d„ is a constant depending on the rows (i and j) 
of the two atoms in the periodic table, and the constant is 1 -86= 10 5 with 
r, in A. units. Badger's equation is given by other authors as r f =(C/K,) 1 } —D, 
where (', K„ and I) are constants for a given molecular period (in the sense 
explained above). Allen and Longair 7 gaxe an equation to i r t *\/p= const., 

I he left rente given by Morse. Clark, etc., is Fhvs. Her., 1925. 25, 240, but in this abstract 
tlie equation is not given in any form. 

/. Phvs., 1925. 32. 823 (no equation given). 

* Fhvs. Rev., 1929 34. 57. 

* /W. Ieoh Pint. .W„ 1934. 2. 502: Phil. Mae.. 1934. 18. 459; 1935. 19. 476; Phys. Rev.. 
1935. 47. 23K: tram Par a, tax Soc.. 1935. 31. 1017; Clark and Stoves. Phil. Mag., 1936, 22, 
1137; Sutherland. J. Cheat. Phi* . 1**40. 8. 161 (correction). 

In almost every case, authors in this group quote each other’s equations in different 
forms, according to no ascertainable plan. 

<* J. Cheat. Phis.. 1934. 2. 128; 1935. 3. 710: Huggins, ibid.. 1935. 3. 473; 1936. 4, 308; 
Clock let and Evans, ihut.. 1 942. 10. (06. 

7 Phil Mag . 1935. 19. 1032: Ncwing. ibid.. 1935. 19. 759. 
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where £i=/n,m 2 /(m,+m 2 ) is the reduced mass of the two atoms, and this is 
quoted by other authors as r,=(TO w . Sutherland 1 showed that a plausible 
derivation of such equations results from a potential function of the type (2): 
V^-air+blr”; and Wu and Chang-Tsing Yang 2 derived another equation 
from the Born-Maycr potential function, V=bc ' p -alr~. Crespin and 
Desirant 3 proposed ^/ # 2 =230 (420 for halogens), where ^reduced 
mass in 10~ 24 g. units, x,=anharmonicity constant (§ 25), w f is in cm. , r, in A. 
This does not hold for hydrides. Puppi 4 foundw/,’ 2 =^220 j/vV seer' cm. , 
where the molecule is assumed to be an electric quadrupole, 0 being a constant 
depending on the position of the atoms in the periodic table. 

Lennard-Jones, 5 with the potential energy function *„=A/- ".found the 
rule that the ratio of the total depth of the potential energy trough to ihe critical 
temperature T ( is a constant for gases, and with n- 12, m- 6: 

(Lo+Eo)IRT~6-45, 

where L)=latcnt heal of evaporation at 7=0 and £ 0 =* zero-point energy, per 
mol. This was confirmed for xenon. 6 Walsh, 7 who postulated a relation 
between bond-order and ionisation potential, found a linear relation between 
bond-order and force constant. 


o 

m, 


-o 


Fig. 9 IV. 


Model of Rigid Diatomic 
Rotor 


§ 18. Rigid Diatomic Rotor 

For a diatomic gas with rigid molecules the state sum will, from § 1 1, include 
a factor Z, for the rotational energy. Let the molecule consist of two different 
atoms of masses w, and m 2 , situated at 
fixed distances r, and r 2 from a fixed 
axis of rotation passing through a point 
O in the axis of the molecule, and at 
right angles to it (Fig. 9.IV). If 0 is the 
angle between the axis and any straight 
line at right angles to the axis of rotation 
(the axis of rotation is shown by the 
dotted line in the plane of the paper in 
Fig. 9.1 V), then if d0/d t is constant it is . . 

the angular velocity ,» o>. Since each mass »i, and m 2 moves in a circle, he 
velocities v arc and r 2 <o. respectively (see § 40.1). the kinetic energies 
are Wi 2 * 2 and W 2 2 w 2 , and the total kinetic energy is ioi-Zwi.r,** 
where I is the moment of inertia about the axis of rotation. The moment ot 
momentum (sometimes called the angular momentum) of a particle is mv.r 
mwr 2 , and the total moment of momentum is Em w/ 2 -«/=p # . say. nenee. 
the kinetic energy is p, 2 /2/. 

• rnt. Mian AM. SO.. 193*. ». 341 1 J. Chen,. Rh,s .940. «. 16. : Am. Rep. Chen,. See.. 
1938, 35, 46; Skinner, Trans. Faraday Soc.. 1945. 41. 645. 

1 /. Phys. Chcm., 1944, 48. 295; Thompson and Lmnctt. J£S« '”7. 1 396. L «nncU, 
Faraday Soc., 1940, 36, 1123; 1942. 38. I ; Gordy./. V* m - Ph > s - 1?* 6> 30S R ‘ P ^ 4 ^ 71 ‘ 

dm., 1946, 3, 338; Cook./. Phys. Chcm.. 1947. 51. 407; Wu and Chao. Phys. Rev., . , 

> Bull. Acad. Roy. Belg.. 1937, 23, 308 (with long tabk of values of r f ). 

4 Nuov. Cim., 1946, 3, 198. . _ „ - lolB .*e , 

5 Physica, 1937. 4. 941 ; Lennard-Jones and Devonshire. Proc. Roy. Soc.. 1938. *«>. . 

• Ciusiusand Wcigand. Z. pAyj. Chcm., 1939, 42 B. 111. . r , p/ .044 

7 Trans. Faraday Soc.. 1946. 42. 779; 1947. 43, 60; sec also Kavanau. J. Chcm. Fhys., l*w 

12, 467; Lagcmann, ibid., 1946, 14. 743. . nrt . ^ 

• The conventional symbol « for angular velocity (radians per see.) used hire mi 

confused with w for wave number. 
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For rotation about an axis through O perpendicular to the first (in the plane 
of the paper) with an angle <£, the kinetic energy is, similarly, p^/21, and the total 
kinetic energy of rotation of the molecule is thus €*=/># 2 /2/+/>* 2 /27. 

The phase space is two-dimensional, the ^-coordinates being the angles 
8 and <f>, and by comparison with (10), § 14, the state sum for rotation can 
(since the energy levels are closely spaced) be taken as an integral: 

Z,=(I/A 2 )J J + e - V ,J *' r d/>, J" j^sin . . ( 1 ) 

in which the solid angle sin 8d8d<f> is integrated over a unit sphere (see § 8.II1) 
by varying 8 from 0 to n, and ^ from 0 to 2 it. The integrations are easily 
carried out (see § 8.III), and the result is: 

Z,=%7T 2 lkTjh 2 (2) 

If the two atoms are identical, the two ends of the molecule are identical 
(as in 0 2 , N 2 , as distinguished from NO), and the position after rotation through 
an angle it about an axis at right angles to the molecular axis is identical with 
the initial position, so that all distinguishable positions of the molecule can be 
included by integrating over 0 to tt, instead of 0 to 2 tt, with respect to <£; the 
state sum (2) must now be divided 1 by a symmetry factor, s (sometimes denoted 
by ct)= 2. Corresponding with Z, there will be a rotational entropy, which 
may be calculated by (28), § 8, or from the rotational free energy F calculated 
by (27), § 8. The rotational free energy per mol is, from (27), § 8 : 

F,= — A: AT In Z,= —RT\n Z, 

= -RT In {Z7T 2 lklh 2 s)-RT In T (3) 

and the rotational entropy is. from (5), §43.1 1: 

S,= — dF f 'dT=/? \n (&ir 2 Jklk 2 s)+R \n T+R .... (4) 
The complete values for a rigid diatomic molecule are found by adding the 
translational parts (12) and (16), § 14, the sums being: 

F—RT\n l(cVJh y N)(2irmkT) y 2 ]+E 0 -RT In (8ir7*//i 2 j)-/?rin T . . (5) 
s-#fi I" 7*— In />+!+ In((2 In (8 v 2 lk!h 2 s)+R+R In T 

= R{] In r-ln/H-J+ln ((2^»)-'^- V2 ; A')(8n-7A>^)J} (6) 

I he available energy per mol is G’=£— TS+RT, and since the classical energy 
per mol of a molecule with 5 degrees of freedom (rigid diatomic molecule) is 
E=E 0 +$RT: 

G=(Eo+iRT)+RT-RT{ } In 7*-ln/»+J+ln [(2nm)* *{k ^Jh^n 2 Ik'h 2 s)] } 

= E lt —]RT\n T+RT\n p—RT\n ((2^/;i)' ? (A J ' 2 //) , )(87r 2 /A/A 2 5 ) ] . . . (7) 

These equations do not take account of nuclear spins or electronic multiplicity 
(§21). 

§ 19 Rotational Energy 

1 he expression for the energy of a rigid rotor composed of two mass particles 
at a fixed distance apart, and with the axis free in space, will be found from wave 
mechanic* (§ I2.V) to be: 

€„=./(./+ 1 )A 2 /8r 2 / ( 1 ) 

1 Sackur, Ann. fins.. 1913. 40. 87; Tetrode, Proc. K. Akad. We tens. Amsterdam, 1915. 
17. 1 107; Planck, l erhl. d. 1). Phys. Ges.. 1915, 17. 40. 418: Loren tz. Proc. K. Akad. Wetens. 
Amsterdam, 1917, 19. 737; Ehrcnfct and Trkal. ibid.. 1920, 23. 162; Ann. Phis., 1921 65 609- 
Sclumes. /’H Z. im 21 38 39; Partmgion. Phil. Mag.. 1922. 44. 988; Cox. Proc. Camhr. 

• S t oc :- 923 - 2I - 541 • Nan V| « k - Phts - *".. 1^6. 28. 980; Saha and Sur. Phil. Mag.. 
19.0. 1, 279; Mayer. Brunaucr. and Mayer. J.A.C.S.. 1933. 55. 37. 
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where / is the moment of inertia, and J is the routionalquantumnumher 

Lo 1 2 A simple, but not strict, deduction 1 of (1) is based on the 

method of p, ,-space described in § 16 for the oscillator. Consider a freely 
rotating wheel of moment of inertia / and put q=B, the angular displacement. 

In thi$ S case 6 is supposed constant (i.e. rotation about a fixed axis is first con- 
sidered) Then p=moment of momentum = /o>, where ws=d6/d/-angular 
S The energy is wholly kinetic. -d lines of constant 

energy are straight lines, p— const. (Fig. 10.1V). 

Since 9 has a period 2n, only values from 0 to 2* 
need be considered and the diagram may be taken 
as Fig. 10.1V wrapped round a cylinder. As the area 
of each “ cell *’ is h, it must be bounded by lines 
P=nhl2n, where /i is an integer, since the area nh is 
2np, and the energy associated with the nth line is: 

€ r -p*/2/-/l^/8ir2/ ... (2) 

This equation differs from (1) only in the factor n- 
instcad of J(J+ 1). Equation (2) refers to a different 
case, viz. a rotor with an axis fixed in space, and 
for this exactly the same result (2) is found by wave- 
mechanics. As in the case of the oscillator (§ 16). 
a naive assumption is now made that the energy 
levels are spread into bands, and in this case », 2 is 
replaced by the square of the geometric mean of 
successive quantum numbers n and (n+ 1), i.e. by n(n+ 1), gi g- 

1 + 1 )*/®**/ (3) 

which is the same as (1) with/-*. A zero-point ^ 
ecsted, on the basis of magnetic properties at low temperature s, by Oosterhu.s 
Before the advent of wave mechanics, quantisation was earned out by the 
so-called WHson-Sommer field rule : 1 

jpdq=nh O 

where q is a generalised coordinate, p the corresponding generalised momentum 
n a whole number (quantum number), the integration being taken over a com 
plctc period. 

§ 20. Equipartition of Energy 

On the assumption that the energy can vary •continuously. ihc mean transla- 
tional kinetic energy of a molecule per degree of freedom is. 

0 ) 


Fig. 10.1V. Phase Space 
Diagram for Rigid Rotor 




This is proved as follows. The energy component for the 
imi'-imfmiWm-ip.Vm, where P , is the momentum component (5 14). 

■ Modified from Planck. “Thcoric der WarnKslrahlung." 1921. MM. * 
D. Phys. Ges., 1913, 15. 451. 

' .9.5. 29. 795; .9,6 3,. 156; Sommcrfcld fa ££ 

425. 459; Arm. Phys., 1916. 51. .25; ftpr> 0» ZhpTs Vk Japan. 19.5. 

Structure and Spectral Lines.” 1923. 198, 233; Uhiwan. Poe- ‘ , R . «. n j f ran klin 
8. ,06; Husimi. ibU.. ,938. 20. 757; S / 

Inst.. ,928. 205. 323 ; for treatment of rcstriclcd rotor by ihK memoa. 

Phys., 1947, 15. M5; 1948. 16. 410. 560; King. tbU., 1947. 15. 820. 
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i.e. € x =p x 2 /2m. The energy of the molecule can be expressed as p x 2 l2m+ c\ 
where c' depends on all the ps and q's (§ 12) except p x . The mean value of 
p x 2 l2ni is: 

. (p 2 l2m}t-^ T t^ kT dp x . . . d q x ... 

// • • • tr p J l7mkT €~* ,kT & Px . . .6q x . . . 

The first two factors in the integral in the numerator, and the first in the de- 
nominator, are the only ones which depend on p x alone, and the remaining 
variables can be integrated first (see § 22.1) to yield factors which cancel. 
From the rest of the expression take out: 


C-’-' **T dpx / ( 


( 2 ) 


The integral has been shown in (1 1), § 14, to be equal to (2vm kT) 112 , giving the 
first factor in (1). The average energy is found by multiplying the numerator 
of (2) by p x 2 /2m and integrating as shown in (1). 

C' 7 ^}p 2 l2mkT)c-^ T dp x =J. 

Put p 2 l2mkT-x\ (2p,/2mk T)dp x = 2vd.r 

.*. d/> v = 2mkT(x/p t )d\=2mkT[\l\/(2mkT))dx, 

J-kTV(2mkD Px2e-* , d.t=( v /ir/2)v'(2wi)(ikr) w . 


The integral J.v 2 c“* ; d.v is found in (26), §10.111, for the limits 0 and » as 
vty 4 *. and as both .v 2 and c"*’ arc even functions (§ 21.1), the value between 
— co and +co is \/w/2. 


Hence € x -W"l2)\/(2m)(kT) yi2 {2vntkT)- l,2 -tkT. 

Any momentum or coordinate expressible as a square term (p x 2 ) in (1) will 
obviously give \kT for the mean energy,* c.g. a rotational energy p 2 \2I, where 
I is a moment of inertia, and a potential energy of an oscillator Kx 2 / 2. In all 
these cases, however, a continuous variation of energy is assumed and the 
resulting cquipartition of energy of [kT per degree of freedom holds only for 
this assumption. It should be noted that all the above expressions, and also 
(II), § 14, when referring to translational c nergy. arc not restricted to mon- 
atomic molecules, and that when both kinetic and potential energy arc involved 
(harmonic oscillator), the average energy is twice this amount, viz. kT, or RT 
per mol. and ihc corresponding heat capacity is C' r =3/?~6 g.cal. Tolman 2 
found that the cquipartition of energy cannot hold exactly for relativistic 
mechanics, but it is approximately correct. 


§21. State Sums for Atoms 

The calculations made so far take no account of the contributions of the 
electrons and nuclei of the atoms to the state sum (cf. § 11). This will now 
he considered, the necessary results from theory being merely stated and a 
more detailed discussion being deferred.' The nuclear state sum Z„ of an 
atomic nucleus specifies the finite number of possible orientations of the nuclear 

» Jeans, - Dynamical Theory of Gases," 3rd edit.. Cambridge. 1921. 80; Hinshelwood 
" Kinetics of Chemical Change in Gaseous Systems." Oxford. 1933 22 etc 

-• Phil Mag.. 1914. 28. 583. 

■ For an elementary account, see Glasstonc. " Recent Advances in General Chemistry " 
l*^. 62 f.; " Theoretical Chemistry." New York. 1945. 368 f. 
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spin in a perturbing field, but as the energy of orientation is small compared 
with kT, each exponential term in Z. is practically unity (since e”=l), and 
z, is practically the statistical weight: 1 

Z.=g.e-v* r = g.=2i,+l <" 

where /, is the number of units of nuclear spin. For any electron, level, the 
statistical weight is: n 

where >/±4 has only positive values, / being the orbital and s the spin quan- 
, urn number: ,3 ' 

the sum being taken over all electronic energy levels, Usually only the 
ground state contributes appreciably, except (0 when 

close together, or (ii) at high temperatures, when T exceeds Jk^h lAk, 
where v, is the frequency separation of the given level above he ground Is a, e_ 

For the hydrogen atom >} therefore Z =2 ? The ground MM (« n -0) 
has the quantum number 1 and therefore Z,=2, therefore Z-Z n .Z f 

2X Fo7 4 the chlorine atom, .>5/2 therefore Z -6 The electronic ground 
sate is an inverted doublet, V. with > 3/2 for the lower “mponen and 
>1/2 for the higher component, and Ihe frequency wave ntmtber se^ a'ion 
dv’=881 cm.-. For these two components, 2/.+ 1 is 4 and 2, respectively, 

h '“ee: Z( . 4 + 2 e-" , »°* r 

and Z=Z.!z»6(4+2e-•"*‘'* , ). 

For the oxygen atom, the ground stale is an inverted triple!, 
being 2. I. o’ respectively, with Jr* 157-4 cm.- and 226- cm > above the 
lowest level for >/>, and >P a . The statistical wcighis y.+ l a e S and F 
The two higher metas.able levels are 'D, (dr*- 15*07 cm ' “ 

33662 cm.-), with 2 and 0, respectively, and weights 5 and I .but lhc > d “ n0 
contribute appreciably except at high temperatures The valu ' of ^ ' i[ zero 
by summing the three or five gC*"" terms, and as the nuclear spin ,s zero 

(i TheSmpktt«p 0 r«sfo7fcr the available energy of one mol of an ideal 
monatomic gas in the ground state is found from (24), § 14, to oc. 

G-£i-i*rin r+*rinp-*nn ■ ■ ,4 > 

This has been verified » for alkali metal and thallium vapours ' "hich have a 
ground state V, , and g =2. (it is clear that (4) will not apply in that form 

if excited atomic states arc included.) . f , fl>r the 

In calculating entropy it is usual to om.l the nuclear spm factor. 

chlorine atom, e.g.: z =4+ 2 e-'“ * r . 

The factor Ac/*, frequently required in spectroscopic ^calculations is nun.cri- 
cally 6-61 x 10— 7 X 2-998 x 1 0 1 °/ 1 38 x 10— ‘“I 436 (the value 1 438 rs oficn 

. Unsold. ,n, ,926. «. 355: Pauling - 

Spectra ” New York. 1930; Bachcr and Goudsm.d. A*®"* J ,935 

1932; Condon and Shortky. " The Theory of Atom* Spectra. C amb ;ndgc. 

* hodebush. Pro, Hu, W. 1927. .3 6M Na : Volem.m and 

(Cu. Ag. Au. Ga, Sn. Pb). Udcnburg and ThKlc. iM . I "• 

Egerton. Phil. Trans., 1935, 234. 177 (Tl). 
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used). Hence Z,=4+2e _1265/r . For 7=298-1° K.,Z,=4-028 (on the evaluation 
of e“ x see § 12.1) and log 10 Z, =0-605. 

To find the entropy, use (28), § 8: 

5,=/?[lnZ,+7(dlnZ,/d7)J 

and add the result to the entropy calculated by (23), § 14: 

In A/+f/? In 7-2-297. 

The term 7(d In Z,/d7) is found as follows: 

Z,=4+2e- ,265/r 

dZ,/d 7= 2(d/d 7)e~ 1 265/ r = (2 530/7 2 )e' 1 265/ T 
7(d In Z,/d 7) =( 7/Z,Xd Z,/d 7) =( 7/Z,) (2 5 30/ 7 2 )e~ 1 265 ' r 

=(2530/7ZX ,265/t - 

For 7= 298-1, Z,=4-028, e - ,265 ' r =e' 4 - 446 = 1/86-9, 

7(d In Z,/d7) = 2530/(4 -028 x 298-1 x 86-9), 

7(d log l0 Z,/d7)= 2530/(4 028 x 298-1 x 86-9 x 2-3026)=00133. 

Hence 5,0=2-3026 x 1 -988(0 -605 4- 0-0 133) =2 -828 g.cal./l° C. 

The translational entropy at 7= 298-1 with Af= 35-457 is: 

5, o=2-3026 x 1 -988(* log 10 35-457+1 log 10 298-1 ]— 2-297=36-65 g.cal./l 0 C. 

Hence 5°=36-65+2-83=39-48 g.cal./l 0 C. mol. The electronic part is about 7 
per cent, of the total. 

§ 22. State Sums for Diatomic Molecules 
The rotational statistical weight of a diatomic molecule is shown in § ll.V 
to be: 

*.=2^+1 (1) 

where J is the rotational quantum number (§ 19). 

The complete statistical weight for any rotational state (which may, for 
simplicity, be denoted also by g„ different from that in (2), § 9) is the product 
of the nuclear spin multiplicity and the rotational statistical weight. For 
diatomic molecules composed of different atoms the nuclear spin multiplicity 
is 1 (2/,+ l)(2/,'+l), where /„ // arc the nuclear spins of the two atoms in 
A/ 2 w units. 

For diatomic molecules consisting of identical atoms, the nuclear spin 
multiplicity depends on whether the nuclei have an even or odd number of 
units of spin. If they have an even number, the nuclear spin multiplicity is 
(i,+ l)(2/,+ l) for even values (including zero) of J, and i,(2/,+ l) for odd 
values of J. If the nuclei have an odd number of units of nuclear spin, the 
relation of the two factors to the values of J is just reversed, i.e. 1,(2/,+ 1) for 
even values, and (/,+ l)(2/,+ 1) for odd values of J. The reasons for all these 
rules cannot be explained here. 2 

For hydrogen i = l unit = i, and the nuclear spin multiplicity is 1,(2/,+ 1) 
when J is even, and (/,+ l)(2/,+ l) when J is odd; for deuterium /,= 2 units=l, 
and the factors are reversed. The nuclear spin state sum Z„ is essentially equal 
to the nuclear spin multiplicity factor only. 

• See Mayer and Mayer. - Siati>iical Mechanics." New York, 1940. 135. 

- For i he deduction, sec Mayer and Mayer, op. at., 174 f. 



§22 


STATE SUMS FOR DIATOMIC MOLECULES 


335 


For most diatomic molecules (common exceptions are 0 2 , NO, OH, and 
CN) the ground state is a T term and the rotational state sum (omitting nuclear 
spin) is: 

Z,=Egfi~ tJkT 

where g,=l/+l, and «,=./(./+ l)A 2 /8w 2 /, from (1), § 19. 

Z,=£( 2y-M)e-^ /rJ ’ ,> ( 2 ) 

where 

<j=Vliv 2 lkT=4-\0x\0-»llT (3) 

When a is small (i.e. T is large and /, which is usually of the order of IO-«<\ 
is not too small) the sum in (3) can be replaced by an integral: 


Z f = r(2/+l)e- w,,, s ["(!/+ We“ i ' , '- ,, = fc^dx. 
/- 0 JO Jo 


\/a 


(4) 


where x=J(7+ 1). If nuclear spin is included, the value of Z, is multiplied 

calculation of the state sum (2) in cases where the simple approximation 
(4) is not made is tedious, and is usually followed by an equally la ^ >n ®{“ 
summation over vibrational states (see § 25) The difference ^ ween the 
results and those found by the approximate method is nearly always (hydrogen 
and deuterium, with small values of / arc important exceptions) 
limits of experimental error. For HCI the values of Z, found by summation 
and by integration are: 


Temperature V K. 1000* 
Z, summation ... 67 618 

Z, integral 67 618 


2000 ' 
135 85 
135 84 


The correction when the diatomic molecule is assumed non-rigid, i.e . . when 
stretching occurs, leading to a slight modification of the moment of inertia /, 
is usually negligible except at high temperatures (see b . . 

For unsymmetrical diatomic molecules (composed of unlike atoms), both the 
odd and even levels have the statistical weight 27+ 1 and the complete rotational 
state sum, including nuclear spin multiplicity, is found by mulupiymg ^, y 
Z = (2/ 4-1 )(2/.'+l). For symmetrical diatomic molecules (composed o 
identical atoms), the even terms arc multiplied by and lhc od J 

terms by /.(2/.+ 1). In the summation of the (2J+\*-" » terms over aH 
values of J from 0 to co, the sum of the terms for even J is found to be equal to 
the sum for odd J, provided a is small : 2 

Z (2/+l)e“* w,,> “ Z (2/+l)C* ;,/ ‘ **— 1/2<» 

/-0. 2. 4. /■»!. I. S. ••• 

Z.-M2/.+ l)/2o+(/,+ 1X2'.+ I)/2o-(2',+ 1 1 2 / 2 ” • • < 51 

1933. 1. 297; Gordon. ibid.. 1934. 2. 65. 549; 1935. 3. 259; Kas*UW # . ,933 I. 576 ^ U. 
1934. 56. 1838; Chem. Rev., 1936. 18. 277; Johnston and Davis. J.A 56. . 

Johnston and Werner, ibid., 1934. 56. 625; W.lson. J. Chem.^hys., 9». J. 948 < • * - 

1940. 27. 17 (bibl). A method of summation using t^kr-Maclaunn formula,. ^ 
genauand Murphy. "The Mathcmaucs of ^ks and^imsinj N J • ^ 

explained by Mayer and Mayer. " Statistical McchanKS New York. I9W. i>u. 
a routing vibrator, see Dunham. Rhys. Rev.. 1932. 41. 721. . - m jv .- r 

■ For a proof of .his. depending on summation by an fiuler-Machunn ser.ee. see Maser 

and Mayer, “Statistical Mechanics.” New York. 1940. 153. 
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For H 2 (/,=!) the factor (2i,+ l) 2 /2 is 2; for deuterium D 2 ft=l), it is 
9/2; for oxygen 0 2 (/,=0) it is 1/2; for molecules of the last type, in which the 
alternate rotational levels are missing and the others show no nuclear spin 
degeneracy, Z, is approximately l/2a. 

Equation (5) gives a satisfactory result for hydrogen at 25 3 C., when prac- 
tically only rotations contribute to the internal state sum Z,. From (5), 
d\nZJdT=l/T Td\nZJdT=\, /. from (28), § 8: 

S,°=/?(InZ,+ l) (6) 

Inserting (5) for Z„ with o=h 2 l%v 2 lkT gives: 

^^/ein/T+nSOO+Zein^+OZ^J .... (7) 

With /=0-47x 10 -40 , r=298-l° K.. i>4, for H 2 , S,° is found to be 6-27. 
On adding the translational entropy 28*05 from (23), § 14: 

S„°=4/?ln Af+|/?lnr--2*297 (8) 

the final value for the total entropy (including nuclear spin contribution) is 
34-32, in good agreement with the actual value of 34*00. 

In calculations of chemical equilibria the nuclear spin contribution to the 
entropy is usually omitted (it cancels out in any case) and the so-called virtual 
entropy is then, from (7): 

$,•=/? In /7> 178*00—/? In 2 (9) 

since the symmetry factor (in this case s= 2) must be retained. 

The orbital angular momentum of theclcctrons in a diatomic molecule is space- 
quantised, and the quantum number A has zero or integral values along the inter- 
nuclear axis, its L+ 1 possible values being A=L, L- 1, L- 2, ... 2, 1, 0, where L 
is the quantum number for the resultant orbital angular momentum for all 
the electrons in the molecule. (Only positive values of A are significant.) 
In the electric field of the two nuclei, the energy of the electron is the same, 
irrespective of the direction of the angular motion, A = +L and A = -L cor- 
responding with identical energies, and. except when A=0 (Z states) the Z.+ 1 
states arc thus doubly degenerate. Interaction between electronic and rota- 
tional motions, however, separates the degenerate levels, and each rotational 
line in II (/!= I) and A(A =2) states is split into two components. This so-called 
/1-type doubling 1 is never very appreciable. 

In the case of nitric oxide. NO, i,=0 for ,6 0 and i,m 1 for l4 N, therefore 
Z„=lx3 = 3. and, as there is /1-typc doubling, the complete rotational state 
sum is: 

Z,Z n = 2x3 T (2y+De-«» r +2x3 2 (l/'-f \yr** r . (10) 



where < and «’ are the lower and upper rotational energies of the two main 
parts of the doublet. It will be noted that the lowest value of J for the lower 
level is j, while that for the upper level is J. 

For the triplet state of the oxygen molecule ,6 0 l6 0, for which A=0 (and 
there is no /1-type doubling) the total angular momentum (apart from spin) 
is represented by a quantum number K. having values A, A+l, A+2, 
and hence for /1=0 the values 0. I. 2 The' total spin quantum number S 

1 See Mullikcn. Phys. Rev., 1928, 32. 880: Giauquc and Johnston. J.A.C.S., 1929. 51. 2300; 
Johnston and Dawson, ihid., 1933. 55. 2744; Hcrzbcrg. tfrr. Mod. Phvs., 1942. 14 219; 
\.dsen and Schaffer. J. Chem. Phvs.. 1943. 1 1. 140: and for an elementary account. Glasstone, 

• Recent Advances in General Chemistry" I936.67f. ; ,d,m. "Theoretical Chemistry." New 
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is the algebraic sura of the spins of the electrons in the atoms; as these normally 
form pairs with opposite spins in molecules with an even numbcr of electrons. 
Sis zero, but for oxygen, which has two unpaired electron spins in the molecule, 

S The quantum numbers K and S combine to a quantum number J according 

J=K+S, K+S-l, K+S-2 |*-S| - • <“> 

where IX— S| denotes a positive value, each level (except when K<S) I having ja 
multiplicity of 2S+1. In the present case, the values of 7 are X+). X, .and 
X-l, the three corresponding levels being denoted by F,F,. and f j, and he 
corresponding energies by «„ „ and The molecuk is homonuclearandhe 
nuclear spin is zero, and it is known from wave mechanics that alternate rota- 
tional levels are then missing, and the only values of A arc 1, 3 , 5 , • • 

nuclear spin multiplicity is (/,+ l)(2/ l+ l)=l 0>0). The values of 27+1 
are (2K+3), (2K+1), and (2K-\) and the complete rotational state sum lor 

oxygen is, therefore: 

Z,Z„= l (2X+3)e _ ' l '* T + r (2X+l)e-=* r + £ (2X— l)e-*’ 02) 

If the molecule is not rigid, the state sum will include a ^ctor for the vibra- 
tional energy for each mode of vibration, and if (as is usual) the vibrationa 
energy is reckoned from the lowest energy level (i.e. docs not include the 
point energy < 0 =0, §11): ^ ( 13 ) 

according to (8), § 16; the corresponding entropy contribution is. from (14). 

§l6 ‘ S'-Riityknic^^-l) *— ln(l— C*"* 1 )) .. • • < 14 > 

The complete expression for the available energy of I mol of a diatomic gas 
with rigid molecules in the ground state is seen from (7), § 18. to De. 


(2n//i) w A SI 8 tt 2 /A 
C=£o-l/?rin T+RT\np-RT\n - ‘ A2j * 




in which the last term of (7), § 18, is completed by multiplication by the ^elec- 
tronic statistical weight g„ and the statistical weights g ' an- J. ol he 
nuclear spins of the two atoms. If the molecule is non-rigid, ie 
includes a factor (I -c ‘V. from (13). for each vibrational frequency. 

§ 23. The Specific Heat of Hydrogen 
The energy of rotation of a molecule according to the classical e M u «P^u«'on 
theory (§ 20) is \RT per mol per degree of Irecdom of rotation, and hence 
rigid polyatomic molecule with three axes of rotation at right angles the 
energy of rotation is \RT, and the contribution to the specific heat is : • + • 

per mol. independent of temperature. For rigid diatomic < dumb-bell 
molecules, the classical energy due to rotation about the mo ecu ' 
supposed to be constant, hence the contribution is \R~- g ca • “ . 

energy of translation is \RT (1 degrees of freedom), the molecular heat *hi u 
be C.=3+2=5 g.cal. This is approximately true for oxygen, ml'oex-n. carl« 
monoxide, nitric oxide, and hydrogen chloride, but the value for hydr gen 

appreciably lower at room temperature and decreases with tempera e, * 

about 60* K. it is only 3 g.cal., the value for a monatomic gas, so • 
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rotational part of the specific heat has disappeared. 1 A similar result is found 
for D 2 and HD. This behaviour is quite inexplicable on the classical theory. 2 

The specific heats of other diatomic gases, corrected to the ideal state, show 
no appreciable fall at low temperatures. Scheel and Heuse 3 found for oxygen, 
carbon monoxide, and nitrogen (the value of C p being reduced to the ideal gas 
state, C,°): 


Nj... 

... -181* 

+20 3 

o 2 

... —181® 

+20’ 

CO 

... — 180* 

+ 18 3 

<v 

... 6 718 

6969 

Cp® 

... 690 

697 

: c P ® 

... 6-74 

699 

Heuse 

4 found for nitric oxide (y= 

C,/C r ): 






i°C. 

Cp 

c. 

Cp® 

C r ® 

Y 

yo 



+ 15 

7-25 

525 

7-23 

5 25 

1-38 

1 38 



-45 

717 

516 

714 

5-15 

1-39 

1-39 



-55 

7-26 

5-25 

7-22 

5-24 

1-38 

1 38 



-80 

7-33 

531 

7-28 

5 29 

1*38 

1 38 



The differences are due to experimental errors in the continuous flow method 
used, since the values of C p ° for argon were also found to vary with temperature, 
being 4-85 at - 180' and 5-05 at +15*. Bartels and Eucken 5 found almost the 
classical value (C,°=6-873) for N 2 at 92 3 K. The rather large decrease in 
C r for gases at 60-100’ K. found by Shrciner* are almost certainly due to 
experimental errors. 

The equation for the rotational energy is (§ 19): 

<„=J(J+\)hVSn>l (1) 

For all diatomic molecules the moment of inertia / about the axis of the 
molecule is very small, hence the corresponding quantum c„ from (1), is very 
large, and hence this degree of freedom makes no appreciable contribution 
except at very high temperatures, since is practically unity, e°= I. 

For molecules such as 0 : , N : . CO and HCI, the value of / at right angles to 
the axis of rotation is about 1 0 '*». hence h-IZn 2 / is so small that cquipartition 
is practically followed. In the case of H : , however, the value is distinctly 
smaller. 0-47 x 10 J0 . and the si/e of the rotational quantum is large enough to 
cause appreciable departure from equipartition even at room temperature, and 
at 60’ K. the rotational specific heat has disappeared. 

It was obvious that the peculiar behaviour of hydrogen was due to the 
quantisation of its rotational energy, but all earlier attempts 7 to reproduce the 

• Fuckcn. Berlin Ber., 1912. 141 ; Clusius and Bartholomc, Z. Eleklrochem., 1934, 40. 524. 

•’ Ewing. Engineering, 1920. 109, 842. 

> Ann. Phys., 1913, 40. 473. 

4 Ann. Phys.. 1919. 59. 86. 

5 Z. phys. Clu m.. 1921.98. 70. 

0 Archiv Math. Saturvik nskab, Christiania. 1916. 34. No. 9. 

’ F.uckcn. Berlin Ber.. 1912. 141; Bjcrnim. Nernst Festschr., 1912. 90; Sackur. Ann. Phys., 
1913. 40. 87; Holm, ibid. . 1913. 42. 1311; Einstein and Stem. ibid.. 1913. 40. 551 (zero-point 
energy); Ehrcnfest. I aid. ,1. I ). Phys. Get.. 1913. 15. 451; Fokkcr. Ann. Phys.. 1914, 43. 810; 
Kccsont. Phys. /.. 1914. 15. 8; Planck. I erhl. d. D. Phys. Ges., 1915. 17. 407. 438; Ncmst. 
ibid. 1916. 18. 83: Kruger. Ann. Phys.. 1916.50.346; 1916. 51. 450 (preccssional motion); 
van WeysscnhofT. ibid.. 1916. 51. 285; Rots/ajn. ibid., 1918. 57. 81; Kemble. Phvs. Rev., 
1918. II. 156; Szell. I erhl. d. P Phvs. Get.. 1918. 20. 75; Reichc. Ann. Phvs., 1919, 58. 657; 
idem., " The Quantum Theory." 1930. 68 f. (summary); Macdougali, J.A.C.S., 1921 43 23- 
Ingold and U Sherwood. J.C.S.. 1922. 121. 2286; Bom and Heisenberg. Ann. Phys.. 1924! 
“4. I ; Van Vleck. Phys. Rev.. 1926. 28. 9S0; Ilund. Z. Phys.. 1927. 42. 93; Eucken,' in Wicn- 
llarms. " Handbuch dcr Expcrimcntalphysik ." 1929. 8. i. 459 (12 equations, all incorrect). 

F or attempts to calculate specific heats from the Bohr-Sommerfeld thcorv of the structure of 
the molecule, sec Kruger. Ann. Phvs., 1916, 50. 346; 1916. 51. 450; Laski. Phys. Z., 1919, 
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experimental curve theoretically failed. The problem was first ^ after 
the recognition that ordinary hydrogen is a mixture of ortho- H 2 and para- H 2 
molecules, in which the nuclear spins are in the same and opposite senses, 
respectively, and if it is assumed that the mixture contains 3 parts of ortho- 
l0 P i of para-, the observed specific heat curves are closely reproduced. In 
Fig 1 1 .IV the theoretical curves for the rotational specific heat for mixtures from 
0 L cent to 100 per cent of para- H 2 are shown dotted; the full curves include 
some measured values. The maximum on the curve for para - H 2 is noteworthy 
Since ortho-H 2 has antisymmetrical wave-functions, corresponding with odd 
rotational states only (A 3, 5. . . .), and paraM 2 has symmetrica, wave- 
functions, corresponding with even rotational states (7-0, 2, 4, . . .) oniy. 



and since the two forms arc practically non-convcrtiblc, the rotational state 

sum for the mixture is (os=A 2 /8rr J Mr): 

Z ,= 3 E (27+1*-"' "+ o Z (27+l)i"* w ' 1 ■ • ■ < 21 

The rotational molecular heat is the sum of iwo parts, one for orlho-sta.es 
and one for para-states: . 

Oi(3C, 0 +0 • (3 ' 

The values of C,° and C, r are most conveniently found by dillcrennatinb (-) 
twice with respect to a and using equation (29), § X '* h 

R d 2 In Z, R d 2 In Z, 

C, "T 2 ' d(l/n 2 “r 2 ‘ (8n ? /A/A 2 ) ? do*’ 

= /?(A 2 /8w 2 /AT) 2 (d 2 In Z,/d® 2 )=/fo 2 (d 2 In 7j6a') 

C,° (ortho) =/?o 2 (d 2 /da 2 ) In (l + 5e"*’+9c' : "' + • • •) 

C, p (para) = /?o 2 (d 2 /do 2 ) In <3c“*+7e ,2 ’+ • • •> • 


(4) 

(5) 

( 6 ) 


20. 269; Macdougall. J.A.C.S.. 1921. 43. 23. The correct Miggni'or. that of 

fault, not the experiments, was made by Partington and Shilling. I* 

Gases, " 1924, 6. 238. , . . „ . t hrm 1933 46.256 

1 Giauque and Johnston, J.A.C.S.. 1928. 50. 3221; Joscphy. j . ^ t'lfklrochcm., 
(32 refs.); Motz and Paul, Monaiih . 1934. 64. 17; Clusiub an • ’ Cambridge. 

>934. 40. 524; Farkas, " Orthohydrogen. Parahydrogcn. and Heavy Hydrogen. 

1935. 



340 


STATISTICAL MECHANICS AND QUANTUM THEORY 


IV 


where 1, 5, 9, . . ., etc., are (27+1) for 7=0, 2, 4, . . ., etc.; 3, 7, . .• etc., 

are (27+1) for 7= 1, 3 etc. ; and the indices of e are the values of — eJkT 

given by (1) and a=h 2 ISn 2 IkT, for values of 7(7+1), when 7=0, 1, 2, 3, 4 

These scries converge fairly rapidly, and are easily calculated. 1 

The values of C, for hydrogen given 2 by (4) for temperatures below room 
temperature agree quite well with experiment, and equations (5) and (6) have 
been confirmed with synthetic mixtures enriched in p- H 2 (which, unlike o-H 2 , 
can be obtained nearly pure). C, for p- H 2 , from (6), shows a maximum well 
above the equipartition value R ~ 2 g.cal./l 0 . In the case of deuterium the 
state sum for D 2 is: 

Z,=3 E (27+l)e _o/(/,,) +6 E (27+l)e-'<' ,, > . . (7) 

1 . 3 , 5 ,... 0 . 2 . 4 .... 

and the corresponding specific heat curve is quite different from that of hydrogen, 
as is confirmed experimentally. 3 The ortho-para equilibrium ratio is 2 : 1, 
hence: 

C,=jC,°+iC/ (8) 

In £ (2J+l)c-S ,T (9) 

Q ° 0 . 2 . 4 .... 

C/=*®^ In £ QJ+\)t-S" . . . .(10) 

1 , 3 . 5 , . • . 

where 

«;(D 2 )/€ / (H 2 )=/(H 2 )/7(D 2 )=i (II) 


§ 24. The Entropy of Hydrogen 

At very low temperatures hydrogen may be treated as a monatomic gas 
(0= :rt~3 g.cal./l ); at higher temperatures, the rotational specific heat 
contributes to the entropy by fC , d In 7*. This is easily calculated for pure 
o-H 2 and /)-ll 2 by (5) and (6), § 23, and if the 3 : 1 o-p mixture which constitutes 
ordinary hydrogen at room temperature persists unchanged at low tempera- 
tures (actually, slow change of o into p occurs), C, can be calculated for this by 
(3). § 23. At low temperatures, however, this is not a true equilibrium mixture. 
In calculating the virtual or HT entropy from the latent heat of sublimation 
of solid hydrogen there is also a transition in the solid (§ 69.11), which makes 
the calculated HT entropy (i.c. less nuclear spin entropy) at 298° K. 31-23 units, 
instead of 29-65 units when it is not taken into account. The total entropy 
including nuclear spin at 298° K. is calculated as 33-98 units. 4 

At temperatures between 50 K. and 300' K. the entropy (excluding nuclear 
spin) is given by: 

S=iS'+j5«-l?lJlnJ+ilni) (I) 

where 


S p =JC f d In T (2) 

S°=JC°d In 7* (3 ) 


1 See Partington, " Thermodynamics." 1940. 224. 

- Dickc. Plysica, 1925. 5. 412. 

1 C'lusius and Rartholomc. Z. Eleklrochem.. 1934. 40. 524 ; Z. phvs. Chem., 1935 30 B 258. 
' li unique and Johnston. J.A.C.S.. 1928. 50. 3221; Giauquc. ibid., 1930. 52.4808 4816; 
Iw deuterium <D;> sec Clus.us and Bartholomc. Z. phys. Chen,., 1935. 30 B. 258. who find at 
-98 K. the statistical entropy 38 98 tcorrccting Johnston and Long. J. Chen, Phvs 1934 2 
389) and the HT entropy 33-91. ’ M ' ’ 
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C p and C° being given by (5) and (6), § 23. The Iasi iwo terms on the right of 
(1) give the entropy of mixing ' from § 57.11; they may be omitted, and cancel 
out in all applications of the equation when the mixture retains the same ortho- 

^At Temperatures above 300’ K„ but not so high that vibrational energies arc 
involved, hydrogen behaves as a normal diatomic gas, for which (4), § 2-, 
gives: 

Z,= £(2y+l)e-* w ""Mo^WlkTI* .... (4) 

S=R[\nA+\n{S* 2 lklsV)) (5) 

(omitting nuclear spin and entropy of isotope mixture), where the symmetry 
factor (§18) is 5=2, and A is given by (18). § 14. At ordinary temperatures 
1/a is of the order of 10-100 for most diatomic gases. 

§ 25. Vibrational Levels in Molecules 
At higher temperatures the vibrational contribution must be included. For 
simple diatomic molecules there is only one mode of vibration (g,- 1), and ii 
the temperature is not too high the vibration may be assumed to be a simple 
harmonic motion and the state sum (omitting zero point energy) is given t>y 

<8U,6( '° =0): « 

the sum being taken over aU the vibration frequencies Actually, as the 
vibrational quanta are fairly large, the vibrations cease to be harmonic when 
only a few quanta have been taken up. and the actual values for the individual 
energy levels as found from spectroscopic data must then be used in the slate 

SU The notation used in spectroscopy differs from that employed in i § 16 (which 
is standard in quantum theory). Instead of (4). § 16. for the vibrationa energy 

of the simple harmonic oscillator : < =(«+*)*-. the vibrattona! quantum number 
is v instead of n, and the frequency is <L, instead of v, the suffix e deno ting the 
" equilibrium," or simple-harmonic, value for zero amplitude. Hence . 

«,=.Aa,,(o+{) < 21 

For finite amplitudes, (2) is replaced by : 

«,=A £,(o+})-AA,v(*’+}> ! ; (JI 

where x is the mharmometiy conslani. The zero-point energy (s =0l is then : 

* 4| _ 

In spectroscopy, the frequency is replaced by the nute-mmifter c- 

•1/2-998 x 10'0 (e=vclocily of light in vacuum), giving the number of 
cm. (dimensions cm.->), and the results of band-spectrum analysis arc c\| 
by an empirical wave-number formula : * 

VO+^V+D-JCW^+i^-f ... r 

+ BAJ+ l)+f>^(7+l) 2 +F,JV+D , + ••• • < 5) 

1 See Kelley. J.A.C.S.. 1929, 51. 353: Giauquc. ibid. 1930. ‘^rhaps 

calculation. Proc. Roy. Soc.. 1928. 1 18. 52. for a- and /» H the entropy of £ • £ 

inadvertently, omitted. Kecsom. Proc. K. AkoJ. WVir«. .4r^ 

Lcldcn Suppl. 33); Phys. Z.. 1914, 15. 217. 368. concluded that the entropy of S 
at O’ K. 

* Sees 11. It should be noted that the zero point energy 4 ,. JcVon5 . 

> The notation varies: see Mulliken. Rev. Mod. Phys WlO. \\ }U ,< 6 

*• Report on Band Spectra," 1932; Glasslonc. "Theore.Kal Chem.stry. NovVork. 1 W. 
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where: 

v 0 =electronic wave number separation (v 0 =0 for the ground state); 

fundamental vibration (“equilibrium”) wave-number in any 
electronic state; 

x=anharmonicity constant for vibration; 

v= vibrational quantum number; 

/= rotational quantum number (sometimes K is used); 

B ,=/>-«(t’+i)+y<t-+i) J - . . 

D,=D,+1 9(»+i)+ . . 

In these equations the small dependence of F r on v is neglected, and the half 
quantum of zero-point energy is added to v. Allowance is made for changes 
of moment of inertia in the rotational levels due to the stretching of the molecule 
under centrifugal force, and for the interaction of the vibrational and rotational 
quanta, as the average size of the molecule increases with v. In practice, 
simplification is usually possible, 1 e.g. for rigid molecules D,=F V = 0, and 
B,=h 2 Jin 2 Ic (constant). 

Z is calculated at a given temperature by summation over all rotational levels 
with t>=0, and repeating for v=l, 2, 3, . . as long as the contributions arc 
significant. The process is repeated for any electronic levels which are near 
enough to the ground state to give appreciable contributions. The complete 
internal state sum is then given by (6), § 11, as the product of the vibrational, 
rotational, and electronic functions. The summations must be repeated for 
various temperatures, as the thermodynamic functions involve Z as a function 
of temperature. Various approximation methods, integration, etc., often 
replace this laborious procedure. 

The series (3) can be extended if necessary by further terms: 

',=*i,Mv+i)-x,(v+W+ktv+ iJ’-Me+i) 4 • . •] • • (6) 
The difference between two energy levels for successive quantum numbers 
i»' and v", where t>'=r"+l, is, if terms beyond the second are neglected: 

=A<L,(1 —2x t v"—2xd*=h5» t —'lhu>jcJiv"+Y)^hiti t —2hS> t x t v' . (7) 

As the successive vibrational levels rise with increasing u, they crowd closer 
together, and when they approach the line <=D (Z)=dissociation energy) the 
separation Jc is zero, or the lines form a continuum. 2 When Ac= 0, the 
vibrational quantum number is given by hoj f — 2Au> r xvt''=0, therefore v'«=l /Zx r 
Substitute this for v in (6): 

I I2x, + i) — x t ( I f2x f +\) 2 ] = hu>J4x t — hx f wJA. 

i Smith, Boord, Adams, and Pease, J.A.C.S.. 1927, 49. 1335; Kassel, Chem. Rev., 1936, 
18. 277; Jcunchommc. '* Cakul dcs £quilibres Physico-Chimiqucs," Paris, 1937; Gordon 
and Barnes, J. Chan. Phvs.. 1933. 1. 297, 308; Gordon, ibid., 1934, 2, 65; corrected by Wilson, 
ibid, 1936. 4. 526; and by Giauquc, J.A.C.S.. 1937, 59. 1158. For the wave mechanics of the 
anharmonic vibrator, sec Sokolov. J. ExptL Theor. Phys. U.S.S.R., 1932, 2. 154. 

: hranck, Trans. Faraday Sac.. 1925. 21. 536; Birge and Sponcr, Phvs. Rev., 1926, 28, 
259; Franck. Kuhn, and Rolkfson, /.. Phvs.. 1927. 43. 155; Winans and Stucckelberg, Proc. 
Sal. Acad., 1928. 14. 867; Finkclnburg. Phvs.Z.. 1930. 31. 1; 1933.34, 529; BeuUer and Mie, 
Naiurwiss., 1934, 22. 418; Mie. 7. Phvs.. 1934. 91.475; Beutlcr. Z.phys. Chem., 1934. 27 B. 
287 </7m = 103 50. Dd = 1W 48. D H u= 101 -63); Clusius. Die Chemie, 1943, 56, 241. 
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The value of D , the energy of dissociation, is: 

D =e,-( tt = hu>J4x f — hx,wJA - (Aw,/ 2 - 
=hu>J4x f —h(uJ2, 

and with reference to zero energy this is: 

D—hibJAx,, or x=hwJAD (8) 

Equation (6) is usually applied in spectroscopy in the form : 

«/*€,-«„= Ac«o(t>— x 0 v*+yv*+ • • •) (9) 

where <„ is the zero point energy and u* is a wave number (w/c), so that, 

fr ° m(4): <'=^-xM 

By equating coefficients of t>. * and t;* in (6) and (9), it is found that : 

<oo=<o,— • • •• 
x 0 io 0 =x,<o,+ 2*)«,+ . . •. 
yiuo=k)W f + .... 

For H 2 , the spectroscopic values 1 arc: 0^=4276 cm.' '. W 1 i*' V^wiccUO n 
u, =4390 cm.-', x =0-026. Morse’s cquat.on <§ 17) with D-* 7-5 i electron 

volts gives x, =0-0286. Rosen 2 calculated theoretically a>,-4_60 cm. , 
and James and Coolidgc > /)= 4-722±0-OI3 electron vol£ From the wav* 
length of the beginning of the continuous spectrum (sec above) D is calculated 

as 4-725±0 005 electron volts. . . . WU 

Giauque and Overstreet * used the following method. The rotai'onal lexds 
for a non-rigid diatomic molecule were represented (energies in wave-number 

unitt)by: «..**+/*.+«-+ <«•> 

where mm /+$; B, D, F, . . . arc constants; g,=2J+ 1 Hence; 

Z,mS2m exp ([— Ac(flm ! + Dm*+f»i*+ ■ • >l/* r ! 

=r2rn[exp (— BAcm : /*7')]lcxp (— Bfcm*/W)]I**P ( — FheiifilkT )] . . • 

=^mexp(-flW/Ar)(l-OArm 4 /Ar-FAc/<Ar 

+ \(Dhcm*lkT) 2 +(Dhcni*lkT)(Fhc»i b lkT)+i{thcni A / >-+ - - J 

where exp (-x)=e- As a first approximation sums arc replaced by integrals: 
Zjt ~*+ t,kT = J*2me -, dm — [pDAc/ADw^diw- f ( 2 /Ac A / )«iV dm 

+ J""( DhelkT) t m*c~ l dm + j*i2DI : hcJkT) 2 ni n c~*diii + . ■ 

where z=Bhcm^kT. and the factor of 7, is due to the fact that the zero of 
energy in the integrals is for m= 0. whilst the zero used is for »i-5- Integra 
lion gives: 

*r^-(H/»c)[.-2 !(D/*V— (U) 

■ Hyman and Bi.gc, Mirw. I W0. 123. 277; Hyman, /■*». /ter.. 1930. 36. 187. 

J Mj«. Rev.. 1931, 38. 2099. 

* J • CAcm. PA>'j.. 1933. I, 825; 1935. 3. 129. 297. 

4 J.A.C.S., 1932. 54. 1731 ; Gordon and Barncv J. Che*. • • 
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where fi=kTlhc. The correction necessary when integration is used instead of 
summation was investigated by Mulholland 1 and Sutherland 2 for rigid dia- 
tomic molecules; they found: 

Z2wt-'=(kT!Bhc)(l + Bhcl\2kT+ . . .) .... (12) 

The other integrals did not require correction. In (11), therefore, the term 
(Bf\2)p is added to the series in square brackets, giving: 

Z,e~* th€lkT =(kT/Bhc)[\ +(B/\2)f}—2\( D/ B 2 )fi—3 !(F/ 5 3 )/? 2 + (4 ! D 2 /2 ! B A )f} 2 

+5\(DP/B s )P i + ...) . . ( 13 ) 

Giauque and Overstreet showed that equation (13) gave values for HC1 differing 
only inappreciably from those found by actual summation, at 7 — 1000° and 
2000°. In the case of molecules containing isotopes (e.g. HC1 containing 
Cl=35 and Cl=37), Mulliken 3 found that the constants B, D, and F are 
inversely proportional to /x, /x 2 , and /x 3 , respectively, where /x is the reduced 
mass (l//x= 1/A/i-f- l/A/ 2 ) of the molecule. In the case of vibrational levels, 
where (in wave-number units): 

« r - u> f (v+ i) + WHj) 2 +W»+)) 3 

/t -1 ' 2 occurs in each term to the same power as (v-f J). 

In calculating the entropy of nitrogen gas Giauque and Clayton 4 used the 
spectroscopic equations (« in wave-number units): 

v ■ +*( V ' + })1»» 2 ' + ( D, +yi + i)l"f 4 

€ t =w,(r+ J)+ x t w t (v+ i) 2 

with 3 *,-2-003, a= -0 023, Z>,= - 5-773 x 10' 6 , y=8 61 X 10’ 8 , «,=2359-61, 
x f w f = - 14 445, all referred to the hypothetical state of zero vibration. Equa- 
tion (13) then gives for the internal state sum (rotation and vibration): 

Z,= exp [m+D/\6)/p] .p[\+p/\2-(2DIBW+(\2D*/B*)P+ . . .] 

this value being reduced to one-half because of the molecular symmetry of 
N 2 (.r=2) and nuclear spin omitted. 

From Z, the internal entropy was calculated from (28), § 8, as 

5,=/?lnZ,+/?r(d In ZJ6T) 

and added to the translational entropy, as usual. The final result gave 
10 ** compared with the calorimetric (Nernst heat theorem) 
value 45-89 calculated as in § 70.11. 

In the summation over the vibrational states an empirical relation between 
Z T *s for adjacent vibrational states 6 enables the calculation to be curtailed. 
Alternative methods of calculating the state sums for diatomic molecules were 
also used by Gordon and Barnes 7 and by Kassel. 8 

» Proc. Cantbr. Phil. Soc.. 1928, 24. 280. 

: Proc. Cambr. Phil. Soe.. 1930. 26. 402 (arithmetical error in calculation for NO). 

1 Phys. Rev., 1 925. 25. 1 1 9 (isotope effect on specific heats). 

« J.A.C.S., 1933.55,4875. 

’ Rasctti, Phys. Rev., 1929. 34. 367 (rotational constants); Birgc and Hopficld. ibid., 1927, 
29. 356 (vibrational constants). 

6 Johnston and Davis. J.A.C.S., 1934. 56. 271. 

- J. Chem. Phys., 1933, 1. 297. 

» J. Chem. Phys., 1933. 1. 576; Chem. Rev.. 1936, 18. 277. 
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§26 

8 26. Statistical Calculation of Entropies 

aPSSSSSSS: 

!“» '* Since the or, ho- and /Worms 

ThCC ^i? f <!Sn multiplicities bul not their rotational multiplicities, into the 
carry their spin multiplicities, ,=62-29 (not including 

solid state. The spectroscope entropyofU>®^g** , *^»*j^. of ^ so|id 

SSiSSS=WAWLf“SfSSS 

has no measurable heat capacity at 0 - • QH P> d Mc0 and the 

a. 25" calculated indirectly from '?X r l,a on Me ( OH)^M f O + H ,(>. 
thermal and equilibrium constants of the ! *« ? VJ f uc 45 13. rhe 
is 4510, in excellent agreement with the '!«' pro bably arises front 

discrepancy found 11 for crystal water in N-': s O,. OH P " v (NT)= 

the same cause as that for ice. For te.ran^yhnethan ,' ' C'CH. O I l 
71 71 and S <spectr,)=78-89. a. the b.p. 'V^e rather large 

5 « In 2-6-89, and the ease may M • , g „ the b.p.. 

discrepancy with mcthylammc: »S(NT)-5 -, ' neglect of 

is probably due to some error in the spectroscopic assignrncn, .eg . 
the potential associated with the rotation of the methyl group. 

§ 27. Polyatomic Molecules . 

The calculations of state sums 14 for f£ ,y ^ (for 

possible with approximations, c.g. the vibrant , ^ replaced bv integrals. 

N 2 0 at 298° K., Z,=496. Z,= I I). and sums may often be replace 

» Gibson and Hcitler. Z. Phys. 1928. 49. 465 wc Zcisc. 7. Elckuoiln "' . ,9W - 40 - 

* Giauque, J.A.C.S., 1931.53.507, 

> Brown. J.A.C.S.. 1932. 54. 2394. 

* Clayton and Giauque. J.A.C.S.. 1932. 54. -610. 

5 Ashley, Phys. Rev.. 1933, 43. 81. 

‘ Gordon. J. Chem. Phys.. 1934, 2. 65. 

7 Giauque and Stout. J.A.C.S., 1936. 58. 1144. 

* J.A.C.S., 1935, 57. 2680. 

* MacDougall and Giauque. J.A.C.S.. IJJJ- 5 ** , 

»° Giauque and Archibald. J.A.C.S . . 1937. 59 561. 

11 Pit/er and Coulter. J.A.C.S., 1938. 60. 1 310. 

11 Aston and Messerly. J.A.C.S.. 1936. 58 2 354. 

” Aston. Siller, and Messerly. J.A.C.S.. 59. 174 • . m li|X . f„r the punched uid 

*« The calculations arc purely routine and very i».di us. „j. ll.umi and King. 

or " electronic brain " technique; see King. J. Chem. r « 

UM.. 1946. 15. 89. 
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especially when ihe moment of inertia is large. Some results are merely stated 
here ( o=h 1 2 /&TT 2 IkT ; *=symmetry number) 

1. Linear molecules (N 2 0, C0 2 , C 2 H 2 , HCN) are treated as diatomic: 
Z,= \/so. For HCN and N 2 0,j= 1, for the other molecules it is 2. Entropies 
per mol at 25 e calculated by Badger and Woo 2 arc: 

CO* NjO HCN C 2 H 2 

S including nuclear spin 51-07 56-94 51-79 50-57 

S excluding nuclear spin 51-07 52-58 48-23 48 00 


2. Spherical rotors (CH 4 , CCI4, but not C(CH 3 ) 4 with rotating groups), 
with I A =I B =I C , 5=12: Z r =V*lso 3 ' 2 . 

3. Spherical tops (NH 3 , CHClj), with I A =I B *I C , Z,-y/*lso A o c ' 2 ; C 2 H 6 is 
a double top, with Z,=ttIso a o c . 

4. Asymmetrical tops with I A , / B , I c all different, with the approximation 
MWc) ,/2 , Z,=(l/5XW<Wc) ,/2 - For H,0, *=2; for C 6 H 6 , *=12. 

5. More complex molecules ( n degrees of freedom of rotation): 

z,-(i/»X8*W./c . . 

The complete expression for the available energy per mol of an ideal gas with 
polyatomic linear molecules is: 

G=E 0 -iRT In T+RT In p+/?rr In (1-e"^* 7 ) 

a) 


where 77(g.) is the product of the nuclear spin weights; and for an ideal gas with 
polyatomic non-linear molecules: 


G=E 0 —4RT In 7*+/?7Tn p+RTE In (1 -t’™ 7 ) 


-RT In 


(2 irm)**** ZxH27Tk) 3l2 (I A I B I c )'<* 


h> 


Vs 


8,n(g„) 


( 2 ) 


In the case of rigid molecules Tin (\—t~ fukJ )=0. 

Syrkin 3 calculated for a polyatomic gas: 

SsskN In (2irmkT) nj2 a*- i Vc x a,2 /Nlf (3) 

where /i=number of degrees of freedom, 0=diametcr of molecule, F= volume. 

The entropies calculated from spectroscopic data for polyatomic gases must 
be used with caution, since it is always possible that the ascertained energy 
levels arc either incomplete or not sufficiently accurate. As an example of the 
disagreement with the Nernst heat theorem value (which the physical chemist 
will prefer if it is known) the case of CCI 4 at 25 C. may be mentioned 4 : 
S (NT)= 71 -2, i'(spectr.)=74-3. Kistiakowski and Wilson 5 pointed out the 
arbitrary and sometimes erroneous results found for entropies when hypo- 
thetical ** potential barriers " (§ 28) are assumed, but the protagonists of this 


1 Mayer, Brunaucr. and Mayer. J.A.C.S.. 1933, 55. 37 (who consider Ihc case of optical 
isomers also define the symmetry number as the number of permutations of identical particles 
in the molecule which can be carried out by changes in the coordinates of rotation and spin 
alone. Cf. Winner. Proe. Xoi. Acini.. 1927. 13, 60. For a sketch of the calculations, see 
(ilasslonc, " Theoretical Chemistry," New York. 1944, 386 f. 

•’ J A.C.S., 1932. 54. 3523. 

•* /.. Phys., 1924. 24. 355. 

' Yost and Blair. JA.C.S., 1933. 55. 2610; Fink and Bonilla. J. Phys. Chcm.. 1933, 37, 
1135; the fact that some values have been improved by later manipulation does not affect the 
general principle staled. 

5 J A.C.S.. 1938. 60. 494. where the results are said to be " rather meaningless." 
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method 1 have given considered arguments in support of the calculations. 
The exaggerated claims to high precision urged in this field, and the atlcctcd 
contempt of mere experiments, are in themselves suspicious^ In other calcula- 
tions, 2 * the difference is about 20 per cent (propylene). Eucken and Schaffer s 
calculation of the “potential barrier" of ethane is erroneous, but even this 

simple case is not satisfactorily disposed of. . .. , # . 

Eucken 4 at first imagined that the moments of inertia of some di- and tn- 
atomic molecules as calculated from thermal and spectroscopic data were 
different, but the discrepancies were due to experimental errors in both parts 
and newer work (§ 29) has given closer agreement with increasing accuracy, so 

that Eucken 5 abandoned his former opinion. 

In tabulated values a mean moment of inertia for polyatomic gases, 

l=(I A l B I c ) Xl \ is often given, and in this case J In (l A l 0 l c) *n (-) « re P la ‘ :c y 
i In 7. (Sometimes /„. and l c are denoted by A, B and C). Some values of 
various quantities connected with gases are given in the tables below. 


I. Monatomic Gas rs 





Entropy (less nuclear 

Gas 

Symbol of Energy 
level 

Statistical weight, g. 

spin contribution). 
5*g.cal./l*C. mol. 



at 25* C. 

Inert gases 

•So 

1 

A 36 99 

H 27 40 

H, alkali metals, Cu, 

*S|/2 

i 

Ag, Au 



f Zn 38 46 

Zn, Cd. Hg alkaline 

\ -s. 

1 

) Cd 40 07 

earth metals 

C 

© 

, +3c -»T/r + 5e •*»' r 

above room tem- 

; „„ 


perature 

1 N 36 62 

N, P, As, Sb, Bi ... 

4 S,u 

4 

1 P 38 99 

O 


5+3e-*** r +e'” OT 

38 48 

F 

1 >Po i 

4+2c' 5,,/T 

37 93 

«A A/ 

■ ••• M» 

Cl 

J Pyi \ 

4+ 2e , i^r 

39 46 

4 1 Ol 

Br 

1 

>P./1 / 

1 

4 + 2c-»i’*' , -^4 

4+2e-'»»^ r ^4 

41 81 

43 19 


For di- and polya.omie gases the values of the 
ft I0.VIII L. Vol. II). the characteristic temperatures ((IK), ft 17). / . 


1 See c.g. Pitzer and Kemp. J.A.C.S.. 1938. 60 .1515. , irv 61 2980 

* Pilzer. 7. Chcm. Phys.. 1937. 5. 469. 473; K.stiakowsky r# cl.. J.A.C.S. . 1939. 61. 29 W . 

i Naturwiss.. 1939, 27. 122. ... „ n n •?* m- 7 1929. 

* Jahrb. Radioakl. Eleklromk. 1920. 16. 361: Z. \’ { Fried 7. 

30. 8.8; " Lchrbuch dcr chcmischcn Phys,k." .930, 235. 248; Eucken. Karwat. and 

Phys., 1924, 29. 34. „ 

5 Eucken, Clusius, and Woilinek. Z. anurg. Chtnc. , 10W , vmhd 3 2345 f.; 

* Wohl and Zcisc. in Undoll-Bdmsicin. "Tabellcn. 5th «**L. - ,937. 

Kelley. U.5. Bur. Mints Bull.. 1936. 394; Epstein. 

298; Latimer. " Oxidation Potentials." New York. 1938 Appcnd.x V Macdouta ^ l 
dynamics and Chemistry." 3rd edit . New York. 1939. 469. Sex also iht publKat.ons 
quoted in 5 29. 
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the vibrational quantum, and for polyatomic gases the values of l A, and I c 

and the mean moment of inertia 1 are given: 

for diatomic gases: /=(5 0 '— ?/?)/2-3026/? (4) 

for polyatomic gases: y'=(5 0 '-f^)/2-3026/? (5) 


II. Diatomic Oasis 


Gas 

D 


Symmetry 
number s 

Moment of 
inertia, 
/xl0*« 
g.cm. : 

Chemical 

constant,;' 

Entropy S' 
g.cal/l c mol, 
gas at 25" C. 

H ; ... 

6130 

1 

2 

0 46637 

-3 369 


N : 

3350 

1 

2 

1384 

-0-183 


0. 

2224 

3 ! 

2 

1923 

+0-524 


F; ... 

1533 


2 

27-76 

+0318 


Cl; ... 

801 

! 

f 

m 

113 9 

+ 1 448 

53-31 

Br ; ... 

461 


2* 

342-5 

+2 496 

58-63 

I: ... 

305 

• 

2 

741-5 

+2-982 

62-29 

HCI 

4200 

i 

1 

2 6494 

-0428 

44-66 

HBr 

3787 

i 

1 

3 2634 

+0 182 

47-48 

HI 

3245 

i 

1 

4 308 

+0601 

49-40 

CO 

3085 

i 

1 

1443 

+0 137 

47-32 


• The values I 57 (Cl *» and I 42 (Br»), usually given, represeni mean values for isoiopcs. 


III. POIYAIOMIC GASU 


Gas 6, | j 

/.«xlO*« 

I 

/ax I0 W /cx I0 40 

/xl 0 *o 

I r 

N;0 1 847 (2». 1850(1) | 

1 1 


660 

1 091 

3200(1) 





CO. 9fO (2>. 1900 (l>. 2 



704 

0818 

3400(1) 





C;H; 889 (2). I04S (2). 2 



23-502 

0000 

2840(1). 4730(1). 





4850(1) 





H;0 2294.5180.5400 2 

0996 

1 m 2 981 

1-784 

-1-787 

Ml, 1366 (l).2340 ( 2). 3 

2 78 

2 78 4-33 

3 22 

-1 616 

4790(1). 4990(2) 





Ul, 1875 (3). 2185 (2). 12 

5 267 

5-267 5 267 

5-267 

- 1 -936 

4190 ( 11.4340(3) I 






2S. Molecules with Restricted Rotation 


I lie case where some or all of the groups in a polyatomic molecule are capable 
of free or restricted rotation is a difficult one. and some of the theoretical results 
seem worthless. 1 The group may also be capable of rotation within itself (c.g. 
CM ,CH 2 - in butane). The calculation of the entropy on the assumption of 
particular rotating groups and its comparison with the entropy found from 
the Nernst heat theorem has been used in surmising the structure of organic 
molecules assumed to contain free rotating groups, and also groups with restricted 
rotation. The following cases are briefly considered. 


See c.g Kassel. ^.LC.S.. 193'. 59. 2'46. on the disagreement with butanes; Thompson, 
, "!• Soc ’ ,941 - 39< 4b - ,hc literature in §29 contains many examples of this 
,yP ?. m2 . * C .‘ hc >umm * u >' b > As *°n. m Taylor and Glasstonc. “ Physical Chemis- 
uy. I94_. I. 590 f.. and Glasstone. “ I heorctical Chemistry." 1945, 415. 
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m For a molecule having/free internal rotations, the theory of cquipartition 
ott (§"v cs EMfRT per mol. and .he detailed calculate gtves 

"(S' For' fmolecule with restricted internal rotation consider the case of 
cule normally execute to-and-fro tw.st.ng 



which has been more usea ‘ is . . , 

Vm\V4} -cos 3*) K '\ 

which has minima a, *-0. 2-/3 and <£££*£ “ft 5 * 

A general case has n instead of 3. The energy levels g 

' qUa,i0n <§ 2 - V): dW + ^,/* : ,( £ .-iK 0 ..-cos^^O. 

Put *=2x/ n ,8n!/K 0 /nW-fl.W=MW; then: 

d , M(*)/dx , +(o,+29 cos 2x)M(x)«0 • • • ■ 2 

where a ,=( 32 w>//n ! * ! )(£,- 5 •'o) • . , 

Equation (2) is a Ma.hieus equation,- and is known to gtve 
cant solutions for M(.v) only tf j, ha P opc • ^ ^ >U[ „ js lhc „ 

the energy levels*,, < 2 can oecaicuwcu oy i 

. Olson. Trans. Faraday Sac I93U ** 

Smyth. Dorntc, and Wilson. J.A.C.S., ivji. 

7Mj* 1932, 8 , 482. , 932 ^ 445 . 1941 , 60. 794; Teller 

1 Eyring. J.A.C.S., 1932. 54. 3191 ; 5 1937.’ 59. 276; Mar. J. Chen,. 

and Toplcy. J.C.S.. 1935. 885; Kemp and • 6 Kist.akow^,. 

Phys., 1937. 5. 469; Kistiakowsk. Lachcr and KaMOn. M ^ 4(JS; Gorin> Waller. 



Dean, ibid., 1948, 16. 151. 553. M . AnahsK " 3rd edit.. Cambridge. 1920. 

» Whittaker and Walson. " A Courv: of Modem Ana ys>s ^ |v22 . 21.117; 

404; Condon, Phys. Rev., 1929.. 31.1 *91; »e J*'® , 9J1 2. 52. 355 (table'll Goldstein. 

Sr o, “- jnJ - 

Cylinder, and Spheroidal Wave Functions. New York, wi- 
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§ 29. Bibliography of Statistical Calculations of Entropy 

From an exuberant literature on the statistical calculation of thermodynamic 
quantities, mostly from spectroscopic data or assumed molecular models, the 
following selection is offered. Some valuable papers have, without doubt, 
suffered inadvertent omission. 


Aston and Mcsserly, J.A.C.S., 1936, 58. 2354 (tetramcihylmethanc); 1940, 62. 1917 (n-bu- 
tanc); Aston, Siller, and Messerly, ibid., 1937, 59. 1743 (methylamine); Aston, Eidinoff, and 
Forster, ibid., 1939. 61. 1539 (dimcthylamine); Aston. Kennedy, and Schumann, ibid., 1940 
62. 2059 (tobutanc); Aston and Kennedy, ibid., 1940. 62. 2567 (tctramcthylsilane); Aston! 
Kennedy, and Messerly. ibid.. 1941, 63. 2343 (tetramcthylsilane); Aston el ai, ibid., 1942. 
64. 1034, 1039 (isopentane; corrected by Guthrie and Huffman, Ibid., 1943, 65. 1139, and 
Aston cl ai, ibid., 1948. 70. 3525); Idem, in H. S. Taylor and Glasstone. "A Treatise on 
Physical Chemistry." New York. 1942. 1. 590 (general); Aston, Fink, and Schumann, J.A.C.S., 
1943, 65. 341 (cyclopcntane); Aston. Saw, and Fink, ibid., 1943, 65. 1135 (cyclohexane); 
Aston. Isscrow, Szasz, and Kennedy. J. Chem. Pins.. 1944. 12. 336 (potential barriers); Aston, 
Sagcnkahn. S/asz. Mocsscn. and Zuhr. J.A.C.S., 1944. 66. 1171 (trimcthylaminc, paraffins, 
alcohols, ether, mercaptan, thio-cthcrs); Aston and Szasz. ibid. 1947. 69. 3108 (butadiene); 
Austin, ibid, 1932. 54. 3459 (HCI. HBr. HI). 

Badger and Woo. J.A.C.S., 1932. 54. 3523 (CO;. N;0. HCN, C;Hj>; Bak. A'. Dansk. 
Vidensk. Selskab.. 1946. 22. No. I6(CH 4 . C; H»); 1948. 24. Nos. I (C;H*). 9. 10(CH,Br); Beach 
and Turkcvich.y./I. C.S.. 1939. 61. 303 (ethylene chlorobromidc. ethylene dibromidc); Beckett, 
Freeman, and Pitzcr. ibid. 1948. 70. 4227 (cyclopcntane and cyclohexane); Bigcleiscn, Gocppert 
Mayer. Stevenson, and Turkcvich.y. Chem. Pins.. 1948, 16. 442 (UF„); Bijvoet. Chem. Weekbi, 
1931. 28. 26 (gas equilibria); Blue and Giauque. J.A.CS.. 1935. 57. 99| (N : 0>; Bonino. Boll. 
Sci. Far. Chim. bid. Bologna, 1942, 3, 19| I (paraffins). 

Charlesby, Proc. Pins. Soe.. 1942. 54. 471 «C;IU; Clayton and Giauque. J.A.C.5., 1932, 
54. 2610 (CO); 1933.55. 5071 (CO); Crawford and Rice, J. Chem. Phis., 1939, 7. 437 (dimethyl- 
acetylene); Crawford. Kistiakow^ky. Rice. Wells, and Wilson. J.A.C.S., 1939. 61. 2980 (pro- 
pylene); Crawford. J. Chem. Pint., 1940. 8. 273 (propylene); 1941. 9. 323 (nitromcthanc. 
ethane, tetramcihylmethanc); Crawford and Parr. ibid.. 1948. 16. 233 (various); Cross, ibid., 
1935. 3. 825 (COS. SO;. C‘S;). 

Davis and Johnston. J.A.CS.. 1934. 56. 1045 (H;); Dc Vr.cs and Collins, ibid., 1942. 64. 
1224 (nitromcthanc): Dietz and Andrews. J. Chem. Pint.. 1933. 1. 62 (GH„): Dobratz. Ind. 
Fnn. Chem., 1941, 33. 759 (organic vapours). 

Egan and Kemp. J.A.C.S., 1937. 59. 1264 (ethylene); 1938. 60. 2097 (mcthvl bromide); 
Eidinoff and Aston, J. Chem. Phvs.. 1935. 3. 379 ( tetramcihylmethanc) ; Fieri. Z. Pins.. 1928. 
51. 6 (Cll 4 ; incorrect); Fuckcn and Berger. Z. lechn. Phvs.. 1934. 15. 369 (CH 4 ): Evrinc 
J.A.CS., 1932. 54. 3191 (C;H*I. * 8 * 

l ink and Bonilla. J. Phvs. Chem.. 1933. 37. 1135 (CCIi); Frank and Clusius, Z.phvs. Chem 
1937. 36 B. 290 (CHi): Fuchs. Proe. Roy. Soe.. 1941-2. 179. 194. 340. 408. 433 (assorted 
subjects). 

Giauque and Wicbe, J.A.CS.. 1928. 50. 101 (HCI). 2193 (HBr); 1929. 51. 1441 (HI)- 
Giauque and Johnston, did. 1929. 51. 2300 (O;): Giauque. ibid.. 1930. 52. 4808 (general 
theory). 4M6 III;): 1931. 53. 507 (I*); Giauque. Blue, and Overstreet. Phvs. Rev., 1931, 38. 
196 (C Ha. Ml .); Giauque and Overstreet. J.A.CS.. 1932. 54. 1731 (HCI. Cl); Giauque and 
( lav ton. ibid.. 1933. 55. 4x75 (N;l: Giauque and Blue. ibid.. 1936. 58. 831 (H;S); Giauque and 
Stout, dud.. 1936. 58. 1 144 (H.O): Giauque. ibid., 1937. 59. 1157 (H : 0); Giauque and Egan. 
J. diem. Pins . 1937. 5. 45 (CO;l; Giauque and Stephenson. J.A.CS.. 1938. 60. 1389 (SO;); 
Giauque and Ruhrwein.iW.. 1939. 61. 2626 (HCN); Gibson and Hcitler.Z. Phvs.. 1928,49 465 
. l;i. Glasstone. inn. Rep Chem Soe.. 1935. 66; « Recent Advances in General Chemistry," 

Th T3 fc c . a S!?R-"i i< * YO,k - l94J - 203: aodnev - ^Uiina. and Svcrdlin, 
e/oV?"”' V ys K ;: '**>. M- * Godncv and Filalova. Compi. Kml U.R.S.S., 1946. 
52. 4.1 (hydrocarbon,,: Golden..,. Ckem. I94S. 16. 7* (asymmetric rotor,: Gordon and 



, 1876 (hydrocarbons); Goubcau and 

u.'u'Vi' 40 correcting Eueken and Schafer. Naiuniss., 

K. i'- ? !; ,«• : r' u ‘ • ‘I J 8 ’ 791 ,du,0m,c *>**: Ouillemin. . inn. Phvs.. 1926. 
81. I ‘ (C Hal. Gunman. WeMrum. and Pit/er. J.A.C.S.. 1943. 65. 1246 (styrene). 
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isssasiswssssss 

(HCI). tn.ru v. I cu,n, Phvt 19^8 6 335 (NOCI,: Johnston and 

Jahn. Johnston and'Chapman. ibid.. 1933. 55 153. 5073 

Giauquc. Jji.C.S., \9B,5l, 31*» '• 5A75 {Qt) , g7 (0) . Johnston and Dawson. 

(NO); Johnston and Walker. ibid.. ,933 > 5 • * , , 9 ^ ^ 2 7l (CO. N;>; Johnston and 

1M.. 1933. 55, 2744 (OH);Johns«on I940 . 21. 189 (CH:C1,. 

Walker, ibid., 1935, 57. 682 (0:V. Just, and Unger. Z. leenn. rnxs.. x™. 

CF 2 C1 2 ); 1941.22. l24(CF,CI.Ca,F). Kassel. 7.Z. C.S.. 1933. 55. 

Karweil and Schafer. Z- CArw. J ^ 59 2746; y. arm. Phys., 1933. 

1351 (rigid symm. top); 1934. 56. 1838 ‘ |9 w 4 , 76 (S-menc and methyl derivatives). 

I. 576 (CO); 1935.3. Phys. Chen, USSR . . 

493 (methanol); Chens. Rr«., 1936. 18. 2 sc ^ |936. 394 (general, on 

1945.19.392(N,.H:andmu«s ,926. 12. I (HC»>; Kemp and P.tzer 
entropies from spectra); Kemble. 7. Opt. zot. (COS): Kemp and 

J. A.C.S.. 1937. 59. 276 (C,H>); Kemp and Giauquc . ^ |W , 94l> 63 . 2267 

Egan, ibid.. 1938 60 1521 Kilpatrick and Purer, 

(ether); Kicnitz, Z. Elekirochem 1944. 5°.- > R , 947 3g , 91 (ethylene, etc.); 

7.-4.C.S., 1946. 68, 1066 (d.methylbutane) 2488 (cyclohexane and 
Kilpatrick. Pitzcr, and Spiucr.7.yl.C.S.. 194 69.. JJj I, 27; 1944. 12. 210 (asymm. 

derivatives); King, Hamer, and Cross. J. C « • • ,‘ 93g 6 900 (potential harriers); 

rotor); Kistiakowski. Ucher. and 

***. -4^. No. 

* 251 W - - 

poly-atomic molecules; old quantum theory h , w 290( COi. HjO): Macdougall. 

McCrea, Proc. Cansbr. Phil. Soc.. 1927. 23. 890. 94 .19 8 «- - w ‘ 3 |36(NH>): Mauc. 

Phys. Rev.. 1931. 38. 2074 (CH<. NH,V. Mann.n» cs. ,9)3. 55. 37 (C : Ha. 
Ann. Phys., 1937. 30. 555 (CH£ Mayer. Brunauer. and Mgr. 7 £ Aston. 7 -4 CS.. 
CjHy); Meyer and Buell. 7. Chen, Phys ^ Rtf |947 

«-■ 8 482 ,,hco,> ' of 

" :«X.. .9 32 . 40. 445; .94., « m Hwhon . 

Oliver, E»«m. and Huffman, yS^. Or.. 1940. 8. 

1933, 55. 1410 (restricted rotation); Osborne. Garner ana . 69 ((CH ,):S>; 

131 (dimethylacctylenc); Osborne. Doescher. and Yost. J.A. 14. 

Overstreet and Giauquc. ibid.. 1937. 59. 254 (NH 0. , 937 5 ^ 4 7J(C«HJ: 

Pace and Aston, J.A.C.S.. 1948.70. 567 (Cjl- •): •' 1944.12. 310 (propane): 

1940. 8. 71 1 (long chain hydrocarbons): 1942. I0.«>5« * |v40 62 . 33 , «C;H.C I,: 
1946. 14. 239 (tops on frame); Chen, Rev , WO. ^ J 29 lpjfa ,|ins); P.t/cr and Scott. 
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§ 30. The New Statistics 

So far, the discussion has been based on the classical or Maxwell-Boltzmann 
statistics (§§ 2, 8). In 1924, two new statistics were introduced, one by Bose 
and the other by Fermi, and the first was extended by Einstein and the second 
by Dirac ; a modification of the first was introduced by Gentile in 1940. 

The distinction between Maxwell-Boltzmann, Bose-Einstein, and Fermi- 
Dirac statistics is illustrated by the following simple example. 1 Suppose there 
are three " parts ’* 2 a, b, c (which may c.g. be molecules, light-quanta or 
photons, or electrons), which arc to be distributed among four “ cells " 3 
in phase space, corresponding with given energies, which are numbered I, II, 
III, IV. The number of parts in each cell may be 0, 1, 2, or 3, and the possible 
arrangements arc: 
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If all three parts are in one cell there are four possible arrangements, shown 
in the second column between heavy vertical lines, the horizontal rows corres- 
ponding with the cases when the three parts are in the cells I, II, III, IV, respec- 
tively. in each case three cells being empty. If there arc two parts in one cell, 
one in another, and two cells arc empty, there are twelve possible arrangements, 
shown between the second and third heavy vertical lines. In the first vertical 
column between these lines, two parts arc in cell I, one part in cell II, and none 
in cells III and IV; in the second vertical column, two parts are in cell I, one 
in cell HI, and none in cells II and IV; and so on. If there cannot be more than 


« Icnnard-Joncs. Proc. Phvs. Soc., 1928, 40. 320: Bligh. Sci. Progr., 1929, 23, 619; Bloch, 
" L'ancicnnc ct la nouvcllc Thcoric dcs Quanta." Paris. 1930, 390; Epstein, " Textbook of 
I hermodynamics." New York, 1937. 252 f.; Dc Dondcr, Bull. Acad. Roy. Bclg., 1944, 30, 327. 

• What is here called a “ part ” is sometimes called an " clement it may be a material 
particle (electron, proton, neutron, atom, or molecule), or an energy particle (quantum or 
Photon), or a \ibrationa! mode in vacuum ; a " parton " would be a convenient name. 

‘ I he " cells " arc sometimes called “ energy-levels." sometimes " complexions in phase 
space." 
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one part in any cell, the four cases shown after the third heavy vertical 
line are possible, and in this case one cell is always empty. The total number 

££= 

r ta 1 iVu «£~ — “ & l ».v , : ~ ■ »;« 5* 

ways, ich number being capable of being repeated « limes (^ ^e parts m 

one cell), but no distinction is to be made between the order ,h * 

i.e. between the individuality of the parts. The 

men.s is the same as the number of combinations of a h.np aken 

when each thing may be repealed anynumbeof tunes, up to . 

Let the a things be denoted by letters A, B C . . • ■ r lhem 

combinations required and add the a letter. A, , . • • • w m occur at 
Thi, leaves the mtmbee or combination, un ^ an S«l. 

thing appears at least once in every combination. . , between 

To fmd this, take ,„ + a> units in a line, having 
them, and divide the units into a groups by putting (u P 
between them in any way ; e.g. 

Ill | 11 | 1 I I I 1 * 1 I 1 1 1 1 * • ‘ 

Then if the units in the first group are rcpl *^ ^ iso^incd'fnwhiJh 
group by letters B, and so on, a selection of (n+a) letters is od 

each letter occurs at least once : 

A A A | B B | C | D D D D D | E | H »• 

Since the different positions of the partition marks ,&\c 0 f 

tions, the required number of combinations 's equa nunibor of corn- 

selecting (a- 1) intervals for the partition marks. This is the numoc 

binations of (n+a— I) things taken(a-l) « (^Obihind. and 

.C,= C M since every selection of ' ^"'^ing change in .he second. 

any change in the first selection gives a corrcsponoing t 

Hence: 

l».d-l>Q«-l)“o«.d-l)C. 

(n+a— IXn+a— 2) . . - (£+2Xa+l)a 


n\ 


(„ + a-lXn+a-2) . • . (a+2)(a-H )ax(a-IJ(^2) 

1 n!(fl— 1)1 

(n+a— 1)! 
n!(a— 1)T’ 


2.1 


■ S. N. bow, Z. P,ys.. .924, 26. .78; 1924 . »• «g 

Phys. Na,.. 1924. 6. 381; Einstein. Berlin ,Der.. 1924. 26! 1925. 3. . I b formula. had 

ibid., 1925, 49; Kofink, Ann. Phys., 1937. 2*. 264. Hus case, w.tn 
been worked out for quanta by Planck in 1900; sec $ 15. 

A.T.P.C. — 12 
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Hence, the required number of arrangements in the particular example is: 
(3+4-1)! 6! 6x5x4x3x2x 1 2Q 

3 !(4 — 1)! 3!3! (3x2x l)x(3x2x 1) 

In Maxwell-Boltzmann statistics (§ 8), account is taken of the individuality 
of the parts, and the number of possible arrangements is much larger than the 
above. The arrangement inside each cell, however, is still indifferent, so that 
the first four cases (when all the parts are in one cell) remain the same. In the 
second group each arrangement must be divided into three, since the single part 
may be a, b, or c, regarded as different, so that instead of twelve arrangements 
there are 12x3=36 complexions , a complexion being an arrangement taking 
account of the individuality of the parts. In the fourth group, each arrange- 
ment corresponds with six complexions, since the three parts in three cells 
may be changed by permutations in 3!=3x2xl=6 ways, viz. a be, be a, 
cab, acb, bac, and c b a. Thus the number of complexions in Maxwell- 
Boltzmann statistics is 4+36+24=64. This is 4\ and is the number of 
arrangements with repetition of three parts among four cells; it is in general 
where n h n 2 , . . . are the numbers of parts in the separate 
cells, the permutations of which are not to be taken into account. 

In Fermi- Dirac statistics ,* the basis is Pauli’s exclusion principle, which 
states that no two electrons in an atom can have identical sets of the four 
quantum numbers (§§ 14-16.V) defining the energy of an electron. The sets of 
four quantum numbers representing the energy levels of different electrons must 
be distinct, and if each set corresponds with a point in generalised space, this 
space can be divided into cells, each of which can contain only one electron or 
none. (If the spin quantum number is left out, each cell can contain a maximum 
of nt '0 electrons with opposite spins.) 

Fermi extended Pauli’s principle to energy states of certain gas molecules, 
including the translational energy, and if the internal energies arc all the same, 
c.g. if all the molecules are in the normal state, the differences in quantum states 
relate only to translational energy, and there cannot be two molecules having 
translational energies defined by the same quantum numbers. 

In the case considered, only the four distributions in the last column are 
possible, since all the others take account of more than one part in a cell, and 
the four distributions arc supposed to have equal probabilities. It is seen that 
the number of arrangements f36) is greatest for Maxwell-Boltzmann statistics, 
and least (4) for Fcrmi-Dirac statistics, that for Bose-Einstein statistics (20) being 
intermediate. In Bosc-Einstein statistics, the number of parts in a cell may vary 
from zero to infinity: in Gentile statistics it is supposed always to remain finite. 

In Fcrmi-Dirac statistics, the number of arrangements of n parts in a cells, 
with the restriction that each cell can contain cither one part or none, is equal 
to the number of combinations of a things taken n at a time (a^n), or (what is 
the same thing: sec above) taken (a— n) at a time: 

fl(fl-l)(fl-2) . . . (0-//+1) 

' /i! 

a(fl— 1) . . . (a~Ji+l)x (<7— n)(a — «— 1) . . . 3.2.1 
n\(a — //)! 
a\ 

~nl(a — /»)!' 


« Fermi, Kuov. Gnu. 1924, I, 145; Alii R. Accad. Lined, 1926, 3, 145; Z. Phys., 1926, 
36, 902; Pauli. Z. Phys., 1925. 31, 765; Dirac, Proe. Roy. Soc., 1926, 112, 661; Lindcmann, 
The Physical Significance of the Quantum Theory ," Oxford, 1932, 58; Kofink, Ann. Phys., 
1937, 28. 2*4; Stoner, Phil. Mag.. 1939, 28, 257. 
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S 31, Bose-Einstein Statistics 

numbered from 1 to a n these num repeated n times but without 

a l n l n 2 a 2 n s a } n 4 n s n 6 (i 4 a 5 n 7 . . . 

means that parts n„ n, are in cell «„ par. an V.^nd'can 
no par. in cell «... e.c. The fir,, letter ^ arra nged in 

be chosen in a, ways; .he remaining u 

» lha ' «* B ““* nmng SI do no. represen. 

aasrss its. .is- ■ * — 

of distinguishable arrangements is: 

a,(a,-l +»,)'• (".+0- | I ! (I) 

"•■= a,w- ' 

\ „•« k piven subject to the condition that 

Thus, a set (n x , n 2 , . . of n 8 if M *sthen represents a possible 

Zn,=N, the total number of parts, and any set ot n s » 

arrangement. t with energies between 

The total probability of an arrangement having i P clc .. i> , h e con- 

«, and <,+Sci, n 2 parts with energies between < 2 anu 2 
linued product (77) of (1) for all values of r. ... (2) 

and .he maximum value of W, or 

In (1). unity may be neglcc.ed in comparison with «, and 

58>giV " : } In »', -l «rS[(n 1 +a,) In ' ' (3> 

with the subsidiary conditions /«. 

8Sn,=0 and 8rn,<,= 0 ..••••• 

By introducing two undetermined multipliers. > and ;<• as in (11). 5 

andWgiV ' : In (n,+o,)— 'n n,=^+l* < " 

„,=o,/(Ce~-l> 

where C=c* and u = \lkT. . . niohi uuanta), and to 

Bosc-Einslein statistics should apply to P „ , f ol , ow Maxwell- 

hydrogen and helium molecules (heavier .. pas Regeneration " 

Boltzmann statistics even a. very '^practically tease to exist). In 
setting in at temperatures so low that the g I OUI . sincc photons 

the first case, the subsidiary condition . variable. Hence A=0. and 

may be absorbed or emitted, and their nur " bc u)ls 

C'= 1 in (5), and in this case Planck's formula. (10). § 1 5. results. 

1 See reference, § 30; Smckal. Z Phys.. 1925. Aumuc Physics. 

1928. 40. 320; BriUouin. " Die Quanicnsuusuk. Be" 1 * * ^ 1V 46. 58. 302. 

1937, 203. 21 1 ; Pauli, Phys. Rzv., 1940. 58. 716. Band. Pruc. rnys 
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It is of interest to follow the process 1 which led Bose to the formulation of 
his statistics. The number of frequencies per cm. 3 between v and v+dv is 
found from (13), § 78.1 as: 

a,= SnvWv/c* (6) 

the number being doubled because radiation consists of transverse vibrations 
at right angles to the direction of propagation of the ray, and each ray having 
transverse vibrations in a plane at right angles to its direction may be com- 
pounded from two rays polarised at right angles and with independent phases. 

The number of photons which may be distributed among these frequencies 
is limited by the fact that they all have the same energy hv, and this is a case of 
degeneracy (§ 9) with the statistical weight given by (6). In Maxwell-Boltzmann 
statistics, the number of photons is given by (13), § 8 (/x= 1 IkT, and c,=hv) multi- 
plied by the statistical weight: 

n, = ( 1 / 0(877 M v/c')t- hr,k T 

Multiplying the number of photons by the energy hv of each gives the energy 
density p „: 

/>,d v = ( I /0(8 ttA v 3 /c 3 )d vt MT 

which (since C=l) is Wien’s law (§ 11. VI B), which law holds only at high 
frequencies. Bose then found equation (5) above and showed that C= 1, and 
by multiplying by (6) he obtained Planck’s radiation formula: 

p,d v =(8nh v 3 /c 3 )d v{t~ h ’ lkT — ])-«. 


§ 32. Fermi-Dirac Statistics 


In Fermi-Dirac statistics 2 (which should, perhaps, be called Pauli-Fermi- 
Dirac statistics) the arrangement of n, parts among a, cells is further restricted 
by the condition that each cell can contain cither one part or none, instead of 
the very large number (up to n,) permitted by Bosc-Einstein statistics; the 
number of arrangements of //, parts among a, cells, subject to this condition, is 
equal to the number of combinations of a, things taken n, at a time: 


and the total probability is: 


H' 


a ,l 

/i,!(a,-/i,)! 

B'-.t -nw. 


(1) 

( 2 ) 


The distribution with In \V H , a maximum, with the subsidiary conditions 
SZ7/,=0, and hSn,€,= 0, gives: 

n,=a,!(Cc"'+ 1) (3) 

(C=e\ /i=l/AT), which differs from (5), § 31, for Bose-Einstein statistics in 
having + 1 instead of — 1 in the denominator. 


1 Sec Schidlof. Arch. Sci. Phys. Sat.. 1924, 6, 3SI ; equation (1) had been applied to photons 
by Planck. Vcrhi d. 1). Phys. Ges., 1900. 2. 237; Ann. Phys., 1901, 4, 553, 564; Wolfkc, Phys. Z.. 

1914. 15. 308; Krulow. ibid., 1914. 15. 133. 363. 

- See reference, § 30; Ornstcin and Kramers, Z. Phys., 1927, 42,481; Hall, Proc. Sat. 
Acad.. 1928. 14. 366; Lcnnard-Joncs, Proc. Phys. Sac.. 1928, 40. 320; Brillouin. " Die Quanten- 
statistik," Berlin, 1931. 132, 503; Bom. “ Atomic Physics." 1937, 214; Locb, "Atomic Struc- 
ture," New York. 1938. 371; Slater, " Introduction to Chemical Physics," New York, 1939, 
65; Hellmann and Jo>t. Z. Elcktrochem., 1934. 40. 807; Stoner, Phil. Mag.. 1938. 25, 899; 
1939, 28. 257; Pauli. Phys. Rev.. 1940. 58, 716; on Fermi-Dirac functions. Auluck, Phil. Mag., 
1942, 33. 159; on rclatavistic Fermi-Dirac statistics, Kothari and Singh, Proc. Roy. Soc., 
1942, 180, 414; tables of Fermi-Dirac functions, McDougall and Stoner, Phil. Trans., 1938, 
237, 67; law of mass action with Fermi-Dirac gases, Bothe, Z. Phys., 1928, 46, 327. 
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The equations of Maxwell-Boltzmann, (13), § 8, Bose-Einstein, (5), § 31, 
and Fermi-Dirac, (3), statistics, become identical when Ce*" is very large 
compared with unity, Ce~>l, when unity may be neglected in the de- 
nominators of the Bose-Einstein and Fermi-Dirac formulae, both of which then 
reduce to (1 IQc^', the Maxwell-Boltzmann formula. This condition is ful- 
filled for gases, except at very low temperatures, when " dc gJ ncr *;>’ ' * n 
(5 36). The Maxwell-Boltzmann statistics is a limiting case ol both tne nose- 
Einstein and Fermi-Dirac statistics, because it applies to such dilute s> stems 
that so few molecules are distributed among the many cells that the chance of 
finding more than one molecule in a cell is negligible in any case. In moder 
quantum . hco“ no actual system ever obeys Maxwell-Boltzmann stat.st.es 

^Molecules the nuclei of which contain an even number of protons and 
neutrons together, i.e. have an equal number of units of nuclear spin i (§ -0. 
obey Bose-Einstein statistics; while those with an odd number of protons and 
neutrons, having an odd number of units of nuclear spin, obey Fermi-Dirac 
statistics, 2 as is also the case with electrons. 

If n,'=n,/ a ,= average number of parts in a erf . and C .s put equal » c 
0.-1/HT, then (3) can be written = l/(e'— '* r + H- The constant «, .s 

determined by the condition that the total number or parts per ecu is. 

n=r n /-£II/(e“— l '* r +nl (4) 

This equation cannot be solved directly for c 0 , which must Iw obtained by 
approximation. When 
the exponential decreases 
rapidly as T increases, and 
hence n,‘ is only slightly less 
than 1. When «,><o the ex- 
ponential increases rapidly as 
T increases, and as unity in the 
denominator may then be neg- 
lected, this corresponds with 
Maxwell-Boltzmann statistics 
(24),§8,n,W«-">'* r . 

Fig. 1 3.1V shows 

l/(e , ‘“**' /l,r +ll 

for various values of («-« 0 ) “> lhrec temperatures, (o) kT-O, (M *T= • I. 
(c) *r=2-5. At r= 0, the function drops sharply from '« ’» olldlc . 

at higher temperatures it falls smoothly, and for large 
the Maxwell-Boltzmann exponential function. Since; 

1 — ii/sB l e ,, '“* #,/fcT + 1 — ,„(*“'”*** * r + 1) = l/l c u '”' 1,1 + 1 1 • ,5 

the value of the function in Fig. 13.1V at any point to is 

1 minus the function at the same distance to the left of ©. ( 

symmetrical about c= <0 and the ordinate }. and 

constant at low temperatures. Since the function changes 4 hjion of 

temperature in the neighbourhood of < 0 . a determination o xvi |, bc 

energy levels there, assuming that they are approximate > c 
sufficient for all practical purposes. 

1 Schrodingcr. Berlin liar., 1925. 434. . Saint *! *>..1929 

* Wigner and Winner, Z. Phys .. 1928. 51. 859; He, tier and Herzberg. 

17, 673. 
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§ 33. Monatomic Gas 

The entropy of a monatomic gas was calculated in § 14 by Maxwell-Boltzmann 
statistics by a method which involved a division of the classical state sum by 
N\, where N is the number of identical molecules. This procedure is quite 
obvious and legitimate; a deduction using Bose-Einstcin or Fcrmi-Dirac 
statistics 1 circumvents it, because the assumption that no distinction should be 
made between identical molecules is already contained in the formulae. It 
will be shown that equation (16), § 14 is found for the case in which C& u, p 1, 
which, as is explained in § 32, is formally equivalent to the assumption of 
Maxwell-Boltzmann statistics, the value of C being somewhat different from 
that previously assumed. 

The gas molecules have positions defined by x u x 2 , Xy along three axes at 
right angles, and momenta defined by p lt p 2 , Py The representative point of a 
molecule with coordinates between x x and .Vj+J.Yi . . p x and P\+Ap x . . ., 
lies in a cell of phase space of minimum volume (7), § 14: 

AxiAx 2 AxyAp x Ap 2 Ap i =h i (1) 


Every molecule must lie within the physical volume: 

o-///dv,d.v 2 dv 3 (2) 

A point in the momentum space with coordinates p x , p 2 , p } represents a 
molecule of energy < defined by: 

2ni€=pi 2 +p 2 2 +py 2 (3) 

and if 

Pi 2 +Pi 2 +Py 2 =K 2 (4) 


then a sphere of radius \ (2/m) and centre at the origin of the momentum space 
includes points representing all molecules having an energy less than c. The 
volume of (his sphere is: 

^'=$?T/^>=(4 ^ T/3)(2/m) , ' 2 (5) 


If the molecules are contained in a volume r, and if the greatest energy a 
molecule can possess is <. the volume of phase space occupied by representative 
points is vV. The number of states with energy less than < is the number of 
points within the sphere, i.c. the volume of the sphere multiplied by the number 
of points per unit volume: 

(4rr 3)(2/m)' 2 t'/A 3 (6) 

The number of states w ilh energies between « and c + de is found by differ- 
entiation of (6) to be: 

2rrtf2//») V V‘d«/A> (7) 

Hie average energy difference between successive states is, from the reciprocal 
of (7). h' 2-(2/;j) 1 ; tc' : . For a helium atom, ;u=6*6x 10" 24 g., in a volume 
*'= I cm. 3 , and with an energy <=A x 1= 1 -38 x lO-** erg, the energy difference 
is Sx 10 erg. which is negligible. Hence, the translational energy levels of 
a gas are so closely spaced as to be practically continuous. 

From (7). the maximum number of cells lying between c, and €,+d«, among 
which molecules having energies within this range can be distributed is: 

a, = 2at{2m h 2 ) y V : dc = Ac 1 : d« (8) 

where A=2tni2ni h 2 )' : . 


1 I ewis and Mavcr. /W. X,n. Arad.. 1929. 15. 208; Condon. Phis. Rev.. 1938, 54, 937; Mayer 
and Mayer. "Statistical Mechanics." 1940. 109. 363 : Glafetonc. *' Theoretical Chemistry," 1945, 
'-If- For a non-ideal Fermi- 1 )irac gas. see Uhlcnbcck and Gnopper. Phys. Rev.. 1 932, 41 . 79 ; 
Nath and Auluck. Proe. Xai. !n«. Sci. In, tin. 1943. 9, 257; Dulta. ibid., 1947, 13, 247. 



MONATOMIC GAS 

The energy and entropy per mol may be calculated from the equations: 

A r=rn r , ESn*. S=k In W (9) 

*. «. ™ «■» •»> >£* ra s “ "isK 

by integrals. The values of n f from (5), §31, ana W. 9 ^ 

terms of a, by (8). and S is found from (2). § 31. and (2). § 32. 

I For Bose-Einsiein Statistics .-- In this case, from (5). § 


( 10 ) 

(ID 


. (13a) 


N=En,**A | *« w2 d«/(Ce^ - 1 ) • • • 
EmEwA\y*WGr-\) • • • ■ 

Equation (10) will give the value of C. since 1« as in Maxwe.l-Bolumann 

statistics, because the latter is a special case when te ^ i. 

II. For Fermi- Dirac Statistics.— In this case, similarly: 

/V* A j*€ %n tol(Cd* + 1 (12) 

E-^J>dc/(Cc-+l) (l3) 

These two cases do not differ appreciably from the va.u« ^by Maxwell- 

Boltzmann statistics except when Cc“ tacom« , and ± i in the brackets 
very low temperatures. At other temperatures • , In this case: 

may be negated, when the Maxwell-Boltzmann formula results. 

N-(AIC)j 

C=(^//V)J~ , ' , c d« 

-[2«<2 m/A>)>' 2 /Mp'’ e '’' <k 

=f,.iiV»>M2irm*r) w = 3 074 X 10 -•U M T m l( 

where { =«oncen,ration'in mol, lit. and 
by putting Nm=M, f-l/t-. /.-I/W. and ev.luat.ng the mtegrat. 

latter, put <=x, and x=/ 2 , therefore dx=~fd/. 

... |V^dx-2j%-d,-2 . (by («• 5 "" 

_.l \/v{kT) y ' 2 , giving the result in ( I 4 *)- 
The calculation of the'entropy is not quite so simple. For Bose-E,nste,n 
statistics, from (1) and (2), § 31 : 

S=k In W=kZ In [(/»,+«,- Wi"M~ *> I 
By neglecting 1 in comparison with a., and using Stirlings theorem. (9), 5 . 
this is easily transformed into: 

S =kZ[(n,+a l ) In (/»,+*, )~». »" n ln ( |5) 

=k£[a, In (1 +H,/fl,)+»r 1® 1 ** * 

In the same way, for Fermi-Dirac statistics, (1) and (2). § 3 . g 

$=*.£(—«, In (\—n,lu,)+n , |n (a,ln,— \)\ • • * 


. (N) 
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so that both types are given by the formula: 

S=k£[±a l \n(\±n,fa l )+n l \n(a,fn,±\)] . . . .(16) 

the upper sign in ± referring to Bose-Einstein statistics, and the lower sign to 
Fermi-Dirac statistics. Also: 

a,ln,=C&*'-- FI, 

with the same rule for the sign. 

For Bose-Einstein statistics, a,/n,= CC*'— 1, therefore a,/n,+ 1 = Oe' rf ', there- 
fore In (a,/n,+ l)=ln C+/z«„ 

kZn, In ( a,/n,+ 1 )= kZn, In C+k£n,pt,= R In C+ E/T. 

Also: 

l+/i,M=l+l/(Ce^-l) 

^Ce^/CCe-'-l) 

=Ce"''C- , e-‘-''/(l — 1/Cc*"')= 1/(1 -c^'/C) 
a, In (1 +nja,)= -a, In (1 -c^JC). 

By substituting a, from (8) and replacing the sum by an integral, it is found 
from (16) that: 

S=R In C+EIT—Ak I € l,2 d« In (I— <r**70 • . . .(17) 

Jo 

The calculation for Fermi-Dirac statistics follows the same lines, using 
ajn, «Ce w ''+l, and gives: 

S=R In C+E/T+Ak I « ,/2 de In (I +E'*/C) . . . .(18) 

Jo 

The entropy equations may be found by an alternative method. 1 
From (2), § 34.1. In (l-H/Cc")~c“*VC. 

.*. S=R In C+E/T+(A/C)k [Vv-dc 

= /? In C+ E/T+ R = R(5l2+\n C) . . . .(19) 

from (13a). since E=0I2)RT and Nk=R. Substitute for C from (14), and 
put pv=RT. then: 

S=«{(5/2)ln7'-lnp+5'2+ln|(277»i*) ) »(*/*3)|) . .(20) 

giving for the entropy constant: 

S n G jR= In ((2r wik) } hk A')J+ 5/2 (21) 

When Cc“* becomes comparable with I. deviations from classical properties 
set in. and ( is no longer given b\ (14). The state of gas degeneracy would 
then be reached, but calculations show that this wouid be appreciable for 
actual gases only at unattainable low temperatures or high pressures, except 
possibly for helium (see $ 36). 

II < =(; AVi'lCrr/uA/V ' from (14). and r/, = (2;?r)<2w, A V V : dc from (8), 
are Mibsiitiiicd in the approximate (Maxwell-Boltzmann) form of (5). § 31. 

or (3). §32: 

n,=a,;Cc u \ 

/• replaced by I A/, and the number of molecules ha\ing kinetic enereies of 
translation in the range* to < +de. replaced by d.V. then (since A' can be replaced 
by .V. any given number of molecules): 

dA'=|2A; ^ MkT) } 2 Je- 2 d< 

which i> one form of Maxwell's distribution law. (32). § 10.III. 

« Mayer and Mayor. ** Siaiislkal Mechanics." New York. 1940. 424. 


( 22 ) 
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If c is the velocity of the molecule without regard to direction, the momentum 
2 +„ 2 +n 2), and the kinetic energy of translat.on is <=V'= 
X he'n^hetracfon of the molecules having velocities in the range c to 
fide is fou“d by substituting e'^pIVP-m). and de= P d P M >» (2D. as. 

dAr/W=M«/2**2') M r J e- ! '“ rdt ' • • • 

which is equation (31), § 10.111. 


(23) 


(I) 


( 2 ) 


6 34. The Electron Theory of Metals . . . , 

Perhaps the most useful application of Fermi-Dirac ^™»**go* 

unfortunately on the more difficult and involved wave mechan.es. an 
seems to be no short cut in understanding it. electrons, with 

In Fermi-Dirac statistics, no zero it 

opposite spins) can occupy one energy level, a remainder 

is impossible for more than one particle to have zero ^energy usua „ y 

will have finite and different zero-point energies “P 4 * ‘ ... . ,j- ai | ,h C 

called the Fermi energy, and variously symbohseda ^ or^ ^ I la 
energy levels are filled, (6), § 33, gives the number of part | cles m a 
The number of states or energy levels with energies up t oo 

Af=(4/3)ir(2/moo)’ 

... < 00 ,(|/2mX3N* , /««'> W 

If the particles are electrons. 2 N must be written for N. when : 

« 00 =(l/2m)(6N*>/4«) J ' ) 

Even in the case of electrons. (1) is generally used, the difference being only 

conventional, although important. calculated The density of the 

The value of coo for free electron gas is f ^ frcc clcctron s in the 

electron gas can be taken as of the order of the denv. y of a|oms pc r 

metal, one electron per atom of metal, taking - a w=(l/27)x 10-’ 4 

cm. 3 (- 1), say one dectron in a cube of side 3x0 cm., or A^-O 27) X ^ 
particles per cm A With I k.cal.-4-184xl0»° ergs, 

> a nso i< 174 • fonffpi Internal the- 
‘ Sommcrfcld. Z. Phys., 1928. 47. I. 43; Nnts^sss.. ‘^8 1 6. 3 . anJ School. 

1932. 1 . No. 9; Am. Phys.. 1937. 28. I. 40. 320; 

" Handbuch dor Physik." 1932. 24. II. 333 ; Unnajd-Joncv. ^ ^ /. Phys.. 

Hall. Proc. No,. Acad. . 1928. 14. 370. 377; Bloch. 7 P ' h ys.. 1928. 48. 449; 

1924. 29. 214; 1928. 49. 31; Sow. Phys. Z 1932 2. 247 Horn ^ ^ lkckcr ./, Clekiro- 
Darrow. Rev. Mod. Phys.. 1929. 1. 90; Nordhcim. Annjhys.™ • • sla(cr . Rc v. Mat. 
<hem., 1931. 37. 403; Pcicrls. Ergebn. ^ York> , 939 . 72. 472; 

Phys.. 1934. 6 . 209; idem. " Introduciion to Chemical Phys • urillouin. Nord- 

Frenkel, "Wave Mechanics. Elcmcnury Theory. Vttiau*." Confer, 

heim. Pcicrls. Sommcrfcld. ei a!., " La Thionc dcs 1 1 1934. 7; Brilloum. 

Inicm. Sci. Math., Geneva. 1934. issued as Supplement to Ilch^P • * Berlin. 1930; 

Rev. C/». Bear.: 1935, 38, 491 ; Frohlkh. " Ekltmncnlhcon. = Am . ... 

Konobejewski. Ann. Phys., 1936, 26. 97; M°«. *'• 1 ’ . , / 1937 . 8 . 385; Anderson. 

1937. 29, 251; Davisson. J. Appl. Phys.. 1937. 8 . 391 . Slater ■ . |938> 380 ; 

JS.C.I., 1937. 56. 677 (elementary); Loeb. " A ‘°™ c Sm* ^^ uclion „ lhc Electron 
Seitz. " The Theory of Metals,” New York. l 943 . 246 Raynor of Meullurpy. 

Theory of Metals" 1947. 36; Humc-Rothcry. Atomic i>ory 
1947. 151 ; Koppc, Z. Na,vrfor K h.. 1947, 2 A. 429 (co.rccl.pn for rc^nAnccl. 

2 J.A.C.S.. 1937. 59. 427. 
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particles, and m=Mx 1-66X 10“ 24 g. for a substance of atomic weight M, 
the Fermi energy in k.cal. per mol is: 


jVeon= 


603x1023 


F °°"“4-184x 10 lo x2A/x 1-66 x 10' 24 L4x 31416x27x 10 




3 x (6*6 x lO- 27 )^ 


y =0081 IM. 


For electrons 1/A/=1813, therefore foo=l 48 k.cal./mol=6-4 electron-volts/ 
molecule. This is a large value as compared with the thermal energies of 
molecules at the ordinary temperature, and hence electron gas at high density, 
as in metals, even at the absolute zero, has a large energy, corresponding with a 
high velocity. 

This is, of course, a consequence of the fact that coo is the highest occupied 
level at the absolute zero, and must have an appreciable value because there are 
very many occupied levels between this and the single state of zero energy. 

The zero-point energy, or the mean energy of a particle at 7=0, is easily shown 
to be i<oo. For, from (7), § 33, the number of energy levels between c and £+d« 
is (v=l): 

d W = 2 v (2 m ) i,2 € ,/2 d*/A3 

f=(l/W)£"dAr-( | /W)[2iK2m) w /*»j£" 3 ' J d« 

- [(2WWA J X2/») ) ' W' 1 ]-ri-I«oo, 

from (1), and the mean energy per mol at 7=0 is jAV^. 

The calculation of the mean energy at other temperatures involves wave 
mechanics; the final result per mol is: 

^-=A'(jc 0 o+(ir 2 /4XA7)2/c 00 ] (3) 

C = d E/d 7= AA(tt2/2)(A: 7/£oo) = R(* 2 /2)(k 7/«oo) ... (4) 


For ordinary gases, with relatively large A/ values, «oo is of the order of kT, 
as is seen from the above calculation, and the 7 2 term in (3) is large even at 
low temperatures. With electron gas,«oo is much larger than kT, and is (jt 2 /3) 
(A7/c 0 q) times the value \kT for a monatomic gas obeying Maxwcll-Boltzmann 
statistics. At ordinary temperatures, therefore, the heat capacity of electron 
gas in metals is quite small. E\cn at 1000' K., where AA7 is 2 k.cal., C c for 
electron gas in a metal is only about 4 per cent that for an ideal gas obeying 
Maxwcll-Boltzmann statistics, whilst at room temperature it is only about 1 
per cent. 

This result solved the puzzle that, if a metal consists of positive ions and free 
electrons, its atomic heat should be 9 for a normal monatomic metal, i.e. 
3 for the kinetic energy of the electrons and 6 for the kinetic and potential 
energies of the positive metal ions, whereas the actual value is about 6. The 
calculation shows, in fact, that the electrons contribute practically nothing to 
the heat capacity, as they are extremely ** degenerate." For silver at room 
temperature, the heat capacity of the electrons is only about 0 05 g.cal. per 
g. atom. Since (4) shows that C r for electrons is proportional to 7, whilst for 
atoms the Debye equation for atomic heats at low temperatures shows that it 
is proportional to 7-\ the contribution of the electrons becomes of the same 
order as that of the atoms at very low temperatures, and this, and equation (4), 
have been experimentally verified for silver. 1 


1 Koesorn and Kok. Proc. K. Aka,!. Helens. Amsterdam, 1934. 37. 377; Physica, 1934, I, 

770: Conun. Leiden, 1^34. 232-/; kecsom and Clark. Proe. K. Akad. H elens. Amsterdam, 1935, 
38. 569; Phvsica, 1935, 2. 698; for calculation of I-crmi energy of metals, see Bardeen. J. Chem. 
Phys., l‘>38, 6. 367. This subject will be taken up in j 16.IX L. Vol. II. 



GIBBS’S GRAND CANONICAL ASSEMBLY 


363 


535 

8 35. Gibbs’s Grand Canonical Assembly 

and the relative number with a g.ven energy £ . s P™P° rll ^ n ;' ,0 J ’ 

kre- U m yt noted that the canonical assembly (§10) - ^nncd by the 
probability “*-* where A is a constant defined by the fixed number N of 
particles in the system. If, as in (2), § 9 : 

Z=2Zt- kS ~* l: (,) 

is the state sum (the weigh, factor g Mo' explicitly dropped, £ the ^ssjption 
that only allowed distributions for vanous ty pcsof statt.sae tobe 
the average values of N and E arc given, from (15) and (19). § , y- 
R=z—(bldX) In Z, and £« -(*/<>|i) In Z 

la Bose-Einsjein „a'Mcs<& 31) the statistical quantised 

of the distribution numbers N u " 2 * • • •• A » ,a 

states of a single particle: ... 

/. N-ZN k . E-SNA ,3> 

Z-^e-^' , ‘■ c •’•' , (4> 

where £ denotes summation over all values of N. from 0 to <c. rc^u of the 
,0U1 number of particles N-S N> . The restriction £A’.=const. ,s hus dropped 

(cf. § 31), as must be the case with photons. Thus. Z lo product of 
the sums referring to each individual state taken separately, t.e. the prouu 

the sums: 

The expression on the left is the binomial expansion of that on the n,ht. 
For, let then: 

Z=£x, n 'X2 N ‘ ■ ■ ■ • ,an Mnm-n£x,\ 

the summation being over the values ° f ,^'pinoma^ 'es^'nsion'on/'u -v.). 
equal to {711/(1-,.)]. the sum ,n bemg the bmonual expa 

Hence, by taking logarithms (when the product becomes a s 

the value of x k , it follows that: 

mz— r mu-c-^1 w 

* Frenkel. M Wave Mechanics. Elementary Theory." Oxford. » 932 * - 0I 1 ,olm 
tical Mechanics," Oxford. 1938. 511. . .. ? , 89 . - Collected Works.” 1928. 

1 " Elementary Principles in Statistical Mechanic', l • *.. . ci p/1| . an d Ikilm. 1910. 

2. 189; Lorentz. " Les Theories Statislkjuc cn J^^^^Haven. 1930.2.449; McMilk* 
30; Haas, " Commentary on the Writings of J- W. G.bbs. M" 
and Mayer. J. Chcm. Phys., 1945. 13. 276. 

» The classical deduction follows the lines of 8 8 io. 
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Hence, from (2): 


IV 


1)] 


(0 

(7) 


which show that the average number of parts in the different (individual) 
states is given by the distribution law found in § 31 (with tf=l): 

^-l/Cc^-l) (8) 

In Fermi- Dirac Statistics , 1 for N k =0 or 1, but g = 0 for all other values 

of N k . The state sum has only two terms, that for ,W k =0 being unity: 


2 = nEc"*** ****** = /7(l+e- (A+ ^), 
InZ-JElnll+c-^^) . 


and ^ k =l/(e A+Mi; *+l) . 

as in § 32 (a=l). 

In Max well- Boltzmann statistics, g=N\/N l \N 2 \ . . 
fixed), equation (I), with v k =c" A -‘ jE ‘, becomes: 


(9) 

( 10 ) 

and (with N now 


z=r In 


^ In 




>a*i+x 2 + . . . ) N 


( 11 ) 


equation (1 1) becomes: 

Z«l/<1-*) (12) 

where j must be less than unity if Z is to be significant. 

Hence from (3), — z), and £=££***/( 1— r), 

.^i— .v*/(l — z)*const. t"** 1 (13) 

which is the Maxwell-Boltzmann distribution law. 

The three types of statistics may be summarised 1 by writing down the condi- 
tions for maximum probability: 

2T(ln n k — In a k +\)8n k Maxwell-Boltzmann 


— 5 In W = 0 : 


T(ln n k — In (a k +n k ))8n k Bosc-Einstcin 
T(ln n k - In {a k — n k )]Sn k Fermi-Dirac 


with the subsidiary conditions (a) Bn=~hn k = 0, and ( b ) bE=Zf k Sn k =0. By 

multiplying (</) by A and (/>) by /*, and adding to the expressions for -8 In IV=0, 
the assignment of elements n k to dilTercnt groups of a k states is expressed by 
keeping the total number of elements constant (except in the case of photons, 
when condition (</) drops out), and the total energy constant, and in the manner 
explained in § 8 it is found that: 

0 for Maxwell-Boltzmann 
— 1 for Bose-Einstein 
+ 1 for Fermi-Dirac 


Ok 

n * c < • *. 


± 1 ( 0 ) 


with the special values of ± 1 ( 0 ) in the denominator, as shown on the right. 


lulman. " Siaiistical Mechanics." Oxford. 1938. 372. 
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§36. Gas Degeneracy 

The problem of the entropy and specific heat of a gas at the absolute zero has 
led to some fruitless discussion.' If Maxwell-Boltzmann stat.st.es apply the 
term C In Tin the expression for the entropy in (4a). § 55.11. would make th 
—*00 at* the absolute zero.* Nernst 3 worked out a theory of gas degenera- 
tion ” in which the equation p=RT/ V is replaced by : 

P =(R!y)M(\-t+‘')^(RTIV)(\+M2n 
[fi=hlk) t but Bennewitz 4 detected a slip in the calculation (later admitted b\ 
Nernst), and the correct equation should be: 

p=(*r/nii+TWm 

leading to a deviation from the gas law so small as to be experimentally 

“"stowed lhai .he deviations introduced by Bose-Emstem or Fermi- 
Dirac statistics for diatomic or polyatomic gases are entirely ' 

experimentally attainable conditions. Schrddinger* (ou " d .' " leneth f h,s 
sets in at a temperature 0=A’/8m/*. where /^characteristic length, if this 

is taken as the mean free path, G is about 1/10,000 K. lempera- 

Bosc-Einstein statistics points to a real gas degeneracy *‘^ r y ,0 wtcm^ 
tore, but this is so small that it could not be detected 
drop in C. for hehum to 2-90 g.cal a, low-cmpem ^ £Se£uE '• 
being certainly due to experimental error. The pccu .a lcd 

effect which should appear at very low temperatures lus I c .n r 
theoretically, and it is suggested that liquid hel.um-ll behaves as a ® 
Bose-Einstein gas.® London showed that the sp. hi. sh ° P P an(J 
to (TIT,)' 12 . The rate of effusion should depend only on the temper 
not on the concentration. 9 

' Njcgovan, Z. Elekirochem., 1925. ^M^I^^rKhaffcIt. 

1925. 22. 77; 1926, 23. 728; 1927. 24. 621. 723; Z. phys. Cherny 
J. Chim. Phys., 1926. 23. 238; van Uar. Z. phys. Chcm.. 1928. 134. ill. 

1 Planck. " Thcrmodynamik." 3rd edit., ‘J 11 ’ n,, 1919 118; " The New Meal 

» Z. Elekirochem., 1914. 20. 357; 1916 22. 185. BerEn Ber .,\ 19 • z I '>26. 

Theorem." 1926, 193, 268; Sackur. Z. Elekirochem . 1914. 20. 563. N 
36. 325. 

4 Z.phys. Chcm., 1924, 110, 725. 

5 Z. Phys., 1933, 84. 810; 1933. 86. 810. 

4 Phys.Z., 1924, 25.41. , , „ Ph ., IQ 12 . 37. 79; 1913. 

’ V'rhL d. D. Phys. Ges.. 1916. 18. 4; Schcel and kuw. ' .'"'T. asc * al _ m C., which. 
40. 473; Z. Elekirochem., 1913. 19. 593. also reported a small d ;'j tc hcin)i •• Statistical 
If nol due ,o error, was certainly nol doc 10 degeneracy : I o.k. and Oog8.nhc.ni. 

Thermodynamics," 1939. 125. . |W 1934.45. 766; 1934 

• Uchling and Uhlcnbcck. Phys. Rev.. 1933 43. 552 ^ |937 4 

46. 917; Kahn and Uhlcnbcck. Physica 1937 4. 1155 938. w. Hi . 

1034; London, Phys. Rev., 1938, 54. 947; J. Chcm Phys . 1944.1. />/„/ 

193* «ta ojt. tu,, o«*.i I93X 207. 1035; l owlcr and Jones /'« 


and Michels. Physica, 1940, 7. 368; dc Boer. Physica. l >43. iv > . M ;inJ Mayer. 
■946, 14. 276; tinbindcr, Phys. Rev., 1948. 74. 805; Tor s u • .. f Krmi-I)ir.w 

" Statistical Mechanics." New York. 1940. 363 T.; for ^..djnsanon o 8 «9. 

•». *» Sen. /W. M„. W. Ma. Wl. 7. *5; ' * 

bath and Bhatnagar. /tor.. 1942. «. 361: Kolhar. ari N .lh, S«m*. 

Properties oT Hc-ll will be discussed in J 8.VII1 F, Vol. II. 

* Gogate and Kathavatc, PM. Mag.. 1942. 33. 310. 
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The pressure of a Bose-Einstein or a Fermi-Dirac gas may be calculated from 
equation (2), § 2.III, pV=$E t which holds generally for all types of statistics, 
although the energy £ is very different for the Maxwell-Boltzmann and Fermi- 
Dirac cases. Since £ in Fermi-Dirac statistics (§ 34) is very large at 7=0 
but increases only slowly with rising temperature, with a term proportional to 
T 2 , and also depends on the volume, the term pV behaves similarly. 1 For a 
metal at absolute zero, the calculated electron gas pressure is 149,000 atm. 
The dependence of energy on volume is not due to intermolecular forces but to 
the dependence of kinetic energy (through on the volume. 

In Bose-Einstein statistics, the molecules arc concentrated in the lower 
energy states, in contrast to Fermi-Dirac statistics, which crowds them into the 
higher energy states, and Maxwell-Boltzmann statistics, which spreads them 
more evenly over the energy states in a way which is, in a sense, intermediate 
between the other two cases. Instead of the large zero-point pressure at low 
temperatures predicted by Fermi-Dirac statistics, Bose-Einstein statistics leads 
to a kind of " condensation,” corresponding with that which would be pro- 
duced by attractive forces leading to the liquefaction of a real gas.2 There are 
indications that departure from Maxwell-Boltzmann statistics with hydrogen 
and helium may occur at very low temperatures (these gases obeying Bose- 
hinstein statistics), but such deviations are swamped by approach to liquefaction. 

A mere sketch of the treatment of ideal monatomic gases 3 is all that can be 
attempted here; the upper signs in the equations refer to Bose-Einstein statis- 
tics, and the lower to Fermi-Dirac statistics. If two functions: 



~Ax l/ hr x dx 

HA) =v^ 

% 

1 =FAe~ x 

0 

G(A)=.- r 

f Ar^V-djc 

3 y/it 

% 

lo'^e- 


( 1 ) 


( 2 ) 


are defined, the following relation exists between them: 

s A.6G(A)JdA = F(A) (3) 

Put PM)-fc) 1 -' and regard G(A) as a function of F(A) or of 0, the expression: 

, . p (0)=e*-*G(A) (4) 

small 3 funcl,0 . n of , 0 - . For ,wo extreme cases, when 0 is very large or very 
small compared with unity, the expansions of P(0) may be obtained : 

(i) 0 very large: 


(5> 

(ti) & very small (Fermi-Dirac case only): 

^= K ^(' + 5 S ^: + ...) . . . . « 


; £ cn wn. z 1937. 106. 620. 

C he mis i rv *Nc w ' Y o rk ** ^1 944 " 32? * ** Th : Mccha ™ s ‘" 194 °- 416; Glasstone, ‘•Theoretical 
statistics, § 37. ’ 32L Th,s ° r ,hc theory has been amended in Gentile 

l444^EiD«Sl ,, ‘* i A Tayl ° r ’ “ Treatise on Physical Chemistry," New York 1931 2 
1936.' 2. 83; Tolman ” of J * Wl, * ,ard Gibbs.- New HaCen,’ 

"Statistical Mechanics." New Yo^k 7 Maycr and Maycr - 

2 A, 305. * 3 4 - 385 * 4I6 - Uibfncd, Z. Kaiurforsch ., 1947, 
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r -/ OA3 UEUOf tnnv * 

5 36 

The ideal gas equation is then (ni=mass of gas atom): 

^ .... (7) 
PN»* ) ' 

P being the function of the argument in brackets. If the argument of Pis ■very 
large i e. Tor v very large, P(©)can be replaced by 9, and the equation becomes 
pv^NkT—RT. If the argument is very small, gas degeneration results The 

thermodynamic equation (2), § 54.11: 

r(d/»/dr) r — p=(d£/dt) r W 

gives on integration : ,9, 

the function f (7) being determined so as to give (ft,=zero-point energy). 

£=3R772 +£ 0 . (1U) 

at high temperatures, without making £ infinite for T= 0. The integration 

giVeS ' . h 2 N ! ' [2mnkv ! i T\ nil 

£ -*SS?*lTw*n + * 

Equations (5) and (6), for large values of T and ti give : 

RT( , x . h ‘ N ) (12) 

c r_ 5 rrhT-i--^T5-+ •• •) • • • ■ < 13 > 

E-Et=iR T \\ *rs inmkT) ii ; 

while for small values of T and t> (Fermi-Dirac case only): 

, /«\ W *W W 2"V 5 m/V^*-r _ . .,14, 

. isf'w 1 " /V’rfVW' .(,5) 

£ - £ «=»b) mP* + ^ » 

The first term in (14) gives the zero-point pressure (A, for T 0). t is casi y 
seen that for the Fermi-Dirac gas the coefficient of expansion. 

-(i/oKdp/dr),/(dp;df)„ 

and the specific heat at constant volume. (d£/dT),, are P , °P 0I ‘' ) Ncrnrt 
and ^'‘r, respectively, both vanishing a. T= 0 .naccoa 
heat theorem. The entropy is found from (7) and (II). me 
equation (I), § 55.11 giving: (16| 

dS-8q/r-(d£+/>d.')/r-dP(0)/e - • - “ 

win, e= 2 W J *r/*>/v :J 1,71 

• s-rfweve « ,8 » 

giving, with (4) and (3): 

-W8-H 

very small, when FM)sG {A)~A, and (18) becomes. lRyi 

S=R( 5+3 In 9)I2=IR In T-R In /»+}*+* ln /V^A* 
which is the classical Tetrode equation, (20), § 14. 
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The Bose-Einstein case is less simple, since the parameter A> which for the 
Fermi-Dirac case can have any real and positive value, is now restricted to the 
values OgA £ I, the integrals (1) and (2) with the upper sign becoming divergent 
when A>\. This restriction gives upper limits F(I)=2-612 and G(l)= 1-341 
for the functions, and a lower limit B^— 0-527, i.e. a lower limit for v Vi T. 
The gas volume cannot be decreased below a lower limiting value at a given 
temperature, although the atoms arc supposed to occupy no volume. Einstein 
suggested that, when v is reduced below this limiting value, some of gas atoms 
“ condense ” (like molecules of a saturated vapour) to the lowest quantum 
state of zero kinetic energy, forming a “ condensed phase ” (though probably 
still mixed with the remaining atoms), having only the zero-point energy, no 
specific volume, and zero entropy, the available energy being G=E 0 . The 
remaining atoms form a " saturated phase " of the ideal gas (corresponding 
with a saturated vapour), the pressure being independent of the volume at a 
given temperature. The pressure equation (7) may be transformed into: 

p=[(2nmy\kT)*' 2 /ky)G(A) ( 20 ) 

giving, with (3) and (17): 

. . . NkT 1 d A 

— ( 21 ) 

1-rom (I), dF/d/t-xx. when A = \ (saturated stale), hence d/f/dF=0, and 
(d/V d^)j=0, the p-v isotherm having a horizontal tangent. This corresponds 
with the separation of the single phase, then unstable, into two phases in the 
g^Tvil C) Van dCr Waa,s s ec l ualion * al points for which (d/?/dz>) r =0 (see 

Helium, with the smallest m and atomic weight M, and smallest Q of all 
monatomic gases, should show degeneration at a higher temperature than any 
other such gas. Since 6 mil =0-527, the minimum atomic volume is given by: 

- (h‘S*B m J27T.\/RT)> -’=(2 01 fA/ i,2 T },2 )x K)-*'. 

Therefore t wte =«0-25 7 'xIO so that the phenomenon of spontaneous 
condensation could not be obser\cd at a temperature sufficiently removed from 
the critical state while the gas still remains ideal. In the saturated state 
M-l), /W-0-5I.W. The adiabatic equation is found from (18), dS=0, 
therefore 5=constant when 6> is constant, and from (17), 7V 2,i =const., or, 
with (7). pi —const., the same as for a classical monatomic gas. The velocity 
o! sound, in measurable conditions, will be practically that in a classical eas. 

Although the Bose-Einstein "condensation” has been related to critical 
phenomena. 1 this part of the theory is unattractive, and an alternative is pro- 
Mded In Gentile statistics, considered in the next paragraph. 


$ 37. Gentile Statistics 

A statistics intermediate between Bose-Einstein statistics and Fermi-Dirac 
statistics, in which the maximum occupation of any cell of phase space is 
assumed to be finite, was proposed by Gcntile.= In Bose-Einstein statistics the 


H u ( JqX P l! y in ? * 5 ’ 67; Mavcr and Ackcrmann. ibid., 1937. 5. 74; Mayer and 

Mw ®"~ l93 *- 6 ' 101 ; Kahnand Uhlcnbcck - 

J dcPhvs C ]y40 Ti'mV 7 42, e ? 9 ‘ 109 <l,q Hc,: Riccrca Sci - ,94 ‘- n - 341: Tisza, 

(iia linin' IZ’..-* p M ' Ca ! d,ro J< R,cerca Sci - VMl ' ,2 - ,020: Nuov - Cim - I943 - »• 205 

**- |, ' 4 !‘ ,2 - S94 - Art- Accad. Lot. Mem. F,s. Mat. Vat., 1942. 
13. 651 (thermal cond. and vise, gasi; Fmbindcr. Phys. Rev.. 1948. 74. 805; Giovanni Gentile. 
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maximum occupation of an energy state may be infinite, and in Fermi-Dirac 

statistics it is unity. . . 

Let the number of quantum states corresponding with an energy «, be a„ 

and let n„ be the numbers of states occupied by 0, 1 ,d parts, 

where d is finite. Then : 

'Xn^a, ( 1 ) 

r-0 

and |2) 

»-o 

where n, is the number of parts with energy The number of ways of dis- 
tributing the n, parts over the a, states is: 

Jf'=77a l !//i 0 >i>2. ! • • • "i. ! 

Stirling’s theorem, (9), § 8, gives: 

In W=Za, In a t -ZZn„ In 

and In W is to be a maximum, with the conditions: 

E=2n,€,=Z2n fl .re, (5) 

I I f 



With the undetermined multipliers A and p (§ 8) this gives: 

rX(l+ In n„+Ar+jj«,)$n,.=0 

. ^r(E^ C,e' w '‘ - ‘' , 

and the general equations dS/d£= I IT, S=k In W show (as in § 8) that p= l/*r. 
Equation (I) shows that: (8, 

where y=A+u«„ and (2) shows that 

e-"+*^- 2 *— W+lJe-"^ , 91 

n,=a,f(y.)=a. ( i _e-*.Kl — '’'O 

which is the fundamental equation of Gentile statistics. When j* P as5 “ 
over into Bose-Einstein statistics, and with d= 1 into Fc'm.-Dirac statis' cs^ 

In the application to an ideal monatomic gas. the usual procedure (5 
followed, and if t/kT^x, (6) becomes: 

II . W y«[(2»m*r) w /* , lF(A) (10) 

F(A)=(2/v'^)| o * , ' J f(*W' 

f(x)- l/(e* , *-l)-W+IWI e “ ,,n " 1,-11 • • ( ; <,2 ’ 1 

as defined by (8). Equation (10) determines A. The mean energy (assume 
wholly kinetic) of a particle is given by : ,, 

i = £/yV=!ATG(A)/F(A) 

G(A)=(4/3\/w) I x ,,2 f(x)d.x ,l4) 

•'o 

. , am 194' I pi. 3. and nonces i>> 

junr.. professor in Milan, died 1942: see portrait in£uo '• • Calculations (parlicularls 

Sommerfeld, Ibid., 1943. 1. 151. and Polvan, .«/>.</,. 1943. L. 155. 'J 6 ^ Jy4 , 75 l9M; /. 

‘he use of Stirling’s theorem) have been cnU “®^. by i rT^ i iv‘| 947 2 A. 250: l.cibfricd. 
Naiurforsch., 1946. 1. 120; Schubert. /.. Naiur/orsch . lhtfy suppose there is 

ibid., 1947, 2 A. 305; Lcibfricd and Kacmpfcr - ' 

no rcal difference from Bose-Einstein slat, sties, but the results of th. 
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Equations (8) and (13) show that A may be negative, since f(x) for A+x=0 
tends to a finite limit d/2. This corresponds with gas degeneration, as is shown 
in detail by Gentile. The functions F(A) and G(A) are related by the equation: 


(d/dA)G(A)= — F(A) (15) 

and F(A) has different values for A>0 and A<0. 

The pressure is given by the general equation (§ 36): 

P=UE/V) (16) 


Equation (9) for the ideal monatomic gas becomes: 

'i 1 =^[l/(c*- A -l)-( < /+l)/(c w * 1 ) ( «§ **»-l)J . . . .(17) 

giving the particular cases: 

(i) d= 1, Fcrmi-Dirac statistics: n,=aj(c*' x +l), 

(ii) Bose-Einstein statistics: /i,=a,/(e*' A — 1). 

Case (i) corresponds with low temperatures; case (ii) with high temperatures. 
The characteristic equations corresponding with the two cases are: 

A>0: pV=NkT\\-^ ^_^ 2+ . . . (lg) 

A<0: p - Vm)W yf>(i/d s ' 2 ) + (19) 

The entropy of the gas is zero at 0° K., and has the Sackur-Tctrode value 
(13), § 14, at high temperatures. 

The particular value of Gentile statistics is in dealing with gas degeneration 
in the region where Bose-Einstein “condensation ” (§ 36) sets in, and in par- 
ticular with liquid hclium-II, considered as a degenerate Bose-Einstein gas. In 
this region, A has a very small negative value and: 

NjV-lQnmkT)' 2 /h>][(4/3y/n)N(-\)>*+2-6l2) . . .( 20 ) 
the first term corresponding with an Einstein liquid and the second with the 
gas. The pressure is now proportional to T 5/2 and is independent of the volume 
(as for a saturated vapour). The specific heat has a pronounced maximum at 
the so-called A-point, and below this is proportional to T 3/2 , as is found experi- 
mentally. 

The extension of Einstein’s equation below the “ condensation ” point is 
mathematically impossible, but Gentile’s function is holomorphic from T= 0 
to 7 = and gives zero entropy at T= 0, as required by the Nernst heat 
theorem. The calculated transition point of liquid helium at 3-13° K. is 
not a critical temperature but a fairly sudden continuous change, or A-point 
between He-I and He-II. The observed point is at 21 9° K., and the difference 
between this and 313 K. is assumed to be due to van dcr Waals forces. Gentile 
assumed the helium gaseous. Sommcrfeld liquid, and Salvetti assumed that the 
van der Waals forces produce two different liquids above and below 2-19°, 
the transition between liquid I and liquid II being discontinuous, whilst the 
change from gas to liquid is continuous. 


§ 38. Specification of Zero-point Energy 

The energy zero has been taken for each substance as its own zero-point 
energy (with the vibrational quantum number r=0, and the rotational quantum 
number 7_ 0) ’ but for the energy change in a chemical reaction some arbitrary 
*■ 0 level must be taken for all the substances.' If £ 0A , E oa are the energy 

' Murphy. J. Chem. Phys., 1937. 5, 637. 
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differences from this for two substances A and B (Fig. 14.IV), then for 1 mol 
ofeach: Z "=e-^Z (D 

where Z" is the state sum with the zero-point energy of the substance as the zero 

Sl ^ t ^ r ^superscn^pt zero denotes a standard state (see § 70.11), 1 atm. pressure 
and 25° C. for gases, this choice of standard state affects only the translational 

state sum in (11), § 14: 

Z,=[(2 I rm(ir) i;! /*'P7‘/p)=(27-mtr/*>)Rr .... (2) 
if p=l. If AEo is ihe reaction energy change with standard stales at 0 K. 

(ti= 0 , J— 0), then. _^ ((r _ £1) . )/r= _j pit+AEJIT |3 > 

the values of JG° being as tabulated in § 70.11. The values: 

G°=(G“— ftn+dfij” (4) 

H”-(/r-ft,*)+d£,* (5) 

may be defined for compounds if the values ft,* for the element ! ‘ * 
zero. (Note that d/V=d£,* for gases (H-E+RT). and for sohds HiE 
when 7=0.) AEf is the re- 


NS/ 


A 

\ vO / 

m: 

• * • • 

f . 


zr 

• 

I 



Fio. I4.IV. Reaction Energy at Absolute Zero 

rary zero for each clc- <nectroscopic values for 

The values of J£o» may be ^und from spectres p ^ 


action energy (heat of forma- 
tion) at absolute zero. The 
quantities (4) and (5) refer to 
the reaction between the ele- 
ments in standard states at 
7=0 to form a compound in 
the standard state at V K., and 
have been tabulated. 1 

In using statistical methods 
it is necessary to know not only 
Z but also the value of AEq, 
since the tabulated values of 
AE* and AH 0 always refer to 
an arbitrary zero for each cle- 
ment. The values of AE£ may be 1 ° f un0 ‘ Ihl"iow<tti (zero') energy levels. 

heats of dissociation (§ 25), since these rcf * r £„*= AV„ for each 

Another method is to calculate the «ro- P° method is to use 

clement by (4), § 25, and thence find AEq. (2 5). § 8. gives 

the statistical equations. For the interna c fc •• ~ h | 0 (al energy 
V-Knt d In ZJ4T), Z. being the internal state sum 8 1 \ enc(fy 

r is the sum of ft", the zero-point energy ft, . and 
E,-iRT. Hence: 

ZJin 

jft ) "=ziH“-dii*r+*r>(dinZ./dr)i . • 

so that AEJ can be calculated if d In Z,/d7 is known.- 

‘ Rodebush and Rodcbusb, in '* Internal. CritTab^." 1929 .5 Aston> in Taylor and 

* Glasslone, " Recent Advances in Genera J 
Glasstone. " Treatise on Physical Chemistry. 1942. l, 
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Some values of —(G 0 —Eq°)/T are given below 1 (ideal gas state): 




§ 39. Calculation of Chemical Equilibria 

The standard available energy (p= 1 atm.) per mol of ideal gas is: 

G*=E°+RT-TS° (1) 

The energy E° includes the zero-point energy Eq and the translational and 
internal energies: 

£°= £“o°+ £„°+ £f° (2) 

The entropy S c includes the translational entropy given by (25), § 14: 

S,;=iR In M+\R In T- 2-297 (3) 

and the internal entropy given by (28), § 8: 

S,=R[\ n Z,+7*(d In Z./dT)) (4) 

Substitute for E,° in (2) from (25), § 8, and substitute from (2), (3) and (4) in (1), 
then: 

G*-#— l*Tln M-iRTlnT-RTlnZ<+7 262T . . (5) 
or from (24), § 14: 


where 


C°= — /?7Tn [(kT/a)(2xmkT/h 2 ) y2 . Z, . e -1 * ; * r ) ... (6) 
RT\n(ZkT/a) (7) 


Z=c"f *' RT . (2ir//iA7/A 2 ) 3 2 . Z, (8) 

is the state sum including the factors e-*Wfor zero-point energy, (brmkTIh*)" 2 
for three degrees of freedom of translational energy or (2-n mkT/h*) 1 ' 2 per degree 
of freedom, and Z, for internal energy (rotation and vibration). 

Consider a reaction between gases. Let an initial system consist of 2 mols of 
hydrogen gas at concentration C, I; and I mol of oxygen gas at concentration 
,o»* temperature T. Let these be converted reversibly and iso- 

thermally into 2 mols of steam at concentration C Hi0 and temperature T. The 
change may be carried out as follows. 

I he gases 2H > and O, are contained in separate vessels at concentrations 
, l; and C o ; (rig. I5.IV). An arbitrary amount of the gas mixture in equilibrium: 

2H 2 +0 2 ^2H 2 0 


is comamed a box C equilibrium box”) fitted with semipermeable dia- 
phragms (shown dotted) which can be closed by impervious plates except 


l . n ‘n^’’ l 'r nUC ! CJ f spin ^ on,ribu,ion * omitted; values arc given by Aston, ref. 2, p. 

















j 39 - • 

when the appropriate gases are passing through them. Ut c„„ c 0 „ c„, 0 be 

hydrogen and 

oxygen In the cylinders are 

C— KrfK.-C.ICa : 

2RT In (C„./c H j) and RT]n l c oM- 

»S»^-=5'=” 

of work done are -2 RT and RT • akiurbcd ihe 2H 2 0 formed in 

(3) In order lhat the cqu.hbr.um JaU»otbe tou di hragm in ,o 
the box is simultaneously removed through the sun p +2 RT 

the cylinder on the right at the concentration c Hl o- 
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3 


2H 2 


2H 2 '0j-2M 2 0 

Cm 2 C 02 C "2<> 


0 2 

Co> 


2HjO 

ChjQ 


E 


Fig. 1 5.1V. Equilibrium Box 

( 4) The water vapour is now brought concent ration c Hl0 to concen- 
(ration C Hl0 . The work ^ done is: 

The process is now complete and the total 

w t =-AF= -2RT-RT+2RT\n (Cjcri+RT In « (c„ |0 /C H ,o) 

n7M c2 «i° _|?T In >~* r • • ' (9) 

sa/?r,n c 2 XC 0 , C 2 Ml X C 0, 

i. rtn ihi* initial and final states, u 
Since, from (6), § 33.11, this thc equilibrium box, hence 

cannot depend on the individual conecn t al u given temperature. 

the first term on the right in (9) must * tf 60 ID- 

c’h,o/(cV, . Co, )=K. where K « reaction: 

Equation (9) .s easily generalised for any 

k i A,+ v 1 A2+-.-“'.' A ' + ' jA ^- (l0 , 

_Jf=RTIn K-RTE'i In C,+*72i| • • 

,n W lnc l ' + ,'lnr ! ' + ...Hn'-^ 1 "^- 

&, In C.-(v,- in C.’+ra- b> C,'+ • ■ •>-«- '» r ' + " i,n C ‘* 

(11) 

in the sums the ,e jCmspondmg f ^ 

hand side of the chemical equat.on) are taken as pos,l, 

• r h.mit 1928) IS now fencul. 

■ -this convention (Union Internationale de Clum . 
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Equation (10), due to van’t Hoff, 1 is sometimes called the Reaction Isotherm 
equation, and the value of —AF the affinity of the reaction. The term RTEv x 
disappears only when the numbers of mols of products and reacting substances 
are equal (e.g. H 2 +C1 2 =2HCI). 

The available (net) work or diminution of available energy , —AG, is the 
maximum work minus the external work RTZv x at constant pressure: 

AG= AF+PA V=AF+Zv l RT 
-AG=-AF-RTZv x =RT\nK-RTZv' l \nC l . .(12) 

—AG is sometimes called the affinity of the reaction, instead of —AF. If 
all the concentrations C lt etc., are unity, then: 

-AF=RTln K+RTEv x 
-AG=RT\nK 


giving the standard free energy and available energy changes. 

If partial pressures are used instead of concentrations, (17), § 54.11, gives: 
P\—( v ilV)RT=C\RT C\= Pl /RT 
In K'=Zv x ln/>,=ln K+Ev x In RT 
—AG=RT\n K—RTEv x In C, 

-arja.tog.-iv.tag) 

= RTZv x \n p x —RTZv x In P x 

=/?7'ln K'—RTEv x In P x ... . (12a) 

where P X = C X RT, etc., are the pressures of the initial and linal substances, and 
P\—c x RT the equilibrium partial pressures. If all the free pressures are uoitv 
(e.g. 1 atm.) 7 

—AG c =RT\nK' ( 13 ) 

giving an expression for the standard available energy change (since the free 
pressures are all 1 atm., AG is d(T, the standard value). Equation (13) may be 
written in the form: 




(15) 


-A(G S -F n ) RT-AF 0 '/RT=\n K' . . . 

/. -In K'=AF 0 *,RT—l3j2)Zv x In A/,-(5/2)Jr In T 

- Z» x \nZ IA +l'262Av/R 

from (5), where J, ■=(,.,'+*,'+ . . .)-(v I + v 2 + . . .). 

foiTnT r™ UC ° f 1' E °°' lhC C I ,ang r ° f zcro 'P° inl cncr g>’ in the reaction, may be 
found from spec roscop.c data for heats of dissociation, as explained in § 38, 
or from the oscillator formula (4), §25: 

f |f /?#»= P °L ya ' 0mic ™ olccule wi,h " vibrational degrees of freedom 
being SEo. If J/r ls ,he beat of reaction at constant pressure : 

. - , JE'=JH°-RTJ V 

and from (1), and (25), § 8: 


From (7) and (8): 


H‘-A(iRT+RT^i\ (l6) 


Z."«' . z,^' . . 


A' = - - — — 


z,» . z> 


l kT \ Ar 

2 * • • . ' a / 


• (17) 


N ^- PP - u58 'Ponied ,4 Oc.obcr, ,885); 
■ '• 481 : PM '**«. 26. 81 ; Altaic 
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cm. 1 . If the factor {kVa)*’ is omitted * 


Z, ,r * • Z 2 "< • • 
Z/» . Z ; 


(18) 


-saasaarswtgag-.— . 

nuclear spin but including the symmetry factor s (§ 8 may be wntte . 

Z={%n 2 IkTlh : s)(\ -e~ r ) 1 <•’> 

If free atoms are involved, the corresponding state sum (excluding nuclear 
spin) M§ 21), Z,=2/,+ I- If Jv=0. (.5, becomes (since K=K ). 

-In K=AE^lKT-(V 2 )Sy i In M I" z .. i • 

orforareactionof.hetype: AB+cD=AC+BD 


( 20 ) 


, . Mac • M dd 
-In K-AEflRT-i 1" 


-In 


Z,ac • 

Z,*n • Z,cd 


(2D 


- • Ala " 

From (19). on the assumption that the vibrational factors (=1) cancel out: 

II «AC Woo Vjnp +|n s AFji» r > . (22) 
-In *- J*7*T- } 1" / AC . /coT *An *cd 

Some equilibria calculated by statistical methods are: 

1, Dissociation of hydrogen: H**2H; K =Ph */Ph:- nt w)ucs , hc 

The state sums for H 2 at various temperatures (ef 5 2» are « ^ ^ ^ ^ 
nuclear spin effect R In 4 having been subtrac • calculating 

for the ground level, viz. 2, neglec.ingnuetar P" f u ^' as ttro(cf . § „). 
AEf, the zero-point energy of Hj in us lo *“ ‘ sla . spctlI0SC op,c heat of dis- 
and £„" for the two hydrogen atoms is taken as the spec 

sociation of Hj, 102-80 k.cal. per mol. 



2. Nitric oxide synthesis: 1N,+10£N0; k.cal. 

In this case (14) was used, the value of J£o ^'"g 


Tempera* 

lure 

*K. 


-(G’-fi.'J/r 


NO 


NO-iN:-lO; 


A" 


Nj 


Calc. 


Obs. 


1000 

1500 

2000 

2500 

3000 


51 878 
54 979 
57-255 

59 063 

60 567 


47 322 
50 301 
52497 
54-246 
55 706 



50-715 
53 826 

56 122 

57 955 
59 489 


2 859 
2 915 
2 945 
2 962 
2 970 


88x10 

3 3x10 > 
2 Ox 10 * 

6 0x10 
I 2x10 ‘ 


2 4x10 > 
I 5x10 * 
4 5x10 - 
0 9X 10 * 
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3. Dissociation of iodine *: 1^21; K'=pflp h . 

For the iodine atom Z e =2j t + 1=4, the only value of j, involved being for 
the ground state, f. For the diatomic I 2 molecule Z,=Z f . Z,={%Tr^lkT\hA 
(1— e' ,kT )~ l sr\ where 7=742-6 x lO’ 4 *, v/e= 213-67 cm.-*: J£U°= 35-59 
k.cal. 


S 800 900 1000 1100 1200 

* calc. ...113x10-2 4-79x10-2 1-65x10-' 4-94x10-' 1-22 

K 'obs 1-14x10-2 4-74x10-2 1-65x10-' 4-92x10-' 1-23 


4. Hydrogen-deuterium equilibrium: Hj+D 2 ^2HD; K=c* HD lc Hl c Dl . 

At temperatures for which the rotations arc fully excited but the vibrations 
not excited, (22) gives 2 : 


In A'=-(2f 0 ’ 1In -V H - £oV/ « r+ J , n *%.+ Z% +|n 4 . 






momZ. T Clr °. SCOpiC d “ ,a - 1 2 yHD- £ i'H-£i°o I =J£o-=I57 g.cal. The 
moments ol inertia may be calculated from the values of B„=h 2 I%v‘Ic (S 25V 

evlr,?^ 8 T"'r r* 3046 H ° 45 655 Cm ''- Thc ° bscrve 0 " nd 

calculated values of A are: 


0°C. 
K calc. 
K obs. 


-190 

2-2 

2-3 


0 

319 

316 


t. I Ilf 3., iyg.O, 

see Zcisc, Z. Elektrochem., 1934. 40. 665. 

; The term In 4 appears because two unsymmcirical (HD 
from two symmetrical ones (Hj. D 2 ; s«=2). 


25 

110 

397 

468 

3-27 

3-46 

3-78 

3-82 

3-28 

3 56 

3-77 

3-75 

465; for a 

recalculation with i 

modern data, 


s-l) molecules are formed 
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§ 1. De Broglie's Equation 

The modern quantum theory is based on the wave nature of the electron. 
Electrons in motion behave as if they were associated with characteristic waves, 
the lengths of which are given by a formula due to Louis de Broglie: 1 

X=h/mv (D 

where h is Planck’s constant and m and v arc the mass and velocity of the 
electron. Since mv=p= momentum, this can be written: 

A =h!p (2) 

Beams of electrons are diffracted by matter, e.g. by reflection from a crystal or 
in passing through a thin metal foil, in the same way as X-rays. 2 This dual 
aspect of an electron, particle or wave, is analogous to the dual character of 
light, which sometimes behaves as if it consisted of corpuscles or photons (e.g. 
in the photo-electric effect, when electrons are expelled from a metal by ultra- 
violet light), and sometimes as if it consisted of waves, which give rise to inter- 
ference and diffraction. 

§ 2. Schrddinger’s Wave Equation 

The basic equation of wave mechanics was found by Schrodingcr. 3 Although 
the equation and the interpretation may be “ conveniently taken as fundamental 
postulates, with no derivation from other principles necessary,” 4 a more 

« Phil. Mag., 1924. 47. 446; Ann. de Phys., 1925. 3. 22; J. de Phys., 1926. 1. 321 ; " Ondcs ct 
Mouvcmcnt," 1926; ** Introduction A I'Ltudc dc la Mccaniquc Ondulatoirc." 1930; " Thdoric 
dc Quantisation dans la nouvclle Mccaniquc," 1932; ** Matter and Light." transl. Johnston, 
1939; dc Broglie and Brillouin, “ Selected Papers on Wave Mechanics," 1928. 

2 Davisson and Gcrmcr, Phys. Rev.. 1927. 30. 705:7. Franklin Inst., 1928. 205, 597; G. P. 
Thomson, Proc. Row Soc.. 1928. 117. 600; 1928. 119, 651; "The Wave Mechanics of Free 
Electrons," New York. 1930; Gcrmcr, J. Chcm. Eluc.. 1928. 5. 1041. 1255; Lindcmann, 
" Physical Significance of the Quantum Theory," Oxford. 1932. 24; Juttncr, Z. Phys., 1938. 
109. 139. 

1 Ann. Phys., 1926. 79. 361. 4S9. 734; 1926, 80, 437; 1926. 81. 109; 1927. 82. 265; 1927, 83, 
956; collected and reprinted as ** Abhandlungcn zur WcUenmcchanik," Leipzig. 1927; " Col- 
lected Papers on Wave Mechanics." 1929; Bull. Soc. Philomath., 1941, 123, 26; Heisenberg, 
Saturn iss., 1926. 14. 9S9; Bohr. Suture, I92S. 121. 580; Lorentz, J. Franklin Inst., 1928, 205. 
449; Swann, ibid.. 1928. 205. 323; Slater, ibid., 1929, 207, 449; Press, Phil. Mag., 1928. 6, 33. 

4 Pauling and Wilson. " Introduction to Quantum Mechanics," New York. 1935, 52. 
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$2 schrodinger’s wave equation 

gradual approach through a simple analogous type of equation is not without 
value. For this purpose, consider the case of a vibrating string, the motion of 


which is defined by equation (3), § 71.1: 

d 1 2 A/dt 2 =u 2 (d 2 Aldx 2 ) (1) 

A being the amplitude. Assume a solution: 

>4=g(/).f(.v) (2) 


where g and f are functions of / and x. Differentiate twice with respect to / 
and x, divide by u 2 fg, and compare with (1): 

(i/0(^ : f/^ 2 )=(>/« 2 g)(^/^ : )- 

Since the left side is a function of x and independent of / and the right side is a 
function of / and independent of x, it follows that each is equal to a constant, 


say —m 2 : 

^f/ax 2 +w 2 f=o (3) 

a 2 g/a/ 2 +m-Vg=o (4) 


These may be regarded as two ordinary differential equations, and particular 
solutions (sec (2), § 64.1) are: 

f=C cos (mx)+ D sin {nix), 
g=C' cos (wu/)+ D' sin (mu/). 

as is found by differentiation and substitution in (3) and (4). The constants 
C, D, C\ and D‘ depend on the conditions of the particular problem. For a 
string of length / fixed at both ends, A>= 0 both for a-0 and x=l, and for all 
values of /. In this case, for x«=0. f(0)=0, therefore f(x)=f(0)=C. therefore 
C=0, therefore (=D sin mx. But sinm.v=0 only for mxm 0, or mv-wr. 
where n is an integer, hence m=mr// are the proper values corresponding with 
the nodal points (/4=0), and the corresponding values of f(.v) are the proper 
functions .» If g=0 for /« 0, then g(0)-C\ therefore C'=0. therefore 
g =/)' sin {mut). But sin (mut)=0 only for »iui- 0 or »mil -wr, where « is an 
integer, therefore /w=/m/u/ =/»»//, as before. 

If A is the wavelength, f(x) is zero when a is an integral multiple of A/2 (nodes), 
therefore l=n\J2, therefore f= D sin (/w v//)= D sin (2nx/AJ, which is zero for 
a=0 or a=/iAJ 2. Since iwA, where v is the frequency (§49.1). it follows 
that g=D' sin (2wi »„/). The particular solution of ( 1 ) is thus : 

A=t(x)%{t)=DD' sin (2 wa/AJ sin (2mj). 

In the general case where the function 0 replaces the amplitude A, the places 
where 0 vanishes arc nodes, and may be points, lines, or surfaces. If 0 is 
separable, as /l=g(/) . f(x) above, each factor has its own nodes, which must 
obviously also be those of 0 itself, since if any factor vanishes, 0 also vanishes. 
If 0=R(r)W)<l>(0), where r, 0, and 0 are spherical polar coordinates (§ 28.1), 
and R, 0 and <l> denote functions of r, 0, and 0. respectively, such that 0(r.</,0) = 
R(r)0(O)<l>(0), then the nodes of R(r) are concentric spheres (values ol r lor 
which R(r) vanishes), the nodes of 0(0) are cones through the origin (0-const.), 
the nodes of <I>(0) arc half planes containing the 0 axis (0-consl.). (See 

Fig. 1 .V.) 

Consider the function <l>(0)=cos (/i0). For each value ol the integer n, the 
period is 2* and the number of nodal half-planes is 2 n, which combine to lorm 


1 CouUon. " Waves." Edinburgh, mi, 21. In wave mechanics the half-German names 

eigenvalues and eigen/unenons arc commonly tbul unnecessarily) used. 
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n whole planes, dividing space into double wedges, and cutting the sphere into 
double “ pieces of an orange.” 

The values of <I> and 4> 2 are graphed in Fig. 2.V for various values of <f> lor the 

three cases where n= 0, n=l, and n= 2; and the 
values of <1> 2 arc shown in three figures by the varying 
thickness of the circumference of a circle round 
which the values of are marked. The four wedges 
for n =2 are clear. 

In passing a node, <I>=cos (/i<£) changes sign, and 
when <f> increases by n it has the same numerical 
value but the same or opposite sign, according as 
in the increase of by v an even or odd number of 
nodal planes has been crossed. In general, by a 
reflection in the origin (i.e. a change of <t> by n), 
the function may have the same absolute value and 
either the same sign (when it is an even or g 
(gcrade] function) or the opposite sign (when it is an odd or u [ungcrade] 
function). 

By putting /»=!, ;;i=mr//, /=;iA/2, in (3), this becomes: 

A 2 f=0 ' 

In passing to the wave-mechanical case, the part of the amplitude f which is 
independent of time is replaced by an amplitude »p of the de Broglie 44 matter 
wave,” the interpretation of which is left open 1 : 

V * 4tt 2 
a.v 2+ A 2 ^ - °' 

If the fundamental equation, (1), § 1, I/A— mv/h, is introduced, this gives: 


FKS. l.V. Spherical Polar 
Coordinate System 


d 2 (p 477 2 m 2 v 2 

f* 2+ — *- 


: 0 . 


The kinetic energy of the particle is T={mv 2 , therefore m 2 v 2 =2Tm=2(E- V)m, 
where E is the total energy and V the potential energy (§ 12.IV): £— T+F, 
hence : 



which is Schrbdinger’s wave equation for one dimension. For three dimen- 
sions: 


(5) 


M c'-d, ey 8 7T 2 m „ ,, , 
te 2 +w + K 2 + -it {t - l)4 ' : 

or W»=0 


( 6 ) 


(6a) 


which is the general form of Schrodingcr’s equation. 2 The value 3 of 8rr 2 ;;j/A 2 
is 1-63881 x I0 27 erg _l . 

The reader may now perhaps wish to know the 44 meaning ” of equation (6), 
and it should be clearly said at the outset that this cannot be given in an 44 intel- 
ligible " form, if this is understood to mean something in terms of ordinary 


» Cf. Moglkrh, \an„ui>s.. I93S. 26, 40y; End. ibid., 1938, 26. 463. 

; p or an attempted interpretation, see Madclung, Naiurwiss., 1926, 14, 10W. 
} Uu Mond and Cohen, Rev. Mod. Phvs., 1948. 20, 82. 
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mechanical concepts, such as vibrating ethers, or the like; it is a feature of wave 
mechanics that it abandons such pictures as misleading or incorrect. 1 Dirac 2 
has said that: “ The new theories, if one looks apart from their mathematical 
setting, are built up from physical concepts which cannot be explained in terms 
of things previously known to the student, which cannot even be adequately 
explained in words at all.” The present exposition is addressed to those called 3 
“ advanced students of chemistry who wish to (or ought to) learn something 
about quantum theory, without wading through too much material of a highly 
mathematical character." Such a treatment is not likely to satisfy the mathe- 
matician, whose needs are quite different. The elementary considerations 
below are believed to be accurate as far as they go, and lack completeness rather 
than correctness. 

The solution of (6) is a matter of pure mathematics. It is assumed that p, 
the wave function, must have values which are, in general, (i) finite, (ii) single- 
valued, and (iii) continuous throughout space; these special solutions are called 
proper functions (or characteristic functions, or eigenfunctions). 4 It is found 
that they appear only when the energy £ has certain definite values called proper 
values (or characteristic values, or eigenvalues) 4 and quantisation (or the 
determination of the discrete energy values) is thus reduced to finding the proper 
values. 5 When the particle is an electron, p is sometimes called an orbital, 
since in wave mechanics it replaces the electron “ orbit ” in Bohr's theory of 
the atom (§ 13). The way in which proper values and proper functions arise 
in the solution of a differential equation is most easily seen by taking a much 
simpler case than (6), as was done above. 


§ 3. Interpretation of the Wave-function for an Electron 

There arc two alternative interpretations of >p for an electron. ( 1 ) Schrddinger 
assumed the electronic charge to be 44 smeared " continuously over space, and 
the electric charge density p at any point to be proportional to ip 2 , the square of 
the wave function. 6 (2) Born 7 retained the point-charge electron, and regarded 
« l 2 as giving the probability of finding it in a given region, the total probability of 
finding it anywhere (i.c. in the whole of space) being 1. Born's view is generally 
adopted, but Schrddinger's is often simpler in application, and is sometimes 
used in what follows. l or more than one particle Schrodinger's view requires 
a distribution in a space of more than three dimensions.* 

The situation may be put in the following way.’ Classical mechanics recog- 
nised only the probabilities I and 0, for an event either happened or did not; 
if it happened, it did so in a quite definite way, determined (in the sense of 
causality) by the initial conditions. Wave mechanics does not recognise the 
probabilities I and 0, but only intermediate probabilities, and it does not 


Son ,V!!f r 5 r,d : iys ' / ' l > ~ 1 28, 231 : Lindcmann, - Physical Significance of the Quantum 
riicory. Oxford. 1932. I2S; Houtcrmans and Jensen, Z. Kaiur/orsch., 1947. 2 A, 146. 

- " I he Principles of Quantum Mechanics.** Oxford. 1930. pref. v 

* Rice., J.A.C.S.. 1931.53. 1187. 

4 I he hybrid names are much used, but will not be adopted here. 
l94i M ’40f naU anJ Murphy * " Th ° Ma,hcma,ics of Ph - vsi « and Chemistry.** New York. 

* Ac,ual Jy. “> ***. "here £ and 6* are conjugate functions of the tvpc t=a+bi and 
V- -a hi (where i- \ - l». the product a'+t^ being real. In what follows the form <i-’ will 
mostly be used. 

1 /.. rim.. 1926. 37. SfeJ. 

8 Lindemann. " Physical Significance of the Quantum Theory.** Oxford. 1932, 10. 

Frenkel. " Wave Mechanics, ricmentary Theory." Oxford. 1932. 37. 
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recoeoise exact initial conditions; in place of determining certain single events 
it finds the probabilities of all possible events. When the pntoMoy J"*** 
has a sharp maximum, the corresponding event (or rather, the group of very 
similar events) is extremely probable, and is usually, but not certainly .observed. 
This is closely connected with Heisenberg s uncertainty principle (§ 14.1V). 

8 4. Formal Derivation of the Wave Equation 
The wave equation (6), § 2, may be derived in a purel^ormal buijmeresUng 
way as follows. 1 For one coordinate, the energy- t- z »n + : 

and the monienlum=p x —mi, 

£=(l/2m)P, 2 +K <•> 

.ns s easaa-jmiaaa 

••• ®-(-s3 ;» +,, K 

a'i^/ax ] +(8ir ! m/* , )(£- 

Extend toy and a, and the wave equation (6). § 2. results. 

This method is related to Born and Jordan s equation. 

„- qp =hl1m 

in which , and p are the corresponding ,^ 
function f(g): 

§ 5 Normalising Factor and Orthogonality 

The value off for an electron must agree with the cond'tion p 

charge over all space is one electron; or. alternatively. H al V 

of finding the electron in all space is unity. This implies the cq 

... (1) 


I PdvmjjMvt 


1 


where dt>=dxdydr; sometimes a normalising factor <* 43.1) ‘<\ r as 

l/v/2. must be introduced to make (I) true. This is 
(6). § 2, is still true when 0 is multiplied by any constant Consider the mtegr 
M dv, where du is an clement of volume, and suppose that. 

J^dt-0 ifm+n, andJ 0 ^d,= l «f«— • * W 
In this case 0, and 0„ are called orthogonal functions (§ 43-I). J 

; ZfZLZl £» £&£?&£ - ^ ■" 

Cambridge. 1943, 22; see § 22. harmonies (5 12). P- and P«. by Legendre 

* The relations t2) were- established for spherical har , •• JfJ cJll Cambridge, 

in 1784-9; Whittaker and Watson. " A Course of Modern Analysis. 

1920, 305. 
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§ 6. Translational Energy of an Ideal Gas 
Although the state sum for the translational energy of an ideal gas was 
calculated in § 14.IV by a classical method, it is easily shown that wave 
mechanics gives the same result. 1 The case is sometimes called the “ particle 
in a box.” 

Consider a molecule of a monatomic gas in a rectangular box of sides l u l 2 , l 3 , 
and volume v=l\l 2 l 3 , and take axes x lt x 2 , x y , parallel to the sides. If m is the 
mass of the particle and c a possible value of its energy, the Schrbdinger wave 
equation (6), § 2 (for this case the potential energy V is zero, and .v=.v,, v=x 2 , 
:=X\) is: 

Put <=c, +<:+«.'• and >P=>Pi(x l yJi 2 (.\ 2 )4>i(x 3 ), then the equation separates into 
three ordinary differential equations of the form: 

tyildx , 2 + (Zrfmt ilh 2 yp , = 0 , 
the solution of which is (§ 64.1): 

0, = /f sin ((8ir2/wc ,/**)* 2 .v, + £). 

Since 4>\ vanishes for .v,=0, and at,=/ ( the walls of the box), 2 it is found by the 
appropriate substitutions (cf. § 2) that B— 0, and (8rr 2 /m ,/A 2 ) 1 2 /,=/i,»r, where 
n | is any integer, including zero. Hence the energy components are: 

c,=/i, 2 A 2 /8w/, 2 , « 2 =/i 2 2 A 2 /8/m/ 2 2, and < 3 =n 3 2 h 2 l*ml 3 2 . 

The state sums arc of the form (§ 8.1 V) Z,=£e and, as A 2 /8/;»/, 2 A:7' is 
very small, the sum may be replaced by an integral: 

Z,= I \‘ h Wt**i** r d/i , = (2nmkT) l,2 lilh, 

Jo 

Z=Z 1 Z 2 Zj=(27rwiAr) 3,2 / I / 2 / 3 /A J =(27r///A-r) 3/2 f/AJ. 

For N particles, take Z s instead of Z, and divide 3 by A'! as in § 14.IV, thus 
finding for the whole gas: 

Z= [(cvlh'N)(2nmkT) 3 ' 2 ) N 

which is the same as the value found in § 14.IV, if the zero-point energy is 
omitted. 

The same result is found from dc Broglie’s equation (I), § 1, for the length of 
the mass wave X=k/mv, where v is now the velocity. The translational 
energy isf,=\mv 2 , hence the wave number (no. of waves per cm.) is a>=l/A= 
\ (2 ntt,)lh. The Rayleigh-Jeans formula for the number of waves in a volume 
V (§ 78.1) is: 

d/i = Att V i- 2 d v/i* 3 = 4 tt Fo/ 2 do/, 
where w= i; r (§ 49.1). Since: 

d«„=d \/(2/ii€,)/A=( 1/2 A)v (2////< l )dc„ 

/. d/i=(4-I72A 3 )(2/u) 32 € l ' 2 df 1 , 

which replaces a statistical weight g, in the state sum (§ 9.IV). Since the 
energy levels arc closely spaced, the sum can be replaced by an integral, and as 


95; 


1 Pauling and Wilson. " Introduction to Quantum Mechanics," New York, 1935, 
Macdougall. “ Thcrmod>namics and Chcmistiy." 3rd edit.. New York. 1939, 453. 

- In the case of an electron . of course, there is a finite probability that it will extend beyond 
the walls ol the " box." Sec Dushman. " Elements of Quantum Mechanics," 1938, 55. 

' ,hc objections to this procedure have been mentioned in § I4.IV. A suitable modifica- 
tion ol procedure gives the same result directly. 
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the upper limit (£,) is very large compared with the molecular energy e, it 
can be replaced by infinity: 

Z 1 =(2tt/A>)(2/m)» 2 1'|* < l ll2 t- t ' kT d€=[{2nmkT)'*lhW 

the integral being evaluated in § 33.1V. • , 

The further consideration of the proper functions for such a potenna 
barrier,” or " particle in a box," problem ' would lead too far from general 
principles at this stage. The results are of no interest in relation to the properties 
of real gases, which do not leak through jars or containers. . 

In what follows the systems studied and the types of mathematical functions 

which are involved in their treatment are: ( 

(1) Linear harmonic oscillator: the proper values are £=(/»+ ;>*<*,: the 

proper functions are Hermite polynomials. 

(2) Rigid rotor with fixed axis: the proper values are £-mW/ 8W, tne 

proper functions are Cc - 

(3) Rigid rotor with free axis : the proper values are £-/».(»*+ 1 )A .8* /. 

the proper functions are spherical harmonics. ^ 

(4) Hydrogen-like atom: the proper values arc E.-.w-jiZ-e / 

proper functions arc Lagucrre polynomials. 

§ 7. Linear harmonic oscillator 

The wave theory of the linear harmonic oscillator (§ 16.IV) may be de- 
veloped 2 from the wave equation (5). § 2: 

d¥/dx 2 +(8 » 2 m/A 2 X£- °- 

The classical theory (§ 52.1) gives the potential energy “, d “j* 

kinetic energy T=\mv\ hence the Wttl “ T + Th c " equilibrium " 

.v 0 is the maximum displacement. t =0 and M 

frequency is: ,i\ 

1,1 

and the wave equation becomes: 

Put: , m 

8w 2 wi£/A 2 *^» 4 v*m*IV=B 

dty/dx 2 +M-** 2 )0= o . • • • • • (3) 

Thc solution is obtained by thc so-called asymptotic method ^ 

very large values of x. i.e. very large negative values of h I 

(£- jar 2 ). Then ^ « £.x 2 (thc symbol 1 meaning much smaller than ). 

dV/dx*cr Bx*+ ; • (4) 

with thc solution (c an arbitrary constant) found by thc method of $ 63.1 . 


4= ct 


(5) 


' See eg. Eyring. Walter, and Kimball. "Quantum - "Sornand Oppcnhcimcr. 

« Schrddingcr. Ann. Phys., 1926, 79. 489; l ues. *4. 926. 80. ^^ | rn .. a Wavc ^ tthjn ,o. 
Ibid.. 1927. 84. 457; Sommerfckl. " Wave to Quantum 

Elementary Theory." Oxford. 1932. 77; Mechanics." New 

Mexhanics." New York. 1935. 67; Dushman TIk EtanjnttoT <*»£" jnJ Chcmistry ,” 
York. 1938. Ill ; Margcnau and Murphy. I he Mathematics ol i n> 

New York. 1943, 76. 
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The pari of the solution with the exponent +\y/(B)x 2 is not admissible, since 
it makes Equation (5), in fact, gives: 

dty/d* 2 =c(&Y 2 - y/B)t- W{B)x: =(Bx 2 - 

which is (3) with A = \/B, equivalent to (4) when x is very large. 

From this asymptotic value of ip (when x is very large) the exact value is found 
by replacing the constant c in (5) by a function of .x, f(.x)=c(.x), which can be 
found by substituting (5) in (3). Let B=P 2 , then: 

d^/d.v2=c(^r2-^-' to; -2(dc/dx)^ve- ,fe ->(dV/d.t2)e-‘ to; 

d^/d.v2+(/l-^ 2 .x 2 >A=e-* fli; [cM-^)-2Mdf/d-v)+d 2 c/dx2]=0 

d 2 f/d.Y 2 — 2/3.x(df/dx)-f (/I —P)c=Q .... (6) 
which is the required equation for c=f(.x). 

In considering the proper functions it is convenient to use a variable r= \/\P)x, 
so that the function r(.x) becomes H(r) by substituting x=z/\/p , therefore 
dx=d z/\/p, d.v 2 =d z 2 lfi t and (6) becomes (after dividing by p, and putting 
*=A!p): 

d 2 H/dr 2 — 2z(dH/dz)+(A— 1)H=0 (7) 

The solution uses the so-called polynomial method. Assume that H(r) can 
be expressed as a power series: 

H(:)=a 0 +a l z+a 2 : 2 +a i : i +a A z 4 + . . . + 

then 1 this cannot be infinite, but must terminate at the mh power, since 
otherwise: 

*«H Me- 1 * (8) 

will not vanish for r-> cc, i.c. .x->w, as it is required to do (sec § 2). Thus: 
dH/dj=a,+2fl2- + 3fljr 2 +4<7 4 j-'+ . . . 

d 2 H/dr 2 -2fl 2 +2 . 3j,r+3 . 4a*z 2 + . . . 

—2z . dH/dr= — 2a,r — Aa z z 2 — ba^z*— 8<j 4 ; 4 

(A-l)H-(A-l) < i 0 +(A-l)fl I .-+(A-l)fl 2 r2+ . . . 

The sum of the last three lines must, by (7), vanish for all values of z, and hence 
the coefficients of powers of j must be separately zero: 

I . 2tf»+(A— I )tf 0 =0 for z°= 1 

2 . 3«3+(A— 1 — 2)<7|=0 for z 

3 . 4o 4 + (A— I —2 . 2)02=0 for : 2 

from which it is easily seen that for r": 

(/i+l)(«+2K 2+ (A-l-2//K=0, 

(A- 1 -2/i) 

or ;= -r n +-iK»+2) 0 * w 

If the series stops at the mh term, a H 2 and all higher \alucs of a must be 
zero, hence, from (9): 

A=2/i+l, or A=(2/i+\)P=(2n+\)yB . . .(10) 

f rom (2) and (10). £=(2/i+ \)h\ (x/*i)/4ir, or, from (I): 

E=(n+\)hut e ( 11 ) 

1 For proof, see Pauling and Wilson. “ Introduction lo Quantum Mechanics,” New York. 
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which shows that the Unear harmonic oscillator has discrete quantised energies, 
which are whole multiples of hw t added to a zero-point energy i hw t for n-0. 
The quantum number n (usually denoted by v) enters merely as the degree ot 
the polynomial H(z), without any special assumptions. 

§ 8. Hermite Polynomials 

Since the coefficients of the polynomial considered in § 7 are known except 
for either a Q or a„ which are arbitrary, the values of the un-normalised wave 
function (8), § 7, can be calculated. From (9) and ( 10). § 7 : 


a* 


A— 1—2(ii— 2) -2.2 


[7 a m 2 


A- :« 


etc. Hence: 


r fl(n-l)z- 2 . 

1722“ + 


n(/i— 1) iK/i-D 

2.2 2 

fl - 2= (/i— 2)(/»— 3)°" 4 * 
n(n-l)z- 2 , /K«— D(«— 2K«— 3)z"~ 4 


1 , 2 . 2 4 


■I- 


where a , is an arbitrary constant, and if this is taken as 2" the function is 
called a Hermite polynomial of degree n : 1 

W2;r _^ + ^^0: r--. • • 

The first five are easily calculated : 

HoU)=2° . z°=l H j(z) = 2 2 (z 2 — Jr°) = 4- 2 — 2 

H ,(*)** 2z H,(r)*=2>(r>-^ ::r )«=8- , -l2-- 

4 . 3 z 2 . 4 . 3 . 2 . 1 


H 4 (r)-2^ “ + 


32 


l .-0)=16: 4 -48: 2 +12. 


It was proved by Hermite that these functions are all given by the formula: 
H.(Z) = ( - 1 rc"(d-(c- 

and this is easily confirmed for simple cases, e.g.: 

H 2 M=<- W . - 2e "') “ 4;! — 2- 

The Hermitian function (8), § 7: 

yr*e““ , H.(x) 

satisfies the differential equation: 

d 2 y/dx 2 +(2/i+ 1 — x 2 )>=0 

and the functions in the domain -co to +co form an orthogonal system (§ 5). 
since if m and n are two different integers: 


J*H.WH,i(*)c-'d*=0. 


■ Nielsen, K. Dauk, VUUmk. SeUk. <Ato. />..), 1918. I. 6: Ma'gcnau and Murphy. “ Tire 
Mathematics of Physics and Chemistry.” New York. 1943. 76. 1 1 . 
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§ 9. Proper Functions for the Linear Harmonic Oscillator 

Equation (8), § 7, still needs the normalising factor, N„, defined (§ 5) by: 

(| W)fVd*=i. 

The calculation 1 (which is tedious, and is omitted here) gives for the normalised 
proper functions: 

These, for w=0, 1, 2, 3 and 4 are graphed in Fig. 3.V (.v=r). Each has two nodes 
at ± w, and n other nodes for finite values of r. The curves for /i=0, 2, 4, are 



Fig. 3.V. Normalised Proper Functions: for 

n-0. 1.2, 3. and 4. 


symmetrical for positive and negative values of r (even functions); those for 
//=1, 3, are antisymmetrical. 

If the vibrating particle is an electron, the charge distribution, on Schrd- 
dingcr’s view (§ 3), is found by plotting +„*(:) against r, and is shown in the 
( curves marked A in Fig. 4.V. Normali- 

v/i B i\ 7 sation makes the area under each curve 

"\A jA /A sincc s y mm etry about the axis 

"• 0 j\ Tv NA makes the contributions for negative 

o t o 1 2 oi 23 va lucs of r (not shown) equal to those 
0/ gif for positive, and the total area is 1, this 

n 2 f J\ n 4 7| representing the charge of one electron. 

a Thc curves marked B represent the charge 
0 , ' 2 ^ ■ ofz 3 d distribution according to classical theory, 

m which there is no charge beyond the 
MG. 4.\ . C harge Distribution for Linear two maximum amplitudes of the vibrat- 
Harmonic Osctllato, jng c | cc|ron f „ r , he posi(jve sidc 

„ . ‘he displacement, by dotted verticals), 

n I'?' 0 C r qUa,,0n I makes ,hc char " c (or ,hc Probability of its occur- 

tln IS? . ,nf T ,y ' * ' S SCCn ’ howcvcr * lhal ,he contributions beyond 

the classical amplitudes are relatively small in this case. 

nn f vu , rl cr mathematical deduction - is that energy transitions are possible 

only when „ changes by unity, i.e. when the harmonic oscillator cncrcv increases 

enerPvTf'? h ° n ° ‘'T'"'" a limc * ° n lhc old quantum theory, the 
encrg> of such an oscillator could increase or decrease by any number of 

anh.irmonic"' “ ^ and ,hl * is slil1 if «h”a.or is 


Fig. 4.V. Charge Distribution for Linear 
Harmonic Oscillator 


CtJSS?T*Rnr“ Mechjn,cs '' '*»• 131 • E»in e . 'Valter. and Kimball. •• Quantum 
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§ 10. Rigid Rotor with Fixed Axis 

Consider two massive points m, and m 2 at a fixed distance r apart (typifying 
a rigid diatomic molecule, § 18.IV) and the pair capable of rotalton like a dumb- 
bell. This rotation may be regarded as occurring about an axis passing through 
the centre of gravity in the line joining m, and m, and distant M and from 
them and at right angles to this line. (Rotation abound line of centres I no 
considered.) If this axis of rotation is fixed in space (,.e. P° m, * in * 
direction) the system is said to have a fixed axis: if it has also a pr«*ss ona 

motion (i.e. the axis moves so that each end sweeps out asplieneal surface) the 

rotor is said to have a free axis. These two cases will be considered in order, 
the fixed axis here and ihe free axis in § 1 1. , 2 . . • |ic 

In this case there is no potential energy hence 'V'r 

energy. This will first be expressed in terms of polar coord ' n § p 
velocity square is given by where the point de "° 

lion with respect to time, x=d x/d/, etc. In spherical coordinates (r, 0, *). 

x=*r sin» cos f y=rsin0sin^, ;=rcos0, 
x=rcos 9.6. cos <f>-r sin 0 . sin <f> . «£+' • 9 . cos ^ 
ywm r cos 9.6. sin 4>+r sin 0 . cos <f> . i+r ™ 9 • s,n 4 
i«-r sin 0 J+ 'rcos 0. 

By squaring, adding, and putting cos 2 x+sin* x-l from (23). § 41.1. t e 
complicated expression ultimately reduces to: 

«*-r 2 +r 2 0 2 +r 2 sin 2 0 . ^ 2 . 

and the kinetic energy of a mass m with a position defined in polar coordinates is. 

r-W-imrHjit^+W 2 sin 2 M : • • * (l) 

In the case of a rigid rotor, the origin may be taken at 
the line joining the two particles, the rotation being abou for cac h particle, 

to this. There will be two expressions of the form (1). on hcncc; 

but as the line joining the points is of fixed 1 length, r,- an ry 

T~E-Hm l r l *+m*2 i *t 2 +* 1 ' 2e ‘+ i) ' / * ' ( ^ 
The equation for the centre of gravity gi'Cs m l r l = ni : r 2 , and since i + 
the length of the axis of the rotor: 

2 ). 

/. m 1 r, 2 +/i.^ ; 2 =m,m/ 2 /(m,+m ; )=^‘'-- / • • ■ 

where n is called the reduced mass, and / is the moment of ,ncrl,a 
about an axis passing through the centre of gravity, 

£-*/<*+ $in!».*> 141 

The wave equation (6a), § 2, becomes: 

7. , 0+(8ti 2 /»i£/A 2 )0=O, 

since F=0. The operator V 2 in polar coordinates is given in (8). § 28.1. 1 c 
first two terms being zero since r — constant : 

1 d ( ■ J_ .?* + 8 ’V?*=° . . • - < 5 > 

**) +* sin 2 0 <# 2+ r* 

• The case where " stretching" occurs is more complicated, and is not considcrc 
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in which, in the last term, the reduced mass /t has been substituted for m and, 
from I=fir\ \l replaced by 7/r 2 . For a fixed axis, the precessional angle 0 is 
constant, and the equation, after multiplication by r 2 , reduces to: 

d 2 0/d0 2 +(87r 2 £//A 2 )0=O (6) 

since 0 (which is arbitrary) may be taken as rr/2, therefore sin 0=1. To indicate 
that the multiplier of 0 is positive, write 1 : 

8t i 2 EHh 2 =m 2 (7) 

then the equation to be solved is d 2 0/d0 2 +m 2 0=O. As in § 64.1, a solution 
is: 

0=Ce“’*=C( cos m0+i sin m$) (8) 

by de Moivre’s theorem (§ 46.1), where C is a constant. Since 0 must be real, 
the value C cos m<f> may be taken, and, since it is a cosine function, for any 
given value of w, the wave function 0 will not be single-valued for 0= 0 and 
<f>= 2n, which correspond with identical positions, unless m is zero or a positive 
or negative integer. Since Cc"“* is a solution as well as Ce tm *, the positive 
values of m may be chosen, the sign of m merely depending on the direction of 
rotation. Thus, /n=0, 1,2 are the proper values, and, from (7): 

E m =mW/%n 2 I (9) 

which is the same as the value found in § I9.IV from the old quantum theory. 
Here, //; is evidently a rotational quantum number , having integral values: it is 
usually denoted by J (§ 19.1 V) in the case of diatomic molecules. 

It should be noted that, although the energy (involving m 2 ) is the same for 
cither direction of rotation, this will no longer be true if the rotor has an electric 
moment and is in an electric field of fixed direction, or has a magnetic moment 
and is in a magnetic field of fixed direction. For each single proper value there 
arc two proper functions, (V* and Cc"**, and the function is said to be 
degenerate. The values of J must now include negative as well as positive 
values of m, i.e. there arc 2/w+l values (including the value 0) in all. It is 
only when the rotor is in a directed field which acts upon it that the two functions 
arc significant, the energies being then slightly less or slightly greater than with- 
out the field, depending on the direction of rotation. 


§11. Rigid Rotor with Free Axis 

The case of the rigid rotor with a free axis is more difficult than that with a 
fixed axis, since j now depends on 0 as well as 6. and in equation (5), § 10, after 
multiplication by r 2 (r=const.): 


1 d 

sin 0 iO 



i r-ij, 8rr 2 ei 


sin 2 0<0 2 h 2 


0=0 


. • ( 1 ) 


the variables 6 and 0 represent the rotation around, and the precession of, the 
free axis, respectively. 

Assume that f{0. 0)=(->(0)<!>(0), where O and ‘I> are functions of 0 and 0, 
respectively. Then: 


<0*?0 =«| >(<(•) i 0 ) : iy ;0'-=<\>(c2Q/c0 2 ): and < 2 0/<0 2 =0(c 2 O/?0 2 ); 
where <->(0)=W and «I>(0)=<|>. Hence, on substitution in (1), and with: 


8w 2 £/ A 2 =A 2 . 


• ( 2 ) 


I his is the conventional symbol: it must not be confused with m. standing for the mass of a 
panicle, in the previous equations. 
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$ d[. 


c < |>2 

_ + A 2 O<1>=0. 


(3) 


sin 2 0 c4>- 

Since sin 2 0/0$ is never infinite, multiply by this: 

The left side depends only on 0, and the right only on and (as f and 4 > are 
independent variables) each side must be equal to a constant, say m*. and hence 
(3) breaks up into two ordinary differential equations: 

d 2 $/d^ 2 +m 2 $=0 (4) 

(5) 


* n 9 J (* n , s ) +<x, * inI, ~'" 1>e “ 0 




which will be solved in this order. 

Equation (4) is the same as (6), § 10. and has the solutions: 

O.-Ce 1 ** (6 | 

where m has the positive values. m=0, 1. 2, . . •. and C ,s a iT^hv'usinit 
corresponds with the normalising factor. This is found from ( ). s • > 
the conjugate functions: 1 

^.e-^df-l 

)o 

C 2 =l/2n or C=l/v(2")- 

The normalised wave functions corresponding with (8), § 10. and (6) are, there 

f0rt: •u-UMMK- h (7) 

where m now has the values 0. 1. 2. 3, . - - K 'J ? r ! 3S * :^ on i v 

usually arranged) ... 3. 2. I. 0. -I, -2. -3 For »- 0 there ,s only 

one wave function : 

«b- , ' " . 

but for every other absolute value M <i.e. value taken without regard to S'gn) 
there are two, one for + M and one for -m; hence there are 2 H + ™ ucs m a.L 
For every value of |m|, the two functions and $-w. w y ( • 
their sum or difference, multiplied by any constant, wil ■ • • 

de Moivre's theorem (§ 46.1), J(e^+c— )=cos *4 and (l/JXc 
sin mf>, the real functions cos n4 and sin r>4 may be used, a 

Om-H/VWIcosM* o' llM 2 .)]sinM* ■ • • 

For each value of |m| there are 2|m| + l wave functions < so a s • 
•w is (2m+ l)-rold degenerate. In the case of » d'atomtcmolKK^ 
usually denoted by J, the rotational quantum number, and U ? 

'^'solution of (5) is next to be considered. The solutions J of 'he 
equation (6), § 2. represent, in the most general «se. he ampliM^ol 
dc Broglie waves (§ 1) in three dimensions, and cannot be vis • e f 

constant (as in the present case,. * represents 

spherical surface, and the functions representing 0 are called suj P 
harmonics. “ harmonics " because they have nodes along meridian circles 

' See the footnote to § 3. Note the simplicity resulting from their use in this cask 
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zonal circles (parallel to the equatorial plane) of the sphere. They are quite 
complicated expressions, and a digression will first be made for their 
consideration. 


§ 12. Spherical Harmonics 1 

Equation (5), § 11, is a form of a well-known differential equation of the 
second order known as Legendre's equation. First put cos 0=/x (not to be 
confused with the reduced mass), 2 then: 

sin 2 0=1— /i 2 , and d/x= — sin Odd (1) 


Divide (5), § 11, by sin 2 0 : 


1 d/. dO 

sin 0 d0' ,n d0 



A 2 


m 2 \ 
sin 2 0/ 


0=0. 


Substitute from (1): 



( 2 ) 


Obviously, n can vary only from - 1 to + 1, and for ± 1 themselves, 1 -/z 2 =0; 
as this occurs in the denominator in the second term, these will be singular 
points (§ 36.1). Equation (2) is Legendre’s equation of order m in /x. The 
equation of zero order (w=0) is: 


(d/d / i)n-,i 2 )(d0/d/x)+A 2 0=O. 


or (I — /x 2 Kd 2 0/d/x 2 )— 2/x(d0/d/x)+ A 2 0=O ... (3) 

Assume that 0 can be represented by a polynomial of degree k, where A* = 

0 , 1 , 2 ,...: 

6-2V* (4) 

.-. de/d /i=r« t Ay-', -2/i(d0/d/i)=-r2 

d 2 0 d n 2 =£a k : (A+2)(A + l)/x* (by differentiating /z* 2 ), 

/. -/x 2 (d-T-)/d/x 2 )= -Ea k , 2 (*+2X*+ I)/**' 2 , 
or, by lowering the degree by 2: 


— /i 2 (d 2 0/d/i 2 )= -ZaMk- IV*. 


1 Ferrers. “ An Elementary Treatise on Spherical Harmonics." 1877; Bycrly. " An Elemen- 
tary Treatise on Fourier's Series and Spherical. Cylindrical, and Ellipsoidal Harmonics." 
Boston. 1 893, 144 f.. 195 f.. 277 f.; Macrobcrt. "Spherical Harmonics." 1927. are standard 
works. Other treatises are: Todhuntcr. "Elementary Treatise on Laplace's Functions, 
Lame’s Functions, and Bessel's Functions." 1875; Heine. " Kugclfunktionen," 2nd edit., 
Berlin, 1878; Tallqvist. Acta Hoc. Sri. Fenn., 1899, 26. No. 4.; Hill. Arkiv Mat. Astron. Fys., 
1918, 15. No. 17; Hobson, " Theory of Spherical and Ellipsoidal Harmonics." Cambridge, 
1931. See also the sections on spherical harmonics in Maxwell. " A Treatise on Electricity 
and Magnetism." Oxford. 1873. I. 151-180 (ch. ix; abridged in the later editions); Thomson 
and Tan. "A Treatise on Natural Philosophy." Cambridge. 1886. 1, 171; Jeans. " Mathe- 
matical Theory of Electricity and Magnetism." Cambridge. 1909. 203 f.; Riemann and Weber, 
" I’artielle Differentialglcichungen." 1910. I. 278; Forsyth. "Treatise on Differential Equa- 
tions." 1914. 159; Ford. " Differential Equations." New York. 1933. 190; Bethc. in Geiger and 
Sc heel. "Handbuch der Phvsik." 1933. 24. i. 551; Dushman. "The Elements of Quantum 
Mechanics." New York. 1938. 149 f.; Margenau and Murphy. "The Mathematics of Physics 
and Chemistry." New York. 1943. 212 f. 223 f.; "Tables of Associated Legendre Functions," 
Math. 1 ablcs Project. Columbia l ni\ . Press. New York. 1945. For a compact and intelligible 
introductory treatment, see Williamson. " Differential Calculus." 6th edit., 1S87. 416; iilem. 

Integral Calculus." 7th edit.. 1896. 332. The mathematics goes back to Laplace, Mem. 
Acad. Sci.. I7s2 tl7S5l. 113, which Bycrly. op. cit., 267, calls "one of the most remarkable 
memoirs ever written." 

- In this section the recognised symbols in spherical harmonics are used. 
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The coefficient of/* k in (3) is thus: 

and as each coefficient must vanish identically: 

aJikik+X)—* 2 ) ... ( 5 ) 

a * -*"lif+5S+ir 

• a t da k =kHk+2)-X^Hk+m+2). 

-.u limit n 'a = 1 for very large values of A:, and if 
If k can increase without limit, * ^ | ^ hav ? a finite number of terms, 

the series (4) is to converge 'or U « m^ 1 

breaking off at /; hence a.. 2 =0.^an^from 0) |5a) 

therefore from (2), §11: gi , 2£//AI _*(*+,). 

where k=0, 1, 2, . . .. giving the ^toving fc(* + l^nswad of 

differs from the formula 9). § 10. ror a rccmcnl „i,h experiment. 

V (k is denoted in (9). § ^ iona , quantum number is 

For diatomic molecules, as stated in § 19.iv. tnc ro 

denoted by J instead of k in (6). . h standard form of 

In (3). A2 can now be put equal to *(*+»). *» vin S 
Legendre's equation: . 4. n0*-O . ■ • < 7 ) 

tl ;^ lion corr csp-ndi„ g 

Fro 0 m Jt PU«i"S - - * » 

a ‘= — *(*-1) MA i) 

*<*-»> .... (8) 
or a k 2— 2(2jk-l) k 

. (9) 

. 00 ) 


Similarly: 3) *(*- . 

4= ” "4[2*-3) fl ‘ 2 ” 2 . 4 • (2A - 1 K-A. 3) 

. wjll cnd wilh 

and so on. If * is even, the POvrer serres ^nm E rccursi on formulae, 
and if * is odd with a l( i. Equations (8)-(IO) are 

The series for 0„ thus becomes: ._ 4 , 1 

0.=a.lM‘+(". .^ (lOl etc, and the single value «. is 

where the coefficients arc given by (8). (9). W* 

arbitrary. If the special value for a h : .(ID 

a k =(2k — I function of order zero and 

is chosen, the function 0* is then called Z J denoted by PJ/0. k being 

degree *, or a surface zonal harmonic . and is genera, y 
replaced 1 by m. Thus: 

(2m-lK2»i-J).. ; I 
p.W= -a- 


[| 


»K»»— D »K»r-l)l« , -2K".-3) ^. 
F“— 2(2ni—l/ 1 + 2.4.t2».-IK2'»-3) 


. (12) 


13 * 
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Values of P m (/x) for m from 0 to 5 are given below, and it is seen that the 
value (11) for a k was chosen so as to make P 0 (/i)=l. (Note that fi means 
cos 0.) 

Po(/*)=l P3(/0=±(5 m 3 -3/*) 

P«(M)=M P4(/*)=i(35/i<-30/z2+3) 

P2(p)=](3/x 2- ,) P 5 (p) = i(63/x 5 — 70/i 3 + 1 5/i). 

For 0=0, /x=l, for 0=it, /*= — 1, and for 0=7r/2, /x=0. The functions can 
be plotted against 0 or cos 0=/z; in the first case the extreme values are 0 and 
77, in the second I and - 1 . From the graphs (Figs. 5. V-6.V) it is seen that, at the 




crossed, hf* a " ,hC funC,ion ? f havc lhe va,uc 1 ^ - I, and that each curve 
«hc function" " ^ ^ ° f ,hC fu " Cli °" is these are the 

I he surlacc zonal harmonics are also given by Rodrigues' equation : > 

i d-ty2-i r 

(12a) 


2 m /n! Ac- 


From this (or otherwise) it can also be shown • that the Leecndre poly 
“S,+ l,. 0 :" h ° SOnal SyS,em ’ a " d ,hal lhe normalising factor for 

' l or proofs. see Dushnun. - Quantum Mechanics " 1938, 153. 
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Po=I , p,=„ P 2 =i(V 2 -D. P.=i<V 5 -3f). P«-W» +3) ' 


11 oyniui uicwiuv. 

* is replaced by m 


Put 


. .. . . ■ .(» 4 > 


e-a-^r’xw • • • 

, ax iliX 

-mi-^+vwhihi -p ! >' ! )^ +,| -'‘ r ' V 

Substitute in (.3) and divide by «** *• - "" " CCP ' “ 

' 1 “ ± 1 ; T-lww)-*"* iWWW+0—*»" + " + 1)X=0 • (15) 

Substitute A»=m(m+ 1) from (5a) in (3), 

• <\-MA>QW)-MWM +n * m+m u 

Since 0 and P.O*) differ only by a constant factor, this cquat.on may c ' 

> d^ 2 ^ 

Differentiate n times with respect to /x by Leibm/ lhcorcm ( * 3 ' * 
d"’ 2 P (u) .v d^'P-O*) 

+lm(/w+l)- # K«+0] d/t - 

which is a differential equation of ,he .“ c °J / j“ d “ ^hcnccfrom (14): 

(15) and (16) will be identical if X=d P Jf*>W • ■ 17) 

0= (| - M *r 2 

13, 273: Byerly. 

• Phil. Mug.. 1891, 32. 512 (to m=7); Hill. T ^S U [% % 277; Rayleigh. /*«*• 5 ‘' f - 

- Fourier’s Scries and Spherical Harmonics. Boston. 

1915, 92, 433. 
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The function 0 thus obtained is called an associated Legendre function of the 
first kind of degree m and of order n, and it is denoted in standard notation by 

P:M: 


p;w=(l— My^d’P-W/d/*’ (18) 

Since 1 — /i 2 = 1 —cos 2 0=sin 2 0, (18) can also be written as: 

P:(/i)=sin- 0 . d"PJ/i)/d/i" (19) 


The differential coefficient vanishes for all values of n greater than m (since 
the function P m (/i) is of the with degree in /i), and hence n, which is integral, has 
only the values 0, 1,2, .. . w; also, for each value of m there are («i+l) Legendre 
functions satisfying (2). The functions of 0 and <£: 


cos (/i^)P;(/x)=cos {n<j>) sin" 0|d"P m (/i)/d/i"n 

sin (w^)P£(/i)=sin («<£) sin" 0[d"P m (/i)/d/i"] / ‘ * * (20) 

are called tesseral harmonics of the with degree and nth order, and there are 
(2 /m+I) tesseral harmonics of the with degree, viz.: 

P.W: 


cos 4> sin 0 


dPJ/0 
d /‘ 1 


sin <f> sin 0 


cos 2* sin: 


dP M 

d/* 

d ! Pj/i) 


cos 


ws,n,9 1p- : 


sin 26 sin 2 0 , , 
d/i 2 

sin sin J 

d/i 3 


( 21 ) 


cos (nhf>) sin m 0^-r^; 

d/i m 


sin (m<f>) sin" 0 




d/i- 


Since P m (/i) is of the with degree, further differentiation reduces it to zero. 

For every given energy state of the rotor, given by (6) with k=m (in the 
present notation): 


/r B1 =wi(/u+|)A 2 /8w 2 /. 


there arc (2m+l) proper functions, which are tesseral harmonics of degree m, 
so that the rotor with a free axis has < 2m+ l)-fold degcncracv of random space 
orientation in a centrally symmetrical field, or no field, but in a non-sym- 
metrical perturbing field the terms split into <2//i+l) functions, as explained 
in § 11. 


I he function obtained by multiplying the tesseral harmonics by arbitrary 
constants, and adding, is called a surface spherical harmonic of degree m: 


Y Z 


\ * 

•— 

H - O 


, cos (//<£) sin" sin U,<f>) sin" 0 — . (22) 


A geometrical interpretation of some of these functions is found as follows. 
1 he Legendre coefficient of the first kind of degree m is P m (/i), which is a poly- 
nomial of degree m and has n distinct zero-points between u--\ and u» + I. 
I hese nodes, as the graphs in Figs. 5.V-6.V show, are arranged symmetrically 
°- c - ,7" 2): •* nd on a s Phcrc with the origin at the centre, the 
hinuion I m (/i), or I „ (cos "). vanishes on m circles of latitude with poles at 0=0 
and U-: r. The circles are s\mmetrically spaced above and below the equator, 
and .1 m is ; odd the equator.al circle is a nodal circle. The plots also show that 
t urc are Jm I) circles parallel to the nodal circles on which P Jp) has the 
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same absolute value (Fig. 7A.V). This explains why L«g«ndre coefficients of 
zero order are called zonal harmonics. The d.ameter through the pole is the 
axis of the zonal harmonic. 

If n is not zero but is less than m (see below), the functions: 

(A cos ni+B sin /**) sin" 0 . d’P* (cos 0)/d(cos 0)" (cos 9=y) . (23) 

■ - (M) 

ponding on7he / fphere'wUh e n^great t> circh:s' S onongit , ^r(pass l ing ,, thfough rr t : hc 




e-n 

A. Zonal harmonics. 
Fio. 7.V. 


Fio. 8.V. Sectorial 
Harmonics. 


B. Tcsscral harmonics 

Nodal Circles of Spherical Harmonics 

** *— m » «■ “T.S 

consecutive circles is n/n. The factor sin 0 vanishes on.y 
The differential coefficient is the /ith derivative o 
a polynomial of degree m, and thus the higncs 
power of /*=cos 0 in it is (m-n); this shows a 
the function has (m-n) zeros on circles with 
as pole, arranged like the corresponding circles oi 
the zonal harmonics, and cutting them at rig 
angles. The spherical surface is thus divided, as in 
Fig. 7B.V, by the nodal circles into small >our-si<wa 
figures, hence the name lesseral harmonics (Latin 
tessera, a square block for a tessclatcd pavement) 
for these functions. If n=m, the differential co- 
efficient becomes a constant, and the sphcru.il har- 
monic is of the form: 

V(v4 2 +/? 2 ) • sin («i<£+8) sin" 0. 

This vanishes on m great circles passing through the 
poles 0=0 and 0 =tt, with planes inclined at cqua 
angles v/m and dividing the sphere into * 2wi cqua 
sectors, like sectors of an orange (Fig. 8.V), so tna 
these functions arc called sectorial harmonics. 

The normalising factor 1 for the associated 
Legendre function P"(/i) is given by: 

1_ 1 r(2/i-H)(^'0 ! j ,/2 . . .(25) 

N V(2w)L 2 (n+m)\ J cchankV N 

1 For deduction, see Pauling and Wilson. ” Lmisiry.'* New York. W. 54 

York. 1935, 448; Eyring, Walter, and Kimball.” Quantum C lum-siry. 



F|C 9 V. Radial Graph of 
Normalised P» for «-<>• 

3. 

Nc" 
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and for P 3 °0x) and Pj 3 0*) it is [l/V(2w))V( 7 /2)» and [ I /\/ (2rr) J*v/(7/ 1 440), respec- 
tively. (Note that 0!=1.) The normalised values of the squares of the 
functions, representing the probabilities of location on the surface of a sphere 
of unit radius, are [P 3 ° (cos 0)] 2 /N o 2 and (P 3 3 (cos 0)] 2 /W 3 2 . The values of the 
functions are P 3 °(/x)=s (5/* 3 -3/z)and P 3 3 0*)=15 (I— /* 2 ) 32 , and since \i — cos 6 
these can easily be calculated for various values of 0. The results, which are then 
normalised, are plotted in Figs. 9.V-10.V, the angles being marked off on radii, 


IHumM 


1 


sgmu 

a 


Fig. I0.V. Radial Graph of Normalised P*(>*) for n*3, m=3 


and the distance of any point from the centre (marked on the circles) gives the 
value of the function for the corresponding value of 0. This is called a radial 
graph. In the case of a diatomic molecule model, the graphs show that the 
orientation of the molecular axis is preferred along an axis of symmetry in 
directions for the maximum of the function. There is a fairly narrow region 
about the value 0=0 in the first case and 0=^/2 in the second case, and this is 
narrower as ni=n increases. 


§ 13. Bohr’s Atom Model 

The model of the hydrogen atom proposed by Rutherford 1 as consisting of 
a small positive nucleus (proton) with an electron revolving around it, is impos- 
sible on classical electromagnetic theory, 2 since the accelerated electron would 
lose energy as radiation and finally fall into the nucleus. Bohr 3 assumed that 
possible electron orbits are non-radiating, and radiation is emitted only when 
the electron falls from an orbit into one nearer the nucleus. 

Consider an atom composed of a nucleus of positive charge Ze ( e being the 
positive electronic charge) and an electron of mass m and charge — e revolving 
about it in a circle of radius a with velocity v. The centripetal force (§ 53.1) 
mv ‘i a and the electrical attraction Ze 2 /a 2 are in equilibrium, hence 

nn 2 Ja=Ze 2 /a 2 , mv 2 =Ze 2 Ja (1) 

The moment of momentum of the electron is mva, and it is assumed 4 that this 


! P Jl! L A, "J- ,9 '«. 21 • 669 • Previously suggested by Nagaoka. ibid., 1904, 7, 445. 

- F.lie/cr. Proc. ( an, hr. Phil. S«k\. 1943, 39. 173. 

11,1 \ 26, 476, S57: 7 Phvs ' ,92 °- 2 - 4 ~: J.C.S., 1932. 349; " The Theory of 
Spectra and Atomic Constitution." Cambridge. 1922. 2nd edit.. 1924; " Atomtheorie und 

”9 rc Sommc,ni JCS ~ l9l ‘'- " 5 - 865: Ph '"^. J. Opr Soc. Amcr.. 

... 6. ~ > Somme rfdd. Atomic Structure and Spectrum Lines." 1923. 21 1 ; on a supposed 
anticipation by Boscovtch (1758). see Gill. " Roger Boscovich." Dublin. 1941. 22. 

4 I KtC \t 1C fir. • .i . I i. W«* > » . . * f * 


677 . 


Ih.s «as first postulated by Nicholson. Month. Sot. Roy. .Ktron. Soc.' Ml, 72, 49, 139, 


thcetSev ° f GaSeS " 3rd cdil - ,92 >- 381. 383; Bohr assumed that 
integer h ,s/ =lZ * «**rc-=no. of revolutions per sec. and nis an 
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( 2 ) 


(5) 


( 6 ) 


^ 13 BOHR’S ATOM MODEL 

is an integral multiple n of A/2», where h is Planck's constant: 

mva=nhl2n 

a 2 =n 2 h 2 l4n 2 m 2 v 2 =(n 2 h 2 lte 2 )(\ln, 2 v 2 ) 

=(n 2 h 2 /4iT 2 )(alZe 2 ni), from(l). 

/. a =n 2 h 2 l4n 2 e 2 Zm < 3 > 

giving the radii of the possible orbits, with quantum numbers n -1.2. 3, .... 

8 The kinetic energy of the electron is, from 1). E *~ .. an 
potential energy is £,= -Z* 2 /*. the potential energy for the e ectron a an 
infinite distance from the nucleus being taken as zero (£,=0 as r-«). hence 
E p =-2E k . The total energy of the electron is: 

£ c £,+£,-iZ« l /a-Z« J /a- -Z«V2a- -InVZWnW . (4) 

“'assumed, from the quantum theory, that the frequency ! -of ^radiation 
emitted when an electron jumps from an orbit m which 11 hl * ' h * * n “ gy | 
in (4)) to one in which it has an energy E, (»-»»). where »,>«-. is 

g ‘ Ve '’ by ' AP=£ 1 _£j=(2nVZ=m/* ! Xl/»! ! -l/"i ! ) 

hence if ... 5/e is the wave-number 1/A of the emitted radiation: 

v-(2nVm/A>c)Z2(l/''2 2 -l/''i : )= RZ: <l/"2 J - | /"' :) 
where R is called Rydbergs number For hydrogen (Z=l) ><« 

/?= 109677-76 cm,* 1 , the value from the hydrogen spe 

R— 109678*18 cm. -1 . f : n nn atomic 

Ritz 2 found empirically that the wave numbers of he lines i 

spectrum can be represented as the difference of two ,erm R/«. ***•£ 
integral for hydrogen but not necessarily integral tor i f . c j cclron in Jhc 
(4),k and (/) show that the terms 

atom, the (negative) energy in any level being equal to the w |j||es 

he. Equation (6) gives (with Z- 1. " 2 *- n i ' . wilh ol hcr values 

in the Balmer spectrum > of hydrogen with great acc “™ c> ‘ 
of n, and n 2 the lines in the other spectra of atomic hydrogen. 

. n ~ ivoft < ”7- K Stvn%A I Wi'fliA. 

• Rydberg, Comp,. Rend.. 1890. 110. 394. Z phys. (he,*. Kla „ lUr ,922 

Hand!., 1890, 23, No. II; Cum, re i liner mil. Ph)S.. 1900. 1. - • 

1 Ann. Phys., 1903, 12, 264. 1908. 25. 660. Pkys. 7... 1905.9. 521 : 0>i«ald. 7 /»*»*• ( 

1 The empirical equation for ihc wave number P ub,,s ^f *5 ^"Yive'thc^rmula I/A- 
80, is equivalent to (6). Rydberg. 7. phys. Chen,.. ■* • . • ~ ' anJ j s a n integer. 
A-RHm+ h )*, where A and m arc constants. R « R >4bc 6 fonnu |a is a special case 

Dcslandrcs, Comp,. Rend., 1890. 110. 748 gwgd «■» »» |W7 . 6 0. 3*0. Info.nu- 

of this. See also Rydberg. Ann. Phys.. 1896. 50. . 674 J Balnv r - .. Graph.schc 

non as to the other series will be found in Sommcffcld. ” Atom- 

Darslellung dcr Spcklrcn von Atomcn und lonen. - '° •• . , .. Alomic Struciurc and 

bau und Spcktralinicn.” Brunswick. 1919. 5th edit. | • Sw.mn J. I'nmkhn hi',.. 

* Spectral Lines.” 1923, 3rd edit., 1934. I . Foster . JX * . - ■ • ‘ !. AllMm . Molecules, and 

523: Perrin, Uv. Sri.. MM. 66. 97. IN: Riurk , 11K Sp^lra.' Nr* 

Quanta.” New York. 1930; Pauling and Coudsnjd. inc - . ld •• Atomic I nergv 

York. 1930; Cibbs, Rep. Mod. 1932. 4. 27*: ■**•;«» Nc . York. I-.U: 

States,” New York, 1932; White. ** Introduction to au » )yX4 y Condon and 
Kuhn. ** Atmospcktrcn,” in Hand ■ «*/ Jakrhuch de' enem. • .. ,j , IIK . structure ol 
Shortley. ” The Theory of Atomic Spectra.” Cambridgc l^^UarK ,9j9. 5. 

Matter.” 1938. 3 (Quantum Theory of Line Spectra,; Shcnstonc. *./>• 

210. 
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A static atom, with an attractive force Ze 2 /a 2 and a “ quantum repulsive 
force ” (l//?;fl J )(;;A/27r) 2 , proposed by Langmuir, 1 gives equation (5), but has no 
obvious interpretation. 

Actually, the nucleus as well as the electron revolves, and in place of m the 
reduced mass /x of the electron should be used, given by l//x=l/w r +l m t 
and m n being the electron and nuclear masses. Since m t is very small com- 
pared with //»„, n~m e ; the Rydberg number approaches a limiting value 2 
R f = 109737*30 cm.-', the Rydberg constant , when m H -* co. 

§ 14. Sommerfeld’s Atom Model 

Since the force in both cases is inversely proportional to the square of the 
distance, the orbit of the electron about the nucleus will be the same as that of a 
planet round the sun, viz. an ellipse with the nucleus at a focus, and with semi- 



Fifi. II. V. Motion of Electron in 
an Ellipse 



Fig. I2.V. Electron Orbits in Hydrogen 
Atom 


axes a and b (a>h). This atom model was investigated by W. Wilson 3 and 
Sommcrfcld. 4 

If r is the radius vector and the azimuthal angle in the ellipse (Fig. I l.V), 
the Wilson-Sommcrfeld quantisation rule (§1 9.1 V) : 


jpdq=nh 

gives, since /^=/>=const. (Kepler's law). 



where k=n 6 is the azimuthal quantum number. The integral 


is more difficult to lind. 


\p,6r=n l h 

Since />, = mr = m(dr ; d<£# = ( p/r 2 )(dr/d<£) 


ip,iir=p I ((dr d<£)/r] : d<£. 
.'o 


■ Science, 1921 53. 290; J. J. Thomson. Phil. Mag., 1921. 41. 510: 1922. 43. 721 ; 1922, 44. 
657; Lamle.Z. Phvs., 1920. 2. 380. 

: Du Mond and Cohen. /?«•:-. M,hI. Phvs., 1948. 20. 82 
5 Phil. M„g., 1915. 29. 795; I9J6. 31. 156. 

, - 425> 4 ? : ' n " Phys ’ ,916 - *• '• " Atomic Structure and Spectral 

„ ./ f a S oN ( Phvs - Sohav ,l930 >- I 9 - 3 -- «: Saturwiss 1940. 27. 417; 

Ishiuara. P,oc Math. Phys. Sac. Japan. 1915. 8. 106; Schwar/schild. Berlin Ber.. 1916, 548. 
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This integral may be found from the orbital equation of the ellipse, and if « is 
the eccentricity of the ellipse, \-S=b la , 

— 2wp+2(l -€*)(aW)"P= n ' h 

and the substitution p{n^h)l27T=khl27t gives: 

2 (alb}np=nh t alb=nhl2vp=nlk 

where is the total quantmr lhC 0rbl1 

is a circle. The azimuthal quantum number has the values. 

In modern quantum theory, * is replacedbya ~*r 

The orbits for the hydrogen atom for *- 1. : 2. 3 . 4 are ^ Som . 

Since n,+k=n, the energies arc : still ^gven i y J ^ wilh ve i oc ity. the 
merfeld showed that owing tc .the ^hang nudcus in a circle, 

ellipse is not closed but the whole orbit precesses 
and (4), § 1 3, is then replaced by 

r 2*VmZn i ajZ’/I_3\l (3) 

n 2/,2 | + n \k 4m M 

where a is a “ fine structure constant 

«-2«V*c= I/U703 • . . 

which was supposed by Eddington 1 to be ^ )°Jh1ch witrconsecltive 

cance in the universe, as well as a function ; ' . . 6 The interest 

even numbers gives 10. 136 (=137-1). and even 666 wtth 
in this kind of investigation has receded. 


§ 15. Electron Spin of morc lincs VC ry 

Many atomic spectrum lines are actually £ r ° u P ' vcry c j 0SCi almost 

dose together (doublets, triplets, etc.). Dmb « ^ vcry w , d cly separated, 
unresolvable, but the T1 doublet 5350-5A. and 3 association of lines 

Some apparent doublets arc really deformed nrjP 1 ^ Goudsmil , assu med that 
is called a multiple!. Compton r and Uhcn ^ ,„ 0 direc , ions of spin, The 

an electron spins about its own axis and there ^ quantum number s 

spin momentum is quantised in multiples ot /»/ ' j he sp j n angular 

(sometimes denoted by m) has only two values +2 * 

momentum contributes to the total angular momcn • . . introducing 

The interaction of spin and orbital momentum may be defined ny 
an inner quantum number j, defined by (j) 

Since/ is integral, and i half-integral, for a single ''“"0"^"'",^ 0 f j. /+!• jnd 
values, multiples of f For each value of there are sjncc (hcrc |S n0 

l-l except when 1=0, when there is on ‘y °" e ,hrn no direction of rotation 
difference between ±s when 1=0, there bung the angular momentum 

with which to compare 5. On the old quantum theory, the t 

* Proc. Roy. So,, .928. 121. 524; .929. .22. 358; .930. .26. 696; ^ ' 

54. 49. ; Birgc, Rep. Progr. Phys., > 942. 8. 90. 

* J. Franklin Inst., 192. . 192. 145. .. of electron spin was ai once 

1 Naturwiss., 1925, 13. 953; Nature. 1926 117. 264. ihc ik Thomas . ,W.. 1926 H 7 . 5 ' 4 * 

Jupponed by Bohr. Nature, 1926. 117. 2 M. but was opp °** by j] , vl) .7. 280; Wisn.cwsVi. 
and Kronig, Ibid., 1926. 117, 550; sec Procop.u. Ann. Sc, Un,t. Jassy. 

Acta Phys. Polon., .937, 6, 40 (rotation without energy;- 
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J 
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1! 

K3 
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W3 
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Thus e.g. the vectors « «v^ 

that their vector sum resultant wi , h 

Similarly the vectors 0 and iy /3 */2.) mu t g. lrigonoine ,rically.' It 
i*-W3- The angles 9 can be found ^ graplucal^ ^ J ionger parallel but 

^ a^ /•'mate 'alefinite^^e^ with one another (Fig. I5.V). 

! i -- r - - - • — 

field, 2 a fourth, magnetic quantum number m, is i 
troduccd, 3 which limits the inclination of ‘he elec- 
tron orbit with respect to the direction of the 
magnetic field H. The orbit preccsses round this 
direction ( Larmor precession ) 4 (Fig. 16.V), a 
first it was assumed that there arc 2/+1 poss.pic 
settings (angles with H) for each value of /. gi'mg 
whole-number projections in the direction Ol n- 
In 1896 Zeeman found that spectrum lines arc 
split by a strong magnetic field into polarised co * 
ponents. The source, e.g. a sodium flame, is P 
in the field, and arrangements made to observe 

the spectrum (i) across the lines of force, or ( 

(through bored pole-pieces) along them. The no. 
effects are: i: n - - has the samefre- 

(i) At right angles to the field (Fig. 1 7V ^c ^hiriscd in a direction at right 
quency as the line without the field, but is plan P • . fisC( j j n the direction 

angles to the field ; two satellite lines a „ * 2 , * tc ? vibration of the electric vector 
of the field. Three lines arc seen. The plane o( ^uon wi „ bc 

is perpendicular to the plane of polarisation, a . |- |C ld, in the two 

parallel („) and normal („=senk,ech.) to the magnc.tc 

C *(H) Parallel to the field (Fig. 18.V; the field >°« 

plane of the paper): the main line disappears a P (jon of lhc main line, 
polarised lines symmetrically displaced from p , j n str ong magnetic 
This is the so-called normal Zeeman effect , an s 
fields. 

i *y+|, -K/+ 1 ). +J(i+l)+2vtft/+ l ^+»>»- c f VerthK K.AkaJ. Wetcns. 

1 Zeeman .Phil. Mag.. 1897, 43. 226; 1897. 44 1 55. 1K9S . 26. 376; " Rc * ar ^ n 
1897-8, 6, 13, 99, 260; Arch. Seer!.. 1897. 1. 44. ^JJ^nM^chungen.” Ldp»*. ' 9|4: Zw S 
in Magneto-Opiics," 1913; “ Magncto-opl.vchc Untcrsu d £ 0 vcry of the Zeeman 
and dc Bruin, Congr. Internal. Eire.. 1932. I. N°- u _ 1 30 000 gauss. Kapil/a and Si • 
Onncs, Physlca, 1921, I. 241 ; for Zeeman effect with H - 1 30.000 ga 

Proc. Ray. Soc.. 1925, 109. 224. 

* Sommcrfeld. Ann. Phys., 1916. 51. 1. 

4 Larmor, Phil. Mag., 1897, 44. 503. 
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The effect depends on the strength of the field; in weak fields more lines are 
found ( anomalous Zeeman effect ), and in moderate fields the splitting follows 
the so-called Paschen-Back effect} The details of the explanations of these 
cases are omitted. 2 

The electron receives energy from the field and each energy level splits into 
(2/+1) sub-levels. The spectrum lines are also split, but the number of com- 



Fig. 17.V. Zeeman Effect. Case (i) 


ponents is fewer than would correspond with all possible transitions between 
levels. 

The number 2 /+ 1 comes about because the magnetic quantum number is 
given by the relation: 

-JSmS+j ( 1 ) 

i.e. m can have the values -j, 1). 2) O'— 2), ( i.e. 

j on each side of \ (the value of j when /=0) and the value } itself, or (2}+l) 
in all. 



Fig. 18. V. Zeeman EfTect. Case (ii) Fig. 19. V. Stem and 

Gerlach Experiment 

The quantum number m includes the spin quantum number s as well as the 
serial quantum number /. and s defines the spin moment and / the orbital 
magnetic moment. A magnetic quantum number: 

(2) 

will, from (1), have the integral values: 

/-I, 1-2... t 0, -(/-l), -I (3) 

or ( 2 /+ 1 ) values in all. E.g. if /= 1 , m, = - 1 , 0, + 1 . i.e. 3 values (2 x 1 + 1 = 3). 

flic effect of the magnetic quantum number may be approximately visualised 
by supposing that in a magnetic field the plane of the electron orbit can be 
inclined only at certain definite angles with the direction of the field, there being 
2y + I possible settings in all. The actual details, however, are not very simple; 3 
in particular, the angular momentum vector can never point exactly in the 
direction of the magnetic field. 

' Ann ' Phvs " ,912 - 39 - 897: ,913 - 40 - 96 °: for the wh0,e subject. Back, 

; * * 925, 26, 833: Whllc ‘ " ,mrod uction lo Atomic Spectra," New York. 1934, 215. 

, .^ mmcrfclli - “ Au>mic s,ruc,urc and Spectral Lines," 1923. 294, 384; 3rd edit., 
t c 4 »;^. 89: Undc - ,n Gci ^ r and Scheel, " Handbuch dcr Physik," 1929, 21. 360 f. 

* bee H. t. White, " Introduction to Atomic Spectra." New York. 1934. 215 f.; Hcrzbcrg, 

• Atomic Spectra and Atomic Structure." 1937, 101; Dushman, in H. S. Taylor and Glas- 
stonc. - Treatise on Physical Chemistry." 1942. 1, 273 f. 
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The discontinuous values of the angle between the electron orbit and the 
direction of the magnetic field, called space quantisation, was experimentally 
detected by Stern and Gerlach, 1 who found that a beam of silver atoms, when 
passed through a very inhomogeneous magnetic field (Fig. 19.V) in a vacuum 
furnace, split into two beams, one on each side of the undefiected beam, and 
corresponding with two angular positions with respect to the field direction. 
A similar effect was found with gold and copper, but not with zinc, cadmium or 
mercury. Since a magnet does not move in a homogeneous magnetic field, it 
is necessary to have more pull on one pole than the other, i.e. inhomogeneity 
within atomic dimensions, 10 -8 cm. 

An electron revolving in an orbit of radius a is equivalent to a circular current 
i or magnetic shell of area A, and by Ampere's theory to a small magnet of 
moment: 

p = Ai=rra 2 i W 

But i=ex(l/orbital time)*«>/2ff<i, therefore From (2), § 13, 

t>=A/2wma, for n= 1 (smallest orbit), 



which is called a Bohr magneton. 2 In e.m. units it is 9-27 x 10 21 gauss cm. 3 , 
or per mol (/V/z Bo ) 5582 gauss cm. 5 . Since mva= orbital angular momentum =p 0 

/. /x B ,= }(e/m)(A/2»r)=i(e/n»)Po (6) 

(The Bohr magneton is deduced for the case where the electron has no spin 
about its own axis.) The Weiss magneton 5 , 1/4 95 of the Bohr magneton, is 
not now regarded as having any physical significance. 


§ 17. The Hydrogen-like Atom 

The theory given in §§ 13-16 is mostly based on the old quantum theory, in 
which the electron is regarded as a point-charge having a definite velocity (or 
momentum) and located in a definite plane orbit. Heisenbergs uncertainty 
principle (§ 14.1V) shows that this picture is unacceptable. The present section 
deals with the wave-mechanical treatment 4 of a hydrogen-like atom, consisting 
of a single electron of mass m, and charge -e revolving with velocity!' about a 
heavy nucleus of mass m 2 and charge Ze, where Z is the atomic number. The 
centripetal force of a mass m revolving about a central point is (§ 53.1) niv r, 
where r is the radius of the electron orbit, assumed circular about the centre ol 
mass. This is balanced by the electrical attraction -Ze 2 Jr 2 . ^Thc kinetic 

energy is (§ 13) T=\mv 2 =\{Ze 2 lr). The potential energy is j (Ze 2 !r 2 )<\rm 

- Ze 2 lr , where the value at an infinite distance is arbitrarily taken as zero. 


' Gcrlach and Stern, Z. Phys.. 1922. 9. 349. 353; Stern and Gerlach. Phys.. 1924. 74. 

673; 1925. 76. 163; Gcrlach. Phys. Z.. 1923. 24. 275; Stern . * 3 , 4 7 ‘|!p? 4 I' 

249 (theory); 1926. 39. 751 ; Knaucr and Stern, ibid . 1926. 39. 764 , 78°; Stem, dud 9.7, , 41. 
563; Leu. ibid., 1927, 41. 551; Dushman. Chem. Rev.. 1928. 5. IM; Spccchia. Nuo t. ««•. 
1935, 12 54| 

1 See also Chalmers. Nature, 1914. 92. 687; Vegard. Phil. Mu*. •^^i^’ss 
1917. 53. 27; Wercidc. Ibid., 1916. 49. 976; 1917. 52. 276. 283. 289; 19 17. ! 53 574 '9! 8 55. 
589; Cabrera, An. Fts. Quim., 1923. 21. 505; Rapp. Cons. Solvay Phys. ( I >30). 1 >3.. 81 . Paul., 
Ibid., 175. 

1 Weiss, J.dePhys., 1911,1,900,965. . . I<m 

4 Pauling and Wilson. ••Introduction to Quantum Mechanics. New York. iv». * -• 
Dushman, "The Elements of Quantum Mechanics." New York 1938 178; for a different 
treatment, see Frenkel. " Wave Mechanics. Elementary Theory. Oxford. 1932. 84. 
i This is the standard symbol, not to be confused with that for the state sum. 
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Hence E=\(Ze 2 lr)-Ze 2 lr= - \{Ze 2 lr ). The wave equation, (6), § 2, is thus: 

aW+a^/^ 2 +a^/dz 2 +(87rV/FK£+z^W=o . (i) 

where /* is the reduced mass (§ 10), niimjifni+nij). Ur, 0, <l>, are the polar 
coordinates of the electron relative to the nucleus and the translational energy 
of the atom as a whole is left out of account, 1 the wave equation in polar co- 
ordinates (§ 28.1) is: 

i a / aA i a / . . 1 thp 8 z«*\ 

r’5^r^) + ^to«M S,n V + /****** + * 2 r + !• r " ' ( ) 

Assume that the function 0 is separable into three factors: 

#,.0,*)=R(f)0(0)<lW (2a) 

(^/?r)=(dR/dr)Q<I>. ^/c9=(d0/d8)R'l>, a^2=(d2®/d^)R0. 
Substitute in (2) and divide by R0d>: 

I d/ ,dR\ I d/. d0\ I ». l»^/ r .ZA . 

Rr2drVdr) + 0r3sinOd8( S ' n9 d8j + <l>r2sin:fld^ + *2 T + r / °' 

Multiply by r 2 sin 2 0: 

sin 2 0 d / ,dR\ . sin 0 d / . fl d0\ . 1 d 2 4> , 8*V 2 sin 2 0/ r , Ze 2 \ A 

••• -R-a>( fJ ^) + -r or **)+♦ a^ + *2 \ £+ t) =0 

If the third term is retained on the left and the others taken over to the right, it 
is seen that (l/4>)(d 2 4>/d<£ 2 ), which depends only on <f>, is equal to terms inde- 
pendent of <£, hence both sides of the resulting equation must be equal to the 
same constant, say to — m 2 ; hence: 

d 2 4>Aty 2 =-m 2 4> (3) 

and after dividing by sin 2 0: 

I d / ,dR\ m 2 t I d / . dt>\ 8 ttV 2 / Ze 2 \ ... 

R drV dr ) sin2 0 + 0sinfld«( s,n9 d«) + A 2 ( £ + r ) 0 • < 4 > 
The second and third terms are independent of r, and the first and fourth are 
independent of 0; hence: 

I d / dRt Sir 2 /*/’ 2 / Ze 2 \ 0 

Rdr\ dr) 4 " ~ 5*~ \ "^"7” ) =cons,,= ^ • ■ • (5) 


d / dR\ sin 8 d / . „dW\ , 1 d 2 d) 
dr(' d>) + 0 dfl( sin 9 dfl) + <l> d^ 2 


1 d 2 <l> 8 w 2 /xr 2 sin 2 0 




m 2 1 d / . d0\ 

” sin 2 0*0 sin 0d0\ sin d0/ P 


Multiply (5) by R/r 2 and (6) by (-): 




I d 

sin 0 d0 


/ . d0\ //i 2 0 

( un0 ie)-^e +pe=0 ■ 


Equation (2) is now separated into three ordinary differential equations, 
(3). (8), and (7). which will be solved in this order. The first two are angular 
equations, giving spherical harmonics; the third is a radial equation, giving 
Laguerre functions. 

Equation (3) has been shown in (7), § 1 1, to have the solution 

4>=[I.V(2ir)]e** (9) 


• For this, see Pauling and Wilson, reference 4, p. 405. 
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where m, in order that <t> shall be single valued, must be an integer: m= 0, 
±1, ±2, ±3,..., positive and negative values corresponding with distinct 
solutions, 1/V(2 tO being the normalising factor. As explained in § 1 1, the real 
sine and cosine functions can be used, giving: 

<I>o=lM2ir), and 1 (IQ) 

< Dm == 11/V(2w)] cos (\m\<f>) or 4> H =(IM2*)] sin (|m|<£) J 
where |m| is the absolute value of m. There are (2m+ 1 ) functions corresponding 
with the (2m+\) values of m. The integer m, having positive and negative 
values, is the magnetic quantum number, as can be shown by using the symbolic 
form, § 4, of the wave equation : 

P4f l=-(ihl2n)(djm 

where p 4 is the angular momentum due to change of <£. Since : 

^=R0<J>=const. ROe 11 "*, 

a*/a*=±/W 

-(/A/27rK^/^)=(-/A/2»r)(±//^). 
pjl>= ±(A/2n)m0, p 4 = ±mhl2n. 

Since A/2w is the unit of angular momentum according to the Nicholson-Bohr 
theory, 1 m corresponds with the magnetic quantum number (often, as in § 16 , 
written m,) defining the orientation of the plane of the electron orbit to the 
direction of a magnetic field. 2 

Equation (8) is solved by putting cos 0=/x. and sin 2 0= 1 -/* 2 , when d0/d0= 
(d0/d/i)(d^/d^)=— (d0/d/i) sin 0, 

•• sk^M'-rSy 0 - 0 • ; : • ■ (,,) 

This is the same as equation (2), § 1 2, in which A 2 replaces 0, and it is there shown 
that A 2 =/3 must have the value A(A+1), where A=0. 1,2,.. ., 

£[< l -*2M^ l) -i^] e “ a 

This is the same as (13), § 12, with k in place of m, and m in place of n. Put 
*-M+/, where / is a serial quantum number, having the values l=k-\m\*\m\, 

H+l, M+2 The function 0 was shown in § 12 to be an associated 

Legendre function of degree / and order m, given 3 by (18), § 1-: 

P70*)=(l -M 2 r 2 d-P,C/.)/d H "- 

Since the highest term in P t (p) is p\ and this is differentiated m times with respect 
lo h, it will vanish if m>/, so that m cannot exceed /, and consequently m can 

have the values: 

m=l, (/—l), (/— 2) 0 -(/-I). “ / - 

The normalised value of 0 can be shown 4 to be: 



and hence can be found from a table of values of P70*). 


1 See §13. . A . . . . 

2 See § 16. The " orbit " picture is not entertained in wave mechanics, where u is replaced 

by the wave function or “ orbital." . . . 

, 2 Note the change of n lo m and of * to I. The symbol h » used in treatises on sphere 
harmonics for cos 9. and need cause no confusion with the reduced mass, used in the equa- 
tions. If m were used for the latter, there would be confusion with the quantum number m. 
Pauling and Wilson use z=cos 9. which could be confused with a coordinate. 

.. 4 Condon and Morse. " Quantum Mechanics,” New York. 1929. 55; I aulmg and VSiKon. 
Quantum Mechanics." New York. 1935, 129, 448. 
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The solution of (7), called the radial equation , is also found by the poly- 
nomial method. With 1 £=*(*+ !)=/(/+ 1), it becomes: 

■ ■ » 

For quantised orbits E is negative, —Ze 2 l2r. Put: 

a 2 =-8rr 2 p£/A 2 , X=4n 2 pZe 2 /h 2 x, p=2ir . . . (12a) 
where /> can vary from 0 to co. Then r=p/2x, dr=dp/2a, dR/dr=(l/2x)dR/dp, 

! d / 2 d R \_4a 2 _d / 2 d /?| 

** r 2 dr\ d rj~ p 2 dpV dp/’ 

— /(/+l)/r 2 =— 4a 2 /(/+l)/p 2 
8w 2 pE/A 2 = — a 2 
8n 2 pZe 2 /h 2 r=4x 2 X/p, 

and by inserting these in (12) and dividing by 4a 2 it becomes: 

1 d / dR\ I . /(/+!) A1 n 

?5r^) + r*— F + d R "^ 

« + ?« + L 4 J^ + »| R _a • ’ • ’ 

dp- p dp | P 2 p\ 

Since R is a wave function, it must be finite and continuous for all values of p 
and vanish at p (§ 2). The point p=0 is a singular point (§ 36.1), as 
l/p->» there. To investigate the behaviour of the function at this point, 
assume: 

R=p'F(p) (14) 

where s is a constant and F may be expressed as a polynomial of the form 
F«— F„p"; therefore R«Fop’+F,p'* '+ . . . +F.p’ ", 

dR dp=jF 0 p’- , +(.t+l)F,p’+ .... 
and d 2 R dp2=j(j-|)F 0 p- 2 +(j+l)jF,p , - , + .... 

Substitute in (13): 

J(.T-l)F 0 p , - 2 +(.T+l)jF I p’- , + . . . +2jF 0 p- : +2(.r+l)F l p , - , + . . . 

-jF 0 p'- . . . — /(/+l)Fop" 2 — . . . +AF 0 p- , + ... =0. 

The coefficient of F 0 p" 2 is j( 5- I )+2j-/(/+ 1 )=j(j+l )-/(/+!). On 
approaching p=0. all terms involving powers higher than p‘- 2 may be neglected, 
and if R is to be finite at p= 0. p ,-2 = 1, i.e. the scries must not have any lower 
powers of p than those given by the equation j(j+ 1 )=/(/+ 1). Of the two 
solutions of this. 5-1 and .*=-(/+!), only the first is acceptable, since p~‘~ l 
would become infinite at p= 0. Hence s=l, and: 

R=P*F(p) (15) 

dR/dp=/p M F+p'(dF/dp) 

(d 2 R;dp 2 )=/(/— l)p ,-2 F+2/p M (dF/dp)+p / (d 2 F/dp 2 ). 

Substitute in ( 1 3) and divide by p'. 

d 2 F 2(/+l)dF iX . v 


dp + t-i)F-° 


Since /. like A. has ihc \alucs 0. 1.2. 3. 



(18) 


(19) 
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For verv laree values of p, all terms involving 1 Ip can be neglected and the 
f°™ of equation (§ 7) is d*F/dp*-F/4-0. .he soluuon of 

which (§63.1) is: F , Cie -w +Cj e^, 

and in order that F shall not increase indefinitely with p (which is positive), the 
second term must be zero: ^ ^ ^ 2 

The constant C, is now (cf. § 7) replaced by a function: 

L(p)=W (17) 

(flo+0) which must be such that F vanishes at />->». 

F=e~*' 2 L 

/. dF/dp=e“* 2 (dL/dp)-ie- p2L 
and d 2 F/dp 2 = Je^ 2 L — e _f/2 (dL/dp) +e" # 2 (d 2 L/dp 2 ). 

Substitute in (16) and divide by e" #/2 /p. 

p(d 2 L/dp 2 ) + [2(/ + 1 ) — p)(dL/dp) +(A— /— D L=:0 

Substitute the series (17) for L and equate coefficients of powers of p separately 

to zero: k 

L=fl 0 + fl iP+ t, :P 2 + • • • +a,p * 
dL/dp= a,+2a 2 p+ . . • + W' 1 . 
d 2 L/dp 2 = 2 j 2 + • • • +*<*“ 1 '• 

p(d 2 L/dp 2 )= 2fl 2 p+ . . . +*<*- t _ ( 

[2(/+l)-p](dL/dp)-2(/+l)o,+(4(/+l)<i 1 -'',lP+ - 

(A_/_|)L— (A— /— 1Hoo+«iP+‘»J/ ,!+ • ‘ ’ +a *' , ‘ ) 

0— (A— /-l)a 0 +2(/+lV», forp 0 . 

0 _ ( A-/-l-l)a l + [2x2(/+l)+l 

so that, by inspection, the expression for the coefficient of p is found io 
(A-/- | - fc) i , ll +l2(*+IX/+ 1)+W*+ DK i“°- 

As in previous cases (§§ 7 and 12), the F “pending 

zero as p-pco unless L is a polynomial with a unite 
with k=n„ say, hence A— /— 1— or 

A-/+1+V" 

Hence, from (12a): A 2 =n 2 =- 2 wVZ 2 e 4 /A 2 F, or 

E=-WpZ'*ln'* • * ‘ * ; * 1 . 

Which is the same expression as found by Bohr, (4) § * wiUi i spccia 
tions, and n is the principal (or total) quantum nun '^_ . p Bohr)> s j nC c the 
however, that a plane orbit is no longer assumed (as va ,ue 

function R has spherical symmetry, i.e. R has the same value for (2Q) js 
of r, whatever the values of 0 and <£, of which it is in cp do n ' ol j C pcnd 
Sommerfeld’s (§ 14) radial quantum number The cn ^ on , hc principal 
on the individual quantum numbers /» /. and ", J ' on)y t hc integral 

quantum number «=/»,+/+ 1. Since both n, and / can h > ^ 2 3 

values 0, I, 2 it is seen that n can have only ^ c,n * gl #gncl fc quantum 

as was also assumed by Bohr. Including the values of m, t 
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number, found in (9). the quantum numbers of the electron, apart from the spin 
quantum number s=± 1, which is not considered above, are given by: 

#M= 0. ±1, ±2, . . 

/=M, M+l, |m|+2 

and //=/+!, 1+2. 1+ 3. 
or, in the usual form: ' 

'i=l.2, 3,...; 

1 = 0 . 1.2 (/I-!); 

1.,,= -/, —(/—I) -1,0, I,..., (/-I),/, 

flnrHnnc! 1 '• bcin S dcno * d b > There are (2/+I) independent wave 
functions w.th given values of /, and /. and /i-' wave functions with a given value 


(3) 


§ 18 Laguerre Functions 

Mow consider the wave function Lip) in (17). § 17. Equation (16), § 17. 
can be written, since A=//, from (20), § 17: s ’ 

p(d-F/dp : )+2(/+ l)(dF/d/»)+(/,— p/4)F=0 .... (1) 

Let 21 + 1 =p, and n+l=k, then if n is expressed by the identity: 

//={(2//+2/— 2/— ! + |), 

p(d : L'dp : )+(p+|— p)(dL,'dp)+«r— p)L=0 .... (2) 
This differential equation is satisfied by a function called the associated 
l ' ° f , dC?rCC J * ~ pl and order P(PSk). which is denoted by 

vanable . derS^:'’ ''''''’''''' ° f ^ “ 3 fUnC,i ° n of a " 

l;,v)=« - i^f.v j '-p|v i -.+ A -~tV 1 + . . . . 

which is the same as: 

L J(.v ) =e*(d Vd.v*).\V * (4) 

I he first five polynomials are found, by putting k =0. I. 2. 3. 4. to be: 

L ° ,Vl= 1 L»(.v)= — .v'+9.v-— l8v+6 

L?( v)" “ ' + 1 LS(.v)=.v 4 — I6.v>+72.v’— 96v+ 24 

L ?(.<)= v-'-4v+2 

These polynomials satisfy the differential equation: - 

v(d : LJ i d.v :! )+(l— , v )(dL{ , d.v)+ALJ=0 (5) 

SEsSS 

Lf(v)=(d'’,d.v'’)L,(.v) (6) 

1 Darwin. Proc. Roy. Soc.. I ‘> 27 . 1 15 | 

77, l2:Twh«fcr" p™“ fev. /J,a‘ l 7 h>S '" ** ChCT * u >-" Ncw Vork. 1943, 



j l8 IAGUERRE FUNCTIONS 411 

For *-(»+/). and p=(2/+l). the associated Laguerre polynomial of degree 
( t _p)=( n -/- l), and order p=<2/+ 1). is given by the senes. 


l»J , (x)=I(<i+/)!l 2 


x‘ 


'(«-/- 3)!(2/+ 3)12! 

The first five polynomials for 21 + 1 =P=0 are given above ; s.x more for p , 
2 , 3, and n+/= 1,2, 3, are: 

L1W-1 LJW— 3.v«+l8*-l8 

Lj(x)=2x— 4 Li(x)=-6*+<« 

L|(x)«2 LJW— «• 

The solution of (1 6), § 17, is: „ #1 . (8) 

r B i— e ipi • 

and from (15), § 17. the radial function is: 

R 

It is convenient to measure r as a fraction of a * • thc $ 2/4 ttV 2=s 

Bohr orbit in the hydrogen atom, which .s given by (3). § 13.«o 

■os | 


+ ...+(- ir', 


(/! + /) 


x-*- 1 1 

!(n-/-l)!j ’ 


(7) 


^ n*1.W 


I" 





2p 

n*2. t*t 

g n 

S 1 -1 

*0 5 

■ «W 


■sag 



n 

ISo7_ 



15 20.. 

Fro. 20. V. NormaUscd Radial Functions for Hydrogen Atom 

_ e .1 (21) $ 17. an expression giving p 

0 52916x10-* cm. From (12), § 17. and UU. S 

in terms of r/<7 0 is found : . . . (10) 

n. normalising „«s» r«.h. ndhl h — « M "" 

complicated result only is given here. 

« . i ivi 


my i3 giv^n iiviv. 

f^ = i)L(2^\ , l , e-'V L ? 1 .(P ) • • • "" 

. Wiktin.2 


+ v~o. , anJ wjKon y in 

in which p can be replaced by the value , yaluCS of r> wr ji c (II) with 

order to make the funcuorts positive fo » ^ ^ „ r R>(2 . the 
a negative sign; this does not, ° , co “ , . - . ip 2 0.V the functions arc 

tables below, their convention is adopted, but m Ng. 

• Condon and Morse. ** Quantum Mechanic*/ No* 1 ork. l‘>29. 03. W.ntncr. P 

'^Soc Pauling and Wttson. - Introduction » Uuantum Monies, Nc* York. .«»• «'■ 
where V in Ihc second equation should be t*. 
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shown 1 with their negative values, plotted against multiples of a Q for the hydro- 
gen atom (Z=l). 

The normalised values of R al are given below 2 for n= 1,2, and 3 (the symbols 
s and p stand for the values 0 and 1 of /). Since the reader may wish to plot 
these, the third column gives values for the hydrogen atom (Z=l), and in 
plotting, a 0 may be taken as 1 : 


/»-2, /=! (2p state) I R;|(r) 


R io(r)=(Z/ao) V’ 2 e-** 

(Ita&W* 

R , rZ,«^ (2 _ 2 

1 /. 


V(2Vo j / j( n 


r 

• A ’t PC r * 

L\ 6 

2^/(6 ' 

RV r )- ,ZM>,: ,6 6r+,=Wl | 

1 If 

9^/3 ‘ vp-rp-iQ ( 

9 \' 0 )%w\ 0 



F.c.. 21. V. Electron Disiribulion Function for Hydrogen atom. Abscissae are values of , 

alJrn C 1 | Cha,8e dlsl [ ibulion 1 W0uld ** 801 b y Piling the values of R„, ! , but an 
i folio vs "'th 0 . ‘ S . n ’ 0St, > f uscd - !" ; his - a distribution function D is defined 
. Vol “ n ' C '^ a -? hcr ‘ cal shc " .he radii r and r+dr is 

n nhabd-r r ' d 4l " *- , ' dr=Ddr ls a "insure of .he charge density (or 

0 ickne dr T^ CUrrC f CC r in 3 Spherical shc " pf radi “ ' a " d 

s nre the ; i The 1 s, * n,hcan ™ of 5uch P 1 ^- shown in Fig. 2 1 .V. is not very clear, 
and tb h t . 'a'tic 3t r=0 IS merely a consequence of (he vanishing of r-' 
and the electric density is actually a maximum at r=0, as will be noted later. ’ 

by S^tr.and ,he abscissae arc va^ ofHn ofu^ "* fUnC " 00 R - W b dc "° ttd 

|3 - Furihc-r values in Paulmg and Wilson. - Imroducion lo Quamum Mechanics," 1935, 

' While. " Introduction to Atomic Spectra." 1934. 66. 
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§ 19. Angular Functions for the Hydrogen-like Atom 

The angular functions 0(0) and <H4>) will now be considered. These, it 
will be remembered, are independent of /», the principal quantum number, but 
involve the magnetic quantum number m, (10), § 17, or, as it is often called, m h 
the part not involving spin, which is the one considered in the present discus- 
sions. The normalised values of 0 and 0> have already been given in § 12 and 
(9) § 11, and some real values are repeated in the table below. The product 
S=0d> is as is seen from §12. a tesseral harmonic function, the values of which 
are given’ in the last column. There are 2/+1 functions for each value of /. 
Only for an 5-electron (/=0) is the value of 0 independent of 0, and is a 
constant \/y/2=0-m. Hence 0 2 is also a constant. *. Since <J>= l/v(-*> * 
a constant, 0<D=1/2V*. and S 2 =1/4 tt is a constant. 


Electron 

1 « 1 e ♦ 

S=e* 

s 

0 0 

\lsi 

l/x (2») 

1/2 x « 

P 

1 0 

- !! 

x (3/2) cos 0 

5v(3)sint» 

l/v (2») 
f<l/\ ») cos 4 

1(1/ \ »>sin4 

lx (3/»)cos 0 
fix (3/*) Sin 0 cos 4 

Ux (3/*) sin* sin 4 

(t 

2 0 

* -! 

2 -i 

ix'(S/2)<3 cos* 0-1) 
5 % '(l5)sinficos« 

| | v '(IS)sin>0 

l/x (2») 

/(l/x »>cos4 
\(l/x 

/(l/\ ®) cos 24 

UI/\ « n 2 + 

ix (5/i»H3 cos* 0—1) 
fix (l5/»>sm*cos*cos4 
\jx (l$/"lsin 0 cos* sin * 
fix (t5/») sin* 0 cos 24 
;jx (15/w) sin* 0 sin 24 


§ 20. Complete Wave Function for Hydrogen-like Atom 

All the functions considered above combine by multiplication to give • 

called the complete one-electron wave function; such functions do ^/inciuae 
the electron spin factors. They arc the wave-mechanical equivalents of the old 
electron orbits, and are often called atomic orbitals. The wave func ion^ y 
be denoted by such symbols as e.g. i arc those or 

the values 1=0 and 1, and m= 0, 0 and 1. respectively. Those for /-U ana i 
are j and p functions, respectively. The three /> functions (lor m-U. - 1. ana 
+ 1) are denoted by Pt , p r and p„ respectively, or sometimes by pa. ^ • ano 
prr. when they arc considered with reference to bond-formation in molecules. 

By combining the values of 0 and 4>. the spherical wave function S-l, 
given in the last column of the table in § 19. is obtained. It is usual to " ormal ‘ sc 
these functions conventionally so that the s function is unity, when J ,., 
lions must be divided by 1/2 V*= \/y/(4n). they are then said to be normai.scu 
to 47T.’* These arc given in the following table: 


Electron 

1 mi 

Function 

s 

0 o 

1 

Px 

1 o 

1 -1 

1 1 

x (3) cos 0 
x (3) sin 0 sin 4 

Pr 

Px 

x (3) sin 0 cos 4 
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These results apply to any j- and p-electrons in a hydrogen-like atom, since 
the principal quantum number n does not appear in the spherical wave functions. 
As a rule, the complete s and p wave-functions for the same value of n show 




Fig. 22.V. Polar Graph for v <3) sin 0 Fig. 23. V. Graph of j Function 


approximately the same dependence on r, their radial parts being approxi- 
mately the same, and the difference is mostly in the angular parts. The charge 
density of an j-clectron (/=0) is independent of 0 and and depends only on r, 

and the wave function is a sphere, which 
replaces Bohr's circular plane orbit. 

The construction of the polar graphs 
is illustrated in Fig. 22.V for \/(3) sin 0. 
For 0=0, sin 0=1, therefore OC=\/3. 
For 0=: r/2, sin 0=0, therefore at O 
the function is zero. For 0 =tt/ 4, sin 0 
= l/VlAB=OA=}BD=|OC=jv/3, 
therefore OB*=OA 2 +AB2=J + }=j, 
therefore OB= \ 3/\/2= \/(3) sin 0 for 
0=?r/4. It is clear that the polar graph 
is a circle for 0=0 to 0*w/2, and the continuation to 0=2* gives another 
circle. The polar graph for \ (3) cos 0 will be that of \/(3) sin 0 turned through 



24.V. Graph of /»., Function 




Fig. 25. V. Squares of Angular Distribution Functions for different Electronic States of 

Hydrogen Atoms 
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rio. 26 . V 


an angle of 90°. In plotting sin 9 cos <t>, and sin 9 sin <t>, use may be made of 

'bVheJ^^tlonT/^Ol'is'spherically symmetrical with the 'aiuelakenaslinaH 

directions (Fig. 23.V|, the angle being measured as shown in Fig. 22V/>, is repre 
senTed' (Fig 24.V) by .wo spheres, touching a. the origtn and w,.h .hex axts as 
an axis (/symmetry, with a maximum value (found by putting sin fl-l and 
cosT= 1) IPl = V3 = I '732 along the x axts; r, and P are stmtlarly represented 

with maximum values y/3 along the > and axes. The f ^“ n “‘°" S i 

fore, greater than the s function, and it is readily seen from the trigonometry 

that they are at right angles to one another. , ,v 

In Fig. 25.V the wares of the wave functions. S-. for */-!) and <«'- ) 
electrons are plotted. 2 * 4 In each case the value of S ! is measured off along 
radius vector inclined at an angle 6 with the verti- 
cal axis, measured clockwise on one side and 
counterclockwise on the other (Fig. 26. VF The 
values of S 2 represent the relation of charge density 
(Schrddingcr) or probability of occurrence of an 
electron (Born) in specified directions. All the 
areas are projected on the plane <£=0. and the 
values for plotting arc taken from the table in s IV. 

(Note that sin 0 cos 0=1 sin 26.) The correspond- 
ing Bohr orbits arc shown (tilted somewhat out 
of the normal plane) below each figure. 1 he three- 
dimensional figures J arc formed by rotating the 
figures about the vertical axes; e.g. a dumb-bell 

The values of / give the number of nodal planes .or n0 noda | 

sional vibration replacing the Bohr orbit. W [j cn ^ f /- 0 was an 
planes and there is spherical symmetry, whilst the Bohr orbit for /=0 

elongated ellipse. 

§21. Hybridisation of Wave Functions „ rAmhinalion 

Since the wave function of a normal state is. in genera , a . 

of functions of states of similar energies, each o which sal 
equation, a combination may be chosen which will minimise 
when considered in relation to bond formation, will lead f 

This process is called « hybridisanon. since it involves 
functions of different kinds (e.g. s and p functions), Fo P • j* af|d 
rivalcnt carbon atom has one s function and three /> luncuoi ns ^ionsmay be 
if these have similar energies, each of the four bond-formmg functions may be 

written in the form: 

where /is 1. 2, 3, or 4. ThtToe^temst?^ t'und J, are determined by the 
normalisation condition. (I). § 5: 

giving a, 2 +h, 2 +c, 2 +(l \ 2 — I • 

' ^ Pauling and Wilson. “ Introduction to Quantum abo«! 

no description of the figures is given, and exception is sonV | ^ . Is Itf prcscnublc in 

The wave functions actually extend to inlin.ty. but the angular depends 

2 White. " Introduction to Atomic Spectra." Nc* York. NM. 63 J 'tj- ',| umc -Roihery. 
> Dushman. J. Chem. tuluc.. 1931, 8. 1071: Urey. *W.. 1931. 8. 

"Atomic Theory for Students of Metallurgy." 1947. /0. 77 

4 Pauling. J.A.C.S., 1931, 53. 1367; Hultgrcn. Phy s. Rev.. 1932. 40. # - 
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and by the requirement of orthogonality (2), § 5: 

Wtfr k dv=0, 

i.e. a,a k +bj) k +cfi k +d4 k = 0, 
where i and k are 1, 2, 3, and 4, but i+A:. 

The values of the wave functions (normalised to 4rr) are (§ 20): 

s = 1 , p x = \/(3) sin 0 cos <f>, p,= y/Q) sin 0 sin <£, p z = \/(3) cos 0. 

Since the direction of the first function is arbitrary, it may be taken along the 
x axis, when p, and p. are zero, and (for i= 1): 

•h-aiS+btp^OiS+y/il-ai 2 ) .p„ 
since a x 1 +b x 2 =\, therefore b x 2 =\-a x 2 . 

The value of a, which makes the wave function a maximum along the x axis 
will, according to Pauling, form the strongest bond. The values of s and p x 
in this direction (0=0, <£=90’) are 1 and \/3, respectively, hence: 

*,=a. + \/[3(l-*, 2 )). 

and for a maximum value, d^|/da,=0 (§9, I), which gives aj = 2 . therefore 
A,=|y/3, hence: 

+I=is+W0)PM+W3 . V3=2 0, 

which is greater than \/3, the maximum value of the p x function. 1 

The function may be chosen to have a maximum in the xz plane, so that 
p y makes no contribution. Thus: 

<h=a 2 s+b ! p,+d 2 p„ 

and since the maximum lies in the xz plane, the angle <j> is 0° or 180 s , as is 
seen from t he x,y t z axis system in polar coordinates (Fig. 1 .III). <£= 0 gives the 
positive part of the p x function contributing to so that the negative part, 
with <£= 180', must be used for 0 2 . Hence cos<£= — 1, and p x = — y/( 3) sin 0, 
and (since j= 1, and p.= \/(3)cos 0): 

*l> 2 =a 2 -b 2 \'{ 3 ) sin 0+</ 2 \/( 3) cos 0. 

The normalisation condition is a 2 2 +b 2 2 -\-d 2 2 = 1, and the condition for 
orthogonality (since r/,=0) is a x a 2 +b x b 2 = 0: with the values of a x and b x 
found above, these give a,= -b 2 \'}, and d 2 =V( 1 -46 2 2 ), 

•*. l:=-h\/X I+sin 0)+ v [3(1— 4^, 2 )] cos 0. 

Equating ci/i 2 /cb 2 and (fi 2 'cd to zero gives for a maximum (after solving the 
simultaneous equations): b 2 =- 1/2\ 3, and sin 0=1/3, therefore 0=19° 28', 
or. since <£=180 . the direction of the maximum wave function <p 2 makes an 
angle 90 +19 28 = 109 28' with the x axis or 0,. i.e. the regular tetrahedral 
angle. The values for b 2 and 0 give for the maximum, <£ 2 =20, the same as ip x . 
From b 2 , the values a 2 = I and </>= \ 2/v/3 arc found; hence: 

«£ 2 =5-5-(l/2 % /3)p x +(v/2/V3)/7... 

In a similar way it is found that: 

•h=ls-Vi2V3)p>HW2)p-(llx/6)p„ 

04=j5-(l,2v3K-(l/v2)/>,-(l/v6)/>„ 

having maximum values of 2 0 in directions making tetrahedral angles with one 
another and with J> x and Ji 2 . The result of hybridisation of s and p functions 

1 This, it will be remembered, is relative to the s function taken as unity. 
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for the carbon atom thus leads to four equivalent functions, inclined at tetra- 
hedral angles, as in the familiar valency model of the carbon atom. The exact 
regular tetrahedral angles may be somewhat modified if different atoms or 
groups are attached to the four bonds, as in CH 3 C1, CHCI 3 , etc. 

The so-called trigonal hybridisation arises in the case of a double bond between 
two carbon atoms, >C=C<. In this case ^-hybridisation gives three 
equivalent (trigonal) wave functions with maxima in one plane, say the xy 
plane, making angles of 120 5 with one another. Since the p z functions at 
right angles to the plane do not contribute, the wave function: 

4>i=as+bp x 

with a maximum in the x direction has a part <r of the s function and a part b 
of the p x function. The 5 function may be regarded as equally divided among 



Mi. and h (“ the same for all) ; the negative par. of Ihe ^ 
parts of the p y are resolved in two directions making angk 
* axis. Then (Fig. 27. V): 

ji 2 =ai- \bp, + iWfcPr 


+i*=as—{bp M — { VityPr 

The normalisation and orthogonality conditions give a=l/\ 3, b-\ ~ \ > 
and c=V2/V3, hence: 


^,=(1/v/3)j+(v/2/\/3)/>, 

0 2 =(1/V3)J-(1/v/6)/> x +(1/v'2)/’ > 

^ 3 =(l/ N /3)j-(l/v/6K-(l/v/2)/> r 


the maximum value of each being 1-991. 
A.T.P.C. — 14 
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In double bond formation, >C=C<, the four functions of each carbon 
atom first form three trigonal hybridised functions, ip 2 > ^3. and one un- 
changed function p z directed along the z axis at right angles to the plane of the 
trigonal functions. The two atoms then combine by the pairing of one trigonal 
function on one atom with another trigonal function on the other atom, these 
so-called o-electrons forming a oa-bond, and the two p z functions (so-called 
w-elcctrons), with opposite spin values and parallel to each other at right angles 
to the plane of the trigonal functions, form a 7nr-bond. The other two trigonal 
functions on each carbon can form bonds with s functions with opposite spin 
values on hydrogen atoms by overlapping, and thus the ethylene molecule 
H\ /u 

H/ C = C \ H resulls ( Fi S- 28 V )- 

Free rotation about the double bond is prevented by the tendency of the two 
p t functions with opposite spin values to overlap as much as possible, which is 
the case when they are parallel and in the same plane, at right angles to the 
xy plane; any twisting about the aa-bond would tend to reduce the overlap of 
the p. functions. 



Fio. 28. V. Trigonal Hybridisation. leading to Double Bond Formation 

In triple-bond formation. -C=C-, so-called digonal hybridisaiion occurs. 
In this. 1 the p } and p. functions arc unchanged, and the s and p x functions 
combine to form: 

^=x/(i/2x*+/g 

02 =\/(l I2)(s-p x ) 

directed in opposite directions along a straight line. In this case there is one 
a«/-bond and two CT7r-bonds. 

The extension of the general principles discussed in the present section will 
be taken up later. 


§ 22. Alternative Methods in Quantum Mechanics 

Besides the Schrddinger wave-equation method, other methods, which 
cannot be dealt with here, have been developed in quantum mechanics. Of 
these, perhaps the most important is the matrix method - developed by Heisen- 

1 Stc on ,hc above, Bowen. Ann. Rep. Chtm. Soc.. 1943. 40 . 12; Coutson, Quart. Rev. Chem. 
S»c., 1947. 1, 144; Coulson and Moffilt, Phil. Mag., 1949 . 40 , I. 

- Swann. J. Franklin Inst.. 1928. 205, 323; Haas. “ Matcricuellen und Quantanmechanik," 
Leipzig, 1929, 80; Bloch. " L'Ancicnoc ct la Nouvdle Thcoric dcs Quanta." 1930. 321 ; Frenkel, 
Wave Mechanics. Advanced General Theory." Oxford. 1934; Frazer. Duncan, and Collar, 
" Llcmentnry Matrices." Cambridge. 1938; Margcnau and Murphy. "The Mathematics of 
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berg . 1 As Dushman 2 says, it “ is a purely symbolic type of mathematics and 
is quite unsuitable for elementary presentation." Dirac’s } method of the 
so-called Poisson brackets is equally abstruse. All these methods have advan- 
tages in some aspects, and can be studied with profit. The matrix method has 
been largely used in physical chemistry. 

Physics and Chemistry.” New York. .943. 287; Eyring. Walter. and Kimball" Quantum 
Chemistry.” New York. 1944. 129; Glasstone. " Theoretical Chemistry. New York. 1 944. 62. 

. Z. Phys., 1925. 33. 879; 1926. 38. 41 1 ; 1926. 40. SOI : 1927. 41. 239; Born and Jordan. ,bui 
1925, 34, 858; Born, Heisenberg, and Jordan, ibid.. 1925-6. 35. 557; von Rachcwsky. i u 

,9 ? 6 ” TheElements of Quantum Mechanics." New York. 1938. 19; he gives a brief account of 

11 ^Birtwistle. “The New Quantum Mechanics." Cambridge. 1928 69; dc Broglie, , " Th*<>™ 
de la Quantisation dans la nouvelle Mecaniquc .” 1932. 94; Dirac. ” The Principles of Quantum 
Mechanics." 3rd edit.. Oxford. 1947. 



SECTION VI 


TEMPERATURE 


A. THERMOMETRY 

§ 1. Thermoregulators 

The name “ thermostat " was used by Heeren 1 for an arrangement for 
regulating the heat applied to a water bath by a spirit lamp, the flame of which 
was deflected into a chimney by an apparatus controlled by an air thermometer 
in the bath: this was a true thermostat in the modern sense. 

Many types of thermoregulators , both for gas and electric heating, have been 
invented, 2 the original gas regulator of Kemp being practically the modern one. 

» J. praki. Chem., 1834, 2, I. For a furnace with ihcrmostatic control devised by Drcbbel 
(1572-1633). sec Gibbs. Annals ofSci., 1948, 6. 32. 

2 Geer, J. Phys. Chenu, 1902. 6, 85 (bibl.): Kemp. Chem. Gazette, 1850, 8, 184; Phil. Mag., 
1850, 36. 483; Bunsen, q. by Dcsaga, Dirtgl. J., 1857. 143. 342; Herwig, Ann. Phys., 1869, 137, 
19. 592; Reichert, ibid., 1872. 144. 467; Andreae, ibid., 1878. 4. 614; Hammcrl, CarPs Repert. d. 
Phvs., 1882. 18. 309, 441 (bibl.); L. Meyer, Ber., 1883. 16. 1087; 1884. 17, 478; Bliimcke, 
Ann. Phys., 1885, 25. 419; Kahlbaum. Ber., 1886. 19. 2860; Ostwald, Z phys. Chem., 1888, 
2. 561; 1900. 35, 216; Bailie, Compt. Rend., 1894. 118, 246; Z. phys. Chem., 1894, 14, 711; 
Parcnty and Bricard. Compt. Rend., 1896. 122. 919; Thicsen. Schccl, and Sell, Z. Jnstr., 1896. 
16. 49; Danccl, Z. Elektrochem., 1896. 3. 81 ; Gouy. J. de Phvs., 1897, 6, 479 (electric; oscil- 
lating contact to±0 0002°); Schallcr. Z. phys. Chem., 1898. 25, 505 (vap. press.); Cent- 
ncrszwcr, ibid., 1898. 26. 14; Dolezalck. ibid., 1898, 26, 321 (electric. Hg contact); van‘t Hoff 
and Mcycrhoffcr. ibid., 1898. 27. 78; Bodcnstein. ibid., 1899, 30. 113 (l00’-700'); Marchis, 
ibid., 1899, 29. 22; Gumlich. Z. Instr., 1898. 18. 317 (bimetallic); Rothc, ibid., 1899. 19. 143 
(clcctnc heating, to 500); Bose, ibid., 1899. 19. Bcibl. 169. 181. 189 (theory); Foote, Z. phys. 
Chem., 1900, 33. 749; Duane and Lory. Amer. J. Sci., 1900, 9. 179; Young, J.A.C.S., 1901. 23, 
327; Knipp, Phys. Rev., 1901, 12. 47 (bimetallic); Bradley and Browne,/. Phvs. Chem., 1902 
6. 118 (gas; to 0 001°); Kuhl, Z. phys. Chem., 1903. 44. 388 (high temp.); Hahn, ibid., 1903, 
44. 525 (high temp.); Marie and Marquis, ibid., 1903. 45, 566; Suto. Z. physiol. Chem., 1904. 
41. 363; Dony-Henault. Z. Elektrochem., 1905, II, 3; Lowry. J.C.S., 1905, 87. 1030; Osborn, 
J. Phys. Chem., 1905, 9. 297; Lundcn and Tate. Med, /cl. Nobclinst., 1906. 1. No. 5; Poda, 
7 angew. Chem., 1907. 20. 2245 (at 15'); Mast. Science. 1907. 26. 554 (Hg-glyccrol); Wolff 
and Waters. Bur. Stand. Bull., 1907, 4, I (33); Fischer and Bobcrtag. Z. Elektrochem., 1908, 
14 375 (high temp.); Green, Chem. tows, 1908, 98. 49 (toluene); Cohen and Sinnigc, Z. phvs. 
(hem., 1909, 67, 17; Rcgaud and Fouilland, Ann. Chim. Anal. Appi, 1909, 14. 14 (Hg)- 
Reid. Amer. Chem. J., 1909. 41. 148 (electric controlled gas); Pocischkc. J.A.C.S., 1909, 3l[ 
1218 (air expansion); Bousficld. Trans. Faraday Soc., 1911, 7, 260; Chem. Sews, 1912, 105, 13 
(modified Lowry) ; Somerville. Elec. World, 1911. 57. 1 12 (air thermometer); Morgan. Z phys. 
(hem HU. 78.123; Marshall. Trans. Faraday Soc., 1911, 7. 249; Chem. News, 1911, 104, 
295; Camming, Trans Faraday S,k.. 1911. 7. 253; Chem. News, 1911. 104, 307; Gopcl, Z 
Instr., 1912. 32. Bcibl. 209 (air bath); Fktcher and Tyrer. Proc. Chem. Soc., 1912, 28 189 
(vapour with manostat); Bodcnstein and Krancndieck. Z Elektrochem., 1912. 18, 417 (high 
temp.); Whitaker, Chem. Sens, 1913. 107. 242 (gas); Jorisscn. Chem. W'eckbi, 1913, 10. 532 
(safety gas type); Boyd and Atkinson. Chem. News. 1913. 108, 248 (gas)- Powell JSCI 
19.4 33. 899 (room temp.,; Fcild. /.ZCS., 1914. 36. 72 (vap. prl 
and Hesse bring, /..4.C.S.. 1914. 36. 949 (toluene); Sicbcrt, Chem. Ztg., 1914, 38. 888 (bi- 
mctallic,; Davis. Putnam, and Jones. Z phys. Chem.. 1915, 90. 484; Davis, J.A.C.S., 1915, 
37. 1520; Lovelace. Frazer, and Miller, ibid. 1916. 38. 515; Henning. " Die Grundlagcn dcr 
Temperaturmessung. Brunswick. 1915. 215; Shaw. Trans. Roy. Soc. Canada 1917 11 III 
\l9 Amer (hem. Abstr., 1919. 13, 1778 (toluene); Ray and Reilly. Chem. News, 1918, ’in) 

J/, vf° n .l r ?i P S w a mtS)l ^ CrgU$on - J 4 CS ' ,9,S - 40 - 929 < ,oluc "** Milbaucr, Z anal, 
(turn.. 1918. 57. 161 (controlling constant-level water bath); Otis. Science, 1918, 48. 425- 

420 
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Amfr Chem Absir 1919, 13, 802 (thermocouple control); Hall, Science. 1919. 49< 2 ' 41 ^* 
metallic strip); Herrin. .4^ 

1920, 42, 2058 (Kg): Sligh. ibid - . . 60 ^ 4000 watts); Starkey and 

contact); Othmer, Ind. Eng. Chem. Anal.,W-\. '•/ 1 ) - V 7 ,923, 33. 112 (Hg. 

Gordon, //u/. Eng. CAem., 1922. >4. 541 (t J* ). • ' '(current amplified); 

floating contact); Beaver and Be^cr. /nJ^Eng^ CAem.. ^ ^ ^ ^ 

Ramberg, Svensk. Kent. Tid., 1924, 36 101. N es Murray /.C.S.. 1924, 125, 

1924, 6, 534 (gas); Bradford, Bioclem. E. 1924. 18. 381 I <ck* ). M y 3Q 29J (pholoce i| 

461 (gas); Schreiner. Holtsmark. and poxa'nd Mankudi./. Indian 

control); Smith and Hollister, /mf. En ? -Chem . - • • . , 925 60 537; j aC ger and 

Chem. Soc., 1925, 2, 292 (cooled); Roebuck. *°'-** r t y* ^ , 925 , 0 . 6 91; Roebuck. 

Dykstra, Z. anorg. Chem., 1925 143. ? 3 } ; \ 77 (H g)- Hume, 7.5.C./.. 1926. 45. 

ibid., 1925, 10, 679; Leighton /. ^jVlueneV Co^erthwaite. /-/4.C.S.. '927, 

246T; Lombard, *fc//. 50^^^ 1926 39 94 8 ,,O ^ Cne l )> |097 ; ^ hrmani /„</. £ng. CAem 

49, 2255 (graphite heater); Collins. y. ^r.C/iem ..19 -7.31. Chem. Anal.. 1928. 

1928, 20. 290 (toluene); Hill. J. Set. Insir.. l928. 5. 24 C,anc« I _ |928. 5. 

10. 324 (thyratron); Noyes, /. Opr. Soc. Rohin J. ^ ^ *r. *«•*.. 1928. 
217; Black, ibid., 1928, 5. 376 (bimetal* stnp). 679; ,931. 37. 129 (auto- 

21, 607 (Hg-tolucne with relay); Ctipr, Z E i ek ' r * h, ” i ^ l \~ h ' ' ibl j 1929 3S. 450 (triodc 
matic for 20 ); van Campen ibid.. 1929 35 265; ^ uebohm. .W ; 

valve); Matsui. Oguri, Kambara. and Kalo.J. ■ , UB hton-H»nK>«0'. Polivsar. J.A.C.S., 
I08B; Dunant, Engineering. 1929. 127. 3.7 lm0 f l p * , 930 34, ,254 (photocell); 

1930, 52, 636 (vapour); Beattie and Jacobus. I Evans. J.S.C.L. 1931. 

Buttcrworth and Dcrratt-Smith. J. Sci. hair.. 1930. . R,eche and Crau. 7. ttchn. 

50. 66 (air thermostat); Adams, Rev. Sci. Insir 13. . * ,' lX)T m ow comro/ 0/ '<>«■ of 

Phys., 1931, 12, 284 (modif. Kangro); Owen JS.C 1 '• 0 ^ oc + lhy ratr 0 n); Schenk flee, 
gas heating); Schmitt and Schmitt. Science ,\ >31. r ' , S ticr. Science. 1931. 73. 288 

1931, 64. 368 (Hg). Benton. Gos World 7. 75; J.A.C.S.. 1933. 55 

(ice temp.); Collin, Canad. J. Res,. 1931. 5. 636. >3., ». • ||5 / ± Q00l'); Smits and 

3646 (vapour); Durau and Schratz. Z. phys. Chem.. • and vacuum relay; 

Gerding. «#., 1932. 160. 231 U*M (thermionic,: Kambara 

±0 0005*); Summers. Proc. Soc. Chem. Ind ■ yif,or *-} l "l* J * B dg. 361; Kambara and 
Oyamada, and Matsui, J. Soc. Chem. ( hem Fabr.. 1932. 49; Lundstrom 

Matsui. 
and 
1932, 

218 Uiiui, ui »«wi, vai»w iv*;/, •— — - ' — . B -- hc 7 icchn. rnys.. 

Roebuck, Rev. Sci. Ins,r.. 1932. 3 93 (Pho'oclcctnO R.cchc.^- 19J2 . 35. 876 

(Pi thermom. and relay); Roscnbohm. Proc. K. Aka . 2208 (high press.), 

(triode; no elec, contacts); Nclles and KbtiakMky. ' * C .m,ni. Uutcn. 1933. 

Konriun and Goldbach. Z. EM****. Mi.** VJ^Tparks. M ft?- «•'" 


vjivaudon, and Dayan. Bull. Soc. i.mm.. i»«.« ; ■ — *r_ Cookc a nd Swallow, y.o.c .... 
14. 98 (theory); Tian. J. Chim. Phys., 1933. M. 1 32 (thco^) • ^ Q ^,,1,.. /W. 4.ner. 
1933. 52. 1031 ; Hcisig and Cameron. Iml. EngXhem. AnoL.U^ ; p A • 

WH 69. 389; Bailey. Science. 19W. 7^2 ,JS 18 21 3 Ubnde. Bull. Soc. Ch,m. 
1934. 10. 252; Collin, Proc. ATora Scotia Inst. Set., W. j Voos. / icclm. Phys.. 

1934. 1. 36; A CA/m. Phys., 1934. 31. 439 (theory and bibLJ; , 9 , 4 5 2 8; Udalow. 

1934, 15, 323 (photoelectric); Zabcl and Hancox. Pet. - }5 5 150 :; lllowni. 

Zavodskaya Lab., 1935. 4. 805; Strelkov. J Tech r^ ^ ^ Temple./- Sci. Inst.. 

J. Sci. Insir., 1935. 12. 361; Bradficld. J S.C I 1/35. 54. or. I |9j5f 2 . 495 (toluene-^ 

1935, 12, 392 (toluene); Ccntncrs/wer and Sakcr . « ■ ^ ■ < SoC r ,„i om a,h . 1935. 112. 8 

without relay); Gcsteau. Bull. Sci. Ph*~g-- Science. 1936. 83. 40 copper 



Davis, ind. Eng. Chem: Anal.. 1936. 8. 477; tanon and Siir « 9 ^ ^ 

(toluene,; Myakov, /. mo, UJS -K .»«. J.C.S . WN. 

525 (gas); Schwcnk and Noble, /. Phys. Chem.. 1 >3 . . j / y £-„g. CAeni. . 

U95; Benedie,. Kev. Sc. /»„, Bftl •. M torrr . I»7. .4. 94 . t a, 

1937. 9, 481 ; Stadlcr. Chem. Ztg., 1937. 61. 437. Parkinson. /. 
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The Lowry type, with bulbs, is very good. It is filled by pouring in the mercury, 
fitting with a cork and tube, inverting, exhausting with a water pump, and open- 
ing under toluene, which nearly fills it, the small bubble of air disappearing on 
standing. The gas connection to a special micro-burner with a mica chimney 
is made with a small by-pass to keep the flame burning, the mercury level being 
adjusted at the required temperature. Since the gas tends to bubble past the 
jet, a pressure regulator (supplied by the gas company) is used. For electric 
heating, a relay is used (the cheap types stick and are un- 
satisfactory), contact being made by a platinum wire with 
a screw adjustment, the heating element being a long carbon- 
filament stove lamp or other type of resistance heater. 
The water in the bath is well stirred, and at temperatures 
over 50 3 is covered with a layer of suitable oil to check 
evaporation. 

To prevent the toluene attacking the mercury, it is re- 
fluxed with 1 per cent, sodium amalgam, washed, and dis- 
tilled, the wet first fraction being rejected. 1 Xylene may 
be used for higher temperatures. 2 
For approximate work, baths of salt solutions boiling at 
airy Cuwwtfor dcfini!c temperatures can be used. 3 

Thcrmorcgulator To prevent arcing with a mercury contact, Benrath and 
Schroder * used a sudden cut-out shaped as in Fig. 1 .VI A. An 
oscillating type of mercury contact in which an electrode is kept constantly 
moving 5 was recommended by Sligh. 6 Sticking of mercury in a capillary is 
prevented by making contact with it by means of a bent piece of No. 32 nichrom 
wire. 7 

In the arrangement of Hart and Partington for temperatures of l80°-300' a 
small furnace was used. The temperature bath, contained in a Pyrex or Hysil 
beaker suspended from the top of the furnace tube, contained the standardised 

to ±0 001'; shape of jet); Gcstcau. J. Pharm. Chim., 1937. 26. 105 (thyratron); Jclinck, 
Bull. Sue. Chim., 1937. 4. 1811; Swictoslawski and Pomorski, Row. Chem., 1937, 17, 254 
(toluene, cathodc-ray relay; 0 001 for days); Van Ncs and Tjcpkcma. Chem. Weekbl. , 1938, 
35. 534 (200 ±0 005 ); Waddle and ImhofT. J. Chem. EJuc., 1938, 15, 191 (bimetallic helix); 
Sturtcvant, Rev. Sci. Instr., 1938. 9. 276. 331 (thyratron); J. Phys. Chem., 1941, 45, 127; Ycc, 
Iml. Dig. Chem. Anal., 1941. 13, 839 (vap. press.); Fairchild, in " Temperature. Its Measure- 
ment and Control." New York, 1941, 587; Hopper and Laby. Proc. Phys. Soc., 1942, 54, 55; 
Bancroft, Rev. Sci. Insir.. 1942, 13, 24. 114 (thyratron); Rcdfcrn, Iml. Eng. Chem. Anal., 
1942. 14. 64; Gilson and Wooster. J. Chem. Dluc., 1942, 19. 531 (thyratron); Hart and Parting- 
ton. J.C.S., 1943. 104 thigh temp.); Coats. J. Sci. Insir., 1944, 21. 86 (valve type); Lou and 
Chen, ibitl., 1944. 21. 88 (electrolytic); Griffin, Iml. Dig. Chem. Anal., 1945. 17. 671; Stokes, 
AVh- /cal. J. Sci. Tech.. 1945. 27B. 75 (tolucnc-Hg in copper spiral); Harvey. Iml. Eng. Chem. 
Anal.. 1946. 18. 331 (electronic relay); Wright, J. Sci. Insir., 1947, 24. 258; Bluclhe, Metal 
Progr.. 1947, 52, 591 ; Weil, Compi. Rcrul., 1947. 224, 8I0(±0 0002 ); Schwcnk ,J. Phys. Chem., 
1948. 52. 761 ; Braude, J.C.S., 1948. 794; summaries in Ostwald-Luthcr-Druckcr, " Physiko- 
chemischc Mcssungcn," 5th edit., Leipzig. 1931, 119; Haughton. in Glazcbrook, "Diet. 
Applied Physics." 1922. I. 1022; P. Griffiths. "Thermostats and Temperature Regulating 
Instruments.” 1934; Anslev. "Temperature Control." 1942; Sturtcvant, in Wcissbcrgcr. 
” Physical Methods of Organic Chemistry." 1945, 1. 326; Smith. J. Sci. Insir., 1948, 25, 16. 

* Beal and Souther. J.A.C.S.. 1927. 49. 1944. 

: Bur lew, J.A. C.S.. 1940. 62. 681. 

J For a list. 101 -179 5 . Legrand. Ann. Chim., 1835. 59. 423. 

4 /. anorg. Chem., 1927. 161. 155. 

5 Gouv. J. ,lc Phys.. 1897. 6. 479. 

* J A.C.S.. 1920. 42. 60. 

Kambara and Matsui .J.S.C.I. Japan. 1931. 34 (spec, binding). 94; for tantalum wire (not 
welled b> mercury) sec Jones, Taylor, and Vogel, J.A.CS., 1948. 70, 966. 
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Anschutz thermometer or platinum and platinum-rhodium thermocouple. 
The readings of the thermometer and couple agreed to 0*1 . The furnace tube 
was of non-transparent silica in one piece, the upper half of S cm. d| a™eter. 
lower of 4 cm., and the winding of nichrome wire was covered by a thick layer 
of heat-resisting cement. A rectangular box of asbestos shcethcld the tube 
and lagging. The temperature regulation was by a mercury-filled regulator, as 
shown^ Fig. 2. VI A, operating a relay which could short-circuit the last ^10 ohms 

of resistance in series with the furnace. Over long ^ 

control had a maximum variation of ±01'. as measured on the thermometer 

m A cement for glass windows in thermostats, which 

hot water, is made by rubbing litharge and glycerol with a little water-glass 



Fig. 2. VI A. High Temperature Thcrmorcgulaior 


sof. paste. 1, is applied to very clean glass and metal surfaces, and allowed to 

*Theiise of resistance thermometers enables lempcraiur c control lobc ^ K '^ i 
by a Wheatstone bridge circuit, the sensit.v.ty being doub ed by ustng „ ^ 
thermometers in opposite arms of the bridge. The bridge P , van0 . 

to control the heating current, (a) by indicatmg the D.C. o tp y lhc 

meter which controls the heater by an on-olf photocell rtl y. J . * 0 | 

photocell as part of a phase-shifting thyratron circuit, giving phaso- 

(c) by amplifying the A.C. bridge output and using the product in a phase 

“a . .s. — « - ■ 

control device, beyond which the control causes oscillations f 1* 

■ Arndt, " Phys.-chcm. Tcchnik." 2nd edit.. 1923. 20 .from F. Kohler. Leipzig)- 
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about an equilibrium point, elaborate mathematical investigations of which have 
appeared. 1 

§ 2. Mercury Thermometers 

A thermoscope used by Galileo before 1597 consisted of a bulb containing air 
with a vertical tube below containing water or wine, and dipping into a vessel of 
the liquid. 2 The readings, as Pascal (1643) pointed out, depended on the 
atmospheric pressure. Jean Rey in 1631 used a water thermoscope. Sealed 
thermometers containing spirit of wine were used by the Florentine Acade- 
micians 3 in 1641, and were improved by Ferdinand II, Duke of Tuscany, about 
1644. Some of these thermometers were found in 1829, and there is one in the 
Cavendish Laboratory, Cambridge. 4 The fixed points were the temperatures 
of a mixture of ice and salt, and blood heat. Hooke copied one of them received 
by Boyle in 1661, but his instrument, like most used in England till about 1740, 
was open at the top. Boyle used the freezing point of oil of anise as a fixed 
point. Hooke 5 later (1664) adopted the m.p. of ice as the lower fixed point. 
Fabri in 1669 had “ summer heat *’ as the upper fixed point, and Huygens in 
1665, Newton in 1680, and Rcnaldini in 1694, adopted the m.p. of ice and the 
b.p. of water as two fixed points. 6 

In 1701 Newton 7 used a linseed oil thermometer with 0° as the freezing-point 
of water and blood heat 12°, when the boiling-point was 33°-34°. Fahrenheit 8 
constructed in 1714 the first useful scaled mercury thermometer, with a cylin- 
drical bulb. He found that the boiling-point depended on the pressure, and 
that water could be supcr-coolcd. The origin of the Fahrenheit scale (f.p. 
32°, b.p. 212 ? ) has been a matter of dispute. 9 

Reaumur 10 used a spirit of wine thermometer, and found that the volume 
increased from 1000 at the freezing-point of water to 1080 at the boiling-point 
of the spirit. He divided the interval into 80 5 ; the boiling-point of water 
would be about 100" on this scale, and the present Rdaumur scale (b.p. water 
80 ) was really proposed by Dc Luc. n 

i Turner, Proc. Camhr. Phil. Soc.. 1936. 32. 663; J. Inst. Elec. Eng., 1937. 81. 399; Callcndar, 
llartrec. and Porter. Phil. Trans.. 1936. 235. 415; IvanofF, Sci. Progr., 1937, 31, 682; Jclonck, 
Proc. Camhr. Phil. Soc.. 1946. 42. 62; Carslaw and Jaeger." Conduction of Heat in Solids,' 
Oxford. 1947, 88, 320. 

- T. Thomson, " Heat and Electricity 1840. 35; Taylor. Annals of Sci., 1942, 5. 129. 

J “ Saggi di Natvrali Espcricnzc," Florence. 1666. fol. I f. and plate; Libri, Ann. Chim., 
1830, 45. 354; Maze. Compt. Rend., 1895. 120. 732 <0 : C. = I3*' on Florentine scale). 

* Glazebrook." Heat." Cambridge. 1907, 16; on history of the thermometer sccG. Martinc, 
" Essays and Observations on the Construction and Graduation of Thermometers, and on 
the Heating and Cooling of Bodies.” 4th edit., Edinburgh. 1787; Roscnbcrgcr, “ Gcschichtc 
dcr Physik." Brunswick. I8S4. 2. 163; Bolton. " The Evolution of the Thermometer," Easton, 
Pa.. 1900; Pcrnct, in Winkclmann. “ Handbuch dcr Physik 1906. 3. 2, and refs.; K. Meyer, 
- Die Ent wick lung dcs TemperaturbegrilTs.” transl. Koldc. Die Wisscnschaft . Brunswick. 
1913. 48; Brown. J. Chan. Eituc.. 1934. II. 448; Barnett, ibid., 1941. 18. 358; on thermometer 
readings by Ismael Boulliau in 1658. sec Maze. Compt. Rend.. 1895. 120, 732. 

* " Micrographia," 1665, 38. 

* Crafts. J. Chim. Phis., 1913. II. 429. 

7 Phil. Trans.. 1701. 22, 824; transl. in abridged edit., 1809. 4. 572. 

* Phil. Tram.. 1727. 33. I. 78; abridged edit.. 1809. 7. I. 22. 

•' Munckc. in Gehler. “ Physikalischcs Wortcrbuch," 1839, 9. 825; Garngce, Proc. Cambr. 
Phil. Soc., 1890. 7, 95 (correcting Tail, and Maxwell); Brown, J. Chan. Educ., 1934, II, 448; 
Cohen and Cohen-dc-Mccstcr, q. in Annals of Sci.. 1937. 2. 133. conclude that the scale is an 
arbitrary modification of one used by Romcr in 1708, in which ice and blood temperatures were 
fixed points. 

10 Mem. Acad. Sci.. 1730. 452. 

11 " Rechcrchcs sur les Modifications dc I'Atmosphtfe." Geneva. 1772, 1, 352; Marline, 

op. cit.. ref. 4, 25. 
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. i™ rplsius 1 of Uppsala, but he took the 

The Centigrade scale was proposed y I «?■ p (under a prcssurc of 

freezing-point of water as 100 , bp 100’) seems to be due to 

25 in. 3 lines) as O’. The P^°‘ ^j^^^Vales is: C /100=R'/80= 

Linnaeus. 2 The conversion equation for the tnree sc 

(F*-32)/180. i le al thermometric scale in Germany 

The Centigrade scale has been the only uied ln datly life, as is 

since August, 1924, although the Reaumur scale 
the Fahrenheit in Great Britain and America. 

§3. Mercury Thermometer Corrections cireful | y constructed. 

The mercury thermometer is very conven. measu[emcnts , 0 0 002 -0 001 

calibrated, and used* escapable ° f g Q f he sourC es of error wilh an other- 

(Regnault was content with 0 1 ). Among of volume of the bulb 

wise correctly graduated instrument ar ( ) * nd hydr0 static pressures) 

due to varying pressures, both column, and whether the 

and internal (effect of varying length o me y* jn ice . poinl owing 

instrument is used horizontally or vcrtica yh i ) jn vo|umc 0 f the bulb 

to thermal hysteresis of the glass, ^caus _g ^ change (which may be 
when the thermometer is healed and also he a slow 

003°-0*5°) not disappearing until s for Jena 16'" this ,s 

continuous change {secular change) for scserai ye ^ ^ 

depicted on the plate opposite the title-page of Lmnaeu 

n- mi »"’S 

Bur. Internal. Paid, el Mis.. 1886 5; IMS. T, a ' v . ,, Man. Bar I**™ ' 

dc la Thermometric dc precision. Paw. }***•*' ,n Wmkelmann. Handbu'. 
Mis., 1881, B 1; M*s.Abhl.Phys.-ieehn.Be«hsanu * O- Chjp p U ,s. Congas Inhm ' [ 

der Physik," 1906. 3. 12; Chrec. unJ Ergebn.ssc dc. Tcmpcratur 

Phys., 1901, 1. 131; Henning. " Die Grun j! l ?®cn. ^Dkt. of Applied nhys.es. I — •• 

1914. 36. 1; Richards and Jackson. Z.pA/j- CM j ‘ , 69 l7y> 213 . 223: 1937 . ' 

Clas u. Apparat, 1936. 17. 49. 59. 69. 75. ’ ’ f c ' n bulb see. e g . I’lckci'ng. £ » C2 551 

43. 65 (construction and calibr.); on effect ,/p Forbcv /. phyt. < • 1 • 

1887. 23, 406; on lag sec Richards. Hc J dc ^°"; ,, % I2 8 659; Mclxod. PM- - j 

(Beckmann thermometer); Harper. Bur. Stand ML W * ^ 4J 49 ; BroniWKh - 

37. .34 (in medium changing in '^^^JZfroday Soc., 1922. W. 

Mag., 1919. 37, 407; Gr.flilhs and Awbcry.7 a Licncvvcg . Miss, «'*'"• nil.. 

Trav. Inst. Mitral. Stand. U.R.S.S . . 1936. No >°- . n - Dic Grundlagcn da 
Werken, 1937, 16, No. hi. 1*2 1938. ,7 ; N ^^jT^rcury m ihermonwer*. Ol.vur. 
turmessung," Brunswick. 1915. 81; on cvaporat.on u 

Chem, Weekbl., 1917, 14. 325. Flauacrgucs. Ann. Chim.. 18--. «. >• 

* The secular change of zero was first described by I b p cr nct. 7r*r»- r, Af ‘. 
Muncke. in Gehler s " Physikalischcs Worterbuch. ^ ^ J7 . 553. « 5 

Internal. Poidset Mis.. 1881. B1 ; March.* aflc(< |Tcct (Nachwirkung). K I 

Allihn, Chem. 7 1909. 33. 130; on " lc in« h r. 7 phrs. < 

uuseh and Loomis, Am,. Phf.. I*W. •«•*'= Jj £T w. Hull. 1906. 2. IW. l*» lor *"•* 
54. 428; on " ageing " Ihcmomc.c.s, DKV.nson, Bar. -Sm» 

Noyes, J. Amer. Ceram. Si*.. 1944. 27. 57. 

14* 
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about 0 01° per year; (iii) an emergent stem correction, due to the fact that the 
mercury in the stem is not at the same temperature as that in the bulb. 

The emergent stem correction 1 may be avoided by having the thermometer 
calibrated so that it reads correctly when completely immersed up to the level 
of the mercury in the stem at each reading, but this position may not be possible 
in practice. A correction for the emergent stem can be applied by Kopp’s 
formula: 

i=i'+At'; .... ( 1 ) 

where /'=observed temperature, /=true temperature, /''=mean temperature 
of emergent stem, /»= number of emergent degrees on scale (i.e. number of 
degree marks between level of immersion and level of reading), a=apparent 
mean coefficient of expansion of mercury in glass, which for most purposes can 
be taken as 0 -000 16~ 1/6000 between 0° and 100°. The correction when the 
thread thermometer 2 is used is given by Adam as c =* (/ ' — t)/r(m + / — r), where 
/'=apparcnt temperature, r = number of unimmersed divisions, /=mean 
temperature of the mercury in these, m= Xfo, where ^apparent coefficient 
of expansion of mercury in glass. 

Dimmer 3 found that Kopp s equation (I) gave satisfactory results; ^ther- 
mometer reading, /, = temperature of secondary thermometer in air at half the 
height of the emergent stem, and a is a constant depending on the glass of the 
thermometer. For solid and hollow thermometers of Jena 16 111 from —30’ to 
100' a=0 000156; for solid thermometers of Jena 59" 1 a=0 000168, and for 
hollow thermometers of Jena 59 111 a=0 000l579, both from 0° to 400°. Tables 
calculated by Dimmer arc reproduced in Landolt-Bdrnstein; 4 only the first is 
given on p.427, since the corrections arc easily calculated from the formula. 

The Paris standard thermometers, formerly made by Tonnclot and later by 
Baudin, in verre dur , can, with full precautions, give a reading to 0 002° and 
sometimes to 0 001 . Barry 3 described a mercury thermometer for the range 
15-21° which can be read to 0-0001°, which he regarded as the limit of precision. 


1 Rcgnault. Mem. Acad. Sci.. 1847. 21. 225; Kopp. Ann., 1855. 94. 257; Holtzmann, in 
Lwbig and Poggondorff. “ Handwdrterb. d. Ctemie." 1859. 7. 368; Undolt. Ann., 1868, 
Supplb. 6. 129; Mousson. Ann. Phys., 1868, 133. 311; Mills. Chem. News, 1875, 31, 234; 
Team. Roy. Sac. Edin.. 1880. 29. 567; Thorpe. J.C.S.. 1880. 37, 141; Rimbach, Bcr., 1889, 
22. 3072; Guillaume. Compt. Rend.. 1891. 112. 87; Z. Instr.. 1893. 13. 155; Anon, Z. Inslr., 
1893, 13. 1 57 ; Wullncr. ** Lchrbuch dcr Hxpcrimentalphysik.** 1896. 2. 385; Wicbc, Arch. Necri, 
1901. 6, 323 (hollow stem); Dimmer. Wien Bcr.. 1917, 122, HA. 1439. 1629, 1735; Waidner 
and Mueller, Ind. En X . Chem.. 1921. 13. 237 (can be erroneous); Bcrl and Kullmann, Bcr., 
19.7.60. 8 15; Griffiths. ** Methods of Measuring Temperature.** 1925, l8;Busse, in**Tcmpcra- 
turc. Its Measurement and Control.** New York, 1941. 228; Noyes, Instruments, 1942, 15. 

,S r ' (ha,K Abs,r ’ ,9< D. 37. I0W. used an exponential formula; Kane and Schucltc, 
Oil and Soap. 1943. 20. 1 1 (nomogram). 

2 Thc ’* ,h ; cad thermometer " (Fadcnthermomclcr). introduced by Luz in 1784, is a thermo- 
meter with a long thin cylindrical bulb which is immersed alongside until the readings (mercury 
.J.O , .S°!a CU , , 5, ; ! n ^, ,hc bulb ls par,ly immcf scd and partly exposed; Guillaume. Z. Instr., 
189.. 12. 69; 1893, 13. 155: Mahlke. ibid.. 1893. 13. 58: Adam.Z. Instr.. 1907. 27. 101 ; Bucking- 
ham. Bar. Stand. Ball 1912 8. 239; Wicbc. Petroleum (German). 1912, 7. 1304; Schliiter. 
(hem. Ae.. 1915, 39. I 7; Mat. A.e/. Matcrialspritfimgsaml, 1915, 33. 505; Henning. **Tcm- 

Brunswick. 1915. 81; Ostwald-Luther. “ Phys.-chcm. Messungcn,” 5th 

Z. W?IW9"29 9 93' ,22 ' " A * l439, ,6I!9 * ,735: for ho,,ow thermometers see Meissner, 

n, 5X v ir* !?“ 3 * 2 - ,2I2: R °mberg*s tables, given in thc 4th edit., arc said by 

m r I ^ unrc ,ablc 1 bo ,jNcs ,n Landoll-Bomstdn have been checked with Dimmer's 

,hal "* la « ™«ry >n Table 1 in the column under 50' is 0-78 in 
Landoll-Bornstein. which is correct, instead of 0 80 in Dimmer. 


> J.A.C.S.. 1920. 42. 1911. 
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60 

70 

80 

009 

Oil 

0 12 

0 19 

022 

025 

028 

033 

037 

037 

0 44 

0 50 

047 

055 

062 

0 56 

065 

075 

065 

0 76 

0 87 

075 

087 

1 00 

084 

0 98 

1 12 

094 

1 09 

1 25 

1 03 

1 20 

1 37 

1 31 

1 50 



1 62 


the zero (0°) immediately after toung is 1 this recovery 

lag in recovery of the volume of he bu b^ With Jena S usual l0 

takes 2-3 days, with some other glasses it may take JO M «. > lhcn 

determine the depression after «posure.o steam for 30 — ^ Thc 

measure the ice-point immediately a erw • ,hermometcr has been 

assrsr. “'=<= • - - *■ 

depressions after cooling from the temperature stated. 


Glass 


25* 


50 


100 


Kcw 

Vcrrc dur ... 

Jena 16"' ... 

Jena 59'" ... 

Powell’s normal 



022 
0 II 
007 
00)5 
005 


An example of a full thermometer correction > is the following: 

Observed temperature reading 

Jcc-point reading 

Emergent stem correction • 


38-85 
0 15 
0 17 

38 87 


'**"■ ,8ivcn ,n “• 

... ^f^T-ooex, 8,^02 

correction for 0 (from certificate) 0 12 too high 

... scale and zero depression correction = — 0* 1 3 — ( — 0 1 2) — 0 02 =■ 

/. final corrected temperature- 

1 HOpplcr. Chem. Zir., 1933. 57, 394. , p . mi’ 1 1001. 

" f,om Dimmc,s ,aWcs " 
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It is convenient to make a table of the last three corrections conjointly for the 
range of the thermometer. Taylor and Noyes 1 found that the change of 
ice-point with time is given by y=a(\—e- mr ), where a and m are constants. 
Wiebe 2 corrected for freezing-point depression by having a piece of glass rod 
inside the bulb containing the mercury. 

Edenholm and Olsson 3 used the formula: 

where /,= temperature of emergent stem, t= observed temperature, «,= length 
of emergent stem in degrees, 1/A:=apparent cubic coefficient of expansion. A 
monogram for the emergent stem correction is described. 4 A proposed 5 
vacuum jacket to eliminate stem correction is useless. 6 Specifications for a 
laboratory thermometer in single degrees from —20° to +150° are given by 
Collins. 7 Duclaux and Hamelin 8 devised an arrangement for correcting for 
change of contact angle and electrification of the mercury. 

Mercury thermometers filled with carbon dioxide, 9 reading up to 500°, or 
(now) of borosilicatc glass and filled with nitrogen, reading up to 600°, are 
used. Thermometers containing potassium-sodium alloy ,0 (which turns the glass 
brown), or of quartz containing tin, 11 thallium, 12 or gallium, 13 have only a limited 
use and arc better replaced by thermocouples. Mercury in quartz has been used. 13 



Temp, on mercury scale— temp, on 

Temp. 

‘C. 


gas scale 


Vcrrc dur 

Jena 16 ,u • 

Jena 59 m 


-30 

-030 

-032 

-018 

-20 

-017 

-0 19 

-010 

-10 

-007 

-008 

-004 

o 

000 

000 

000 

+ 10 

0052 

+0056 

+0024 

20 

0085 

0 093 

0* ** 035 

30 

0102 

0 113 

0038 

40 

01075 

0 120 

0034 

50 

0 103 

0 1 16 

0026 

60 

00903 

0 103 

0016 

70 

0 072 

0 083 

0 0076 

80 

0050 

0 058 

0 001 

90 

0 026 

0030 

-0 002 

100 

0000 

0 000 

0000 


• Tubes of this glass have a thin purple line throughout the length. 

' J. Amer. Ceram. Soc., 1944, 27, 57. 

1 Z. Instr 1910, 30, 245. 

3 Amer. Chem. Ahsir., 1936. 30, 6248. 

4 Berl and Kullmann, Bcr., 1927, 60. 815; Somerville, Ind. Eng. Chcm. Ana!., 1945, 17, 675; 
Skau and Wakcham. in Wcissbcrgcr, “ Physical Methods of Organic Chemistry," New York, 
1945, 1, 35. 

3 Hahn, Z. ongew. Chcm., 1914. 27, i, 24. 

6 Dimmer, Z. angew. Chem., 1915, 28. i, 255. 

7 ,nl - fos- Chcm., 1921. 13. 240; on a short thermometer, sec Coste, J.S.C.I., 1913, 32, 
341, and discussion. 

8 J. de Phys., 1910, 9. 600. 

** Mahlke, Ann. Phys., 1894. 53. 965. 

10 Baly and Chorlcy, Bcr, 1894, 27. 470. 

" Dufour, Compi. Rem!., 1900. 130. 775; Northrup. Trans. Faraday Soc., 1917, 13, 212; 
Anon.. A/c*r. Chem. Eng., 1917, 17, 558 (in graphite to 2000 ). 

'2 McIntosh and Johnson. J.A.C.S.. 1912, 34. 910. 

” Boyer, Ind. Eng. Chem., 1925. 17. 1252 (to 1000 ); J. Opt. Soc. Amer., 1926, 13, 117; 
Moreau, Compt. Rend., 1937. 205. 967. 
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glass. 3 

5 4. Beckmann Thermometer 

Aftwrss?— ■5S ei! 

deserves full credit for making a reliable practica 
instrument available, and it is affectation to call 
his thermometer by any other name. Its con- 
struction and use are well known (rig. 3. )• 

It has a large bulb and only six degrees on the 
scale S, which is graduated in Too degrees, 
thousandths being read (with a lens) by inter- 
polation. There is a reservoir b at the top into 
which mercury can be driven by warming and 
then detached by shaking, if higher tempera- 
tures arc used, or from which mercury can be 
drawn by inverting and tapping and then warm- 
ing until the thread in the capillary joins that 
in b. It is best to have separate thermometers 
for use at widely separated temperatures, so as 
to avoid the necessity of heating the bulb too 
much, which introduces errors of change oi 
volume of the bulb. 

When a Beckmann thermometer is used 
account must be taken of the degree value, since 
the quantity of mercury in the bulb is not con- 
stant, some being taken out into the upper 
reservoir when higher temperatures arc used. 

In this case the reading is too small, II the 
reading is correct at 0°, then at 20 the reading 
is 20 x 0-000 163 =0-003° per degree too small, 
where 0 000163 is the apparent cocflicicnt of 
expansion of mercury in glass. The degree 
factor is thus 1 003, and any measured tempera- 
,urc change mus, be mu.np.icd by I 003 .0 g.vc 




Fig. 3. VI A. Beckmann 
Thermometer 


This assumes 

turc change must be multiplied by I W3 to ^ lhat in the bulb, 

that the mercury in the capillary is at the same tc pc 

» Trav. el Mim. Bur. Internal. Pauls ct Sics., !««. . £ ( hen,.. 18%. 20. M3. 

* Z. Insir., 1895, 15. 433; Scheel. Ann. Phyt . 999 . 

i See Higgins, in Glazebrook. " Diet, o Aj>pUcd Ph ”cs ; J A CSt |92l. 

« Phil. Trans., 1757. 50. 300; abdgd. edit.. I»09. 11 . I « on 
43,2309. 184 q in 289; Walfcrdin. ibid., 1842. 14. 63; 

5 Lottin, Bravais, and Martins. Compi. „ c. wyllncr, ** Lehrbuch dcr 

Bull. Sac. Geo!., 1841-2. 13. 113; Drion. Ann. Ch.m., 18 >v. so. a. 

Expcrimentalphysik." 1896.2, 161. . 656 18 %. 21 . 239; 1905. 51. 329; 

* Beckmann. Z. phys. Chen,.. 1888 2 I 313 1897. 23. 365; Arm. Pky s.. 

Griilzmachcr.Z. Insir., 1896. 16. 171 \2.phys. ■/ ,' Chen,.. 1910. 71. 257; Kulin. 

1899. 68. 769; Lcmkc. Z. Insir.. 1899. 9. 33; Srtmnpff. 7. /*£ Jtw . 27<>; C iray. " A 

Chen,. Zig., 1912. 36. 843; 1926. 50. 437; Daeh. a f. « Zcaiuag . 19.4. 1 13. 405; 
Manual of Practical Physical Chemistry." 1914. 48. l-cr>. 
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otherwise an emergent stem correction (§ 3) must also be applied, as with all 
mercury thermometers. It is usually sufficient to take a decrease of degree 
value of 0 001 for every 6° rise in temperature of the stem temperature. E.g. if 
a measurement is made at 0°, where the degree value is 1 000, and the stem 
temperature is 15°, the true degree value is 1 — 15x0-001/6=0-997°. Griitz- 
macher gave the following degree values (reduced to the hydrogen scale): 
A values are for totally non-immersed mercury thread and B values for 
totally immersed mercury thread: 


Inter- 

val 

-35° to 
-30° 

O’ to 5° 

20’ to 25° +5° to 50° 

95® to 
100® 

145° to 
150’ 

195® to 
200® 

245® to 
250® 

A 

0-982 

■Ea 

wrvm 

1 020 

1-037 

1 050 

in 

1-060 

B 

0-981 


I 009 

1-016 

1-026 

1-032 

HI 

1-039 


§ 5. Fixed Temperatures 

The production and maintenance of an ice bath within very narrow limits of 
temperature about O’ are not at all easy; an expert 1 has said that control to 
0°±0-0001° is not practicable, and a “ triple point bulb," in which ice, water, 
and vapour are present at +0 0077° and 4-57 mm., has been recommended. 2 
White, 3 in a most interesting and valuable paper, describes how control to 
0 0001° can be achieved. A cell is filled with pure crushed ice and provided 
with inlet and outlet tubes for washing the ice with pure chilled water, and this 
cell is immersed in a large ice bath. It may be used to maintain the cold junc- 
tion of a thermcl exactly at 0 5 over a long period. Roper 4 found that if an 
accuracy of 0 001° is required, White’s apparatus can be simplified: he washed 
the crushed ice in a single Dewar vessel with chilled pure water (at 0°±01°), 
siphoning o(T the wash water. Beattie, Benedict, and Blaisdell 4 gave for the 
ice-point: 

—0 0098 (p—760)/760—0 0075///( 13 -6x760) 
where p mm. is the pressure at which the water is saturated with air, and H mm. 
the height of the water surface above the middle point of the platinum thermo- 
meter spiral. Moser found the difference between the triple point and the m.p. 
of ice to water saturated with C0 2 -free air to be 0 00743+0 00005°, and since 
the melting-point of ice to this water is 0 0024°, the triple point itself is 0 0098°. 
The effect of dissolved air on the freezing-point of a liquid seems to have been 

Fajans and Wiist, " Practical Physical Chemistry," transl. Topley, 1930, 17; Ostwald-Luther, 
" Phys.-chem. Mcssungcn," 5th edit., 1931. 378; Matsui. Kambara, and Yoshino,/. Soc. Chem. 
lnd. Japan, 1932. 35. Suppl. Bdg. 313 (calibration); Bussc. in “Temperature. Its Measure- 
ment and Control," New York, 1941, 228; Reynolds. Chem. and Ind., 1947, 563 (resetting); 
on Beckmann. Z. tween-. Chem., 1923, 36, 341. 

> Moser (of the Rcichsanstalt). Ann. Phvs., 1929, 1. 341; Waring, Science , 1943, 97, 221. 
lojyMoser, toe. cit.; Michels and Coctcrier, Proc. K. Akad. Wctcns. Amsterdam, 1927, 30, 

i Rev. Sci. Instr., 1933. 4. 142; /..4.C.S., 1934. 56. 20. 

4 J.A.C.S., 1938, 60. 866; see also Foote and Leopold, Amer. J. Sci., 1926, 11 (211]. 

42. who say the f.p. of air-free water is +0 0023'; Thomas, Bur. Stand. J. Res., 1934, 12, 

313, 323, who says washed commercial ice (excluding the white core) is as good as ice from 
distilled water; Beattie. Benedict, and Blaisdell, Proc. Amer. Acad., 1937, 71, 327; Beattie and 

Blaisdell, Ibid., 1937, 71. 361. 375: Beattie, Tzu*Ching Huang, and Benedict, ibid., 1938, 72, 
137 (triple point 0 00981); Thomas, in “Temperature. Its Measurement and Control," 
New York, 1941, 159. 


















55 


FIXED TEMPERATURES 


431 


first investigated by Prytz.' Stimson 2 found that the pressure and dissolved 
air together lower the freezing-point about 0 00991C., 50 lhal 1 ^ 

is about +0-0100° C. Michels and Coetener* had found lhe ,cc ; po 
able by 0 01° on account of dissolved air, and recommended the triple point 

were proposed as constant temperature, 6 
The steam baft, for calibrating thermometers described by R^ 1 ' ,s d ^ ed 
in most textbooks; * an improved form was described byKeesomand vand 
Horst. 6 The temperature of the steam is found by taking the barometric 
pressure and finding the temperature at which the vapour pressure of » ter h 
This value in the tables of vapour pressures, or by u mg a 
Chappius- Steam-point apparatus ’ the steam column ^ * 

horizontal position to give the readings for vertical and horizontal positions ol 

the thermometer and thus the internal pressure “""1^ ”“ ° 

pressure has been given • as 0 001“ per 6 mm. Hg. it may cause errors 

more than 01 5° in vacuum distillations. 9 r _ etir( . Rp - M : e an d 

For the steam-point between 660 and 860 mm. pressure />. Beattie 

Blaisdcll 10 gave 

100 +0 0368578(p-750)-00 4 20I59I(p-760)J+0-0,I6’I(p-760)>. 

Some fixed points which have been proposed a''.'' 3 " 5 ''"" X™ 
of salts and water, but as these have been rather 

experimenters at different times they are no. the most a«*ura ^standards ana . 
best not used (where only one formula is given, the anhy 


NajSOg.lOHiO 

MnClj, 4 HjO-»2HjO .. 
SrCl 1( 6H 2 0-2H 2 0 
SrBrj, 6 HjO-*?HjO 
NajCrOg, I0 HjO-* 6H»O 
NajCrO«, IOH,0->4H;0 
NaiCf0 4 ,6H-0-4H 2 0 


32*383 „ Na:CO„ .0HiO-7H:O 32 017. > 

JESS.” sStso; .OHIO ,3 ,^000. ;; 

w ,,„ Na*S0 4 + NaCI (solid)... I7 87h±0 00. 

88 62 • , _in ms+0 0025 1 ' 

19 525 14 KCI cutcctic 

,9-987 14 KNO, eutectic ... •••- 

25 90 •• BatNO >)» eutectic •••“ 0 11 


■ Dansk. Vidrnsk. Selsk. Forhi. 189). 151 ; Ann. Phys. BeM.. 189). 17. 815. 

* J. Wash . Arad.. 1945. 35. 201. 

1 Proc. K. Akad. Warns. Amsterdam. 1927. 30. IQl', 

4 Prylz, 2. phys. Chrm.. 1904, 47. 729. . n , . II. 

» Balfour Stewart. " Elementary Treatise on Heat. Oxford. *. ^ 

‘ Proc. K. Akad. Warns. Amurnlom 1927. JJ- j* * . .. .‘mi j ' 994 (N.P.L 
. . - ....... of Applied Physics. »9Z-. 1 . 


.. apparatus 

7 Higgins, in Glazcbrook. 
also,. 

• Loomis, Ann. Phys., 1894. 51. 500 

9 Smith and Mcnzics. 2. phys. Chan.. ,910. 75. 4 8 . 

>o Sec note 4 on p. 4)0. .,,179 l903 43> 46 5 (32 383 on Hi 

11 Richards a al, 2. phys. Chan., 1898 26 - - • j.a.C.S., 1907. 29. 1)18 

thermom.,; Dickinson and Mueller. Bur- Stand- u • • • . 32 - 38 ) Hvk, Chem. Met- 

(32-384 >; Rcdlich and LocOlcr. Z. '«“■ *■ 7,6 

Eng., 1945. 52. No. 6. 115; this seems a reliable standard. 

” Richards a al.. 2. phys. Chrm.. 1908. 61. 313. 

U IKS* ,hc cfcsenc* of ,hc .wo 

an unreliable standard. 

•» Richards a ai. J.A.C.S.. 1914. 36. 485. 

Richards rl al.. 2. phys. Chrm.. 1906. 56 348. 

17 Rcdlich and LolBcr. 2. Elrktrochrm. 19)0. 36. 716. 

** Schoorl. Chrm. Werkbl.. 1915. 12 . 222. 
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The determination of temperature from the solubility of a salt (e.g. N32S04), 1 
or the use of ice and hydrochloric acid, 2 etc., are inconvenient and unreliable. 
Fusible metals of the Wood’s metal type were proposed as standards by Stein- 
metz. 3 The transition temperature of CC1 4 seems unsuitable, as it has been 
given differently by different experimenters. 4 The transition 5 Na 2 S0 4 , 
7H 2 0-Na 2 S0 4 at 23 -465° ±0 004°, is inconvenient. 


§ 6. Melting- and Boiling-Points 

In the following tables 6 the melting- and boiling-points are given in 0 C.: 

Elements 


m.p. 

b.p. 

1 

m.p. 

b.p. 

Aluminium 


659 8 

>2200 

Molybdenum 


2620 

3700 

Antimony 

... 

630 5 

1380 

Neon 


-248-52 

-245-92 

Argon 

... I 

-189 25 

-185 85 

Nickel ... 


1455 

2900 

Arsenic ... 

... | 

814-5 

615 

Niobium ... 

... 1 

1950 

3700 


I 


(sublimes) 

Nitrogen ... 


-210 

-195-8 

Barium ... 

... 

710 

1537 

Osmium ... 

■ • • 

2750 

>5300 

Beryllium ... 

... 1 

1280 

1500 

Oxygen ... 

• •• I 

-2184 

-183 

Bismuth ... 

... 

271 

1450 

Palladium 

• • • I 

1553 

2200 

Boron 

| 

2300 

2550 

Phosphorus t 

• •• i 

44 1 

287 

Bromine ... 

... • 

-7-2 

58 7 

Platinum ... 

• • • 

1755 

4300 

Cadmium ... 

... 

3209 

7673 

Potassium 

• • • 

63-50 

757-5 

Caesium ... 


28-45 

670 

Radon 

• • • | 

-71 


-62 

Calcium ... 

... 

851 

1439 

Rhenium ... 


3167 



Carbon ... 

... I 

3500 

4200 

Rhodium 


1970 

>2500 

Chlorine ... 

... j 

-101-6 

-346 

Rubidium 

••• I 

390 

700 

Chromium 

... 

1900 

2200 

Ruthenium 

... 

2450 

>2700 

Cobalt ... 

... I 

1495 

2900 

Selenium ... 

••• 1 

2202 

684-8 

Copper ... 

... ( 

1083 0 

2310 

Silicon ... 

• •• 

1420 

2600 

Fluorine ... 

... i 

-2178 

-187 

Silver ... 

• • • 1 

960 5 

1955 

Gallium ... 

... ! 

29-75 

>2000 

Sodium ... 


97-9 

882-9 

Germanium 

... * 

958 5 

2700 

Strontium 


800 

1366 

Gold 

... j 

10630 

2610 

Sulphur § ... 


112 8 

444 60 

Hafnium ... 

... | 

2200 

3200 

Tantalum ... 

••• 1 

2850 

>4100 

Helium ... 

... 

-272 

-268 87 

Tellurium 

• • • * 

452-5 

1390 

Hydrogen • 

... 

-259 

—252-78 

Thallium ... 


303 5 

1475 

Indium ... 

... » 

155 4 1 

>1450 

Thorium ... 


1845 


>3000 

Iodine 

... • 

1139 1 

1844 

Tin 


231 84 

2260 

Iridium 

... 

2440 

>4800 

Titanium ... 

• • • | 

1800 

>3000 

Iron 

... i 

1539 

2450 

Tungsten ... 

• •• I 

3390 


5900 

Krypton ... 

... 

-157 

-1529 

Uranium ... 

... 

1689 


3500? 

Lead 

... i 

327 4 

1620 

Vanadium... 

... | 

1710 


3000 

Lithium ... 

... ; 

180 

1336 

Xenon 

• • • 

-Ml 

•5 

— 107-1 

Magnesium 

... 

651 

1100 

Zinc 

• •• 1 

419 

4 

920 

Manganese 

... 

1260 

1900 

Zirconium 

• • • 

1600 


>2900 

Mercury ... 

••• ’ 

-38 90 

356 95 







• Deuterium, m.p. -254-5. b.p. -249 6. f While. § Rhombic. 

* Richards et ai.J.A.C.S., 1918,40, 164. 

2 Richards et at., Z. phys. Chon., 1906, 56, 362. 

.J/’ A CS '' l918, 40, 96 • for a ,on S table of fixed points, see Burgess. Amer. Chon. Absir., 
1912, 6, 288 1 \J. Chin,. Phys., 1913, II. 529. 

* McCoHough and Phipps. J.A.C.S., 1928. 50. 2213 (-48 45* ±0 02'); Skau and Meier, 
ihul 1929. 51, 3517 (-47 55' ±0 12 ): Johnston and Long, ibid., 1934. 56. 31 (-47-665°); 

H ®° lcy * and Stephenson, ibid.. 1944. 66. 1064; Davidson. Argcrsingcr. and Michaelis, 
J. Phys. Chon., 1948. 52. 332 (-47 8 1 ). 

5 Washburn and Clem. J.A.C.S., 1938. 60, 754. 

6 Landolt-Bornstcin. •*TabcIlcn." 5th edit.. 1923. 313 (elements). 335 (inorganic com- 
pounds). 366 (organic compounds): 1931. Erganzsbd. 2. i, 229; Wcygand Hand u. Jahrb. 
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MELTING- AND BOILING-POINTS 

Hume-Rothery » found that the b.ps. of elements arc given by T„N*V i /m= 
55 , where W= principal quantum number (§§ 14-I7.V) of the valency electron, 
lionising potential of the valency electron, m=atomic weight. The mclting- 
and boiling-points of elements arc periodic functions of the atomic weights. 
Increased density in allotropic forms is accompanied by increased m.p.* All 
solids which do not decompose can be melted and boiled in the electric arc 
furnace. 4 Some carbides have the highest m.ps. of any substances known, 
about 4100° K.5 and this has been related to the valences of the two elements 

forming the binary compound: 

LiF MgO TiN NbC 
rn.D.'K. 1115 2920 3200 4100 


For the same valencies, the m.p. of the binary compound AB is highest for a 
given relation between the atomic or ionic volumes of the constituent*, in many 
cases one of approximate equality. A small volume of one ion compared with 
the volume of the other ion leads to low m.p., the anion volume being of major 
importance. For low m.p. gases (HCI, etc.) the anion volume ,s overwhelming^ 
large in comparison with the cation volume. The m.p.s of elements are functions 

dements against atomic number, sec Fischer. J. prakt. Chem.. . • - , , V | V 

van Du sen and oihl. Bur. S'anJ. J. Res.. 1947. 39. 291 : deuterium. Scott. 
and Wahl, J. Chen,. Phys.. 1934. 2. 454 (b.p. 23 5 K. triple pt. 18^58 
Bull. Chem. Soc. Japan, 1937, 12. 51 1 (m.p. -218 ); gallium Rocser and Hofln ‘ ^ (m p> 

7. Res., 1934, 13. 673 (m.p. 29 780 gold. Holborn and Day. Ann Phy t; ^um! 

1063-9°); hydrogen, Hcusc and Otto. Ann. in j Wcnscl, 

Henning and Wensd. Bur. Stand. J. Res.. 1933. 10. 809 (f-P -J 54 *- 1 • ,^9 

Bur. Stand. J. Res., 1941, 26. 273; lithium. Hartmann and an j otto. 

180, 275; krypton. Allen and Moore. 7.^.C.5.. 1931^2. -5... w , j 

Ann. Phys., 1931. 9. 486 (m.p. -38 832°); Henning, tbid.. l9l4. 43 8 nuLCL 
Roescr. Bor. Stand. J. Res., 1930. 5. 1309; van Durand Aoyanu 
39, 291; niobium. Wcnscl and Rocscr. Bur Sla " ,, J - Rcs . ! - \. ' v n H cusc and Otto, 
and Kanda. J. Chem. Soc. Japan. 1934. 55. 15 (bp. ™ US J , 9?4( 

Ann. Phys., 1931. 9. 486 (b.p. -182 962°); , Aoyama and Kanda. .IChaf&K .Jop . 

55. 15 (b.p. -182-98°); platinum. Ribaud and Mohr Compt. Ren,l»l*\ '• 

1762°); Schofield. Proc. Roy. Soc.. 1934. 146. 793; HoffmanH and ^T.ng alt. 

Moore, J.A.C.S., 1931, 52, 2522; zirconium. Waggaman and Gee. op. at. (m.p. 

1 J. Phys. Chem., 1940, 44. 808. _ .... 1019 1.251; 

* Billz, Z. Elektrochem., 1913. 19. 613; Ono. Proc. Phys. Math. Soc. Japan. 

Rcnaud. Bull Soc. Chim., 1945. 1060. 

1 Mohr, Ann., 1872, 62, 61. . ,«v»a 11 las 

« Moissan, Compt. Rend.. 1906. 142, 189.425 CJ.m '906.^. 145. Z . 

* Friedcrich and Sittig. Z. onorg. Chem.. 1925. 144. '69J925 -a. . I9 2J. 

Phys., 1925. 31, 813; on refractory nitrides, see Fncdench andSmg.Z. • 

143, 293; for the fusion and evaporation of carbon, see. c.g.. Alterthum. Z. nJt. 

6, 540. 
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of the forces by which the atoms are held together by valency electrons: 
the highest m.p.s occur at places where metals change to non-metals in the 
Periodic Table. 1 Ruff 2 * * 5 6 found no regular relation of the b.p. with the mass of 
the central atom, the atomic volume, or the number of atoms in the molecule. 
The most important factors for volatility are the minimum negative charge on 
the central atom and the symmetry of the molecule, high symmetry favouring 
volatility. 

The relation between melting-point and the valency forces between the atoms 
was clearly stated by Nernst,* the high m.p. of diamond, for example, being 
attributed to the strong chemical valency bonds between the carbon atoms, and 
the low m.ps. of the inert gases to the weak van der Waals forces between their 
atoms. 

Inorganic Compounds 


HCN * 

HF> 

PCIj» 

POCI, 

POFj 7 

SiCI 4 

TiCh 

SnCU 

GeCU 

AsCI, 

AsBr, 

SbCI, 

SbBr, 

HgiCI, 

Hg:l: 

HgClj 

HgBr; 

Hglj 

PbF : 

PbCI, 

PbBr* 

Pbl 2 

TICI 

TIBr 

Til 

LiF* 

NaF 

KF... 

LiCI 

NaCI 




m.p. 

b.p. 

• •• 


-13 24 

25-70 

• •• 

000 | 
000 . 

-83 

194 

• •• 

000 1 

-92 

76 

• •• 

000 

1-25 

1 107-2 

Ma 

000 

-39 4 

1 -398 

• •0 

000 

-68 7 

57-0 

000 

000 

-25 

136 4 

000 


-33 

1 1141 

000 

000 

-49-5 

! 86-5 

000 

000 > 

-16 

130 

000 

0 00 

32 8 

221 

000 

000 

73 

222 

... 

000 

966 

283 

... 

... 

525 

383 

... 

000 

290 

310 

... 

000 

280 

302 

... 

000 

238 

320 

... 

000 

257 

350 

... 

• •• 

818 

1290 

... 

000 

498 

954 

... 

000 

373 

916 

... 

000 

393 

950 

... 

000 

451 

708 

... 

000 

463 


... 

... 

446 

800 

... 

... 

840 

1676 

... 

... 

992 

1695 

... 

... 

S46 

1505 

... 

... 

614 

1382 



803 

(1430 




\ 1441 


KCI 

LiBr 

NaBr 

KBr 

Lil 

Nal 

Kl 

LijCOj 

NajCOj 

K;CO) 

CuCI 

CuBr 

Cul 

AgCI 

AgBr 

Agl 

CaF; 

CaClj 

CaBr, 

Cal 2 

AICI« 

AIBr, 

All, 

L«:S04 

Na ; S0 4 

KjSO, 

Rb : S0 4 

CS;S0 4 


... 


i m.p. 

b.p 

768 

1417 

535 

1310 

766 

1393 

748 

(1376 

1 

450 

1 1381 
1170 

660 

1300 

| 682 

1330 

735 

_ 

853 



894 

— 

430 

1367 

488 

1345 

588 

1293 

449 

1554 

419 

_ 

556 



1330 

2451 

774 



W.v.iMl 

812 

740 






(2-5 atm.) • 
97-5 j 

265 

191 

>350 

859 



897 | 

— 




EXZM 

— 

1019 




1 See note 2 on p. 433. 

2 ,919 * 52 - l22 l (tables ofb.ps. of salts). 

Samm^°r!, r ^n t . tj .^ r | diC k ' nc,i f^ T** 0 ™ dcr Materic und der Elcktrizitat ” (Wolfskehl 
bamml Gottingen). Leipzig and Berlin. 1914. 63; Mazzucchclli. Gazz.. 1920. 50. i. 93. 

Giauquc and Ruhnwan. J.A.C.S., 1939, 61. 2626. 

5 Wohler and Jung. Z. phvs. Chen,.. 1933. 2IB. 31. 

6 Biltz and Jeep. Z. anorg. Chen,.. 1927. 162. 33. 

7 Booth and Dutton. J.A.C.S.. 1939. 61 2937 

2 ,: 5 ^ lin ^ inls of 'Vancnbcrg and Schalz. Btklrcchtm., 1921, 
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J6 MELTING- AND BOILING-POINTS 

In the following .able H » is .he densi.y in g./ml. a. 15°. V 5 the refrac.ive 
index for the sodium line at 15° ; H. is the hydrogen line 6563 A. 



acetaldehyde, CHjCHO ... 
acetic acid, CH jCOOH 

acetic anhydride, (CHjCOhO 
acetone, (CHj)jCO 

acetophenone 

acetyl chloride, CHjCOCI 
allyl alcohol, CH 2 :CH.CH 2 OH 

iso - amyl acetate, CH3COOC5H1 
n-amyl alcohol, CsH 1 iOH 
iso - amyl alcohol, CjH 1 iOH 

/erf-amyl alcohol, CjH 1 jOH 

anethole 

aniline, C 6 H,NHj 

anisole, C*H j.OCH > 
anthracene 

anthraquinonc 

bcnzaldehyde, C*HjCOH 

benzene, C#H* 



139 5 
56 48 ’' I 
56 20 J 
202 0 * 

51 

97 0* 


benzoic acid 

be nzo nitrile, C*HjCN 

tbenzophenone, (CoH^CO 

benzoyl chloride, QHjCOCI 
benzyl alcohol, C 6 HjCH 2 OH 
bromobenzene, C 6 HjBr 
bromoform, CHBr j 
a-bromonaphthalcne, CioHjBr 

butane ( see hydrocarbons, below) 
n-butyl alcohol, C4H9OH ... 


-73 85 * 

— 1 17-2 7 * ( 

— 11-9 75 
22-5 
-6 1 > 

—5 98 64 
-37-5* 
217-5 
(213) 
286 (subl.) 
-26 


5-51 »» 

5.497 

5*58 » 

5 483 * 

5-50 »• 

5 48 “ 

5 493 
1. 12 

5-7 

5 85 74 
122 36 ** 

— 12-9 75 
-13 8* 

47 8 *» 

-05 
-15-3* 
-30 6 ■*> 

8 05 ! 
610'* 

6 20'* 4 

—90 2 1 

-79 9 75 


0 7834(20') 1-33157(20 ) 

1 05148 1 37182(20 ) 

(18) 

1 0876 1 39038(20 ) 

0 79597 ! 1 36157 ! 

1 0238 1 53427 

(25*) 4 09 l*) 

1 03236* I 5363 6 
0 85511 * 141175 

(Ha) * 

0 8764(20 ) 1 40143(1 8 1*) 
0 81837 * 1 41173 * 

0 81289 I 4084(17 8*) 


1420 
138 25 * 

131 6 
(765 mm) 

101-8 0812 “ 

7)5 2 098556(21-6 ) 1 5624 (12 ) 

184 40 * 1 02613 * 1 58872 * 


153 80 6 
333 9*' 

376 8*' 

179 1 

(751 3 mm.) 
80 093 ** 
80 2 “ 

80 110 » 7 , 
80 08 "> 


0 99858 6 
1-25(20 ) 


I 0504 


08791 
( 20 ’) “ 

0 88420 "* 

087367 


I -51961 • 

1-54629(17 6’) 
I 50439 •<> 


1 49794 
(25 s ) “ 


250 03 *' 

191-10 * 
305 44'* 
305-9 •' 
198 

205-45 6 
156 15 «o 
149-55 * 
277 “ 


(25 ) »* 

1 00948 » 1 53056 * 


I 04927 4 

1 50170** 

2 90350 ! 

1 4834 

(20 ) '*- 


1 54259® 
1-56252 “ 
1 60053 - 
1 6582 
(20 ) •*- 


|, 8 . 0 2 0 81337 ! 1 140118! 


See pp. 440-2 for footnotes. 


f The a-form. 
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Organic Compounds — continued 



I 

m.p. 

b.p. 

p 4 xs 

«D ,S 

/jo-bulyl alcohol, C4H9OH 

glassy* 

108 10 * 

0 80576 * 

1-39768 * 


1 —108 ’5 




- - 

icc-bulyl alcohol, C 4 H 9 OH 

! — 1 14-7 M 

99 50 * 

0 81088* 

1-39946* 

/*r/-butyl alcohol, C 4 H,OH 

25 55 M 

82 50 '< 

07762 



1 


(30-) '* 


/(•butyric acid, CjHj.COOH 

| -5-50 * 

164 05 * 

0 96286 * 

1-39803 


| 



(Ha) * 

wo-butyric acid, CjHj.COOH ... 

-46 1 " 

154 70'* 

0 95296 '* 

1-39525 '* 

camphor (</),CioH i *0 

180 

209 



carbazole, (C«H 4 ) 2 NH 

240-3“ 

354 



__ 

carbon disulphide, CS 2 

— 112 * 

46 25*-” 

1 27055* 

1-63189* 


-1168* 

46-85 »' 

— 

1-63149 ’• 


-11181* 

— 





-111-99 «* 

_ 





carbon tetrachloride, CCI 4 

, -22-85 «* 

76-75 »«.'• 

1 60370 '0 

1 46305 '0 


-22 9'« 





| -22-95 '• 


- 



carbonyl chloride, COCI 2 

’ -104’* 

82 

1 432(0*) 



1, 2,4-carvacrol, CH,.C*H,(OH) 

05 

(756 4 mm) 
237-9 

0-981 


CH(CH,), 

* 




chloral. CCIj.CHO 

-57-5 

97-7 

1-5121(20°) 

1 4557(20°) 

chlorobenzene, C*HjCI 

-45-2 «i« 

13200 

1-11172 »• 

1-52748 10 



10 . IS 




-451 »• 






-45 35 '• 






chloroform, CHClj 

-63-5 

61-20 

1 49845 «® 

1-44858 »* 


10 . u. is 

10 . It 




-63-7 • 



_ _ 

_ 


-63 2 *« 





. 


—63*45 •* 



_ 


«-chloronaphthalcnc, CiaHiCI ... 



262-7 

1 19382(20*)! 1 6332120 s ) 

0-chloronaphthalenc, C I 0 HtCI ... ' 

56 

264-3 

1 2656(16°) 

1 0785(20°) 


o-chlorotoluenc. C 7 H 7 CI ... 

-34 

159-5 

1-52221 (25°) 

m<hlorotoluenc 

-47-8 

1622 

107166(20°) 

1-5214(19°) 

//-chlorotolucnc 


(756-5 mm.) 
161 8 

I- 0700 (20°) 

1-51895(25°) 

cmcol, CioH |»0 .;. 

0 9** 

176 4 

09294 

1 45839 (20°) 

cinnamic acid, C e H 5 CH:CH.COOH 1 

fl<itral,C,H 15 .CHO 

o-crcsol, CH).C*H 4 . 0 H ... 

//i-crcsol, CHj.C 4 H 4 .OH ... 

133 

300 



30 95 

11 95 '* 

228 

190 67 

202 70 

0 8868 ( 20 °) 

1 0458(25°) 

I 03803 '* 

1-4875(20°) 
1-5453(20°) 
1-54318 >* 

/»<rcsol.CH,.C*H 4 . 0 H ... 

cyclobutanc, C 4 Hj 

cyclohexane. C*Hn 

37 

-50’* 

6 40 I* 

202-32 *' 
11-12 

80 80'0 

1 0341(20°) 

0 7038 (0°) 

0 78310 10 

1-5395(20°) 
1-3752(0°) 
1-42886 i° 

cyclohcxanol. CH : :(CH ; .CH 2 ) 2 : 

23-9 ’* 




CHOH 

25 15 ** 

161-10'* 

0 94155 

1-46477 

cyclohexanone. C H 2 :<CH ; .CH 2 ) 2 : 

— 15-0 ’* 


(30°) i> 

(25°) u 

CO 

-16 4 «* 

155-65 '* 

0 95099 '* 

1-45203 '* 

1. 4-cymene. CH,.C*H 4 .CH(CH,) ; 

cij-dccalin 

/ra/u-deealin... 

//-dichlorobcnzcne. C 6 H«CI • 

-51 

177-3 

0-8570(20°) 

1-4926(13-7°) 

— 36 

53-13*’ 

193 

185 

174 

0-8952 

0 8695 (20°) 

1 48054(20°) 
1-46958(20°) 

dimcthylamine, NH(CH>) 2 * 

—92 19 

«. :i 

6-88 *> 

0 6804(0°) 

1-350(17°) 

dimcthylanilinc, C ft H } N(CH ,) 2 ... 

2 45 * ; 

1 

194 15 * 

0 96012 * 

1-56083 * 






MELTING- AND BOILING-POINTS 


437 


§6 


Organic Compounds — continued 


m.p. 


b.p. 




"i , 1 


0- dinitrobenzene, C 6 H 4 (N 0 2 ) 2 ... 

m-dinitrobenzene, C 6 H 4 (N 0 2 ) 2 ... 
p-dinitrobenzene, CeH 4 (N0 2 ) 2 ... 

1- 4 dioxane, 0<(CH 2 .CH i)£>0 . . 

diphenyl. C 6 H 5 .C*H 5 

diphenylamine, (CftHj) 2 NH 

4, 4'-dipyridyl, C5H4N.C5H4N .. 


ether. (C 2 H } ) 2 0 


stable 


metastable < 


ethyl acetate. CHjCOOCjH 5 

ethyl alcohol, CjHjOH 

cthylamine, C 2 HjNH 2 

ethyl benzoate, C*HjCOOC 2 H 5 .. 
ethyl bromide, C>HjBr 

ethyl chloride. C 2 HjCI 

ethyl formate, HCOOC*H» 

ethyl iodide, C 2 H,I 

ethyl malonate, CH 2 (COOC 2 H ») 2 


116 93 
89 59 
173-5 

II 80«» 
69 0 '» 

52 98 
112 

-116 3 2- 1 * 
-117 6 2 * 
-123-3 2 | 

-123 7 20 j 
-123 6 «-2o 

— 123 3 •* 
-824 

-114 6 

— 112 75 
-34-7 7 

— 117-8 77 
-1 19 O'* 
-136 4 '» 
-79 4 » 

-lll-l 2 
-105 77 
—51-5 •« 


318-14 
302 6 
299 

101 40 «» 
254 93 •» 
302 
3W8 
34 60 2 
34 50 70 


03916' 


0 71925 2 


1 42436 


I 35555 2 


77 06 

78 319* 
16 6 

212 45 7 

38 40 *0 
12 30 »> 
54 15 > 

72 30 2 

199-30 14 


0 9005(20 ) 1 37257 <20» 
0-78992(20 1 I 36170(20 » 
0-789344(20 1 36232(20 » 
0 7059(0 ) 


05112 7 

I 47080 >® 
0 90280 •» 

0 92892 > 

1 94707 2 
I 06040 


1 50748 7 

I 42756 '* 

I 36047 

(Ha ) 7 
I 51682 2 

I 41393 


ethyl tartrate (tf). C 4 H 4 0*(C 2 H5) 2 

17 

280 

— 

A 

■ f 4 I / A I A 

ethylene bromide, C 2 H4Br 2 ... 1 

10 00 '* 

131 70 »* 

2-191 1 '« 

1 54160 10 

ethylene chloride, C 2 H4C1 2 ... , 

-35 5 * 

83 50 2 

1 26000* 

1 44759 * 

ethylene oxide, C 2 H40 

— 111-7 •> 

10 7 •» 

0 89713(0 )'> 


1,4, 3-eugcnol,* C,H 5 .C ft H,(OH) 

OCH, 

103 

253 

1 -071 

1 5416094 ) 

fluorobenzenc, C«H S F 

-41 9* 

84 85* 

1 03091 * 

1 46837* 

formamidc 

2 55* 

— 

1-13756* 

1 44911 * 

formic acid, HCOOH 

8 25 

100 7 

1 22647 

1 -37137(201 

fumaric acid, COOH.CH .CH. 

286 5 

290 

— 

— 

COOH 

. 

77 0(37 mm) 

— 

— 

furfural, C 4 HjO.CHO ! 

-31 

161-7 ♦* 

1 1 563 (25) 

1 5:608(20 ) 

glutaric acid. CH 2 (CH 2 COOH) 2 

975 

304 

— 


glycol, (CH 2 OH) 2 

-126* 

197 85* 

1 11710* 

1 43312 * 

glycerol, HO.CH 2 .CHOH.CH 2 .OH 

18 07* 7 

290 

1 26443 * 

1 1-47319* 

o-guiacol, HO.C 6 H 4 .OCHj 

32 

205-1 

1 -1287(21 4 ) 


indene, C«H* 

-2 

182 4 

1 0059 (4 e ) 

1 571 1(12 7 ) 

indole. C,H 7 N 

52-5 

254 

— 

— 

iodobcnzcnc, C«HsI 

-28 5 77 
-31-35 7 

188 45 7 

1-83829 7 

— 

1 «A 

3 

J-limonene, C 10 H 16 

-969 

177 7 

0846 

1 4749 

maleic acid, COOH.CH:CH.COOH 

' 130 5 

— 

— 

— 

mannitol, CiHuO* 

166 05 ’2 

— 

— 

— 

rf-mcnthol, CioHi*OH 

43 5 

216 4 

— 

— 

menthyl benzoate, C|jH 24 0 2 

54 5 

— 

— 

— 

1, 3, 5-mesitylcnc, CsHsCCHjb ... 

-46 

164 6 

0 863 4 (20 ) 

1498040 7 1") 

mesityl oxide, C 6 H 10 O 

-59 

128-39 

0 86532 (20- : 

1 1 44582(16 4-) 


Oil of cloves. 
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Organic Compounds — continued 



m.p. 

b.p. 

/>4»* 


methyl acetate, CH jCOOCH j ... 

-98 05 

570 

0-9337(20°) 

1-36143(20°) 


-98-7 

— 

— 

— 

methyl alcohol, CH jOH 

-97-8 ** 

64-72 

0-7952 

1-3312 


—97-88 ** 

— 

— 

— * 


-97 68 *’ 

— 

— 

— 

methyl aniline, C 6 H 5 NHCH 5 

—57 (?) 

196 25 * 

0 99018 * 

1-57367 * 

methyl benzoate, C 6 HsCOOCHj ... 

— 12 4 5 

199 50* 

1-09334 » 

1-51924 * 

methyl bromide, CHjBr 

-93 

4 5 

1-732(0°) 


methyl chloride, CHjCl 

-97-72 » 

-2409 *i 


— 


—91*5 ** 

-23-73 


— 

methyl iodide. CHjI 

-64 4 ’* 

— 

— 

— 

-66 45 ■« 

42 50 m 

2 29300 t* 

1-52900 

(Ha) '< 

methyl ether, (CHj)iO 

-138 5 >* 

-249 

— 

— 

methyl formate, HCOOCH » 

-9975 

31-85 

0 9742(20°) 

1 -34332 (20°) 

methyl salicylate, HO.CjH*. 

COOCH, 

-86 

223-3 

H 850(20-2°) 

1-53773(18-1°) 

methylaminc, CHjNHj 

— 

-6-7 *1 

— 

— 


-93 46 *• 

-6 32** 

— 

— 

methylene bromide, CHjBr » 

-52-7 * 

96 95* 

2-50986 » 

1 540 12 

(Ha) 

methylene chloride. CH 2 Cl a 

-96 8* 

39 95 » 

1-33479 

1-42466 
(Ha)* 
1-74428 * 

methylene iodide, CH a I a 

a 5 54 * 

180 

3-3345 * • 


5 60 * 

— 


— 


0 601 »• 

— 

— 

— 


6-10 * 

— 

— 

— 

naphthalene, C 10 H 1 

8005 »* 

217 68 1* 

— 

— 


— 

218 06*1 

— 

— 


— 

218 0 io 

— 

— 


_ 

217-96*1 

— 

— 


— 

217-97** 

— 

— 

o-naphthol, CioHjOH 

96 

288 

— 

— 

0-naphthol, C,„H,OH 

122 

294-9 

— 

— 

a-naphlhylaminc, CioHjNHj 

50 

3008 


— 

0-naphthylamine, C 19 H 1 NH 2 

112 

306 1 

— 

— 

nitrobenzene, C 6 H 5 NO a 

5-70 >* *! 

210 80* 

1 -20824 * 

1-55457 * 


5-76 »* 

— 

— 

— 


5 83 * 

— 

— 

— 

nitrocthane. CjHjNOj 

-90’* 

114 5 

10461(25°) 

I-39007(24-3°) 

nitromethane, CHjN0 2 

-28 6* 

101-25 » 

1-14476* 

1-38139 
(Ha) > 

p-nitrotoluene, CH j . C*H< . NO*... 

51 65 >» 

238 501* 

1-12259 
(55°) »* 

1-53818 
r (55°) » 

palmitic acid. Ci 6 H) 2 0 : 

62 65 »* 

— 

— 

— 

phcnanthrcnc, (C»H 4 CH) a 

996 

3402 

— 

— 

phcnctolc, C*H»OC’H* 

-302 

170-35 

0 9666(20 2°) 

1-5076(21°) 

phenol. CftH.OH 

t 40-75 •* 

182 20«* 

1 05446(45°) 

1 -54027 
(45°) '* 


40 6’* 

— 

— 

1 ~ 

phcnylacctic acid. CoHjCH ;COOH 

76-7 

265 5 

— 


phoronc, CgHuO 

28 

1972 

1 (743-3 mm.) 

0-8850(20 ) 

1 - 

_ 

! 1-4998(20°) 

phthalic anhydride.C 6 H4<(CO);>0 

130 95 »> 

295-09*' 

— 


131 6 




• Coefficient of expansion. 00.81. t Literature values. 33-9 J -13°. 
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a-picolinc, C^HtN 

a-pincne,* C 10 H 16 

piperidine, CH 2 <(CH 2 .CH 2 ) 2 >NH 


pipcronal, CtH®03 

propionic acid, C 2 HjCOOH 

propionitrile, C 2 HjCN 

n-propyl alcohol, CjHjOH 

Iso - propyl alcohol, CjH 7 OH 

n-propyl bromide, CjHjBr 
n-propyl chloride, CjH 7 CI 
n-propyl ether, (CjH 7 ) 2 0 ... 
n-propyl iodide, C 2 H 7 l 

/50-propyl iodide, CjH?! ... 

pyridine, CjHjN 

pyrrole, C 4 HJN 

quinoline, C9H7N 

/ro-quinoline, C 9 H 7 N 
salicylaldehydc, C 6 H 4 (OH)COH 

salol, CijHioOj 

skatolc, C,H 9 N 

styrene, C|H« 

succinic acid, C 2 H 4 (COOH ) 2 
tartaric acid, C 4 H 6 0 6 

terebenc.CioHu 

a-tcrpineol.CioHnOH 
tctrachlorocthylcne, (CCl 2)2 

tetralin, C 10H 1 2 

tclramcthylmethanc, C(CH ,) 4 

thiophen, C4H4S 

thymol, C 10 H 14 O 

toluene, C*HjCH, 


69 9 
50 

•10 5 ” 


37 

-22 ” 
-208 
—91 *9 ' 4 


-89 5 ' 4 


129 « 0 950 1 50293(16 7 ) 

156 2 0-859(20') I -46634(1 8- 1 4 ) 

106 40” 0 86591 ” 1 45515 ” 

106 5 1 -' — — 

106 3 — - 

(751 mm.) 

263 — 

140 0 9916(20 > 1-38736(199 ) 

97 20' 4 0 78673' 4 1 36641 


97 15 14 0 80749 ' 4 1-38501 

(Ha) 14 

82 40 14 0 78916 » 4 1 37719 


(Ha)' 4 
I 43695 •<» 


-MOO'® 7100'® 1-35965'® 1 43695'® 

-122 8 46 60 0 890(20 ) ,1 38838(20 ) 

-122 — 0 7360(20 ) 1-38318(14.5 ) 

-101-3 * 4 102 45 « 4 1 75840 « 4 , 5044 ( 8 Hs)M 

-90 1 ' 4 89-45 14 I -71371 1 * 1 49763 

(Ha) « 4 

-418” 115-50 •>- 0 98783 ” I 1-51247 ” 

— 115-2 — - , 

_ 130 5 0 948(20 ) 1-50347(19 V) 


— 15-0 75 
— 15 6” 
24 6 
-7 
42-5 
95 

30-7’* 
182 8 
170 

35 

-22 35 
-31 ” 
-350 


237 10 ” 1 09771 ” 162928 ” 


238 

1965 

173/12 mm. 
2662 
144 
235 


I 0925(20 ) 1-62233(25 1 ) 
1669(20) — 


09073(19 9 )il 54849(16 6 ) 


163109 | 1-50566(20 ) 

0 973105 D I 5434(20 ) 


- 207 3 — 

_ 146 4 74 0 7524 1 4200 

(p 4 -'°) 74 («d ; o » 1 

-38 30 * 84 12 * 1 0573(25 ) 1-52989(18 ) 

51 .< 231 5 0 9689(24 4 )1-5189(24 4 ) 

-95 01'® 110 70 ” 0 87160 '®t 1 49985'® 

_ 110 58'® — — 

-95 1 »*•* H0 80 — — 

10. M 


-38 30 * 
SI 5 

-95 01 '® 


o-toluidinc, C 7 H 7 NH 2 
m-toluidinc, C 7 H 7 NH 2 
P-toluidinc, C 7 H 7 NH 2 


-16 4 ^ 200 40 * 1 00279 * 1 57486 > 

-31-25 » 203 40 * 0 99302 * 1 57021 * 

«■»“! 200 55-. 0 96589^. 55344^ 


t At O’ o'^OM.'aiid 25° 0 8622: see footnote 19; Smith and Wojciechowski, Roan. Chenu. 
1936, 16, 104, give p 4 ”= 0 86172. 
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Organic Compounds — continued 



El 

b.p. 

p t is 

no 1 5 

trichloroethylene. C 2 HCI} 

-86-4 

87 

— 

— 

triethylamine, N(C 2 Hj)j 

— 114-7 * 

89-35 > 

0-73255 3 

1-40133 

(Ha) 3 

urethane, CjHiOjN 

487 

184 

— 

0 -xylene,C 6 H4(CH,) 2 

-25 34 ” 

142-5 

0-8804(20°) 

1-50265(20°) 

-25-22 

144 41 to 

— 

— 

/w-xylcnc, C*H«(CHj )2 

— 17-89 37 

139 15 

0 8641 (20°) 

1-4996204 9°) 

^-xylene, CaH^CHjh 

+ 13-28 

mam 

— 

— 

13-23 »» 

Era l 

0 86535 >« 

1-49860 1® 


13-35 

138-36 i« 




Hydrocarbons 50 



m.p. 

b.p. 

/>««» 

/»d'3 

methane, CH 4 

-182 5 3* 

-161-4 3* 

— 

— 

ethane, CjH6 ' 

-183 3” 

-89 1 *<> 


“ 

propane, CjH» 

-187-7 41 

-42-1 *» 




-187-1 33 

-42-17 33 

— 



_ 

-41-14*3 

— 

— 

/i-butane, C«H 10 

-138-3 *» 

-0 5 *» 

— 

— 

n-pcntanc, CjHij 

- 129-7 ** 

36 0** 

— 

— 

-129-1* 

36-10* 

0 631 14 6 

1-36033* 

no-pentane, CjHu 

— 1 59*6 

27-95 

0 62470 >« 

1-35796 10 



11. 10 




— 159-9 »* 

27-89 »* 

— 

— 


-1600*3 

— 

— 

— 

n-hexanc, C#H|4 j 

-95 0 >« 

68 80“.-' 

0 66380 3 

1 -37787 * 

-95-39>* 

68 72 3* ! 

— 

— 


-95 1 * 







n-hcptanc, CjHi* 1 

-90* 

98-35* 

0 68785* 

1 39002 * 


-90 6 3* 

98-4 >* 

— 

— 

/i-octane, C|H 11 1 

-57-3 »* 

125 80»*.-' 

0 70637 3 

1 40007 3 


-574)* 

— 

— 

— 


-56-8 *3 





— 

/i-nonanc, C*H 20 , 

-53 9 3* 

150 7 * 

0-71780 (20°) 

1 40563 (20°) 


—53-7 3* 

— 

_ 

— 

ethylene, C2H4 ' 

-I69-4** 

— 103 9 45 

— 

— 

propylene. C.»H* 

-185-2** 

-47-6 *3 

— 


acetylene C*H: 

-81 0** 

-83-6** 

(sublimes) 


1 

isoprene, CjH» 

-146 8 ** 

344)7” 

0-7003 

1 42207(18-3°) 


> Henning. Ann. Phys., 1914, 43. 282. 

1 Timmermans and Martin, J. Chim. Phys., 1928. 25. 41 1 (also values for other compounds; 
sec also Timmermans. Bull. Soc. Chim. Bek., 1911, 25. 300; 1914, 27. 334; Proe. Roy. Dublin 
Soc., 1912, 13, 310. for values for several organic liquids). 

i Timmermans and Mmc. Hennaut-Roland, J. Chim. Phys., 1930, 27, 401; 1932, 29, 529 
(also values for other compounds; see table in Amcr. Chem. Abstr., 1931, 25, 2038). 

4 Morgan and Lammert. J.A.C.S., 1924, 46. 881. 

5 Timmermans and Hennaut-Roland../. Chim. Phys., 1935.32, 589 (also values for other com- 
pounds); Bingham and van Klooster. J. Phys. Chem., 1920, 24. 1. found b.p. of aniline 182-75°. 

6 Timmermans and Hennaut-Roland, J. Chim. Phys., 1935, 32. 501 (also values for other 
compounds). 

7 Mcnzics and Lacoss. J. Phys. Chem., 1932. 36. 1967. 
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8 Masson, Nature, 1931, 128, 726; Oliver, Ealon. and Huffman, J.A.C.S., 1948. 70, 1502 

(m 9 P Richards and Shipley, J.A.C.S., 1914. 36. 1825 <H ; thermom); J. Meyer. Z. phys. Chem. 
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J.A.C.S., 1948. 70, 1506 (m.p. -138 30). 
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«» Burlew, J^i.C.S., 1940. 62, 690. 

20 Archibald and McIntosh. J.A.C.S., 1904. 26. 305. 

21 Gibbs. J.A.C.S., 1927. 49. 839. 2118. 
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52 Baume. Co nipt. Re ml., 1909. 148. 1322. 

Si Hicks-Bruun and Bruun. J.A.C.S., 1938. 58. 810. 

54 Partington and Stratton. Phil. Mag., 1924, 48, 1085. 
ss Middleton and Partington. Nature. 1938, 141, 516. 

56 Fawcett and Rasmussen. J.A.C.S., 1945. 67. 1705. 

57 Swietoslawski and Usakicwicz, Roczti. Chem., 1933. 13. 495. 

55 Wojciechowski. Rocvt. Chew., 1936. 16. 524; Smith and Mathcson. Bur. Stand. J. Res., 
1938, 20. 641. 

» Schwab and Wichers. Bur. Slam/. J. Res.. 1940, 25. 747. 

60 Swietoslawski. Zmaczynski. and Usakicwicz. Compt. Rend.. 1932. 194, 357. 
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6« Evans and Aylesworth. Ind. Eng. Cliem.. 1926. 18. 24. 

65 Samsocn. Compt. Rend. 1926. 182. 846. 

*6 Applcbeyand Davies. J.C.S.. 1925. 127. 1836 1 01236; md ?0 = I 58685). 

6’ Cooper. Cunad. Chem. Mel.. 1925, 9. 59. 

Mcldrum. Chem. News, 1916. 113, 266: begins to freeze at 3 9 but docs not solidify 
completely; m.p. 5-7 . 

66 Fawsitt and Fischer. J. Rov. Soe. N.S. Wide*. 1917. 51. 467. 

Wade and Fmnemorc. J.C.S.. 1909. 95. 1842: sp. gr. 15 /I5 =0-71994. 
r| Vccino y Varona. An. Fis. Quim., 1913. II. 498. 

*•* Braham. J.A.C.S.. 1919.41. 1707. 

•> Monroe. Ind. Eng. Chem.. 1919. II. 1116: Debeau. J.A.C.S. 1946. 68. 2725. 

74 Horton. J.A.CS.. 1947.69, 182. 

" Stull. Ind. Eng. Chem.. 1947. 39. 540. 

> Gunman, Westrum. and Pitzer, J A CS.. 1943. 65. 1246. 

§ 7. The Platinum Resistance Thermometer 
The measurement of temperatures from the resistance R of a platinum wire 
was proposed by Siemens.' who gave the formula R=%V 2 +PT+y, and was 
taken up again, at the suggestion of J. J. Thomson, by Callcndar. = who 

1 Ann. Ph\s.. 1861, 1 13. 91; Proc. Roy. Sor.. 1871. 19. 443 (bnef abstract of lecture): Phil. 
Mag., 1X71. 42. 150; B A. Rep.. 1874. 242. 

2 Phil. Frans., 1887. 178. I6|; Phil. Mug.. 1891. 32. 104; 1892. 33. 220; 1899. 47. 191; 

Shaw. B.A. Rep.. 1888, 590; Griffiths, Proc. Roy. Soe.. 1890. 48. 220; Phil. Trans., 1891. 182. 
43; Nature. 1895. 53. 39; Callcndar and Griffiths. Phil. Trans.. 1891. 182. 119; Griffiths and 
Clark. Phil. Mag.. 1892. 34. 515: Hcycock and Neville. J.C.S.. 1895. 67. 160; Holborn and 
Wien. Ann. Pins.. 1896. 59. 213 (low temps ); Wade. Proc. Camhr. Phil. Soc.. 1898, 9. 526; 
Jaeger and Diesselhorst. Berhn Ber.. 1899. 719; Hits Ahhl. Phvs. lechn. Reichsanst.. 1900. 3. 
269; Holborn and Day. Ann. Phys.. 1900. 2. 505: Chrec. Proc Roy. Soc.. 1900, 67. 3; Chappius 
and Marker. Phil. Trans.. 1900. 194. 37; Trav. el Mem. Bur. Internal. Poidsei Mes., 1902, 12; 
Holborn and Henning. Am. Phys.. 1901. 6. 242<b.p. O.— 182 79 >; 191 1,35. 761 (comparison of 
Pt with N*. ll : . and He thermoms. at 200 — *50 i; Jaeger and Stcinwchr. I'crhl. d. D. Phvs. Ges., 
1903. 5. 353; Marker. Phil. Tram.. 1904. 203. 343. Waidncr and Dickinson. Phvs. Rev.. 1904. 
19. 51 ; Travers and Gwycr. 7 phys. Chem.. 1905. 52. 437; Stern, ibid.. 1909. 65. 667; Waidncr 
and Burgess. Bur. Stand. Bull.. 1909. 6. 149; Beckmann and Wantig. 7. anorg. Chem.. 1910. 
67. 17; Burgess. J Chim. Phvs.. 1913. II. 529; Henning. Ann. Phvs.. 1913.40.635; 1913. 
41. 10fv4; 1914. 43. 282 tH : and Pi. at 0 to -193 s ); Holborn. Z Eledrochem.. 1915. 21. 
559; Mollniunn and Meissner. /. Instr.. 1915.35.41 (compar.with H; thermom.); Warburg. 
Ann. Phvs 1915. 48. 1034 (P T R. fixed points); Henning. " Die Gmndlagcn dcr Tcmpcratur- 
messung. Brunswick. 1915. 90. 101 ; Mclnncs and Braham. J.A.C.S.. 1917. 39. 21 10; Robin- 
s P. n ; m ’, P>rom etr> Synipos. Yol." Amer. Inst. Min. Mel. Eng., New York. 1920. 450; Frey, 
ms i* 4 . S ' <,l,llS ' IUl11 ' ' W ' ( l "" B' 1 * ' * ,0< 51 < s,an dardising); Sligh. Bur. Stand. Bull., 

n,-, ., 4 ‘ ,: l’ r " h,K in t'lazebrook. ~ Diet, of Applied Physics." 1922. 1. 693: Manley. 
Pin/. Mag 19 43. 95; Davis and Cooper. Ind. Eng. Chem., 1924. 16. 579; Elliott. J. Phvs. 

f. 19.4. 28. 611:1 ang. J. Sei. Inur.. 1925. 2. 228 (Callcndar form, wound on mica cross); 
Knoblauch and lien* I v. " Anleitung zu genauen tcchnischcn Tcmpcraturmcssungen." 
u , ,r! 3 ; - ? , n ' lV K 2nd cJil • W0: Jacobus, and Gaines. Proc. Amer. Acad., 

-I,'.!.'. , . of doU,,N n "' J Vfoss); Rcdlkh and Lofflcr. Z. Elektrochcm.. 1930. 36. 

ii 'ii ‘ J. Sei. Instr.. I' ,J \ 10 4 (precision form, wound on quartz in sealed envelope): 
Mticllci. m lemperatuu In Measurement and Control." New York. 1941, 162; Hoge. 
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developed it into a successful method. In its present form it corresponds with a 
standard scale. According to Callendar > the temperature pt on the * platinum 
scale " is defined by: 

p/=100(/?-/?o)/(^.oo-^o) • (l) 

where R„, R m , and R are the resistances of a pure platinum wire at 0 C.. 
100° c. and the temperature to be measured. The denominator. R l00 K (l . is 
called the fundamental interval of the thermometer. If / is the temperature 
measured on the standard gas scale, it is found experimentally that between 

0°C. and 600° C.: 

R=R 0 {\+at+bt‘) . ... (2) 

where a and b are constants for a given specimen of 
platinum. For /= 100: 

*,oo=* o0 + l00fl+10^) . . • (3) 

Substituting R and R ,oo fr<> m (3) and (2) in ( I ) gives: 
pt— 100(a/+6/ 2 )/(100a+ \0*b) 

t-pt=[\0*bl(a+ 100/>)]l//l00-(//100)-') 

' =S[//100— (//100)2) .... 14) 

where 8= 10 4 6/(a+ 1006) is a constant for a given plati- 
num wire. 

The value of 8 can be found accurately by measuring 
R at the boiling-point of sulphur (/=444-60 ); for most 
purposes 8 can be taken as 1 -50. The correction (l-pt) 
is small and negative between 0 and 100 ; on cither 
side it rises rather rapidly. 2 The value of / may be 
calculated 3 from pt by equation (4), or, more con- 
veniently, tables 4 may be used. 

The platinum wire should not be thinner lhan 0 05 
mm. nor thicker than 0-2 mm. diameter and it should 
be annealed at a temperature not lower than 660 . 

Matsui and Kambara * found it necessary to anneal 
the wire fourteen times at 400’-600 : to obtain a con- 
stant value of /? 0 - Keesom and Dammcrs* found the 
optimum annealing temperature 800 -850 . The purity 
of the platinum should be such that RiooIRo not less 
than 1 -390 and R A uJ^o not less than 2-645. The wire 
is wound as a spiral on a cross of mica plates con- 
laincd in a tube (Fig. 4.VI Aland it is attached to thicker leads, which, for tem- 
peratures below 600°, may be of silver. The resistance of the coil is - -b or 

m, 141; Wood and Cork. - Pyromelry." 2nd cdu.. New York ****&*; 

Chan Anal 1946 18 234 (general). Mercury m a glass tube was used b> Jaeger ‘and ' on 
Stcinwchr, Ann. Phys., 1914. 43. 1165; for other metals used at loi VT^tTcouluon ^ ’ 

• Smith. Proc. Amcr. Acad.. 1907. 42. 421. could not confirm Callendar s equation. 

tw”. 99; m. «*.. >929. 7. 384; Callendar. PM. .*/«-. I»2. 

14 '' CUM, and Hoare. "ConecUon Tables for Use with VUtam 
mometers," 1933. It should be noted that some writers use a value of h *h.ch is 10 
that defined by Callendar. and sometimes it is given a negative sign. 

5 J. Soc. Chenu Ind. Japan, 1930. 33. suppl. bind. 401. 403. 

‘«W“. 1935. 2. 1051. 1080 (Comm. Wen *»£>■ ^ WtKms 

7 For the optimum resistance, see Michels and Gcvls. Proc. a . ako< 

1928.31,485. 
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25*6 ohms, when the fundamental interval is 1 or 10 ohms. The leads are kept 
apart by passing through holes in a number of mica discs which also prevent 
convection currents, and in some cases the tube may be sealed to prevent ingress 
of moisture. The mica dehydrates at 1000° and becomes white and brittle, but 
is still satisfactory in this condition. To prevent errors due to the unequal 
heating of the leads and the possible temperature difference at the junction of 
the thick and thin wires, compensating leads are used. These consist of lengths 
of the same thick wire as those connected with the coil, but these are joined to a 
short piece of the thin wire, placed near the junction of the main coil and its 
leads. The compensating leads C ,C ; are connected in the opposite arm of the 
Wheatstone bridge from the main coil P,P ; .and hence the resistance (including 
all its changes with temperature) of the leads is automatically subtracted from 
that of the thermometer, and the resistance measured is that of the part of the 
coil at a uniform temperature between the ends. 

For high temperatures (1100') Moser » used wires of 0-5-0-6 mm. diameter, 
the value of R 0 being 0- 1 3-0-25 ohms. The ice-point R 0 usually alters somewhat, 
probably on account of small changes in purity of the wire. He eliminated these 
by making use of Matthicssen’s 2 rule that the change of resistance of a metal 
produced by a small amount of impurity is almost independent of temperature. 

Matthiessen’s law, that apo=const., where a= temperature coefficient of 
resistance, po=spccific resistance, was confirmed for small amounts of titanium 
in zirconium, and vice versa, by de Boer and Clausing.* Henning, 4 for com- 
parison with a standard platinum thermometer in the range 20 o -70° K. used 
the formula u'— ic»(273— T)[A— (0/(r+lO))}, where A and flare constants, 
» = R,fR 0 . At very low temperatures, Matthiessen’s rule docs not apply to the 
resistance of gold and silver.* Van Ittcrbcck and dc Greve 6 found, with thin 
films, that Matthiessen’s rule is obeyed by copper and silver, but not by lead. 

For two platinum thermometers, Tory 7 used the formula pt=pt x +apt x +b, 
where a and h are constants. The relations used in low temperature work arc 
discussed in § I9.VI C. 

Jaeger and Stcinwchr 8 passed the thin platinum wire through a thin glass 
capillary tube, or covered it with shellac varnish and passed it through a 
U-shaped metal lube. The wire must be supported free from strain, 9 and 
forms in w hich a platinum spiral is fused on the inside of a quartz tube (Heracus) 
arc not accurate 10 : it is also not satisfactory to wind it on a form and cover it 
with varnish, although this can be done with lead." Dickinson and Mueller » 2 
put the wire between two thin sheets of mica enclosed in a thin-walled flat metal 
box. A disturbing cause of error is the electrical conductivity through the 
glass ol the apparatus." 


• Am. Phis.. 19.10. 6. K52: cf. Stem. /.. phis. Chau.. 1909. 65. 667. 

^ '*>• >»>•»*. 353: 1862. 116. 369; 1864. 122. 19(47,; see Gucrdcr. 

, / jr,in S ,on - ,n Taylor. " Trcaiisc on Physical Chemistry," 1931, I, 617: 

derivations in Dube. Pro, . Cauthr. Phil. Soc.. 1938. 34. 559. 

! rh > iua ' l9M) : :, l 7 .another confirmation by Geissand van Liempt.Z. Phis., 1927,41,867. 

4 fiatunmx.. 1928. 16. 617; see § 19. VIC. .... 

' x j , | n *n Berg. Physka. 1934. I. 1 115; 1936, 3. 440; 1937. 4, 6S3. 

7 Phil. Stag., 1900. 50. 421 ; Ncrnsi. Berlin B t ., 191 1. 306. 

0 Rocbuck/y.^pr. .w.’ b. n "t,y hys " l906 ‘ 21, 23; Z lnslr “ I906, U ' 237 ' 

10 Henning. Z. Ehktr.u hem , 1921. 27 494 

T ; 7 “ : s,mon * idkr - ««• »• 

1 H.*ge. Pur. St, nut J. ti. • . I«.42. 28 4X9 
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at three points, where the contact resistance is so placed as to have the minimum 
effect on the accuracy. The slide wire consists of 1 1 turns of manganin wound 
spirally on a marble cylinder, providing a continuous scale 240 in. long, ten 
turns equivalent to one step of the rheostat Rj. Half the additional turn is 
located at the high, and the other half at the low, end of the scale, providing for 
1 turn slide wire=0-01 ohm~0-l° C. if R^25-3 ohms; } div.^ in ~0-000r. 
The slide wire contact is in series with the battery: the contacts of the rheostats 
R and R, are each in series with a ratio coil of 200 ohms; R provides coarse 
adjustment, R, is for fine adjustment. R| is composed of ten 0*1 -ohm coils, 
R of ten 1-ohm coils. An additional 0-5-ohm resistance extends the range an 
additional 5°, making 115° in all. This resistance is included in the circuit at 
will and is connected in series with R, between the posts T 0 and T. 5 . ' 

The use of nickel wire below 500' was proposed by del Regno 1 ; the resistance 
is a cubic function of temperature. Taylor 2 described a compact lead filament 
thermometer. Jones 3 calibrated a tungsten wire resistance thermometer from 
0 to 3350 . Brown 4 used fused masses of lead oxide or other metallic oxides 
between platinum wires as a resistance thermometer. 

The International Temperature Scale 5 was agreed upon by the National 
Physical Laboratory (Teddington, England), the Bureau of Standards (Washing- 
ton) and the Physikalisch-technische Rcichsanstalt (Charlottenburg), and 
adopted by the Conference Generate des Poids et Mcsures in Paris on 4 October, 
1927. The International Temperature Scale from 0°-660 l C. is based on a 
platinum resistance thermometer constructed of pure platinum for which 
Rioo IR 0 is not less than 1-390 and R iU JR o not less than 2-645. The b.p. of 
sulphur is defined as 444-60' C. and the equation R=*/? 0 0 +At+Bt 2 ), or 
( R-Rq)IR»=Ai+Bi 2 , then gives Calendar's equation 6 /-p/=5(r-100)f, with 
pt=(R- R 0 )l\00{ R,oo- flu), and S=- B/(A + \00B). Kecsom and Dammers 7 
studied the range - 190 J to +660'. 

Another formula given by Henning * for two platinum thermometers in the 
interval 20 -80 K. is: 

/?;/?„- R'/R 0 'Mm-T)[A-BHT+ 10)) 
where A and B are constants, determined at the b.p.s of hydrogen and oxygen. 
Southard and Milner 0 give data for 14*- 109 K. by the constant volume hydro- 
gen thermometer, and show that they agree with Henning's formula. Henning 10 
proposed a more accurate formula than Calendar's parabolic equation (2): 

R=/?o(l+fl/+A/ : +rr 4 ) 

Arch. Tech. Messen, 1941. 117. T39; Guillen. Conpi. Rend.. 1943, 216. 521; see the useful 
summary by Griffiths in Glazcbrook. " Diet, of Applied Physics.” 1922, 1. 697; " Methods of 
Measuring Temperature” 1925, 30; Stack. Gen. Elec. Rev.. 1948. 51. No. 7. 17. Special 
bridges are supplied by the Cambridge Scientific Instrument Co., and by Leeds and Northrup. 

* Rend. Fit. Mat. Accad. Napoli. 1926. 32. 194. 

•* Phis. Rev.. 1925. 26. 841. 

> Pins. Rev.. 1926. 28. 202. 

4 Pins. Rev.. 1915. 5. 126; 1915. 6. 499; 1917. 9. 205. 

i Burgess. Bur. Stand. J. Rex.. 1928. I. 635; Henning and Otto. Z. Phys.. 1928. 49. 742; 
Fockcn. \. Zeal. J. Sri. Teelm . 1934. 15. 423; Wcnsd. Bur. Stand. J. Res.. 1939, 22. 375. 

6 Hoare. Plnl. Max.. 1929. 7. 584; b is here I0 4 times 6 in (4). 

1 Physica. 1935. 2. 1051. \OSOiComm. Leitten. 239 d-e). 

* Nalttrwiss.. 1928. 16. 617; Henning and Otto. Z. ges. Kulte-lml.. 1932.39, 86; cf. Henning 
and House. Z. Phys.. l‘*24. 23. 95; Loomis and Walters, J.A.C.S.. 1925. 47. 2851; Heuse and 
Otto. Ann. Phys.. 1931. 9. 4S6 

* J A.C.S.. 1933. 55. 4384 tuith correction tables for pi to 'K.); Blue and Hicks, ibid., 
1937. 59. 1962. 

» u Z. Pins.. 1924. 23. 95. 
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in which the constant c may have the same value for all samples of pure platinum, 
in which case calibration at three points is sufficient. A simpler formula given 
by Van Dusen, 1 valid from —40° to —190', is 

,=(1/«)(R//? o - 1)+8((/100-I)W100)+W//I00-I)«/1O0)> 
the last term being negligible above O’ C., when the equation reduces to 
Calendar's. 


§ 8. Fixed Temperature Points 

In the graduation of thermometers the melting-point of ice (0 C.) and the 
boiling-point of water at 760 mm. pressure <100’ P °'" lS: 
at p mm. pressure the b.p. of water is taken as 100 000 +0•0367(/>-760)-- 
0•0 4 23(/>-760) 2 . For higher temperatures, other fixed points are used, the 
most important being the boiling-point of sulphur, which is taken - by inter- 
national convention as: 

444-60+0 0909(/>-760)-0-0 4 48(/>-760) 2 
where p is the atmospheric pressure in mm. Hg. The sulphur is boiled in a 
porcelain or silica tube inside which is a cylindrical shield with a conical part 
at the top which fits the tube of the thermometer (which may be a thermocouple 
or a platinum resistance thermometer) and prevents radiation loss and the flow 
of condensed liquid sulphur over the lower part of the thermometer. 

Other fixed points are the boiling-point of naphthalene: 

' 217-96+0-208(/+ 273-2) log (p/760), 

the boiling-point of benzophenone: 

305-9+0- 194(/+273-2) log (p/760), 
and the freezing-points of pure metals: 


Zn. 419-45' Au. 1063 

Sb. 630-5' *Cu. 1083 

Ag, 960-5* Pd. 1555 

The silver and gold points arc international standards. 1 


Sn. 231-85* 

Cd. 320 9- 
Pb. 327-3' 

• In a reducing atmosphere. 

Finck and Wilhelm 5 for the effect of pressure on b.p. gave: 




„ =r 760 +<4(/,+273-l) log (p/760) 



h* 

A 

Naphthalene 

217-95 

02075 

0194 

Benzophenone 

305-84 

Anthracene ; 

Kahlbaum's 

340 36 

0 201 

another specimen ... 

339 87 

0-201 


3488. 


J.A.C.S., 1925, 47. 326; Yost. Garner. Osborne. Rubin, and Russell, ibid., 1941. 63. 


2 Burgess. Bur. Stand. J. Res., 1928. I, 635; valid for 695-805 mm.; cf. Eumorfopoulos. 

Proc. Roy, Soc., 1914, 90. 189 (444-61'). . u . r v iqio 

1 Henning, » Tcmpcraturmessung " 1915. 258; Muelkr and Burge*. J. A.C.S 1914. 
41, 745 (standard apparatus); Beattie. Benedict and BlaisdcU. Proc Amer. Acad.. 1937 71. 
361 (precision apparatus); Barber. J . Sei. Instr.. 1937. 14. 227;! Ibisdcll land Kaye in Tem- 
perature. Its Measurement and Control." New York. 1941. 127 < s 7 = Hg 356 7 . 

1 For m.p. of silver, sec Roeser and Dahl. Bur. Stand. J. Res., 1933. 10. 661 ; for the scale 
from 660M063 0 , Roeser, Bur. Stand. J. Res., 1929. 3. 343. . 

* J.A.C.S., 1925. 47. 1577 (full tables). On calibration sec Van Dusen. J.A C.S 19 
47. 326; Loomis and Walters, ibid.. 1926. 48. 3101 (solid CO; -78 51 1.1 b.p.O» 

Southard and Milner, ibid., 1933. 55. 4384; Niven. Canad J. Res., 1936. 14A, I. Hogc and 
Brickweddc. Bur. Stand. J. Res., 1942. 28. 217 (- 190 to 445 ). 
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Swietoslawski 1 selects for the b.ps. of water from 660-860 mm. Hg: 


mm. Hg 

b.p. : C. 

mm. Hg 

b.p. 0 C. 

660 

96 096 

780 

100-729 

680 

96-914 

800 

101 443 

700 

97-712 

820 

102-142 

720 

98 492 

840 

102-828 

740 

99-255 

860 

103 500 


Moser 2 gave for the b.p. at 680-780 mm. Hg, accurate to 0 001°: 

/=100-000+0-03687(p— 760)— 0-0 4 22(p— 760) 2 . 

Michels, Blaisse, Ten Seldam, and Wouters 3 gave: 

/= I00+0-0369736(p— 760)— 0-0 4 19590(p— 760) 2 
/= 100+0 0370083(/>— 760)— 0-0 4 l9380(/>—760) 2 —00 7 120(/?—760) 3 to 0 001°. 

Zmaczynski and Bonhoure 4 * gave: 

100+36-8863 x 10" 3 (p— 760)— 20-017 x 10 -fy>-760) 2 +15-33x 10-’(/?-760) J . 

Boiling-points given by Smith and Matheson * arc: 

benzene: 80-094+0 0426830»-760)-0-0 4 2199(p-760) 2 +0 0 7 250(p-760) 3 . 
//-heptane: 98 4l3+0 044849(p-760)-0-0 4 2344(p-760) 2 +0 0 7 145Q>-760) 3 . 

Eppley 6 gave for naphthalene at /?=842-704 mm. (b.p. at 760 mm.= 
217-973°): 

log r=0-2024 log p+ 1 -755102. 

The freezing-point of silver is sensitive to oxygen which dissolves in the fused 
metal on exposure to air. 7 * Melting-points of salts for calibration purposes 
given by Roberts * include (° C.): 

NaCI, 800-4* KCI, 770-3° Na 2 S0 4 , 884-7° K 2 S0 4 , 1069-1° 


§ 9. Thermocouples 

hrom 660 (when the standard platinum resistance thermometer scale ends), 
the International Temperature Scale is defined 9 as far as 1063° C., when the 
optical scale begins (§ 1 3. VI B). by the c.m.f. of a thermocouple of pure platinum, 
such that #ioo 7?o » s not less than 1-390. and an alloy of platinum with 10 per 
cent, of rhodium. This couple must give an c.m.f. not less than 10200 nor 
greater than 10400 international microvolts with one junction at 0° and the 
other at the f.p. ot gold (1060 ), and the wire diameter must be between 0-35 and 


1 In Weiss berger. " Physical Methods of Organic Chemistry," New York, 1945, I, 57. 

- .-inn. Phys.. 1932. 14. 790. 

J Physiea, 1943. 10. 61 J. 

, ‘ ?nrT’/ ? 7 ,l p! r ' \ 2 ?n' ! : V : W a,S ° Znucr > nski and Bouhourc. Compt. Rend., 1929, 
189. H)63. J. ,Ie Phyy 1930. I. 2K5; Osborne and Meyers. Bur. Stand. J. Res., 1934, 13, 1; 
Smith Keyes, and Geny /W. ,W.. ,934. 69, 137; Beattie. Blaisdcll. Kaye, Gerry, 

and Johnson, ibid., 1937. I. .»7| ; Zmac/ynski and Moser, Phvs. Z., 1939, 40. 221. 

• Bur. Stand. J. Res.. 1-#JS. 20. Ml. 
o J. Iranklin Inst., 1928. 205. Jsi. 

- Kocser and Dahl. Bur. Stand. J. R lS .. 1933, 10. 661. 

* Pins. Rev., 1924. 23. 3 >»•; see p 434. 

" BuigCSS, Bur. Stand. J. R, * . 1-PS. 1, ft35. 
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0-65 mm. Agreement to 0-1° was finally reached in comparative tests in the 
National Physical Laboratory, the Reichsanstalt, and the Bureau of Standards. 1 

To the mathematically minded, this composite definition of temperature will 
appear very inelegant, but it is of the same character as the definition of all exact 
working standards (such as electrical units) “ where 
experimental precision is the primary consideration 
and logical exactness is made secondary." 2 * 

The electromotive force generated when two junc- 
tions of two wires of different metals are at different Fig. 6.VI a. Thermocouple 
temperatures (Fig. 6.VI A) /, and / 2 . discovered by 

T. J. Seebeck * in 1821, gives a very convenient method of measuring tempera- 
ture differences. Since it is not altered if other metals arc interposed in the 
circuit the two junctions may be connected by copper leads (Fig. 7. VI A) to a 
potentiometer and the cold junction t 2 kept immersed in melting ice or at a 
suitable constant temperature (e.g. in a metal block), the hot junction /, being 
in the system in which the temperature is to be 
measured. Base metal couple junctions are sol- 
dered, platinum and platinum alloys are melted 
together in the oxyhydrogen flame or (for use 
below 1000°) soldered with gold. A fuller des- 
cription of thermo-electricity will be given later 
and the present account is limited to the use of 
thermocouples for measuring temperature. By 
connecting several couples in scries the c.m.f. is 
correspondingly multiplied, and such thermopiles 
are generally used, except with wires of platinum 
and platinum alloys, with which single couples arc 
the rule. The general name “ thcrmel " for thermo- 
couple and thermopile was suggested by White. 4 

A six-junction coppcr-constantan thermopile is 
shown 5 in Fig. 8. VI A; this combination is much 
used, and it shows no appreciable hysteresis. 6 The wires for the couples should 
be suitably annealed; platinum and platinum alloy wires may be annealed by 
heating to bright redness by an electric current. The thcrmo-c.m.f. between 
a hard and soft wire of the same metal may be 7 about I I x I0* 6 volt 1 . 

When the c.m.f. of a couple with the cold junction at a constant temperature 
(say 0°) is plotted against the temperature t of the hot junction it first increases, 
then reaches a maximum(at the so-called neutral temperature), and then decreases 
again: at a certain high temperature it becomes zero and then negative, i.e. the 

1 Rocscr, Schofield, and Moser, Ann. Phys., 1933. 17. 243. 

1 Day and Sosman, in Glazcbrook. " Diet, of Applied Physics." 1922. 1. $38; cf. Henning. 
"Die Grundlagcn dcr Tcmpcraturmcssung.” Brunswick. 1915. NO; Wood and Cork. 
"Pyromctry," 2nd edit.. New York. 1941. 33; Rocscr. in " Temperature. Its Measurement 
and Control.” New York. 1941. 180 (theory); Scott. ibid., 206; Aston, ibid.. 219 (low temps.). 

> Abhl. K. Akad. Wiss. Berlin, 1822-3(1825). 265-374 (read 1821-2); 1825(1828). 71 ;Ostwald s 
Klassiker, 1895. 63, 70; Ann. Phys., 1823. 73. 115 (Dobcrcincr). 430 (Oersted); Yclin. ibid., 
1823, 73, 415; Fourier and Oersted. Ann. Chim., 1823. 22. 375; Muncke. in Gehlcr. Phy- 
sikalischcs Wortcrbuch” 1836. 6. ii, 710; Antinori and Sami Linara. Conipi. Rend.. 1837, 
4, 520; Ann. Phys., I 837, 40. 642. 

4 Science, 1922, 55. 617. 

5 Hart, Thesis, London. 1941. 18-23. 

6 Richards and Richter. J.A.C.S., 1917. 39. 231; Griffiths. " Methods o( Measuring Tem- 
perature,” 1925. 61 ; ibid., ” Pyromctry." 1926. 31. 

7 Tammann and Baudcl, Ann. Phys., 1933. 16. 120. 

A.T.P.C. — 15 
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direction of the e.m.f. is reversed. Avenarius, 1 from experiments of Lord 
Kelvin, 2 found that the curve is a parabola symmetrical about the ordinate 

through the neutral temperature, e=bt+ct 2 , 
where / is reckoned from the cold junction 
temperature. 

The thermoelectric power should be defined 
either as the mean value for 1° over a specified 
range of temperature, or as the value for 1° 
difference at a specified temperature: for 
Pt-(Rt+ 10 per cent. Rh) the mean value per 1° 
over the range 0°-100 c is 4-74 mv., the values 
per 1° at 0 s and 100° being 4*3 m.v. and 5-18 
m.v., respectively. 3 

Copper-constantan couples give 40 micro- 
volts per 1° difference but cannot safely be used 
in air above 350°, in vacuum perhaps 4 to 600°. 

Ahlberg and Lundberg 5 found for a copper- 
constantan couple in the range 2° to 90° K.: 

e=A + BT 2 +CT>+DT\ 
and for a particular couple and e in micro- 
volts. A - 6039-9, B = - 1 -5475 X KH, 
C = 6-2064 x 10 -4 , Z> = — 1 -5652 x 10~ 6 . For 
two different couples the differences in voltage 
arc approximately proportional to the average voltage. Nemst, 6 for the range 
1 5°-273° K., used: 

e=3l -327 log (1 + 7/90)+ 1 -0 x 10' 7 7 4 microvolts. 

Eastman and Rodcbush 7 used the formula e=e 0 -a7"(fl>0) for copper- 
constantan, but it is of doubtful utility. Adams and Johnston • used a cubic 
equation, e=A + BT+CT 2 + DTK Between 0° and 350°, with a hot junction 
temperature of /, the best formula for the e.m.f. of a copper-constantan couple 
is: 9 

c=Ai+B( 1-0, 

where A, B and c arc constants, but in practice it is usual to make use of the 
tables for typical couples given by Adams 10 and prepared by using the formula 

' Ann. Phys., 1863. 119. 406; I8M. 122. 193; 1873.149. 372; Tail, Trans. Roy. Soc. Edin., 
1872-3, 27, 125. 

1 Phil. Trans., 1856. 146. 649; " Math, and Phys. Papers" Cambridge. 1884, 2. 189. For 
thermo-electric properties of crystals, sec Voigt, " Lehrbuch dcr Kristallphysik," Leipzig, 
1928, 534. 

1 Wurschmidt, Z. Mctallkde., 1924. 16. 271. 

4 Klinkhardt. Ann. Plus., 1927. 84. 167. It is not recommended for such temperatures. 

J J.A.C.S., 1935. 57. 2722. 

* Nemst and Schwers, Berlin Ber., 1914. 355. 

7 J.A.C.S., 1918, 40. 489. 

* Z. anorg. Chen,.. 1911.72, II. 

g Adams and Johnston. Amer. J. Sci.. 1912. 33. 534; J. Wash. Aca<l. Sei., 1912, 2. 275; 
Adams. J.A.C.S.. 1914, 36. 65. 

10 Adams. J. Wash. Acad. Sci., 1913. 3. 469; J.A.C.S., 1915. 37. 481 ; “ Pyromctry Sympos. 
Vol. " Amcr. Inst. Min. Met. Eng.. New York. 1920. 165; While. J.A.C.S., 1914. 36. 
2292; Keyes ei al., J. Math. Phys. Mass. Insi., 1922. 1. 243; Anfilogoff. Thesis, London, 
1932, 177; Hart. Thesis, London. 1941, 18 f. A short selection of papers on the Cu- 
constantan couple includes: Adams. J.A.C.S.. 1915. 37. 481 (construction); Randall and 
Vanselow, ibid., 1924. 46. 2418; Giauquc. Buffington, and Schulze, ibid., 1927. 49, 2343 
(comparison with H ; thermom. 15 -283' K.); Giauquc. Johnston and Kelley, ibid., 1927, 
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with average values of A, B and c for different wires. The values of e for a 
given couple found at various fixed points are subtracted from the tabulated 
values and the values of Ae plotted against the thermocouple reading From this 
curve and the standard tables the temperature corresponding with a thermo- 
couple reading is readily found. 

Although an accuracy of 0 0001° is claimed with coppcr-constantan couples • 
others 2 find only 00005°. A 2000-junction iron-constantan thermocouple 
embedded in vaseline was said 3 to attain an accuracy of at least 0 0001'. 

Norbury 4 proposed the formula e=-a+bT+c 10 J . Southard and 
Andrews 5 for a copper-constantan couple at low temperatures found 
e =e Q —0 ■447r 1 ' 6W , and gave a deviation curve. Jaeger and Roscnbohm 
found l = 0 -00279698* — 0 -0 8 629e 2 (e in mv.) at high temperatures (to 960 ). 
Holman 7 found that the e.m.f. of a platinum metal couple between 0 and t 
could be represented by the formula e-mf. where m and /» are constants or 
log e-/i log /-Flog m=a log i+b. For Pt and <Pt+ 10 per cent. Rh) *= 1 -2196. 
6=0-302 with e in microvolts. A large collection of important data on various 
thermocouples was given by Barus.* but his e.m.f. standard (Darnell cell) is 

somewhat ambiguous. , . 

Simple thermocouples may replace mercury thermometers in many laboratory 
operations, 9 but they lack portability and require auxiliary apparatus which 
may not be available. An ingenious way of making a large number ol couples 
( 4000 ) is to electroplate copper on one side of a constantan spiral. 

A platinum-palladium couple was used by Becquerel;" the couple formed ol 
pure platinum and platinum-rhodium (10 per cent.) alloy was introduced by 
Lc Chatclier, 12 whose excellent work has not received sufficient credit and was 
marketed by Heracus in Germany from about 1 890. 1 3 Barus. 4 and Roberts 

49 2367 (do.); Southard and M.lncr. ibid.. 1933. 55. 4384 (do.): ; Rower and Wemel. Bur 
Stand J Res 1935. 14. 247; Rocser and Dahl. Odd., 1938. 20. 337; Scaichard. Raymond, 
and Gilman. J.A.C.S . . 1938. 60. 1275 (sensitive to aOOr.readingtoOOn; Burlcw and 
Smith, ibid., 1940. 62. 701 ; Lancaster and Brunot. Gen. Elec. Ret .. 194.. 45. W9. 

2 White’, Dickimori! and^ Mucllcr. Phys. Rev , 1910. 31. 159; White. J.A.C.S., 1914. 36. 

22 ) 2 Lange and Streeck. Z. phys. Chen,.. 1931. 157. I ; Damkohler and Wrinzicrl. IW.IW. 
167. 71; for a 100-clcment set. see Karagunis. Hawkmson and Damkohler. ib,J..\9}0.\Sl 
433; a 1300-elcmcnt set. Whitclow and Fcls.ng 1 ' **• -Jr?* Cu ^° jn 

couple for low temp., sec Slizkovskaya.y. Chen,. Ind. U S S R.. 1937. 14. 576. 

J J^Frankli'n 1 /n 2 /. ,2 i929. 8 207. 323; Wiebc and Brcvoort. Bur. Mines Rep. Invest.. 1931. 

3077. ^ 

« Proc. K. Akad. Wetens. Amsterdam, 1927. 30. 905. tl , . . 

i Phil. Mag., 1896. 41. 465; Proc. Amer. Acad.. 18%. 31. 193. 234: Holman. Lawrence, and 

^"udSGeoi* Survey Bull., 1889. 8. No. 54 (a 306-pp. paper on high temperature measurement, 
with a very full bibliography); for thermo-c.m.fs. of alloys see Mabon. 

176, 1305; van Aubcl. Bull. Acad. Roy. Bclg.. 1926. 12. 559: for historical information, see 
Slcinmann, Arch. Sci. Phys. Nat., 1900. 9. 413. „ .. „ AI _. 

* Minor. Phys. Rev., 1918. 11. 479: Foote. Harrison, and Fairchild, in P>romctr> bympos. 
Vol.," Amer. Inst. Min. Met. Eng.. 1920. 74. 
io Wilson and Epps. Proc. Phys. Soc.. 1920. 32. 326. ..... • . 

It Ann. Chin,., 1863. 68. 49 (on high temp, measurement generally, including optical methods). 

cf. ibid., 1826, 31, 37 (high temps.). „ , ^ 

12 Bull. Soc. Chin,., 1887. 47. 2; J. de Phys.. 1887. 6. 23: cf. Day. Clement, and Sosman. 

J. de Phys., 1912, 2. 727, 831. 899. 

• J Holborn and Day. Ann. Phys., 1900. 2. 505. 

'« Phil. Mag., 1892. 34. 1. 376: cf. U S. Geol. Survey Bull.. 1889. 8. No. 54. 48; this couple 
was first used by Tail. Trans. Roy. Soc. Edin.. 1872-3. 27. 125. 
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Austen, 1 used platinum and platinum-1- 20 per cent, iridium, which gives a 
higher c.m.f. than the Pt-(Pt-f Rh) couple but tends to disintegrate at very high 
temperatures. 2 The Pt and Pt-Rh (10 per cent.) couple can be used up to 
1600°, and with 13 per cent. Rh up to 1773 0 . 3 A couple of iridium and 
iridium with 10 per cent, of ruthenium 4 can be used up to 2000°, with suitable 
precautions. At the highest temperatures a couple of tungsten and tungsten- 
molybdenum was proposed, 5 but this could be used only if protected from 
contact with atmospheric oxygen. The self-registering Pt-(Pt-f Rh) couple was 
introduced by Kurnakow* 

With platinum-platinum+ rhodium couples constructed on International 
specifications the e.m.f. at /° hot junction temperature (cold junction 0°) 
is given 7 by e=A+Bt+Ct 2 , where the constants A, B, and C are determined 
from e at the f.p.s of antimony (630-5°), silver (960-5°), and gold (1063°). Tables 
like those for copper-constantan couples can be used. Day and Sosman 8 
gave e= — 169+7-57/+0 002648/ 2 — 0-0 6 4724/ 3 microvolts, but for the highest 
accuracy they found it necessary to include a term in t 4 . 

It is important to notice, in using older experimental data, that thePt-(Pt+Rh) 
thermocouples standardised by the Rcichsanstalt between 1894 and 1st April, 
1901, were based on a scale determined by Holborn and Wien, 9 and rather 
seriously inaccurate (8° at 500 ): a better scale was introduced by Holborn and 
Day 10 in 1899. 

A convenient method of calibrating thermocouples at high temperatures is to 
lake readings when a metal wire of known m.p. (e.g. silver or gold), placed near 
the hot junction, just melts and so interrupts a current passing through it. 11 
A gas-tight furnace for calibrating thermocouples was described by Niven. 12 

The ** hot "junction of the couple (or. more accurately, the one measuring the 
temperature) must be sufficiently immersed in the system— the further the 
better— since otherwise conduction of heat along the wires to the colder (or 
from the hotter) parts outside will tend to cause too low(or too high) a reading. 13 
For the same reason, thin wires should be used. 

The size of the wires really depends on a proper balance between low electrical 
resistance (leading to increased sensitivity of the galvanometer) and low thermal 
conduction, as well as on possible restriction of the allowable thermal capacity 
of the part of the couple inside the apparatus. 14 One (or both) of the wires of 


' Stansficld. Phil. Mag.. 1893. 46. 59. 

- Holborn and Austin. Berlin Ber., 1903, 245. 

« Barker, Wire I ml., 1943. 10. 163. 

4 Hcracus, in Lc Chatclicr and Boudouard. " High Temperature Measurements," transl. 
Burgess. New York. 1904. 168; Arndt. - Phys.-chem. Tcchnik." 2nd edit.. 1923, 356; Muller, 
Ann. Phys., 1930. 7. 4S, used lr + 10 per cent. Rh and lr+ 10 per cent. Ru to 1800'. 

J Pirani and Wangcnhcim. Z. lechn. Phis.. 1925. 6. 358. 

<• Z. anorg. Chem.. I‘#M. 42. 1 84. 

7 Bams. U.S. Cevl. Surrey Bull.. 1889. 8. No. 54. 67; Matsui. J. Sue. Chem. Ind. Japan, 
1929. 32. Suppl. Bdg . 12; Roeser. Bur. Stand. J. Res.. 1929, 3. 343. 

* Day. Sosman. and Allen. Amer. J. Sci.. 1910. 29. 93. 

0 Ann. Phys.. 1895. 56. 360. 

•o Berlin Ber. 1899. 691 ; Ann. Phis.. 1900. 2. 505: 1903. 12. 447. 666. 

" Holborn and Wien. Ann. Phis.. 1892. 47. 107; Holborn and Day. ibi,l.. 1899, 68, 817; 

I ‘WO. 2. 505 I524>; D. Bcrthelot. Compt. Rend.. I89S. 126. 473; Locbe. Z. Elektrochem., 1907, 
13. 592. 699; Holborn. ibid.. 1907. 13. 646; Sosman. Amer. J. Sci.. 1910. 30. 1 ; cf. Grubitsch, 
Chem. Fabr.. 1941. 14. 319. 

•- C omul. J. Res.. 1936, 14 A, 177; for calibration in lower temperature range, sec Monack, 
Chem. Met. Eng.. 1931. 38. 416. 

” Wood and C ork. ” Pyromctry." New York. 1927. 60. 

14 Whipp, Phil. Ma S ., 1934. 18. 745: Gucker. Pickard, and Planck. J.A.C.S., 1939, 61. 459. 
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the couple may be insulated in a silica capillary tube, or a scr.es of short silica 
tubes strung on. The junction may be fused in the oxy-hydrogen blowpipe or 
arc welded. 1 Rodebush and Dixon 2 found the temperatures 20 -30 too low 
at high temperatures if a couple was loosely inserted in a s.I.ca sheath, and they 
recommend that it should be fused into a drawn-out silica tip. 

The constancy of the cold junction temperature is one of the conditions which 
must be rigorously achieved at any cost of trouble, and the practice recom- 
mended and used by Euckcn.* that this temperature can be allowed to drift, and 
an extrapolation made in the hope that an observed linear drift implies one in 
the cold junction, must not be followed if reasonably accurate results arc 
aimed at. Euckens results (sometimes with errors of 20 per cent.) for spec lie 
heats at low temperatures are affected by his ill-defined temperature scale and the 
apparent agreement of some with thccorrcct values isduc to a balancing of errors 
Adler 5 checked the equalisation of the temperature of the cold junction with 
the environment by putting it inside a mercury thermometer bulb and noting 
when the mercury level was steady (electric contacts): this method could be 
suitably modified. Burying the cold junction 10 ft. deep in the earth inside a 
building was used for technical thermocouples by W hippie. At high tempera- 
tures. the " cold " junction may be immersed in steam or other vapour, 
may also be put in a copper block, the temperature of which is read by a thermo- 
meter. 8 Retzow 9 gave corrections for cold-junction temperature in the case", 
of linear, quadratic, and cubic relations between c.m.f. and temperature. The 
effect of impurities on platinum-platinum + rhodium couples was investigated 

by Fairchild and Schmitt. 10 .... , 

A suitable potentiometer circuit is necessary for the thermocouple and great 
care is necessary to prevent insulation leaks in the couple circuit, particularly .1 
electrical heating is used (this is preferably by AC.).'-' and stray e.m.Es from 
metallic contacts in the circuit at different temperatures, particularly between 
copper and brass (3 4 microvolts per l e )“ Some general references on the 

» Coals. J.A.C.S., 1926. 48,2130. 

! Wkn-Harim. S,,, ^H.ndbuch dcr Experimcnulphysik." 1929. 8. i. *9. where £ correct 
judgment of White. J.A.C.S.. 1918. 40. 1887 ^called in question; on i a ^™th»J f°* keepmg the 
cold junction at constant temperature sec White ffetc So. i tarr. 1934 S. -l *9 on ft 8 
errors in some of Euckens results, sec Lewis and Gibson, J.A.C.S., 1917. 39. -5.4. Giauq 

“? Giauque^and 1929.51. 2300: Wicbc Hubtard. and Bnevoor. »n/ 
1930. 52. 61 1 , Wicbc and Brcvoort. ibid.. 1930. 52. 622; for eliminating effect of cold junction, 
sec Kunlzc, Z. Verein. D. Ing.. 1941, 85. “03. 
i Ann. toys., 1904. 15. 1026. 

6 Trans. Faraday Soc., 1917. 13. 253. 

7 Ruff and Bormann. Z. anorg. Chcm., 1914. 88. 36>. 

* Forslcr, Meleorol. Z., 1942. 59. 298. 

7 Z. techn. Phys. t 1929. 10. 164. 
io Chem. Mel. Eng., 1922. 26. 158. 

n Randall. Bichowsky, and Rodebush. J.A.C.5.. 1916. 38. l*oo. .. — ,, 

i* White J.A.C.S., 1914. 36. 1856. 1868. 2292. 2313 (precision apparatus): idem in. T».m|xr- 

a r Wa «““ t^yX^ 2^; on 'mercury contacts, see Lange and 

'KSZZJZ 47. .07 (corrected ,n WmKelnunn. J* Handb.h 
der Physik.” 1906. 3. 147); 1895. 56. 360 (high temp.); McCrac. Ann Phys MS.i >. 5 

(m.p. salts); Czermak. ibid., 1895. 56. 353 <0 mm. White ^ I**. M . . 

1910, 31. 135; Amer.J. Sci., 1909. 28. 474; J.A.C.S.. '914 36. I85i 6. .1868. -313^ Knopp. 
Phys. Z.. 1909. 10. 439; Darling. J. Roy. Soc. Arts. 1910 59. 133. 149. ISO. I «. 1915. « S3J DO 
(thermocouples and general pyrometry); Trans, fiiroday Sue-. • • p/ 

couples); White. Dickinson, and Mueller. Phys. Rev., 1910. 31. 159. Magnus. Ann. P . .. 
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construction and use of thermocouples may be consulted. Besides the common 
copper-constantan, and platinura-platinum-f rhodium couples, and the an- 
timony-bismuth couples used in thermopiles and instruments for measuring 
radiant heat (§ 5.VI B), various special couples have been used, including some 
described in the section on low temperatures (§ 19.VI C). 

The so-called chromcl-alumd” couple, 1 made from the alloys nickel 
and chromium, and nickel and aluminium, respectively, can be used to 1 370*. 
Its e.m.f. deviates 2 from a linear relation to temperature by as much as 25 per 
cent, from 0° to —200° (as much as copper-constantan), but at high temperatures 
(to 900°) only by less than 5 per cent. Constantan-chromel couples have been 
used. 3 Nichrome-constantan has some advantages. 4 Couples from metals 
having transition temperatures (Fe, Ni) are not very satisfactory. 5 

Some couples described are: platinum-iron, 6 copper-German silver, 7 copper- 
iron, 8 iron-constantan, 9 iron-nickel-cobalt alloys, 10 silver-constantan, 11 plati- 
num with gold, silver, iridium, ruthenium, rhodium, and platinum+palladium, 12 
platinum-steel (or nickel steel), 13 nickel-copper, 14 nickel-silver, 15 tung- 
sten-tungsten -Fmolybdenum, 16 tellurium-constantan, 17 bismuth-silver, and 

1910. 31, 597; Flugel. Z. phys. Chem.. 1912. 79. 577 (useful): Burgess. J. CMm. Phys., 1913, 
II. 529; Foote, Harrison, and Fairchild. Met. Chem. Eng., 1918, 18. 343. 403 (standardising 
all lypes of couples); Hoffman and Schulze, Elektrotechn. Z.. 1920, 41, 427; Griffiths, in 
Glazcbrook, " Diet, of Applied Physics," 1922, 1. 901; Gmclin, Ann. Phys., 1925, 76, 198 
(industrial); Gocdcckc, Siebert Fcsischr. (Hanau), 1931, 72; Snethlagc, Chtm. Wcekb Z, 1932, 
29, 557 (dim. freezing-points); Griincisen and Rcddcmann, Ann. Phys., 1934, 20. 834 (calibra- 
tion); Tournay, Bull. Sot. CAim.,1937. 4. 1482; Rocser and Wcnsel, in "Temperature. Its 
Measurement and Control." New York. 1941, 284 (calibration); Blackic, J. Scl. Instr., 1941, 
18. 113; Rowsc. ibid., 1941, 18. 240; Lancaster and Brunot. Gen. Elec. Pet-,, 1942, 45, 649 
(calibration); Cichclli. Ind. Eng. Chem.. 1948. 40. 1032. 

* Lohr. Bull. Amer. Inst, Min. Mel. Eng., 1919, 1837; Quigglc, Tongbcrg, and Fcnskc, 
Ind. Eng. Clicin., 1937. 29. 827 (chromcl-alumcl ; coppcr-cope! >. 

1 Spooner, J. Franklin Inst., 1919. 181, 509. 

•' Mason. Rev. Sci. Instr.. 1944. 15. 205. 

I Hoffmann and Sehul/c, Elektroicehn. Z., 1920. 41. 427 (to 1200 ); Mandclkar and 
Bancrjca. Current Sci., 1938. 6. 447 (to 800 ). 

* Stone. Trans. Faraday Soe., 1918. 13. 348. 

4 Pouillct. Co, apt. Rend., 1836. 3. 782. 

' Wroblewski. Ann. Phys., 1885.25. 371 (liquid N ; temp.); Hoffmann and Schulze, Elcktro- 
techn. Z„ 1920. 41. 427. 

* Rosenthal. Berlin Kim. Woehensehr . 1893, 30. 91 1 ; Ann. Phys. Bcibi. 1894. 18. 446. 

" Holborn and Wien. Ann. Phys.. 1896. 59. 213; Rubens. Z. Elektroelicm., 1898, 5, 281; 
dc Forest Palmer. Phys. Rev.. 1905. 21. 65; Hunter. J. Phis. Chem., 1906. 10. 330. 

in Kowalkc. Trans. Amer. Electrochem. Soe.. 1913. 24. 377. 

II Gicr and Bocltcr. in "Temperature. Its Measurement and Control." New York, 
1941, 1284. 

Holbom and Day. Ann. Phys., 1900. 2. 505 (Pd couples require two formulae for tem- 
perature range}; Jaeger and Rosenbohm. Proe. K. Akad. We tens. Amsterdam. 1941, 44. 144 
(ruthenium). 

«> Belloc. Compt. Ren,/.. 1902. 134. 105. 

14 Pcchcux. Compt. Ren,!. 1906. 143. 397. 

v °n Hcvesy and Wolff. Phys. Z.. 1910. II. 473: Wohler and Lund. Z. Elektrochem., 
1918, 24. 261. 

16 Bristol. Trans. Amer. Soe. Meeh. Eng., 1906. 27. 552; Pirani and von Wangcnheim. 
Z. h -elm. Phis.. 1925. 6. 358: Morugina. ibid.. 1926. 7. 486 (W-Mo, W-Ta); Watson and 
Abrams. Trans. Amer. Electrochem. Soe., 1928. 54. 19 (W-graphite); Van Liempt, Rec. Trot-. 
Cmm.. 1929. 48. 5S5 (W-Mo. W-PtRh, Mo-PtRh. to 1600 ); Binnic. J. Inst. Fuel. 1932. 5. 
J I (W-Mo. wires 0 4 mm. diam.. 1200 -1600 ; 8 microvoll/l‘ at 1600 ); Osann and Schrocdcr, 
Arch. Eisenhiiltenw., 1933. 7, 89. 

L “ koms „ ky - 7 - '*». 30. 203 CTc-Bi.; Unge and Heller, ibid.. 1929 
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bismuth— (bismuth +6 per cent, tin), 1 Kovar (Fc. Ni, Co alloy). 2 Up to 2000 . 
combinations of graphite with silicon carbide or tungsten have been used. 

Bidwell 4 found a large but erratic e.m.f. between carbon and graphite rods. 
A platinum-carbon couple agreed with the Avenarius law. 5 Shearer 6 found 
that thermocouples of platinum or platinum-rhodium against Ncrnst mass 
(§ 2. VI B) had an e.m.f. 40 times that of platinum against platinum-rhodium at 
20°-980°. Alloys of platinum with 4-5 or 8 per cent, of rhenium against pure 
platinum, or rhodium with 40 per cent, iridium against pure iridium, can be 
used 7 up to 20CXT: the e.m.f. of the latter is a linear function of temperature 

from 0° to 2000\ t . 

Some characteristic data for important thermocouples are given in the 

following table: * 


Couple 

Usual temp. 
..... • r 

E.m.f. 

mv. per junction, wi 
junction at 0 C. 

ill cold 

range v. 

-200 

+ 100 

+ 300 

+ 1000 

Pt-Pt+Rh ... 

Chromel P-alumel 

Fc-constantan 

Cu-constantan 

Oto 1450 

... -200 to 1200 

... -200 to 750 

... -200 to 350 

-5-75 
-8 27 
-5 54 

0 643 

4 10 

540 

4 28 

2 315 
12 21 
16 56 
14 86 

9 57 
4131 

58 22 


B. HIGH TEMPERATURES 
§ 1. Combustion Furnaces 

Small pieces of platinum and rhodium can be melted in a small coke blast 
furnace, 9 and Deville 10 melted platinum in a good wind furnace. Retort (gas 
carbon, especially if blown with oxygen, gives a very high temperature." 

• Coblcntz, J. Franklin Insi., 1913. 176. 671. 

J Mason. Rev. Sci. four., 1937, 8. 265. ,u. 

J Fiticrcr, Amer. Ins t. Min. Me. Eng.. 1933. Contnb. 42 (C-S.C couple 300 mUl the 
largest recorded); Schulze. Chen. Ztg.. 1938. 62. 285: p!' J rui* ' 

6844; Busch. Schmid, and Spondlin. Helv. Phys. Ada. 1947. 20. 461 (SiC-Pt or C ul. 

4 phys. Rev.. 1914. 3. 450: for W-graphite. Watson and Abrams. Trans. Amer. Eleuro- 

chem. Soc., 1928, 54. 19. 

* La Rosa. Nuov. Cint., 1916, 12. 284. 

7 Gocdcckc!’ 5/rfcerf^ Fesuchr. (Hanaul. 1931. 72: Chem. Fabr.. 1932. 5. 361: Fcussncr. 

^•^Sturtevanf. * hf^Wcittbcrger, "Physical Methods of Organic Chemistry” New York. 
1945, 1. 322: for various metals for couples, cf. Hunter and Jones, in Temperature. Its 
Measurement and Control." New York. 1941. 1227: Lohr. Hopkins, and Andrew, ibid.. 
1232. 

9 Faraday, " Chemical Manipulation,” 1842. 96. 

io Deville and Dcbray, Ann. Chim.. 1859. 56. 385: 1861. 61. 5; Ann . 1859 Merer 

114. 78; Bccqucrcl, Ann. Chim.. 1863. 68. 49 (gas carbon in air reaches 1300 1 -1400 ) \ . Meyer 
and Langcr, " Pyrochcmische Untcrsuchungcn.” Brunswick. 1885; V. Meyer. Bir.. K *. 

»• Deville. Lccons sur la Dissociation, in " Lemons dc Chimic Pmfessees cn * 864 ; 5 -" P *["’ 
1866. 308; V. Meyer and von Recklinghausen. Ber.. 1897, 30. 19.6 (1500 with air). Holborn 
and Day, Ann. Phys.. 1899. 68. 817 (air-blown retort carbon in Deville furnace reach.* 17-0. 
Thompson. Proc. Soc. Chem. Ind. Victoria, 1932. 32. 693 (temp, reached 1500 -1600 in a kw 

minutes, later 1700'- 1800“). 
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Aluminium burning in oxygen 1 gives a very high temperature. The old Berzelius 
spirit lamp gives a higher temperature than an ordinary Bunsen gas burner, and 
the Mitscherlich lamp, 2 in which oxygen is passed into an ether flame, readily 
melted platinum and quartz. A petroleum-oxygen blowpipe 3 in a zirconia 
tube reaches 2600 C., which is higher than an iron thermit temperature 
(2400 C.). 4 The various types of gas furnaces (e.g. Fletcher's with draught, 
or bellows-blast) and especially the Perrot gas furnace 5 may reach 1650 -1700°, 
and 1900 with water-gas, although Crafts 6 found the highest useful temperature 
only about 1350 : . The Fletcher furnace with pre-heated air reaches 1250. 7 
The oxy-hydrogen (or oxy-coa! gas) blowpipe (about 2800°), with which Hare 8 
melted platinum, rhodium, and iridium, and the oxy-acctylcne blowpipe (3100°- 
3315 ), which can be used in a zirconia tube, 9 arc well known. The atomic 
hydrogen blowpipe ("welding torch") of Langmuir 10 is useful for special 
purposes, since it gives a flame free from oxygen, the heat developed being due 
to the recombination of hydrogen atoms formed from a jet of molecular 
hydrogen by an arc between tungsten electrodes. 

An electrically pre-heated gas blowpipe was described by Guntz. 11 Coolidge 12 
used an acetylene-air blowpipe for working Pyrex glass. Hauser and Ric 13 
dispersed liquid hydrocarbon in hydrogen gas and surrounded the 1-m. long 
luminous flame with an oxygen mantle, so reaching 3000 . A gas-oxygen 
furnace with zirconia lining was described by Podszus. 14 A general review of 
the production of high temperatures (including blowpipes, thermit, and elec- 
trical) was given by Darling. 15 Rosenhainand Coad-Pryor ,h described a fairly 
' ZcngcliN, /. pins. Chon . 1 903. 46. 287. 

2 Bcr/dius. ” Lchrhuch der Chcmic." 3rd edit.. Dresden and Leipzig, 1841, 10, 329; 
Gridin. "Chemical Recreations.** 10th edit.. I860. 2. IS9. 

' Von Wartcnbcrg. Linde, and Jung. 2. anorg. Chem.. 1928. 176. 349. 

1 C hahrie. Compi. Raul., 1909, 145. 188; von Wartcnbcrg and Wchncr. 2. Elcktrochcm., 
1936. 42. 293. 

J V. and C. Meyer. At.. IS79. 12. 1112: Nilson and Pcttcrsson. 2. phn. Chen,.. 1889. 4. 
20(>: Bill/ and V. Meyer. At.. 1889. 22. 725; Foerstcr. 2. nnor g. Chen,.. 1895. 8. 274; Blitz, 
/. pins. Chem.. 1896. 19. 3x7; Mcincckc. 2. Elckiroehem. . 1911, 17. 438; Parmcnticr, Ann. 
(him.. 1911. 22. 417 thicker gas furnace); von I rcrichs. 2. anger. Chen,.. 1916, 29, i. 367; 
Bigot, (him. ei In, I, I9|9. 2. 27 ( 1400 with recuperator; 1750 in 5) hours with new gas fur- 
nace): Mylius. Sprcchukil, 1931 . 64. 225 ilfe50 wah laboratory gas furnace). For gas tube 
furnaces, see Roscoc and Schorkmmcr. " Treatise on Chemistry.” 1885, 3. i, 53; for a simple 
crucible furnace. Lc Chatclicr and Boudouard. ” High Temperature Measurements," transl. 
Burgess. New York. 1904. 159. For a gas tube furnace for 1175 -1300 , sec Slooff, Chem. 
U'eekhl.. 1938. 35. 104; do for 1 100 . Van den Berg. ihhl. 1934. 31. 24. 

* Compi. AW.. I XM), 90. 183. 309. 

* Holhorn and Wien. -Inn. Phis.. IS92. 47. 10"; Lorenz. 2. amtrg. Chem.. 1893. 3. 290; 
Hc>n and Bauer. Metallography." 1909. I. 73: gjs heated magnesia furnace. Baum. Ann. 
Pint.. 1939. .44. 377. 

* /Vh/ - '/•»*.. I W 31. 357; E. F. Smith. " The Life of Robert Hare." Philadelphia. 1917; 
Hare also used an electric furnace in 1X39. J. Phys. Chem „ 1917. 21. 607; Dcvillc and Debray 
Ann. Chim.. IS59. 56. 3X5: IK6I.6I. 5: Ann.. 1x59. 111. 209; 18(0. 114. 78. 

- I udwig. / lekiroicihn. / .. 1913. 34. 8S6; Zumstcin. Pins. Re:.. 1926, 27. 562 (carbon 
tube); Kull. I Krl. .md Stephan. /. anon;. Chem.. 1929. 180. 215; 

Science. I*»25. 62. 463; J Ueuern W. Eng.. 1926. 31. 373; den. Elec. Rev.. 1926, 29, 
153, 1(4); In,/. b,g. ( Arm.. 1927. 19. (.67; Alexander. Gen. Elec. Rev.. 1926. 59. 169; Ribaud. 

< him. el ln,L 1936. 35. 3: Van den Hold and Smil. Phvsiea. 1946. 12 47S 
" Bull. Soc. ( him . 1944. |. 

> • J.A.C.S.. 1921. 43. 1319. 

" H'ien At.. 1920. 129. ILA. 539. 

14 /. anger. Chem.. 1919. 32. i. 146. 

J. Roy. Soc. I rr\. 19|S. 66. 621. 6.4S. M9. 

Engineering. I9|9. 107. -1)2: Sc«MI and I leeman. Air. Siaml. Bull.. 1919. 15 317; " Pyro- 
metry Sympos. Nol.' tAmcr. Inst. Mm Met. I ng.i. New York. 1920. 214. 
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small gas recuperative furnace, with a lining of 5 per cent, of china clay and 95 
per cent, of silicon carbide applied as a wash or dusted on. A rotating gas tube 
furnace was described by Panncticr. 1 


§ 2. Electric Furnaces 

Although very high temperatures can be produced by chemical means, nearly 
all modern apparatus for the development of high temperatures (up to nearly 
3000° C.) uses some form of electric heating. This is much easier to control 
and the apparatus is generally more compact than with other types of heating. 
The following summary deals with various types of electric furnaces.' Mans 
references are to relatively early publications, and indicate the pioneer work 
in this field. Recent papers describe electric heating devices practically iden- 
tical with older apparatus described in greater detail in earlier papers; refer- 
ences are given to modern sources when these arc likely to afford help in the 
construction of furnaces. Many commercial types of electric furnace are on 
the market, and no attempt is made to cover this field. 1 

A very useful type is the electrically heated lube furnace* in which a refrac- 
tory tube is heated by a spiral of wire or strip wound on it. the whole being 
enclosed in an outer casing filled with suitable lagging such as magnesia, 
kieselguhr, Alundum grains, bauxite, etc. With platinum w inding the insulating 
lagging must be free from iron; Alundum and magnesia are most suitable. 
Porcelain tubes begin to conduct at 1500\s and also corrode platinum at high 
temperatures. Unglazcd porcelain covered with a layer of d paste ol pure 
magnesia and pure alumina 6 may be used, or magnesia tubes. 7 At very high 
temperatures tubes of zirconia (m.p. 2900 )* have been used. Alundum is 
very porous. Non-porous alumina tubes can be made by glazing the outside 
with an oxy-hydrogen flame. 9 At temperatures below 1000 a Vitreosil tube 


» Chlm.etlnd., 1946. 57. 250. 

a Brcdig, " Chcmic dcr extremen Tcmperaturcn." Leipzig. 1901 ; Mem, Phys. Z.. 1901. 2. 418. 
433; Wright, '•Electric Furnaces and their Industrial Applications." 1904; Havard. "Refractories 
and Furnaces," New York, 1912; Jaeger. ** Einc Anlciiung zur Ausfuhrung exakter pnys.- 
chcm. Mcssungcn bci hdheren Tcmperaturcn." Groningen. 1913; Arndt. "Handbuch dcr 
phys.-chcm. Tcchnik," 1915. 30. 790. 2nd edit.. 1923. 36. 869. Symposia. Trans. Faraday 
Soc., 1917. 13, 205; 1919. 14. 70; Pring. "The Electric Furnace. 1921; Moffett. The 
Electric Furnace." 1921; Lcbcau. “Fours Flcctriquc ct Chimic. Pans. 19.4; Griffiths. 
" Methods of Measuring High Temperatures." 1925. 166; idem . " Pyromctry . . . with Notes 
on Electric Furnaces," 1926, 108; Muller, in Geiger and Schccl. " Handbuch dcr Physik. 
1926, 11. 340; Cohn. Z. lechn. Phys., 1928. 9. 1 10; von Wartcnbcrg. in Wicn-Harms. Hand- 
buch dcr Expcrimcntalphysik." 1929. 9. i. I; Pirani. " Ekktrothcrmie." Berlin. 1930. Fehse. 
in Ullmann, ** Enzyklopidic dcr tcchnischcn Chcmic." 1931. 8. 162: < Osiwald-Lulhcr-Dnicker. 
" Physikochcmischc Mcssungcn." 5th edit.. 1931. 151 (brief); Ruff. Clum.ct InJ.. 1936 35. 
255; Thompson, "Theoretical and Applied Electrochemistry." 3rd edit.. New York. 193); 
much information on laboratory and technical electric furnaces is contained in earlier volumes 
of Z. Elektrochem. 

y Brauer and Rcitstdltcr. " Elcktrischc Ofcn." Leipzig. 1934-6. 

^ Friedrich, Metallurgy, 1907, 4. 778; 1908. 5. 703; Day and Clement. Amcr J. Sc,.. 90S. 
26, 405; Berry, Ind. Eng. Chem., 1910. 2. 255; Ubbclohdc. Z. Elektrochem., 1911. 17. 100.; 
crucible furnace. Day and Allen. Z. phys. Chem.. 1906. 54. I . 

* Pirani and von Siemens. Z. Elektrochem., 1909, 15. 969. 

6 G\inU,J.Chim.Phys., 1903. 1, 177 (resistance furnaces). 

^ Mehl, Whitten, and Smith. Ind. Eng. Chem., 1925. 17. 1171; Barrett and Holbrook. InJ. 
Eng. Chem. Anal., 1938. 10. 9 (MgO crucibles); on the clcctncal conductivity of MgO at high 
temps., Saklatwalla, Z. Elektrochem., 1907, 13. 589. 

* Cohn. Z. techn. Phys., 1928. 9. 110. , , _ 

’ Adcock and Turner. J. Sci. Instr.. 1930. 7. 327; on Alundum. Anon.. Met. Chem. Eng. 
1911, 9, 225, and trade literature. 
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with nichrome winding is satisfactory. 1 For temperatures higher than this 
(when Vitreosil crystallises, and also attacks platinum) gas-tight tubes of 
Pythagoras mass with platinum strip winding 2 are suitable, but this material 
tends to crack. The so-called Pythagoras mass (Haldenwanger, Spandau, 
Berlin) is composed of an aluminous clay or kaolin and a felspar flux, and 
softens only at 1800°. The so-called Marquardt mass (m.p. 1825 s ), a Berlin 
porcelain, contains pure clay and alumina: Schwarz and Reidt 3 found the 
most refractory composition (m.p. over 1920') contained 22 of kaolin, 68 of 
alumina, and 10 of felspar. The coefficient of linear expansion increases with 
the alumina content. 

Thin platinum strip winding is best for high temperatures and the cost, after 
allowance for platinum scrap, is moderate. Up to 2000 5 iridium (m.p. 2350°) 
can be used, 4 but is difficult to work and is generally used as a tube about 2 
mm. thick; it disintegrates rapidly in air. although this can be prevented by 
repeatedly coating the metal with magnesia and dilute magnesium chloride. 

Up to 2500° molybdenum (m.p. 2620 5 ) and tungsten (m.p. 3390°) wire 
windings 5 may be used, but they have the great disadvantage of oxidising very 

1 Partington and Shilling. Trans. Faraday Soc., 1923, 18. 387; devitrification above 1300 s , 
Crookes. Proc. Roy. Soc., 1912. 86. 406; Chcm. News, 1912, 105. 205. 

■ Shilling and Partington, Phil. Mag., 1928. 6. 920; King and Partington, ibid., 1930. 9, 
1020; platinum wire, strip and tube furnaces. Lummer and Kurlbaum. Ann. Pliys., 1901, 5, 
829; Bcrthelot. Ann. Chim., 1902, 26. 58; Haagn. Z. Elcktrocliem., 1902. 8, 509: Kaiahnc. 
Ann. Phys., 1903, II, 257; Gunt z, J. Chim. Phys., 1903, 1, 177, 607; Hutton and Patterson, 
Trans. Faraday Soc.. 1905, I, 187; on high temps., Ruff, 15 Congr. Chim. Imi (Brussels), 1935, 
Ixviii; Ribaud, ibid., lix. 

* Z. anorg. Chcm., 1929, 182. I; Bouthron and Durrer, ibid., 1931, 198. 141; on refrac- 
tories, see also Hahn. Z. phys. Chcm., 1903. 44. 513; Goeckc, Meiallurgie. 191 1, 8. 667; RufT. 
Z. tlckirochcm., 1914. 30. 356; Meiall u. £>;. 1924, 21. 272; Ruff. Sicfcrhcld. and Bmschke, 
Z. anorg. Chcm.. 1914, 86. 389; Ruff and Uuschkc. ibid., 1914. 87. 198; 1916, 97, 73 (ZrOj); 
Pod'/us. Z. angew. Chcm.. 1917. 30. 17; 1919. 32. 146 (ZrO : ); Kanoll, J. Franklin Inst., 1919, 
188. 489; Dana and Poole. Chcm. Met. Eng., 1920. 22. 23. 63 (tables); Andersen, Norg. Geol. 
Jndcrsokehkc. 1922. No. 101 (oxides); Cohn. Z. icchn. Phys., 1928, 9. 110 (ThO*, m.p.> 
3000 ): son Wartcnbcrg and Wcrth. Z. anorg. Chcm., 1930. 189, 178; Ruff. Ebert, and von 
Wartcnbcrg. ibid.. 1931. 196. 335 (ZrO;-BeO); von Wartcnbcrg and Gurr. ibid., 1931, 196, 
374; von Wartcnbcrg and Rcusch, ibid., 1932. 207. I (m.p.s BcO 2530 , La’Oj 2315*. GdjOj 
1740 . ThO; 3050 . Cr ; C>» 2275 ): 1932. 208. 380; von Wartcnbcrg and Prophet, ibid., 1932, 
208, 369; von Wartcnbcrg, Rcusch. and Saran. ibid., 1937, 230. 257; von Wartcnbcrg and 
Eckhardt. ibid.. 1937. 232. 179; Clausing, ibht, 1932. 204. 33 (m.p. ZrO; r. 2715', m.p. HfOj 
c. 2775 ); Ruff. Ebert, and Locrpabcl. . hid., 1932. 207. 308 (ZO;): Ebert and Cohn, ibid., 
1933. 213. 321 tZrO : and MgO): Ruff. Ebert, and Krauczynski. ibid.. 1933. 213, 333 (MgO, 
CaO. BcO): Dawihl and Schrotcr. ibul.. 1937. 233. 178 (m.p. TiOj 1750 ); Kocppcl. " Fcucr- 
feste Baustoffe." Leipzig. 1938; Wood and Cork. " Pyromctry." 2nd edit.. New York, 1941, 
224; Gcllcr. Bur. Stand. J. Res.. 1941. 27. 555 (resist, furnace. 1800 -2000 ); Cohn, in “ Tem- 
perature. Its Measurement and Control." New York. 1941, 764; refractory (1400 ) sillimanitc 
porcelain tubes can be stak'd to glass: Dalton. J.A.C.S.. 1935. 57, 2150; on scaling mica to 
glass or metal. Doual. Rev. Sci. Inur.. 1942. 13. 266; quartz to Pyrcx glass, Benson, ibid.. 1942, 
13. 267 (fused Ag( I); for similar joins, sec $ 1 3. VII A. 

4 Nernst. Z. Flckirochcm.. 1903. 9. 622: Z. anorg. Chcm.. 1906. 49. 213; Ncmst and von 
Wartcnbcrg. Z. pins. Chcm.. 1906. 56. 534; Waidncr and Burgess. Bur. Stand. Bull.. 1907, 3. 
163: Pried rich. Meiallurgie. I90S. 5. "03 (tube); von Wartcnbcrg. Naturwiss.. 1943, 31. 307. 

> Von Wartcnbcrg. Z. llektnwhcm.. 1909. 15. 866; I crhl. d. D. Phys. Gcs., 1910. 12, 121; 
Fischer and Tiedc. Per.. 1911. 44. 171 7; King. Anrophys. J.. 1911. 34. 37 (pressure furnace); 
Winne and DantMzen. Trans. Amer. tlckirochcm. Soc.. 1911. 20. 2S7; Tiedc and Birnbriucr, 
Z. anorg. Cliem.. 1914. 87. 129; Ocslerhcld. Z. tlckirochcm.. 1915. 21. 54; Ruder. Bull. Amcr. 
Inst. Mm. Fng.. 1918. No. 134. 585; Trans. Amcr. Inst. Min. Eng.. 1918. 59. 162; Chcm. Zcnir., 
1919. IV. 1038; Jackson and Morgan. Ind. Fng. Chcm.. 1921. 13. 110; von Wartcnbcrg, Broy, 
and Rcincckc. /. tlckirochcm.. 1923. 29. 214 (pressure furnace); Fchse, Z. icchn. Phys., 
19-4, 5. 473; idem. “ Elcktrische Ofcn mit Hcizkorpcm aus Wolfram" (Samml. Vicweg. 
90>: Picscott. J. \ C.S.. 19’h. 48. 2534 tW roJ); Schumacher, ibid.. 1926. 48. 396 (W ribbon 
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easily at high temperatures, and must be used in vacuum, an inert gas (c.g. 25 
per cent. H 2 and 75 per cent. N 2 ), or methyl alcohol vapour. Tantalum (m.p. 
3030°) wire on a magnesia tube in vacuum, 1 and Nernst mass 2 (zirconia, etc.), 
have been used. Heating wire (Ni) may be wound on a porcelain ** lantern " 
instead of tubes 3 (up to 500 ). 

For moderate temperatures pure nickel (m.p. 1450'; 0-5 or I mm.) or 
nichrome (m.p. 1 550') or similar alloy wire windings are suitable. As a general 
rule, the diameter of the wire should not be less than 0 00025/ mm., where / is 
the temperature which the wire must reach. (This is always higher than the 
heated space of the furnace). 4 One m. of 0-5 mm. nickel w ire at room tempera- 
ture has a resistance of 0-6 ohm and at 900' of 2-8 ohms, hence for a \oltage of 
110 to obtain 5 amps., which heats it to redness, a length of (110 5K-2-8=8 in. 
of wire is required. If wound on a 25-mm. diam. tube with windings 1-5 mm. 
apart, 100 windings or 15 cm. of tube will be needed. Similar calculations 
may be made in designing tube furnaces with other kinds of wire. 5 c.g. nichrome 
(80 per cent. Ni and 20 per cent. Cr. specific resistance 108 microhms per cm. 
cube, temperature coefficient 0 0001 2). which can be used up to 900 in air and 
to 1 100° if air is practically excluded. 6 but the life is only a few hours at 1300.* 


S.W.G 

18 

20 

22 

24 

28 

30 

36 

Diameter, inches 

tm 

0 036 

0 028 

0 022 

0 0148 

0 0124 

0 0076 

Ohms per foot at 8C0* ... 

0 301 

0 534 

0883 

1 43 

3 16 

4 53 

12 5 

Amps at 800* 

15 

10 

7 8 

4 8 

2 8 

2 0 

1 29 


The heal developed per sec. is i'R joules=/ : tfx0-23N? g.cal.: e.g. for 5 amp. 
in 22 ohms, 5 2 x 22x0-2387= 131 g.cal. 

The drop in temperature at the ends of a heated tube due to increased heat 
losses may be compensated by spacing the windings or by putting on additional 
windings at the ends. 7 Since the voltage of a public supply is liable to fluctuate 


to 2500 ); Cohn. Z. leehn. Phys.. 1928. 9. 1 10 (also zirconium: bibl. all types): tungsten can be 
sealed into quartz: Cochn. Naiurwiss., 1915. 3. 610. 

» Saklatvalla, Dlssen.. Berlin Tcchn. Hochschulc. 1908. 

a Nernst. Z. Elekirochem.. 1899. 6. 41; Nernst and Reynolds. Gdir. A achr 1900. 328; 
Reynolds. Dissert., Gdtlingcn. 1902: Ann. Phys. BelbL. 1904. 28. 121: Marker. Chen. Act. 
1912, 106, 85, 97; on making Nernst rods. Griffiths. Phil. May.. 1925. 50. .63. 

J Weigert, Ann. Phys., 1907. 24. 55. 

* Day and Allen. Z. phys. Chen.. 1905. 54. I: Docltz and Graumann. Meallurgtr. I90-. 
419-421, 468; Poole, Phil. Mag., 1914, 27. 58. 

» On some other types of resistance tube furnaces. \ee Kalahnc. Ann. Phvs., 1903. II. .5' 
(Ni wound tube); Morse and Frazer. Ame. Chen. J.. 1904. 32. 93: Locwenstein. Z. phys- 
Chem., 1906. 54. 707; von Wartenbcrg. ibid.. 1906. 56. 513: Friedrich. Meallurgle, 190. 4- 
778: 1908. 5. 345; von Hcvcsy and Lorenz. Z. Elekirochem.. 1910, 16. 185: Z. phys. Chen.. 

1910, 74. 443; Berry. Ind. Eng. Chen.. 1910. 2. 255 (wire wound): Gillett. J. Phvs. Chen.. 

1911. 15. 213; Slade. Proc. Roy. Sac.. 1912. 87. 519; Wolf and Muller. Z. Elekirochem.. 1914. 
20. I; Morey. J.A.C.S., 1914. 36. 215; Dubsky. Be.. 1917. 50. 1713 (nichrome): Klcmm and 
Rockstroh. Z. anorg. Chen.. 1926. 152. 235; Tammann furnace for vacuum. Wcver and 
Rcincckcn, ibid.. 1926. 151. 349; White. Z. anorg. Chem.. 1911. 69. 305, 331 (Pt to 1600 ); 
Roberts and Morey. Rev. Sci. Insir.. 1930. I. 576 (Pt-Rh strip micro): Voos. Z. anorg. Chen.. 
1935, 222. 201 (vacuum): Trucsdale and Waring. J.A.C.S.. 1941. 63. 1610. 

* Oxidation and scaling of nickel: Carpenter. Meiallurgie. 1909. 6. 94; protection by carbon 
packing. Ubbclohdc. Z. Elekirochen., 1911. 17. 1002; or by hydrogen. Seibert. Chen Zig.. 
1911, 35, 443; for a nichromc-wound vacuum furnace (to 1000 >. Kelley. Ind. Eng. Chem. Anal.. 

1932 4 391. 

’ Holbom and Day. Ann. Phys.. 1899. 68. 817; Holborn and Henning, ibid.. 1907. 23. $09: 
Meissner, Wien Ber.. 1906, 115, II A. 847; Hcrnpcl. Z. angev. Chem., 1910. 23. 289. 
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by ± 10 volts, some kind of current regulation is necessary if a uniform tempera- 
ture is to be maintained over several hours. 1 The so-called “barretter” 
device depends on the heat loss from an iron wire in hydrogen, 2 as used with 
the Nernst lamp. 

Tube furnaces with wire resistance heating and other types may operate in 
vacuum 5 or under pressure. 4 A tube of platinum with 20 per cent, rhodium 
was used in a vacuum furnace. 5 Electrically heated crucible furnaces have 
been described, 6 and furnaces heated by Nernst mass. 7 

Gray 8 obtained greater uniformity of temperature by winding the resistance 
wire longitudinally on an iron tube. Mellor 9 controlled temperatures to 
1300° by a quartz air thermometer acting on a mercury cut-out in a U-tubc. 
A uniform rate of rise of temperature of a furnace was achieved by Vallet 10 
by varying the distance of copper plates in copper sulphate solution, used as a 
resistance, together with a mercury thcrmoregulator in an auxiliary furnace. 
Radiation from resistance furnaces was studied by Fitzgerald. 11 Douglas 12 


• Hahn, Z. phys. Chcm., 1903, 44. 513; Bodenstcin and Pohl, Z. Elekirochem., 1905, II, 
373; Kolowrat. J. tic Phys., 1909, 8. 495; Schucn, Elekirochem. Z., 1911, 17, 301 ; Bodenstcin 
and Krancndieck. Z. Elekirochem.. 1912, 18. 417; Haughton and Hanson. J. Inst. Mel., 1915, 
14. 145; 1917. 18. 173: White and Adams. Phys. Rex.. 1919, 14. 44; Fairchild and Foote, in 
•• Pyromctry Sympos. Vol..” Amcr. Inst. Min. Met. F.ng.. New York, 1920, 435; Roberts, 
J. Wash. A cat I, 1921, II. 401;/. Opt. Soc. Amcr., 1922. 6. 965; 1925, II. 171 ; Adams. J. Op!. 
Sac. Amcr., 1924, 9. 599; Adcock, / Sri. Intir.. 1925. 2. 273 (gas thermom.); Simon and Fischer, 
/.. anorg. Chcm.. 1927, 162. 279; Dialer, ibid., 1928, 174, 342; Haughton, / Sci. Insir., 1932, 
9. 310; Kambaru and Matsui, / Soc. Chcm. lad. Japan, 1933, 36. suppl. bdg. 134 (to 1000 ); 
Hubam and Brintzingcr, Chcm. Fahr.. 1933. 6. 265 (Hg rcg. to 500' ±1 ); Warren, Ind. Eng. 
Chcm. Anal., 1933. 5. 285 (1000 t; thyratron regulator to S00 c . Zabcl and Hancox, Rev. Sci. 
Insir.. 1934. 5. 28; Ewell and Hardy. J.A.C.S., 1941. 63. 3460 (photo-cell: " a few degrees at 
250 400 for a day Roberts, in " Temperature. Its Measurement and Control," New 
York. 1941. W>4; Thomas and EglotT. ibid.. 617. Commercial voltage regulators for A.C. arc 
available. 

• Can. Phvs. 7 . 1909. 10. 897; Kempc. ibid.. 1910. II. 331 ; AnfilogofT, Thesis, London. 1932, 
183: for simpler devices. Forster and C.runer. Z. Elekirochem.. 1935, 41, 9; Hart and Partington. 
J.C.S., 1943. 104 

> Bolton. Z. Elekirochem.. 1905. 1 1. 45: Soddv. Proc. Roy. Soc.. 1907. 78. 429; von Wartcn- 
beig. Icrhl. d. />. Phys. (ics.. 1910. 12. 121: Weiss and Neumann. Z. anorg. Chem., 1910, 
65. 248; Rulf. Her.. 1910. 43. 1564; Tiedc and Birnbrauer. Z. anorg. Chem., 1914, 87. 129; 
Ocstcrheld. /. Elekirochem.. 1915. 21. 54 (tungsten tube furnace); Booth and Ward. Ind. Eng. 
Chcm. Anal.. 1932. 4. 199 <" globar " heater; to 1000 -1500 ±5 ; ). 

4 Boeke. /. anorg. Chcm . 1906. 50. 244; Nernst and Jost. Z. Elekirochem.. 1907. 13, 521; 
Haber and Le Rossignol. ibid.. 1908. 14. 181. 513; Hutton and Pctavcl. Phil. Trans., 1908. 
207. 421; Smyth and Roberts. J.A.C.S.. 1920. 42. 2582. 

■ Slade. Proc. Roy. Soc.. 1912. 87. 519 thori/ontal tube); Sosman and Hostetler. J. Wash- 
Acad . 1915. 5. 277; /. Elekirochem.. 1915. 21. 495 (vertical tube!; Alcock. Pciser. Pont, and 
Swallow./ Sci. Insir.. 1947. 24. 297 tPt Rh). 

•* Friedrich. Mciallurgie. 1907. 4. 778; Pip. Z. Elekirochem.. 1910. 16. 664; Calhanc and 
Bard. ( him. Mel. Eng.. 1912. 10. 461; Askcnasy. Mciallurgie. 1914. 20. 253; JSneckc. ibid., 
I9|7. 23. 49. Anon.. Elec. Rev.. 1919. 84. 342 (muffle and crucible); Hccht. Chem. Zig., 1920, 
44. 956 (crucible); Siebert. ibid. 1921. 45. 772 (muffle): Endell. Z. angete. Chem.. 1922. 35, 31 
(nuitllei: Bill/ and Meger. /. anorg. Chem.. 1928. 176. 23; Smith and Hardy, ibid., 1935, 
223. I. 

r ingwaldt. Pint. 19.35. 36. 627; for " krvptol" heater, see Friedrich. Mciallurgie, 
!‘fl)7. 4. 778. 

• / Wash. Acad.. 1912. 2. 248; 1914. 4. 134; Bur. Stand. Bull.. 1914, 10. 451. 

•' Irons. Ceramic Soc.. 1*8)7. 7. 114: Blucthc, Metal Progr.. 1947. 52. 591 (electronic 
circuit). 

ll " 11 ' s " c - ( him.. 1936. 3. 103; ef. Fairchild. Harrison, and Foote, Bull. Amer. Inst. Min. 
Mel. Eng.. 1919. 26)1 : Mining and Me I., 1919. 312. 

" Mel. ( hem. Eng.. 1 9 10. 8. 317. 

>• V J. iicol. Soc.. 1907. 63. 145. 
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• 

used an electrically heated platinum ribbon for melting fragments of rocks. 
The volatilisation of platinum metals in electric furnaces was described by 
Crookes. 1 An electric vacuum furnace for 2000' with a tungsten coil v>as 
described by Chaudron and Garvin; 2 Winne and Dantsizcn used an elec- 
trically heated molybdenum or tungsten ribbon furnace, and molybdenum and 
tungsten 4 and tantalum 5 tube furnaces have been used. , . 

For temperatures over 2500' only carbon is suitable; the m.p. of graphite 
(the only form stable at high temperatures) being * in the region ol 38W L. 
In this case the carbon heater must be in a vacuum or inert gas or protec ed 
from oxidation by an exterior coke packing. Despretz electrically melted 
silicon, boron, titanium and molybdenum, and claimed to have softened a 
carbon rod by a current from 500-600 Bunsen cells in an atmosphere of nitrogen 
so that it bent and even melted to globules— although the last is uncertain an 
may have been due to impurities. 

In Tucker’s 8 furnace a carbon tube of 54 cm. length. -5 mm. inner and 38 5 
mm. outer diameter, thinned to 31 mm. in the middle 9 cm., was packtri round 
with coke. With 330 amps, at 6 to 8 volts. 1200 was reached in 4 mm w h 
600 amps, and 15 volts, I860 0 in 11 min.; and with 850 amps, and 15 v o U s . 
2950° in 14 mins. Carbon tube vacuum furnaces 9 (Ruff type) have been much 

• Proc. Roy. Soc.. 1912, 86. 461 ; Chem. News. 1912. 105. 229. 241. 

: Chim. el lnd., 1923. 9. 647. 

« Comp* oZ'lol'rS^AnZr.. 1922.6. 910; Duffcndack Wj.x W 

and Picon. Compi. Rend., 1924. 178. 1151: Duffcndack and Black. Phis. R< t .. 19.9.34. 35. 

* Fredcnhagcn, Phys. Z., 1913, 14. 1047. . . ....... iui.i iq*>a 

» Ryschkcwitsch. Z. Eleklrochem.. 1925. 31. 54; Ryschkcu.tsch and NUr.k. ,b,d.. 19.6. 

32,42; K5nig. Naiurwiss., 1947.34. 108. 

•’ 5.‘ 227- an clectrkall> h^tcd carbon tube furnace lor 

Asirophys.J., 1908.28.300; 1913,37. 1 19. 238; S.lundum tube furnace. S.exertsand krumbhaar. 
Z, ^:7ra^. ^Ekctrochem. So, .906 9. 

Hutton. J.C.S., 1906. 89. 1591 ; Hancmann. ZElekirochenu, 1908. 14 6>5 He n and li iau.r ; 
" Mctallographic," 1909. 1. 75; Ruff. Bee.. 1910. 43. 1564; Z. C J}" " " 'J £ j H 
Z. Eleklrochem., 1912. 18. 164; 1914. 20. 177; 1924. 30 356: Gocckc. ^ Harkir Oem 
667; Z. angew. Chem., 1911, 24. 1459; Forsythe. Asirophys. J. 1911. 34 3 . Marker . c . 
News, 1912, 106. 85. 97; Nature. 1912. 89. 514. Trans. Faraday Soc.. 1917 12. 3 .lUmUcy, 
Iron and Steel Carnegie Schol. Mem.. 1912. 4. 8° (simple Wl*. F'SChcr ^d PlocUe. Z 
anorg. Chem.. 1912. 75. 1 (pressure); Stihkr and Elbcri. 19 3 46 . -060 ‘P^urei. 
Scifcrhcld and Suda. Z. anorg. Chem., 1913. 82 . 373: Kanolt. Ih,d 1914 85. I . T ' cd \ a ™ 
Birnbnlucr. ibid., 1914. 87. 129 (C rod); Ruff and Bomunn. thuL 91 4 M Uv . n 
and Muller. Z. Eleklrochem., 1914. 20. I; R>dt. ibid 191420. ***• J ^ k ,*9” 2* \*\ 

Spaliks, ibid., 1929. 183. 263 (Ruff type); Brantley and Bcckman7.^C5l 9. £ 

tube); Arndt and Pollack. Z. anorg. Chem.. 1931. 201. 81 tC rod): Brunner. Z. El kin clu m 
1932. 38. 55; Podsnis. Z. anorg. Chem., 1933. 211. 41 (C rod); ! J \ 

4. 391 (vacuum,; Mayers. J.A.C.S., 1939. 61. 2053; for carbon cruc.ble 
Lakoycr, Z. Eleklrochem., 1897. 3. 479; carbon ponder rcsisjancc furnace. S.moms. Si 
Eisen, 1907. 27. 739; on - Kryptol " resistance. Buss. Prometheus. >904. 15 - - .and 1 P 

tol " furnace. Leroux. Chem. Z,g.. 1908, 32. 1137. For dcctrj: and I thermal .ondu.tmt) 
carbon, see Ccllier. Ann. Phys.. 1897. 61. 51 1 : Z. phys. Chem.. 1897. 22. 636. 
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used. The thin graphite tube (or spiral) turned from a rod, which may be 
slotted to increase its resistance, is usually supported vertically between water- 
cooled copper, bronze, or brass leads, and the parts of the carbon in contact 
with these may be copper-plated by electrolysis. Very heavy currents at low 
voltages (e.g. from transformers) are needed, and at temperatures above 2700° 
there is appreciable volatilisation of the carbon tube, which also becomes very 
friable. A zig-zag of carbon rods 1 has been used, and an electric cupola furnace 
described. 2 

In vacuum furnaces continued pumping is needed, as gas is continuously 
evolved from the heated carbon. A carbon crucible may be supported inside 
the tube on a magnesia rod, and the outside of the tube sighted by an optical 
pyrometer through a water-cooled glass window in the furnace jacket. A 
horizontal carbon tube vacuum furnace, requiring 200 amp. at 30 volts for 
2000®, 380 amp. for 2500°, and 500 amp. for 2800 (which at temperatures of 
2400" -2500° can operate for several hours) was described by Wolf and Muller. 3 
A thick slotted tube, 30 cm. long, 5 cm. outer and 2 cm. inner diameter, was 
used, with graphite pieces for leads, one screwed in and the other a sliding fit. 
Surrounding the furnace tube were two concentric carbon tubes, slit down the 
length and held together by graphite rings. The outer case had a water-cooled 
jacket. A graphite plate furnace was used by Hcmsalcch 4 (250 amp.; 3000’). 
Achcson graphite is more permanent in use than ordinary carbon, but has a 
better conductivity and needs heavier currents. Silit (containing silicon car- 
bide) tubes can be used up to 1400’. 

For the highest temperatures (3000’) the carbon arc furnace is practically 
the only available form. The electric arc between carbon poles was first 
produced by Davy 3 as " a light so vivid that even the sunlight compared with 
it appeared feeble." The classical form is that of Moissan, 6 in which two 
horizontal carbon rods lie in grooves cut in a block of limestone 7 and arc 
covered by another block of limestone, a cavity being formed between the two 
blocks in which the arc is struck. Very heavy currents are necessary. Such 
lurnaccs are in general suited only to qualitative and preparative work, as it is 
very difficult to determine the temperature and the material is very liable to 
contamination by carbon. 

Heating by cathode rays has been used. 1 The latest type of furnace, which 
requires very expensive apparatus (£750-£3000) but is very efficient, is the 
high frequency induction furnace in which eddy-currents arc induced by an 

'» c r- Si? 3 ? 1 ? InL Kongr ‘ an * CK - ckem - Bcr,in * >903. *.715; Obcrhoffcr. 

( a P ' " Cn T V ' l r F,nkcls,em - 1906. 39. 1585; carbon rings. Roscnhain and 
Coad-Pryor. Trans. Faraday Soc.. 1918. 14 . 264. 

? Schweitzer. Z. Elekiroehem ., 1926. 32. 98. 

5 Z. Elekiroehem.. 1914. 20, I. 

4 Phil. Mag., 1920.39.241. 

tanVw l V^ C !"'^, C '!! : ? k “ l .. Phil0M>phy -‘' m2 - ,S2: PM Tnm - 'Ml. "I.42J (10cm.- 

long arc from 2000 cells); ” Works.” 1840. 4. 110; 6. 230. 

IS9S M |T»i' | T w7 lransl dc Moul P' cd - IW; Hcuslcr. 2, an org. Chen,., 

Z ' I897 2 J ' on 7 ; • Ku5lcr and Dok “ lck - z Ekhlrochcm., 1897. 3. 329; Plltgcr. 
CnwZLi m 'i* m Engineering. 1906, 81. 381; CIcrc and Mine, 

Ml", lib «"” ■ 1914. 85. 292; Slcmcr. 2. 

Vl w P ; ,° f !! mC '? 01 ' S 25,5 : Schumacher. J.A.C.S.. 1926, 48. 396. 

• V “h Wancnbcrg. *, 1907. 40. 3287; Fnchcr. 2. ««*. CV«.. 1912.81. .70; Tied e , 

Klinkhirdi ***»"• V "»B. Stenma-Konem. 1923. 3. 226; 

t M ? 26 ' 32 ' S34: Trombc - Bull- Soc. Chin,.. 1934. 1. 159, 262. 

69 J 13 2,2: Tmu An " E/eeiroehetn. Soc.. 1919, 35. 

. . . /. Iranklm In,,.. 19.3, 195. 665 ; Ribaud. Comp,. R cn , I.. 1925. 180. 1733; Chim. el 
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alternating magnetic flux in a mats of metal supported in a refractory crucible 

in a vacuous tube. . ... 

Most high-temperature electric furnaces require heavy currents which 
cannot be taken from the town supply, but require special dynamos or Uhcn 
A.C. is supplied) transformers. For such currents special resistances are 
needed. A useful type consists of lead plates in running water.' A copper 
spiral tube cooled by running water and provided with a sliding contact - 
can also be used. A useful type consists of horizontal brass tubes coo ted by 
flowing water and fixed on insulators on a wall, the lubes being connected bv 
suitable bends, and with sliding contacts.* For smaller units a resistance com- 
posed of plates of carbon in a rack, compressed by a screw to alter the resis- 

lan McLcnna S n f and McLay 5 used a horizontal carbon tube as an electrode, 
arcing to a lower electrode from the middle. An enclosed 
furnace with a carbon rod was used for the sublimation of alloys b> Fletcher 
a carbon spiral resistance furnace was described by Tarrant, and a carbon 

muffle furnace by Sicbert. 1 . - . 

The burning-glass . a lens or mirror concentrating sunlight, is one of the oldest 
means of attaining high temperatures, and the method of concentration of 
radiation could no doubt find useful modern applications’ A small vacuum 
furnace heated by a burning-glass was described by Stock and Hevnenunn. 
Temperatures above 4000 still await investigation." 

§ 3. Measurement of High Temperatures 

An early method for the measurement of high temperatures was the pyrometer 

sTru'u'”™ IM7JO. WsTBu^h unJ Dav*! «./.««'. WSM. "***««»; 

Trans'. Amr, Llrcuochrn,. Soc.. 1925. 48. 199; son W.rt.nbcn, in 

1945, 22. 176: Stauffer. Fox. and Di Pictrow. In, I. Eny. Chent.. 1948. 40. s.0. Siansel. 0* . 

^ThSc 16. 442; Partington and Anl.logoff used iron plate, in 

water in wooden tubs; the water soon boils and must be renewed. 

5 This* ar wngmen t was^fcr clOOamps. by Part.ngton and Shilling: constan.an 

S,r i P E^elma n nn r : fntZtn^^n lW ' ,0> ***' 

Necrl.. 1888. 22. 145; Hoffmann. Elcktroicchn. Z.. 1937. 58. II II. 1 138. 
t Trans. Roy. Soc. Canada. 1925. 19. III. 89. 

* J.C.S., 1913. 103. 2097. 

* Trans. Faraday Soc.. 1920. 15. Pt. III. 83. 

’ Ribaud f Calm er W ?? l 936. 35. 3: for the Florentine lens (used by Davy and Faraday). 
Marhn 7. Sci. Ins,r.. 1931.' 8. 379: for Lasoisicrs large Icns^Lowry H.storica lniroduction 

to Chemistry." 1915. 100; Trombc. Foex. and la Blancheta.S. Ann. Chim.. 194 . 2 

Trombc. Research. 1948. I. 393 C solar furnace ). 

10 Ber., 1909. 42. 2863 (melting Si crystals). 

11 Finkclnburg. Naturwiss.. 1944.32. 105. n n .K-Th.-rmu- 

1* NVeinhold. Ann. Phys.. 1873. 49. 186 (b.bl. of various methods); torus On thc Thermo 

electric Measurement of High Temperatures. Bull US. 

8. No. 54; "Die physikalischc Bchandlung und Mcssung hoher Tcntpcratu vn. P . 
1892; Conyres Iniernat. Phys., 1901. 1. 148; Lc Chatehcr and Boudouard Temps a - 
turcs 6lcvccs." Paris. 1900; transl. Burgess. " High Temperature Measurement, -nd vd .. 
New York, 1904; new edit.. Burgess and Le Chatehcr. The Measurement c f P 1 
peratures." 3rd edit.. New York. 1912; " Die Messung hoher Tcmpemturcn. Berlin. 1913. 
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of Wedgwood, 1 depending on the contraction of a prism of baked clay after 
strong heating; the length was measured by a gauge. The results were very 
crude: the m.p. of iron was found to be 12,000° G, which is 10,500° too high! 
The Daniell 2 pyrometer depended on the expansion of a metal bar. The bar is 
contained in a tube of clay and graphite and pushed to the bottom. Above it 
is a porcelain index-rod in contact with the bar and kept somewhat tight by a 
collar. As the bar expands the index is forced out, but on cooling it remains in 
place and its position can be found. The motion of the index is the difference 
between the expansion of the bar and that of the tube. A graphite bar has 
been used. 3 

In the meldometer of Joly 4 the melting-point of a solid was found by heating 
it on a platinum ribbon, heated electrically and stretched by a spring, the exten- 
sion of the strip being measured by an eye-piece and micrometer screw. The 
micropyrometer of Burgess 5 is an adaptation of Joly's meldometer in which the 
temperature of the heated platinum strip is determined by a small disappearing- 
filament pyrometer sighted on it, this being adjusted like a microscope on its 
stand. 

Prinscp 6 exposed a scries of small flattened beads of gold-silver alloys of 
known composition on a cupel and found which melted: the melting-points of 
the alloys were determined by an air thermometer with a gold bulb. Seger 
cones, 1 used in determining temperatures in porcelain kilns, etc., consist of 
small cones of various clay bodies, which soften and bend over at various 
temperatures. Brcarley and Moorwood 8 used cast cylinders of salts or 
alloys instead of Seger cones. Skirrow 9 described a works apparatus depend- 
ing on the release of a wire, embedded in a solid in an iron tube, on melting of 
the solid. The so-called acoustic thermometer ,0 depends on the change of 
the wave-length of sound in air with change of temperature. 


Day and Sosman. High Temperature Gas Thermometry. Carnegie Inst., Washington, 1911, 
157; Griffiths and Schofield. Trans. Faraday Soe., 1917. 13. 222; Foote. Fairchild, and Harrison, 
Pyromctric Practice. Bur. Stand. Bull.. 1921 (Dept. Commerce), Tech. Pap. 170-a 326-pp. 
general article; Wood and Cork. ** Pyrometry." New York. 1927, 2nd edit., 1941; Lax and 
Piram, in Ullmann. " Enzyklopadic dcr techn. Chernic," 1932. 9, 773; Forsythe (edit.). 
* Measurement of Radiant Energy.** New York. 1937. 

» Phil. Trans., 1782. 72. 305; 1784. 74. 358: abdgd. edit., 1809, 15. 278. 571; an extract in 
book form, " Description and Use of a Thermometer for Measuring the Higher Degrees of 
IS* 4 J I 84, J?* translated into French and German; Guyton de Morvcau, Ann. Chim., 
1803. 46. 276; ,1810. 73. 254; 1810. 74. 18. 129; 1811. 78. 73; 1814. 90. 1 13. 225; Lucas. Z. phys. 
Chem., 1905, 52. 327. 

* J \ R '7' h ! u ' I 821 - "• 309 : PM - Trans., 1830. 120. 257; ** Introduction to the Study of 
Chemical Philosophy," 2nd edit., 1843, 1 1 1. 

> Winkler, Z. anal. Cheat., 1880. 19. 63; Beckcrt. ibid.. 1882. 21. 248. 

< Proc. Roy. Irish Acad.. 1891. 2. 38; Wilson and Gray. Phil. Trans.. 1894. 185. 361; 
and E-orfopoulos. Phil Mag., 1896. 41. 360; Anon.. Electrician, 1908-9, 62, 

5 ni !!' aSh - ACtkL 191 3> 3> 7; ,9U - 4 - 566: Ph > S - Z ‘ l913 - 14 158. 

* Phil. Trans., 1828. 118. 79; Ann. Chim.. 1829. 41. 247; Stcinmetz. J.A.C.S., 1918. 40. 96; 
Pr.nsep s results are scry accurate and arc still used: similar experiments by Erhard and Shertcl, 
Johrb.f. Bcrg-u. Hutten- Wesen in Sachsen. 1879. 154. 

Z 'S" ,886 - 135 - ,4S - ,6S = Louth and Vogt. Bull. Soc. Chim., 1886, 
4f». /S6; Walkin, Trans. Faraday Soc.. 1917, 13. 330; Dana and Foote, ibid., 1919, 15. 186 
(m.ps. at high temps.); Kanolt.y. Franklin Inst.. 1919. 188. 489. 

Nchis. 'ZXTm P4 26l; Anon " **"• Chm - £< * • ,915 ' 192 ^r-nin. 

9 J.S.C.I . . 1908. 27. 434. 

^ i837 - 4 - * ^ ^ ^ 
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The detcrminalion of ihe vapour density of mercury 1 or iodine 2 has been 
used to measure high temperatures. A calorimetric method was used by 
Carnellcy and Williams 5 to find the melting-points of many salts, but ihe 

results are inaccurate. . , 

Pyrometers depending on the change of viscosity of a gas with temperature 
(proposed by Barus), such as Callendar*s transpiration balance, have been 
used. 4 D. Berthelot 5 measured the change of refractive index of a gas. 
The change of colour of solids, e.g. applied as paints to metals, has often been 

US For temperatures above a red heat, a thermocouple or platinum resistance 
thermometer (§ 7.VI A) can be used; for .he highest temperatures some form 
of optical pyrometer, depending on the laws of radiation, is applied (s, 13). Special 
precautions must be used in determining the temperatures of flowing gases by 

means of thermocouples. 7 . . 

The history of high-temperature gas thermometry may be summarised as 

follows: 8 

1828 const, press., gold bulb 9 
1836 const, press., platinum bulb 10 
1847 const, press., platinum bulb. 11 
1853 const, vol. 12 
1857 vap. dens, of iodine. 15 
1861 const, press. 14 

1863 const, press., platinum bulb. 15 

1863 const, press, and vol.. glazed porcelain bulb.'* 

1879 const, press., porcelain bulb.' 7 
1882 const, press., porcelain bulb. 1 8 


* Rcgnault, Ann. Chim.. 1861. 63. 39. . . nf 

. Dcvillc and Troost. Ann. Chin,.. 1*60, 5*. 257 (results s.ua.cd by the dtssoc.aiton or 

‘“I 1 Carnellcy and Williams. J.C.S.. 1876. 29. 489: 1877 32 . 365 : 1878, U 273. 28. : Violle. 
Compl. Rend.. 1877, 85, 543: Httdky. J. FronHin /«,. 1882 M^9I 169 . 

^ Barus. Ann. Phys.. 1889. 36. 358; Calkndar. Nature. 1899. 59. 494. >19. Jov. r . 

“olSitaUW 120, 831: 1898. .26. 4.0. 473: Ann.Odm.. ,902. 26. 58: Kcnnard. 
in " Temperature. Its Measurement and Control. r^wYorkl94l 685. 

* See e g. Nacser. Mitt. K. With. Inst. Eisenforsch Dusscldor. 1930. 12. -99. Pcnzig. 

Cheat. Fabr.. 1939. 12.358; Denbere and Bu«ar Ch.nret ^ ^ 

Z. teclin. Phys., 1942. 23. 88; Guthmann. ^ 1 94 62. 4 Nature. 

Farbcn, Fr. P. 822308 (1937); Tytc. Proe. Inst. Mech. Eng.. 1945. 15Z. ran.ng 

High Temperatures; with eery complete summary of early work). Day and Sosman. 
brook. “ Diet, of Applied Physics." 1922. I. 857. 

* Prinscp. Phil. Trans., 1828. 118. 79; Ann. Chun.. 18-9. 41. 247. 
i° Pouillct. Compl. Pend., 1836. 3. 782. 

" Rcgnault. Mem. Acad. Sci.. 1847. 21. 163. 

257 (results falsified by dissociation Is^2l). 

14 Rcgnault, Ann. Chim., 1861. 63. 39. 

:: Sa^cc^ 3 ^ 9 i863. 57. 894. 897: ,864. 59. ,62: reply by Bccducrel. 

ibid., 1863, 57, 902, 925, 936. . c . 187Q lS4 

» Erhard and Schcrtel. Jahrb. f. Berg. u. Huttenwesen m Sachsen. l»/v. ih 

»» Violle, Conipt. Rend.. 1882. 94. 720. 
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1889 const, press., platinum bulb. 1 
1892 const, vol., porcelain bulb. 2 

1899 const, vol., porcelain and platinum bulbs (latter preferred).* 

1904 const, vol., porcelain bulb. 4 

1905 quartz-glass bulb. 5 

1906 const, vol., various bulbs (Ir, Pt and Pt alloys with Ir and Rh).* 
1908-12 const, vol., platinum-iridium bulb filled with nitrogen. 7 

The Wiborgh pyrometer 8 is a gas thermometer type. 

§ 4. Radiant Heat • 

Those parts of the spectrum which lie beyond the visible at the red end * 
constitute radiant heat or infra-red radiation. They differ from light only in 
having a longer wave-length (A), which is measured in Angstrom units (A.= 
10-8 cm.), or for longer waves in millimicrons (m/x=10-6 mm.) or microns 
C/x — 10~ mm.). The instruments for measuring radiant heat 10 are briefly 
described in § 5. J 

According to Draper 11 a solid body begins to emit red light (appearing to 
the eye as a faint "ghostly" grey) 12 at 525*; the brightness or intensity rises 
rapidly with increasing temperature, and in addition to an increase of total 
radiation the distribution in the spectrum (on which the colour depends) 
changes with rise of temperature, the intensity of short waves (violet) increasing 
more rapidly than that of long waves (red). Hyde and Forsythe'* fixed the 
limit of visibility at the red end of the spectrum at A=0-75/x. Amcrio 14 pointed 
out that Draper's law (which he said is incorrect) had been stated previously by 
Wedgwood.' 5 Tammann, Ncubcrt, and Bochme,' 6 and Tammann andBochmc ,' 7 
tound the emission of grey light to occur at variable temperatures with various 

1 Snl^r ntSZi' S V* y If" ,889 * 8 * No * 54 ,313 «*>! dmer. Sci., 1894, 48. 332. 

* Ho born and Wien. Ann. Phys., 1892. 47. 107; 1895. 56. 360. 

. fj 0, f° rn and Day, Ann. Phys., 1899. 68. 817; Amcr.J. Sci. 1899. 8, 165. 

4 Marker. Phil. Trans., I9W. 203. 343. 

* vT: ArCh - f d ; Ph>S - NaL ' ,905 « 20 - 28. 128. 454. 506. 

pholome^r ^ ,906 ' 8,1 : ^ 1901 ' *2, 1 5 spcc.ro- 

93 7 Q^Sra^/^n! 08, 2 ^c 4 ° 5; Day * Soiman ‘ and AUcn. ibid, 1910, 29. 
rLXt:'.Zv ^" 8 ’- 4 3,97 : '■ *—*-*., .888. ii. 1 10; Rhodin, Trans, 

^Wi d „kcLl h ""u nik C M x", iCh ' ,W: Pringshtim ’ *■ neklroehm.. 
Thomson, •' He™ JS • Phss ^ * I9 ° 6 ' 3 ' 241 : and 

» AuropCl m S. « 285 2 ’ 256; Emdcn ' ,W/ - Lummor JM. 1897.62, 14. 

14 Nuov. Cim., 1904. 8. 313. 

Ann. Phys., 1933. 17. 863; Batarcw and Karabaschcw. KoU. Z., 1934. 68. 261. 
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oxides and sulphides, as low as 210' for some oxides. The temperature is 
lowered by 50°-150° by powdering and it is dependent on the chemical com- 

P °Thc so-called colour scale of temperature, due to Pouillct. 1 depends on the 
colour of the light emitted by a glowing body; each of the entries should really 
refer to a range of temperature, and the results depend on personal factors and 
on the emissivity of the surface of the hot body: 


°c. 1 

•F. 

Colour of Light 

532 

990 

Dark blood-red. black-red. incipient red. 

566 

1050 

Dark red. blood-red. low red. 

635 

1175 

Dark cherry-red. incipient chcrry-rcd. 

682 

1250 

Medium cherry-red. 

746 

1375 

Cherry, full red. 

835 

1550 

Light cherry, bright cherry, light red. 

899 

1650 

Orange, salmon. 

941 

1725 

Light orange, light salmon. 

996 

1825 

Yellow. 

1079 

1975 

Light yellow. 

1205 

2200 

White. 


That radiant heal showed the same properties of reflexion, retraction, inter- 
ference, double refraction, and polarisation as light was proved experimentally 
by Forbes. Mclloni,* and Dc la Provostayc and Desa.ns.* in a series of investi- 
gations with relatively simple apparatus, and most subsequent work has been 
a refinement of this. As Rayleigh * pointed out. Young - in ,807 h .? d c '^ 
stated that heat and light arc modifications of the same motion, differing 

^The” quantitative study of radiation provides information as to how the 
radiant energy is partitioned among the wave-lengths, and how change of 
temperature affects this partition. Strictly speaking, radiation should I be 
studied in a vacuum, but as air absorbs very little ordinary radiant heat, a good 
deal of information can often be obtained by working in air. 

One of the earliest known laws of radiation, the theory of exchanges, stated 
by Prevost 6 (of Geneva) in 1791. directs attention to^^* 11 *™**?* 
asserts that each body radiates energy to, and also absorbs energy from. 

• Con, pi. Rend.. 1836. 3. 782: While and Taylor. 19°°. 3-41: Ho«c. ibid.. 

Tp 3 0 ;& Yh!l°Mag Th \ns:l X * S (portion); Mclloni. Ann. Chin,.. 1836. 61. 375: 

I8 *£ 28 . 252 : isso. 30 . 159 . 276: list. 32 1 . 2 : 

1891. 43. 498 (rotation of plane of I ^aH».ion 
1947, 159. 641 ; Elliott. Ambrose, and Temple. J. Opt. *«•«. Amer.. iw. -» m 

by pile of selenium films). 

« Phil. Mag.. 1889. 27, 265. 

1,217, where early work on radiant heat is summarised. 
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bodies. If a body radiates more energy than it receives, its temperature falls; 
if it receives more than it radiates, its temperature rises. If a number of bodies 
all at the same temperature are enclosed in a space impervious to heat, the 
energies radiated and received by each body exactly balance, and there is no 
change in temperature of any of the bodies. The system is thus in temperature 
equilibrium. 

Experiments made by Leslie 1 with a tin cube, filled with hot water, having 
faces in different conditions (black, polished, roughened, papered, etc.) and 
with the various faces turned in succession towards a differential air ther- 
mometer having a blackened bulb, showed that good emitters are also good 
absorbers. Quantitative experiments with a thermopile by Melloni 2 con- 
firmed this. A body at every temperature thus emits the same kind of radiation 
as it absorbs. Bodies which at high temperatures are transparent (hot glass 
Bunsen flame) emit practically no light, and if a body absorbs only one kind of 
radiation it emits only this kind when incandescent (e.g. sodium vapour and 
radiation of A=0-589/z). This is the principle of the detection of elements in 
the sun from the dark Fraunhofer absorption lines in the spectrum. 3 

A gas exposed to intermittent infra-red radiation emits a sound the intensity 
of which is proportional to the absorption; the effect has been used in pas 
analysis. 4 6 

The relations between diathermancy (transmissibility for radiant heat) and 
chemical composition were investigated by Schulz-Sellack, 3 Nichols,* Zsie- 
mondy, and Fricdcl: « the modern aspect, involving a study of absorption 
bands, will be considered later. v 


§ 5. Kirchhoff s Law 

The fundamental law of heat radiation, arrived at qualitatively by Dc la 
1 rovostayc and Desains,’ and more precisely formulated by Balfour Stewart ,«o 
was given a mathematical form by Kirchhoff,* • after whom it is generally called. 

' " An Ex P® rimcn,a ' Inquiry into the Nature and Propagation of Heat " 1804 I f 22- 
R > chje. Phil Trans., 1827. 1 17. 139; W,cdcburg. Ann. Phes. 1898 66 92 ’ ’ 

32 383 m wT 2 83 14. X' ? 3 M 3 : Scientific Memoirs. 1837 . 1. 1 . 39 . 

Naples^ Vso* (W,?' iiL /?“.• ‘^Thcrmochrosc ou la Coloration Calorif.quc." 

< T ! V I! »• a,l o Rjd ' a " 0n in " Enc r- Bril .” 9th edit . 1886. 20. 212. 

.881 20 ,9 'ThJL Zj ” 7; * 0n '*' n - Ob'**. C„. Natur-u. H'Hk*., 

: Cn,8tn ' Am W "- '»'• ,2 - '»= Vcingcrov. 

J Ann. Phys.. 1870. 139. 182. 

6 Phys. 1893. I. I. 

• aZ. Sfe lS.S5.45J 55S: ,896 ' S7 ' 639;Z «"*• '«* 634. 

1S60. 20. 169. 534: .861. 21. 39, f ^ ctoTi* 6^62 ^8 T' ll' S*. 5 ? 5 S* M °*' 
Treatise on Heat," 5th edit Oxford 188 S 196- r 6 t K ' rChh ° ff,: An Elementary 

98; "Scientific Papers," CambnC S’ I900 ' 49 ’ 539: ,90 »’ >• 

cicnily appreciated on the Continent- TskW $ *? rk W3S ,nsum ' 
136; Schuster. Nature. 1925. 115. 87 ' Ph>S PjpCr$> ,904 ’ 4 - 127 

^.^.lwb.20 0 l: 7 I86, rC 2l " i S br,: Ph}S ' '**' ,09 ’ 275: 

’ * «°oi. a. .41 .Ann. Chun., 1861. 62. 160; "Gcs. Abhl." 1882. 571; 
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Consider an enclosure (cavity; German, //oWr a um) hea , ed m a fu-na<x un^ 
it is incandescent, and let it contain pieces of glass, silver, and _coke ^“PP 0 ^ 
not to burn but to be heated to redness), etc. Through a small hole, the interior 
of the cavity appears uniformly bright, and the different bodies inside cannot 
be distinguished If, however, the pieces of coke and glass are quickly taken 
out of the cavity, the black coke shines much more bright'y than the g!ass as it 
emits much more radiation. The same holds for the coke and the piece °f 
silver Thus, the feebler emissive powers of the glass and silver arc comple le y 
compensated in the cavity by the glass freely transmitting rad, alion from the hot 
wall behind it, and the silver freely reflecting radiation from the hot wall in 
front of it The black, opaque coke neither transmits nor reflects radiation, 
and as the flux of radiation is the same a. all points and in every direction inside 
the cavity the black body must provide the whole of its contribution by radia 
bon alone. The brightness of the cavity itself is unchanged if the black body is 

tak Fromthis experiment the following important consequences 3 

perfectly black body is one which absorbs all radiation falling on it and neither 

reflects nor transmits any, then: 

(1) “If a space is bounded by bodies of equal temperature, and .f no 

1 radiation can penetrate through these bodies then every buod. o 

rays inside the cavity is constituted, as to quality and intensit), as f 
it came from a perfectly black body at the same temperature . and is. 
therefore, independent of the nature and form of the bodies, and 

depends only on the temperature." 1 , . ... bodv 

(2) At a given temperature the radiation from a perfect ) black bod) 

(usually called black-body radia, ion. sometimes .-full rad anon) * 
the maximum possible; i.e. no body can ^ brighter at a g«n 
temperature, by pure temperature radiation, than a perfn.il> black 

(3) Inside'an equally heated enclosure, the differences in radiation from 

the most different bodies completely vanish. 

The fact that an enclosure behaves as a perfectly black body, * also pnaved b> 

Since all natural bodies reflect to some extent, the P ll l k d nl reflee, 

and platinum black is converted into ordinary grey platinum a. 600 . A 

Cotton, Aarophys. 1.. '*"• 9 ’ * 37 j '<ni 'l. 557;*' Ri^harr. 9 ^' »,«• Pboiogr.. 

Ann. Chim., 1909, 17. 267 Mcslin. • 1 - •* ‘ proof for scparalc wave-lengths was 

1912, 11. 254; Pres, on " W V, cx^nTnls. see Schaun and Wustcnfcld. 

~ ,S ' M - 
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refractory body, such as brick or fireclay, coated with ferric or uranium oxide, 
or manganese dioxide, behaves approximately as a black body, but by far the 
best experimental black body is a cavity with a small aperture. Such cavities 
were used at temperatures of -180° to +1400° by Wien and Lummer > and 
Lummer and Pringsheim. 2 The one for use at high temperatures (Fig. 2.VI B) 
used by Lummer and Kurlbaum 3 consisted of a porcelain tube fitted with 
diaphragms and with a thermocouple at the closed end, the whole being enclosed 
in a wider porcelain lube with a platinum resistance heater. The interior was 



Fig. I. VI B. Black-body Caviiy 



Fig. 2.VI B. Lummer and Kurlbaum Black Body 


blackened (probably unnecessarily) by oxides of chromium, nickel, and cobalt. 
With the radiation emitted from the aperture at the open end, the laws of black- 
body radiation were established. Other types of black body used include a 
cavity in a Nernst heater. 4 and a molybdenum wire 12 cm. long and 1-4 mm. 
diam. with a boring 0-5 mm. diam. and 1 mm. deep, heated in nitrogen. 3 
Rubens and Hoffmann* investigated the radiation from black carbon and 
platinum surfaces, and studied the effect of the thickness of the black substance. 
The intensity of radiation is measured by a special thermopile 7 (cr its modi- 


k 9 rK 6, 451 : ' 929 - 22* The first experiments of this 

TJhnlT, , J Chr ' s " an * n - *""■ My* . I8W. 21. 364. and Boltzmann, ibid.. 1884, 22. 
«“?. Lcs, ' c «?■» Ul,h s,dcs - and perforated with small holes, respectively. 

bX. J33; W " SOn - A ‘" OPh>1 - J - 1899 , 0 ' 8 ° : 

\ Phys " I 897 * 63 • 395 : v <rM. d. D. Phys. Ccs.. 1899. 1. 23. 215. 

w I 9 ® 1 ' *• 829: Valcmincr ' • biJ - '»». 3'. 275; Pin™, 

G c ' , 9 01 ; 'h 9 (C3rbon ,ube,: Pj,n * nl ' cr . Ann. Chim., 1911, 22. 417; 
Slubbs, Proc. Roy. Soc.. 1913. 88. 195; Keene, ibid., 1913. 88 49- 1915 91 ioq* Cohlcni? 

iwfy l9M - ”• 5: No,hdurfi and ***-*-». 

6 Berlin Bcr,, 1922. 424. 

Imi., 1911. 172. 559; 1913-14. 175. 151 497 ^W^hAc Id ' 'l 9 1 mS’iom 3 !? « Franklin 

4.' 54 1 !uidcw ' Ann M« P, | W °9 ’mwV" ” Dicl ’ of A PP»^ 1923.' 

Client. Soc., 1912 44 4<9 Yakovlev. J. Ross. Phys. 

1019 *•* 


§5 


KIRCHHOFF’S LAW 


471 


fication in the radiomicrometer ), or by a bolometer > {fioXxt r,Xtov. sun-beams 
using the change of resistance of a very thin blackened platinum or other metal 
strip or wire on which radiation is incident. A Aat-surfac^ pile' McUoni ype) 
of bismuth-tin and antimony-tin alloys was described by Spence, extremely 
fine wires for thermocouples were made by Pfund 3 by throwing molten metal 
from a crucible on to a large glass plate and pickmg off the figment. Soldering 
0-02-mm iron and constantan wires for vacuum thermopiles is dcscrioea. 
Burger and van Cittert « used antimony and bismuth deposit^onthinrrucaby 
evaporation in vacuum; rapid thermopiles have antimony and bismuth deposited 

saasatiKSi- 

plating from a teapot to get a film 1/500 mm. thick.’ Mo1 ' ^ d Bu f Cr ' „ “X 

v . . _ „ ... I4CS 1915. 37, 776 (radiomicro- 

Ann. Phys .. 1914. 43 555; ^haeffer p au^d J oncs. J.A.Cg. * ^ 

for vacuum thermopiles see Firestone. Rev. Sc. /n»e.. 9» ^ l )g| . Jj|r „ y- 

I. 592; 1932. 3, 73 (bismuth-lellunum); Bracken and McAl • jnJ Dlck i ns „„. 

Comp,. Rood.. 1931. 193. 926; Strong Ref. Sc,. J6 , ,g 8 : ; Jones. 1. Sc,. 

J. A.C.S.. 1930. 52. 124; Leighton and Utghton.3 ■ <*>■ '■ ” , w Mngk . Bi-Sb 

Injlr., 1937. 14. 83; Roess and Dact*. Rev. S " cJ£. >94’. 35; Simpson. 

=nT.^ ; B,»r S :^ £ XXZZ&r. see also We, gen. - Optische 

M "", c g' srliu 1 . «”»«• •• s ;i-27 8 v Ku'd^m'rr'im. 

Kurlbaum, Ann. Phys 1892, 46 * r Handbuch dcr SpcUroskopic.” 

51. 591; 1897. 61. 417; Phys Z.. 1900 ™ M . 25 (vacuum bolo- 

1900, I. 651; Warburg, Lcithiuscr. and Johan« n 4n P ^ anJ Foote, ibid.. 

meter); Coblentz. Bur.S,a*d. Bull IWJ. « 091 '9 Wllh $lrip o 0002S mm. 

1910, 12. 91; Leimbach. Ann. Phys, ,1910. 33. 30» tunwr ,947. I8 . 

thick); Kerkhof. ibid.. 1938. 31. 315 (vacuum bolder). Sh. j.. ^ ^ „ 4|9 . For 
398 (lag); for a supracGnductmg bolGr^tcMNb^ K M I . um b|ack al fewer tern- 

a comparison of the emissive and absorp >>c | f>o « :rs oot P power of carbon was 

peratures, see Kurlbaum. Ann., Phys. 1899. 61.™ S the | 960> for metals: for 

measured by Aschkinass. ^». Phys lW t n. mel. ^ ^ ^ . |? 

emissivity of graphite. Prescott and Hmckc. Phys. He i.. iv-n. 

* Phys. Rev.. 1910. 31. 666. 

onashMlof'gla'^backcCPwim^'lack^papcPuling^sProng illumination reltcctcd fro 

and an observation lens. 

I ^l^Chen, Soc ^ ^ 

Amer., 1946.36. 597;Niven C^./.^1W.M AW. Parll n S ton. /V<»r. Roy. Soc.. 

i On electrolytic removal of silver from Wollaston *irc. 

1921. 100, 27; Z. Phys.. 1930. 60. 420. 

* See note 7 on p. 470. 

* J. Opt. Soc. Amer.. 1946. 36. 32. 

io Proc. Roy. Soc., 1907. 79. 138; 1910. W. 155. 
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Modifications of Crookes's radiometer (§ 7.VII J) have been used 1 to measure 
the intensity of radiation. Coblentz 2 found the sensitivity of a thermopile 
proportional to the square root of the surface. 

Let radiation of wave-length A fall on a body, then the ratio of the radiation 
absorbed to the total incident radiation is called the absorptive power (or 
absorptivity) a x of the body for the radiation of the particular wave-length: 

a ,= absorbed radiation/total incident radiation. 


For a perfectly black body, a x = I, by definition, for all values of A. For all 
other bodies a x <\, some radiation being reflected or transmitted. 

If a body at a given temperature emits into a vacuum from unit area in unit 
time an amount of energy e x 6X in a range of wave-lengths between A and (A+dA), 
the limiting value of e x when dA->0 is called the emissive power or emissivity 
of the body at the given temperature T for the given wave-length A, and is a 
function of A and T as well as of the nature of the body and of its surface. A 
flux of 1 g.cal./cm. 2 has been called a langley (ly),* the time unit being added 
(c.g. ly/min.). 

In a uniformly heated enclosure the radiation is uniform, and independent of 
the nature of the walls or contents. Hence, if d q is the heat received per sec. 
per cm. 2 by any one body, this is the same for all the bodies. If a body absorbs 
a fraction a x of this, i.e. a x dq, it must reflect or transmit d?(l-aj, and as the 
total energy emitted per sec. per cm. 2 is equal to that received: 

<Wl-0j+r,dA=d<7 (1) 

lor a black body, a x =\, and if E x is the emissive power of a black body, 
(I) becomes: 7 


From (I) and (2): 


( 2 ) 

0 (3) 

e t =a x E x , or eJa x =E x (4) 


Hence at constant A and T the ratio eja x is the same for all bodies and is equal 
to the emissive power of a perfectly black body. This is called Kirchhoff's law * 
It applies only when c, depends solely on the body and not on the incident 
radiation, and would not apply to a fluorescent body. 5 
Bodies other than black bodies reflect radiation, and if they do not transmit 
radiation, the reflecting power or reflectivity for a given wave-length is obviously: 


from (3): 


4.-1 -«a 


(5) 




( 6 ) 


winch shows that if radiation lost by reflection is restored, the body emits black- 
body radiation. I his will occur in an enclosure. 

The cflect of a polarising body such as tourmaline, giving a different emissivity 


manomcicr).^ 0 ^ ^ ”' 2 ‘ * 66 : K,umb and *»—«. * >944. 122, 418 (as 

2 Phys. 7... 1914. 15. 453. 

> Nature. 1947, 160. 326. 

Phi v, rn‘7 45 39 cm.vs.vuy. c«c.. and statement of K.rchhotTs law. Ives. Astro- 

' WCnSd * m " Tcmpcra,urc - Bremen, and Control." New York, 1941, 3. 
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in different directions (as though it had different wq ertfum) was ex^imenl- 
ally confirmed.' Ken. * suggested that Kirchhoff s law ought no Id * 
energy is transmitted by conduction by molecular or electronic impacts between 
“"media in contact; in that case the sum of the rad, at, on and the transmuted 
energies would be zero, but this might not be true for each separately. 


§ 6. Intensity of Emission 

Radiation in an enclosure is equally distributed in all direction^ »«£«&*«* 
diffused. Consider a small element of area is of a radiating body. The energy 
of wave-lengths between A and A+dA emitted per sec. from dr inside a th n 
cone of solid angle do. (see § 8. II!) at right angles to dr will be proportional to 
ds, doi, and dA, or equal to: 

where K, is a constant for a given A. depending only on 'bcnaiureofihcbody 
and on the temperature,’ called the imensuy of enrisskm. The energy emitted 

tS 




Fig. 3. VI B. Intensity of 
Emission 


Fig. 4.VI B. Effect of Refractive 
Index on Radiation Intensity 


per see. in a narrow cone of solid angle do. with its axis making an angle tf with 
. i rvxii /tc oi n fFip \ VI R) will be 4 Af»cos 5dsdo>dA. since the open 

cones shaded as AA’OB’B (where OA or OB make, an *«*£*+<•' * " 
OM) is (§ 8. Ill) do>=2n sin fldfl. and the total emission from d.t per sec., which 
is equal to e.dAds, is found by integrating the expression 

2irAf, cos 0 sin 0 dsdAdfl * 21 

1914, 22, 762; Proc. K. Akad. IVetens. Amsterdam, 1914. 16. 79V. 

* Phil. Mag., 1917, 33. 223. „ u 

» Pres, on, " Theory of Heal. ”1919. »8 (whow^ftoJO^ ^ dc Mcnml c , Grad.bvs 
4 This so-called cosi* kw * 4<x to ^ ™ Oswalds Kkatiktr. 1892. 31-33; 

Lvminis, Calorvm. e Vmbra*. ^ conlimcd by Mellon! by dittoing Ihe conical 

31. 22; 33 75;,, is called a, various angles, when ,he 

receiver of a thermopile towards a radiati g w |. en the reflecting power of 

radiation received was constant. It o 1 P o 449. Munich 



1927, 30. 853. 
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over the hemisphere , i.e. 0 from 0 to w/2 (see § 8.III): 

.*. e A dsdA=2ffX’ A djdAj sin 6 cos 666 

e A =rrK A (3) 

If the radiation intensity in vacuum is K, that in a medium of relative refrac- 
tive index n was shown theoretically by Clausius 1 to be n 2 K and this was after- 
wards proved experimentally. 2 Let A and B (Fig. 4. VI B) be two perfectly 
reflecting hemispheres filled with two media of different refractive indices, 
communicating through a small hole of area s. At the centres of A and B let 
there be small perfectly black surfaces a and o\ making angles a and p with 
the centre of s. Rays emitted outside these solid angles are reflected back to 
a and o' and absorbed. From Snell’s law of refraction, since sin <x~a, sin f}~fS, 
the index of refraction ratio is n= a/0, and since the areas are proportional to the 
squares of the linear dimensions, <x/a'=/i 2 . If K is the intensity of emission 
(per cm. 2 ) in A, and K' that in B, and if a fraction R is reflected at s and 
(\-R) transmitted, then radiation equilibrium betw-een o and o' requires that 
Ko{\-R)=K'o'(\-R), therefore K(o/o')=Kn^K\ which is Clausius’s 
equation. 

§ 7. Energy Density 

The energy density 1 p per cm. 1 in a space uniformly filled with radiation is 
found as follows. The energy radiated per sec. from d s in the cone is given by 
(2), § 6. Also, OA=OM/cos 0=/i/cos 0, and if c is the velocity of light, the 
time taken for energy leaving 6s to reach A is /i/ccos 0 sec.; hence the energy 
sent out into the cone in this time is 27rK x (h/c) sin 06s6X60. If h is very small 
the energy between the planes A'B' and XY due to the emission from d$ is 
found by integration between the limits 0=0 and 0=n/2 (the rotation about 
OM is already given by the factor 2 tt): 

M2 

2ttK x (Ii/c)6s6X I HT\060 = 2»K x (h/c)6s6\ .... (I) 

But if p,dA is the energy of wave-lengths between X and A+dA per cm. 1 , the 
space between the planes (away from the edges) contains for each clement 6s 
the energy p x 6XJi6s. Since there is equilibrium, as much energy returns to 

hence* < S '* *** SCC " hC " Ce * (l) is doAM ic can ** cqualcd t0 P* 6Xh 6s, 

f P*=4*KJc=4 f Jc (2) 

The total energy of all wave-lengths emitted per sec. per cm. 2 is: 

Ho^A"*/ WA-W^f Px 6\=pc/4 ... (3) 

from (2), and (3), § 6, where p is the total radiant energy density (all wave- 
lengths) in black-body radiation at a given temperature: 


-J p<dA 


( 4 ) 


Tra«™'on*H i^Oxfor ! ' l8 ”' * 265: Balfour S,cwan - “ Elcmenlary 

Leipzig 1921, S' ° f J ‘ 888 ' 2 : Plinck ’ " TtKonc der Wlnneslrahlung," 4th edit., 

Dun^yt^ct;^*,* 1866 ' J ° : Smol ' Kho " ski ' ***>■ '**■ 

2. #7 rJSn l85S - »• * •• Maih ' - ^ 

- Wien. Ann. Phi;., ,S94. 52, 132 WM«/e; the value „r,3) is sometimes denoted by «. 
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Pokrowski 1 supposed that there is an upper limit of energy density corres- 
ponding vvith a temperature of 3x10- deg., with a frequency of I0» and wave- 
length 3 X 10" 5 A. 

6 8. Radiation Pressure 

pressure on any surface, in dynes per cm.*, is equal to one-th.rd the gy 

density in ergs per cm. 5 : p-Jp 0) 

a isftsr 

S 9. Stcfan-Bolt/mann Radiation Law 

In 1879 Stefan * showed .ha. all .he experiments Pushed ,o .ha, .nnejere 

in agreement with the law that the ,nlen5 ''> °J ^ |f e j s the total 

proportional to the fourth pone, of the absolute temperature. 

emissive power: m 

c=o7 4 

where . is a eons.an. depending only on .he nature of the tedy. 
black body (e-£). . is called Stefan's constant. If '^^^^^"‘s.lfan 
of temperature T 0 the net emission is o\J o )• • r fecl radiators, 

deduced his law " from a discussion of bad by Tyndall * 

for which it does not hold he made use of some observation, dv > 

on radiation from a platinum spiral. radiation is brought 

Barton ’ had previously pointed ou. .ha. a cycl ■ wh' h 

from a lower .0 a higher .empera.urc tad supposed 

thermodynamics unless radiation exerts a press . • . z mann 8 * * * (who 

(§ 8). This result was put into a quantitative form b> Boltzmann ( 

i Z.Phys., 1928.51.730. . . Oxford 1873. 2. 391. 3rd edit.. 

J Maxwell, "Treatise on E^wty andMageUMn* O ^ Magnc tism ." Cambridge. 
1892. 2. 440: Jeans. " The Mathemati«l Theory of J , 947> i60 . 5 32. 

1908. 145, 531 ; Planck. " Theone derWam^ , 925 . 26 491 

3 Wertheimer. Verhl.d. D.Phys.Ces^9 11.913. 

« Wiener., 1879. 79. II. 391 : confirmed by Grae tz. dn • W-. 

5 " Pyromctry Sympos. Volume." Arncr. Inst. _M»n. Met. E h ik « ,89b. 2. 215: 

6 Ann. Phys., 1865. 124. 36; WOllner. Uhr . b “ ch ^ 879 - Davies, ibid., 1946. 157. 
Satlerly, Nature, 1946. 157. 737; Partington. tM.. 1946. 157. 8/v. u 

8 -Sopra i Movimenti prodotti della Luce e da. Ca.o-" fta** ™ ^ °”' * 

1884, 15. 193; Repert. Phys., 1885. 21 1 98; S^neo- ^ ^ ’vien. Ann. Phys.. .893. 

• Ann. Phys., 1884. 22. 31. 291. 616; Gahum^W 189 47. 4^ • .. Acihcr jm , MaUcr ;- 

49. 632; Guillaume. Arch. Sci. Phys. Nat.. 1894 3*- 12 • ^ ph PapcfS .» Cambridge. 
Cambridge. 1900. 137; Nature. 1900-1. 63 216. Math .and » Michelson. 

1929, 2. 431. 446; Lorentz. Proc. K. Akad. Hc/mr. Amsterdam. 1901. J. 
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pointed out that it applied to black-body radiation), and he was so able to 
deduce Stefan’s equation (1), which is hence usually called the Stefan-Boltz- 
mann law, after both distinguished physicists. The simplest method of deduc- 
tion 1 is based on Clapeyron’s equation (6), § 41.11. 

Consider a vacuous cylinder with perfectly reflecting walls, fitted with a 
perfectly reflecting piston B (Fig. 5.VI B). Let the base A of the cylinder be 

formed of a black body at an absolute temperature 
T. The black body is in equilibrium with radiation 
of density p in the volume V of the cylinder, and a 
pressure p=\p is exerted on the piston. If the piston 
be drawn out through a small volume hV , the work 
Fig. 5. VI B. Expansion donc is P* V ' and morc radiation enters to fill the 

Cylinder for Radiation volume SV to density p. The black body thus loses 

heat &7=/ # 5Kat constant temperature, where I, is the 
latent heat of expansion of radiation in the vacuum. If 5^=1 cm. J the 
heat taken from A is equal to the sum of the increase of energy in the cavity and 
the work of expansion, /,=/>+ and by Clapeyron’s equation: 

l=T(dpl<\T) f , (4/3)p=7'(d/d7'Xp/3) 

/. (4/3V>»(l/3)7Wdr) 

T(d In p/dT)=(d to p/d In 7*) -4 
d In p=4d In T 
lnp=4ln T+const. 

P-W ( 2 ) 

where A: is a constant depending only on the units of energy and temperature. 
Although T is here the temperature of a material black body in equilibrium 
with radiation, it can (and later will) be identified with the temperature of the 
radiation itself in vacuum. 2 

Stefan’s law was confirmed for black-body radiation by Schleiermachcr, 1 
and fully by Lummcr and Pringsheim. 4 It should be carefully noted that the 
7* 4 -law applies only to radiation from a perfectly black body; for many metals 
the intensity of radiation is more nearly proportional to T 5 (see § 17). The 
calculated and observed absolute temperatures found by Lummer and Prings- 
heim, given in their table on p. 477,5 f u || y confirmed Stefan’s law. 

J. Russ. Phys. Chcm. Soc., 1902, 34. 155 (P); Kohl. Ann. Phys., 1902, 8. 575; Buckingham. Phys. 
Rev., 1903. 17. 277; Pcllat. J. de Phys., 1903. 2. 484; Cantor. Ann. Phys., 1906, 20. 333; Ray- 
leigh. Nature. 1913. 92. 527; Bauer. Ann. Chim.. 1913. 29. 5. 244, 372; JcUinck. " Physikalischc 
Chemic dcr Gasrcaktioncn," 1913. 274; Bnllouin. Ann. de Phys., 1914, I. 163 (who points out 
that the energy of radiation could be completely converted into work by adiabatic expansion 
to absolute zero); Jeans. " Dynamical Theory of Gases." 3rd edit.. Cambridge, 1921, 366. 

I Haber » ” Thermodynamics of Technical Gas Reactions." 1908. 282. 

Wicn. ^nn. Phys., 1908. 25. 5. mentions that Lord Kelvin never brought himself to believe 
that radiation could have a temperature apart from matter. 

.eon"’'.",!' P l yS ” l885, 26, 287 : Wicn and Lummcr - 1895, 56. 451; Wilson, Astrophy s. J., 

loVy, 10, 80. 

‘ * n "\ Ph> l' l897 ' W ' 395 I |0 ° -1300 ); 1900. 3. 159; Verhl. d. D. Phys. Ges., 1899, I. 
i™, , f! b ? Un ?' Mn - Phvs ' im - 746 (0 -100'); Lummcr. Congres. Internal. Phys., 
d ' Valcn,,ncr - Ph >* ' 1910. 31. 275 (to 1600 ); Mendenhall and Forsythe. Phys. 

4 ‘ 62 0063 " 1549 ): Griffilhs - in Glazebrook. " Diet, of Applied Physics," 

J The original German is given: Siedetopf= vessel of boiling water; Salpctcrkcsscl= 
luscd-mtrc pot; Chamotteofen= fireclay furnace. Lummer and Pringsheim used gas ther- 
mometry up to 1 150 and the temperatures arc probably correct to 3°: at higher temperatures 
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Black Body 

Abs. Temp. Obs. 

Abs. Temp. Calc. 

Siedetopf 1 

Salpeterkessel ... | 

373 1 j 

492-5 

723-0 

374 6 

492 0 

724 3 

•• 

745 

749 1 

tt 

Chamotteofen 
Salpeterkessel ... 1 

789 

810 

868 

778 

806 5 

867-1 

Chamotteofen 

1092 

1112 

1074 

1095 

It 

1378 

1379 

it 

1470 

1468 

It 

1497 

,488 

II 

It 

1535 

1531 


Since Ihe radiation pressure is p=Jp. it follows 1 that n jfiT*. S' 
iw is usually applied to the emission of radiation per sec. 1 om. 


Stefan's 

law is usually applied .0 .he emission of nttM J f 

surface of a black body, in which case £ is obtained from p b> ( 3). § , P . 

/. E=kT 4 c/4=oT* (3) 

on 

°“d 0 S y ^dy Of ” d ;rf;;j 6 7°s n small 

(T 4 -??) -(7^+ MY— V— 47 V 57 *. which is proportional to 5 T or <r-To>. 
when ro’is approximately constant. This is .he soiled New.on's law (which 
really applies to cooling in moving air). J 

they extrapolated thermocouple emf.-temperature eune,. and their temperatures would no, 

integration constant C« *»• . y M j D phrs GfS% , 9 |2. 14. 576 (summary): 

tLI Z rov ScI » C&^ irS); Bauer and Moulm. C«*. RcnJ 

m ,U9 W?\m ISO. >67; y. de Phys .. 1910. 9. 468 ,5-3 x 10 l\ 

1909, 148. 777. 915; Royds. Phil. Mag . .1911. 2 |. > 67 - F l7* n f 9 p s'yue 0-6 -3x10- >: 
IQ.1 -1 180 (6-13 x I0* 12 watts); Puccianti. Nuov. Cim., 191.. 4. J— to v ° J 

walls); 9 Wcstphad. PVrA* ^ I*. J*i &£. 1912. .4 987 Ij" 

to7*x^« e«Trr«n (5 69±0 I3)x 10 » ergs); Kaye and Uby "Tables o« 
Wiysteal^and Chemical Corn tan ts.” ,94, 75. give va,u« erg. B.rgc. 

Rep. Progr. Phys.. 1942. 8. 90. takes 5 672, x 10' ’ and Du Mond and Cohen. Ret. 

Phys., 1948. 20.82. take 5 6724x10;’. erg cm."* deg.* 4 sec.-'. 

J Newton’s law will be considered in § 3. IX M. V ol. H- 
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§ 10. Wien's Displacement Law 

As the temperature of a solid body rises, the colour of the radiation emitted 
shifts from red, through yellow, to dazzling bluish-white. Pouillet 1 attempted 
j to lay down a scale of high tempera- 

. 140 1650 lures from the colour of the radiation, 

/TV from dull red at 600 c to dazzling 

130 / \ \ white at 1600° (§ 4). At each tem- 

120 / j \ perature, the maximum radiation, 

”0 / : \ distributed over the wave-lengths, 

100 / j \ occurs for a particular wave-length, 

90 / : \ and it is clear that this wave-length of 

80 / : \ the maximum will move from the red 

70 / /T\° \ towards the violet end of the spec- 

I / 1 \ \ trum as l ^ e temperature increases. 

60 / / ? \ \ Earlier workers located the maximum 

50 / / \ \ in sun *‘8 hl in lhc infra-red, but this 

40 / / \i 260 N. \ result depended on the absorption 

30 / / and lhe glass prisms 

■ 20 / ‘‘iQ^s xy used, and Draper, 2 using a ruled glass 

. 10 / grating, showed that the maximum is 

in lhc yellow part of the visible 
, 2 3 4 5 6 A s P cclrum - a great advance was made 

FI0.6.VIB. Distribution of Energy over ^. L “7T ^ PringS f hcim ’ * 
Wave-lengths ai different Temperatures hnd,n S ,hc distribution of energy in 

the spectrum of black-body radiation 
at different temperatures. The curves (Fig. 6. VI B) giving the emissive powers 
e x in e.g.s. units plotted against the wave-lengths A in /x(=10 _4 cm.) show 
the shift of A*, the wave-length of the maximum, towards shorter wave-lengths 
with rising temperature. The locus of the maxima is shown by the dotted 
curve and A„, plotted against T gives a curve which resembles a hyperbola, 
so that a relation: 

\„T m =consl.=h 

might be anticipated. This is Wien's Law, which is confirmed experimentally, 
and was also deduced theoretically by Wien 4 in 1893. The following simple 
deduction is sufficient for our purpose. 5 

1 Compt. Rend., 1836. 3. 782. 

1 Phil. Mag., 1857, 13. 153; " Scientific Memoirs.- 1878. 97. 

> Verhl d. D. Phys. Ges.. 1899. 1. 23; 1900. 2. 163; Graetz. in Winkelmann. - Handbuch dcr 
Physik." 1906. 3. 388. 

* B, ' rlinB ' r - ,893 ‘ 1894. 52. 132; l8%.58.662;"Enzykl.d.math. Wiss..** 

1909. 5. in. 282: Oswald's Klaaiker. 1929. 228; confirmed experimentally by Paschcn, Ann. 
Phys., 1897, 60, 662. 

^, C J-.^ hCn - A ' ,r °P h > s - J - 'S95. 2. 202; 1899. 10. 40; Paschcn and Wanner, ibid., 
1899. 9. 300; Very, ibid, 1895. 2. 316; 18%. 4. 38; 1899. 10. 208; Thicscn. Verhl. d. D. Phys. 

2 ’ 65: , armor - Sa,ltrc - l90 °-l- 63. 216; Proc. Roy. Soe., 1909, 83. 82; " Ency. 
Brit.. I Ith edit., 1911, 22. 785; " Math, and Phys. Papers." Cambridge. 1929. 2, 217; Cantor, 
Phy ?" |9< *> 20 333 • RcKhe. ibid. 1908. 25. 521 ; Saurel. Phys. Rev., 1910, 30. 350, 356; 
Buckingham. Phil. Mag . 1912. 23. 920; Wcsiphal. Verhl. d. D. Phvs. Gcs., 1914, 16. 93; 
w Z, ..'2! 4 ’ ,5 - rXm P s »". M.. 1914. 15. 694; Preston. "Theory of Heat," 

1 >19. 569: Jeans. Dynamical Theory of Gases." 3rd edit.. 1921. 368: Planck. “ Theorie der 

o? 3 m S a n U ,? g '- j Cd, i’ IV 1 Jc,linck> “ Ph > sikal,schc Chcmic dcr Gasrcaktionen." 

I >13. 280. Brillouin. Ann. de Phys.. 1914. 1. 163: Henning. " Die Gmndtagcn der Tcmperatur- 

'2! 5, '5; Wot>d * Phil - K1og - l918 ’ 3S * ,9 °: Urbach. Wien Bcr.. 1930. 
I.W. II A. 473: Lohr. /. Phys.. 1936. 103. 454; Hcrcus. Nature, 1948. 162. 143. 
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Consider a definite amount of radiation enclosed in a rectangular box with 
reflecting walls and with sides x, y. z, which can expand or contract so that the 
box always remains similar to itself; i.e. if 8x. Sy 8.-. are small displacements 
per sec. of three sides, the opposite s.des remaining fixed, then . 

Sx/x=S>/>=8.-/.- (‘I 

Any ray just reflected from the moving face perpendicular to 'he x axis must 
travel Zg a path I to the opposite face, and back along a P a A i / be or the 

next reflexion, and if a is the angle made by the ray with the x axis (Fig. 

/ cosa=x. /=x/cosa. 

ons ner sec is c cos a/2 x For rays reflected from faces normal to the y and - 

values are ccosff* and c cosy/2, where fi and y 

are the angles between the rays and the axes. 

0 K K' 




Consider a ray OA of 

a on the face KX ' ® r Wh lh crcsl 0 f the reflected ray reaches C. 

right with a constant velocity u When the c AB 

where AC=A, the next crest will be a A but t^s mu re flccted 

,0 overtake the receding reflecting *■£“»« KX. th ay ^ 

along BD. The distance between the first ana seco^j BN) where 

AC to (AB+BD). and the increase .n wave-length is 
AN Is perpendicular to BD, Hence if A’ is the image of A m K X . 

8A '-AB + BN=AA'cosa=2AM cos a. 

travel over AB (which is small compared with AC) is neglected. 

AM/u=A/c. AM=uA/c 
8A/=2Aiico$a/c. 

PCrSeC ' : 8A,=r8A,'=(2Au cos a/c)((c cos a|/2x]=(Au cos=«)/x 

/. 8 A,=Acos 2 a (hx/x). 

with the very great velocity 


. Actually the second path is U+W/cos a. but as the ray moves 
c, bx is negligible in comparison wiih x. 
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since u=8x. Similarly: 
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8X y =X cos 2 fi(8y/y) 

8X t =X cos 2 y(8z/z). 

The total change of wave-length is 

8X= X[(8x/x) cos 2 a +{8y/y) cos 2 f3+(8z/z) cos 2 y] 

/. 8X=X8x/x , . . (2) 

from (1), and (6), § 78.1 (cos 2 a+cos 2 0+cos 2 y= 1). Since xyz= V , the volume 
of the box, 

yz8x + z jrSy + xy8z = 8 V 
8V/V=8xlx+8y/y+8z/z=38xlx 
8X/X=8 In 8 In V 

.*. lnA=}ln K+const. or AK -I J =const. 

A/Ao=(K/K 0 )i'3 (3) 

Since {V/V o) 1 3 =r/'o. where r is the length of a side of the box, it follows that 
when the box expands without altering its shape, the ratio of the wave-lengths 
is equal to the ratio of the linear dimensions of the cavity: 

A/Ao=r/r 0 (4) 

It must now be shown 1 that if black-body (full) radiation is adiabatically 
expanded or compressed in a reflecting box, it remains full radiation. If this 
were not so, the introduction of a speck of black carbon would bring the radiation 
to the thermodynamic equilibrium of full radiation without change of energy 
(the changes produced in the black speck are quite negligible), and as this is a 
spontaneous change there will be an increase of entropy (§ 51.11). Leaving in 
the black speck, the volume change is adiabatically reversed and the original 
volume restored. Since the radiation pressure depends only on the total energy 
density p, the work of expansion is equal and opposite to the work of compres- 
sion, and as no heat has entered or left, the energy is unchanged and so, by 
Stefan’s law, is the temperature. The process has thus been completely reversed 
without any changes occurring in external bodies. This contradicts the assump- 
tion of a finite entropy increase on bringing in the black speck, hence there cannot 
be such an increase, i.e. full radiation after adiabatic compression or expansion 
in a reflecting box remains full radiation, which was to be proved. 

The total energy in the box is Vp, where p is the energy density, and the work 
done in the adiabatic expansion is (since p= Jp): 

p6 -d( k»= - Vdp-pdV-\pd V, 

/. Vdp+$pdV=Q. and on division by Vp this gives dp/p+$dV/V=0. By 
integration lnp+$In K= const., therefore: 

#>/Po=(k'o/^) 43 =(r 0 //') 4 =(VA) 4 (5) 

by (4). But Stefan’s law, (2), § 9, gives plpoMT/T 0 )\ T/r 0 = X^/X, or. 

AT= const (6) 

• Planck, ” Thcoric dcr Warmcsirahlung " 4th edit.. 1921, 70; Darwin, in Glazebrook, 

" Diet, of Applied Physics," 1923. 4. 566, pointed out that some part of the walls must reflect 
diffusely, otherwise the directions of some parts of the radiation will be changed and it will 
no longer be completely isotropic; Planck, op. ch., 72. specified “white” walls, which is the 
same thing. 
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§11 * * * 

which is Wien’s displacement law. If A is in cm., the best value 1 of the constani 
is 0-2897 cm. deg. 

From (3), § 6, E x =ttK x (e A =£ A for full radiation), and (2). § 7. p t =ArrK f jc, it 
follows that p A dA is proportional to £>dA. From (5) 

£ A dA/£ Ao dA 0 =(A 0 W < 7 > 

Since, from (5), A+dA=(r/r 0 )(Ao+dAo) and A=(r/r 0 )Ao. therefore: 

dA=(r/r 0 )dA 0 =(A 0 /A)dA 0 (8) 

and from (7) and (8): 

£>/£ao=(V*) 5 . or £*A s =const < 9 > 

Hence from (6): 

E x =C t \->((XT) dO) 

where C\ is an absolute constant and f(A£) is some unknown function of (AD 
considered as a single parameter. 


§11. Optical Pyrometry 

The principle of optical pyrometry is the great increase in the visible radiation 
intensity with temperature. Red light is usually measured. The relative 
intensities of light of wave-length A=0-656 M at different temperatures arc: 
1000° C. 1, 1500° C. 130, 2000 5 C. 2100. The first application of optical 
pyrometry was made by Becquerel. 2 Lummcr and Kurlbaum 5 found that the 
intensity of light from heated platinum was given by (/|//:)=(£| E 2 ) x , where .v 
varied from 30 to 14 over the temperature range 900 to 1900 abs. (In what 
follows, £ is denoted by /, as is usual in pyrometry.) Since the intensity varies 
with the nature of the heated surface (Pt, Fc, MgO. C, etc.), and as some flames 
(e.g. the Bunsen flame) hardly radiate at all. the heated source must be as nearly 
as possible a black body, the radiation from which is a function of temperature 
only. This is ensured by causing the radiation to proceed from a small aper- 
ture in a hollow opaque enclosure or cavity heated by the given source. In 
general, the temperature as determined by an optical pyrometer is lower than 
the true temperature (" black-body temperature ’’) by an amount depending on 
the departure from black-body radiation of the radiation from the source. 

As compared with, for example, the platinum resistance thermometer, radia- 
tion pyrometry “ has a sufficiently sound and well-established theoretical basis 
to have attained a practically independent status.” and in high temperature 
regions, where gas thermometry “ is losing its precision, but where the total 
radiation thermometer is gaining precision or at least holding its own. the gas 
thermometer will reach a point where it can no longer compete with its rival. 


» Lummcr and Pringshcim. Vcrhl. d. D. Phys. Ces., 1899. 1. 23; 1900. 2 163. found 0 -876. 
Lummcr, Congris Internal. Phys., 1901. 2. 41; Pirani and Meyer, ierhl. d. D. ? 

1912. 14, 576; see Wcnscl, Bur . Stand. J. Res.. 1939. 22. 375; Dunninglon. Rev. Mtul.Phxs., 
1939, 11, 65; Du Mond and Cohen, ibid.. 1948. 20. 82. five 0 28971 5 cm. deg. Kaye and Lab>. 
" Tables of Physical and Chemical Constants." 10th edit., 1948. 80. 29 39; Tables of £ 
N x =EaJIi *{= number of photons emitted per sec. in the range A to A+dA in solid angle -*). 

J"*£ A dA and P°N A dA arc given by Lowan and Blanck. /. Opt. Soc. Amcr., 1940, 30. 70; for a 
brief discussion of the values of the radiation constants, see Dushman. in Taylor and Glass- 
tone, " Treatise on Physical Chemistry." 1942. 1. 198. 

J Ann. Chim.. 1863, 68. 49-143 (full bibl.); Le Chatchcr. Conipt. Rend., 189., 114, .14. 

J Verhl. d. D. Phys. Ges., 1900, 2. 89. % . . 

4 Day and Sosman, in Glazcbrook, " Diet, of Applied Physics. ’ 19-2. 1. 86_; on optical 
pyrometry, sec Henning, "Die Grundlagcn dcr Tcmpcralurmcssung. Brunswick. 19 1>. 
128; idem, in Geiger and Schcel, " Handbuch dcr Physik." 1926. 9. 540; Burgess and ho ou. 
A.T.P.C. — 16 
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The fundamental laws used in radiation pyrometry are Stefan’s law, that the 
energy intensity I of radiation from a black body is proportional to the fourth 
power of the absolute temperature (§ 9), and Wien’s displacement law (§ 10) 
that when the temperature increases the wave-length of every monochromatic 
radiation (i.e. one of given A) decreases in such a way that the product of the 
wave-length and absolute temperature is constant, Ar=A 0 T 0 , in particular that 
A^Tsconst .-A, for the wave-length of maximum energy A.. A combination 
of the two laws gives / w 7’- 5 =const.=fl, or I m =BT 5 , where I m is the maximum 
intensity corresponding with A.. If the radiation is not from a black body, 
/ B1 7' -O =const., where for polished platinum, e.g. a=6 (see § 17). From 
theoretical reasoning which cannot be considered satisfactory 1 Wien (1896) 
deduced the formula: 

A-C| A-V^ r (1) 

where I is the intensity corresponding with the spectrum region between A and 
A+dA, and C, and c 2 are constants. 

Fig. 6. VI B shows results of Lummer and Pringsheim; / is proportional to the 
intensity, A is in n, and the temperatures are given over the curves. Wien’s 
assumptions are very artificial and unlikely, and Rayleigh (1900) said that 
Wien’s formula, “ reviewed from the theoretical side, ... is little more than a 
conjecture.’’ Wien’s formula shows that the intensity of radiation of a given 
wave-length reaches a maximum at a certain temperature, and then decreases, 
and Rayleigh seems to have considered this an objection. It had, however, been 
found experimentally by Violle 2 in 1879. 

Wien's formula was deduced in a different way by Planck. 3 It was found 4 
to hold for \=9 2n to A=*0-5 p and temperatures of 100°— 1 300° C. It holds 
fairly well in the visible spectrum, but it shows deviations at very high tempera- 
tures and long wave-lengths. 5 Rayleigh 6 by an application of the principle of 
cquipartition of energy (§ 20 .IV) found the equation: 

l t =ckn-*=kTv*/c> (2) 

where v= frequency, c= velocity of light, k =» Boltzmann’s constant. This was 
found to hold for long waves, but failed in other regions. 

Bur. Siam /. Bull.. 1916. 12. 91 : Foote. Trans. Faraday Soc.. 1917. 13. 238; Optical Pyrometry 
Symposium, ibid.. 1917, 13.205: Amer. Inst. Min. and Met. Eng.. " Pyrometry,” Symposium 
Volume. New York. 1920; Griffiths. in Gtocbrook, " Diet, of Applied Physics." 1922, I, 
643. 663; Gibson, ibid., 1923. 4. 737 (spcctro-photomctry); Walsh. " Photometry," London, 
1926. 126: Brodhun. in Geiger and Schccl. "Handbuch dcr Physik," 1928, 19, 468 (photo- 
metry); Mcndhoussc, Ann. de Phis., 1931. 16. 209 (full review of all methods); Ribaud, 
" Trailc dc Pyromctrie Optiquc." Paris. 1931. 

» Ann. Phys., 1896. 58. 662; cf. Michetson. Phil. Mag., 1888, 25. 425 .Phys. Z., 1901, 2, 576. 
For some discussions and criticisms of Wien’s deduction and formula, sec Rayleigh, Phil. 
Mag.. 1900. 49. 539; " Scientific Papers.” 1903. 4. 483; Planck. Ann. Phis., 1900. 1, 69; 1900, 
3. 764; Wien. ibid.. 1900. 3. 530; 1901, 4. 422; Lummer and Jahnke, ibid.. 1900, 3. 283; Jahnkc, 
Lummer. and Pringsheim. ibid., 1901. 4, 225; Wood. Phil. Mag., 1918, 35, 190; Jeffreys, ibid., 
1918. 35.410. 

* Comp/. Bend.. 1879, 88. 171; cf. Larmor, Proc. Roy. Soc., 1909, 83, 82; "Math, 
and Phys. Papers." Cambridge. 1929. 2. 217. 396. 

J Ann. Phys., 1900. 1. 69. 719; Syrkin. Z Phys.. 1925. 31. 836 for another deduction. 

4 Paschcn, Ann. Phys., 1896. 58, 455; 1897. 60. 662; 1901, 6. 646; Paschcn and Wanner, 
Berlin Ber.. 1899. 5, 405, 959; Wanner. Ann. Phys.. 1900. 2, 141; Fery, Ann. Chim., 1909. 17, 
267; Baisch. Ann. Phys.. 1911. 35. 543 (for 0 334,*). 

* Lummer and Pringsheim. Verhl. d. D. Phis. Ges., 1899. 1. 215; 1900, 2. 163. 

* Phil. Mag.. 1900. 49. 539; Nature, 1905. 72. 54. 243; Jeans. Phil. Mag.. 1905. 10. 91; 
Phys. Z., 1908. 9. 853. 
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Planck, 1 at first empirically but very soon after by the introduction of the 
quantum theory (§ 15.1V), found the equation: 


A=C, A-5/(c'^ t -D 


(3) 


which reduces to Wien's for short wave-lengths and to Rayleigh s for long wave- 
lengths, and was found 2 to agree with experiment over the whole range of wave- 
lengths. The deduction of this is given in §12. u 

The wave-length for which I A is a maximum is found from (d/*/<M)*-U. By 
differentiation of (3) it is found (if cjKJ^P) that e - 3 +/3 5-l-0. or 
5(1 -t *)=p. The two roots of this equation J are 0=0. which corresponds 
with A_-*» and is without physical significance, and ^=4 9651. Thus 
\ n T=c 2 IP is constant, in agreement with Wien's displacement law (§ 10). 
The value of A m T=b can thus be calculated from c 2 and 0. i.c. from k.c, h, 
and 0, and Planck found 0*288 cm. deg. Lummer and Pr.ngshe.m ■» found 
experimentally 0*294 and Paschcn 5 0*292. Although the accuracy of Planck s 
formula was called in question by Nernst and Wulf* it was fully confirmed by 
newer measurements of Rubens and Michel. 7 

H. F. Weber 8 had proposed a radiation formula: 

< 4 > 


for the energy e A radiated per sec. per cm. 2 of a body at a temperature T. A being 
the wave-length, c is the " emission constant." a is the " temperature constant 
0*0043, the same for all bodies, b a constant called the " luminous power 
(Lcuchtvermbgcn). The formula was used for 7* varying from 0 to I 5 C. 
and A from 0 0004 to 0*01 5 mm. The total radiation is given by: 

E=cb(nV”W T -T=CT? T (5) 


where C is a constant. The results are not so good as those with Stefan s 

Callcndar 10 (whose attitude towards fundamentals was heterodox) tried to 
establish the formulae: 

Elv+p= CvH T +bv)c~ 4 ‘ r < 6) 


and E+pv=ob>v'‘n\+bvlT)c 1 (7) 


• Ver hi. d. D. Phys. Ges.. 1900. 2. 202 (formula). 237 (deduction); 

1923, 206; Ann. Phys., 1901. 4. 553; 1901. 6. 818: tables of Planck s function. Moon. J. Sloth. 
Phys. Mass. Inst. Techn., 1937, 16. 133. „ 4 D . Iom . , g >. 

* Lummer and Pringshcim. Ver hi. d. D. Phys. Ges.. 1900 2 163: Ann. Phys.. 1901. 6. IV.. 
Rubens and Kurlbaum. ibid.. 1901. 4. 649; Paschcn. ibid.. 1901. 4 .77. 

J Jellinek, " Physikalische Chcmie der Gasreaktionen. Leipzig. 191 3. 354 . Planck Theori* 
der Warmcstrahlung." 1921, 183. who gives only the second root; ^tmaycr ^Kennard ; 
•* Introduction to Modem Physics." New York. 1942. 203: Smith. Phil. Mag.. 194.. 33. 5. 

for solution by successive approximations, see Haskins. Phys. Rev.. 1914. 3. 4/o. 

* Ann. Phys., 1901, 6. 192. 

5 Ann. Phys., 1901.6.646. 

* Verhl. d. D. Phys. Ges., 1919. 21. 294. Q ,«« 

» Berlin Ber., 1921, 590; Phys. Z.. 1921. 22. 569; Michel. Z.Phys 19... 9. M. 

• Berlin Ber.. 1888. 933; Z. phys. Chen,.. 1888. 2. 967 (abstr.): Pctavcl. 

1898. 63. 403; Phil. Trans.. 1898. 191. 501. thought his measurements on the . o' 

incandescent bright platinum confirmed Weber's formula; Compan. Compr Rend.. 1901. 13. . 
813. 1202, thought Weber's equation better than Stefan's at -182*5 to 30. . 

• Graetz, Ann. Phys., 1889. 36. 857; Paschcn. ibid.. 1893. 49. 50: 1896. 58. 455. 

10 Phil. Mag., 1913.26.787; 1914. 27, 870; Nature. 1913. 92. 450. 553. for 

Byk, Ann. Phys., 1913. 42. 1417; Brillouin. Ann. de Phys.. 1914. 1. 13. 163. 433; Tolman Phys. 
Rev.. 1914, 3. 244; Ratnowsky. Verhl. d. D. Phys. Ges.. 1915. 17. 64; Nernst and Wulf. ibid., 
1919, 21. 294. 
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where o=Stefan’s constant, v=frequency, £=radiant energy per mol, such that 
pv=RT, p= radiation pressure and v=volume (£/t>=energy density), and 
b and C are constants, b being hlk=EJRv (A=PIanck’s constant, *=Boltz- 
mann’s constant). 

Charlier 1 proposed the formula: 

£ A==c 7'5 e -nnUTrt)) , /2«,» (8) 

where b, c, and a, are constants. An attempt to deduce a formula without the 
quantum hypothesis was made by Walker. 2 

Priest 3 gave the empirical formula: 

£ A =»D I 75e-^w- 40 - W7 >- ,0 » , (9) 

where D x and Z> 2 are constants, and A is the Wien displacement law constant 
(§ 10), K,T=A. 

§ 12. Planck’s Radiation Formula 

It was shown in § 78, 1, that for a system of plane stationary waves of length 
A and frequency v=c/A, where c=velocity, the number of modes of vibration 
(proper vibrations) with frequencies in the range v to v+dv is, for a volume V: 

d/i=4rrlVd»'/c 5 

or for unit volume: 

dn=Wdv/c 3 (1) 

This refers to longitudinal vibrations in a medium in which the wave velocity 
is c, and also to a single frequency v. For a range of frequencies each equation 
is replaced by a sum of an infinite number of terms for which v varies from 
0 to ®, i.e. by a Fourier’s series (§ 73.1). Radiation in a vacuous cavity does 
not consist of longitudinal vibrations but of transverse vibrations at right angles 
to the direction of propagation of the ray OS (Fig. 39.1). Every ray having 
transverse vibrations in a plane at right angles to OS can, however, be com- 
pounded of two rays polarised at right angles and with independent phases, and 
hence a longitudinal wave train of given frequency and direction must now be 
replaced by two transverse wave trains of equal frequency, and the number of 
proper vibrations per cm. 3 is double that of (1) ; hence if c=ve locity of light 
in vacuum: 

<k=(8 7 r/c J )»' 2 dv (2) 

Rayleigh 4 and Jeans 5 assumed the principle of equipartition of energy and 
attributed the energy kT to each proper vibration (§ 20.IV), thus finding for the 
energy density of radiation of frequency v : 

p r dv=(8jr/c 3 )i' 2 di' . kT=(%TTv 2 kT/ ctydv .... (3) 

Planck 6 assumed that the energy of an electromagnetic wave system in a 

1 Arkiv Mat. Astron. Fys., 1912. 7. No. 31; 1913, 9. No. 11. 

2 Proc. Roy. Soc., 1914, 89. 393; cf. de Boissoudy. J. de Phys., 1913. 3. 385, 649; Bauer, 
Ibid., 1913. 3, 641 ; Lewis and Adams. Phys. Rev., 1914, 4. 331. 

J Phys. Rev., 1919, 13. 314. 

4 Phil. Mag., 1900. 49. 539. 

> Phil. Mag., 1905, 10, 91 ; the factor 8s was first given coriccUy by Jeans, and was accepted 
by Rayleigh; cf. Carwilc. Phil. Mag.. 1938. 25. 926. 

* Ann. Phys., 1901. 4. 553; "Theorie der Warmest^ahlung.• , 1921, 183. On Planck’s 
radiation equation, including alternative deductions, see also Frank. Phys. Z., 1912. 13, 506; 
Poincare, J. dc Phys., 1912. 2. 5; Wolfke. Verhl. d. D. Phys. Ges., 1913. 15, 1123, 1215; 1914, 
16. 4; Phys. Z.. 1914. 15. 308; Goldhammcr. ibid.. 1913. 14. 1185; dc Boissoudy, J. de Phys., 
1913. 3. 385. 649; Bauer, ibid., 1913. 3. Ml ; Krutow. Phys. Z., 1914, 15, 133, 363; BriUouin, 
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vacuous cavity is quantised in the same way as the energy of a linear harmonic 
oscillator, (9), § 16.1V, omitting the zero-point energy. 

« = Av/(e'"'* r — I) ,4) 

By combining (2) and (4) the energy density of equilibrium (black-body) radia- 
tion in the frequency range v to v+dv is found to be. 

8tt hv^ 1 , 

p,dv = H “ 


e» (e'”'* r — I 


The total energy density for all frequencies is: 

f a 8 ”* 

p=j o P.dv= ir 


I'M** 

Z&irZT\ 


Stt (kT)* 


x>dx 8 nW 

= 15c J * J 


( 6 ) 


where x-kvIkT v>-xHkT»lk\ d-=(*77*)dx. Equation (6) is the Stefan- 
Boltzmann radiation equation (2), § 9 with the constant k as “med by 
Planck. The evaluation of the integral 2 is carried out by expanding (e* 

by division: _ ... , 

l/(e*-l)=e-+e- 2 *+e '+ • • • 

and integrating 

J"xHe-'+e- 2 *+e- J '+ . • •«> 
term by term, making use of the results: 


I 


xV“d.v=6 In* 


l + l/2 4 +l/3 4 +l/4 4 + . . . =»n 4 /90. 

in comparison with the exponential, giving the Wien formula . 

P .dv=(8rr*v>/c>)e-'»'* r dp > 7) 

Ann.de Pky,. .9.4, 1. IS;/ . * .914 4. Ml ; 

Phys.Z.. 1917, 18, 12; Hamm. ibid., 1918. 19 1 6. mcno . . . d EhfC nfcst. 

11. 58: Tolman, M, 1918. 11. 261 ; Kunz Ann . Phys.. .924. 

Z. Phys., 1923, 19. 301 (generalisation of Ems»« * « 281 381: HeiUcr.Z. Phys.. 

73, 272 (nature of radiation); Schidlof. ArchSc ‘f. h> \ p ^og 1925. SO. S03 (modified 
1925, 34. 526 (modified Einstein deduction): Eddington. . ^ 3 , s}6; 
Einstein deduction); Saha and Sur. Phil. Mag.. 192 • • ' o 95 . s, urm< 1928. 51. 287 
Westphal, ibid, 1925. 33. 557; Schaposdm.koff. ibid ..\9£. ** 307 ; Csiszdr. Katunms.. 

would be an U* 

Theory In Physics.- 

Cambridge, 1943, 35. . . _ . . . ». t 1913 353; Planck. 

2 See Jcllinek, “ Physikalischc Chcmic dcr Gasrcaktionen. Uipz g. 

" Theoric der Warmestrahlung." Leipzig. 1921. 183. 

J Ann. Phys., 1896, 58, 662. 
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The (more satisfactory) deduction from Bose-Einstein statistics, which applies 
to photons (§ 31. IV), proceeds as follows. 1 The frequency range from 0 to «o 
is divided into regions such as v r to v r +dv„ and the number of stationary 
waves in this range is a,. The total energy is E=En,t,=£n l (hv r )= const. 
The condition N=En„ however, drops out. The entropy is 
S= kZ[a, In (1 +n,/a,)+n f In (a t /n,+ \)\, 

as in (15), § 33.1 V. For equilibrium (black-body) radiation, this is a maximum 
and since S=k In W, & In W=0 corresponds with SS= 0, with the subsidiary 
condition SE= 0. 

(dSlcn,)=k(dlcn t )[a, In (1 +n,/a l )+n l In (*,/«,+ !)J 
■ *(<i,/(<7 r +/! f )+ln (a,ln ,+ 1 )-a,l(a,+n,)] 

=k In (a,ln,+ \), 

and i)Elcn, = hi’,\ hence, by the method of undetermined multipliers (§ 8.IV; 
A=0): 

k In (l+j,/n,)-A/xAv,=0, where /z=l /kT, 


n,lo,- l/(e*^ r -l) (8) 

Drop the suffix r. The number of photons in the given frequency range is, 
from (2): 

^dv=87r^'(l'2/c J )d^(e h '* ^ -l)- , (9) 


and the energy density p, is found by multiplying the number per cm. 3 by the 
energy hv of each: 

p,dv=(ndrlV)hv (10) 


Hence, by substituting from (9) in (10), equation (5) results. 


§ 13. Optical Pyrometers 

In optical pyrometry practice a standard of intensity is used, and the bright- 
ness of the photometric field illuminated by the red light emitted by the body 
(or passing a light filter) is varied until its intensity is equal to that of the 
standard. The variation may be effected by (i) an iris diaphragm (Lc Chatelier), 
(ii) an absorbing wedge (Fery), (iii) a polarising device (Wanner), or (iv) varying 
the standard light in a known way (Holborn and Kurlbaum, Morse). 2 Besides 
this photometric method, others have been used: 

(i) The ratio of the intensities of two wave-lengths in the emitted radiation 

is measured. Crova 3 (1878) chose the red (A=676) and the green 
( A= 523), making one equal by a variable diaphragm and comparing 
the intensities of the other. Viollc 4 found that the variation in 
intensity for A=0-656/x (red) and A=0-482 /* (blue) for radiation 
from platinum was only 1:14 for a rise in temperature of 700\ so 
that the method is not very sensitive. 

(ii) The upper wave-length limit of the spectrum, proposed by Crova, 5 

was shown by Hempcl 6 to give only crude results. 

' Tolman, "Statistical Mechanics." Oxford. 1938, 382; Mayer and Mayer, "Statistical 
Mechanics.” New York. 1940. 369 (followed above). 

; For a bibliography of pyrometers, see Hadficld, Trans. Faraday Soc., 1918, 13. 362; for 
a general review, see Henning. “ Die Grundlagcn der Tcmpcraturmessung," Brunswick, 
1915. 128. 170. 177; Wood and Cork. “ Py rometry." 2nd edit.. New York, 1941. 

Compi. Rend.. 1878. 87, 322; sec the references to Crova's papers in Le Chatelier and 
Boutlouard, ” High Temperature Measurements." transl. Burgess. New York. 1904, 329. 

4 Conipt. Rend.. 1879. 88. 171; 1881. 92. 866, 1204. 

5 J. dc Phvs.. 1878. 7. 357. 

• 7.. angew. Chem.. 1901. 14. 237. 
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(iii) The use of Wien’s displacement law with monochromatic radiation. 

either in the form ^7“= const., or T=Ci/l m \ this requires elaborate 

(iv) Themeasurement of total radiation and the use of Stefan’s law; this is 

the commonest method, but it presupposes a black-body source. 

By substitution of v=c/A in (5),§ 12. it is found that: 


8t rh I 

p ’ 6v ~ A3 (e* ,w -l) 


d>’. 


The replacement of * by A, however, require* the replacement of do by dA. 
Since dv=— (c/A 2 )dA, then if dv and dA are both taken positive (since "hen 
v increases A decreases): 

— r.dA. 


8 nhc 
P,dA=- ir 


A s (c a« a*t_ | ) 

Hence Planck’s radiation equation may be written in the form: 

A»c, A-W'^-l) (l) 

where C, and c 2 are constants. The values C,-3*7I x 10 5 erg cm. • sec. 1 
and ca— 1 -433 cm. deg. may be adopted. Values of c 2 varying from 1 430. 
found by Rubens and Michel (1921-2). to 1-436. found by Sensei (1939) have 
been used.* If the unit is the micron (= 10" 4 cm.) deg. the value for cm. deg. 

multiplied by 10 4 . . 

Stefan’s law gives for the total emission in ergs per cm - per sec.. 

(2) 

where o=5-75x 10' 5 erg cm." 2 sec.' 1 deg." 4 . 

The ratio of two intensities for the same wave-length is gi-.cn by ( 1 ) as: 

/,// 2 «(e'* r *-l)/(e'** r, -l) 

and in the visible spectrum and at temperatures attainable bbonttonr the 
effect of neglecting -1 in each expression on the right corresponds wuh a 
error in T of less than 1” at a temperature of 1500 . Thus, with sufficient 

approximation: ... 

(3 ‘ 

or l/7*-l/7*|-(A/c 2 )ln</,// 2 ) ,4) 

. Buckingham and Dellinger W M I 91 . 7 3,, . Pl ,an ; ** d. D. 

PHys. Ges., 1912, 14. 429; Coblenlr. 2. M* ^ '9^ 3. HJ. *r ■ p , 

K'MS 

Phys. Ges., 1919, 21, 294; Rubens and Michel. Berlin B<r iv-i. ? • 

(1 430); Michel. Z. Phys.. 1922. 9. 285 (1-427); Henn.ng. Z.Ekkinck^9^. ^ . 

t^u of S^«d^* ^ l^ndCo,!"" “.o- 

Sf^rVo°rk 2^il“of -jo*"-*?- X ,0 # - 

£ scale is based on 

ci= 1-432 cm. deg. 
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Wien's formula thus holds with sufficient approximation for A T< 3000/*, and 
since the longest wave-length used in optical pyrometry is less than 0*7/*, it is 
valid for the whole practical range of temperature. 1 Equation (4) gives a 
linear relation between log / and 1/7* for a given wave-length: 

log I^Ki—K/l/T) (5) 

Plots of log / against \/T are called isochromatics. Equation (5) is commonly 
used in calibrating optical pyrometers, the constants K x and K 2 being found by 
measurements at two standard temperatures. 

The International Temperature Scale (1927) 2 is defined above the f.p. of 
gold by the ratio of the intensity I 2 of monochromatic visible radiation of 
wave-length A cm. emitted by a black body at the temperature t 2 C. to the 
intensity /, of radiation of the same wave-length emitted by a black body at the 
gold point (1063° C.) by means of the formula: 

JjJiU l —\ 

/, A \ 1336 /+273/ 

the constant c 2 being taken as 1*432 cm. deg. This equation is valid if 
A(/+ 273) is less than 0-3 cm. deg. As secondary points, the f.ps. of palladium 
(1555° C.) and tungsten (3400° C.) are specified, but the last is not so certain as 
the others. 

In calibrating total radiation pyrometers, the Bureau of Standards used an 
electrically heated nickel strip, 17 cm. x 13 cm. x 0-01 5 cm., mounted between 
water-cooled brass clamp terminals, the strip having a firm and uniform black 
coat of nickel oxide deposited by heating in air. The radiation is not com- 
pletely black-body, but a calibrated instrument is used as a comparative stan- 
dard. The strip can be used indefinitely to 1300 3 ; cooling from 500° to room 
temperature must be slow, to prevent flaking of the oxide film. 

§ 14. Fcry’s Optical Pyrometer 

1 his 3 makes use of Stefan's formula. A metal or silvered or gilt glass 
concave mirror M, is contained in a metal tubeT movable by a rack and pinion, 

» Shook. Mel. Chem. Eng.. 1912. 10. 238. 334. 416. 478: Griffiths. in Glazebrook. " Diet, of 
Applied Physics," 1922. I. 644; " Methods of Measuring High Temperatures." 1925, 118; 
Day and Sosman. in Gtocbrook. " Diet, of Applied Physics." 1922. I. 862; Coblcntz, ibid., 
1923. 4. 541 . If A-6 58 x I0*» cm. (red light) and the upper limit of T is 4000* K., c<t , *r=230. 
tthich is large compared with I; Wood and Cork. " Pyrometry." 2nd edit., 1941, 103, 149. 
Dirge, Rep. Progr. P/iys., 1942, 8. 90. took e;=l 4384 cm. deg., and Wien’s displacement law 
constant 0/4 9651 14=0 28971, cm. deg.; cf. Wcnsel. Bur. Stand. J. Ret., 1939. 22. 375; Van 
Duscn and Dahl. Science. 1947, 106. 428 (e ; = l 438 cm. deg.); on calibration of optical 
and general pyrometers, see Held, Chaleur et Ind., 1930. 11. 473; Hoffman and Tingwaldt. 
" Optischc Pyrometric." Brunswick. 1938; Parlec, Canad. Chem. Process Ind., 1942, 26. 230. 

•' Burgess. Bur. Stand. J. Res.. 1928. 1. 635: Rocscr. ibid.. 1929. 3. 343 (660 , -1063 9 ); Wcnsel, 
ibid. 1939, 22. 375. 

•' Thwing. Plus. Rev.. 190S, 26. 190; Burgess. Bur. Stand. Bull., 1909-10. 6. Ill; Anon., 
Electrician. 1909. 63. 293; Fery and Chcncvcau. J. de Phys.. 1910. 9. 397; Fcry and Drccq, 
thid, I9||. 1. 551; Gillette. J. Phvs. Chem., 1911. 15. 213: Randolph and Ovcrholscr, Phys. 
Re: 1913. 2. 144; Millochau. Compt. Rend.. 1914. 159. 171; Burgess and Foot c. Bur. Stand. 
Bull., 1914. 1 1. 41 ; 1915. 12. 91 ; Burgess and Waltenbcrg. ibid.. 1914, 11. 591 ; Coblentz, ibid., 
916. 12. 533; Keinath. Elektrotcchn. Z.. 1921, 42. 1384; Forsythe. J. Opt. Soc. Amer., 1925, 
10.19 (general on optical pyrometers) : Philpot.7. Sci. Instr.. 1926. 3. 366 (distance from source); 

1 f ,O ^ I bsOrp,i0n b > knscs - c,c - Mielhing. Mss. Veroffcntl. Siemens Korn.. 

, 1 5: ™gy. Chem. Eng. Mining R, v.. 1931. 23. 189 (radiation pyrometry); Gourevitch 

and I crncr. Zavmltkaia Lab.. 1946. 12. 292; Volochine and Gerard, Chim. et Ind., 1947, 
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and an eye-piece views through a hole in the mirror a small diaphragm D in 
the form of two halves of a metal mirror inclined at a small angle (Fig. 9. VI B). 
The small blackened receiving surface R, to which is attached one junction of 
a thermocouple, is placed immediately in front of a small aperture in D, and 
M is adjusted so that the image of the radiating body is focused on the hole 
in D This will be the case when the two halves of the image formed on the 
two parts of D form an undisplaced circle a, otherwise they will be displaced, 
as in b. The other (cold) junction of the thermocouple is shielded from 
radiation by enclosing it in a box. 



Fio. 9.VI B. Fery Optical Pyrometer 


If the aperture in D is filled by the image, the reading is independent of the 
distance from the radiating body. For. the thermocouple reading depends only 
on the intensity of radiation K= P c/ 4* erg. cm.- sec.-'. fatting on the aperture 
and both the energy received by M and the area of the hole in D are mmsel> 
proportional to the square of the distance from the radiating body, so that A. 
the energy received per unit area, is constant. In order that the image shall 
fill the aperture (usually 1-5 mm. diam.) the source must have a minimum 
diameter at each distance, given in a table supplied with the instrument or 
easily calculated if the focal length of M is known. 

The instrument must be calibrated to give readings of the m.lhvoltmcter 
attached to the thermocouple against temperatures. Sometimes a bi-metallic 
spiral attached to a pointer replaces the thermocouple. 


§ 15. The Disappearing Filament Pyrometer 

This was used in a crude form as far back as 1888; it was improved by Morse 
about 1902, who used a carbon filament lamp in a metal tube through which 
the hot body was sighted, the current in the lamp being varied until the lamp 
filament and hot body appeared equally bright, and the filament merged i into 
the brightness of the source. 1 Holborn and Kurlbaum - added an objective 
and eye-piece, so that an image of the furnace is projected in the plane of the 
lamp filament, and hence the fatigue of the eye in looking at two objects at 


57, 567 ; Griffiths, in Glazebrook. " Diet, of Applied Phys.cs. 1922. 1 669^ Cmffi hs. Methods 
of Measuring Temperature," 2nd edit., 1925, 93 f.; Wood and Cork, ^rromeuy. 2nd led. .. 
New York, 1941, 149; for transmissibility of glasses for infra-red, sec Liana. Compi. tona., 

^BuS^and Wallenberg, Z. anorg. Chem.. 1913. 80. 361; Bur. Stand. Bull 1914. II. 
591; Burgess, J. Wash. Acad., 1913. 3. 7; Phys. Z.. 1913. 14. 158 (micro-type); Forsythe. 
Asirophys. J., 1916, 43, 295 ; Trans. Faraday Soc.. 1920. 15. pt. in. 21- .. 

2 Ann. Phys., 1903, 10. 225; Ncmst. Phys. Z., 1906, 7. 380: Henning. Tcmpcraturmessung. 
Brunswick, 1915, 170; Henning and Heuse, Z. Phys., 1924. 29. 157. 
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different distances is avoided. In modern types, a red light-filter glass is fixed 
in the eye-piece; this makes the radiation approximately monochromatic, and 
the scale of the instrument can be extrapolated on the basis of Wien’s law, 
(5). § 13. . ... . 

The pyrometer (Fig. 10.VI B) consists of an arrangement in which an image of 
the radiating surface S is formed by a lens into a plane in which the filament F of 
an incandescent electric lamp is situated. The image and filament are focused 
in an eye-piece E, in front of which is a piece of red glass G which transmits 
only a very narrow band of wave-lengths, so that Wien’s equation applies. The 
filament current is adjusted by a resistance and ammeter until the filament is 
invisible on the background of the image of the source, when /i=/ 2 . If the 

filament is too hot, it appears brighter 
than its background; if too cool, darker. 
The instrument is calibrated by the am- 
meter readings up to the m.p. of gold by 
direct observation of a black body 
(cavity or incandescent strip); at higher 
temperatures either a suitable coloured 
glass filter or a rotating sector between 
the instrument and source arc used. 1 
In interpolation between two calibration 
temperatures not too far apart, the lamp current i is related to the temperatures 
by the equation log/=<i+6 log 7*. where a and b are constants ( b being very 
nearly unity) which can be found from known temperature (m.p.) standards. 
As supplied, the ammeter scale reads temperatures directly, two scales being 
used, one for use without, and one with a filter. This type of pyrometer is 
very handy and easy to use and with suitable precautions can give accurate 
results. The disappearing filament and Fery pyrometers give the same results, 
within the range of experimental error (about 5°) up to 2820° C. 

It is important to remember that this type of pyrometer does not really give 
the temperature of the source, but merely compares brightnesses: a cold mirror 
reflecting rays from a hot body would be recorded as having the temperature of 
the latter. It is, therefore, important to make sure that the body is not reflecting 
radiation from a hotter source. 2 The same applies to other optical pyrometers. 

1 Waidncr and Burgess. Bur. Stand. Bull., 19W. I, 189; Henning. Z. Insir., 1910, 30, 61; 
Foster, J. Franklin Inst., 1910. 169. 391; Mendenhall, Phys. Rev., 1911. 33, 74; Fisher, Met. 
Cheat. Eng., 1913. II, 532 (Shook pyrometer); Mendenhall and Forsythe, Phys. Rev., 1914, 
4, 62; Worthing and Forsythe, ibid.. 1914. 4. 163; Gen. Elec. Rev., 1917, 20, 749; Chem. Met. 
Eng., 1920, 22. 1211 (calibration); Trans. A mer. Inst. Min. Met. Eng., 1936.120, 171 ; Hyde. Cady, 
and Forsythe. Astrophys.J., 1915. 42. 303; Forsythe, ibid., 1916, 43. 295; Foote, Trans. Faraday 
Soe.. 1918. 13. 238: Forsythe, ibid.. 1919, 15. 20: Chem. Met. Eng., 1920, 22. 121 1 ; J. Opt. Soc. 
A mer., 1925, 10. 19; 1928. 16. 307; idem, in “ Pyromctry Sympos. Vol." Amcr. Inst. Min. 
Met. Eng.. New York. 1920. 291; Foote and Fairchild, ibid., 324; Bash, ibid., 352; Henning, 
Phys. /.., 1919. 20, 34; Fairchild. Phis. Rev., 1921, 18. 1 16; Fairchild and Hoover,/. Opt. Soc. 
Amcr., 1923. 7. 543; Schofield and Gall./. Sci. Instr.. 1924. 1, 193; Henning. Z. Elektrochem., 
1924. 30, 309; von Wartcnbcrg and Mochl. Z.phvs. Chem., 1927, 128, 445; Fairchild, Hoover, 
and Peters. Bur. Stand. J. Res.. 1929. 2. 930; Egcrton and Milford. Proc. Roy. Soc., 1930, 130, 
III: Mcndhoussc, Ann. de Phys.. 1931. 16. 209; Rocser, Caldwell, and Wcnscl. Bur. Stand. J. 
Rc%.. 1931. 6. 1119; Milford. Braccy. Cunnold. and Egcrton. /. Sci. Instr., 1935, 12, 80; 
Cunnold. Proc. Roy. Sue., 1935. 152, 64; Stott. /. Sci. Inst., 1937, 14. 370; Harrison and 
Wanamakcr. Rev. Sei. Instr.. 1941. 12. 120; Freivcrt, Compt. Rend. U.R.S.S., 1944, 43, 237 
«>00 "00 ): Barber. /. Iron Steel Inst.. 1945. 42. 171; Land and Lund, ibid., 1947, 156, 75 
(photoelectric barrier cclli; on the Schofield-Griffiths pyrometer, see Griffiths, " Pyrometry, 

. . with Notes on Electric Furnaces." 1926. 93. 

; Wood and Cork. “ Pyrometry." New York. 2nd edit., 1941. 133. 
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§ 16. The Wanner Pyrometer 

This is an adaptation 1 of the Kdnig 2 spectrophotometer. It depends on the 
alteration of intensity of a selected spectral portion of the radiated light, which 
is compared with the brightness of a small incandescent electric lamp illu- 
minating a matt glass surface. The alteration of intensity is effected by means 
of a pair of polarising prisms, the intensity of the light polarised by the first 
(Rochon) prism being suitably reduced by rotation of the second (Nicol) 
prism. The angle of rotation is read off on a divided circular brass scale, over 
which an arm attached to the eye-picce rotates (Fig. 1 1 -VI B). The instrument is 


Eye piece 


Nico! prism 
rotating with 
pomler over 
scale 



Circular scole 


Rochon 

pram 




Radiation 
from source 


Biprism lens Lens 




Uoll rl onqle pram 
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I Appeoronct of imoqes 
•n eye piece 

Fio. 1 1 .VI B. Wanner Pyrometer 


calibrated, and temperatures are read ofT from a table directly from the angle ol 
rotation. Usually, the red part of the spectrum (0 656/a) is selected by a prism 
in the instrument. 1 The standard electric lamp must be carefully compared 
from time to time with a Hcfncr-Altencck amyl acetate standard lamp to 
correct for errors due to the variations in the electric lamp filament. 

‘ Wanner. Ann. Phys.. 1900. 2. 141; Hjrs. Z.. 1900. 1 . 226; M2: Lum^^ 

Pringshcim, Verhl. d. D. Phys. Ges., 1901. 3. 36: Harimann. Ph £- *<]''**' } 9 ' ’ 

Engineering, 1907, 84. 345; Hildebrand. Z. Elcktrochem.. 1908. 14. 349; Shook. Phys. Ret.. 
1910.31. 342; Fisher, Mel. Chem. Eng., 1913. II. 532; Henning. ' JSSTJ't f 8 * 
Brunswick. 1915. 177; Anon., bon Age. 1917. 100. 243: Griffiths and Schofield Trans Fara- 
day Soc., 1917, 13. 222; Daevcs. Stahl u. Eisen. 1922. 42. 121 : Hoffmann. Z. Phis.. 19.6. 37. 
60; Brodhun and Hoffmann, ibid., 1926. 37. 137. 

» Ann. Phys., 1894. 53, 785; Lummcr and Brodhun. Z. Instr.. 1892. 12. 132: Ho bom and 
Valcntiner. Ann. Phys., 1901. 22. I; Gillciie. J Phys. Chem., 1911 15. -13 (bibl ); Muller 
Ann. Phys., 1930, 7. 9 (bibl.); Lcwin. Z. lechn. Phys.. 1932. 13. 49 7 (m,ao-pyromcicn On 
photometry. Tudor, in Glazebrook. " Diet, of Applied Physics. 1923.4.410; Gibson, ibid. .9 . 
4, 737; for Carccl oil lamp, Viollc. Ann. Chin,.. 1884. 3. 373; Rosa and Crittenden. ' " 
Acad., 1914, 4. 280 (inaccurate); for Hefncr-AHeneck standard amyl acetate lamp. .Hefner- 
Altcncck, Berlin Ber., 1902. 980; for standard lamps (Carcel. Hefncr-Ahencck Harcourt 
pentane). Anon., Elecir. Rev., 1898. 42. 759; Viollc. Eclair. Elec.. 1900. 24 420: L, < b « n, J a ‘' 
J. Gasbeleucht.. 1906,49. 559; Dow. Elec. Rev.. 1906. 59. 491 ; La pone and jouaust. 

Ini. Elec., 1906, 6. 375; Perot and Laporte. Compt. Rend 1906. M3 743; Hyde , Bur. Stand. 
Bull., 1907, 3. 65; Glazebrook, Elecirician. 1908. 61. 922; Nature 1909 80.. 374 Paterson. 
Phil. Mag., 1909. 18. 263; Rosa and Crittenden. Trans. Ilium. Eng. Soc.. 1910. 5. 753; J Wash. 
Acad., 1914. 4. 280; Bur. Stand. Bull.. 1914. 10. 557 (Hefner better than pentane): Butterfield 
Haldane, and Trotter. Ilium. Eng. (London). 1911. 4. 509 (corrections for atm. press .and 
humidity); Gerlach. Phys. Z., 1913, 14. 577; 1921. 21. 299 (total radiation from Hefner lamp). 
Coblcnu. Bur. Stand. Bull.. 1914. 11. 87; Crittenden and Taylor. Bur. Stand. Bull.. 1914 10. 
391 (pentane lamp); Licbcnthal. Z. Instr., 1923. 43. 209 (effect of atm. pressure on Hefner 
lamp); Brodhun. in Geiger and Schecl. " Handbuch dcr Physik." 1928 19. 478; on acetylene 
flame as standard. Violk. Compt. Rend., 1895. 122. 79; Fcry. ibid.. 1898. 126. 1 19.: on stand- 
ards of illumination. Walsh. " Photometry." 1926. 126 (bibl.. 62 refs.). 

1 Nemst and von Wartcnberg. Verhl. d. D. Phys. Ges., 1906. 8. 48. 146. used the sodium 
line region, and calibrated against the m.p. of gold; the relation /x tan- 9 was only approxi- 
mately true; cf. Henning. Z. Elektrochem., 1924. 30. 309. 396. 
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The standard light and that from the hot source pass through two circular 
apertures and then through a lens which makes both beams parallel. They 
then pass through a Rochon polarising prism and each is transmitted as two 
beams polarised at right angles. A biprism lens then splits each image into 
two semicircles, making a total of eight beams. From these beams six are 
screened off and two remain, one from each pair, which are polarised at right 
angles, and are in juxtaposition. These pass through a Nicol prism, eye-piece, 
and red glass screen, and by rotating the prism the beams are adjusted to equal 
intensity of the two semicircles in juxtaposition. If & lt & 2 are the angles of 
rotation of the Nicol prism to produce equality of the standard with two plane 
polarised sources of intensities I lt / 2 , then / 1// 2 = tan 2 £j/tan 2 & 2 . 

If the two sources are denoted by a and p, then a appears dark and p bright 
when the vibration direction of p coincides with that of the Nicol prism, and a 
appears bright and p dark if the prism is rotated through 90°. If both sources 
are of equal intensity, both halves of the field are equaUy bright when the prism 
is rotated through 45°; if the intensities are unequal the prism must be rotated 
through an angle Let this be «?, with the standard and source a, and £ 2 
with the standard and source p. The amplitude of p after passing through the 
Nicol prism at an angle & is cos & (since it is 1 for t?=0 and 0 for £=90°), 

and that of a is AJ=A 9 sin & (since it is 0 for i?=0 and 1 for £=90°). Since 
the intensities are proportional to the squares of the amplitudes, /„'=/„ cos 2 & 
and 7 a ' = / a sin 2 &. For equal brightness of the two halves of the field /,'*=//, 
therefore /* cos 2 £=/„ sin 2 £, or /*//.- tan 2 *. If a is the standard source, 
and p the variable source, then /,,//*,= tan 2 £j/tan 2 £ 2 , as stated. 

For monochromatic radiation, Wien’s formula gives: 

/,// 2 s __ tan 2 1? ,/tan 2 & 2 

2(ln tan — In tan ^ 2 )=(c- 2 /AXI/7' 2 — 1/7” i) 

In tan d—a+b/T, 

where a and h are constants. 

From c 2 . A, and one value of d corresponding with a known temperature T, 
the values of a and b can be found. Actually, the calibration is made against a 
black body over a range of temperature. 

E.g. for the m.p. of gold (7*, = 1336) £,=26-6°. After inserting a smoked 
glass screen of factor 147 the angle £ 2 =28*5° was found for the source. If the 
selected wave-length is the sodium line, A=5893 A. =5*893 x 10~ 5 cm., a 
reduction factor of 0*995 was necessary for standardisation with red light. 
Hence: 

log [tan 2 (0-995 x 28*5 e ) x 147]— log [tan 2 (0*995 x 26*6°)] 

=[l -432/(5*893 x 10- 5 ))x 0*4343(1/1336-1/7’ 2 ) r 2 =1865°K. 

Instead of taking a single wave-length A, the formula may be considered to 
apply to the total brightness H of the visible spectrum with an average A=0-6 p= 
6x 10~ 5 cm. If //, = 1 is the standard brightness of the amyl acetate lamp and 
7*1 the corresponding black-body temperature, then: 1 

In //=(i 432/6 x io-5xi/r I -i/r 2 )=a(i-r 1 /r 2 ), 
where a is a constant = 1 -4327'1/A. 

■ Rasch, Ann. Phys., 1904. 14, 193; Haber, "Thermodynamics of Technical Gas Reac- 
tions,” 1908, 288; Griffiths, in Glazcbrook, " Diet, of Applied Physics," 1922, 1, 662. 

On an absorbing wedge pyrometer, sec Lc Chatelier, J. de Phys., 1892, 1, 185; F6ry, ibid., 
1904, 3, 32; Lc Chatelier and Boudouard, “ High Temperature Measurements," transl. 
Burgess, New York, 19(M, 208, used an adjustable aperture (** cat’s eye "). 
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possible ?o view .he sun through it. 14 5 mg. made .. W sunhgh.. Jf 

0^lTmm° f Th^a'^^^oro C r O g!«S"olou^e^ujrm?u^hco*idcsde^nd^on 

MXS^=^~^»s.Tisa; 

in finding .he m.p. of nickel, compared .he brightness of red light A « wjj* 

srr szx ~c=gH;-£ sss 

glasses. Roscngartcn • found ihe transoms, v.ty of glares 
rays practically constant over the temperature range 40 -4W . 

§ 17. Departure from Black-body Emission , 

One source of error in optical pyrometry is tc . Thecmis- 
ing surface from a black-body stale, to which • k bodv 

sivity of a surface is the ratio of the em.ss.vc power * to hat of a bUc . 
for the same wave-length and temperature, and i . . ovrom etcr (the 

ciably from unity the apparent temperature ^ ^ iJJperature. the 

so-called brightness temperature) I is not he ,h f f P d refle ctive 

difference being greater for bright metallic or white surfaces go 

platinum up to its m.p. was given by . . . 



i Arch. Sci. Phys. Nat., 1896, 1, 220. , 4 (93. pirani. VerM. d. D. 

1 Zsigmondy, Ann. Phys., 1901.4. 60; Rasch. A . •• • • jnd LcbcdclT. 

Phys. Ges., 1913, 15. 826; Finn, and Loebe. M. £ M5 
Z. anorg. Chem., 1924, 134, 87; Brodc. y.4.C S.. 1933. 55. W H-o 
J Pcychis, 7. PAy*., 1932. 3. 486. 

t Barber. / ^ ; Lund.,. S* f— 

"T&SLl /. Jte, .930. 5, .309; for pU.inom m.p. .772' by » similar - 

Hoffmann, Z. Phys., 1924, 27, 285. 

7 7. H'ojA. /4ea</.. 1917, 7. 545. <„k«tanccs including coloured glasses, sec 

• Phys. Rev.. 1920, 16. 173; for .-^ummivi.y J ■ Ops. See. Am".. 

Coblenlz, Emerson, and Long. Bur S ' 0 ^ t ^^y^ ' jo 19 (absorbing screens); irans- 
1921, 5, 85 (colour glass screens for pyrometry). I - • 294; Phys. Res.. 

missivity of red glass, Hyde, Cady and Fo^he.Aj/^ ^ 27. l 265; 1944. 28. 
1915, 6, 70; on coloured glasses, Wcyl. J. Soc. Glass lec •• rrookes. Phil. Trans.. 

158, 267, 276; 1945, 29, 289; 1946. 30. 91 ; glasses absorbing ultrauolct. CrooKes. 

1914, 214, I. p , jonj it |93* Fooie. Bur. Stand. Bull., 

* Compt. Rend., 1881, 93. 512; Rasch. Ann Phys., ,190*. *•*. 

1916, 12,483; Foote and Fairchild, ibid.. 1916, 13. . , phys., 1888. 7. 193: 

«o Comp/. Rend., 1881. 92. 866, 1204; Ann. Ch,n,.. 1884. 3. 373, J. rn>s 

Phil. Mag., 1884, 17, 563 (abstr.). 
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where 6=0-9999938, a= 1 -03550— 13A (A= wave-length in mm.), and m= con- 
stant. From molten platinum the radiation was nearly a thousand times that 
from molten silver. Violle adopted the radiation from 1 cm. 2 of liquid platinum 
at its freezing-point as a standard of brightness. 

A modification of Wien’s formula, (1), §11: 

/ A =C,'A-e^ r (2) 

has been used 1 to represent the energy distribution in radiation from metals. 
For platinum, Paschen found a= 6-4, and Lummer and Pringshcim 6-0, while 
McCauley could not find any constant value of a which satisfied (2), or a modi- 
fied Planck’s equation (3), §11: 

A=C,A-/(^-l) (3) 

If e is the total emissivity of an approximately non-selective surface at tem- 
perature T. and S is the apparent temperature observed with a total radiation 
pyrometer, then (§9): 

£=o(S*- T 0 *) =eo{T*- T 0 *) 
where a is Stefan’s constant. Thus : 

e=(S*-T 0 *)l(T*-T 0 *)~(SIT)* ( 4 ) 

above 600 . when the term in T 0 can be omitted. Actually, an arbitrary co- 
efficient /> should replace 4. 

Del Regno 2 determined the emissivity of bismuth and nickel; for nickel 
(344 -643 ). £=A-7 1 \ where w=4 588±0 031. in agreement with values found 
by Suydam (4-648), Schmidt and Futhermann (4-81) and Barnes (4-77). The 
cmissivities of gold and copper undergo discontinuous change at the melting 
point. 3 The average emissivitics of some solid surfaces for radiation of 
A=0-65/i as fractions of the black-body emissivity arc given below. 4 The 
figures for liquid surfaces arc approximately the same. 

Carbon. 0 85 Iridium. 0 3 Nickel. 0 35 Rhodium. 0-3 

Copper, 0 1 Iron. 0 35 Nickel, oxidised. 0 9 Silver. 0 1 

Coppcr.oxtd.scd . 0 7 Iron, oxidised. 0 95 Palladium. 0 35 Slag (average). 0 65 

l,old - 015 Nichrontc. 0 9 Platinum. 0 35 Thoria.0 6 

Tungsten. 0 45 

Johnston and Marshall 3 found that radiation from a 0-6-1 -2 mm. drilling 
in nickel was black-body radiation up to high temperatures; that from a 1 -8 mm. 


iui< M |<£ r y ’ As,rn Phr*- 1913. 37. 164; Henning. " Tempcralu^mcssung,• , Brunswick. 
>15’ 187; route and Fairchild. J. Mash. Acad.. 1916. 6 . 193; Foote, ibid.. 1916. 6 , 317,323; 
Forsythe, /Vn-jr. Rev.. 1917. 10 . 395: Hyde. Gen. EIcc. Rev.. 1917. 20 . 819; Griffiths, in Glaze- 
brook. Diet, of Apphcd Physics.- 1922. 1. 655. for further details of the distribution of energy 
m radiation from metals, and correction to black-body temperature, for metals, oxides, etc. 
JJJ !S ;[ nsl hljmcnts. sec Kurlbaum and Gunthcr-Schulzc. VerhI. d. D. Phvs. Ges., 1903, 5 . 

:; i ,. 0 :- C T ,b,1, 1 ‘ ICS WC C t oblon,z - Bur • S,anJ - Bul1 - I9H. 7. 243; 1913. 9. 81 (metals. 

dependence on th.ckncss); Hyde. Aurophys. J.. 1912. 36. 89 (metals); Randolph 
" d 2 - *44 (oxidised metals); Bidwell. ibid., 1914. 3. 439 (metals at 

,u l I r < g 7. a , n n, °r ,C - ' SftwA Buil ' ,9,4 ‘ "• 41 <iron and nickel oxides); 

Wnr.hint ‘ tE Hu,bert * J ^nklin Inst.. 1916. 182. 695 (tungsten); 

mdSA v’ ,!’,?• 377 ,,ungs,cn,; in " Temperature. Its Measurement 

7 Ncw Y ^k. 1941 . 1165; Zwikkcr. Physica. 1925. 5. 249. 319 (tungsten); 1927, 

imlic Poldk - uchn ‘927. 8. 307; Omstein. Physica. 1936. 3. 561 

1947 59 78?' CC ' * ,57 ’ ?65; ^ Ph>S - S ° C ' ,947 ’ ,l8 ’ 131 ; Weil - ibid > 

2 Aul R cad. Lined, 1929. 10. 77 (Bi); 1930. 1 1. 989 (Ni). 

; l lubbs a " d , Pddcaux. Proc. Roy. Soc.. 1912. 87. 451 ; Stubbs, ibid.. 1913. 88 . 195. 
j y 7^5 d |^o Y, 62 ^ 38 ^ ° f Phys,cal and Ch<mical Constants." 10 th edit., 1948, 62. 
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drilling was less than black-body radiation at 1 100', and at 1600 the apparent 
temperature was 20' in error. The total emissive power of nickel is propor- 
tional to T tis below the Curie point and P' 15 above u; the maximum of 
endssive power lies above the Curie point a. AJ-*«=0«0 and its height ,s 

^ThTtotaUadiation at 1000‘-2000° from Nemst mass (for Nernst lamp rods) 
and uranium oxide (U.O.) was measured by Wiegand.- who pointed out that 
oxides of high emissivity are good conductors of electricity. H»®en and 
Rubens 3 found good agreement with metals with a formula d ^u<-ed b. 
Planck: 4 £’=36-5 vX®/ A). where £'=ratio of emtssivilyto that of a black-body 
taken as 100, o=clectric conductivity in ohm-’ for a rod 1 m. long and nun. 
section, A= wave-length in p. Deviations from the that 

were found in the far infra-red by Orns.em » and Price. 4 the latter found that, 
for a given wave-length characteristic of each metal, the enusstvity and reflec- 
tivity are constant over a wide range of temperature. A more accurate equation 
used by Hagen and Rubens is: 7 

£'=0-365(a/A)' 2-0 0667(o/A)+0 009l(a/A)>- • • • i5) 

where a is the specific electric conductivity. . |imim in 

Petavel » found for the total heal loss per cm.- per sec. from platinum 

gases at high pressure: (fll 

E~ap*+b[td 

where ^pressure in atm,, ^temperature difference, and a. b. x. 8 are 

C °Footc» defined the ” colour temperature." T\ of a non-black bods bs the 
emissivity equation: (71 

where £', p, and , are constants and l/T- W+P- The co'our tempera-ure .s 
the temperature at which the ratio of intensities in the rad.auon from i 
body is the same as the ratio of intensities for the same two ““ mMr.ture >•> 
the radiation from a black body: it is larger than the true 
The change of colour-scale temperature as a function of ^ ' e .J colour 
cussed by Judd.» T he “ brightness scale " depends on “ 

temperature, and if T is the colour temperature at » wa e-length A and e. 

the emissivity of the non-black body, at the same wave-length, then. - 

|/7=l/r+(A/c 2 )lne, ' 

The brightness temperatures for A=6-65x .10-* »«*£*"* w ' ,h '1 
temperature of 1400" for some metals are: >> W 1330 , Mo 1316 . N, 1315 . 

1 Ccnnamo, Nuov. C/m., 1941, 18, 19. 

2 Z.Phys., 1924,30,40. . ^ , . > 1015 $ i- Hasc. Z. Phys., 

> Berlin Ber., 1903, 269; 1909. 478; Foote. /. Wash. Ac«l.. 1915. 5. I . 

1923, 15. 54. 

4 Berlin Ber„ 1903. 278. 

5 Physlea, 1936,3, 561. tA4 , co lt8 ,,, 

4 Nature, 1946, 157, 765; Proc. Phys - Soc., 1947. 59. 1 18. 131. 

7 Henning. Jahrb. Radioakt. Elekiromk. 1920. 17. JU. 

• Phil. Trans., 1901. 197, 229. 

9 J. Wash. Acad., 1916,6. 193,317, 323. (carbon and tungsten); 

•« Hyde, Cady, and Forsythe. /. Franklin Inst., 1916. 181. oio 

Phys. Z., 1917, 10. 395. 

11 J. Opt. Soc. Amer., 1933, 23. 7. r„ Nrw York. 1920. 

» Hyde, in » Pyrometry Sympos. Vol. " Amer. Inst. Mm. and Met. Eng.. YorK. 

285; Worthing, ibid., 367. — TiW« " UN 5 238.245: 

» Forsythe PA,.. Rev.. 1911. 38. 1247: Men. in " Inlcrnal. Cm. Tables, IK*. 5. 

Caldin, Proc. Phys. Soc., 1945, 57. 440. 
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1296°. In all cases, the total emissive power approaches that of a black body 
at very high temperatures. 

The Fery total radiation pyrometer is most affected by deviation from 
Stefan’s law. By way of correction, the reflecting power can be measured 1 or 
other methods used. 2 Lummer 3 assumed a law of total emissive power (all 
wave-lengths) E—o'T 1 similar to Stefan’s and determined a' and n empirically, 
but this formula holds only over a limited range of T. Helfgott 4 modified 
Stefan’s law by multiplication by a factor (I— e~ <,r ), where a is an empirical 
constant: 

£=(! -er ,T )oT*~koT s (9) 

and this holds for many metals. The true and apparent temperatures for 
tungsten filaments have been carefully investigated, 5 and a tungsten lamp can 
be used as a temperature standard. Schumacher 6 corrected the temperature 
of a tungsten strip up to 2500° C. by the formula: 

1 IT- l/r^WcaXln e x +\n A) (10) 

where A is the wave-length in fi, e K the spectral cmissivity for tungsten for wave- 
length A and temperature T, A is the transmission coefficient, 0-92 for tungsten, 
and c 2 is Wien’s constant, 14,330. 

The optical temperatures of a blackened quartz vessel were investigated by 
Ruff and Mugdan. 7 There are also likely to be small differences in temperature 
between the surface and interior of a radiating body unless this is in a constant 
temperature enclosure, 8 but these are appreciable only at relatively low tem- 
peratures. The use of band spectra in measuring high temperatures was dis- 
cussed by Knauss and McKay. 9 

§ 18 Flame Temperatures 

Wedgwood 10 found that air at such a high temperature that it raised gold foil 
to bright redness did not itself emit any light. Iodine vapour becomes luminous 

1 Holborn and Henning. Berlin Ber., 1905. 311; Coblentz, Bur. Stand. Bull., 1920, 16, 
249; Henning. Z. Elektrochem., 1924. 30. 309, 396; Zwikker, Physica, 1925, 5, 249, 319; 
Mcndhousse. Ann. dc Phys., 1931, 16. 209; Ackerkin, Z. techn. Phys., 1929, 10. 129, described 
the correction of optical temperature when the reflecting power of an object in a furnace is 
known; for reflectivity of incandescent tungsten. Wenigcr and Pfund, Phys. Rev., 1919. 14, 427. 

2 Piram, Vcrhl. , 1 . D. Phys. Ges., 1910. 12. 301, 1054; 191 1. 13. 19; and ref. 13, p. 495. 

J Elektrotechn. Z.. 1902, 23. 787. 806; Rasch. Ann. Phys.. 1904, 14. 193: Suydarn, Phys. 
Rev.. 1915, 5. 497; Uttcrback, ibid., 1929. 34. 785. 

4 Z. Phys., 1928. 49. 555. 

5 Langmuir. Phys Rev., 1913, 2. 329; Langmuir and Mackay, ibid., 1914. 4. 377; Langmuir, 
ihu/., 1915. 6. 138; 1916. 7. 302; Worthing, ibid., 1917, 10. 377; Hyde. Gen. Elec. Rev., 1917, 

8I 2 : Cat, y- and Forsythe. Phys. Rev.. 1917. 10. 395; Nutting. J. Opt. Soc. Amer., 

J’ 3 f?; Lax Jnd Firani. Z. Phys., 1924. 22. 275; Forsythe and Worthing. Astrophys. J., 
19-5. 61. 146; Jones. Phys. Rev., 1926. 28. 203; Griffiths. ** Pyrometry with Notes on Electric 
100 (s,andjrd tungsten lamp); Zwikker. Proc. K. Akad. Helens. Amsterdam. 
19.6 29. 792; Jones and Langmuir. Gen. Elec. Rev., 1927. 30. 310. 354, 408; Langmuir. 
MacLanc.and Blodgett, Phys. Rev.. 1930. 35. 478; Djoudat, Re v. Opt., 1937, 16. 401; Estey, 
J Opt. Soc Amer.. 1938. 28. 293; Reiman. Phil. Mag.. 1938. 25. 834; Brinkman. Rutgers, and 
Dc Vos. Rev. Opt., 1948. 27. 426; on a supposed difference between true and black-body 
temperatures of metals, see Piram. Vcrhl. J. D. Phys. Ges., 1910. 12. 301, 1054; 1911, 13. 19; 
Mendenhall, Astrophys. J., 1911. 33. 91. 

l 9 ,? 6 ’ 48 - 396: Wahh - “ Photometry." 1926. 137; Ure and Tolman. J.A.C.S., 
1929, 51, 974; Wensel. Judd, and Rocscr. Bur. Stand. J. Res., 1934. 12. 527; Garelli, Nuov. 
C im., 1943, 1, 101. 

7 Z. anorg. Chem., 1921. 116. 147. 

* Kurlbaum, Ann. Phys., 1900. 2. 546. 

9 Phys. Rev., 1937. 52. 1143. 

Phil, Trans., 1792. 82. 270; abridged edit.. 1809. 17.215; Smithclis. Phil. Mag., 1894,37,245. 
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below the temperature at which glass shows a red heat.> PringshcimJ sup- 
posed that the emission of light by vapours of salts in a flame is due 10 che ™ , “ 
action- he obtained " cool flames." Nernst » found that radiation from hot 
gar 'is considerable, and obeys Stefan's law. The determination of the 
femperatures of flames is a special branch of high-temperalurc study, 
various methods, mention may be made of the use of: 

(i) wire resistance thermometers in the flame,’ with suitable correction for 

heat loss; 

(ii) platinum and platinum-rhodium thermocouples with extrapolation to 

zero thickness of wire or other correction for heat loss. 

(iii) temperature of reversal of sodium lines: a coloured «nth sodium 

vaDOur is placed between an incandescent body and a spectroscope, 
and the bright sodium lines change to dark lines when the tempera, 
ture of the incandescent body passes upwards through the tempera 
ture of the flame . 7 


Some values of flame temperatures quoted (in ' C.) are: 


Bunsen, fully aerated 
„ insufficient air 
„ alcohol ... 
Alcohol flame 
Hydrogen flame in air 


1871 * 

1812 ’ 

1862 ' 

1705 * 

1900 ' 


Acetylene flame ... 
Oxy-coal gas blowpipe .. 
Oxy -hydrogen blowpipe 
Oxy-acetylenc explosion * 


2548 (1937 )* 

2200 

2420 ' 

3000 -4000 


» Sale., Compt. Rend.. 1*72 74 «F*p£hcn. ibid. 1893. 50. 408; 

2 Ann. Phys., 1892, 45. 428; 1893. 49 347; 1 8W. 5I.£I . ‘ , 936> 42 

1894, 51, 1. 40; 1894. 52. 209. According to Bonhocffer. tic 

chemiluminescence is generally negligible. 

J?Ayj.Z..I9W.5.777;Z.pA>xaem 1905.53.1-4, (90g 279; Amcrio> A „i. 

« Haber, "Thermodynamics of Technical Gas Rea • ' Rfnd |909. 148. 

Accad. Torino. 1906. 41. 328. » ^91*3 29 5. 244. 372 . Schwarz. 
908, 1 756 (radiation) ;Ic Radium. 1909.6. I 110. **•*""■ ' 1 , 9 , 8 ^ 80 5 (C ; H : 3100 ); 

Choi Hr « M. 1926. 7. 6.3: Henmn e and Jones, 1. Franklin 

ElUs and Morgan, Trans. Faraday Soc.. 1932. 2 - . L Brcvoort. Rev. Set. 

Ins,.. 1933. 215. 149 (mixtures; cf. toyman . W . $ion m Gases." 

Ins,r.. 1936. 7. 342; Lewis and von Elbe. Control" New York. 

Cambridge. 1938; idem, in "Temperature. Us Mewureme m Ribaud 

1941, 707 ; Jost. - Explosions- und Vcrbrcnnungsvorginge in Gascn. «r. 

and Laurc. Rev. Opr. 1940. 19. 123.220- Honkinson Proc. Roy. Soc.. 1906. 77. 

' M ' ,w ' 65; ,WI - 

Ann. .IK * «* 

Franklin liul., .900, 150. 356 (374); IW. 38. 5: Haber. 

Chem. Z,g.. 1904. 28, 1107; Haber and **£**£» £^£ 1 * 0 , ogr.J.. 1935. 75.482. 

" Thermodynamics of Technical Gas Reactions, i . - -• } , 37 909; Loomis and 

’ Kurlbaum, Phys. Z.. 1902. 3. 332; fay. >*»• ' Clu j „ :8 , , 83 . 596; Car 

Pcrrott, Ind. Eng. Chem.. 1928 20. *0M. G L m 401 ; Jones. Lewis. Friauf. and Pcrrott. 
World, 1928. 89. 261 ; Proc. Roy. Soc.. W-V.u*. 2Q 44; .. CombusUO n. Flame. 

J.A.C.S.. 1931, S3. 3992; Lewis and von Ej , 940 „ 69S; Rlb aud. Compt. 

and Explosion in Gases/’ 1 Oxford. I938 * * • j 29 j. Kinosita and Kenzi. Proc. Phys. 
Rend., 1937, 205. 901; Chaleur e, Ind.. 1937 ^ ffom hcals of combustion. 

Math. Soc. Japan. 1941. 23. 646; on flame J^***""*- Station. 1924. 139; Cohcur. Rev. 
sec Goodcnough and Fclbcck. Bull. Umv. ,llin ‘"* ' s , bc method gixes too high 

Univers. Mines. 1938. 650; David. Engmccr. 1941. 172. 18b. say 
values. 

• Heinrich. Phys. Z.. 1926. 27. 287 3 1 28 ’-3 200 . 

• Klibanov, Amer. Chem. Abur.. 1943. 37. 2974. founa 
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The temperature of the electric arc is estimated 1 as about 3500° and of the 
sun 2 as 6000°. 

Loomis and Perrott 3 compared the brightness of an electrically heated 
tungsten band with that of a flame charged with sodium vapour. Schack 4 
found that the optical temperature of the carbon particles in a luminous hydro- 
carbon flame was practically equal to the flame temperature. Senftleben and 
Benedict 5 determined optically the temperature of a thin gold or platinum wire 
heated in the flame. Lochte-Holtgreven and Maecker 6 gave the carbon arc 
temperature as 7600°, and said it can reach 8700° with over-run arcs. Zel'dovich 
and Leipunsky 7 estimated that temperatures of 30,000" K. and 43,000° K., 
respectively, are attained in mercury vapour compressed by powerful shock- 
waves produced by shooting into it projectiles with speeds of 2500 m./sec. and 
3000 m./sec. Alentsev, Belyaev, Sobolev, and Stepanov 8 by optical (luminosity) 
methods found the explosion temperatures for liquids and solids of the order of 
3000° K. The temperatures attained in nuclear fission (“ atomic bomb ”) are 
supposed to be extraordinarily high. 9 

§ 19. High-temperature Melting-points 

Several methods have been used in determining melting-points at tempera- 
tures above 500°, when the usual methods arc no longer applicable. 10 

(1) Change of form methods . — In these, a piece of the solid is heated until it 
flows, and when this is perceived visually the temperature is taken. In the case 
of metals, a coherent oxide film may hold the melted metal in its original form, 
or the metal may sublime through the film, as was found by Arndt 11 with calcium 
and magnesium, respectively. He found the m.p. of calcium by placing a 
piece of the metal over a slit in a sheet of iron, putting a 5 g. iron cylinder over 
the calcium, and heating in an evacuated porcelain tube in a vertical platinum- 
wound tube furnace, the upper end of the tube having a glass window; when 
the calcium melted, the iron weight was seen to fall, and the temperature was 
determined by a thermocouple, protected by a thin porcelain tube, below the 
plate. 

Day and Allen 12 heated long, thin splinters of felspars resting horizontally in 
small platinum crucibles, but found that even after three hours at 1225° they 
had not sagged, although on cooling they were found to have been fused; in this 


' Waidncr and Burgess. Phvs. Rev., 1904. 19. 241; von Engel and Stccnbeck, Natunviss., 
1931. 19. 212. found the arc temperature 2827'-4977 ; : Barbanti-Silva and Ligabu. Nuov. Clm., 
1941. 18. 361, gave 4200 - 5000 ; Mannikopff. Z. Phys., 1943. 120. 228. calculated the arc 
temperature in air as 7000 K. 

2 Sthcincr, " Strahlung und Tcmpcratur dcr Sonne." Leipzig. 1899 (5400 -6200°); Rosen- 
berg. in Geiger and Schccl. " Handbuch dcr Physik." 1928. 19. 50 (6000°). The radiation 
from the sun is estimated as 5 9 x I0-* 7 g.cal. per minute. 

2 hut. Eng. Client., 1928. 20. 1004. 

4 Z. tcehn. Phys., 1925. 6. 530. 

5 Phys. Z., 1918, 19. 180. 

* Z. Phys., 1937. 105. I ; Griffith. B.A. Rep.. 1923. 430. mentioned 8600' K. for an arc in gas 
at 80 atm. pressure. 

‘ J - Expd- Tf ‘Cor. Phys., U.S.S.R., 1943, 13. 181 ; J. Phvs. U.S.S.R., 1943. 7. 245. 

s J E'Pd. Theor. Phys. U S S R.. 1946. 16. 990. 

" Smythc. Rev. Mod. Phys., 1945. 17. 351. 

Phys.-chcm. Tcchnik." 2nd edit.. 1923. 372 f.; Dana and Foote. Chem. Met. Eng., 
V“ U * , 63 <Ulb,cs of m -P*- ™tals. oxides, salts, refractories, and bib!.): Mcndhoussc, 

Ann. de Phvs.. 1931. 16. 209. 

*' Her.. 1904. 37. 4733. 

Z. phys. Client., 1906. 54. I (32). 
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When the substance was seen to melt, a 
second observer read the temperature ol 
the strip by an optical pyrometer, a 
correction to black-body temperature 
being applied. To prevent oxidation. 

Burgess 4 enclosed the strip in an inclined 
tube with a mica window, and passed 
dry hydrogen free from oxygen through 
the tube (Fig. 12. VI B). The observation 
microscope M and disappearing filament 
pyrometer T were sighted on the in- 
candescent strip S through the window, 
experiment. 



Fio. I2.VI B 


Burgess Melting-poml 
Apparatus 


rip S through me w.nuo- bang 

expciiincm. The m.ps. of severe The accuracy was estimated 

calibrated by the m.p. of P la,l " um . 7 r f 100 | 0 w. probably on account of 

at 5°, but the values for nickel and cobalt were too y 

some alloying with the platinum. , , , ngslen , supported on a 

Von Wartenberg » heated an '.^^d ^ade the anode, in a 

magnesia crucible fixed to the end of: >" ' from a str i p 0 f platinum 

vacuous vessel, by bombardment with c *£ rf ”j£ ttica | 1 y (Wchnell cathode), 
foil covered with alkaline earth oxides and through the window 

The temperature of the in ihe pyrometer, 

by a Wanner pyrometer; the moment ot iusio 1 q 7 n 

With Wien's constant c 2 = 14,370, the m.p. o u £ h lunesten. found 

Pirani and Meyer* by using a mercury h l? th f “ so nhesurface! of tungsten 
3l00°-3205°; Langmuir,’ by measuring the , 0 j^ fubcd in an aller- 

clcctrodes in an atmosphere “J' n ' lro ^ “ ;, 70 ' Thc mc tal used by earlier 
nating current arc between them, touna *- 

workers may have contained carbon. ,-mrred with powdered 

(3) Electrical contact method platinum^reis cosered with po ^ ^ 

material which is an insulator an ^ .' s : clu j ing a bell. The mercury 
mercury are made parts of an electrical circuit inducing 

i Wien Ber., 1906. 115. 1. 1329; Z. Elek.rochem., 1906. 12. 617. 

^ Phys. Rev., 1907. 25. 1. 

3 Phys. Rev., 1906. 22. 359 (abstr.). 

1 »>*• «•'« ,rentxion cocff of w '- 
6 VerM. d. D. Phys. Ges.. 1912. 14. 426. 

» Phys. Rev., 1915, 6. 138. 
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is heated, and when the substance melts the platinum and mercury make contact, 
a current passes, and the bell rings; then the temperature of the mercury is 
taken. 1 This method has been little used, but seems capable of improvement, 
with the use of a fusible metal bath. 

(4) The wire method . — This method has often been used in various forms. 2 
In one, two platinum wires are soldered with a piece of gold and put in circuit 
with a galvanometer; when the gold melts the current is interrupted and the 
temperature is read by a thermocouple with the hot junction near the gold. 
In another method, a piece of gold is used to solder the junction of a platinum 
metal thermocouple; on heating slowly in the furnace there is an arrest in the 
e.m.f. because the temperature is constant when the gold is melting, and the 
thermocouple reading gives the m.p. directly. In another method, the melting 
of an electrically heated wire is observed visually. 

Forsythe used the wire method to find the m.p. of tungsten, a 0 014 mm. wire 
being heated electrically in a vacuum carbon tube furnace, the temperature of 
the outside of the carbon tube being found optically by a pyrometer, and the 
fusion of the wire being indicated by an electric bell and relay. Pirani and 
Meyer observed the fusion of an electrically heated wire or band of tungsten 
visually, and Langmuir used the method with tungsten. In the case of oxidis- 
ablc metals, a high vacuum or inert atmosphere is necessary, and with thin 
wires the optical method of determining temperature is difficult. 

5. The lever method.— In this, 1 a metal or other rod rests on the surface of 
the metal contained in a magnesia or other crucible, under a flux, and the 
rod, which is suitably weighted, is connected with a lever arm carrying a pointer 
moving over a scale. When the metal melts, the rod sinks in it and the pointer 
moves. The temperature is then read by a thermocouple in the crucible.* 
The rod may rest on the solid flux, when two movements are seen, the first due 
to the melting of the flux and the second to the melting of the metal. 

6. The cooling curve method .— This gives the freezing-point. A relatively 
large amount of material is fused in a crucible suitably protected from the 
atmosphere, and a thermocouple is immersed in the melt. On slow cooling, 
the temperature sinks regularly until solidification begins, when there is an 
arrest, due to the evolution of the latent heat of fusion. Usually the liquid 
supercools, and on solidification the temperature runs up to the freezing-point, 
and then remains constant. Porcelain, platinum, graphite, or magnesia crucibles 
arc used, or a graphite crucible ** brasqued " inside with a magnesia lining. 
The metal is protected from oxidation by a flux, a layer of carbon, or an inert 


! Lowe, Dingl. J W\, 201, 250; cf. Washburn and Smith, Bur. Stand. J. Res.. 1929, 2, 787. 

505 l^.° r a qq uZ AM ,892 * 47 ’ 107 (132,: Ho,born Day. ^id, 1900, 2, 
V05 7^ 7U v 1 ! n andHennin 8- Berhm Ber.. 1905. 311; Harkcr, Proc. Roy. Soc., 
Kurh ^ , u p, rl° n ^ ar,Cnbcrg - VerM d - D - Ph »- 1906. 8. 48; Shukov and 
1907 22 l ?*- ,907 - 39 ‘ 1546 Ho,bom and Valcntiner. Ann. Phys., 

Sosm.n ’^^ c ,om ^"' •J 907 ' ,3 ‘ 592; Billz - Z Chem.. 1908, 59. 273; 

, A ‘‘ •/; 9 °* 29, 93: ,9I °- 30 - 1 : Forsythe. Astrophys. J., 191 1, 34, 353; Pirani 

Vcrmcufcn ‘'V I9 ! 2, l4,426: Un 8muir,P/.yj. Rev.. 1915.6. 138; Omstein, 

Ann. * >930. 33. 985; Mcndhousc, 

; sf'Z wiP : l! 00 - 2 - 505 : MuUunann and Weiss, Ann.. 1904. 331. I. 
also Stock, Ber.. 1917. 50. 156; Wick and Barchfcld, Chem. Fahr 1928 1 281 A 

a ‘ V ° ry , I empera,UreS by Travcrs and Jaquerod. Z. phys. Chem.. 
tube aid hul’-.n ,° f hydrogen * A 8 ,ass rod dipped into liquid hydrogen in a 

could' X Z UPP f r L Cnd - As ,ong a * lhc hydrogen was liquid, the rod 
i lie solid. ‘ b> d round ,hc ,ron - hut when it solidified the rod was held fast in 
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eas atmosphere. The method has often been used for metals.' The thermo- 
couple junction in the metal must then be suitably protected, e.g. by narrow 

'X2KSS5KS3S, ... 

the thermocouple can generally be used unprotected. On account of the poor 

Son maketS* determination difficult. The arrest in the heating curse is 
then more suitable than that in the cooling curve whilst for metals the opposite 
is true Two types of crucible were used, one holding about 100 c.c. and tne 
other only about? ex., each having some advantages and disadvantages. The 

pierced by a small hole emits radiation practically identical 1 with that which 

iSMis 

1901, 4, 99; for a volume (dilatomctcr) method. Ssobol . £ r . anJ Sosnwn§ 

2 White. Phys. Rev., 1907. 25. 331 ; Z. anorg Chem b »»»■.»• 305. » • > c( . 

Z. anorg. Chem.. 1911. 72. 1 ; Johnston and Adams. WJ. ■ • 11 w 257 , 265> 280 ; 
see also Tammann. ibid.. 1905. 47. 289; Jinecke. Z. **». Chem.. 

Arndt and Kuna. Z. Elektroehem 19 7. W. ***. l925 . , 0 . 

> Wien and Lummer. fAj*.. 189$. S6. 451. 

723; Buckley. Phil. Mag .928 . 6. ^^^ri^r ^ Pnngsheim. 1897. 63. 

4 Wien and Lummer. Ann. ?*>'*• ,<^ 7 ' 3 , 63; Coblcnt/. .n Glazcbrook. " Diet. 

395; Waidncr and Burgess. Bur. Stand. Bull.. . . n0 ,high temp, 

of Applied Physics." 1923. 4. 2 931 ; Sosman. Ind. Eng. 

furnaces); Fairchild. Hoover, and Peters. Bur btarut. j. 

Chem., 1931, 23. 1369 (control of h.gh tcmps L S „ Cm ,929. 125 517: 

5 Kanolt. Bur. Stand Bui I 1914 0. .95 . • Bur. Stand. J. Res.. 1929. 2.931 

1934, 146, 792; 1936, 155. 301 ; Fa.rch.ld Hck^i nd Pc . Ljcbmann z ,930. 63. 
(Au, Pd); Ribaud and Nik.tmc. 19 - 9> ^ and Milford . /Vt»r. K«n. Sue.. 1930. 

404 (bibl.; radiation from colourless oxides) Egc cylinder black body); 

130, 111; Wcnsel and Roeser. Bur. jUdhoussc. .4n«. A 

Rocscr, Caldwell, and Wcnscl. M.193M. ^, 1933. 17. 620 (m.p. iridium 2454 »; 

Phys.. 1931. 16. 209; Hcnmng and Wemen 
Wensel, Judd, and Roeser, Bur. Stand. J. /to., 1934, 12. >- 
* Jenkins and Gaylcr. Proc. Roy. Soc. ™ ' , 9 , 7 | 0 . 377; Pirani and Alter- 

- — *■ 

lentz, S. W. »««.. 1913. 9. 81 : Spence. Amopky. J.. .9.3, 37. 194. S 
Proc. Roy. Soc., 1930. 130. 111. 
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• C. LOW TEMPERATURES 
§ 1 The Liquefaction of Gases 1 

Loukianos (Lucianus) in his satirical “True History” ( Vera Historia) 2 
composed about 150 a.d., relates that the inhabitants of the Moon drank air 
compressed to a dew-like liquid in goblets; and some poetical references to 
“ liquid air ” have been detected in Virgil ( c . 50 b.C.). 3 Van Helmont ( d . 
1644) supposed that the “atoms" of gas can condense to minute liquid drops 
by intense cold, 4 but Boerhaave 5 found that only moisture deposits from air on 
cooling, and he doubted if air is capable of being solidified by the most intense 
cold or greatest degree of compression. Amontons and Black both considered 
that air might be a body of a high degree of volatility, capable of liquefaction 
or even solidification by sufficiently strong cooling, 6 and steam has many 
properties of air. Lavoisier, also, clearly recognised 7 that gases differ from 
vapours only in being further from their temperatures of liquefaction, and 
in " the absence of a sufficient degree of heat . . . would revert to the liquid 
state, and produce new liquids of the properties of which we cannot at present 
form the most remote idea.*’ Dalton 8 also supposed we might expect from 
analogy with vapours that “ a still greater pressure would succeed in giving the 
attractive force (between the particles of gases] the superiority (over the repul- 
sive], when the clastic fluid would become a liquid or solid." 

Ammonia was said by Van Marum and Paets van Trovstwyk 9 to be com- 
pletely liquefied by compressing to about 3 atm. (the result was due to the 
presence of moisture in the gas), and it was liquefied by cooling in a freezing 
mixture at -40 (crystalline calcium chloride and ice) by Guyton de Morveau. 11 
Fourcroy and Vauquelin 12 failed to liquefy hydrogen chloride, hydrogen sul- 
phide and sulphur dioxide by such cooling, although sulphur dioxide (first 
liquefied by cooling by Mongc and Clouet ») is easily liquefied in a freezing 
mixture ol ice and salt (-18 ). Chlorine, hydrogen chloride, and sulphur 

min S,0 n^r L i qu j d Air ^..'^Liquefaction of Cases." IS99; AH. " Die Kaitc," Leipzig 

Phvriet^iQM i <lf y ri Dn !' !. ! 9 !' I6, 744 : Ewing * in Glazcbrook, "Dici. of Applied 
> p * • 9 r«: *’ 364 • f ,audc * A,r l'<midc. Oxygine. Azote. Gaz. rarcs.” 2nd edit. (D‘Arson- 

GciicMind £ quid * ir - and Nitrogen." .913; Meissner, in 

« U5. ih ,,jndbuc , h dcr Ph > ilk - 1926. II. 272; von Wartcnbcrg, in Wicn-Harms. 

Handbuch dcr txpcrimcmalphysik." 1929. 9. i, 33 (low temps.); Lcnz, ibid. 1929 9 i 47 

bride/** 7 M and B - Ruhcmann. - Low Temperature Physics," Cam- 

d : 7 ; **";• 1)10 Separation of Gases." Oxford, 1940; Faraday Soc. discission on the 

production and utilisation of cold. Trans. Faraday Soc.. 1922. 18 139 f 
\ !! l Vorks -'* ! ransl Fow,cr and Fowler. Oxford, 1905. 2. 145.’ 
umuu/^Trahm^ ,iquid ® 5 tub,i ™ '« aera Nisius); " Acncid." vi. 202 (liquid- 

T' omI m , P JCK .. cr : L,prnunn - Ch, m ZfK- 1931. 55. 819; Nature, 1931. 128. 666. 

’ " Fleniii Turnip - *™ ,crdam - ' 652 ; 66 > Partington. Annals of Science, 1936. I. 359. 

0 m Jh - ^ / ; cydcn ’ ,732 - *• 429 : •' Elements of Chymistry 1734. 105. 

. St 1 *? . P f,nci P ,cn tier W armelehrc." Leipzig. 1900, 179 

. .. 5!L\*, th “£ '’?*• Ekmeais of Chcmistiy.*'* 1799. 77. 

New System of ( hcmieal Philosophy.” 1808. 1 i 148 

N0U — 

| ( » Cohen and < ohcn.de Mccmc. I ua,„cM,n „„„ /». Zeenia „. Hague. 

‘ ! A™- Chin,.. 1 799, 29. 2**0. 

Ann. Chin,., 1799. 29. 281. 

'**■ 344 ^louci): Nicholson, "Die., of 
. Mongc) s ****** < onnaissanccs Chimiques." 1801, 2, 74 
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Fio. I. VIC. Faradays Tube 


dioxide were liquefied by Northmore « in 1806 by compression into a strong 
IS He used a condensing pump, but w.th carbon dioxide the 
feceiver exploded. When 2 pints of chlorine were compressed to 2 4 cu. »n. 

very volatile yellow fluid separated. thi-rrfore a 

velocity— by sealing up in one leg of a V- 
shaped tube (Fig. 1.V1 C)> the materials 
which can generate the gas (e.g. chlorine 
hydrate by warming), and cooling the other 
leg in a freezing mixture. In this way he 
liquefied chlorine, sulphur dioxide, hydrogen 
sulphide, carbon dioxide, nitrous oxide, 

sss-ft i. « 'Spot: vrjvtss x. 

If 1 , l are .he temperatures a. which a liquid has_ pressures ft. and r, . 

Iglltilll 

amounts of liquid carbon dioxide by condensed in another 

lined copper; wrought iron i was also used, h liquid to escape into 

»• i . - * 

. NIchoM, J.. 1805. 11. 368; 1806. 13. ™ ‘ Ho'r a 

W °Z\ &, 1823. 1,3. ,60. ,80: - 

Alembic Club Reprim. ,904. 12. where an h.stonca, summary by l-araoay. 

1824, 16, 229, is given. .. 1R , ? whcrc directions for making the tubes 

1 Even in his " Chemical Manipulation. 184.. 4.4. wnerc 

arc given, Faraday docs not give a figure. 

* Phil. Trans., 1823, 113, 164; “ Works. 840. 6. .64. 

* Phil. Trans., 1823. 113. 199; " Works. 1840. 6. .66. 

6 Ann. Phys., 1831, 23,290. vL'.nMfTi.-tLi andQlsr^^kii^/m. Ph\s„ 1883.20. 24.». 

: r -£X 'M. « aSS f wmM ’- lL,cbiEl ' ,,M ' 50 ' 

.0 Bull. Acad. Ray, Bel,.. ,843. 10. 75; M^CammriAc«r^>^u * „ :0 . 

Bloxam, •• Chemistry." 1883. 82; Roscoe and Schorlemmcr, 

' U Undo,,. Be,. ,884. ,7. 309; Hempel. ibid., ,898. 31. 2993. used a linen bag. 
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mixing it with ether obtained a refrigerating mixture at —78°, the temperature 
of which could be lowered to —110° by rapid evaporation under reduced 
pressure. Landolt 1 compressed the snow-like solid into sticks like black- 
board chalk, sp. g. 1 -2, and the modern “ dry ice,” in the form of blocks of 
compressed solid carbon dioxide, is now largely used industrially. 2 

Bussy 3 liquefied sulphur dioxide by cooling in a mixture of ice and salt, 
and in the cold produced by the rapid evaporation of the liquid he liquefied 
chlorine and ammonia, and solidified chlorine, ammonia, and cyanogen. 
Faraday, 4 using Thilorier’s mixture in a vacuum, liquefied several gases. 

In the cooling mixture at atmospheric pressure CI 2 , C 2 N 2 , NH 3 , H 2 S, HI, 
HBr, C0 2 , and Cl 2 0 liquefied; by cooling in the mixture in vacuum and com- 
pressing the gases with a powerful pump all the gases mentioned, and nitrous 
oxide, were solidified, and ethylene, phosphine, and silicon fluoride were lique- 
fied. Six gases (oxygen, nitrogen, hydrogen, carbon monoxide, nitric oxide, 
and coal gas— containing methane)— the so-called “permanent gases”— 
resisted liquefaction at this low temperature and pressures of 500-700 lb. per 
sq. in. Berthelot 5 found that oxygen is not liquefied at 780 atm. 

The Vienna physicist, J. O. Natterer, who prepared liquid nitrous oxide in 
quantity in 1844,6 subjected the permanent gases to enormous pressures (up to 
3600 atm.) by means of an ingenious Kraft’s compressing pump, but without 
success. The reason for this failure became clear as a result of the work of 
Andrews, 7 who showed that each gas has a critical temperature , above which it 
cannot be liquefied by pressure, however high. The realisation that strong 
cooling was necessary in the case of the permanent gases led to the liquefaction 
of oxygen in 1877 independently by Caillctet 8 and by Pictet.* In 1878 Natterer 
reached a temperature of -140° by the rapid evaporation of a mixture of liquid 
nitrous oxide and carbon dioxide. Caillctet (who was an ironmaster, not a 
professional scientist) announced his result in a letter to Dcville of 2 December, 
which was read to the Academy on 24 December; Pictet (professor of physics 
at Geneva, later in Berlin) sent his in a telegram to the secretary of the Academy 
on 22 December, and this also was read on 24 December. 


§ 2. Cailletet s Method 

The principle of Caillctct’s method was to allow a portion of gas, strongly 
compressed to a pressure p x in a strong glass capillary tube over mercury at an 
absolute temperature T x , to expand suddenly to atmospheric pressure p 2 
by opening a valve, so as to release the mercury. The expansion of the gas was 

• Landolt. Bcr., 1884. 17. 309; Hampel, ibid, 1898. 31. 2993. 

2 Litllcr, J.S.C.!., 1932, 52. 533R. 

J ] I 2 i' 26> 63 • dcscribing thc frwin 8 of mercury, and making ice in a 

red-hot pfatmum dish containing liquid S0 2 in thc spheroidal state. 

Phv< f„7. [r- ,S4 . 5 / I3 . 5, I?, 5 ; i mL Chim " l845 ‘ ,5 ' 25? ; " Researches in Chemistry and 
Ph>sics, 185V, V6; Alembic Club Reprint. 1904, 12 33 
5 4/m. Chim., 1850. 30. 237. 

Ann Phv^ iSST m 4 ?' ?«!•* 3? o : l84 f; 35, 169 (ap P aralus >; 1852. 56. 126; 1855, 94, 436; 
II A i . ^7 o ^ Z n ,850 ,‘ S - 351 : ,851 ' 6 * 557 = I854 * l2 > 199; Cf. Addams. 

3rd «*«• 1 <- c " *»• 

?■ 'r 3 - ‘ 2,? - l270; Am - Chim - 187 «. >5. <32= O" Louis CaiUetc., 
tssz- 1 "1 3, see Mathias. Rev. Gen. Sci., 1913 24 174 

% ,2M - ,220; ,878 - * ”• «* «*•- .378. .3, 145; Arc*. 
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approximately adiabatic (i.e. no heat was transferred to or from the surrounding*; 
see § 4.II); hence, from (17), § 4.II, TV^-consL. and as p»/T=const.: 

(PilP^'^TdTi (,) 

where T 2 is the final absolute temperature after adiabatic expansion, and 

y ' BC ' /<V ’ io g (r,/r 2 )=[(r-i)/yl*og(p,/P2) • • • • < 2 > 

The cooling effect in adiabatic expansion is due to the external work done 
bv the gas in expanding against the atmospheric pressure, energy being taken 
from the gas. The effect depends on the value of y; for most diatomic per- 
manent gases (H 2 , 0 2 , N 2 . CO, NO),y is approximately I -4, hence (2) becomes. 

log 7,-log 7>0-286 (logpi— log p 2 ) .... 13) 

from which T 2 is easily calculated if p x and p 2 (measured in the same units, e g. 
atm.) and T, are known. E.g. at 50 atm. 
initial pressure at 20° C. and 1 atm. final 
pressure, the final temperature is — 177 S C. 

The cooling effects fall off at lower initial 
temperatures, which sets a limit to the 
method. The theoretical cooling is never 
attained, on account of the rapid exchange of 
heat between the warmer walls of the capillary 
and the cold gas. 

Caillctet’s apparatus is shown in Fig. 2.VI C. 

The compressor is a special pump containing 
water. The piston in the pump is operated 
by a lever, the fine adjustment of pressure 
(indicated on a Bourdon manometer) by 
screwing in a piston in a side barrel of the 
pump by means of a wheel. The water from 
the pump passes by the steel tube TU to the 
steel cylinder B containing mercury below, 
and this mercury is driven into the glass 
Caillctet tube TT, which contains the gas. 
and ends above in a thick-walled capillary 
(which may be graduated). The capillary is 
surrounded by a glass water bath M (which 
may contain a cooling mixture), and a bell-jar 
C, which offers some protection in case of . 

a burst, but mainly serves to prevent atmospheric moisture condensing on k 
outside of the cooled tube M. When the gas is strongly compressed, a vaiye 
on the pump is opened, when the pressure falls suddenly to 1 atm., the gas i 
the tube T thus suddenly expanding. By compressing oxygen, carbon me n- 
oxide, and nitrogen to about 200-300 atm. at room temperature, and hen 
releasing the pressure, Cailletct saw a fog of liquid droplets form m the tube, 
but this rapidly disappeared and he was unable to obtain any liquid >n bu i . 
He thought he saw a trace of fog with hydrogen, but he could not have liquefied 
this gas with the arrangement used. Liquid oxygen in bulk was first obtained 
by Pictet, with a much more complicated apparatus working on a dilkren 
principle. 



Fig. 2.VI C. Cailletct’s Apparatus 
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§ 3. Pictet’s Method 

The principle of Pictet’s 1 method is the so-called cascade process . By 
evaporating liquid sulphur dioxide (easily liquefied by compression to about 
2£ atm. at 15°) under reduced pressure, the temperature drops to a point 
(-65° to —75°) at which carbon dioxide in a tube surrounded by the liquid 
sulphur dioxide is liquefied by a moderate pressure. By rapidly evaporating 
the liquid carbon dioxide (or a mixture of carbon dioxide and sulphur dioxide) 2 
under reduced pressure, the temperature attained (—150°) drops below the 
critical temperature of oxygen, which then liquefies under moderate pressure 
(12 atm. at — 150°) in a tube surrounded by the liquid carbon dioxide. By the 

rapid evaporation of liquid oxygen, the 
temperature can be reduced to -220°, 
but as the critical temperature of hydro- 
gen ( — 24l c ) is still lower, this gas can- 
not be liquefied by Pictet’s method. 

The temperature attained by the 
evaporation of a liquid depends on the 
pressure and is equal to the boiling- 
point of the liquid at that pressure. By 
protecting the liquid by heat insula- 
tion and maintaining a low pressure by 
means of a pump, a low tcmperaturecan 
therefore be reached if the liquid does 
not freeze. The last limitation makes it 
necessary to use several liquids and to 
drop the temperature in successive steps, 
hence the name "cascade process." 
The later form of the process was used by Kamerlingh Onncs in the Cryogenic 
Laboratory at Leyden.* In this the steps arc methyl chloride (-24° to -90°), 
ethylene (-103° -7 to -165°: first used by Olszewski), and oxygen (-183° to 
-217°: the first figure in all cases gives the b.p. at I atm.). The liquid used for 
cooling must not solidify, and this limits the temperature to its triple point. 
Hydrogen and helium cannot be liquefied by this method. The cascade 
method was used in Cracow by Wroblewski 4 and Olszewski, 5 in London by 
Dewar, 6 and in Berlin by Pictet. 



« Comp,. Rend., 1877. 85. 1214. 1220; 1878. 86. 37. 106; Ann. Chin,., 1878. 13. 145; Z. 
kompr . u.fliiss. Case, 1903. 7. I. 17. 37. 52. 

■ The so-called " Pictei's liquid " is a mixlurc of liquid sulphur dioxide and carbon dioxide: 
sec Blumckc, Ann. Phys.. 1888. 34. 10; 1889. 36. 91 1 ; Pictcl. ibid., 1888. 34. 734. 

J K - Akatl - Helens. Amsterdam, 1894-5. 3. 164 (Comm. Leiden 14); Proc. K. Akad. 

"dens. Amsterdam, 1900. 2. 129. 437 (Comm. Leiden. 51. 54); 1903. 5. 502. 628 (Comm. 
Ye‘1.1 - 83): 1904 ‘ 6 * 668 (Comm. Leiden 87); 1906. 8. 77. 79. 82 (Comm. Leiden 94); 1907, 9. 
156 (Comm. Leiden 94 A); 1909. II. 883 (Comm. Leiden 109); Comm. Leiden. 1922. Suppl. 

l926> 158 (*«mmary); Trans. Faraday Soc.. 1922. 18. 145; Crommelin, ibid., 
I9Z2. 18. 175; Henning. Z. Instr.. 1913. 33. 33. 

* Wroblewski and Olszewski. Ann. Phys., 1883. 20. 243; Wroblewski. Comp,. Rend., 1883. 
97 1553; Ann. Phys., 1885. 25. 371 ; 1885. 26. 134; Wroblewski and Olszewski later on worked 
independently, and to some extent in rivalry. They say. Ann. Phvs., 1883. 20. 243, tha 
7, I? .5“ mC,hod frcdy 10 ° ,hcrs ° n OIszewski (1846-1915). sec Onncs, Chem. 

> Olszewski, An,,. Phyy.. ISS9, 37, 337; 1905, 17, 987; Phil. Meg.. 1895, 39. 188 (summary 

Cut '|9P tTn ^ m ,27 a ' P " h "" l90 ®' 3 ” lhisl0rica,: bibl " illus,r ): Z kompr - 
° p j" 1 - Ma Z- l884 - IS. 210 (where Ihc apparatus is very insufficiently described); Liveing 
and Dewar, 1893, 34, 205: 1893, 36. 328; Dewar and Fleming, ibid.. 1892, 34, 326; 
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The important data are: 


Methyl chloride 

Ethylene 

Oxygen 


b.p. triple pt. 

... -24 09 -102 9 

... —103-7* -169' 

.. -182-95’ -218-4' 


A diagram of Piclcfs apparatus is shown in Fig. 3.VI C. °xygen was gcneraled 
by heating potassium chlorate in the iron retort P. connected with > he “PP" 
tube N about 4 m. long, with a valve at the lower end, and a Bourdon mano- 
meter Q The tube N was cooled by liquid carbon dioxide LL evaporating 
at about -140”, the vapour being re-liquefied by compression by a pump G 
into a copper tube EF surrounded by liquid sulphur dioxide f 'tU 
—65° by another pump. The oxygen in N was thus cooled below , ts t ca 
temperature (-119") and liquefied under pressure. On opening the '*he at 
N a lustrous jet of liquid oxygen issued with great violence. Some of the 
liquefaction was probably due to the extra cooling by ad'abatic "P a ™° n °" 
opening the valve, the initial pressure being about 475 atm. (much above 

C 1“,L P rX:edS'by generating hydrogen in the apparau, by heabng 
sodium formate with caustic soda, a " grey mist anda blue )« . 

issued from N on opening the valve and “ rattled on the floor bteimU I shot 
hence he thought he had obtained solid hydrogen. This was impossible, as i 
crittoal temperature could no. have been reached, and the effect was probably 

VSE&S&*. a. 100 atm. pressure was contained m a 

10-lit. iron bottle, connected by a valve and metal tube w th a • • 
cylinder and a manometer. The cylinder was contained in i D * 1 

The cascade process (step by step cooling) is very erfficien ion 

apparatus, using ammonia, ethylene, and met *» . E. 

for 1 kg. of liquid nitrogen from gas a. I a and 25 C ,s 46 k.caf. »* 

described by Clusius and Riccoboni.* 

'\22Z£?~*H a gas by 

engine or turbine was recognised by Onnes and by Lord Rayleigh, and as 

Proc. Roy. Soc.. 1898. 63. 2 56: *9*. 73 .528 < H : Mtiom- of Dewar): 

16, 1, 212, 473, 730; Clcrke, ibid., 16. 699. A nrnirong. • , c(c , as if hc wished 

on the polemic between Dewar (who Nature. 1895. 51. 245 : Muir 

to prevent their use by others) and 0*“*J* k '• ** - ibiJ ,395. 51. 245. 365. 

(who gives priority to 01szewski).«W.. ^5.5 . • ’ , „ id h> . drogC n in Ramsay's 

413; Phil. Mag., 1895, 39. 298. Dewar did not agree to supp ) q > ils production, 
work on the inert gases, and Travers set up a second apparatus m London 

> Compi. Rend., 1878. 86. 106. 

2 Keesom, Comm. Leiden, 1933. Suppl. 76 a. 

> Z.phys.Chem., 1937 38 B 81 . 1896. 20. 518 {experiments with 

4 Onnes. Comm. Leiden. 1896. 23. Ann. " 1903 4 360 (suggestion only). 

hydrogen); Rayleigh. So, are, 1898. 58. 199; Scent, fic Papers. 1903.4. 3601 
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applied by Claude 1 in a process for the liquefaction of air. The moderately 
compressed air, after purification from moisture and carbon dioxide in the 
usual way, is divided into two parts. One part passes through an expansion 
engine, which cools the gas by extracting heat from it for conversion into work 
and the other part is cooled by the cold air from the engine in a heat inter- 
changer, and then expands through a valve, when it liquefies. The lubrication 
of the pistons was a difficulty; liquid nitrogen was used by Claude, but in some 
forms of compressor a piston with a small clearance and not lubricated is used. 
Claude also made use of the fact, first noticed by Wroblewski, 2 that air liquefies 
in fractions of different composition when progressively cooled. 


§ 5. Liquefaction of Gases by the Joule-Thomson Effect 

The cooling produced by the Joule-Thomson effect, unlike that in adiabatic 
expansion, is due to the internal work performed against the attractions of the 
molecules. This was first used for large-scale liquefaction by Linde 3 in Ger- 
many, and by Hampson 4 in England, in 1895. The equation given by Linde 
for the lowering of temperature by the Joule-Thomson effect (§ 24. VII A) is: 

dr=0-276J/>(273/r) 2 (1) 

where T is the initial absolute temperature. If J/>= 50-1=49 atm., the 
initial temperatures of +20°, 0°, -20*, -60°, -100°, and -140°, give final 
temperatures of +8-3°, -13-5°, -35-7°, -82-2°, -133-7°, and -197°; i.e. 
the effect increases at lower temperatures. If air at -20° expands from 50 
atm. to 1 atm. it is cooled to —36°. If this cools a second portion of air to 
-36°Jt is cooled on expansion to -54°, and this is repeated to temperatures of 
-101 , —136°, and -190°, when the air liquefies at atmospheric pressure. 
This cumulative cooling is achieved, according to an invention of Siemens 
(1857), by letting the cold expanded air sweep over the outer surface of a metal 
tube bringing the compressed air to the expansion jet. 

Linde's apparatus is shown diagrammatically in Fig. 4.VI C. Air freed from 
dust and carbon dioxide, taken in on the low-pressure side of the two-stage 
compressor, 5 is compressed to 20 atm. Its heat is removed by passing through 
a metal spiral in water, and the air is then compressed to 200 atm. on the high- 
pressure side. This compressed air, again cooled in a metal spiral, goes 


r AiiSrioif*? 7, ,9 2 5 ' l , 4I, «? 23: C,aude - " Li <iu id Air, Oxygen, and Nitrogen," transl. 
Cottrell, 1913; Trans. Faraday Soc., 1922. 18 139 
2 A nn. Phys 1885. 26. 134. 

‘ -ff* 2 i lS L Jun £, l895, *' lh fuU d^dpnon of Joule-Thomson effect); Arm. 

,896> 20< 638: ^S'neer, 1896. 82. 509; Z. ges. Kdlte-lnd., 
± AV'i 2 ' 925: S f hr0,er - z Vercin D - Mr- 1895. 39, 1157; Lorenz, Civil- 

1898 126 TvVr Kd,le ' InJ ’ l897 - 4 - 49 (theory); D’Arsonval, Comp,. Rend., 

275 R it ; * CW * ,906 * I0 - 264; Brad,c y and “ale, ibid., 1906, 10. 

2 newhf, h, l"rr r \ ^ 5 ' L A ' ,559: Brot - Bu,L Soc • totourag., 1914, 113, 16; Hausen, 
1932 n L.ndcs E.smachinen," 1929; on Linde, see Hausen. Z. ,echn. Phys., 

m^ho U ? J eS ' KaUc lnd ' ,935 - 42 - 209 i summary of gas liquefaction 

1 ro 2 1 ' Hnt. Ki 7’ Komprimiertc und verfliissigtc Gase." Halle, 1 908 ; Plank, Phys. Z., 
Smhh 2 In | 5 °w f » £°' ,n * by ad,abatic expansion and Joule-Thomson effect); Burton, 
FMOJ3 "I* ' hC m> Phcnomcna a ‘ 'he Temperature of Liquid Helium," New York, 

•• (23 May * ,895: although antedating Linde’s patent, this prescribes only 

18% 515 C o°° ,,ng ' 3nd Cxpansion ” and " heat interchange "); Nature, 

m 185 IW 6 ,896 ’ 7 - 329 * Kausch - * kompr. floss. Case 1902, 5. 

/I, 185 . 190 .. 6. 33. Buckingham. Bur. Siand. Bull., 1909. 6. 125 (theory) 

and c H?oK C p C ‘ 8 ' ^ Chem " l926 - ,8 - 664 ^ Ton « ue - "The Design 

ana Construction of High Pressure Chemical Plant." 1934. 
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thTOURh a water-separator, which is an empty steel cylinder in which the water 
used to lubricate the vulcanite packing of the compressor pistons is separat'd. 

sisssssis 

andcools by the Joule-Thomson effect to about -78’. This cold air then rises 
through the second tube and cools the -commgdowm thinner 

%££ X cooling effect accumulates until the air I, Quef.es and the needle- 


Air inlet II — 

y mi 


Purifier 

Compressor 

I Hi I 


[sponsion jet 
Liqwd o<r 


^ Cooler 
Cold woter 

Fig. 4. VI C. Liquefaction of Air 

i, .. *** szz£2ZtS. 

second tube to the compressor, and one P through the third tube of 

in 1 * * * : « - — 

lh r 8 Ham V p a sonjs apparatus.' which is 

laboratory work than Linde s, air from a S lhc liqueficr. 

a water-separator, and a drier f^.'nVar it wt nd into a c“ose spiral and 
This contains two or four metal tubes in P*™ 1 . . scrcw jhe upper 

ending in an expansion valve, controlled ft .. an( j (t, c lower part is 

par. of the spiral is hea, -insulated by V^^^^Ld ex and S a r fron, 180-700 
contained in a large ^war ve^. The cooled ex^ j. ^ 

atm. to 1 atm.) sweeps over the metal spiral, ana l* ^ ^ |fays _ To 
sure, passing to the pre-purifier, conlaini g . c | asl j c 

avoid breakage, the inner vessel of the Dewar is joined to the o> 

■’XSU or <*« <■“ Tr'S- S.r 

of the well-known double-walled vacuum vessel ( Dewar 

I See Travers, “ Study of Gases.” 1901. 192: 

Olszewski. Ann. Phys.. 1903 10. laboratory liquid oxygen apparatus. 

Smithsonian Mist. Coll., 1907. 49. Pi. 1J. No- l 6 S J;'° r 39 . 449 . 

Akhumo y, Zavadskaya Lab., 1935.4. 1510; Keyes. Chem. Rev.. 
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flask ”) by Dewar 1 in 1892. In this there is a high vacuum between the glass 
walls, which are silvered on the inside to cut down heat transmission by radia- 
tion. Dewar found the rate of heat transmission at — 180° proportional to the 
cube of the absolute temperature. 2 Large metal vessels 3 holding a gallon or 
two are used, the vacuum being maintained by a tube of absorbent charcoal open 
to the annular space and cooled in the liquid air or oxygen in the inner vessel 
— also a device invented by Dewar. 4 The lecture experiments with liquid air 
and liquid oxygen need not be described. 5 


§ 6. Liquid Hydrogen 

Wroblewski, by suddenly expanding compressed hydrogen, saw a fog which 
vanished immediately, and this may have been due to the liquefaction of 
hydrogen, 6 but the first to obtain liquid hydrogen in bulk was Dewar in 1895. 7 
The necessity of pre-cooling the gas below the inversion temperature (§ 25.VII A), 
was realised: Witkowski 8 calculated for this —79° from Rose-Innes* equation 
(§ 24. VI I A) for the Joule-Thomson effect, and Olszewski 9 found experimentally 
-80-5°. Onnes 10 pointed out the possibility of liquefying hydrogen in the 
Linde apparatus and calculated the conditions thermodynamically. 

Travers 11 in 1901 independently devised and worked an apparatus for the 


» Proc. Roy. Inst.. 1893. 14. I ; Dewar claimed that he had used ihc principle in 1873 (Trans. 
Roy. Soc. EJin.. 1876. 27. 167. vacuum jacketed brass calorimeter). Double-walled unsilvered 
vacuum vessels arc mentioned by Violle. Con, pi. Rend.. 1882. 94. 1510: D’Arsonval, ibid 
1898, 126, 1683 (used in miy.J.de Phvs.. 1898. 7.497;and Wcinhold,” Physikalischc Dcmon- 
strationcn." 1881. 479; Ann. Phys., 1898. 66. 544; Hcmpcl. ibid.. 1899. 68. 137. 

2 Cf. Pictet. Z. phys. Chem., 1895, 16.417. 

> Griffiths, Trans. Faraday Soc., 1922, 18. 224; for 2-lit. porcelain vessels. Beckmann, 
Z. angew. Chen,.. 1909. 22. 673; Moser, ibid., 1919. 32. i, 365; on large Pyrcx vessels, sec 
Phipps. Cox. and Shaw. J.A.C.S., 1931. 53. 1365; for losses in metal Dewar vessels, sec Briggs. 
Proc. Roy. Soc. Cdin.. 1921. 41. 97; Briggs and Mollinson. ibid., 1923. 43. 160; conduction of 
heat down necks of ditto. Hogg. Trans. Faraday Soc., 1924. 20. 327; liquid oxygen in aircraft. 
C.rayson^mith and Findlay. Chem. Rev.. 1946. 39. 397; Giauquc. Rev. Sci. Instr., 1947, 18. 
852 (Jena glass less permeable to helium than Pyrcx); Haynes and Scott. Science, 1948, 107, 
301 (silvering). 

Mm 26 1 m Swf ‘ ,896> n * 229; JCS - im ’ 73 ‘ 528: Comp, ‘ Rcnd - ,898 * I26 - ,40 «: 

* ^ wa , r - /*'"<• P °y- 1894-5. 14. I. 393. 665; Amer. J. Sci., 1901. 12. 168; Pictet 
and Ahschul Z phys. Chem.. 1894. 5. 386; Pictet, Compt. Rend.. 1894. 119, 527; J. Roy. 
Sue. Arts. 1 91 1 , 59. 678; Ladenburg. Ber., 1898. 31. 1968; Triplcr. Chem. News. 1898, 77. 113; 
Sloanc, Liquid Air and the Liquefaction of Gases.” 1899; Hardin. ” The Rise and Develop- 
ment of the Liquefaction of Gases,” New York, 1899; Kastlc. Amer. Chem. J., 1900, 23, 50; 
I) Arsonval Ann. Chim., 1902, 26. 433; Bleekrode. Ann. Phys., 1903, 12 218; Nowicki and 
Mayer Fluss.gc Luft, 2nd edit.. Leipzig. 1906; Claude, ” Liquid Air. Oxygen, and Nitro- 
gen (trans . Cottrell). 1913; Ewing, in Glazebrook. ” Diet, of Applied Physics.” 1922. 1. 

l931, 8> ,027; Par,in 8“>n. "Tcxt Book of Inorganic Chemistry,” 
mmh ' .«£ a c° C G ‘ VOn Wirkncr ' "Geschichtc und Thcoric dcr Kaitccrzeugung.” 
Hamburg IS For a summary and bibliography of low temperatures from 1890. sec 
Rcv ' m2 ' ,S - 243 1 10 >900. Brcdig. Phys. Z., 1901. 2. 418, 433; on change of 
r/nm 19283^353 ° W ,CmpCra,UrCS> Obrkmow and 4e Haas. Proc. K. Akad. Wetens. Amster- 
0 Pictet. Z. phys. Chem.. 1895. 16. 417. 

i 8 , 9 , 6 ; V 1 - 229 (lcc,urc of l895,: J CS - *898. 73. 528; Proc. Roy. Inst., 

8 ^n ^ \ 6 ‘/ o“i 2 ' 473 (SO ld H ^* 730 da,c is °f ,cn 8 ivcn as 1898). 

s Bull. A, ad. Polon.. 1898, 282. 

» Ann. Phys., 1902. 7. 818. 

20. m. J WHna ' Ams,rnhm - mi - b - 4 - 256 Leidrn 23); Ann. Phys. 

U*" rVm - ,w - 37 ' ,00: " s,ud > '»'• '** 
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liquefaction of hydrogen, which * |» soSn 1W 

,5° 2 a, so descried a-p^atus w ,ch ° drogen „ 

SST , - -S a^d lold 'by 

KSSSSS Sr^ST n,ar k s(£.i 10,.,. and the author saw i, in 


-Hi 

— A>r 

-H 2 


A ' m< 


£351 L,( i uld 


FlG. 5.VI C. 


H * 

Ncrnst’s Apparatus for L.qucfaction of Hydrogen 


successfu. operation in the " "’ 0rC ^ 

liquid hydrogen was regularly made ai j r h >drog P cn ( c i,hc ( from a cylinder 

InNcrnst’sapparatus(Fig. 5.VIC) p throuch the copper coil A 

or. more economically, from a c o^P rcsso } rscd in liquid air in a large 

ssrrrtnsss xsx* - «— a ° f ,hc 

1 ^wi. PAyj., 1903. 10. 768; 1903. 12. 196. ^ 

2 In Winkelmann, “ Handbuch dcr Phys^k. I**.. ^ Qnncs ^ A. AkoJ. Helens. 

) Z. EIcktrochem., 1911. 17. 735: for <**' ,, 76 {Comm . Leiden. 158): Comm. 

Amsterdam, 1900. 2. '29 iComm. Laden. 5 1). ^ 29 I ^ , 2 ^ kompr. flu". 

Leiden , 1922, Suppl. 45; Olsrewski. /*"«■ Ph>s ' ] j. ' Ga%c | 9 u. 13. 35. 165: Meissner. 

1912, 14. 93. 111. 127 : L *^nfcl d -^ A ^/ 8 , 2; u„mcr. Bulfington. and Hocnshcl 
Verhl.d D.Phys. Ges.. 1913. IS. S*.Z.Phg.\ 9Ug • scak); Simon. Cooke and 

J.A.C.S., 1925.47. 1571: z *es Kulte-lnd. . 1935. 42. 1 74 (ca Icula- 

Pearson, /V*C. Phys. Sac.. 1935. 47 678 fahtu. Z. t from charcoal included 

lions); Keyes. Gerry, and Hicks. J.AC.S., 1937 59 142Mdc P ^ & ^ ,„ 7 8 4 22 

in cooling effect: theory); Ahlberg. , compressor): Starr, ibid., 1941. 12- 

(1 lit. liquid per hour from cy .ndcr gas w.thout comp , 42 . , 65; Gilbert and 

Blanchard and Bittner, ibid.. 1943. 13. 394. ^ ‘ AndroNS . C/irm. Per.. 1946 
Rossol, Helv.Phys. Acta. 1945 18. 343. dc S *>• M hqueficr): Jones. Larsen, and 

39.403; Fairbank. Rev. So. //»rr.. 1946. 17. 473 tsmai. 

Simon, Research, 1948. 1.420. 


512 


LOW TEMPERATURES 


VI C 


coil, composed of two coils in parallel inside a small Dewar tube completely 
enclosed in a brass vessel B, which can be taken off to get at the Dewar tube. 
At the end of this coil is a very carefully made expansion valve V, operated 
from outside. In the tube A" the previously cooled gas is further cooled by 
cold expanded gas from the valve sweeping over the outside, and finally the 
hydrogen liquefies, the liquid collecting in the small Dewar vessel. The cold 
hydrogen gas passes out through a copper coil C wound in close contact with 
the coil A, and takes heat from the incoming hydrogen in the latter. The liquid 
air boiling in the outer Dewar vessel gives off cold air which passes out through 
another copper coil D, wound between the two coils A and C, and also takes 
up heat from the incoming hydrogen. The brass vessel B is in two pieces 
screwed together. 30(M00 c.c. of liquid hydrogen arc obtained per hour with 
a gas velocity of 2-3 c.c. per sec. and the use of about 300 c.c. of liquid air. The 
most important part of the apparatus is the expansion valve V. The theory of 
the efficiency of hydrogen (and helium) liquefiers 1 shows that the maximum 
effect occurs at pressures for which the Joule-Thomson effect (d7yd/>)*“0. 


§ 7. Liquid Helium 

Although Dewar 2 claimed to have liquefied helium by simply cooling in 
liquid hydrogen, Olszewski 2 failed to do this, and concluded that the tempera- 
ture of liquefaction was below -271°. It is certain that the first to make liquid 
helium was Kamcrlingh Onncs, 4 on 10 July, 1908. The maximum inversion 
temperature (§ 25. VII A) of helium is about -173°, and the gas must be 
cooled below this temperature before expansion, which must then cool it 
below -267-8°. 

The original apparatus used by Onnes is shown diagrammaiically * in 
Fig. 6. VI C (the complete diagram is very complicated). A volume of 200 lit. of 
helium was used. The gas was compressed to 100 atm., and passed through a 
water separator cooled by the vapour of liquid air in a Dewar vessel. The cooled 
helium gas divided through two tubes passing to regenerative coolers, the first 
cooled by helium vapour from the liquefier and the second by hydrogen vapour. 
The two streams of gas combined and passed through charcoal in a tube 
immersed in liquid air, to remove traces of air from the helium. The gas then 

' Kccsom, Comm. Leiden, 1928, Suppl. 65/ 

2 J.C.S., 1898, 73, 528; Ann. Chim., 1898, 14, 145. 

3 Ann. Phys., 1896, 59, 184; 1905. 17, 994. 

78, ? 7 °i C °T‘ l908 ' ,47 - 421 : r™- K. Akad. Wetens. Amsierdam. 

S \ i '?'- 1926 - 29 ' 1176 < Com " >58): Comm. Uiden. 1910, 

I m h ' PP Fa,aday SoC - l922 ' 18 ' l4S : Crommdin, ibid, 1922, 

18. 1 75, for other descriptions of helium liquefaction, see Meissner (Rcichsanstalt apparatus), 

V‘‘pu >S ' 26 ' 6891 ,928 ' 29 ‘ 6I0; McLconan . Nafie, 1923, 

8 2 ii6- 5 »rw^ * * Z 0 Ph] ?" ,93 °* 6S * 67 (srna » sca,e >: Simon and Ahlbcrg, ibid., 1933, 

Ui^ Rollm ^n f S m n % r * : R ° Uin ' Proc ' • >936, 48, 18; KUrti. 

s '" ' Rol J m * and Simon. Comp,. Rend., 1936, 202, 1421; Dixit. Current ScL, 1938, 6, 589; 

UlcISef k \1cded l K S v? aSC ' i 94 !' 3 ,v ,3 ’ 39; Scha,lmach - J - Sci. Insir., 1943, 20 . 195; Van 

wr,rns - ,943 ' n °- ,o ^ *“"• ’«<■ «** < 9 «. * 

iinnof^ r iiI| US in Whic j 1 lk, !! d hclium tem Pcratuies are attained without complete liquefac- 
39 m^ n^r '' aS d f SCribcd r b >: z - Blekirochem., 1941. 47, 116; Ann. Phys* 1941, 

1930 66 ^ ^ v QU Mcissner - ?o] ^ Schmid, Z. Phys., 

7 ^; * 939 * * 7281 

York 1940' 24 ” Fib " Phcnomena at ,hc Temperature of Liquid Helium," New 

ISS ^ohd Ac, * " apparalus ’ « K ^. - Helium," Amsterdam, 1942, 150 f.. 
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passed through a spiral cooled in liquid air, through a regenerator C coded _by 
hydrogen vapour, a spiral D cooled to -258° m liquid hydrogen and then 
tough a regenerator spiral A cooled by helium vapour. (In the actual 
aDDaratus, A and C were vertical and not side by side, as shown ) 

The helium was then expanded through a valve V. and part ly liquefied . tan 
unsilvered Dewar tube E, the helium vapour passing from B ‘hroutf. a regen 
erator (not shown) back to the compressor. The liquid hydrogen (20 lit. 



(-258°), the vapour being drawn off by a pump^ The b b of a * ond hv 
gas thermometer, containing gas below atmosptanc P«»uru ' was ‘ 
the liquid helium collecting in the Dewar vessel E, surrounded by a 
containing liquid hydrogen, which was in turn surrounded by a 
A.T.P.C. — 17 
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containing liquid air. These were unsilvered and the whole was surrounded by 
a vessel of alcohol to prevent deposition of moisture. 

The liquid was kept in a Dewar vessel immersed in another containing liquid 
hydrogen, and this in turn in a third Dewar vessel containing liquid nitrogen. 
In his first experiments Onncs obtained 60 c.c. of liquid helium. By reducing 
the pressure to 3 cm. Hg he reached a temperature of -271-6°. 

In an apparatus designed by Kapitza 1 liquid hydrogen is not used for pre- 
cooling, but liquid air or nitrogen, the first temperature drop being effected in 

an expansion engine (§ 4) to below the 
inversion point, after which the Joule- 
Thomson efTect is used. 

Onnes found that liquid helium boiling 
at 0-82° K. under reduced pressure did 
not solidify. 2 Solid helium was first ob- 
tained by Keesom 3 by a method pre- 
viously used with hydrogen by Onncs and 
van Gulik. 4 Helium was compressed in a 
narrow brass tube cooled in liquid helium, 
and at 130 atm. the tube became blocked 
by solid. In a glass tube with a magnetic 
stirrer, the latter was found to stick when 
the strongly cooled liquid was compressed. 
No line of demarcation could be seen be- 
tween solid and liquid. The solidification 
curve (Fig. 7. VI C) was traced from 1-1° K. 
(20 atm.) to 4-2° K. (140 atm.). At low 
temperatures it bends and tends to run 
horizontal, and helium has no ordinary triple point. At B there is a change 
of slope, when a second form of liquid helium appears. 5 The triple point 
(solid, liquid I, liquid II) at 2-3° K. was established by a cooling curve. 

Helium thus shows very remarkable properties from the point of view of 
phase transitions. The gaseous, liquid, and solid forms are all known, but 
the solid form docs not exist at the ordinary atmospheric pressure, and can be 
obtained only by cooling the liquid under pressure. The liquid can, therefore, 
exist at very low temperatures, and probably (under the very low pressure of 
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• Proc. Roy. Soc., 1934, 147, 189; Nature. 1934. 133, 708; Hausen, Z. ges. Kdhe-lnd., 1941, 
48. 24; Lane, Rev. Sci. Instr., 1941, 12. 326; Meissner, Phys. Z., 1942, 43, 261; Keesom, 
" Helium," Amsterdam, 1942, 165 f. 

1 Trans. Faradav Soc., 1922, 18, 145 (Comm. Leiden, 159). 

•* Nature, 1926. 118. 81; Compt. Rend., 1926, 183, 26, 189 (Comm. Leiden, 1926, 1846); 
Natuurw. Tijds., 1929, 1 1. 65; Proc. K. Akad. Wetens. Amsterdam, 1932, 35, 136 (Conun. Leiden, 
219a; 0 7’ K.); Z. ges. Kiiltc-lnd., 1933, 40, 49; Simon, Ruhcmann, and Edwards, Z. phys. 
Chcm., 1929, 2 B. 340; 1929-30. 6 B. 62; on Keesom (with portrait), Vcrschaffclt, Physica, 
1929, 9, I. 

4 Comm. Leiden, 1926. 184a; van Gulik and Keesom, ibid., 1928, 1926; Keesom and 
Lisman, ibid., 1931. 213<-; 1932. 221a. 

5 Keesom and Wolfke. Comm. Leiden. 1927. 1906; Keesom and Clusius, ibid., 1931, 2166; 
1932, 2l9f, /; Keesom. ibid., 1932, Suppl. 71«r; Keesom and Keesom, ibid., 1932. 221d; 1933, 
224-/. Suppl. 75 a. 766; Physica, 1933, 1. 128; 1935, 2. 557; 1936, 3, 105, 359; Keesom and 
Taconis, ibid., 1937, 4. 28, 256; Simon. Nature, 1934. 133, 529; Kaischcw and Simon, ibid., 
1934, 133, 400: Sehubnikow and Kikoin, Sow. Phys. Z., 1936, 10, 119; Bijl, Physica, 1937, 4, 
329; Allen and Jones, Nature, 1939, 143, 227; Satlerly, Rev. Mod. Phys., 1936, 8, 347 (dia- 
gram); Burton. Smith, and Wilhelm. • ** Phenomena at the Temperature of Liquid Helium." 
New York, 1940, 60. Sec $8. VIII E. Vol. II. 
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the vapour) it could exist at absolute zero. Helium does not, therefore, show 
a triple point, since the fusion and evaporation curves never intersect 

Still more remarkable is the existence of two different kinds of liquid helium, 
called He I and He II, which differ in density, surface tension, viscosity, dielectric 
constant, thermal conductivity, etc.,' one form changing 'nto thc other 

at a so-called /1-point of 2-19° K. Just below this point he specific heat curse 
rises steeply ; just above it, the curve falls again to a normal value. 

§ 8. Low-temperature Baths (Cryostat s) 

Low-temperature thermostats, or cryostats, for various iemperaiures are 

described. At 0° ice is used; * for temperatures below 0 vanous f«**mg 
mixtures are formed by mixing ice with different salts > the commonest being 
ice and common sal. (-18°).’ A mixture of 3 pans of <*£**" £•“* 

2 parts of dry snow reaches -40° C„ when mercury (m.p . -38 9 ) ' 

Snow or ice and concentrated hydrochloric acid can be used.* and * ' 

of Glauber's salt (Na 2 SO,.10H ! O) and concentrated hydrochloric acid 
(-18-6°).’ The eutectic mixtures or "cryogens of ice a d ™ ou 
were investigated by Guthrie,* covering the range -9-85 «o -24 9*. the theory 
of freezing mixtures was discussed by Porter and Glb h*-’ « x «^es of «ys.a^ 
of washing soda (Na^Oj.lOHjO) with nitrates of copper had. bismuth, 
and aluminium, liquefy and produce temperatures as low as - l# • 

For lower temperatures, solid carbon dioxide is very convenient. The dry 
solid 'isapoor 'conductor of heat. Awbcry " 
solid carbon dioxide crushed into small puces may fall * 

tion, and is no. constant throughout the mass. The ' ( | 

paste with a liquid such as ether, acetone, alcohol, toluene.' - “' 'ch'^ 'h ^ 
Prevention of frothing in solid C0 2 -acetone baths was described by McG ego . 
According to Caillete. and Colardeau " solid carbon diox.de in air has a 

I Ehrcnfcst, Com-.. Utitcn. .933, Suppt. 756: 

5 ' wsttzitt «• Fooie - 

^^R&um^rf^/m^^cad^c/'^nM.’ Trmj*-, 78. 393: .789, 79. 

199; 1795, 85, 270; 1801. 91. 120; abdgd. edit.. 1809. I«. 501. 579 I . . _ 

4 Archibald, J.A.C.S.. 1932. 54. 3886; Oor.ner Sc.e-ce. 1914. 39. 584. 
cryostat, Walton and Judd. J. Phys. Chem., 1914. 18. / I - 

* Graham, "Elements of Chemistry.*' 'M edit.. 18S0. , .46. 2 . 

* Witz, Comp,. Rend., 1876. 82. 329; Pfaundlcr. J.C.S.. 1876, 30. 867. 

7 Szydlowski, Wien Ber., 1907, 116. 1IA. 855. 2 | o able 

» Phil . Mag.. 1875, 49. 269; 1876. 1 va'piur being absorbed b> 

to freeze mercury by a mixture of ice and salt in \acuum. i 

sulphuric acid. 

* Phil. Mag., 1922, 44. 787. 

•o Walton, Phil. Mag., 1881. 12, 290. 

II J. Sci. Inslr., 1932, 9. 200. ivAunnvil Como, Rend.. 1901. 133. 980; 

** Ether was used by Faraday (§ 1); ace, one - by DAi rs 1C ^ 5f - ,„ slr 

toluene by Trautz and Gcrwig. Z. anurg. Chem.. 19-4. 134. 

1933, 4, 610; Denslow, Chemisi- Analyst. 1937. 26. 33. 

” Beatty, Science. 1946. 103. 235. 

14 Science, 1945.102.648. , , _ ■ n iau. i ,->rcnz Z- 

15 Comp,. Rend.. 1886. 106. 1489. 1631; cf. Landoll. ,8 £* JJ. '^ Bois and Wills. 

Kdl,e-lnd.. 1896, 3. 148. 191. 211. 231; Mollier. ,b,d Gwyer. 

Verhl. d. D. Phys. Ges., 1899. 1. 168; Bchn. Asm. r^/rr ^n akoholr Th.cl and Caspar. 
Z. phys. Chem., 1905, 52. 433 (who say ether is no better than alconoii. in.c 
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temperature of —60° and in vacuum —76°; a paste with ether has a temperature 
of —77° in air and —103° in vacuum. With other liquids the temperatures in 
air are: CH 3 C1 -82°, S0 2 - 82°, amyl acetate -78°, PC1 3 -76°, absolute 
alcohol —72°, C 2 H 4 C1 2 —60°. In vacuum these mixtures mostly solidify. 
Methyl chloride alone can be used 1 to —38°. 

The temperatures given by Cailletet and Colardeau are all too high: some 
other results are: (i) solid carbon dioxide in air -78- 16°, 2 -78-34°, 3 —78 -2®, 4 
-80°, 5 — 79°, 6 —78 -4°, 7 -78-35®, 8 -78-483°; 9 (ii) solid carbon dioxide and 
alcohol — 78-6, 10 —78-34; 7 * 8 (iii) solid carbon dioxide and ether —79°, 6 
— 78-26°, 2 — 79-5. 11 Du Bois and Wills, 12 with solid carbon dioxide under 
5-mm. pressure, obtained a temperature of —124°. Carbon disulphide frozen 
in liquid air 13 has a temperature of —112°, and liquid methane —164°. 

For still lower temperatures, liquid oxygen, nitrogen, or air can be used. 
Normal liquid air has a temperature 14 of —194-4° (not —193° as commonly 
stated), but its temperature, of course, depends on its composition. Behn 
and Kiebitz 15 measured the temperature of liquid air by its density, found by a 
series of small calibrated silica glass floats, using Baly’s 16 figures for the rela- 
tion between composition and boiling-point. On the International Tempera- 
ture Scale the b.p. of oxygen at a pressure of p mm. is: 17 

- 182-970+0-0126 (p-760)-0-0j65 (p-760) 2 . 

The b.p. of nitrogen at 760 mm. is 18 -195-81° or 19 -195-787°. The triple 
points (solid +liq.+ gas) are: 18 oxygen 54-24+0-04° K., p= I -20+0-05 mm.; 
nitrogen 63-09° K.,p=93-91±0-05 mm., or 19 -219-994° C. and 9-401 cm. Hg. 

In low-temperature cryostats, some kind of low-freezing-point liquid, gener- 
ally a mixture, 20 is used. Liquid air (or oxygen or nitrogen) cooling, 21 usually 

ibid., 1914, 86. 257; Thiel and Schulte, ibid., 1920. 96. 312; Michels. Blaisse, and Koens 
Physica, 1942, 9. 356. 

« Moissan, Compi. Rend., 1901. 133. 786; Cohen and Olie, Z. phys. Chcm., 1910, 71, 394. 

2 Rcgnault, Ann. Chim.. 1849. 26. 257. 

2 Zelcny and Zclcny. Phys. Z.. 1906. 7, 716. 

4 Zclcny and Smith. Phys. Z.. 1906, 7. 667. 

1 Pictet, Arch. Sci. Phys. Nat., 1878. 61. 16; Ann. Phys. Beibl., 1878, 2, 131. 

« Villard and Jarry, Compi. Rend., 1895. 120, 1413. 

7 Holborn, Ann. Phys., 1901. 6. 242. 

1 Average value adopted by Thiel and Caspar. Z. phys. Chem., 1914. 86, 257 (bibl. of 14 
authors); Thiel and Schulte, ibid.. 1920, 96. 312; Kannuluik and Law, 7. Sci. Insir., 1946, 23. 154. 

* Hcusc and Olto. Ann. Phys., 1931, 9. 486; in ibid., 1932. 14. 185, they give -78-471*; 
Aoyama and Kanda. J. Chcm. Soc. Japan. 1934. 55. 15. found -78-51°; for apparatus for 
dry -icc cooling, see Brown. J. Franklin Inst., 1945, 240, 487. 

,u Ladenburg and Krugcl. Ber., 1899. 32. 1818. 

" Archibald and McIntosh. J.A.C.S., I9(M. 26. 305. 

>2 I’erhl. d. [). Phys. Gcs., 1899. I. 168. 

» Slock, Ber., 1913.46. 1971. 

" Keyes, J.A.C.S., 1941. 63. 3545. 

15 Ann. Phys., 1903. 12, 421. 

''• Phil. Mag., 1900. 49. 517; for modern values, sec Dodge and Dunbar, J.A.C.S., 1927, 
49. 591 ; for temperatures below the b.p. of oxygen. Hogc, in “ Temperature. Its Measure- 
ment and Control." New York. 1941. 141. 

> 7 Burgess. Bur. Stand. J. Res., 1928. 1. 635; Heusc and Otto. Ann. Phys., 1932, 14. 185 
(b.p. -182 965°; N? -195-814’; CO -191-484 ); Anon.. Nature, 1949, 163, 427. 

,s Justi, Ann. Phys., 1934, 10. 983. 

’’ 1 K ,^ som and B 'il. Proc. K. Akad. Helens. Amsterdam. 1937. 40. 235; Physica, 1937, 4. 
'05 (bibl.). 

ibid ?9jT8 mJ 1- LiChlCr ' S ° W ' Ph "' Z " ,9W ’ 6 ]i0: Ruh ’-‘ mann . Lichtcr, and Komarow, 
Plotnikow, Z. phys. Chem.. 1905. 53. 605; McIntosh and Steele, ibid., 1906. 55, 129; 
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applied to some low-freezing-point liquid such as pentane (when precautions 
must be taken to avoid explosions from the mixing of the oxygen with pentane 
vapour) is common. For still lower temperatures, liquid hydrogen' is used, 
and at still lower temperatures liquid helium . 2 For various kinds of low tem- 
perature cryostats, reference must be made to the literature.’ A constant triple 
point of hydrogen is only found with a small amount of liquid present, other- 
wise there is a temperature gradient in the liquid . 4 

Between the temperatures of liquid nitrogen and hydrogen and liquid h>drogcn 
and helium, there are gaps not covered by other liquid gases. Temperatures in 
the second of these ranges may be attained by Simon s 5 desorption method. 


Stoltzcnbcrg, Ibid., 1910, 71. M9; Stock. Ber. 1913. 46. 1971; Henning Z Inur .19 3 33. 

33; Gcrmann. Phys. Z. 1913. 14. 857; Holst and Hamburger Z. P hysC tun 1 >16 91 13 

Holbom and Otto. Z. Phys.. 1924. 30. 320; Jackson. J. Set. Inur 1925 2 « 58 VN alters and 
Loomis. J.A.C.S., 1925. 47. 2302 (to -180 ); Patterson. \ ™ 

and Andrews. J. Franklin Inst.. 1929. 207. 323: Egcrton 

1930, 26. 236; MacGillivray and Swallow. J. Sa. Insir 1930. 7. . - 57. ! Sco ^ • 

Bur. Stand. J. Res.. 1931. 6. 401; Shepherd, ibid.. 1938 21 831; 

47; Baldcschwiclcr and Wilcox. Ind. Eng. Chem. Anal.. 19)9. .11. 221. 

tun: apparatus in dry air at -180 . see CiofT. and Taylor. J. Opt. Sac. Amer.. 19... 6. 906. 

8. 75, 77, 79, 82 (Comm, irffa, 94); .9.7, 19 

chem., 1911. 17. 735; Latimer. Buffington, and HocnstKl.y..4.C .5.. iv.- . . 

Z. Phys.. 1930. 65. 67; Aoyama and Kanda. J^cm Sac.Japan. |23< , 1; 

> Onnes. Proc. K. Akad. Wetens. Amsterdam. 1911-12. 14. mm. L ■ . 

Z. angew. Chem.. 1913. 26. Hi. 813 . Onnes and Crommelin. Proc . K. Ak*l l «' ^ ^ 

1921, 23. 1185 (Comm. Leiden. 154c); Mendelssohn Z. Phys.\ \ I '31. 73 4. .. . J • ■ VV * 

1931,9. 570; Daunt and Mendelssohn. Proc. Phys. Soc.. 1938. 50. 525: Alekseev and Slulmkos. 

J. Exptl. Theor. Phys. U.S.S.R.. 1946. 16. 361. , 9|2 

3 D’Arsonval, Compt. Rend.. 1901. 133. 980; Timmermans. Proc. Ro, Pubhn Soc.. I . 

13, 310; von Siemens, Ann. Phys., 1913. 42. 871 : H* nn,n 8 Z - :* , 31 2 • Meissner Ann. 
Arch. Sci. Phys. Nat., 1913. 36. 97; 1915. 29. AQO.J. CInm. Phys 19.5 13. 31.. ^Massmr. Ann 

Phys.. 1915, 47. 1001 ; Stock. Ber.. 1920. 53. 751 ; Henning and I Stock. Z Phyr. 1 - . ^ 

Maass and Wright, Jf .CS 1921. 43 > ^ Tayjor ^nd Sm th ^ . « ^Loomis! 

Taylor, and Smith. J. Math. Phys. Mass. Inst, lechn.. 19-z 1. ^ 

J.A.C.S., 1925. 47. 2302 (liq. air; short KM.): TjauU and Genv,g. Z-™* 

Andrews and Southard. J. Franklin hut.. 1929 207 .3-3. 934 40 6 jj. Bartlett <•/ 

stein, Z. fl/ior#. CW. 1930.193. 187 (32 refs.): Z. E ckirocht - 4 * 3 6 40 , . 

a!., J.A.C.S., 1930. 52. 1363; Scott and Bnckwedde . * ^^', 1932. 38. 

Monosson and Plcskow, Z. p*J*. CW. 1931. 1 • 1 j^mberg. Chem. Fabr.. 

53; Lundstrdm and Whittaker. Ind. Eng^Chem Anai.X ,3 -‘ Jl^^uppi bdc. 134; IX*. t/. 
1932. 89; Kambara and Matsui./. Chem. In*l. Japan. * upp • k UUndCi 

J.A.C.S.. 1933, 55. 472 (AI block); Southard and Bnckweddc. ib,d 93. ..i 55. - ^ Hci$ig 

J. Chim. Phys., 1934, 31. 439 (theory and bibU; ^^^‘^. Blaissc Colt, and Hull. 
Ind. Eng. Chem. Anal., 1936, 8. 149 (solid CO;. +25 to -75 ^ and 

Physica. 1936, 6. 231; Ruhcmann. - Low Temperature PhySK*. ^37^' 07- Booth and 
Hicks, J.A.C.S., 1937.59, .962; Kurtc and Voana ,940. 

Bozorth, Ind. Eng. Chem., 1937. 29. 470; Roper J.A.C.S.. 1938. 60 16-'. % 

62 58, ; ‘•Temperature: its Measurement and Control in ^ lock! 
1941; Tarbutton. Egan, and Frary. J.A.C.S.. 1 >41. 63. -• ... ph Rev ,946. 

Physica, 1946, 12. 163; Aston and Fink. Chem. Rev.. 1946. . 9. . . • ■ 

70. 98 (He cryosUt); Rev. Sci. Ins,,. 1947. 18. 157; Tunn, cliff. Anal. Chem.. 1948. 20. 962. 

4 Mcsscrly, /./I.C.S., 1941, 63, 1487. 700- 19)4 87 815; Justi. Ann. Phys.. 

mi Z i% gr SK m 87,-273: 'van l««bik ind Vcreycken. W 

1936. 3. 954. 
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Helium is adsorbed on charcoal in a vessel cooled in liquid hydrogen, with 
helium gas in a space between the two to conduct away the heat liberated. This 
gas is then pumped out, leaving a non-conducting gap, and the helium is 
desorbed from the charcoal by powerful pumping, when the temperature can 
be lowered as far as the boiling-point of helium. By adsorbing under pressure, 1 
the heat absorbed in expansion is also utilised, and the temperature can be 
lowered to 1-5 K. Another type of apparatus, working on the principle of a 
micro-Linde apparatus, 2 will bridge both gaps. 

§ 9. Very Low Temperatures 

Since about 1930 there have been great advances in the attainment of very 
low temperatures, with a corresponding increase of knowledge in many direc- 
tions. It was well said by M. and B. Ruhemann 3 that: “Half a century’s 
experience has taught us that as long as we are in a position to attain yet lower 
temperatures, there will always be something of interest to study there, even if 
it is but those processes with the help of which the temperature has been lowered. 
No one seriously believes that because five-thousandths of a degree is the lowest 
limit hitherto reached, there is no point in attempting to go farther.” 

By the rapid evaporation of liquid helium, Keesom 4 in 1932 reached the 
temperature of 0-71° K., but a limit was set to this method by the circumstances: 
(i) at very low temperatures the vapour pressure of liquid helium is lower than 
the pressure attainable by the best vacuum pump, (ii) the heat entering the 
system from the surroundings may reach the maximum amount of heat which 
can be extracted by the evaporating liquid. Temperatures below this point, 
and closely approaching absolute zero, were first attained by the new method of 
adiabatic demagnetisation due to Debye 5 and Giauque. 6 

§ 10. Magnetic Susceptibility 

Of the theory of magnetic susceptibility, only enough will be given here as is 
required to make clear the method of attaining very low temperatures. 7 

' Mendelssohn. Z. Phys .. 1931, 73. 482. 

* Ruhemann. Z. Phys., 1930. 65. 67; " Low Temperature Physics," Cambridge, 1937, 49; 
cf. Crawhall, " Very Low Temperatures," 1936 (Sci. Mus., London), 4, 8. 

1 " Low Temperature Physics," 1937, preface. 

4 Proc. K. Akad. Welcns. Amsterdam. 1932, 35. 136. 

s Ann. Phys.. 1926. 81. 1 154 (theory); 1938, 32. 85. 

• J.A.C.S., 1927, 49. 1864. 1870. 

7 Cans. Ann. Phys., 1915, 49, 149 (theory of dia-, para-, and mcla-magnetism); Eger, 
/. Mctallkde. 1914, 5. 278; 1914, 6. 89; 1914, 7. 93; 1919, 10. 82 (metals and alloys); Reiche, 
Ann. Phys., 1917, 54, 401 (old quantum theory of paramagnetism); " Report of the Committee 
on Theories of Magnetism of the National Research Council," Washington, 1922; Weiss and 
Focx, " Lc Magnetisme." Paris. 1926; E. C. Stoner, “ Magnetism and Atomic Structure,” 
1926; “ Magnetism." 1930, 3rd edit., 1946; " Magnetism and Matter," 1934; Cabrera. 
J. de Phys., 1927. 8. 257; An. Fts. Quim.. 1928. 26. 50; Stoner, Sci. Progr., 1927, 21, 600; 
Proc. Phys. Soc., 1930. 42. 358; Allen, ibid, 1930. 42. 372; Powell, ibid., 1930, 42. 390; Bates, 
ibid., 1930. 42. 441 ; Congress on Magnetism. 6c Conscii Soivay {Physique), 1932; Van Vleck. 
’’ Theory of Electric and Magnetic Susceptibilities." Oxford. 1932; reports by various authors 
in Rapport Cons. Soivay Phys. (1930), Paris. 1932; summary of Leiden work by Gortcr. Arch. 
Mus. Teyler, 1933, 7. 183; Grimm and Wolf, Magneiochcmic. in Geiger and Schcel, " Hand- 
buch dcr Physik," 1933. 24. ii. 1 1 19; Bhatnagar and Mathur. " Physical Principles and Applica- 
tions of Magneto-Chemistry." 1935; Klemm. " Magneiochcmic." Leipzig, 1936; for several 
papers on magnetism, sec Sci. Rep. Tdhoku imp. Univ.. 1936, Honda Anniversary Volume ; 
Jcllmck. " Lehrbuch der physikalischen Chcmie." 1937. 5. 629; Robcv and Dix,/. Chem. Educ., 
1937. 14. 414; Bhatnagar. Sci. and Culture. 1938.3.466; Sclwood. " Magnetochcmistry" New 
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In 1778 Brugman, 1 of Leiden (where much of ihe latest work on the subject 
has been done), noticed that a floating piece of bismuth is repelled by a pole of a 
magnet, and Becquerel 2 found that antimony repels, and is repelled by, a 
magnetic pole. Faraday * (who quite inadequately mentions the earlier 
workers) used a powerful electromagnet, and found that all substances are 
acted upon, some being attracted and called by him paramagnetic, others 
repelled and called diamagnetic. TyndalFs researches on - magnecrystallic 
action ” were summarised by Bragg. 4 If the pole strength of a bar magnet of 
length / and cross-section a is m, the magnetic moment is ml. and the quotient 
of this by the volume, or the moment per cm. 3 , is called the intensity of mag- 
netisation (or magnetic polarisation), 5 J=mllal=m l a ( = pole strength -r area 
of pole surface). If this were due to the material of the magnet being put into 
a magnetic field of strength H, the ratio 7 /H=k is called the magnetic sus- 
ceptibility of the material. The dimension of * is a volume; if J is in e.g.s. 
units and H in orsteds, * is in cm. 3 The orsted is Q4nni, where n=turns of 
wire per cm. on a solenoid, /=current in amp. 

The field strength H may be defined by the number of magnetic lines ol lorce 
crossing 1 cm. 2 of area in the field in vacuum. Inside the material put into the 
field this number will be different, and is equal to the magnetic induction B. 
Since each unit pole generates 4 tt lines of force: 



B/H = 1 + W/H - 1 + 4™ . 

The unit of B is the gauss. The ratio B/H is called the permeability p, hence : 

^=1+4t IK 

The unit 6 of p is (gauss)/[orsted). If B>H it follows that p> I. hence * is 
positive for paramagnetic substances; if B<H, p<\ and * is negative or 


York, 1943; Klcmrn, Z. Ekkirochem., 1945. 51. 14 (review; mor^nK compounds). Muller. 
ibid., 1945. 51. 23 (review; organic compounds): Ray and SshoJ. Indian C W 
23. 161 (salts); Bozorth. Rev. Mod. Phys.. 1947. 19. 29; for the physical aspects of t 
see, e g.. F. Auerbach, in L. Graetz. - Handbuch dcr Elcktnzitat und dcs Mapieusmus 
Leipzig, 1920,4, I. 711; Auerbach. " Modem Magnetics." transl. Booth 1 9- 5. Shmidt . m 
Chwolson, *• Lehrbuch dcr Physik." 2nd edit.. 1927. 4. ii. 424 ; Geiger and Schecl HamJbiK 
der Physik," 1927, 15, 147 (Steinhaus). 222 (Guml.ch); 1927. 16. 67; 6 A 8 n <( |5 35 ‘ 

lich); Pcddic. " Molecular Magnetism." 1929; Kkmm. Z. angcw Chcm. I9i\.44. -50. 

48, 617; Vogt, Magnctismus dcr metallischen Elcmcntc. in Ergebn. ,1. 

1932, li, 323; Kussmann. Z. MetaUkde.. 1933. 25. 259; 1934. 26 25: Gmclin HandbuJ, 
dcr anorganischcn Chemic." 8«h edit., 19)4. 59 A. 1421: Vogt. Z. 

734; Sugdcn, J.C.S., 1943, 328; summary of earlier magneto-chemical papers by Cab . 

J ^^Z^niutibusmagncticis obscrvationcs." Leiden. 1779; Poggendorll, 
Ann. Phys.. 1827, 10, 293; Hcnrichson. ibid.. 1888. 34. 180 

2 Becquerel. Ann. Chin,.. 1827, 36. 337; Lc Baillif. Bibl. Umvers. \ 8.9 4°. 8-- 

3 Phil. Trans., 1846, 136. 21; 1851. 141. 7; Phil Mag 1847 31. ■ *01 . Ann t . 

70. 24; 1848, 73, 256; 1851, 82, 327; Pliicker, Ann. Phys.. 1848. 73. 549; \\cb*.r. ibid.. 18 . . 

^Pnc^Roy^^mi, 25. 161; Tyndall. Phil. Trans.. 1855. 145. 1: I S 56 ,4 6. 23J^'- Re- 
searches on Diamagnetism and Magnecrystallic Action. ••‘J: f or m. *** a at 
crystals, see Voigt, " Lehrbuch der Kristallphysik." Leipzig. 1928. 468. 505. k [ ,shn *J 
Phil. Trans.. 1933, 231, 235; 1935. 234. 265; 1936. 235. 343; Lonsdale. Sc. Progr.. 1938. 3Z. 
677 ; Sclwood and Parodi, J. Chem. Educ .. 1947. 23, 574. .face 

3 The symbol M is sometimes used for J. and the symbol «f .s SOme«i^ «« * the sur rfa« 

density of magnetisation; in the case considered this is identical with J. for anotner use. sc 

4 On the " dimensions ” of etc., see c.g. Kennclly. Proc. Amer. Phi! . Sec., J93L 70. 103. 

1933, 72, 39; Kaye and Laby, " Tables of Physical and Chemical Constants. 194 *. *. 
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diamagnetic substances. The relation of para- and <//a-magnetisra to the 
ratio B/H was explained by Faraday. For dia- and para-magnetic materials, 
k is a constant; for ferromagnetic materials it depends on H. The suscepti- 
tibility k is the moment per cm. 3 ; the mass susceptibility (susceptibility per 
gram) is x =k Ip> where p= density in g./cm. 3 , and the molar susceptibility 
Xm = M x = Mk/p = K V n , where A/ = molar weight, and F m = molar volume. 1 

§ 11. Curie’s Law 

It has long been known that the strength of a magnet decreases at higher 
temperatures, and at a red heat a steel magnet loses its magnetism. A very 
simple law relating the magnetic susceptibility to the absolute temperature was 
discovered by Curie: 2 x=C/r, where C is a constant. Curie’s law applies 
strictly only to a dilute system such as a paramagnetic gas (of which very few, 
notably 0 2 and NO, are available). Curie himself tested the law with the 
results of Wiedemann 3 and of Plesser 4 on solutions of paramagnetic salts. 
Wiedemann measured the force F of attraction in a magnetic field H and 
verified the formula F=aM\\ 2 , where a is the mass of the body and M the 
moment induced by unit field. He showed for various salts that the moment 
(which, in arbitrary units, he called the specific magnetism) is proportional to 
the concentration, as had been found before by Pluckcr (1848), the magnetism 
(or diamagnetism) of the solvent being involved additively. The product of the 
specific magnetism by the molecular weight, or the molecular magnetism, was 
found to be the same for different salts of a metal with the same valency: 

Chloride Nitrate Sulphate Mean 

Ferrous 38 58 38 62 39 04 38*7 

Ferric 96 33 94 10 92-97 94-5 

In this case, for equal weights of metal, the ferric salts are 1 -24 times as magnetic 
as the ferrous. The same values were found for crystalline salts. Complex 
salts (e.g. ferro- and ferri-cyanidcs) gave much smaller values, K 4 Fc(CN) 6 
being, as Faraday had found, diamagnetic. Wiedemann found that the mag- 
netism of solutions decreased with rise of temperature, and for different sub- 
stances by the same fraction of the value at 0° for 1° rise in temperature. If 
A/ 0 =100, then A/,= 100— 0-325r, the coefficient being nearly the same as that 
giving the decrease of electrical conductivity of a pure metal with rise of tem- 
perature. Curie in all cases found approximate agreement with his law, but 
the ranges of temperature were fairly small. 

Onncs 5 made the important suggestion that crystalline salts, in which the 
paramagnetic ions arc largely " diluted " with diamagnetic ions and molecules 
of water of crystallisation, might be expected to bchaxc like dilute solutions, 

1 Van Vlcck uses x for •> and for x m • 

Comp/. Rmtl., I 892. 115, 1292 : 1894, 118. 1134; Am. Chim., 1395, 5, 289-405 ; “ Oeuvres," 
Paris, 1903, 232; Larmor, " Mathematical and Physical Papers." Cambridge, 1929, 2, 115, 
735; Kanzicr, Ann. Phys., 1939. 36. 38 (compressed O;): Burris and Hausc, J. Chem. Phys., 
1943, 11,442 (0 2 , NO). 

J Ann. Phys., 1865. 126. I ; 1868. 135. 177; 1878. 7. 45; 1887. 32. 452; earlier experiments by 
Pluckcr, ibid., 1848. 74. 321; 1854, 91. I; 1886. 27. 376. used the magnetic balance method 
usually attributed to Gouy. Compi. Rend., 1889. 109, 935. Bcqucrcl, Ann. Chim., 1850, 28, 
282; 1851, 32, 68; 1855. 44. 209. also made many measurements. For permeabilities at low 
temperatures, sec Dewar and Fleming. Proc. Roy. Soc., 1896-7, 60. 57. 

* Ann. Phys., 1890. 39. 336; Hcnrichscn. ibid., 1888. 34. ISO; 1892, 45, 38, made many 
measurements with organic compounds. 

1 Onncs and Perrier, Comm. Leiden, 1911. 122<i. 
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Hd Oones and Oosterhuis confirmed Curie’s tow 

14*7° K and 290° K., in which interval x vancs from 30x J 0 ., 10 , u 1 

but X r is constant at about 880 x 10-* to ±0-5 per cent. Similar resul.s wcre 
found by Jackson > for hydrated manganese ammonium sulphate, by Onncs 
Perrier and Oosterhuis * for hydrated gadolinium sulphate; by Uitcrer ' for 
cSum salts- and by Giauquc and MacDougall * for gadolinium phos- 

nhomoWbdate ' By using this device, the magnetic moments of many para- 
phomoiy oaaic. y * - ncd Thc absorption spectra show that the 

magnetic ions ha lhc gas cous state under the influence 

* oLy‘ explained deviations from Curie’s law by 
the formation of aggregates of particles. 


5 12. Weiss’s Law 

x=c/(r-e> or i/x=r/c-« 

unsatisfactory, probably owing to thc presence of traces of .mpunt.es. 

Fei(SO«)j CuS04 c*so« NJoorr) -WOO) +S-4 + N ?ut.) +70-0ci.H 

-79-5CT.) -720.) —29-9 (T.) — 19 0(T.) 160t .) & +21 0(1.) + 94-0(1.)* 

-73 0 0.) • +77 6 (T ) 

+ 67 0(W.) 

a Below 220* K. *> Above 220 J K. 

Weiss’s law was verified by Jackson and 
tures. The Curie point may be expected to be sharp y e • supposed 
temperature has been ascribed to inhomogene.ty of mater.al. A suppo 

• Phil. Trans., 1923, 224, 1. 9.. 139^; Oosterhuis. ibid.. 1914. 139/*; 

2 Onncs and Pcmcr. Comm. Uiden. 1911. I22a, Compl. Rem/.. 

Perrier and Onncs. ibid.. 1914. 139c: Oosicrhu.s. Phys. Z.. 1913. 14. 

1913, 157, 1145. 

> Z.phys. Chem., 1936. 36 B. 325. 

*. 'tJUCS, <930. 52, 3747; Spcdding and Nulling. <M. 1*33. 55. 

496; see §17. 

* Proe. Cambr. Phil. Soc.. 1912. 16. 486. summary by Stem. Phys. Z.. 

1 Compl. Rend., 1907, 144, 25; Arm. de Phys., . . Honda. Sci. Rep. Tdhoku 

1911, 12, 935;Z.P6yj., 1920 1. 147; ^nz.^-^ F< * x . Ann. de 
Imp. Univ., 1932, 21, 332; Gorier. Phys. Z.. 1932. 33. >*>. 

Phys., 1945, 20, 111. toia 1 303- Honda and Ishiwara. ibid.. 

« From Ishiwara 0.). 5c/. Rep. Tdhoku Imp- Unw 1914 3 • ^ ^ ^ 192 2. 3. I: 

1915, 4. 215; ThfcodoridCs (T.). Arch Sd. w.^ma <W. and W.). ibid.. 1929. 

Woltjer (W.), Comm. Uiden, 1923 1676; WoH*r and W.d ^ ^ 

XtiMiW '2E ,w ’ 671 ; Jackso "’ P ‘" r " m ‘- 

1923, 224, 1; 1926, 226, 107. 

10 Kussmann and Schulze. Phys. Z., 1937, 38, 42. 

17* 
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displacement of the Curie point by tension 1 is non-existent. 2 Some empirical 
equations relating specific heat to the Curie point were given by Ashworth. 3 

De Klerk 4 found that CuK2(S0 4 )2,6H 2 0 obeys Weiss’s law below 1°K. 
with 0=0*052, and the specific heat satisfies the 1/7* 2 law. 

Weiss explained his law by assuming that when the paramagnetic ions are 
not in the condition of an ideal gas, the effect of the influence of adjacent 
particles is equivalent to a molecular field H„ set up by interaction, proportional 
to the intensity of magnetisation J and acting in the same direction as the applied 
magnetising field H, but in either the same or the opposite sense. The effective 
field is thus: 

H r =H+H 0 ,=H+c7 

where c is a constant. If the mean magnetic moment per mol in a field H is 
5=/V/i, where /x= molecular moment, /V=Avogadro’$ number, then since J 
is the moment per cm. 3 , J=d/V m , where V m is the molar volume: 5 

H e =H+cd/V m =H+c'd 

where c'=ctV m . Substituting the effective field instead of H in Curie’s law 
gives: 

d= C(H+H J/T= C(H+c'o)/r 

and thus 

c/(r-c # c)= c/(r- 0) 

where x»=o/H is the molar susceptibility and 0=c'C. Since 0 may be 
positive or negative, this must also hold for c', i.e. the molecular field may either 
increase or decrease the effect of the external magnetising field. 

By considering the exchange effect (resonance) between neighbouring ions, 
Heisenberg 6 deduced Weiss’s law by quantum mechanics, but the subject still 
admits of progress and, as van Vlcck 7 said: “ the perfectionist will not get the 
same comfort from magnetochemistry as he does from spectroscopy.” 


§ 13. Measurement of Magnetic Susceptibilities 

Various methods of determining magnetic susceptibilities have been used. 8 
The classical method, used by Pluckcr and Gouy, and improved by Curie and 


1 RayChaudhuri, Z. Phys., 1931. 71, 473. 

2 Englcrt, Z. Phys., 1935.97.94. 

n J Na \ 25 \V*:A 2l :J?L 0n fcrro ~ and P ara - nia Snctie Curie points, see Cabera, An. Fis. 
n ’ iq 2 -,!’ W™; 9 r 8, “• 50 ;y - dr Phys " ,925 - 2^1. 273; Cabrera and Palacios. An. Fis. 

ST » J! 4, ? 9?: Forrer * Compl - Rend " ,929 * m ’ l242 : on diamagnetism, Debye, in 
Marx Handbuch dcr Radiologic." Leipzig. 1925. 6. 668; Biclcr, J. Franklin Inst., 1927, 203, 
21 1 ; Klcmm. Magnctochcmie." 1936. 160. 196; Krcmann and Pcslcmcr, “ Zusammenhange 
zwischcn phys'kaliscbcn Eigcnschaftcn und chcmischcr Konstitution.• , 1937, 159; Cabrera, 
/. Chtm. Phys., 1941. 38. I ; Smith. Sri. Progress. 1946, 34, 764. 

. 257% ,946, „ 1 ?’ 5I3: corrcc,in 8 Casimir. dc Klerk, and Polder, ibid., 1940. 7, 737. 

« Z C ph\V 'l928 49 n 6°IV d th3t 5 (m0Slly USCd ,he Iiteralure ) ^Places * m H. 

Che ™’' ,9 ^f* 48> 235; on ,hc doubtful physical significance of © see Penney and 

• *' ,94: ^°od,J.A.C.S., 1933,55, 3161 (who found different 
values of 6 with different compounds of Nd). 

1 8 8 5 ? 24 ^347 ant^l . 9 * ’• ' ' Vtic6em * on > ibid > >865. 127, 1; Quincke, Ann. Phys. 
109 9 V?' Hn J r ’ : Koni **«®«. ibid ‘ ,898 - 698; Gouy. Compl. Rend., 1889 

J B PI C °,7,n * Phvf - ,90 °. 2. 460; Ch*nevcau. Phil. Mag., 1910. 20, 357 

^ H ‘ v ' ^ 2 !>° WCn> ibid ' l9,2 ‘ 37 > 657 : Foix, Ann de Phys., 1921 

\h, ,n! Si. 8 ? «°P kins, y.^.C.5.. 1925. 47, 363; Decker, Ann. Phys., 1926, 79, 324 

andT^^urcmTlO - ** IW *' 4 B - ,75 = Alm ^ ^ 
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Ch6neveau, measures the pull on a small rod of substance, or a powder or liquid 
in a small glass tube, hanging vertically from a balance in the inhomogeneous 
field in the pole-gap of a circular permanent magnet. In the Weiss-Foex 
method, the substance is fixed at the end of a horizontal rod with a b.filar 
suspension, the movement of which tilts a mirror. Electromagnets are now 
generally used. In Quincke’s method, used for liquids, the rise (or fall) ot 
liquid in a tube in the air-gap is measured. In some cases very large magnets 
have been used, c.g. the Leiden magnet giving a field of 30,000 orsted across 
a pole gap of 16 mm. and using 450 kw. In low-temperature work - very 
narrow Dewar vessels with very thin waUs are used, including double and triple 
vessels blown in one piece with silvered walls and with a total diameter less than 
2 cm. Very ingenious adaptations of the apparatus include one in which a 
horizontal metal tube containing the substance, e.g. a compressed gas, sus- 
pended by two V-shaped pairs of thin wires, moves horizontally in the magnetic 
field (Focx method), the whole being enclosed in a horizontal cryostat through 
which a current of cold gas is passed. In another, the vertical tube containing 
the specimen is hung from floats in mercury, in a vacuous case, weights being 
put on the top, after the principle of Nicholson s hydrometer. When a large 
magnet is not available, a small solenoid immersed in Uqutd hydrogen (to 
reduce the resistance), with a strong current applied only for about u second 
to minimise heating, has been used by Ahron. and Simon. A'r-free water is 
generally used as a standard substance: us mass (diamagnetic) susceptibility, 
found by several recent workers whose results «e m good agreement. , 

— 0-720 x 10" 6 , and the temperature coefficient 0/x) d X d/ -- 9x 10 
5°, and 0-62 x 10~ 4 at 70°. 

§ 14. Langcvin’s Formula 

Langevin's formula 5 (o. being the value of o for H-»*>): 

o/o„=cotha-l/a; <i=/iH/AT (■) 

was deduced on classical grounds for the change of wetie suscepti- 
bility with temperature; the literal application of it would contradict the Ncrnst 
heat theorem, which requires a steeper approach to saturation 

In Langevin's calculation, atoms of permanent moment f. are supposed to 
make angles 6 with a magnetic field H. The energy of each is -,.H cos 0. 

I Since 1930 the name ursud (or oarsud) (•) has been used for -he e.g.s. unit of field strength 
H, the older name gauss being given 10 the i ,n '' “I‘ nduc | , i 0 ", w „ f j Onncs and Ooslcrhuis. 

1 Onnes and Perrier, Comm. UUe *. »»' '»' 4 - '£/•[»£ i«i: Proc. K. Akad. 

Ibid., 1913, 134</; Oostcrhuis, «M, 1 I9I J . 1396. 0nncs , C o»m. Leiden. 

Wetens. Amsterdam, 1925, 2*. 536 (Comm. !§ * * * * ***""• * Comm Leiden 173c): NViersma 

1923. 167c; Proc. K. Akad. IVetens. Amsterdam, 1925 ^544 4wu ,„. 

and Woltjcr, Comm. Leiden. 1929. 201c; Woltjcr and Wjcrvna. p ™ c K , . , 2 739 

<km. 1929. 32. 735 (Comm. Leiden. 20. o); dc W.crima. 

(Comm. Leiden, 2016); Woltjcr. Coppoobc. am '"* c Ondcr/ockingcn over Para- 
de Haas, and Cape., M. 1931 q \\ U .932. Sum., 
magnetismc,” *s Gravenhagc. 1932. dc Haas and »i«.rs . _ . ■. 1937. 207; 

746, 36; brief summary in Ruhcmann. " Low Tempcralu y • Nummary of 

Casimir, “ Magnetism and Very Low Temperatures in dc 

earlier work, see " Hct Natuurkund.g Laboratory der R^ n uniu 
Jaren 1904-1922," Leyden, 1922, 233 f.; Gorier. Arch. Mas. Teyier. 1933. 7. 

3 Sec note 8, p. 522. 

* Auer, Ann. Phys., 1933, 18. 593. 

* 4nn. CA/m., 1905, 5, 70; for cothx sec §47.1. 668 : Ann. Phys.. 1926. 

* Debye, in Marx. " Handbuch der Rad.ologK. Leipzig. l9->. o. o 
81,1154. 
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The area cut off a sphere of unit radius by a strip of width dd is (Fig. 8.VI C) 
(27 r sin 0)d6, and by Boltzmann’s equation (24), § 8.IV, the number of molecular 
magnets with axes directed in this solid angle is: 

u 2 7 t sin 0d6=Ae * Hct * tlkT sin 0d0 
where A' and A are constants. The moment in this direction is: 

Acr Hct * cos $ siq Odd. 

The mean moment is: 



Fig. 8.VI C. Molecular Dipole in Field 


Put nU/kT=a t cos 0=x, therefore -sin 0d0=dx, when: 

P=P |* **xdx/ f t u dx=fi(^^-^j=ti(co\ha-\la). 


e“d.T: 


w>- 


c-)/n 


and, by integration by parts (§ 19.1) 

Je".vdx = xe“/a- ( 1 /a) Je"d a = xeT/a — (c"/n 2 ) 

J + l-'.xdx=[xe"/a-e“/a2 *|=(e*+e- J )/a+(e~*-e*)/a2 . (3) 

Divide (3) by (2), giving (e - +e" - )/(c - — e*’ 1 )— 1/a. Hence (the value of coth 0 
being inserted), equation (1) follows. With o=7V/i this gives Langevin's 
equation, the value p corresponding with saturation, i.e. with o*. If a is 
small, the exponentials under the integrals may be expanded and 1 +ax only 
retained, when the integrations easily give: 

/Z=W= M 2 H/3Ar. (4) 

The calculation on the basis of quantum mechanics 1 shows that the shape 
of the saturation curve depends on the nature of all the lower energy levels, and 


' Van VIcck. Phys. Rev., 1927, 29. 727; 1927, 30. 31; 1928, 31, 587; “Theory of Electric 
and Magnetic Susceptibilities." Oxford. 1932. 30. 181; Niesscn. Phys. Rev., 1929. 34, 253; 
Freed and Kasper. J.A.C.S.. 1930. 52. 4671 ; for older literature on the theories of magnetism, 
see various authors in Bull. Nat. Res. Council. 1922. 3. No. 18. 
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no general formula can be derived; the approach lo saturation, however, .s 
TAWttTft*. and Onnes • wi* ^ol.n.u. 

Wm^ratures 2 aftSnaWc*wil'hTiquid 1 heUum in ^The resiaiing , cun^Fig^9.yi C), 

The actual points, however, show a rather steeper approach to saturat.on 



7 a 


plane of polarisation of plane polarised hgh. passing 

in a magnetie field. This is not confined to liquids but is also shown b> tra ^ 
parent solids-it was discovered by Faraday with heavy ^ass. FF BiKquere 
had shown that it is connected with the magnetic propc-ucs o he “bstan 
and Kundt < that thin transparent films of ferromagnetic me tal shot a 8 
magnetie rotary power which is not proportional to 'hc hcld s. vng h but 
shows saturation. If it is asswned that the magnetic rotary power w ,s p o 
portional to the susceptibility a, it will be connected with H T by a Lan^ 
formula: experiments by J. Becqucrcl * with field strengths up to -7.0UU 

» Comm. Leiden, 1923, 167.:; van dcr Handel Physica, 1941, 8. 513. 

2 Faraday, Phil. Trans., 1846. 136. I ; see VoT 11. 

» Ann. Chim., 1877. 12, 5; Compi. Rend.. 1897. 125, 679. 

4 Ann.Phys., 1884.23.228 6 204a. b\ 1929. Suppl. 

* Becqucrcl el at.. Comm. Leiden, 1928. 191c, 193.i. l - . 52t 6?g 

6* a. b, c; .930. 2.1a, 6. e; 193h 2«a. 1932. S»pph«a; W34. ,g 6 . 

1929, 52. 678; 1929, 57. It; 1929, 58.»5:£ ^uioo 1*49 1987' K " V, '" s 

1720; 1929, 188. .156; 1930 191. 782; 1934 J* » *i J (S»». 211 a: 

SStfS - occr. «. 

7,865. 
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and temperatures as low as 1 -3° K., mostly with the mineral tysonite (La, Ce)F 3 
and ethylsulphates of rare earths, showed that magnetic saturation is reached 
with strong fields and low temperatures. The values of to for saturation 
depended on the temperature and on the frequency of the light. The rotational 
power depends on the absorption bands of the crystals, the absorption differing 
for two beams of light circularly polarised in opposite directions. The curves 
in general resemble that for gadolinium sulphate, and are in agreement with the 
formula of Kramers 1 for the case of a rare earth ion excited only in the ground 
state: 

to— A tanh ( M H/AD+BH 

where, at low temperatures, A and B are functions of wave-length only. For 
erbium cthylsulphate, B— 0. 


§15. The Quantum Theory of Magnetism 
The mechanical angular momentum of an electron with serial quantum 
number / (§ 14.V) is: 

Pi«vW+l)]-MP»> (/- 0 , 1,2,3,...) .... ( 1 ) 

The magnetic moment due to this is: 

M i — 5(*/mc)p, = i(*/ mc X */2 *) VW + Ul* vW+m • /*ob • (2) 

where poo ^eh/trimc is the Bohr magneton, this being the 
moment of the magnetic shell equivalent to the elec- 
tron revolving in the smallest Bohr orbit of the hydro- 
gen atom 2 (viz. orbital, not electron spin). In e.m. 
units it is 9-273 x IO" 21 erg prsted* 1 , or per mol (W/W 
5586 erg orsted -1 mol" 1 . The Weiss magneton , 3 which 
is 1/4-95 of the Bohr magneton, is now regarded as 
having no theoretical significance. 

For the spin of the electron the angular momentum is, 
similarly: 

P,-V[s(s+\))Ahf2n) (s~ i) ... (3) 
but the expression M,*=falmc)p, for the corresponding 
magnetic moment gives only half the correct result, hence : 

M , = 2( j(e / me )p ,\ = (eh/ Anme) V '[4j(j + 1 )] = 

vl<5(J+l)]. W „-2VI^+l)].w. • (4) 

The two vectors I*(hl2n) and j*(A/2tt), where: 

/•“%/[/(/+ 1 )l and J*-vl*(*+l)] 

couple according to the following rules. 4 For a single electron they combine 
vectorially to give a vector /•(A/2w), where: 

y-vwy+D] 



Fig. I0.V1 C. 


• Proc. K. Akatl. Wetens. Amsterdam. 1929. 32. 1 176; 1930. 33. 959; Physica, 1934, 1. 182. 

2 Bohr. Phil. Mag., 1913. 26. 476. 857; Chalmers. Nature, 1914, 92. 687; Vcgard, Phil. Mag., 
1915, 29, 651 ; Ann. Phys.. 1917. 53. 27; Wereide. Ann. Phys., 1916. 49, 976; 1917, 52, 276, 283, 
289; 1917, 53, 574; 1918, 55. 589; Cabrera, An. Fis. Quint., 1923. 21, 505; Rapp. Cons. Solvay, 
Paris (1930), 1932, 81; Pauli, ibid., 1932, 175. 
i Weiss. J. de Phys., 1911, 1, 900, 965. and many later papers. 

4 Hcrzfcld, Phys. Z., 1925, 26, 824; Rabinowitsch. Z. Elcktrochem., 1933, 39, 702. 
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and /=/±J=/±i For 1=0, 1. 2, there are the cases (Fig. I0.VI C): 

,_ 0j=4 . ;=*,/•= 0; 5 «= % /3/2,;*=V3/2; 

}4ori/-V2: 3 * = v/3/2,r = V3/2or VI5/2; 

;4orliw«: 

For more /Aon one e/ec/ron, the corresponding expressions are: 

S*=VIS(S+1)1 S=0. i 1. ! • • • 

/.•=V'[«i+l)l t=0. 1.2 



Fig. II. VI C. 


For nvo outer electrons with /, = 1 and /j“l. , i*“ v'2 and /;• \ - a " d lh “ 
orientation is such that £— vW+Dl. and ' 6 ' Mne * L “ 

0, 1, and 2. The other cases arc shown in Fig. 1 1.VI C: 

/,-Ua-l /,— 1,/j— 2 /,— !./*— 3 /,-2./.-2 /, 

£-0,1,2 £-1.2,3 £-2.3.4 £-0. 1,2.3. 4 £-1. -.3.4.5. 

For the spin vectors for »»o outer electrons, S»=VlW+l)l=V' 3 /2 or zero, 
and the S« values combine vectorially so that the resultant is 0 or V 2, as shown 
in Fig. 12.VI C. The combination of the £• and S* vectors takes place. 



S*0 


S-l 


Fra. 12.VI C 
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so-called Russell-Saunder’s coupling, 1 as shown in Fig. 13.VI C, to give a vector 
7* (A/2 tt), where: 

L=\, 5= 1 ; 7=0, 1, 2; L*=V 2, ; -/•= vV(^+ 1)1=0, V2, or \/6. 

The orientation of 7* in a not too strong magnetic field is such that its projection 
„,=/• cos & in the direction of the field (Wangle between the magnetic axis 
and the field) is integral (Fig. 14.VI Q. The magnetic moment, p, of the atom 
may now be compounded of the component moments pj as follows. 

If 5=0 then J-L, and every value of L corresponds with only one state 
(singlet). In this case for all atoms at all temperatures: 

VW+l)] • /*ob= s VIW+ 0] • Fob- 

If the atom is brought into a magnetic field its moment parallel to the field is 
quantised: M *> B . where M= -7, -(7- 1). .... 7. (Note that this is not 



Fig. 14.VI C. Space Quantisation 


V[M(M+\)], since there is now a fixed axis, that of the applied field). The 
average value of p H is given by the usual statistical equation: 

(5) 

where the sums are from M=-J to A/=+7. The molar susceptibility 
is defined by Np m =XmH, where N is Avogadro's number. 

The evaluation of the expression (5) is tedious but simple. The projection 
of 7* on the direction of H is given by m=J 9 cos For 'each atom there are 
27+1 orientations (all positive and negative values of 7, and zero). The 
potential energy of the atomic magnet is —pH cos &, where p is the moment, 
and the number of atoms oriented in a given direction & at a given temperature 
and field strength is given by Boltzmann's equation (§ 8.1 V) as: 

[A 7(27+ 1 )]e~‘ * r = /4e - * ;lrr = A c" H ““ 9,kT 
where A' is a constant, independent of &. The average value of p cos 9 is 
then 

p cos Q=Z(p cos flje**" «* *'**y£fe*H 9lkT 

* In this, the s vcciors of all the electrons (si.h/2rr) combine to form a resultant S •, and 

independently all the / vectors (h.kjlt) form a resultant L •. The two resultants S* and L* 
then combine vcctorially to form a resultant J*. (S*. L •, and 7* are quantum numbers 
multiplying h/2n to give the magnitudes of the corresponding vectors.) 
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where the sums are taken from J to +/• Since cos *=m/J-=m/vW+l>). 

and u is a constant: 

... 

where 0-pH /AT. For small values of H the exponentials may be expanded 
and only the first term retained (e*= 1 +x): 

... D1 > •(> +MVIAJ+ i)W'+MW(.J+ 1 HI < 6 > 

The denominator in (6) can be written : 

Z{\+MVW+m= /f „ lA ,, n j\—2J + 1 

smC e 7 is kept intact but m varied from -J to +J. giving (27+1) terms, and the 
sum in square brackets is zero. The numerator is . 

«m/vW+l)l> { 1 +WV1W+ l)])=Z{mlV\JV+ Dll+^I^" '-"- /+ul 

={i/vi7(7+i)i) [7 +(/-d. •• • +°. -v-i)-J]+mJ+w :m 

~\PIJ(J+l))Em*. 

Now i*-(2n+lM»+l)/«. for *«*«»' valu “ of x lnd V “ UeS WhiC " “* 

0 

odd multiples of i; hence: 

WV+ 1)]*" J -I/W+ ')) ■ 2(27+l)7(7+l)/6=W3)(2J+l) 

(the multiple 2 coming from the sets of positive and negative value 

H ' n “ : ^=W(27+l)/(Z/+l)=^/3=^H/3*r. 

Since n cos i?=£=X«H//V 

/. x-i = M 2Ar/3A7'=(MA r ) 2 /3AA'7'=*0i^) 2 /3^/'=C F 

where C=(/V/x)*/3/? is the Curie constant, 

Nfi^VORC) 

This is identical with the classical Langcvin equation (see § 14 ) Jtid differs 
from the equation found from the old quantum theory. All these cqua 
hold also for the case L=0. therefore J=S 
(S-tcrms). 

For mulliplet terms, with all the atoms 
practically in the ground states, each 
component is defined by S, L, and J. 

The atom precesses round the direction 
of the vector 7*, but on account of the 
“double” magnetism of the spins (see frnm th-u of 

above) the direction of the resultant moment /i is usually different fro 

J in Fig. 15.VIC, OA is the mechanical orbital impulse vector T* = 
hftn drawn as V[«L+ >)1 “nits. AB is mechanical spin vector S - V t*( + _ 

*/2» drawn as V[S(S+1)] units, and OB the resultant total £££ 
vector \Z[J(J+ 1 )] . A/2tt. Now L- produces a moment vrt«i+ l >l • 
Vm+l)), which is drawn from O and of the same length as OA _(aciual y 
it is in the opposite direction), and S« produces a moment 2 v [S(S+ )] 
eh/Airmc drawn as 2AB=AC. The resultant moment is represented by OC 


(7) 



Flo. 15. VI C. 
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OA= y/[L(L+ \)](eh/47rnic)=n L 
AC=2AB=/x s =2vl-S(5+ l)](eA/47rmc) 
OC=/*= V '0*t 2 +Ms 2 -ViMsCOS OAQ 
cos OAC=cos O AB = (OA 2 + AB 2 — OB 2 )/20A . OB 
UL+\)+S(S+\)-J(J+l) 
“2V[W+1)].\/[W+1)1 

/. OC=/x= V[W+l)+5(5+l)-L(Z.+ l)] . (eh/Anmc). 

Of the total moment /x, on account of precession of p L and /x s about the direction 
of 7 •, only the projection OH of /x L = OA on OB, and the projection ED of 
/x s = AC on OB, come in. Their sum, OE+ED=OD, j s also the projection 
of /x = 0 C on OB, i.e. p, t therefore p,— OD=OA cos AOB+2AB cos OBA. 

The two cosines are again given from the mechanical impulses in the triangle 
OAB and the result is: 

Hj=OD= 

=rvW+i)]./<0B <») 

where g = 1 + [J{J+ l)+S(S+ !)-«/.+ I)]/2J(7+ 1) 

is called Landt's splitting factor, 1 and arises from the “double” spin magnetism. 
Such an atom in a magnetic field is subject to two effects: 

(i) If a directional force is exerted by the field during the precession, the 

latter is deformed and a component in the direction of the field, 
proportional to H, appears, viz. X 2 * = Ha, where a is the constant of 
induced magnetism (analogous to induced electric polarisation); 

(ii) a temperature-dependent magnetic polarisation obeying Curie’s 

law but with /x ; in place of /x, appears: 

xi-=(^mob)^W+ i)/3*r-(Ar M; )2/3*r- c/r 

Np,= s/ORC). 

The total susceptibility is given by a formula analogous to Debye’s for the 
electric polarisation: 

X.=X.-+X2-.=(^, 2 +3Ara)/3Ar. 

In the case where £.=5/0, 7=0, the mechanical impulses cancel, but as the 
spin magnetic moment is double the orbital, there is a residue: 

H=h*W[S(S+\)). 

The atom then has no permanent magnetic moment (/x ; = 0 for 7=0), since the 
direction of /x in the atom is completely indefinite, and there is no orientation of 
/x in a magnetic field. (This is related to Heisenberg’s uncertainty principle, 
§ 14.IV). The whole paramagnetism then depends on the induced moment 
(e.g. Eu* + +). 

The above case refers to “ wide multiplets,” when Aef^kT, where Ac, is 
the energy difference between the ground state and the higher level for a 
multiplet component. For “narrow multiplets” the relation Ac,~kT 
may apply, in which case there is a distribution of the atoms among the different 


> Land i,Z. Phys .. 1923, 15. 189. 
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multiple! components according to their Boltzmann factors and statistical 
weights (§ 9.1 V), and a statistical mean is taken . 

Xw^Xiw+X im = ^£(i/+ 1 )t~ 4J,kT 3/?r rdZ+De - * 7 

SslSS.TX” “p~» S—* ■«, *■" ” - 

equations for Xm : x ^ m(M . 4S(S+ 1 )/3 RT 

X^MNl *,) 1 ML+WKT 

v.- Xs -+xt-=[('Vw») l /3*ru«(S+i)+i(t+"]»t/r. 

The magnetic moment (in Bohr magnetons) of paramagnetic tons of the 
transition metals is given approximately by. 

Mb «v14S(S+1)+W*+1)) 

cobalt, however, the mteraction and pe co ^^ lion> since the electrons of 
solution or crystal cancel out most of the L - quenching " of orbital 

the incomplete 3,/ shell arc outermost, and this so<alled 2 . ^ 

momentum leaves only the electron spm the relation 5-jw gives 

V( 5(5+ 1)]. If the number of unpaired electrons is the relation . 

"a&ffL . ^ - ■- 

ment with experiment. For complex compounds, e.* , n |hc casc 

electronic levels are rearranged and the 5 »n W * * J by ^ 5 and 
of rare earths the incomplete shell is 4/. and as y 

5s shells outside it, the moment is no |on gcr accounted f 6 calculated 
The agreement with some metallic oxides is « *• 

from the measured molar susceptibility x*. b > ei s 

MD -2-839Vlx.(7- 0 )l* 

where 0 is a characteristic temperature, instead of Curie s lonm.la. 

Md =2-839 n /(x^). 

Diatomic molecules have the quantum numbers .l = thc project, on o^t on 

the molecular axis, giving £. /7, A . . . states with A-0, 1,2 

projection of 5 along the molecular axis. 

, Van Vleck, PHys. Rev.. .927, 30. 3. ; 1928. Jl. 587: Bha.nagar and Marhur. - Ph»ical 
Principles and Applications of Magncto-chcrustor . 6 2 4». 273: Bose. 

* Cabrera and Dupcrier. J. de Ph y s 1925 * 121 Cat*™. «*£ Pauling . J.A.C.S., »93l. 
Z. Phys.. 1927, 43. 864; Stoner. Proc. UeJs PM. Soc 19. -0. ^ , brach p*.« M l«2 
53, 1392; " The Nature of the Chemical Bond. 1939. 10/. ram.n 

14, 524; von Auwers and Kiihlwcin, ibid., 1933. 17, \ . " * • in ^ ... compounds 

» Bhatnagar er a!., J.C.S., 1939. 1433. The residual paramawnct.^.n ^ ^ ^ w 

is perhaps due to a surface effect : Ha ' lcr and ^ °°<i , 39 jt Eu sulphate to 20' K ). 
Selwood, ibid., 1931, 53, 1799; Fntsch. Ann. Phys., 1941. ai « 
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The angular momentum (moment of momentum) J is formed by combining 
the angular momenta of orbit, spin, and nuclear rotation, and there are two 
main cases: 

(a) a strong coupling between orbit and spin, when J is the resultant of 
nuclear momentum, A and 27; 

( b ) a weak coupling between orbit and spin, when J is formed by vectorial 
addition of these; this case always holds when A=0 (27-states): 

(i) ground level of type ! 27, i.e. /I =27=0; corresponds with diamagnetic 

substances ; 

(ii) ground level a 27-term but 27^0; case ( b ) holds, the term is a narrow 

multiplet, and the moment is due to spin only: 

x =W27(27+l)/3Ar (9) 

(iii) A^O. Cas c(b): 

X=0W/3*7W(27+1)+/1 2 ] ... (9a) 

(iv) /1#0. Case (a). If the ground multiplet is narrow in comparison 

with kT, (9) again holds, but if wide 

X=0W/3*7)(227+/l)2 (9b) 

It is noteworthy that the paramagnetic susceptibility of bivalent rare earth 
ions approaches that of the tervalent ion of the element of next higher atomic 
number, c.g. Sa" = Eu'“; in each case the electronic arrangement is the same. 1 

In practice an effective moment n rff is calculated from x by Curie’s law, i.e. 
neglecting a, and this is equal to the true moment n only for singlet terms. For 
other cases: 


H, fl ='\/(n l 2 +3kT<x) for wide multiplets. 

/i,/,=sum over multiplets for medium multiplets. 

Wi^+Ms 2 ) f° r narrow multiplets (independent of T). 

l or the case when the orbital angular momentum is “ quenched," 7= S, and 
g=2, and (8) and (5) (with the inclusion of g in the exponent) show that the 
state sum 2 is: 

.V-S .W-S 

z= 27 e 2A, * i °* M/ * r = 27 e 2w * 

M--S A/--S 

where x=^onH/A 7*. and Z is a function of H and T. The series is a geometrical 
progression, the sum of which is: 


C «2S 1)X — c ~ »2S ■ Ux sin h[(2S+ l).v] 
e*— e“* sinh x 


• ( 10 ) 


The sum of the geometrical progression starts from the first term a=e -2Sx ; 
the number of terms is n=2S+l (i.e. all + and - values of S plus zero); the 
common ratio is r=e 2x (since successive values of S differ by unity). Hence 
the sum is: 

1 ?Sv l- e ^ 2s,, » e -2s *— e (2s ' 2,x 

a \-r ■ I— e*. - 1 — e 2 * 


2392 HU8hCS and PiCrCC ’ JACS ' ,933 * 551 3277; Seh* 00 *!. ibid., 1933, 55, 4869; 1934, 56, 

2 For further details on this section, see Fowler and Guggenheim, “ Statistical Thermo- 
dynamics," 1939. 608 f.; Aston, in Taylor and Glassione. "Treatise on Physical Chemistry," 
1942, I, 627 f. The quantum number is denoted by s to distinguish it from the entropy S. 
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Multiply numerator and denominator by -e'\ and (10, follows, with (§ 47 I, 
MulUpl^nUsinh ^ The entropy due t0 the spin or.enlat.on ,s g.ven by (28,. 

§8IV; S=«[lnZ+(r/Z,(dZ/d7-,]. 

By inserting the values of Z and dZ/dr. it is found that 


serving iuc vaiuv.» — — < • 

f n sinh[(2S+l)x] _ ( , g+nr £olh [(2S+ 1)x)+ x colh x 
* | sinh x 

' ■ . ..llnnr mi I . t 111 it I 


; 


HD 


i sinn x - c , 

(the two meanings of S in this and subsequent equations must not be confused, 
where co.h ,v=cosh x/sinh x. If H. and small 

S=R{ In (2S + 1 ) - J[4S(S + 1 )* 2 ] ) 
and if H=0, i.c. in the absence of an external magnetic field 

S=R In (2S+1) 

wiK«.he charged «-**£*- «•• intern. and 

and since practicaUy no heat enters from outs.de, the tempera mm ' 

were true to the absolute zero, it would theoreucaily be possib'e jcdoce. the 
temperature to absolute zero, but this contradicts Nernst s heat theorem 
complicating effects appear at very low temperatures. 

•ElrrSEU-. -IS (iron, cobalt. » 

which show the phenomena oUamrauon, spontaneous "«*«?• a “ y 

Weiss's equation holds at temperatures higher than the (posm 1 p 
which w“s thus regarded as marking the transition Mween fe omagnetis,^ 
(below 0) and paramagnetism (above 0). Weiss exp . - ^ 

by assuming a term in the molecular field which was ^ 

strength, leading to spontaneous magnetisation in insularly the 

atoms. In the absence of a field, these groups are or.ctued .rregular^.tne 
resulting magnetisation being inappreciable, but they arc L Thj js 

small field and so the typical magnetisation curves are deducble. 
essentially the same as Ewing's theory. 1 _ . . . ^..Kifni when 

The physical significance of these positive Curie 
the susceptibilities of many substances which followed Wus* 

' Phil. Mag., 1934, 17, 961 ; Hcbb and Purcell. J. susccptib.l.t> 

* The name ferromagnetism is now coming lo moan any case 
depends on the field strength. . i-.i ...i;, Proc. Row 

1 Ewing, " Magnetic Induction in Iron and ^hcr Meuls 3rd c^ . ,1 ^ 

8th edit., 1934, 59 A, 1429 (and bibliography). 



534 LOW TEMPERATURES VI C 

down to liquid-air temperature were found to show marked deviations at lower 
temperatures, although the Curie point was still at a much lower temperature. 
The curve then rises above the extrapolated Weiss line (I/x against T) and 
bends down again, forming a “ hook.” This effect is called the cryomagnetic 
anomaly and is established for a number of substances. 1 The ‘‘ ferromagnetic ” 
Curie point <9 r has thus been defined as the temperature at which the body begins 
to deviate from the Weiss line and show ferromagnetic properties, but it is 
usually taken as the point where the curve actually cuts the T axis, and this may 
differ from the “ paramagnetic ” Curie point 8 P extrapolated from Weiss’s 
formula. 0 F may be greater or less than Q P , and may even be negative when 
Q p is positive. The 0 F point is more sharply defined by anomalies in specific 
heats (see Vol. II). The behaviour is different from that of ferromagnetic 
metals in the relation between \ and H. Above 0 Ft \ 1S independent of H but 
Weiss’s formula ceases to hold at appreciably higher temperatures. 

Landau 2 explained this difference quantitatively by the assumption that 
interaction forces in the layers of paramagnetic ions in crystals orient their 
moments in one direction, whilst the weaker forces between the layers orient 
adjacent layers in opposite directions, and as large fields are required to reverse 
this, no permanent magnetism occurs. 

The cases of oxygen and nitric oxide, both paramagnetic, arc very interesting. 
Van Vleck 3 deduced the equation for NO: 

X-NB*inTi $ 2 = 4/x d 2 ( 1 ” c~* + .vc”*)/(.t + ve‘*) ; x=hAv/kT 

where Av is the frequency difference between the two 2 /7 levels and 173*2/7*. 
The equation was found 4 to agree with experiment from 1 13° K. to 292° K. 

In the case of liquid oxygen diluted with liquid nitrogen, Perrier and Onnes 5 
found a deviation from Curie’s law (which oxygen gas obeys at ordinary 
pressure 6 ), but Weiss’s law is obeyed. Compressed oxygen gas obeys neither 
law. This was explained by Lewis 7 on the assumption of a polymerisation 
to diamagnetic 0 4 , increasing with pressure in the gas, or concentration in the 
liquid mixtures, and this was shown by Wicrsma and Gortcr 8 to explain the 
dependency of the Curie constant C on pressure. The assumption is also in 
agreement with the absorption spectrum. 9 

1 NiClj, C'oCIi, FcClj, CrCIj: Wolljcr and Onnes, Comm. Leiden, 1925, 1736, c; Woltjcr 
and Wicrsma, ibid., 1929, 201 a\ on specific heals, sec Trapeznikowa and Schubnikow, Nature , 
1934, 134. 378; Sow. Phys. Z., 1935,7, 66, 255; Trapeznikowa, Schubnikow, and Miljutin, 
ibid. 1936, 9. 237; Kurli, Lainc. Roltin, and Simon, Compt. Rend., 1936, 202, 1576; 1937, 204, 
754; 1939; 208. 173; Trapeznikowa and Miljutin, Sow. Phys. Z., 1937, 11, 55; Schubnikow 
and Schalyt, ibid., 1937, 11, 566; de Haas and Schuliz, Physica, 1939, 6, 481 ; de Haas, Schultz, 
and Koolhaas, ibid., 1940, 7, 57; Schuliz, ibid., 1940,7,413; Van Dijk and Kcesom, ibid., 
1940, 7. 970 (FcNHj alum; anomal. max. al 3-6 K.). 

Sow. Phys. 7... 1933. 4. 675; Schuliz. Physica. 1940, 7, 413. 

» Phys. Rev.. 1928. 31, 587. 

4 Wicrsma. do Haas, and Capcl, Comm. Leiden, 1930, 2126; de Haas and Wicrsma, ibid., 
1932, Suppl. 746, 36 (NO). 

> Comm. Leiden, 1914. 139./. 

6 Onnes and Oosterhuis, Comm. Leiden, 1913. 134c; Wicrsma and Gorier, Phvsica, 1932, 
12. 316. 

’ J.A.C.S., 1924.46. 2027. 

* Physica, 1932, 12. 316. 

« Salow and Steiner, Nature. 1934. 134. 463; Guillien, Compt. Rend., 1934, 148, 1223, 1486; 
I’rikhoiko, Ruhcmann, and Fcdcritenko, Sow. Phys. Z., 1935, 7, 410; cf. Bccquercl, Le 
Radium, 1908. 5, 5: Van Meek. “ Electric and Magnetic Susceptibilities,” Oxford, 1932, 89. 
For the detection of liquid oxygen in liquid nitrogen by the magnetic susceptibility, see Kapitsa 
and Milner. J. Sci. tnstr., 193 7 . 14. 201. 
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§ 17. Magneto-thermal Effect 

If a magnetic field is applied to a paramagnetic substance which contains 
atoms, ions, or molecules in degenerate states, these are split into Zeeman com- 
ponents of smaller statistical weight (see § 9.IV). The weight g mthc J= rou 
level gives, at low temperatures, a term Ring per mol to the entropy S, and hence 
in the magnetic field the entropy is decreased. In an adiabatic enclosure (for 
which S is constant) this loss of magnetic entropy ,s com[«nsated by a gam 
of thermal entropy, and there is a rise of temperature from T, to T 2 such that 

f r (C/r)dr (where C=heal capacity) is equal to the loss of magnetic entropy. 

When the field is removed, a corresponding fall of temperature occurs. This 
provides a means of attaining very low temperatures. 

The magneto-thermal effect (which Weiss called the magneto-calory effect) 
dT/dH can be calculated by thermodynamics as follows.* To produce a 
change of magnetisation do the field does work Hdo. and ,n all practical case^ 
any changes of volume and pressure can be disregarded. Hence, if / 

latent heat: m 

&7=d£-Hdo 

&7=Cd7*+/do (2) 

d£=Cdr+/da+Hda 

and since d£is a perfect differential, Euler's criterion (§ 27.1) giscs: 

(dC/do) T =(d//dr).+(dH/d7X <J| 

By dividing (2) by T: 

ds=^/r=(C/ndr+(//r)da w 

and since d S is a perfect differential: 

( i /r)(d c/da) r = (d/d (5) 

therefore from (3) and (5): , 

(6) 

which corresponds with Clapeyron’s equation (5), § 41. !!. 

plained there, be at once written down as a result of the generalised Clape> ro 

diagram. Since //r«(d*/da) T /r«(dS/da) r . and since it f ol lows from a general. 

ised Maxwell’s relation (3), § 48.11, that <dS/da) r -(dH/d^ 

tive very direct deduction of (6). By replacing <r by X H (§ 1 2) this gives. 

(d5/dH) r =H(dx/dr)„ (6) 

which is a useful equation, but involves the assumption of Curie s law (<j 1 1). 
From (1), per mol: 

(d 7 /dr)„=C„=(d£/dr)„-H(da/dn„ 

• Weiss, J. tic Phys ., 1921, 2. 161; Debye, in Mar*. " Handbuch dcr Radiologie,” Leipng. 

1 925 6 742 , ^ 

2 W.’ Thomson. Phil . Mag., 1878. 5. 4; " Mathematical ^ Phywca! Paj«r»." 

291. 315; Weiss and Piccard. /. de Phys., 1917. 7. 103; Weiss. tbtd 1921. : l 

Forrcr, Ann. de Phys., 1926, 5. 153; Giauquc. * 8 ?J Ph.l Trans '. 

1934. 21. 169 (high temps.); Stoner. Phil. Mag.. 1935. 19. 565, 1937. 23. 833 • 

1936. 235. 165; Proc. Roy. Sac.. 1939. 169. 339; ^ncto-thermal equal on ** 
conducting states is considered in Vol. II; Giauquc and MacDougall, -L.-LC .. . ■ _• 

Honda and Hirone. Nature, 1936. 137. 492; Epstein. “ Textbook of Thcrmodynam.o. - j 
352; Dixit. Current ScL. 1938. 6 . 589; van Lacr. Physiea. 1939. 6 . 1 : J- K- Roberts. Heat and 
Thermodynamics." 1940. 117. 
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and for an adiabatic change (dS=0), (4) gives: 

(C„/r)=-(//r)(da/dD s , 

.*. from (6): C H =—I(da/6T) s =T(dH/dT) 0 (da/dT) s . 

Again: 

dS=(dSldH)jdH+(dS/dT) H dT 

and for adiabatic conditions dS=0: 

(d7/d//) s = — (dS/d H) T /(dS/dT) H 

= -Hidx/d'DaKdS/dT)^ from (6) 

— (da/drwo/D(^/dr)H 

(d7/dH) s = -(r/CH)(da/dr) H (7) 

giving the magneto-thermal effect. Since da/d7<0, it follows that (d7/dH) s X), 
i.e. the temperature falls when the field is decreased. At low temperatures, 
da/dT becomes large, and (unless there is a cryomagnetic anomaly, § 16) C H 
becomes small, hence the cooling effect becomes large at very low temperatures. 
If Curie’s law(§ 11) is valid: 

a= x H=CH/7 /. (da/dT) u =-CHI’n .... (8) 

.'. by substituting in (7) and assuming C H constant: 

r(d77dH) s =CH/C„, /. JJrdr=J"(CH/C„)dH 
}(r 2 '-r,2)=i(r 2 +r I )(r 2 -r 1 )Ii(CHVc„). 

If 7‘ 2 — 7* i is small, j(7 2 +7i) can be put equal to the average temperature 7 , 
and hence: 

72-7' l =(l/2C H )(CH 2 /7') (9) 

Values of 7 2 — 7 t calculated from (9) at room temperature arc very small 
even with large fields. In general, however, C H is not constant, as assumed, but 
decreases considerably with temperature. For small values of C„, (9) — which 
then does not really apply, as it was deduced on an incorrect assumption — 
gives quite large values of r 2 — 7,. 

A new magneto-thermal effect, periodic heating and cooling when a ferro- 
magnetic single crystal is rotated in a strong magnetic field at low temperature, 
was deduced, and experimentally verified with nickel at liquid nitrogen tempera- 
ture, by Akulov and Kirensky. 1 

A thermodynamic deduction of Curie's law (§ 11) was given by Larmor. 2 
By taking the system round a small Carnot cycle, as in Clapcyron’s deduction 
(§ 41.11), the heat absorbed at 7 is — H8/, and the work in the cycle is — 5H8/ 
(the p and v coordinates being replaced by H and /). Hence — 5HS7= 
— (H 8J)STjT. If k, the susceptibility, is constant at constant temperature, 
H =J/k, 

/. 8H=[Jd{i/K)/dT]8T=H8T/T 

/. d(l/K)=(H/y)dr/T=(l/K)dr/7, or d In (l/*)=d In 7, 

/. In (l/#c)=ln 7+const., or In (1 /k 7)= const., .*. k=C/ 7, where C is 
a constant. This is Curie's law. 

> J. Phys. U.5.S.R., 1940. 3, 31. 

* •• Mathematical and Physical Papers." Cambridge, 1929, 2, 115, 729, 736; Stoner, Phil. 
Mag., 1935, 19. 565. 
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The magneto-thermal effect may be deduced ■ by a slight generalisation of 
equation (2a), § 3.11, and equation (10), § 21.11. In. 

8q=c t 6T+l r dv=c,dT+ ((d £/d v) T +p)dv 
v must be replaced by a and p by — H. c =(d£/dn. becoming (d£/d T h : 
hq = (d £/d T ),d T+ [(d £/do) r - H]da 

• d5=^/r=(l/ 7 'Kd^ 7 ')«dr+((l/n(d£/da) r -H / Jda. 
the coefficient of da with respect to T (§ 27.1). 

d fl/d£\ 1 d fl/d£\ _ H 1 .... (101 

do[T\dTl.\ tTlTUofr r] 

(l/7Kd£/da) r -H/r=-f(«) and <d£ d *>r-S<°> 
on integration, where f and g' denote functions of a. Hence: 

H =7T(a)+g'(a) < U) 

The complete theory of the magneto.hermal clTcct would lead Itoo far from 
the scope of the present chapter. It may be ment.oned ha. the molar en.ropj 
decrease due to an applied field H is, for a gadolinium salt, equal to . 

dS 0 H =R fin T cosh (gjMH cos 8/RT )- In 4 

^ i7cos9sinh(gy'AfHcos0/R7')l 

-( gjMHIRT ) ^ cos h (gjMH cos 0/RT) J 

where, for the Gd " ion in the 1 * 3 S state, g *2= ratio of magnetic to mechanical 
moment, ;=S (quantum number)-7xi- total momentum, ^ 7 \ 7 , 7 
magneton, and the summation requires four 'alues of s . • . • * 

negative values being included by using the hyperbohe function s (s. =« s •_ ^ 
Bates and Edmondson 3 found an abnormally large temperature • =■ 
cobalt in small fields. 

§ 18 Realisation of Very Low Temperatures M . , 

Debye 4 and Giauque 3 suggested that the magneto-thermal effect cou d be . 

in attaining temperatures below the lowest (0-7 K.) reac t ammonium 

The ions of paramagnetic salts such as gadolinium sulphate, iron ammonium 

sulphate, and potassium chromium sulphate, owing to c i a i c eauivalent 
behave like small magnets which, in ordinary conditions, are in a ^ 1 

to a random orientation. If the salt is cooled to the lowest lempe^u: re attain 
able with liquid helium (0-7° K.), and then subjected 10 * £ 

field, the spin components are orientated, the entropy ^ • ‘ 

evolved, which is removed by the cooling bath. When the tc p 

1 Halpcm, Ann. Phys.. 1932. 12. 169: Debye. ^^.. 1934 35. 923. 2 0S0: 

* Giauque and Clark. J.A.C.S., 1932. 54. 3135; cf. Spcdd.ng *£ 0 * rk 1943. 89. 
Spcdding and Nulting, ibid., 2294; Sclwood. Magnctochcmis O. ^ Bates and 

1 Proc. Phys. Soc., 1947, 59. 329; Bales and Harmon. ,btd.. I94S. 60. .13. 

Davis, Ibid., 1948. 60, 307. , i«; 499* Squire. 

4 Ann. Phys., 1926,81. 1154; Phys.Z., 1934. 35. 923; Z^hn.Phys..^. 
in " Temperature. Its Measurcmcni and Control. New » orje. . - Dixit. 

J 7.^.C.S., 1927, 49. 1864. .870; Hcbb and Puree . iJ Or* ™££Vooke 
Current Scl., 1938, 6, 589. For thermal insulation at 1 k. (as little as cr*. 
and Hull, Proc. Roy. Soc., 1942. 181, 83. 



538 


LOW TEMPERATURES 


VI C 


fallen again to 0-7° K. the field is suddenly switched off. The resulting change 
from ordered to disordered orientation causes an increase of entropy (§ 5.IV) 
and the temperature falls to about 0 015° K. By using very powerful 
magnetic fields a temperature as low as about 0 003° K. was reached. For 
the measurement of these very low temperatures, only the change in magnetic 
susceptibility of some paramagnetic salts can be used. According to Curie’s 
law, the succptibility is inversely proportional to the absolute temperature. 
The susceptibility is measured by means of two coils wound round the tube con- 
taining the paramagnetic substance (Fig. 16.VI C). Through one coil, an alter- 
nating current is passed, and the induced current in the other coil depends on 


To vacuum system 



Fio. 16. VI C. Production and Measurement of Very Low Temperatures 

the magnetic susceptibility of the crystal core. This induced current is amplified 
and measured, and from it the temperature of the crystal can be calculated. 
There is, however, considerable difficulty in linking up this low-temperature 
scale with the gas thermometer scale. 

The experimental realisation of very low temperatures by the magneto- 
thermal method is due to Giauquc, MacDougall, and Clark, 1 at Berkeley, 
California; de Haas and Wiersma 2 at Leiden; and Kiirti and Simon 3 at 

1 CJiauquc and Clark. J.A.C.S. . 1932, 54. 3135; Giauque and MacDougall, Phys. Rev., 
1933,43, 768; 1933,44.235; 1935, 47. 885;././I.C.S.. 1935, 57. 1 175; MacDougall and Giauque. 
ibi.i, 1936, 58. 1032; Hcbb and Purcell. J. Chem. Phys.. 1937. 5. 338 (bibl.); Van Vlcck. ibid.. 
!938. 6. 81 ; Giauquc. Slout, Egan, and Clark, ibid.. 1941, 63. 405; Stout and Giauque, ibid., 
1941 ^ 63» 714. 

•’ Dc Haas - T*roc. K. Akad. We tens. Amsterdam. 1932. 35. 136; Nature. 1933, 132, 372; 
Naturwiss., 1933. 21. 732; dc Haas and Wiersma. Physica. 1935. 2. 335; 1937, 3, 491 ; Crawhall. 
“ Vcr y Low Temperatures," (Sci. Mus.) 1936; Ruhcmann, ** Low Temperature Physics." 
Cambridge, 1937; Casimir. dc Haas, and dc Klerk. Physica, 1939, 6. 255; Casimir, dc Klerk, 
and Polder, ibid.. 1940. 7. 737; Van Lammorcn. " Tcchnik der tiefen Tcmperaturcn," Berlin, 
1941; van Dijk, Physica. 1946. 12, 371; Luttingcr and Tisza. Phys. Rev., 1946, 70. 954; dc 
Klerk. Physica. 1946. 12. 513; Wcissman. Amcr. J. Phys., 1947, 15. 451; Alekscyevsky and 
Migunov. J. Phys. U.S.S.R., 1947, 1 1. 95; dc Klerk, Stecnland, and Gorier. Nature, 1948. 161, 
678 (0 003' K.). 

3 Kuril, Z. phys. Chem., 1933. 20 B. 305; Kurti and Simon. Naturwiss., 1933, 21, 178; Physica, 
!:, * V 1 Mature, 1934. 133. 907; Proc. Roy. Soc., 1935. 149. 152; 1935. 151, 610; 1935, 
152, _l ; rial. Mag.. 1938, 26, 849; Kurti, Rollin, and Simon. Physica. 1936, 3. 266; Kiirti, 
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Oxford The American workers used gadolinium sulphate as the paramagnetic 
substance, but this is not really very suitable, and de Haas and W| ersma found 
that chrome alum is much better. KUrti and Simon used much simpler 
apparatus, and their lowest temperature (0-05' K.) did not attain - that 
(0 0044° K ) reached at Leiden with a mixture of 1 part of chrome alum diluted 
withM -4 parts of potash alum. Giauque's results, with gadohnium sulpha.^ 
were less striking. In the Leiden method, the salt was cooled by liquid helium 
at low pressure fn the magnetic field (30,000 oersted), then ' h ^h 0 e' appa-alus 
was swung out of the pole gap to reduce the field to zero, and the tunperature 
measured 8 by determining the susceptibility by an induction method with a 
solenoid. Kuril and Simon, with only a few c.c of liquid helium used the salt 
in a thin sealed glass bulb containing 1 c.c. of helium gas and c0 ° sd " 
liquid helium at as low a temperature as possible. he ““^y 0 
the heat evolved was removed in about 3 min. The field was switched oil 
and the condensation of the helium gas produced a hard vacuum -"the bulb 
and, as there was very little thermal contact between the loosely paAed salt 
and the tube, a very low temperature was reached. With about 0 001 K. 
limit of the magneto-thermal method is reached and .?"* 1 car 
would probably involve the utilisation of the random distribution of nuclca 

spins. 2 

§ 19. Measurement of Low Temperatures 

The measurement of low temperatures is carried out in 
approximate work down to liquid-air temperature a 

pentane is used.* As the liquid becomes viscous at low temperatures he b 
should be gradually lowered into the cooling bath, taking care nol *° 
the stem until the bulb is thoroughly cooled. The total volume change from 
30° to - 189° is about a quarter of the volume at 30 . 

Vapour pressure thermometers 4 arc very convenient. A pure liquid, th 

Lain*. RolUn, and Simon. Comp,. Rend.. 1936. 202. M*™}**™* 5S 

1937. 204. 754; 1939. 208. 173; Simon. J. Ins,. Mel.. 1941. 67. 325. Ashmcad. 

^ Newer calculations suggest that the temperature reached K ‘ F«a 

and Purcell. J. Chem. Phys.. 1937. 5. 338. The calculated Curie point « 0 00,3 k. 
discussion of earlier doubts whether such low temperatures had been 
Smith, and Wilhelm. - Phenomena at the Temperature of Liquid Helium. New 1 ork. 

23 *’ Debye, Phys. Z„ 1934, 35, 923; Kurti and Simon. Nature. 1935. 135. 31 : Proc. Rox.Soc.. 

Ann. Phys.. .897 . 60. 463 Ho, born and Hcnjw. “ 

Comp,. Rend., 1901, 133. 1207; Rothe. Z. Ins.r 1904 24. 47 ^ lcmpcraUllc 

anorg. Chem., 1910, 67, 17; Schccl, Z. tmgew. Chem 1919. . . . - <t> jg ^ , cmp J/ a , urc5> 

measurement); ether and chloroform thermometers had bevn used .r 

b, Joule and Thomson : see W. Thomson, ~ and »>«£ j 

142; and an alcohol thermometer by Angot. J. de Phys., 1891, 10. 399. see 

Ency. Bril..** 9th cdil.. .878, or,. ** Heal 

1890, 3,156; 1911,5.88,90. 1.3; Stock and NkI ^ 107.,; 0:1 

and Braak. Proc. K. Akad. Weiens. Amsterdam. 1908. 11. ■■ >- tv 



2309, 2314; Proc. Nat. Acad., 1921, 7. 81 ; Stock Henmng. and Kuss ^r 105*; Henning. 
Stock, Z. Elektrochem., 1923. 29. 354; Henning and Heusc. Z Ph >^’ ] “ 49 2367 ,H : ); 

Z. Phys., 1927. 40, 775; Giauque. Johnston, and Kelley. J.A.C.S.. 
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vapour pressure of which at various temperatures is known, is contained along 
with its pure vapour in a bulb connected with a mercury manometer. The bulb 
is immersed in the bath and the pressure read on the manometer. The bulb 
may be filled with a gas (0 2 , N 2 , etc.) which liquefies when sufficiently cooled. 
In the case of helium, used at very low temperatures, it must be noted that 
there is a discontinuity in the vapour-pressure curve at 2-19° K., owing to the 
existence of two forms of liquid helium, with a transition-point (/1-point) at 
that temperature (§ 7); hence 1 two vapour-pressure formulae, one above 
2-19° K.: 

log =-3-024/T+2-208 log 7+ 1-217, 
and one below 2-19° K.: 


log Pcm. = 3*859/7* +0*922 log T+2 035 

or log p mm.= -3-018/T+2-484 log T-0 -00297 T 4 + 1-197 

must be used. For other liquids the Nernst vapour-pressure formula (also 
used for helium by Onnes): 

log 0V/0-2-5 log (T/T t )-05XTJT)+0S9, 

where p ( and T t are the critical values, may be used. Another formula due to 
Nernst is: 

log -a/r+ 1 -75 log T-cT+k 
with the following constants 2 (p in mm. Hg; T=t° C.-f 273-1): 


Substance 

B.p. *C. 

Range in *C. 

a 

cx 10* 

k 

cs 2 

+46-2 

+ 12 to -25 

1682-38 

5-2980 

5-44895 

SO; 

-9-99 

-11 to -62 

1561-36 

6-1757 

6-20476 

NH, 

-33-36 

-35 to -80 

1393-60 

5-7034 

5-89654 

CO; ... 

-78-52 

-80 to -110 

1279-11 

2-0757 

5-85242 

HCI 

-85 03 

-87 to -118 

905 53 

5-0077 

4 65739 

PH; 

-87 43 

-90 to -132 

845-57 

6-1931 

4-61480 

C 2 H« ... 

-103-72 

-110 to -141 

834-13 

8-3753 

5-32340 

CH< ... 

-161-37 

-162 to -170 

472-47 

9-6351 

.4-60175 

Oi 


-183 to -205 

37995 

9 6219 


N; 

mm 

-195 to -205 

301-91 

9-0272 



The most recent values for the b.ps. of hydrogen and helium are: 3 H 2 
— 252-762° C. and He — 268-928° C. The vapour pressures of liquid helium 
have been determined 3 for use in thermometry from 1° to 4-2° K., but the results 
arc not quite consistent, and there is the complication of the existence of two 
forms of liquid helium. 


Kwsom. Comm. Leiden. 1929. 202/>. c (He to 0 84° K.); Heuse and Otto, Ann. Phys., 1931, 9, 
486; 1932, 14. 185: Henning and Otto. Phys. Z., 1936, 37, 633; Andersen, Rev. Sci. Inslr., 
1946, 17. 12 (CO ; ; ±0 02'). 

| Ruhcnwnn, " Low Temperature Physics,” Cambridge, 1937, 61. 

- Stock, Henning, and Kuss. Ber., 1921, 54. 1 1 19; different values are given in a table (con- 
taining some errors) by Ebert, in Drucker and Proskauer, " Phys.-chcm. Taschcnbuch” 
Leipzig. 1923, 2, 266. 

c /' Sch 5 idt and Kccsom. Physica. 1937. 4. 963, 971; Comm. Leiden. 250/», c: Blcaney and 
Simon. Trans. Faraday Soc.. 1939. 35. 1205; Burton, Smith, and Wilhelm, ” Phenomena at 
the Temperature of Liquid Helium.” New York, 1940. 54. 
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In 1921 the Reichsanstalt adopted > the following low temperature standard,: 

0° C.=273-20° K. (see § 18.VII A). Freezing-point of mercury -38-89' C. 
Sublimation temperature in ° C. of solid carbon diox.de at P mm. pressure near 

760 mm. . __ ?8 . 52+ { . 595 x |0 - 2(/ ,_760)- 1 -I x 10" J (/>-760) 2 

Boiling-point of oxygen in ° C. near 760 mm. pressure: 

- 182-97+ 1 -258 x lO" 2 ^- 760) -0-79 x 10- J (/>-760)- 
Boiling-point of hydrogen in ° C. near 760 mm. pressure: 

— 252-80+0-45 x IO -2 (/>— 760). 

The International Temperature Scale 2 is defined by a platinum resistance 
thermometer between 0° and - 190 : C. by the formula: 

R, = /U I + * ' ' + B ‘ 2 + C(l r ' ~ 1 °°) |3 1 

with the constants R 0 . A, and B found from the ice. steam, and sulphur points, 
and the additional constant C from the b.p. of oxygen at 1 atm. pressure, 
taken as -182-970° C. on the gas scale ; at p mm. pressure the b.p. is 

/ p =s — 182-970+0-0126(/>— 760)— 0-0}65(/>— 760) 2 . 

The steam point at p mm. pressure is: 

/,= 100-000+ 0-0367(p— 760)— 0-0 4 23(/>-760) 2 , 
and the sulphur point: 

f / ,=444-600 +0-0909(/>— 760)— 0 0 4 48(/>— 760) 2 . 

The temperatures so defined differ 2 by less than 0-1* from the gas scale between 

-183° and -39°. .... . . . .. 

For measurements of low temperatures the Societe Internationale du I roid 
defined « the International Helium Scale as a helium constant-volume gas 
thermometer with 1 m. Hg pressure at 0° and corrected by the constants 
A, B, and C in the characteristic equation for helium determined at Leiden 
(§ 10.VII A) 

pv=A(\ + BJv+Clv 2 + . . .)• 

At temperatures below the boiling-point of helium, the vapour pressure of 
liquid helium was used at Leiden to define temperature. 

That Calendar's platinum thermometer formula fails at low temperatures 
was proved by Holborn,* Meilink, 6 Onncs el a/., 7 and Henning. Henning 

» Z. Elektrochem., 1923, 29. 90; cf. Holborn. ibid.. 1915. 21. 559. 

* Burgess. Bur. Stand. J. Res.. 1928. 1. 635; Rocscr. ibid.. 19.9. 3. 343 :» Jcnnmg and Quo. /. 
Phys., 1928, 48. 742; Phys. Z.. 1936. 37. 601; Michels. Bla.ssc. and Koens. Physica. I94_. 9. 

35 > 'HeuK an^Ouo/^wi. *Phys., 1931. 9. 486; 1932 14. 181. .185; Kcewrn ' “J 1 
Physica. 1935. 2. 1051, 1080; Henning and Heusc. Z. Phys.. 1924. 23. '05 po.n ted out thauhe 
Leiden and Rcichsanslalt scales differed by the former being a few hundredths of a decree 
higher; Aston and Fink, Chem. Rev., 1946. 39. 357. . , ■ 

* Kccsom, Comm. Leiden. 1929. Suppl. 676; Physica 1929. 9. 385. who says the Seale 
defined to ±0 02* at the best ; cf. Jacyna. Bull. Acad. Polon., 1937A, 260. 

« Pnc. ^K^AkacL Wet^ Amsterdam, 1902, 4. 495 (Comm. Leiden. 77); 1905. 7. 290 {Comm. 

^Onnes and Clay, Proc. K. Akad. Wetens, Amsterdam . 1907. 9. 207 213 {Comm. Laden. 

95 c,d)\ Ann. Phys. Beibi. 1907. 31. 772); Onncs and Tuyn /Voc K Akad.H 

1907, 10. 207 (Comm. Leiden. Suppl. 58); Onncs. Braak. and Clay. ibid.. 1907-8. iu. ■»_. 

(Comm. Leiden, \0la). , _ . nI , , 

» Ann. Phys.. 1913. 40. 635; Z. Instr., 1914. 34. 116; Heusc and Otto. Ann. Phys.. 193.. 14. 
181, 185; Henning and Otto. Phys. Z.. 1936. 37. 601. 639. 
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found that the calculated temperature is too low below —40°, and at —193° it 
is 2° in error. He found that the platinum temperatures pt' given by different 
specimens of platinum wire could be reduced to a standard platinum tempera- 
ture pt by Ncrnst’s ‘‘formula pt’—pt=cpt(pt— 100), where c is a constant for a 
given wire. Zernike 2 for the resistance of platinum at low temperatures used 
R=CT/(\+aT+br 2 +CT i )+r, where t=s0-017*; C, a, b, and c are constants, 
and r is the part due to impurities. Henning and Otto 3 used a 5-constant 
equation for the platinum thermometer in the region 14°-80° K. Henning, 4 
for comparison with a standard platinum thermometer in the region 20°-70° K. 
used the formula w'— w=(273— T)[A — £/(7*+10)], where w=RJR 0 , and 
A and B are constants. De Haas and de Boer 5 found that the electrical resist- 
ance of platinum at very low temperature cannot be represented by any simple 
function of the temperature. 

Between the b.ps. of oxygen (— 190 9 ) and hydrogen (—259°), Henning and 
Otto 6 used for the platinum resistance thermometer 

R t/Ro‘ c. = a + c7* 2 )D( 1 00/T) +(d+ cT— cT 2 )D(230/ T), 
where D is the Debye function of the specific heat (see §3. IX N, Vol. II): 


D W=-3 


e'-l 


C x=6/T ; here 9= 100 or 230) 


which is tabulated. Keesom 7 found that this gives a maximum difference 
from the helium gas thermometer of 0 05°. A simpler empirical formula used 
by Keesom is: 


log T=a+b log (10V)+cr' 


where r' = R T /Ro'c.~Ro-K.IRo'c. * s resistance ratio corrected for the effects 
of impurities in the platinum by subtracting the value extrapolated to 0° K.; 
it gives results correct to ±0 07°. 

The platinum resistance thermometer cannot be used at temperatures 8 
below 10° K., since then the resistance of platinum, which is lower the purer 
the specimen, becomes almost independent of temperature. Lead 9 can be 
used to V K., when it becomes supraconductivc (§16.1X O, Vol. II). An 
inaccurate temperature scale for the lead thermometer found by Eucken 
was corrected by Latimer and Hoenshcl and by Clusius, 10 and care should 
be taken to use the new figures. The lead thermometer is now practically 
obsolete. A copper thermometer has been used, 11 also constantan and 


» Berlin Ber., 1911,306. 

2 Proc. K. Akad. We tens. Amsterdam, 1916, 18, 914. 

J Z. yes. Kalte-lnd., 1932, 39, 86. 

4 Nnturwiss., 1928, 16. 617. 

5 Phvsiea, 1934. 1, 609. 

4 Pity*. Z.. 1936. 37. 639. 

7 Keesom and Bijl, Phvsiea, 1936. 3. 418; 1937, 4. 305; Keesom and Tuyn, Comm. Leiden, 
1936, Suppl. 78. 

s Holborn and Henning. Ann. Phys., 1911. 35. 761: comparison of Pt and He gas ther- 
mometers - 190' to -258 . see Keesom and Bijl, Phvsiea, 1936. 3. 418. 

’ Onnes and Clay, Proc. K. Akad. Wetens. Amsterdam, 1907. 10. 207 (Comm. Leiden, 95c); 
and papers listed in §11. IX M. Vol. II. 

to Eucken and Schwcrs, Vcrhl. d. D. Phys. Ges.. 1913, 15. 578: Latimer and Hoenshel, 
J.A.C.S., 1926, 48, 19; Clusius. Z. phys. Chem., 1929, 3 B. 41; Clusius and Vaughcn, Z. ges. 
Kalte-lnd., 1929, 36, 215. 

i « Siemens. Ann. Phys., 1861 . 1 13. 91 ; Proc. Roy. Soc., 1871. 19. 443 ; Dewar, Proc. Roy. Soc., 
1901. 68. 360; Onnes and HoKi. Proc. K. Akad. Wetens. Amsterdam, 1914, 17, 508 (Comm. 
Laden. 142/v); Meissner, lerhl. ,/. />. Phys. Ges.. 1914. 16. 262; Darling. Proc. Phys. Soc., 
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manganin, 1 but the best material for very low temperatures is unannealed 
Ph The h s°en"' 2 of some samples of phosphor bronze (no. all are soluble ; for 

STfs^a^ 

SSE2? 

interpolation, and has a lower inflexion po.nl m the ■ \ used 1G 

In temperature measurements in strong magnet c Mds. such « are used to 
produee low temperatures by the magneto-thermal elTec. (» 18). “ '* ‘ 
to remember that the resistance of metal wires changes in a magnetic Held, so 
hatnon-mgnetic carbon or Indian-ink resistance thermometers havebeen 
used "n such fields. 6 Austin and Pierce ’ measured temperature, from 8 
to -200'’ by the change of refractive index of silica 8 to «*'‘ h <emP« ralure - 
Radiation thermopiles for liquid-air temperature arc dc.cn bed; 

Thermocouples have been used m low-tempe^ure measurements Utv.it 
and Fleming 9 showed that the ordinary parabolic formula § 9.V A! 
a. low temperatures, especially for iron, antimony, andbisnuh against lead. 
Dewar >» used platinum-German silver couples to -250 .Pell a 

zinc, and iron-cons, antan or stecl^ons, antan coup* to** nl ^" * 
several experimenters.' 2 The common coppcr-constantan couple can be useo 
ifsuhablTcarraled" Silver-gold couples '* have some advantages. Nern.t 

1921, 33 . 138; Gibson and Giauquc. JACS 1923. 45. 93; Maier. /. fhy,. <**.. MO. 34. 
2861 ; Giauquc and Stout, J.A.C.S., 1936. 58. 1 144. Onncs and Clay. 

• Onncs and Braak. Proc. K. Akad. Wetens SJS “m4 17 508 (Comm 

Ibid., 1908. 10. 200, 207 (Comm. Leiden, 99 a-c): Onncs and Holst. « bid., 1914. 17. 

Leiden, 142 a, c). , . . .qjq 20k' 1932 2196; Southard and Milner. 

2 Kccsom and Van den Inde. Comm Leu/en. 1929. . • | 0 2 $: Van Uer and 

ZS K- <> «■ - 

of Liquid Helium." NC« 

J*. Soc., .901, 68 . 360; Giauquc and Wicbc. J.A.C.S.. .928. 50. ,01; 

Schafer, Z. phys. Chan., 1937, 36 B. 85_ 6 83; Sloul and Barieau, J.A.C.S.. 

5 Kapitza, Proc. Roy. Soe., 1929. 123. 2 V-. • • .... 62 351 b 

1939. 61. 238 (Au and Ag at I S* to 20 *K .); Giauquc and Stout. ,b,d.. 1940. 62. 

Insir., 1947. 18. 525. 

’ Physics, 1935, 6 . 43. 

• Cartwright, Rev. Sci. Insir., 1933, 4. 382. 

» Phil. Mag., 1895, 40. 95. 

10 Proc. Roy. Soc., 1905. 76. 316. 

n mgfSyZ. ,896. 59. 2,3 Udenbu.g and W 

1818; Onnes, Clay, and Crommclin. Proc. K. Akad. > Veens. Amsterdam. 1907. 9. 180. iw. 

{Comm. Uiden, 95a, b.c.d). ■> 34 V Aston. Willinglunz. and 

11 Giauque, Buffington, and Schulze. J.A.C.S.. 1927. 49. -**•>. 

Messerly, Ibid.. 1935. 57 . 1642 (table for 12* to 273' K ). f 

>< Onncs and Clay. Proc. K. Akad. Warns. Amsterdam 1907. 9. 213 {Comm. Uuu , 

1908. 11 . 344 (Comm. Leiden, 1076); Borelius. Kccsom. Johanson. and L.ndc. Comm. L. . 
1932, 217 d, e. 
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and Schwers 1 give for the e.m.f. of a copper-constantan couple between 10° 
and 100° K.: 

e= 3 1 • 1 2T log ( 1 + 77 90) + 10" 7 r 4 microvolts. 

The copper-constantan and iron-constantan couples are useful down to — 1 90° C. 
or 83° K. Between 5° and 14° K. there are no fixed points, and a helium 
gas thermometer or some resistance thermometer or thermocouple compared 
with it is most suitable. Keesom and Matthijs 2 used alloys of gold and copper 
with various metals (the best being gold with about 2 percent, of cobalt) against 
a standard silver alloy with 0-37 atomic per cent, of copper, down to 2-5° K. 


§ 20. Measurement of Very Low Temperatures 

The measurement of very low temperatures (below 1° K.) is possible only by 
the effect on the magnetic susceptibility, *. of a paramagnetic salt which obeys 
Curie’s law 3 (§ 11): x^C/T, where C is a constant. Gadolinium sulphate 
Gd 2 (S0 4 ) 3 ,8H 2 0 was first used, or caesium titanium alum, but potassium 
chromium alum is better. Curie’s law is verified for the substances down to, 
say, 1° K., and is then assumed to hold to the lowest temperatures measured, say 
0 01° K. 

In Fig. 17. VI C the entropy S of a paramagnetic substance is plotted against 
temperature for zero magnetic field strength (H=0). The temperature T 0 is 
(i) high enough to be measured by a gas thermometer, (ii) low enough to make 
the entropy due to ordinary vibrations in the crystal lattice negligible. The 
entropy at T 0 and H=0 will then be due only to the multiplicity g due to the 
degeneracy of energy levels (§9.IV), and equal to R In g per g.atom. If 
Ncrnst’s heat theorem (§ 69.11) applies, this multiplicity will be resolved at the 
absolute zero, when g=l and the entropy is zero. The curve will, therefore, 
fall off at lower temperatures, as shown. If the specific heat is measured, the 
value of dE/dT - is known, where T m is the temperature measured magnetically 
on the assumption of Curie’s law. The shape of the curve may be found by a 
scries of adiabatic demagnetisations along vertical lines descending from various 
values of the field strength, H|, H 2 . . ., and thus 7*i # , 7* 2 * . . . found. The 
slope dS/d7 # is thus found, and the thermodynamic temperature at any point 
of the curve is then given, from (2), § 35.11, i.e. r=(d£/dS), by: 

r=(d£/dr*)„. 0 /(d5/d7*)„_ 0 . 

In determining the quantity of energy required to warm the substance, this 
was supplied in the form of y-rays from radioactive material. A plot of T* 
and the time of irradiation was converted into a curve between £ and T* by 
using the condition that the Curie and absolute scales must coincide at the 
higher temperatures. 4 

1 Berlin Ber., 1914, 354. 

2 Physica, 1935, 2. 623; Comm. Leiden, 2386. 

3 Keesom. /. de Phys., 1934. 5, 373; Phys. Z.. 1934, 35. 928; Physica, 1935, 2. 805; 1936, 3, 
491 ; Dc Haas and Wicrsma, ibid.. 1935. 2. 335; 1936. 3. 491 ; Kiirti, Lain*, and Simon, Compt. 
Rend., 1937, 204, 754; 1939, 208. 173; Kiirti and Simon. Phil. Mag., 1938, 26, 840, 849; Jacyna, 
Bull. Acad. Polon., 1937 A. 260; Jacyna. Malis, and Obnorsky, ibid., 1938 A. 33; Giauque and 
Stout, J.A.C.S., 1939. 61. 1384; Casimir. dc Klerk, and Polder, Physica, 1940, 7, 737; Giauque. 
Stout. Egan, and Clark. J.A.C.S.. 1941, 63. 405; Van Dijk. Physica, 1941, 8. 67; 1943, 10. 
248; 1946.12,371 (0-25 -1 5* K.); general reviews in Ruhemann." Low Temperature Physics," 
1937, 245; Dixit, Current Sei.. 1938. 6. 589(59 refs ); Giauque. Mature, 1939. 143, 623; Powell, 
Rep. Progr. Phys., 1939, 5. 164; Roberts. ** Heat and Thermodynamics." 1940, 120; Luttingcr 
and Ti s/a. Phys. Rev., 1946. 70. 954; dc Klerk. Physica, 1946, 12. 513; dc Klerk. Stcenland, and 
Gorier. Nature, 1948. 161. 678 (0-005' K.). 

4 Burton. Smith, and Wilhelm, ** Phenomena at the Temperature of Liquid Helium,” New 
York. 1940, 228. 
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Even when the susceptibility is not known as a function of temperature, and 
hence Curie’s law cannot be used in the calculation, it is still possible to use the 
following method, due to Keesom. If temperature-entropy curves (which 
need not be known) are supposed to be drawn through the horizontal T-T 0 
and cutting this at 1 and 2 for field strengths H, and II 2 and if the verticals 
through H, and H 2 meet the curve for H=0 at 3 and 4, as shown in Fig. 17. VI C, 
the quantity of heat required to pass from 4 to 3 can be found by using an 
arbitrary thermometer which can be used to locate the point 3. If an adiabatic 
demagnetisation is carried out from H 2 to H„ i.e. from point 2 to point 5. the 
quantity of heat q\ required to pass from 5 to 1 at the field strength H , may be 
found. Since q=!TdS, the quantities of heat arc proportional to the areas 
and hence 7yr 0 = (area 3687)/(area 
1287). If H, and H 2 are nearly 
equal, this ratio is very nearly the 
same as (area 3487)/(area 1587) 

=q 2 lq 0 . (In the figure, where H, 
and H 2 are widely separated, for 
clearness, this is obviously wide 
of the mark, but if the verticals 
through H» and H 2 come closer 
together, the equality of the two 
ratios of the areas will be ap- 
proached.) Since T 0 , qo, and q 2 
arc known, T 2 (equal in the limit 
to Tj) can be calculated. 

Another method, used by de 
Haas and Wiersma, depends on 
their observation that adiabatic 
demagnetisation of caesium ti- 
tanium alum, from various high _ 

field strengths, produced no change in molar magnetic moment a=<r 0 -H/3/c/. 
where a 0 =/iA, /z being the atomic magnetic moment and A' Avogadro s 
number. If H,. T u and H 2 , T 2 , arc two points on two known saturation 
curves at helium temperatures, for which a has a value a 0 remaining con- 
stant in demagnetisation, and if (d£/do) r «g'(o), where E is the energy and 
g' is a function of a, then g'(a)=g'(<7 0 ) s =g' can be calculated from H„ H : . 
r„ and r 2 ; and if H 6 , and H*. T f , arc the field strengths and temperatures 
at the beginning and end of a demagnetisation experiment, then it can be shown 
that r,/7;=(H,-g')/(H>-g'), and, as T>, H„ H f . and g' arc known. T f 
can be calculated. 

For two points on the saturation curve (a=«7 0 — const.) (1 1), § 17, goes: 

H,=rif(ao)+g'(<r 0 ) 

H 2 =7y(<7 0 Rg'M 

/. g'(ao)=ir,r 2 /(r 2 -r,)KH 1 /r 1 -H ? /7- 2 ). 

Since a is constant during demagnetisation (magnetisation independent o 
H), and f and g' are constants for the conditions of experiment used b> de Haas 
and Wiersma, therefore (H— g')/r=f, therefore (H*— g')/7„=(II. _ r * or 

T <IT>=( H^-g'J/fH^-g'), which is the formula just given. 

To measure temperatures below 1° K., Lawson and Long 1 used the Hrowma 
movement of a quartz crystal bar. 

1 Phys. Rev., 1946, 70, 220, 977; Brown and MacDonald. iW . 70. 6. 

A.T.P.C, — 18 



Fig. 1 7. VI C. Entropies as Functions of Tempera- 
ture in a Magnetic Field 



SECTION VII 


THE PROPERTIES OF GASES 

• 

A. PRESSURE-VOLUME-TEMPERATURE RELATIONS 
OF GASES. EXPERIMENTAL 

§ 1. The Material Nature of Air 

The material nature of air was recognised by the Greek philosophers 1 
Anaxagoras (498-428 B.C.)and Empedokles (ft All b.c.) who quote an experi- 
ment in which a pipette-like vessel ( klepshydra ) is plunged mouth downwards 
into water, which does not enter unless a vent is made in the top of the vessel 
for the escape of air. Philo of Byzantium (250 B.C.?) in his De Jngeniis Spiritu- 
alibus (known only in a Latin translation from an Arabic version) 2 describes 
the experiment with a flask, and also the ascent of water into a vessel of air in 
which a candle has burnt out. 3 4 The first experiment is described by Hero of 
Alexandria (a.d. 50?) in his Pneuntatica* Menon, 5 a pupil of Aristotle, says 
that a bladder weighs less when blown up with air than when deflated, but 
Simplikios (Simplicius) 6 in the 6th century a.d., who quotes the experiment 
from a (lost) work of Ptolemaios the astronomer, “On Weights,” says he tried 
the experiment and found no change in weight, hence air has no weight when 
weighed in air. Cardan 7 much later proposed to weigh air by inflating a 
bladder with it and weighing. Lucretius 8 inferred that air has weight. The 
loss of weight of a body when weighed in air, and the variation according to 
the density of the air, arc clearly stated in the “ Book of the Balance of Wisdom ” 
by the Greek, al-Khazini 9 (12th century a.d.). Galileo, 10 in 1628, published a 

1 Burnet. " Early Greek Philosophy," 1920. 197 (E.), 251 (A.). 

2 Printed in Hero of Alexandria, " Opera," edit. Schmidt, Leipzig, 1899, 1, 460. 

5 In Hcr0 of Alexandria. " Opera," edit. Schmidt, Leipzig, 1899, I. 476; the same experi- 
ment is described by Fludd, " Utriusquc Cosmi Maioris . . . Historia Oppcnhcim, 
1617,471. 

4 Thcvcnot, " Vctcrum Mathcmaticorum Opera," Paris, 1693, 145; "The Pneumatics of 
Hero of Alexandria," transl. Greenwood and edit. Woodcraft. 1851, 2; Hero of Alexandria, 
" Opera, * edit. Schmidt. Leipzig, 1899, I. 4. 

5 See Partington and McKic, Annals o/Sci., 1938, 3, 2. 

6 Commentary on Aristotle’s De Coelo, edit. Heiberg. Berlin, 1894, 17. 

’ " De Rerum Varietate." lib. i, cap. 8; Basel. 8vo. 1557, 86. 

s Young, " Lectures on Natural Philosophy," 1845, 1, 12. 

9 KhanikotT, J. Atner. Orient. Soc., I860, 6. 1 ; on similar work by al-Birani, sec Clement- 
Mullet, J. Asia /., 1858. II, 379; Sarton, " Introduction to the History of Science." 1931,2, 216. 

10 “ Discorsi c Demonstration! Matcmatichc intorno a due nuoue Scicnci," Leyden, 1628, 
81 ; "Operc," Bologna, 1655. 2. 59; Oslwald s Klassiker. 1890, 11,69; transl. Weston. " Mathe- 
matical Discourses concerning Two New Sciences relating to Mechanicks and local Motion in 
lour Dialogues," London. 1730(and 2nd edit. 1734), 118; new transl. by Crew and De Salvio, 
• Dialogues concerning Two New Sciences." New York, 1924; Jean Rey. in 1630, " Recerchc 
tic la cause pour laqucllc I’ E stain & Ie Plomb augmente dc Poids quand on les calcine," 

l 6 . 3 ® (Pa " s ; l 777 * 35) : Proposed to weigh air by compressing it into a vessel, but it is 
doubtful if he tried the experiment. 
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rough dl ! l ^. l ™ na |^ , j i °g ‘ j'f 6 *^|^^) V 'i , / 4 OT=O M25 > , m whtlst "bojIc *°in ^1660 
foundT/Wsio OOlOe and in 1666, 1/900 =0 001 1 ; the correct figure ,s 0-001293 
at S.T.P. 


§ 2. The Barometer 

' The recognition of the density of the air played an important ^part in the 
invemion of the barometer. It had been found that a pump would not lift 
hiohfr ihan 34 ft and hence the old explanation that the water rose 
b^ause ^Nature abhors a vacuum ” got into" difficulties. Galileo s pupil. 
Torricelli, 2 in 1643 showed that mercury in a sert.cal tube sealed at one end 
sank to a height of 30 in., leaving a vacuous space above, and he suggested that 
the mercury 8 column in this apparatus, which Boyle named a baron der 
(fldpos weight, uerpov, a measure), is sustained by the pressure of the atmo- 
sphere on the surfa£ of the mercury in the open dish in which the tube s ands^ 
Torricelli's experiment was reported by Mersenne to Pa«al. and i^MnpUM 
of it was published in Pascal's posthumous work,* edited by Puier. The 
experiment had been suggested by Descartes in 1631. 

Pascal in his "New Experiments concerning the Vacuum (1647). had 
pointed out that, as the densities of mercury and water are in the approximate 
ratio 13 T>:1 , a water column of 34 ft. should be upheld by the a.mosphenc 

pressure. He found this to be so by using a 46-ft. tube " liquids the 

a house, the level being read from an upper window, and who, her liquids he 
height was inversely proportional to the density. Pe-ner in 1647 repealed 
Torricelli's experiment (at Pascal's suggestion) at the foot and summit of the 
S de Dfime mountain, and found, as Pascal predicted, .ha, -he mercury sank 
with increasing altitude, when the air became increasingly rarefied. Townlcy 

, - New Experiments Physico-Mechanica.l, Touching. 

“ Works." 1744. 1. 56; " Hydrostatical Paradoxes. 1666. V^orks. 1744 .1. . 

hrock "The Elements of Natural Philosophy, transl. Colson. 1744 2. •<*. gave I sw. 
Tu,tcMoRi«i of »»«h June. .644; Torricelli. - 

1919 1 186-88 (cf pp. 198, 211); transl. in I. H. B. and A. G. H. bpiers. ini rn>i 
Treatises of Pascal, "^Ncw York. 1937, 163; cf. de Waard. " l/Expencnoe Barometnquc. 
Thouars. 1936, 1 10; the actual experiments were made by TomceU. s PUP»| ^m. 

s "New Experiments and Observations Touching Cold. 1665. ''orks. I • 

244; for "sto^of the barometer, see De Luc. " Recherches sur les Modif.cauons de 1 Atmo- 

SP ^" C TrScz C dc’ rEqv’illbrc^cs Liqvcvrs et de la Pcsantcvr de la Masse de I* Air." Paris- 
1663, preface. fol.vHi! and pp. 92, 105. 176; jraml. Spiers, "TJc Physical Treatises of Pasud. 

i& to carcavi); see Duhcm. 

Re *'“D\iu!vn 'dv^VvIde^svMes Experiences de Monsievr Paschal, ct le traictc de Mr. 
Picrius ™Rovcn .1648?" Experiences Nowcllcs tovchant le Vv.dc . . Ded.e a Monsievr 
Pascal . Par le sievr B. P. son fils." Paris. 1647; - Observation tovchant Ic Nxide. fait 
DOvr la Premier fois cn France ... par Monsievr Petit." Pans. 1647; Pascal. Ocuxres. 
1908, 2, 53; Thurot. J. de Phys.. 1872. 1. 171 (Torricelli's expt ). 267 '''"""'T'cVn Sci' 
Rev. Philosophy 1887. 24, 612; 1888. 25. 65 (Pascal and Descartes) Dub.™ ‘ ,rdan 
1905. 16. 599; 1906, 17. 769. 809 (Pascal and hydrostatics: attempts to weigh air from Cardan 
to Descartes); Milhaud. Rev. Sci.. 1907. 7. 769 (Pascal's experiments on the vacuum). Leaven- 
worth, " A McthodologicaPAnalysis of the Physics of Pascal. New 'i ork. 1930. 74 l.. ... 
Mairc, " L'Ocuvrc Scicntifiquc de Blaise Pascal." 1912 

7 Letter of 1644 in Pascal. " Traitez dc I'Eqvilibre dcs Liqvcvrs. Pans. 1663. 1 6. bpi^rs. 
" The Physical Treatises of Pascal." New York. 1937. 103. 

» Boyle, " Works," edit. Birch. 1744, 1. 98. 
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(at Boyle’s suggestion) repeated the experiment, with a similar result, on Winter 
Hill, near Chorley, in Lancashire. 

The barometer experiment, as Boyle 1 says, was explained differently by 
some philosophers, such as Hobbes and Franciscus Linus, who postulated an 
invisible “ cord ” or funiculwn stretching from the surface of the mercury to the 
top of the tube and supporting the mercury column; these plenisis still main- 
tained that an extended vacuum was impossible, whilst the i acuists (Guericke, 
Pascal, and Boyle) believed that a vacuum could be produced in a suitable 
apparatus, and tried to prove this experimentally. 

The various forms of barometers (the siphon barometer, usually credited to 
Hooke, seems really to have been invented by Torricelli in 1644), and the 
necessary corrections, are described in works on Physics. 2 

Very pure mercury wets (but does not adhere to) clean gas-free glass, giving a 
flat surface in a barometer. 3 The fact that the mercury in a completely filled 
barometer tube docs not always sink to the barometric level on inverting the 
tube, but remains filling the tube, was known to Boyle: the height of the column 
may 4 exceed 2 m. 

The coefficient of expansion of mercury at room temperature is 0 0001817, 
and if /? is that of the scale (assumed correct at 0") the corrected barometer 
reading at 0° is — (0-0001817 — ^>/). The values of /J are for ordinary 

glass 0 00001, brass 0 00002, steel 0 000012. Correction tables arc generally 
used 5 and one may conveniently be hung near the barometer. 

In calculating the absolute pressure in dyncs/cm. 2 from the reading of a 
barometer (or mercury manometer, § 7) it is necessary to know not only the 
density of mercury (§ 7) but also the value of the acceleration of gravity, g, at 
a given place. This depends on the latitude <f> and the height It above sea-level. 
The meniscus correction is considered in § 7. 

The variation of g, the acceleration of gravity, with the height It m. above 
sea-level and latitude <f> is given by some form of an equation due originally to 
( lairaut (1743) and modified, c.g. by Helmcrt 6 (1901): 

978 030(1 +0-005302 sin 2 <£-0 0<7 sin 2 2^)-0-0 3 3086 /i. 

• " New Hxpcrimcnts Physico- Mechanical touching the Spring and Weight of the Air 
proposed by Mr. Hoyle . . . against the Objections of Franciscus Linus," London, 1662; 
" Works." edit. Birch. 1744. 1. 76. 

2 Koch. Ann. Phys., 1895. 55. 391; 1899. 67. 4S5; Prylz. Z. Insir, 1896, 16. 178; Shields. 
mi. Mag., 1896. 41. 406 (temperature correction); Collie. J.C.S.. 1895. 67, 128; Travers, 
" Study of Gases." 1901. 143; Wormger .Z.phys. Chcm.. 1901. 38. 326; Auerbach, in Winkcl- 
munn. " Handbueh der Physik." 1908. 1. ii. 1289; Green. (hem. Sews. 1908, 98. 49 (tempera- 
ture compensated): Morrison. Pray. Roy. Soc. Klin.. 1910. 30. 386; Stillman, Bur. Stand. Bull., 
,y l4. 10. 371 (Netting Hg surface to ivory point): Cintra do Prado. An. Acad. Brasil Cicnc., 
I‘'4I. 13. 337 (corrections): I evanto. .4/m. Acad. Sci. Penn.. 1941. 1A. No. 8; Sattcrly, J. Roy. 
A 'iron. Soc. ( anmla, 1 944. 38, 21 : for a full description of barometer corrections, sec Beattie. 
Benedict, and Hlaisdell, Proc. Amcr. Acad., 1937. 71. 327. 

• Schumacher. J I AS., 1923. 45. 2255; Baker. Science, 1928. 67. 74; Manlev. Phil. Mag., 
1928.5.958. 

J Pi/zarello, Suov. (7m . 1898, 8. 266; McKie. Sci Progr.. 1936. 55. 

’ •'*«■* v.g. l andolt-Bornstein. " Tabellcn." 5th edit.. 1923. 6S (also to sea-level and lat. 
45 r. Ostwald-Luther. - Phys.-chem. Messungen." 5th edit., 1931. 202; for a mechanical 
correcting device, see Shields. Phil. Mag., 1890. 41, 406. 

• See c.g. Glazcbrook. " Diet, of Applied Physics." 1922, 1. 587; LanJolt-Bbrnstcin. 
" 1 ubcllcn, 5th edit . 1923. 25; New nun and Scarle. “ Properties of Matter,” 1928. 50; Kaye 
and l.ahy. " lablcs. IPih edit.. 1948. 19; no two works of reference agree on the formula. 
Jelheys. Suture. 1948. 162. 915. gives c'.=97S 037}. and c a , feddington 981 1 SOT. at Wash- 
ington 980 0831, and at Potsdam 981 260o. 
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7 h S, Va *t *• ,? f ^qgi 0 2*?nlSris MO-M^n'washington 9M- iSw.^Ttastondarii 

of e' d fo U -45 : from Helmerfs formula is 980-616; the value accepted has 
va^ and a, present 980-629 is taken ■ (§ 1 -VII D) A more accurate formula 

+0-005285 sin' *-0-0 5 7 sin' 2^+0 0,19 coi-J. cos 2(A- 1 7 )) 
for /i=0, and g=g 0 -0-0,3086/.; A is the degree of east longitude 

§ The nMuml^ro/prejsi/re > is unit force acting umformlyandnormallyon 

atm , and is sometimes (to add to the unfortunate c ° nfus .on) eaUcd a C£S. 
.imntnherp" Since the utility of the convenient names bar and atmo 

sisss ! 

but still another name, the microbar, has been introduced for the aryc > 
^jlTnl'rmal atmosphere has been defined as the pressure of a mercury column 

jSatfzs&issz 

2=980 WO cm. see. . QRO-629 cm sec." 2 , and the normal atmo- 

value of e has since been changed to vsu ozv cm. . nf . nn -><0 

sphere defined (independently of barometric height) as a pressure of 1,013.250 

Moratory or technical preparative chemistry, pressures from 10-' to 
m-j -7 mm. Hg arc common, 10-« mm. occurs in electronic practice. 10 mm. 
is the present lower limit of pressure attainable; at this nadir of pressure he c 
are std! about 10>’x 10-»/760=M0’ or 1.000.000.000 molecules per cm A 
Hickman proposed a low-pressure notation similar to the pH s«Ue. pm being 

% “TTi » 1- is S-SA ^Te mm 'fig uni. is^e unnecessarily 
called a torr (after Torricelli) in some German works.* A very confusing unit 
proposed by Townsend 7 takes the logarithm of the pressure >" !" 

completely negative form and multiplies it by 10. e.g. p - • 

. Moles. /. Chin,. Phy,. 1937. 34. 49; CUrk. Proe. «*^<{**^ 

- «*-• 

" Handbuch dcr Physik. 1926.2.463- - •• , hru «. ** by Briggs and 

SU . P Ric”ards and Sia». 2. phys. Chen,.. 1904 .49 9 ;,l|Ric^rds_^pe«con.ain .his name; for 

“SSxE e 

* 9 J For Mother ** tor" = 10 barges, see dc Ba'IUachc. 
i Nature, 1945, 15S. 545; Fcmbcrg. ibid.. 1945. 156. 85; NVyhc. «W.. 1945. 156. 85. 



550 THE PROPERTIES OF GASES VIIA 

log 2 x 10~ 5 = 5-301 = —4-699=47 units. The micron unit of pressure is 
10~ 3 mm. Hg. 1 

As Meldrum 2 said, if “ science is measurement ” then it “ has little to do 
with definitions of time and space in the abstract. The man of science proceeds 
by defining standards, which serve in the measurement of time and space.” 
The same applies to “ matter,” and “ when a body is divested, in thought, of 
all those qualities which, according to the teachings of modern science, are in 
their nature phases of motion, the residue is not matter, but mass.” 3 The 
name 44 somatology ” (adtpa, body) proposed by Leslie 4 for the subject generally 
called 44 properties of matter,” has not been adopted. 

The British standard atmosphere 5 is the pressure of a column of mercury at 
32° F. which is 29-905 in. in height at sea-level and in the latitude of Greenwich, 
near London. This is approximately 14-7 lb. wt. per in. 2 (76 cm.=29-921 in.), 
and since no work of high accuracy is expressed in British units, this will suffice. 
The obsolete line— 1/12 in. =0-08333 in.=0-21 167 cm. is used in some older 
barometric data. 

Some comparisons of metric and other units 6 arc: 

I foot =0-30480 10 metre 1 yard ’=0-91439862 m. 

1 cu. in. =16-387 cu. cm. 

1 cu. ft.=28315 ml. (1 ml.=0 -001 lit.). 

1 English gallon=4-5435 lit. 

1 U.S.A. gallon=3-7853 lit. 

1 lb. avoirdupois 5 =453-6 gm. 

1 lb. U.S.= 1/2-20462 kg. 

Some metric units in metre, metric ton, etc., units arc: 

1 sthene= force giving 1 metric ton an acceleration of 1 m. sec. -2 

= 1000 newtons. 

1 pieze - pressure of 1 sth£ne m.“ 2 . 

The microgram y= 10“ 6 g. =0-001 mg. 


• Dushman, Ind . Eng. Chcm., 1948, 40. 778. 

* " Avogadro and Dalton," Edinburgh, 1906. 53. 

3 Stallo, " Concepts of Modern Physics," 1882, 25. 

4 " Elements of Natural Philosophy," Edinburgh. 1823, I, 6. 

5 Gould, Proc. Roy. Soc., 1946, 186, 171, 195. 

6 Everett, " Units and Physical Constants.” 1879; " Illustrations of the C.G.S. System of 
Units." 5th edit.. 1902; F. M. Perkin. "The Metric and British System of Weights. Measures, 
and Coinage," 1907; Partington and Shilling, " Specific Heats of Gases." 1924, 27; Wallot. 
in Geiger and Schccl. " Handbuch dcr Physik," 1926. 2. I; Henning and Jaeger, ibid.. 487; 
Block, "Mcsscn und Wigcn." Leipzig. 1928; Kaye and Laby. "Tables of Physical and 
Chemical Constants." 1948. 4; Kcnnelly, “ Vestiges of Pre-Metric Weights and Measures,” 
New York, 1928, gives interesting examples of how metric weights have been given old names, 
and how trade is still carried on in old units. In my time (1912) in Berlin, groceries were 
sold by the Pfund ( = 500 g.). or its - Viertcl " or " Halbes-Viertel " (=62-5 g.). and paid for 
in "Thaler" and " Grosschcn" On units, see "Computer’s Handbook." Meteorological 
Ofltcc. 1917; Trotter, Electrician . 1919.82. 300 (British units); history of the metric system. 
Guillaume, bull. Soc. Inn-mat. Elcc.. 1908. 8. 27; on A.E.F. units (including y=0 001 mg.). 
YcrUl. </. D. Pins. Oes.. 1913. IS. 143; E. E. A. >n Glazebrook. "Dictionary of Applied 
Physics," 1922, 1. 580; on changes in standard kg. weights over a period of over 100 years, 
see Sicrtsema, Physica. 1928. 8, 37; Anon.. Nature. 1946. 157, 53S (British units). 

Sears and Barrell, Phil. Tram.. 1932, 231, 75; 1934. 233. 143; Scars, Proc. Roy. Soc., 1946, 
186, 152. 
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Prefixes used in the metric system are: 

T tera 10*2 h hccto 10* «n mill. 10-> 

G giga 10’ D deca 10' l‘ micro 0 

M mega 10’ d deci 10 ' n nano 0^ 

k kilo 10 * c centi 10 2 p P'co 10 

8 4 Measurements of Heights by the Barometer 

Halley > measured heights barometrically by arbitrary cal.bral.on against 

sity of air at sea-level in g./cm. J , then . 

p-MT-*- "> 

or, since Po^Pol^T/M. where M-mol. wt. of air-29-00. 

p= Po c-*‘-«* r 121 

For a gas composed of one kind of molecule, of mass A/ = .Nm and 
R=Wk (/V= Avogadro’s number, A = Boltzmann s constant). ^ 

iiSlfcli# 

wmmmm 

that the earth should be able to retain hydrogen and all other gases. 


§ 5. Boyle's I.aw 

The invention of the air pump by Otto von Guericke • Burgonwstci ^ f 
M iedcburR about 1650. gave an impetus to experiments on the xatuum 
(actually a 8 iow atmospheric pressure), and noteworthy in this connexion .s 

» Phil. Trans., 1720, 31. 1 16; abridged edit.. .1909. 6.496. 

Cilctte," bk. X. ch. 4; - Oeuvres." 1880. 4. 2*UW; Ango*. «• ,26 ’ ^ 

« Yost and Russell. ** Systematic Inorganic Chemistry. New V ork. . • 

I O^Almosphclcs'iUTOn Planets' ^nd^atchiiesl'hi^Tarte^/ho'.^OaWi'i *r„ l«l. «. 

"T^- or Gases," Cambridge. 3rd edit.. .92. . 339 ; Vassy. U lUe. 

Magdcburgica de 

Sa«Ssirssffi=5 

1884, 2. 142. 
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Boyle’s work. 1 He had an improved pump constructed, and showed that a 
barometer contained in a receiver fell as the air pressure was reduced, until the 
mercury-level in the tube fell nearly to that in the trough. A criticism of 
Boyle’s views by Hobbes and Linus 2 called forth in 1662 a reply 3 from Boyle, 
in which he first announced the famous Boyle's Law. In the course of experi- 
ments made in 1661, he examined both the effect of pressures higher than 
atmospheric on the volume of air enclosed in the shorter sealed limb of a 
U-tube, by pouring mercury into the long open limb of the tube, and also the 
effect of pressures less than atmospheric (the “ debilitated force ”), by using a 
straight glass tube, closed at one end and containing about a 1-in. length of air 
confined over mercury; the tube could be raised in a vessel of mercury until the 
air expanded to 32 in. The pressures used varied in both sets of experiments 
from 3 cm. to 300 cm. of mercury. The “ hypothesis that supposes the pres- 
sures and expansions [volumes] to be in reciprocal proportion,” Boyle says, 
was suggested to him by Richard Townley, after an examination of Boyle’s 
results. This is Boyle's law: 

pi>=const (1) 

which was much later extended to other gases than air 4 : the volume of a given 
mass of gas at constant temperature is inversely proportional to the pressure. 

If v—v'=Av, p—p'=Ap, then 5 Av/v=Ap/p. 

On 2 August, 1661, Hooke made some experiments which confirmed Town- 
ley’s hypothesis, and on 11 September, 1661, Croone and Boyle communicated 
some experiments to the Royal Society. 6 In his publication of 1662, after 
describing the making of the siphon tube and the bringing of the included air to 
atmospheric pressure by inclining the tube till the mercury was at the same level 
on both sides, Boyle says: 

“ This done we began to pour quicksilver into the longer leg of the syphon, 
which by its weight pressing up that in the shorter leg did by degrees straighten 
the included air; and continuing this pouring of quicksilver till the air in the 
shorter leg was by condensation reduced to take up but half the space it possessed 
(I say possessed, not filled) before; we cast our eyes upon the longer leg of the 
glass, on which was likewise pasted a list of paper carefully divided into inches 
and parts, 7 and we observed not without delight and satisfaction that the quick- 

1 " New Experiments Physico-Mcchanicall, Touching the Spring of the Air,*’ 1660;“ Works," 
edit. Birch, 1774, 1, 1; James, Sci. Progr., 1928-9. 23. 263. 

2 According to Polvani, Nuov. Cim., 1924, I. 1, Franciscos Linus was Francis Hall, b. 
London 1595, d. 1673. On Hobbes, sec Rod well, Chem. News. 1864, 9. 242. 

i " A Defence of the Doctrine touching the Spring and Weight of the Air proposed by Mr. 
Boyle . . . against the Objection of Franciscus Linus." 1662, pt. 1, chapt. 5; " Works," edit. 
Birch, 1744. 1, 76. A full quotation and tables from the original arc given by Tail, " Properties 
of Matter," 4th edit., 1899, 162 f., 328 f., who emphasised that Boyle also used pressures less 
than atmospheric, sometimes credited to Mariottc; extracts in Harper's Scientific Memoirs, 
New York. 1899, 5. Boyle's priority over Mariottc was pointed out by Munckc, in Gchlcr's 
“ Physikalischcs Wbrtcrbuch,” 1828, 4. 1026, 1028, who says Boyle’s publication was almost 
certainly known to Mariotte. 

4 Mayow, "Tractatus Quinquc Mcdico-Physici." Oxford, 1674, ch. ix; Alembic Club 
Reprint, 1907, 17. 113, had proved this experimentally for some gases, which he found are 
compressed to the same extent as air. 

5 Rebcnstorff, Chem. Ztg., 1908. 32, 570. 

6 Rod well, Chem. News, 1864.9, 14. 26. 50. 242; 1864. 10. 74. 195, 208; 1865, 11, 38, 74. 160, 
291 ; 1865. 12. 62, 74, 293; 1866, 14, 51. Boyle's law was stated, as a hypothesis, before 1663 
by Pascal, who says of a balloon of air, " il deuroit s'dlargir proportion dc ce qu’il seroit 
moms charge " Traitez dc l'Eqvilibre des Liqvcvrs et de la Pesantevr dc la Masse de PAir,” 
Paris, 1663, 50; Spiers. " The Physical Treatises of Pascal," New York, 1937. 30. 

7 Into eighths, as is stated earlier. For simple demonstration apparatus for Boyle's law. 
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silver in that longer part of that tube was 29 inches higher than the other. . . 
Here the same air being brought to a degree of density about twice as great as 
that it had before, obtains a spring twice as strong as formerly. 

Although Boyle’s law might 1 be called " Townlcy s law (see above), the 
name “ Mariotte’s law,” formerly more used on the Continent, has hmle 
justification, since Mariotte 2 published it seventeen years after Boyle, and 
(although he does not mention Boyle) he makes no claim to an independent 
discovery, as he could, in fact, hardly do, since Boyle s publications were well 
known in France. Mariotte used the same explanation of the pressure or 
“ spring ** of the air, by comparing it with little fleeces of wool or ,,n y c ^d 
springs?.* had been given by Boyle; 3 the same exp'anatton had m fact b^n 
given long before by Hero of Alexandria < (a.d. 50?) and by Descartes^ 
Descartes himself preferred a kinetic explanation, based on his famous theory 
of vortices, and very well summarised by Boyle: 6 " by the restless agitation of 
that celestial matter [the ether] wherein the particles swim, are so whirled round 
that each corpuscle endeavours to beat off all others from coming within the 
little sphere requisite to its motion about its own centre. 


§ 6. Deviations from Boyle’s Law 

Until late in the eighteenth century, when other gases besides air were charac- 
terised by Black, Cavendish, and Priestley. Boyle’s law was applied only to 
atmospheric air. It was realised that more accurate experiments were nece ssary 
to test its strict validity. Van Musschenbroek.’ Suker.* and Robison 
obtained no very definite results: the first found a,r less compressibk than 
Boyle's law requires, and attributed this to the finite volume : of the i no teuks. 
In 1799 Van Marum 10 pointed out the first decisive deviation from Bo>le s la 
in the case of ammonia at high pressure (which finally hquefied it), and similar 
experiments with other easily condensable gases (hydrogen sulphide, cyanogen. 

see e.g. Humphreys. /»„. 1900. 10. 123; Rogers.**., 1900 1,11 112; Williams, ibid.. 

1900. II, 255; RcifT. Verhl. d. D. Phys. Ccs.. 1906. 8. 526; Dchn. J.A.C.S., 1908. 30. 578. 

149; Mariotte says experiments were made by Hubin and himself; Mckic. End* at our. 

7, J 4 *-Ncw Experiments Physico-Mcchanicall. Touching the Spring of the Air." 1660: 

^ "'pncumatica/^n '"Opera 8 " edit. Schmidt. Leipzig. 1899. I. 8; transL. edit. Woodcroft. 
1851 3 (" when any force is applied to it. the air is compressed, and . . . falls into the \acant 
spaces from the pressure exerted on ,,s particles: bu, when the force is ^drawnthca. 
returns again to its former position from the clast.e.ty of its parities, as is the sue with horn 

shavings and sponge (to!, ««• hulk", 

compressed and set free again, return to the same position a^exlubit the same buU^ ) 

5 " Principia Philosophic," Amsterdam. 1644. lib. iv. cap. 46. p. -18. ,ra " sl -* 
edit. Cousin. Paris, 1824, 3. 369 (" acr . . . ejus particulx fere omnes smt AcmIw. mstar 
mollium plumularum vcl tenium funiculorum ... * like small feathers or thin i str 8 ■ •• • 
he is speaking of the dilatation by heat rather than resistance «o 
"Traitez dc 1’Eqvilibrc dcs Liqvcvrs.” Pans. 1663. 48; Spiers. T hc p h>s.cal Trcaus.5 
Pascal," New York, 1937, 29, speaks of the air being like a great mass of wool, compressed b> 
the weight of the upper layers. , c 

* " New Experiments Physico-Mcchanicall." 1660; " Works. 1/44. I. 8. , 

7 " Introductio ad Philosophiam Naturalem." Leiden. 1762. 2. 85b; The Elements ot 
Natural Philosophy,” transl. Colson, London, 1744. 2. 181. 

» Hist. Acad. Berlin, 1753, 114. 

9 •• System of Mechanical Philosophy," edit. Brewster. Edinburgh. 1822, 3. 635 I. 

»o Ann. Phys., 1799,1, 145. 

18* 
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Fig. l.VII A. Results of Amagat for Nitrogen 


etc.) showed that as the pressure increases the value of pv decreases, i.e. the gas 
is more compressible ( v smaller for a given p) than it should be according to 
Boyle’s law. In the case of air, the deviation begins to be appreciable only 
above 20 atm. 1 ; with sulphur dioxide (which liquefies under 2-5 atm. pressure 



•• Gilbert. Ann. Phys., 1799. I. 145 (" not every gas obeys Mariottc’s law,” NHj does not); 
Oersted and Schwcndsen, Etiii r. J. Sci., 1826, 4, 224; Dcsprctz, Ann. Chim., 1827, 34, 335, 443; 
Cnmpi. Raid., 1842, 14. 239; Aragoand Dulong. Ann. Chim., 1830, 43, 74; Bull. Soc. Encourag., 
1830. 29. 295; Mem. Acad. Sci.. 1831. 10 . 193; Magnus. Compi. Rend., 1842. 14 . 165; Pouillct, 
Conpt. Rend., 1847, 24, 915; "tlemcnsdc Physique Expcrimentalc,’* 6th edit., Paris, 1853, 1, 
121. For a simple demonstration apparatus, sec Famiglini, Nuov. Cim., 1922, 23, 393. 
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ogniscd in an ordinary Boyle Via w lube, 
th so-called “ permanent gases ” 0.e. those 
r pressure unless they arc strongly cooled 
2 rwho reached 3,000 atm.), Ca«lletct, J and 
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, . . c . ,, , 1862 26 229; *' Relation des Experiences." 3 pts.. 

1 MJm. Acad. Sd. t 1847, 21 . 1 , 329. ibo-. xo. . rh , ,o l0 1878: Henning. 
1847-62-70, and plates; Henri Victor Rcgnault. b. Auc-la-Chapellc. lbiu. u. 

Phys. Z., 1910, 11 , 770. .. , .. M XK±X 31 375: 1845.35.169; 

2 Ann. Phys., 1844. 62. 132; ■ * 855. 9A '* i6 }J; Q pr f jj. . , 85 |‘ 6 557; 1854. 12. 199; Nattcrcr 
1852,56, 126; Ann., 1845. 54 . 254; Wien Bcr.. 1850.5. 351 . 1851. o. aar. 

; .880. 00. 2.0 -89.. 1U. *4: 

J. l UPhy,..\m.a.lf,V.Ann.Chim \m 1S 479; ,876.82.914; 
.8^R%,'W; VJS: ,82. 94 . 847 ; ,82. 



20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 

Fig. 4. VII A. Results of Amagat for Carbon Dioxide 


95, 281. 638; 1888, 107. 522; 1890, 111, 871; 1898, 127, 88; Ann. Chin,., 1873, 28. 274; 1873, 
29. 246; 1876, 8. 270; 1880. 19. 345; 1881, 22. 353; 1883, 28. 456. 464, 480, 500; summary in 
ibid., 1893, 29, 68; Arch. Sci. Phys. Nat., 1869, 35, 169; 1871. 40, 320; 1871, 41, 365; Phys. Z., 
1901, 1. 530; Congres Internal. Phys., 1901, 1, 550; Amagat and Dccombc, "La Statique 
dcs Fluidcs," Paris, 1917; see also Winkclmann. Ann. Phys., 1878, 5. 92 (C2H4); Roth, ibid., 
1880, II, 1 (CO*. SO*. NHj, C2H4); Koch, ibid., 1908,27, 311 (air); Koch and Wagner, ibid., 
1909, 31. 31 ; Holborn et al., ibid., 1915. 47. 1089 (air. A, He); 1920, 63. 674 (H 2 at 0°, 50°. 
and 100° at 20-100 atm.); on interpolating pv for even volumes, see Bridgeman, J.A.C.S., 
1927, 49. 1130. Extracts from Amagat’s papers arc given in Harper’s Scientific Memoirs, 
New York, 1899, 5. Of Emilc-Hilairc Amagat (1840-1915). Guye, J. Chim. Phys., 1915, 
13, 260, says: " Complement independant dcs influences dcs ccoles, Amagat a imprim* & 
toutc son oeuvre une originalitc particulicrc . . . En toutes circonstances, ce savant ivitc les 
chcmins battus. pour ouvrir une voie qui est bcin & lui." 

1 Mem Acad. Sci., 1847, 21, 402. 
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'^Lf '|nd presw'ret in m T&SZZ 

ai^'nitro'genf^OO^tm.^for^oxygcn^ temperature 'of 

for ethylene. The nun, mum ts most " ark « , n “ r () , “ s < apprcc iable; with 

Sdr^at nX7«^£'u* -240 „ has disappeared. Hydrogen 



240 

Fio. 5.VII A. Results of Amagat for Methane 


shows a minimum in pv at low temperatures, at 25 atm. at - 140% 45 atm. at 

~ JSth'ough the^urves for'the P ern J al “ n * "^[idfnj^hydrogen.'sho* 1 ® 

to disclose it. and the curve of rising/*- is somewhat con ^ 

shows* thauhe d"p' ww^Tiowrvalucs of pc becomes less and 

of p^M^o^emperaWresyalthough^seo'' Ke. was proved by Withowshi = 
and by Kamerlingh Onncs and collaboralors. 


2 Phil. Mag.. 1896.41. 288; 1896.42 1; Wrohle^ /^/i. J 88 * %^ 7 ? _ 8 , 0 :04i 4 |, 

3 Onncs and Braak, Proc. K. Akad. Ween. A "™ rJa ":™ 1 ' ?A, . IS. 295. 299 

{Comm. Leiden. 1907. 97a. 99a. 100a); dc 'l5 405 (Comm. Leiden. 

{Comm. Leiden. 1912. 127a. 6); Onncs 1 t'j', ,46.2. H*>; Onncs. 

127c); Onncs. Dorsman and Hobt, ibid -. - *9| s * I8, ..A , vi 5 1466 H>); Crommclin and 
CrommcUn, and Smid. ibid.. 1915. 18. 465 1V,! kuypers and Onncs. 

Smid, ibid.. 1915, 18. 472 (Comm. Wcn l46c, (P^re ^d P^nmng ^/J.. 1924. 7. 157 
Arch. Nierl.. 192), 6. 277 (Conor.. Leiden. M 7 166 {Comm Leiden. 165c. He); 

(Comm. Leiden. 1656); Penning and Onnes, ^/-. J9- , • ■ .. Hcl Natuurkundig 

Penning, ibid.. 1924. 7. 172 (Comm. Leiden, 166); sjx lhc « " l922 . 
Laboratorium dcr Rijksunivcrsitcit tc Lc.dcn in dc Jarcn 1904--2. Lc>d . 
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In Despretz’s apparatus, the gases were confined over mercury in glass tubes 
and the whole placed in a vessel of water to which pressure was applied by a 
screw plunger. Pouillet first used a metal compression chamber with a screw 
plunger, the capillary tube containing the gas projecting from the chamber. 
Dulong and Arago applied pressure directly by a mercury column, but they 
failed to find any deviations from Boyle’s law. Natterer compressed the gas 
into a wrought-iron vessel by a pump, the pressure being transmitted by mercury 
to a loaded piston which acted as a manometer. The lower surface of the gas- 
piston was hollowed and the edges, ground to razor sharpness, formed a thin 
ring of metal which was pressed by the liquid against the cylinder walls and so 
formed a tight joint. 

The first really accurate measurements were by Regnault, who confined the 
gas at atmospheric pressure in a vertical piezometer tube 3 m. long and 10 mm. 
diameter, over mercury (Fig. 6.VII A). This tube was surrounded by a water- 
jacket and communicated with a water compression pump by which mercury 



Fig. 6.VII A. Rcgnault's Apparatus 
(diagrammatic) 


Fig. 7.VIIA. Cailletct 
tube 


could be forced into it, and with a long vertical manometer, consisting of a 
series of glass tubes, 24 m. long, in which mercury rose when the pump was 
operated until a final pressure of about 30 atm. was reached. The gas was first 
compressed to half its volume, and the pressure (c. 4 atm.) read. Fresh gas 
was then pumped in to restore the original volume under 2 atm. pressure, then 
this was again compressed to half, and the process of adding gas and compressing 
to half the volume was repeated until the maximum pressure was reached. The 
manometer was read to 0-5 mm. 

Cailletet confined a fixed quantity of gas over mercury in a special compression 
tube terminating above in a graduated capillary (Fig. 7.VII A) and dipping below 
into mercury, and pressure was applied by a screw with a capstan wheel. At 
first the pressure was determined by the rise of mercury in a thermometer, 
enclosed in the pressure vessel, owing to compression of the bulb. In later 
apparatus, the tube containing the gas was completely enclosed in a steel vessel 
connected by a long flexible steel tube with an open vessel of mercury. The tube 
was wound on a vertical drum 2 m. in diameter, and the case containing the 
compression tube was lowered into an artesian well. The inside of the gas 
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Fig. 8.V1I A. Bridgman** 
apparatus 
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DEVIATIONS FROM BOYLE’S LAW 

compression lube had * ^"by of ' hC 

which this was dissolved off by th'™ fJMI^ manomclcr column , which 

which reachcd 3 '°°° a,m 

fixed in a compression block, and prc 
applied by pumping in glycerol which forced mcrcu 

into the tube and compressed the gas The : mercu ry 
levels were observed visually through the windows. 

The pressure was measured by the height of mercury 
in an open vertical lube of steel which 
a lengthof 340 m. and was fixed to a mine-shaft. A 
fixed mass of gas was used, the volume being rea<l 
on the capillary. At higher pressures, he p ezo 
meter tube was enclosed in a steel pressure cylinder 
so that it was compressed both internallyand ex 

tcrnally by pumping .n water* ^ e l , h , he capi ,lary. and when 
measured by having platinum wires sc flowed, this increasing 

the mercury meniscus touched these ,n * u me|hod is due to Tail. 

abruptly as successive wires made contac^ ^ [ejumed by Bridgman.* who 

After Amagat, the use of _ h, gh ^P cs of 3 ooo atm. reached by the 

went to about thrr* «*“*’ ‘ was partly on the compressibility of liquids 

French pioneer. (Bridgman s worn a w 7 presses on the 

and solids.) in Bridgman’s apparr i us l**™™ £«£ and a P rubhcr pack- 
inner piston A by a ring of hard steel R. * T , shafl of A enters the 

ing B, the thrust being commumca ted to The hquid • ^ of lhe liquid 

ring R, but there is a space o between P and *• 1 “P h( . flange of A , which is 

on A is compensated by the f ^ k f A 8 so lha , liquid does not leak 

jLtnwB’ sur : Stf. 1 ;- - r,“ 

. c*,,. Z «... »«= e— - * *•' ' 

Cohen and dc Boer, ibid., 1913. 84. 32. R - . . , r 1939 , 10 . 179. 

2 On a pressure window, sec R<xbuck and Mil \ .R ^ • 59 . , 7 , , HCi A . H ; . 

- w '" 

,9 < 6 Scc aL Pclavcl. art*"-**. 664: 

Williamson, and Johnston, J.A.C.S.. 19*9. 4 • Construction of High Pressure 

Keyes, ibid., 1931. 23. 1375; Tongue. J Tjj of Hlgh Pressure Plant and 
Chemical Plant." 1934 (compressors, etc.). N v crcscayin and Zelinsky. Hull. 

lhe Properties of Fluids at High Pressures. Oxford. 1940. 

Acad. Scl. U.R.S.S., 1943(6). 443; Commgs. W. * 

> Munch. Mem.. 1862, 3, 5; “Scientific Paper*. 1884. l. 
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ordinary steel. 1 By using small pistons of “ Carboloy,” Bridgman 2 reached 
pressures of 250,000 kg./cm. 2 . At pressures of 100,000 kg./cm. 2 he used 
Duprene for packing, as this does not harden like rubber. 3 Basset 4 claimed to 
have reached gas pressures of 5,000 kg./cm. 2 at 1,000°. Poulter and Buckley 5 
used diamond windows for pressures up to 21,500 atm. 

§ 7 Manometers 

The simple manometer (Latin manus, force; Greek perpov, a measure) 
consists of a U-tubc 6 containing a suitable liquid, such as water, mercury 
(which is very dense, causing insensitivity), a-bromonaphthalene, dibutyl 
phthalate, 7 amyl phthalate (p= 10 at 25°), nonyiic acid, 8 octane, 9 carbon 
tetrachloride, 10 olive oil, 11 etc. The density of a-bromonaphthalene 12 at 25° 
is 1-48834 and changes by 0-00101 per 1°. The coefficient of expansion of 
paraffin oil is 13 00 3 7643 at room temperature (16°). Densities of mercury in 
g./ml., temperatures on the hydrogen scale, are 14 13 plus the decimal in the table: 


/• c. 

P 

/•C. 

P 

i*C. 

P 

C c. 

P 

0 

0 5955 

20 

0-5462 

40 

04973 

60 

0 4486 

2 

5905 

22 

5413 

42 

•4924 

62 

•4437 

4 

•5856 

24 

5364 

44 

•4875 

64 

•4389 

6 

•5806 

26 

5315 

46 

•4826 

66 

4340 

8 

•5757 

28 

•5266 

48 

•4778 

68 

•4292 

10 

•5708 

30 

5217 

. 1 B 

4729 

70 

4243 

12 

•5659 

32 

•5168 

52 

4680 

80 

•4001 

14 

•5609 

34 

•5119 

54 


90 

•3711 

16 

5560 

36 


56 

Kin 

100 

•3518 

18 

•5511 

38 

5022 

58 

MEM 




* Bridgman, Rec. Trav. Chim., 1923, 42. 568. 

* Phys. Rev,, 1940. 57, 342; Rev. Mod. Phys., 1946, 18, 1. 

I Proc. Amer. Acad., 1945, 76, I, 9. 

4 Compi. Rend.. 1930, 191. 928 ; for 25,000 kg./cm.* see idem, Chim. et lnd„ 1928, Spec. No. 
(April), 148; for 15,000 kg./cm.*, Compi. Rend., 1927, 185, 343; for 300,000 kg./cm.*, Chim. 
eilnd., 1945,53, 303. 

» Phys. Rev., 1932, 41, 364. 

6 On mercury manometers: Lala, Ann. Fac. Sci. Toulouse, 1891, 5, G; Rayleigh, Proc. Roy. 
hoc., 1893, 53, 134: Villard, Ann. Chim., 1897, 11, 289 (open and closed ends); Holborn and 
Day, Ann. Phys., 1899. 68, 821 ; Brady.y. Franklin Insl.. 1919, 187, 499; Miilhacuscr, Metallu. 
Erz, 1919. 16. 101, 147; Swan. J.A.C.5., 1925. 47. 1341; Hartshough, Science, 1925, 26. 160; 
Hagen, Z. lechn. Phys., 1927. 8, 599; Phys. Z.. 1927. 28. 735; Hickman. /. Opt. Soc. Amer., 
1929, 18. 305 (0 01-5 mm.); Melville, J.C.S., 1931. 2509; Martin and Collie, ibid., 1932, 2658; 
Lane, Hammcrschlag. and Rochl. J.A.C.S.. 1932, 54. 1020; van Santcn, Comm. Leiden, 
1934, 227 (calibration); Roebuck and Cram. Rev. Sci. Insir., 1937, 8. 215; A. B. Hart, Thesis, 
London, 1941; Werner. Ind. Eng. Chan. Anal., 1945, 17. 805; for a barometer-manometer 
independent of atmospheric pressure variations, sec Lawson. Wien Bcr., 1915. 124, IIA, 669. 

7 Hickman and Wcycrts, J.A.C.S., 1930. 52, 4714; Malmberg and Nicolas, Rev. Sci. Insir., 
1932, 3, 440. 

* Druckcr, Jimcno, and Kangro. Z. phys. Chcm., 1915, 90. 513. 

9 Jaeger. Z. anorg. Chcm.. 1917. 101. 30. 

10 Henry, Compi. Rend., 1912. 155, 1078; for tctralin. sec Hull. J. Sci. Insir., 1936, 13, 165. 

n Frowcin, Z. phys. Chcm.. 1887, 1.5: *>=0-917 at 20*. coefficient of expansion 0 000798; 
precision oil manometer. Chadwick and Palkin, Ind. Eng. Chcm. Anal., 1938, 10, 399; cf. 
Palkin, ibid., 1935, 7. 434. 

■* Timmermans and Hcnnaut-Roland. J. Chim. Phys., 1937. 34. 695: Roozeboom, Z. phys. 
Chem., 1889, 4. SI ; Bodcnstcin. Z. Elckirochem.. 1918. 24. 186. who gives the densities 1-4894 
at 13 72°. 1-4844 at 16 9°. and 1-4814 at 19-00°. and p, 5 = / >,[l — 0 001 5(r— 1 5)); Biltz and 
Mcincckc. Z. annrg. Chcm., 1923. 131. 1. 

II Lundal, Ann. Phys.. 1898. 66. 741. 

14 Chappuis, Trav. a Mini. Bur . Internal. Poidsa Mis., 1917. 16. 
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v.™'. t£. of manometers ... Oort** “ "« 

—» U •*- 


005 
0 1 
015 
0-2 
0-25 

03 
0-35 

04 


5=005 


0 1 


0 15 


0 20 


0 00126 
000252 
0 00376 
0 00505 
000655 
00080 
000935 
001085 


000252 
0 00504 
000756 
00103 
00131 
0 0159 
00188 
00218 


00038 
00076 
0 01145 
0 0155 
001965 
00239 
0 0283 
0 0331* 


000506 
0 0102 
0 0153 
0 0206 
0 02615 
00320 
0 03*4* 
0 0453* 


025 

0 30 

0 35 

0 40 

000637 

0 00773 

0 0091 

0 0107 

0 0128 

00155 

0 0183 

0 0213 

001925 

0 02325 

0 0274 

0 0318 

0 0257 

00310 

0 0366 

0 0426* 

00327 

0 0393 

0 0462* 

0 0536* 

0 0401* 

0 0483* 

0 0566* 

0 0657* 

0 0489* 

0 0592* 

0 0700* 

0 0815* 

0 0583* 

0 0737* 

0 0904* 



, Surfed values show imporuni dcviahons from a «phcr.cal memscu, . 

For mos, purposes Winkler's , of^tp ^ nle^c^ 

radius R mm., l mm. is sublracled from she reading oi ine u> P 

when this isdry, and/mm. when il is moist: ^ 

* 0 4 0 4 58 060 0 56 0 50 0 4J 

/ 0 54 0 71 0 75 0 71 0 65 0 56 

Bunsen 1 ob.ained a flat mercury surface 
mercuric chloride solution: twice the spa inverted 

flat surface was taken as the correction when the tube ^susco 
position. This correction is not satisfactory for wide tu ^/ . it is 

In calibrating the volume of a capiHary ^ y * c '£ 1 - f lhc m crcurv column, 
necessary to correct for the non-planar shape of th * known, 

and this can be done if the volumes of the cap* ■ * ™ ^ ,he 

Schcel and Heuse « and Palacios * determined this for mercury 

volume in mm. 5 is (to 2 per cent.): 

*«>t2-77x-4-5r * ")> 

■ Baum.. 1. Chin,. Phys.. 1908. 6. . ; Auerbach, in 
1908. 1. 1311; Jakcman. in Ol^ebrook DKC. or .. A[1> .„ snK , ho j tn 

" Handbuch dcr phys.-chcm. Technik. 1923. -47 f. -Luther-Druckcr. " Phys.-chcm. 
dcr anorganischen Chemic." 1925. 2. 1933. 2. 

Mcssungcn.” 1931. 195 f.; Ebert. m Euckcn i and Jakob ' 

iii, 1 ; for Barcroft differential manometer. Gibson ^ . 

1 Mcndcl6cff and Gutkowsky .J Amsterdam. 1901. 3. 421. 

1877. 1. 455 (table); Onncs and Schalkwtjk. Proc. K^Mad »«/.« corrections for 

481; Comm. Leiden, 1901, 67; abstr. in Z. phys. Chcm 

mercury and water meniscuses see Winkler Z ,2 66; Gee. An. 

1903. 16. 718; abstr. in J. Chim. Phys.. 1905. 3. 277; Germann 9 4 ^ ^ 

Fis. Qulm.. 1931. 29. 189; Cawood and Patterson. Trams. Faraday SiC 

: S STcS l^tcin. M. 1910. 33. 296; cf. Ma.tezo, 

S!ta09l9. 17. 275; Phys. Z.. 1923. 24. 151: cf. Onncs and do Haas. Proc. L. 
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where x= radius in mm., y= meniscus height in mm. In narrow tubes, the 
meniscus may be taken approximately as a hemisphere of radiusx. ^ 

The sticking of mercury in gauges, etc., was investigated by Moser. Methods 
of filling U-gauges, closed at one end, with mercury arc described.* Another 
type of gauge uses the variation in length of a column of air between two 
columns of mercury in a capillary tube.3 In Topler s differential manometer, 

a drop of xylene is contained in a very flat nearly 
P horizontal U-tube with gas pressures on both sides. 4 

( — I I — . — III — . A sensitive mercury U-tube manometer (Jp ±0 01 

C — * — D mm .) has tungsten wires in the mercury and the 

change of resistance due to the change of shape of 

the meniscus is measured. 5 If mercury in a mano- 
meter comes in contact with platinum (e.g. in 
electric contacts) it may be necessary to take account 
of the small solubility of platinum in mercury (0 0205 
atomic per cent, at 16*5° to 1-77 at 200°), 5 which 
would slightly increase its density. Faraday’s state- 
ment 7 that gas can pass between the mercury and 
glass of a containing vessel standing in a mercury 
trough, was found by Dixon 8 to be untrue if the 
glass and mercury arc clean, as Faraday himself 
implies. To keep a mercury surface clean it may 
be covered with syrupy metaphosphoric acid. Most workers tap the manometer 
smartly with a piece of soft wood before taking a reading. Kecsom, van der 
Horst, and Taconis 9 read the mercury miniscus by an X-ray shadowgraph. 

In the Huygens (or Krctz, or Chattock) manometer 10 two liquids of different 
densities meet in a bent tube (Fig. 9.VII A) at the interfaces A and B, the heavier 



Fig. 9.VII A. Huygens* 
Manometer 


Akad. Wetens. Amsterdam , 1912, 15, 405 (Comm. Leiden, 127c); Vcrschaffelt, Ibid., 1919, 21, 
836; Cawood and Patterson. Trans. Faraday Soc.. 1933, 29. 514 (bib).); on meniscus correc- 
tion, sec also Guye, J. Chim. Phys., 1907, 5. 203; Gcrmann, ibid., 1914, 12, 66; J.A.C.S., 
1914, 36. 2456; Kistemaker, Physlca, 1945, 11. 270. 277; a fuU description of barometer 
corrections is given by Beattie, Benedict, and Blaisdcll. Proc. Amer. Acad., 1937, 71, 
327. 

» Ann. Phys., 1877, 160, 138. 

J Swan.y.^.C.5.. 1925, 47. 1341; Wcathcrill. ibid., 1925, 47. 1947. 

* Tammann and Ncrnst, Z. phys. Chem., 1892, 9, 1. 

4 Ann. Phys., 1896, 57. 472; Foch, Ann. Chim., 1913, 29, 597 (optical reading). 

* Klumb and Haase, Z. techn. Phys., 1932, 13. 272; same type with electrolyte solution and 
platinum wires, sec Smith, J. Opt. Soc. Amer., 1926. 12. 655. 

* Plaskin and Suvorovskaya. J. Phys. Chem. U.S.S.R., 1941, 15, 978; tantalum is not 
wetted by mercury. Jones. Taylor, and Vogel, J.A.C.S., 1948. 70. 966. 

7 " Chemical Manipulation,” 1842, 343. 554. 

* Chem. News, 1886. 54. 227 (Davy, in 1826, had also found this). 

* Phystea, 1934. 1. 324. 

Krct/, in Jamin, " Cours dc Physique," 1882, 1, i, 218: Topler. Ann. Phys., 1895, 56, 
609; Smits, Arch. Seer!., 1898, 1. 97 ; Z. phys. Chem., 1902, 39. 385; for a differential paraffin 
oil manometer for low pressures, sec Blcicr and Kohn, Monatsh., 1899, 20. 505, 909; Battclli, 
Nuov. dm., 1901, 1, 5, with mercury, aniline, and water, 100 times as sensitive as mercury; 
Chattock, Walker, and Dixon, Phil. Mag., 1901. 1, 79; Smith, Engineering, 1910, 90, 144; 
Henry, Conipt. Rend., 1912, 155. 1078; J. de Phys., 1913, 3, 652 (sensitive form); PanneU, 
Engineering, 1913, 96. 343; Drukcr. Jimeno, and Kangro, Z. phys. Chem., 1915, 90, 513; 
Mulhacuscr, Metall u. Erz, 1919. 16. 101, 147; Jakeman. in Glazcbrook, ” Diet, of Applied 
Physics," 1922. 1, 640; Duncan, J. Sci. Inxtr.. 1927. 4. 376; Darbord, Compt. Rend., 1929, 188. 
50; Owen. Phil. Mag.. 1930. 10. 544; Pearson. Z. phys. Chem., 1931, 156. 86; Toplcy and 
Smith. J. Sci. Inslr.. 1931, 8. 194; Dickens and Grcvillc. Biochem. J., 1933. 27. 213 (const, 
vol ); Vincent. Proc. Phys. Soc., 1933. 45. 808; Stihlanc. J. Sci. Inst., 1934, 11. 79 (±0 01 mm. 
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li* ^ « ri 

arep 4 andp,(p,>Pj)and .fa P widc rcsC rvoirs C and D will 

if a is much larger than h, 3 p P. lhc same 

Thus, /i=13-56/>/(p,— p»)- and ,f and ^ are nc y 

two others were m mine ^fts^Om. a mm 

Cailletet * used a mercury manometerof stee^ucK:. ^ 

bore, fixed to 'he Eifiel °* cr l cnd ; shou | d contain nitro- 

KSS—" « r “» — ’ “■ 

volume thus changes. 5 umninp 4 consists of a 

A manometer used by Holton £ wilh$land 

mercury reservoir Q (rig. l .®; ]; * L crcury sur f aC e through 

the high gas pressure transmitted 7 1 j tee pj ubc LL'. 12 m. 
the tube Jj, and from which a . Qn evcry 2 m. 

long, 6 mm. wide, and l mm. thidc. projc • . 

of this was a stopcock leading to a 2-m..|ong sen t ^ 

tube (G, to G 6 ). When the mercury ^ n*n ™ ^ |he 

the steel tube communicating with one o B thc glass 

stopcock was opened and ‘he mercury be read in' .n , t 
tube! Since mercury is oxidised by air at high pressure. 

should be filled with nitrogen. „,-n«mMer used with 

An explosion of a pressure mercury manometer 

ammonia gas was recorded. 5 ^nnmeters employed 

Instead of using the very long open 6 ; nvC ntcd a shortened lorm 

by Regnault, Amagat, etc., Kamerhngh Onnc c of , hick-walled 

which can be used up to 100-200 atm I mcrcur y columns of about 

glass siphon manometers connected in se bY steel capillary tube with 

4 atm. in each, the upper end of each Us an arrangement 

thc lower part of thc next, and thc last one open to the 

water); Bceck, Rev. Sci. Insir.. 1935. 6. 399; *<****•"• ''^"copcand Houghton. J. *“• 
manometer depending on a capillary meniscus). \ . 1 • , 2 62: Youn g and Taylor. 

Insir., 1936, 13. 83; Holmes and Emmett. • /lMfr .. ,947. 18. 183: South 

Ind. Eng. Clem. Anal.. 1947. 19. 133; Brow and Schweru. « 

Met. Gas Co.. Gas J.. 1948. 253. 318. ,909. 3I 3,. On similar long 

• Ann. Chim., 1893, 29. 68; Koch and Wagner.^- ^ ' ,9,3. ,,5. 535. 

manometers at Manchester. St. tuenne. etc., sec • 88 , J . Phys. Chon.. 189'. 

2 Comp,. Rend.. 1891, 112. 764; Z. kompr. Case. 1897. .. 

738 (abstr.). 9 . Cardos0 and Levi. J. Chin,. Phys.. 19.1 — 

> Kucncn and Robson. Phil. Mag.. 1902. 3. 

19. 244. 

4 Ann. Phys.. 1908. 26. 833. 

5 Sampey, Chen,. Eng. News. 1947. 25-213 . Leiden. 441: 1906 8. 75. 77. 7 

* Proc. K. Akad. Weens. Amsterdam. 1999. 1. 2 » 3 ,902. 4. 23 {Comm. U,&*. 

82 (Comm. Leiden. 94 6-e); Schalkw^k. /W 1^1 3 ^ ^ ); Hunlan d Larsen. 7. »v«. 

67.70); Meyers and Jessup Bur. Sr 1937. 8. 215 ,200 atm ). 

Chen,., 1934, 38. 801 ; Roebuck and Cram. Rev- ' 
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of steel stopcocks the air pressures in the upper and lower parts of the tubes are 
gradually built up with compressed air, and the total pressure to be measured 
is then the sum of the pressures in the tubes, i.e. the sum of the mercury columns. 
E g. with a pressure of 42 atm., there will be eleven columns of 4 atm. in the 
closed tubes and a column of 2 atm. in the last tube with one side open to the 
atmosphere. Certain corrections for the temperature of the 
mercury and the weight of the compressed air are applied. 

A manometer depending on the change of volume of the bulb 
of a mercury thermometer when exposed to pressure (“ mano- 
metre i dcrasement ”) suffers from the defect of change of zero. 1 
An interferometer method, depending on the change of refractive 
index of water by pressure, was used up to 270 atm. by van 
Doren, Parker, and Lotz. 2 A differential manometer accurate 
to 1 in 1,000 at 3,000 lb./in. 2 was described by Boyd. 3 

The Bourdon gauge 4 is very much used for high-pressure 
measurement (e.g. with oxygen cylinders). It consists of a 
hook-shaped metal tube (German-silver or steel) of elliptical 
cross-section, which may be filled with paraffin oil, and when 
pressure is applied to the interior the tube stretches and the free 
end moves. The motion is approximately proportional to the 
pressure and is registered by a pointer-hand on a circular scale 
operated by wheel-work. Such gauges have been known to 
burst and cause fatal accidents, and they should be tested from 
time to time. They also show some elastic after-effect. 

The Spurge manometer uses the elastic deformation of a 
hollow metal cylinder or shell. 5 Baume and Robert 6 measured 
pressure changes by the change in volume of a thin thermometer 
bulb containing mercury and exposed to the gas. 

For high pressures, a bifilar steel spiral capillary, which may 
form part of the gas supply system, has been used. 7 
The spiral manometer 8 operates on the principle of the Bourdon gauge. It 
consists of a spiral of thin-walled tube of elliptical section, of glass or quartz 
(which shows no elastic after-effect), with a small mirror attached by a fibre to 
the closed end. The whole is enclosed in a tube in which a compensating gas 
pressure, read on a mercury manometer, is maintained (Fig. 11. VII A), the spiral 

• Cardoso, J. Chim. Phys., 1921-2, 19. 217. 

2 J.A.C.S., 1921,43, 2497. 

J J.A.C.S., 1930, 52, 5102; another was described by Wildhagen, Z. angew. Math. Mech., 
1923, 3, 181. 

4 Bourdon. Compt. Rend., 1853, 37, 656; Barns, Phil. Mag., 1891, 31, 400; made by Bourdon, 
of Paris, Gindrc Frcres & 0«, of Lyons, and Schaffer and Budcnburg, of Magdeburg. On 
calibration sec Wagner, Ann. Phys., 1904, 15, 906; temperature correction, Jakcman, in Glaze- 
brook, “ Diet, of Applied Physics," 1922, 1, 633; correction for clastic after-effect, Benncvvitz, 
Phys. Z., 1921, 22. 329; theory, Lorenz. Z. Verein D. Ing., 1910, 54, 1865; Phys. Z., 1917, 18, 
1 17; Wohlfarth, Z. tcclin. Phys., 1924, 5. 361; Koppl, Rev. Sci. Insir., 1947, 18, 850 (quartz); 
Wuest, Die Technik, 1948. 3, 23. 

5 Anon., Engineer, 1913, 115, 535. 

6 Compt. Rend., 1919, 168, 1 199; Baume, Bull. Soc. Chim., 1922, 31, 129. 

7 Simon, Ruhemann, and Edwards. Z. phys. Chem., 1929, 6 B, 62. 

8 Ladcnburg and Lehmann. Verhl. d. D. Phys. Ges., 1906, 8. 20; Ann. Phys., 1906, 21, 305; 
Johnson, Z. phys. Chen,.. 1908, 61. 457; Johnson and McIntosh, J.A.C.S., 1909, 31, 1138; 
Bodcnstcin et a!., Z. Elekirochem.. 1908, 14. 544; 1909. 15. 244; 1910, 16, 961; 1913, 19, 836; 
1916, 22. 327; 1917, 23. 105; Z. phys. Chem., 1909, 69. 26; Prcuner and Schupp, Z. phys. 
Chem.. 1909, 68. 129; Prcuner and Brockmdllcr. ibid., 1912, 81, 129; Rassow.Z. anorg. Chem., 
1920, 114, 117; Stirncmann. X.Jahrb. Min., 1925, B. B>1. 52 A. 334; Davies, Z. phys. Chem., 
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manometer being used as a „u» 

usedtoreadbyduertdeflex.on ^upWhighp^r M ancrol(J barometer 

The disc pc u can ^ uscd for high or i ow pressures and 

0 t d or Vs) , appUed, one side and.^s 

the disc to bulge, ^^^an^Tbcam of light reflected from it to a scale or. 
mirror .s fastenc ^ l0 ‘ hC (o , VCTy rapi d pressure changes, on to a camera 

when the apparatus is to be usto ior y t i f . ffecl but this is not 

with a revolving film. * n fl Cfr ° r * S f a slec i membrane in explosion measure- 
appreciable in the s-nglc deflexions^of a ch P angc of capacity 

ments (Pier, Bjerrum). described A silica membrane. 4 and a glasb 

of an electric condenser has h® 0 ® “ Cectric circuit ,*havc been used. 

■saw 

heat in g C chamber', and read the m0 ^"‘ ^ b jt mws'uS Sctsmc on 

Sfe. -* - organ, c him 

'tSSS Of a thin glass bulb, one side of which has been 

1928, 134, 57; Daniels, J.A.C.S 1928. 5°.nl5^ b £jl ; Jrtand KawaSta. Bull Mi, Phys. 
1931, 152,409; Robert. Helv. Phys. Acta. 1936. I 5 £ y , 941 62 . 581 (in 

Chem. Res. Tokyo, 1938. 17 299; N.tta and Ins.r . .948, 25. 16. 

Japanese); Vaughan. Rev. S' 1 - 1 ™ 1 '-’ I?* 7 ' ’ * 7 ~' h 1924 . 5. 361 ; Klcmcnc. J.A.C .S.. 

i Conipr Rent/.. 1847, 24. 975; Wohlfarth / te . / - 218. 161: recording 

1925, 47. 2173; Fredenhagen. Z. anor* , Chem. 2 42; ,947. 24. 134 ,160 
diaphragm gauge for high pressure*. Smith. • • of the aneroid barometer was 

±0-4 Ib./in. 2 ); Kleiber. ^ ,946.2.262. 

proposed by Uibniz in 1697 in a letter to Papin. |S73. 148. 580; Hanscmann. 

a Kohlrausch. Ann. Phys., 1869. 136 < i,8 ‘ •’ ■ (W j , 89 3. 50. 47; 1897. 62. 616; 

1 ^: 

1929, 4 B, 37 (Pt foil); Sommerfcld .ibid ... Safety in Shoes Res. Board. 

Kurti, Z. phys. Chem., 1933, 20 B. 305(0 02 mm Ag ^ ^V.gh temp): Caldwell and 
1925, No. 16 (electron tube type); Moser, Ann. Phys., 

Fiock, Bur. Stand. J. Res., 1941. 26. 175. Minton and Hare. ibiJ.. 1923. 46. 607; 

> Whiddington, Phil. Mag. t 1920 40 634; Wh.dding i015; d Danic|s j^ C .S.. 1928. 50. 
Karm, Johnston, and Wulf. Ind . Eng. Cl^m. \92-. I *. |W> ^ 5 , 2 398; Lilly. 

STii! ?£<!£ A™ «• 513 Ma,hc ' on anJ 

-T&XlS^S: >9.2. 45. 3527; Smith and Taylor. 2. AM. >924. 44. ,393; 

1926, 48. 2065; silvered collodion was used by Lafay. Comp,. Rena.. 

Villey. Ibid., 1910, 151, 65. 

* J.A.C.S., 1936. 58. 2260. Klcmenc. J.A.C.S., 1925. 47. 2173. 

’ Baumc and Robert, Comp,. Rend.. 1919. 168. 1 199. KJemcnc. 

Mae, ,9.30. 52. 
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thickened and collapsed inward by melting, so that the whole resembles a very 
thick spoon (Fig. I2.VII A). A thin glass fibre pointer is attached to the end. 

Pressure causes deformation and motion of the pointer, 
\ observed with a microscope. On account of ease of 

breakage it is best used as a null instrument, a com- 
pensating and manometrically measured air pressure 

F.g. 12. VI I A. spoon applied outside the gauge. 

Gauge The clicking manometer or click gauge con- 

sists 1 of a thin blown bulb flattened by heating in a 
flame so that a small wrinkle results; change of pressure causes a clicking noise 
as the uneven glass diaphragm passes a critical position. A pressure difference 
of 0-2 mm. at 1 atm. is recorded. It seems to be 
rather troublesome to work, and usually operates only f 
in one direction. ^ J 

An “ optical lever " manometer consists 2 of a 
U-tube with a steel float on the mercury, which on R R 

moving tilts a mirror pivoted on two knife-edges and y y 

so reflects a beam of light. A fairly wide (44-mm. X \ 

diam.) tube is used to avoid capillary depression. 

The sensitivity is 00 3 1 mm. Hg and an accuracy of a pp 

0 0 3 2 mm. Hg is claimed. In Barus’s and Roseveare’s 
apparatus, 2 interferometry is used. A Michclson 
interferometer optical pressure gauge was devised by 
Manley 5 for measurements from 0 0001 to 20 mm. 

Hg. An X-ray shadow manometer for pressures to 
3 Hg was used by Kistemaker. 4 Voc 

A low-pressure manometer consisting of a graphite 
plate resting (and making a gas-tight seal) on a Flo . i3 . V ji a. Manometer 
vertical glass tube evacuated below, and supported of Rodebush and Coons 
by a quartz fibre carrying an iron weight actuated 

by a magnet, and hung from an arm (Fig. 13.VII A), was used by Rodebush 
and Coons. 5 

For the measurement of high pressures Amagat 6 used an improved form of 
the so-called Desgoffe manometer , really invented (he says) by Galey-Cazalat, 


0 0 


Foord, J. Sci. Instr., 1934. 11, 126; Henry, Bull. Soc. Chim. Belg.. 1935, 44, 311; Thompson 
and Linnctt, Trans. Faraday Soc., 1936. 32, 681; Lewis and Style, Nature , 1937, 139, 631; 
Helm and Mack, J.A.C.S., 1937, 59, 60; Southard and Nelson, ibid., 1937, 59, 911; Guckcr 
and Munch, ibid., 1937, 59. 1275; Berl, Rucff, and Carpenter. Ind. Eng. Chem. Anal., 1938, 
10. 220; Stoddart. J.C.S., 1944. 388. 

» Smith and Taylor, J.A.C.S., 1924. 46. 1393; Yost and Kirchcr, ibid., 1930, 52, 4680; 
Nestcr, ibid., 1931, 53, 181 1 ; Yost and Claussen. ibid, 1933, 55. 885; Negishi, ibid., 1936, 38, 
2293. 

i Prytz, Ann. Phys., 1905. 16. 735; Knudscn, ibid., 1910. 33, 1435; Schrader and Ryder, 
Phys. Rev., 1919. 13. 321; Barus. Proc. Nat. Acad.. 1921, 7. 71; Carver, J.A.C.S., 1923, 45, 
59; Roscvcarc, ibid., 1932. 54. 202; Henry. Bull. Soc. Chim. Belg., 1931, 40, 657; Newbury 
and Uttcrback, Rev. Sci. Instr., 1932. 3. 593; for other types of low-pressure, etc., manometers, 
sec Gucritot, Compt. Rend.. 1913. 156, 1974 (thermo-electric); Vcrbcek, Chem. Ztg.. 1913, 37. 
1338. 1361; Trombc, Bull. Soc. Chim., 1934, I, 160, 408 (bell floating in mercury); Hindlcy, 
J. Sci. Instr., 1947, 24. 295 (bells, torsion balance; 2 x 10' 4 mm.). 

J Proc. Phys. Soc., 1928, 40. 57. 

4 Physica, 1946. 12. 217. 

5 J.A.C.S., 192/, 49. 1953; Daniels, ibid., 1928. 50. 1115 (diagrams of 12 types of gauge); 
Rodebush and Henry, ibid., 1930, 52. 3159. 

6 Ann. Chim., 1893, 29. 68; sec also Wroblcwski. Wien Ber., 1888. 97, II A, 1321 ; Witkowski, 
Phil. Mag., 1896, 41, 288; 1896. 42. I; Tammann. Ann. Phys.. 1899. 68. 553; Wagner, ibid.. 
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manometers 

... ic a kind of reversed hydraulic (Bramah) press. 

with a mercury gauge 
( F ig. 14.VIIA. simplified). 

If p is the pressure read on the 
mercury manometer and a, 

A. the areas of the small and 
large pistons, the pressure 
applied to the small piston 
is pAja. 

Holborn and others used 
up to 250 kg./cm. 2 a Stuck- 
rath’s pressure balance, con- 
sisting of a piston working 
in a steel cylinder containing 
castor oil and bearing at the 
top against a spindle carrying 
a frame loaded with weights. 

The motion of the piston i 
100 ke./cm. 2 can be measure 

Amsler’s pendulum manometer ‘consists 
piston of which presses against a i heavy jk 
adjusted by a sliding weight. The pressu 
0-4 kg.) by the displacement of lhe ,*? nd “ 
Bridgman’s absolute ^nometer for pro 
modified form up to 12,000 kg, cm. . 

1904. 15, 906; Knoblauch Linde. 

Heft 21. 33. 57 (steam); Martens. *. 1 f J. 

Phys., 1910. 31. 31; Kohnstamm and 
22, 679; Cardoso, J. CMm. 
meters. BridKman. " The Phys.cs of High 


s rrollp^ton 


Lo'gc p'Sio* 


Coi*or oJ 
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manometer with a pressure balance. A small piston (1-59 mm. diam.) moved 
in a massive steel block with a clearance of 0 0025 mm., bearing above on a 
wider piston carrying a frame loaded with weights. An accuracy of 01 per 
cent, was attained and a sensitivity of 2 kg./cm. 2 at 7,000 kg./cm. 2 pressure. 
The pistons were lubricated with a mixture of treacle and glycerol. To measure 
very high pressures (up to 15,000 kg./cm. 2 ) Bridgman 1 used the change of 
resistance of mercury, or 2 the change of resistance of manganin, a method used 
originally by Lisell. 3 The pressures were applied by paraffin oil, which remained 
sufficiently liquid under the great compression, and an ingenious method of 
sealing the piston was used. The gas, already compressed to 2,000 kg./cm. 2 , 
was contained in a small steel bomb with a valve which opened when the pres- 
sure of the paraffin oil in which it was immersed exceeded this value. The 
volume was found from the distance the compressing piston was driven into 
the cylinder containing the oil and the gas bomb. 

The pressures reached by Kamerlingh Onnes and his collaborators in the 
Leiden laboratory were not very high, but the measurements were made at low 
temperatures, when the gases would liquefy if high pressures were used, and 
precision was aimed at. From the numerous publications a representative 
selection only can be given here. 4 

It is obvious from the above summary that many types of manometer arc 
available for moderate and high pressures, and if the designs suitable for use 
at very low pressures (considered in Section VII J) arc included the range of 
choice is considerable. As a general rule, the simplest apparatus which fulfils 
the requirements of a particular investigation should be chosen, due regard 
being paid to the rest of the apparatus. If, for example, the manometer is 
required to record the pressure of a gas at a fairly high temperature, some 
design (such as the spoon-gauge) which can be enclosed in a constant-tempera- 
ture space will be best. If accurate readings of pressure at room temperature 
arc to be made, some form of simple U-type will probably be best, in which case 
great care should be taken in the choice of the manometric liquid, the density 
and coefficient of expansion of which must be accurately determined. For high 
pressures, a study of the publications listed which cover this field will enable a 
suitable choice to be made. Elaborate apparatus, with electrical contacts and 
parts which may easily get out of order, should be avoided. Manometers of 
the Bourdon type should be frequently recalibrated. 

Although several manometric liquids have been mentioned, many more will 
suggest themselves. The chief property of a manometric liquid which should 
be considered is its volatility; a liquid having an appreciable vapour pressure at 
the temperature of the manometer must not be used. 

' Proc. Amcr. Acad., 1909, 44, 201, 221; first used by dc Forest Palmer, Amer. J . Sci., 
1898, 6,451, to 3,500 atm. 

2 Proc. Amcr. Acad., 1911, 47. 321, 335; 1914, 49, 627; 1924, 59, 173; 1935, 70. 1. 

> Lisell, Divert., Upsala. 1903; Aim. Phys. Bcibl., 1903. 27. 852; Lindcck.Z. Insir., 1908. 28, 
229; Lafay. Compt. Rem/., 1909. 149, 566 (Pt, Hg. manganin); Ann. Chim.. 1910, 19, 289; Biron, 
J. Rust. Phys. Chem. Soc.. 1910, 42. 223 (P) ; Ann. Phys. Bcibl., 191 1, 35. 746; Jaeger and Stcin- 
wchr, 7. Phys.. 1922. 9. 201 ; Bridgman. " The Physics of High Pressure,’' 1931, 70; Ziklis, J. 
Tcchn. Phys. U.S.S.R. . 1945, 15,960. It should be noted that the results of Lussana, M/oo. C/m., 
1903, 5, 305; 1918, IS, 130. were in error, since he did not use manganin in the experiments. 

4 ° nncs - Proc - K Akad - Wctens. Amsterdam. 1900, 2, 29 (Comm. Leiden, 50); 1900, 2, 
437 (Comm. Leiden, 54; Hg compr. pump); Onnes and Braak. ibid., 1901, 3, 299 (Comm. 
Leiden, 60); Onnes and Hyndman. ibid.. 1901. 3. 621 (Comm. Leiden, 69); Gzn, Z. phys. Chem., 
1902. 39. 14 (HCI, C;Hr; bibl.); Schalkwijk. Proc. K. Akad. Wetens. Amsterdam, 1902, 4. 
107 (Comm. Leiden, 70: H ; to 60 atm.); 1903, 5. 636 (Comm. Leiden, 84: volumeter); Onnes 
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jg MANOMAU 

88. Manostats .cviiAmfa 

The or pressure regulator of Moitess.er.' consists ^(F.g- 1 SA'II A) of a 

weighted bell inverted over a mixture of 2 parts of glycerol and p • 

The 8 gas enters by a tube inside the bell and leaves by another tube which i 
closed at the top by a valve operated by a rod from the bell, which is l.fted vs hen 



the latter rises The pressure is adjusted by weights in a pan at the top of the 
bell. The adjustment is to 0-5 mm. of water pressure. In G '^ud s apparat^ 
a weighted membrane is used. Other types of 
pressures, are described by Lothar Meyer.* Perkin.* Sm.ts. Druekcr. 

and Hyndman. ibid.. 1902. 4. 76. (Comm. 

565 (Comm. Leiden. 88. 0,+CO,): Onncs and _Braak. W.. W07 J 754. £ 

91a-, Ann. Phys. Belbl.. 1907. 31. 933: H:); 1907-8. |Q ?4| 

99o. 100a. 1006. 102J; deviations from .Boyle : s > lj»: Hi) .Onncs I27li . 

26. 49 (0 2 +N 2 ); Kuypcrs „ .. H c>; Onncs and Penning. 

Martinez and Onncs. ibid., 1923. 6. 253 (Comm. L« . • * 7 , 72 (Comm. 

ibid .. 1924. 7. 157. 166 (Comm. Leiden 'Jj'/o , kuypcrs. 

Goudckct. ibid.. 1941. 8. 347 (H; to 3.000 atnvK M ehc^ and o . on 

(He to 200 atm.. 0M50-); Kis.cmakcr and Vw” Kccsom. Phvsica. 

Kamcrlingh Onncs (1853-1926) see Mathias Rev. Gen 5a.. lv.o. J#. 

1926, 6. 81 ; dc Haas-Lorentz. Naiurwits.. 1926. 14. 441. 

C-fc. -A.-imB.-3Mi: Camp*.. a- 

Dulmage. ibid.. 1948, 70. 1723. 

2 Ann., 1873, 165, 303. 

J J.C.S., 1881. 53. 689. 

4 Z. phys. Chem.. 1900. 33. 565. 

* Z. phys. Chem., 1910, 74. 612. 
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and Heuse , 1 Beckmann , 2 Speranski , 3 Beckmann and Liesche , 4 and Ruff and 
Hartmann . 5 * Manostats for high pressures are described by Cohen and 
de Boer « and Hershberg and Huntress , 7 and for low pressures by Soller, 
Goldwasser, and Beebe . 8 A Cartesian diver type was first used by Caswell . 9 * 11 


§ 9. Results of Compressibilities of Gases at High Pressures 

Table I 

Values of PV found by Amagat «® (value at 0° C. and I atm. = I .) 


Oxygen 


J’atm. 

100 

200 

300 

400 

500 

600 

700 

800 


1000 

o- 

09265 

09140 

ms 

1 0515 : 

1-1560 

1 2690 

1-3855 

1 5030 

1 6200 

1-7355 

15-65° 

1 0045 

0-9945 

1 0420 

11250 

1-2270 

1-3370 

1-4515 

1-5660 

1 -6820 

1-7980 

99-50° 

1-3750 

1 4000 

1-4530 

1-5320; 

1 6220 

1-7200 

1-8270 

1 9340 

2 0415 

2 1510 

199-50° 


1-8190 


1 9610 

2 0500 

2-1420 

2-2415 

2 3430 

2-4465 



Nitrogen 


/’atm. 

100 

200 300 400 

500 

600 


800 

900 

1000 

0° 

09910 

1-0390 1-1360 1-2570 

1 3900 ! 1-5260 

I 6615 

1 -7980 

1-9340 

2 0685 

■TJuJ 

1 0620 

1-1145 1-2105 ' 1-3290 

1 4590 

1-5945 

1-7290 

1 8655 

Flylfl 




1 4890 1-5905 . 1-7060' 

1-8275 

1 9545 

2 0865 

2-2200 


— 

199-50* j 


1-9065 2*0145 2-1325 . 

2-2570 

2-3840 

2-5125 

2 6400 

2-7715 

" 


Hydrogen *' 






500 

600 

700 j 800 

900 

1000 

0° 

1 -0690 1 

1-13801 

1 2090 1 2830 

| 1-3565. 

1 4150 

1 4315 

1-5045 ' 1-5775 

1 5620 1 6340 

1-6490 

1-7200 

15-50° 

1-1290 

1-1980 

1-2685 13410 

1 4890 

1-7060 

1-7760 

99-25° 


1 5135 

1 5860 | 1 6590 

1-7310 . 

1 8040 

1-8760 1-9490. 

2 0210 

20930 

200-25° 

— 

1 8840 

1 9560,2 0300 

2-1050 J 

2-1762 

2-2480 2-3200 

2-3915 

“ 


1 Ann. Phys., 1912, 37. 79. 

2 Z. phys. Chem., 1912,79, 565. 

3 Z. phys. Chem., 1913.84. 160. 

* Z. phys. Chem., 1914, 88. 13. 

5 Z. anorg. Chem., 1924. 133. 29; see also Stephenson, J. Phys. Chem., 1907, 11, 107; 
Miller, ibid., 1907, II, 392; Joseph. Proc. Chem. Soc.. 1914, 30. 254; Dawson. Ind. Eng. Chem., 
1924, 16. 160; J. Phys. Chem., 1925. 29. 1408; Johnson. J.C.S., 1931, 2523; Martin and Collie, 
ibid., 1932, 2658; Trombe. Bull. Soc. Chim., 1938, 5. 710; Thelin. InJ. Eng. Chem. Anal., 1941. 
13, 908; Oliver and Bickford. Rev. Sci. Instr., 1945. 16. 130; Donahoc, Russell, and Van der 
Wcrf, Ind. Eng. Chem. Anal.. 1946. 18. 156; Spardo, Vix, and Gastrock, ibid., 1946. 18. 214; 
Goodwin, J. Chem. Educ., 1947, 24. 511; Campbell and Dulmage, Anal. Chem., 1948, 70, 
1723. 

* Z. phys. Client.. 1913, 84. 32. 

7 Ind. Eng. Chem. Anal.. 1933. 5. 344. 

* J.A.C.S., 1936, 58. 1703: 1938. 60. 1265. 

* Phil. Trans., 1704, 24, 1597 ("baroscope"); Dubrovin. Instruments, 1933, 6, 194 (low- 
pressure gauge); Gcrmann and Gagos. Ind. Eng. Chem. Anal., 1943, 15. 285; Gilmont. ibid., 
1946. 18. 633. 

Ann. Chim.. 1893. 29, 68. 

11 Amagat says he prepared his hyJrogcn by heating “oxalic acid" with soda lime; he 
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Tabli I -continue,! 

Air 


4 /(II I OU-U I 

•5375 1 6670 I 8000 I *300 2 0600 


Palm. 

100 

200 

300 

400 

500 

0° 

15-70° 
99 40° 
200-4° 

0- 9730 

1 0460 

1- 4030 

1 0100 

1 0855 , 

1-4670 

1-8860 

1 0975 
11740 
1-5585 

1 9865 

1-2145 

1-2835 

1 6625 

20960 

1 3400 
1-4110 

1 7815 

2 2110 

i 


Carbon Dioxide 


P aim. 


0 2020 
0-2285 
0-3090 
0 6610 

0- 8725 
1 0300 

1- 5820 
i i-»u7n 


0 3850 
04190 
0 4675 
0 5425 
06600 
08145 
1-4960 
1-8040 


0 5595 
0 5985 
0 6485 
0-7100 

0- 7900 

0 8900 

1- 4935 

1 8200 


0 7280 
0 7710 
0 8230 

0 8840 
09560 

1 0385 
I 5630 
1 8830 


500 600 

0 8905 I W95 
0-9380 1 0995 


0 9900 

1 0540 
11240 
1-2005 
1 6775 


1 1570 
1-2190 
I 2900 
1 3655 

I 8120 


I 2055 
1 2590 
1 3190 
1 3825 
1 4535 
1 5285 
I 9560 


I 3580 
1 4170 
I 47v0 
1 5435 

1 6140 

1 6890 

2 1080 


1 6560 
1 7|*) 
I 7h00 
I 8475 
1 9210 
I 9990 


The compressibilities of air ■ and hydrogen 

his values for hydrogen being parocularly g d. d Witkowski arc gi'en 

low temperatures. The values found by A 0 and 1 atm. in 111), 

(with some abridgement) in tables 11 and 111 W 

Tabu 11 

Relative Volumes (Amagai). Volume ai 0 C. and 1 aim. ■1.000. 


Oxygen 


13750 

7000 

4843 

3830 

3244 

2867 

2610 

2417 

2268 

2151 


12000 

9095 

6283 

4902 

4100 

3570 

3202 

2929 

2718 


Air 



| 0- 1 

99 4 s 

200 4* 

1 9730 

14030 

— i 

! 5050 

7335 

9430 

3658 

5195 

6622 

3036 

2680 

4156 

5240 

‘ 3563 

4422 

2450 

. 3177 

3883 

2288 

2900 

3502 

2168 

i 2694 

1 3219 

2071 

2537 

3000 

1992 

2415 

| 2828 

— 

— - 

— 

™ * 

I " 



Nitrogen 


Hydrogen 

O' 1 99*25* 200 25 

1069 - “ 

5690 7567 9420 

4030 5286 6520 
3207 4147 5075 

2713 3462 4210 

2387 3006 3627 

2150 2680 3211 
1970 2436 2900 

1835 2244 2657 

1725 2093 - 

1380 — 

1194 — 


probably meant formic acid, and W r °blcwsk. lK^ 1 Freidlin. J. den. Chem. 

would contain about 20 per cent, of carbon monoxuJc . uaianun. 

U.S.S.R., 1936, 6. 868, say the method gives pure Hu live u ; anJ -140 « aUo given . 

> Phil. Mag., 1896, 41. 288; 1896. 42 1 lvalues for +» • 27 ’ 3n)# Thermodynamic 

for air at 0° to -79- to 200 atm., see Koch. Ann ^^'2 * Clausius's equation t* 28.V11 O 
functions of air were calculated from W.tkowski s data b> Liaus.us 9 

by Fouch6, Compt. Rend., 1919. 169. 1089. 1158. Tahellcn ” 5th edit.. 1923. 105. 

^ Bull. Acad. Polon., 1905, 6, 305; Landolt*Bomsie.n, TabJkn. 

1 Ann. Chlm., 1893, 29. 68. 
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Table III 


Values of PV for Air and Hydrogen (Witkowski) 


Atm. 

100° i 0° 

m 


-103 5** 

m 


m 

ES 

n 

1 air 

1 H ? 

1-367 

1-3661 

1 0000 

1 0000 

0 8716 

0-7119 

0-7180 

0 6202 
06189 


0-4679 
0-461 1 

0-3283 

H 


"> £ 

1 -3678 
1-3721 

0 9951 

1 0055 


0 7228 

06232 

B 

H 

H 

H 


* £ 

1-3691 

1-3789 

0 9897 

1 0118 



— 

0-6778 

0-7282 

0 5697 
06279 

B 

0-3447 
0 4661 

0 3272 

0 2373 

0-2065 

30 £ 

1-3704 

1-3858 

0- 9842 

1- 0181 


0 6599 
0-7336 

05417 

06327 

m 

0-2444§ 

0-4689 


a 

01997 


m 

0- 9793 

1- 0245 


0-6423 

0-7391 

EU 

0-3329 

0 4721 

0-3270 

02288 

0-1946 

51 

1-3754 

1-3996 

0-9754 

1 0309 

m 


E3 

0-2544 

0-4758 

0-3278 

0-2275 

0-1928 

«£ 

1-3784 

1-4064 

am 

m 


E3 

0 2013 

04801 

0-3296 

B 

0-1928 

70 air 

1-3821 

09701 

08158 

05937 

0 4318 

0 1989 

— 

— 

— 

— 

80 air 

1-3866 

0-9688 

08105 

0-5796 

04103 

0 2043 

— 

1 - 1 

i — 

• 

90 air 

1-3908 

m 

m 

0 5680 

03948 

- 

■ i — 

| 

— i — 

100 air 

1-3951 

0-9681 

1 0 8023 
| 0 8006 

0 5600 

| 0 3881 

I 

j — 


i 

110 air 

1 4004 

0-9690 

0 5544 

0 3877 

— 

— 


“ i “ 

120 air 

1 4065 0 9710 

0-8006 

0 5520 ! 0 3914 


i 


130 air { - j 0 9738 I — | 0-5528 j 0 3981 


. * —77* for Hj. f -104* for H,. I -147* for H 2 . § 29 atm. 

Table IV i 

Values of PV in Amagat units (/* atm.; unit mass of gas-mass of I lit. at S.T.P.). Observers: 
A = Amag.it, B = Bartlett, H-Holborn, 0=0nnes. S=Schalkwijk, ST=Smith and 
Taylor, V = Vcrschoylc, W = Witkowski. Values collected by Bartlett el al., 1930. 


Nitrogen 


Atm. 

+20° 

-25* 

-50° 

-70’ 

1 

1-0735 

0 9082 

0-8162 

0-7432 

25 

1 0685 (V) 

1 0689 (O) 

1 0695(H) 

0-8910 (H) 

0 7900 (H) 

0-7044 (H) 

50 

1 0667 (V) 

1 0668 (O) 

1 0646 (ST) 

1 0672(H) 

0 8780 (O) 

0 8780 (H) 

0-7680 (O) 
0-7672 (H) 

0-6747 (B) 

0 6680 (O) 

0 6680 (H) 


1 Bartlett, Hcthcnngton, Kvalncs.and Trcmcame. J.A.C.S., 1930,52, 1363, where values for 
75, 125, 150, and 300 atm. are also given; Bartlett, Cupples, and Trcmearnc, ibid., 1928, 50, 
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Table IV — continual 
Nitrogen— continual 


Atm. 

+ 20’ 

_ -25- 1 

-50 

-70 

100 

1 0745 (B) 

1 0737 (V) 

0-8676 (B) 

0 8677 (H) 

0-7438 1 B 1 

0 7407 til) 

0 6362 iB) 

0 62'A) till 


1 0766 (H) 

— 




1 0796 (A) 

— 



200 

1 0693 (ST) 

1 1320 (B) 

0 9151 (B) 

0-7854 tBi 

0 6823 <B» 


1 1297 (V) 

— 



400 

1 1332 (A) 

1 3467 (B) 

1 1 44 5 (B) 

1 0334(B) 

0 9477 tBi 

500 

600 

1 3468 (A) 

1 4761 (A) 
1-6098 (B) 

1-2798 (B) 
1-4186 (B) 

1 1748 IB) 

1 3159 IB) 

1 0914 lB> 

1 2331 «B» 

800 

1 6115(A) 

1 8817(B) 

1 6958 (B) 

1 5928 (B) 

1 5111 «Bi 

1000 

1- 8822 (A) 

2- 1481 (B) 

1 9600(B) 

1 8573 (B) 

1 7783 iB) 


2-1527 (A) 


_ 



1275. Amagat's and Holborn's values are interpolated from obscrvat.ons at 0* and I V -\tS. 
and at 50°. " -50% and -100 . respectively 

!boiid% -i4 «• -49 93-. Z -69 90 . ro, .he H: Ubk. UU.4*. Fa, 

SCI. Toulouse. 1891. 5. OS(*®» “f. 1 I c^rr R.nJ.. 

??■ ""t trst? 

bqq' . iw !rZ,m triden 1899 47) (CO+Hj); Ramsay and Travers. Z. pty*. Ch.m., 

and Gerver. M*., >933. 16. 745); Holborn et al.. Ann Ph s 1915. 47. .1089. . I -«• 

^ rh:; 

J.A.C.S.. 1923. 45. 2107; 1926. 48. 3122; Crommelin and Swallow. 

1924, 1. 53a (Comm. Wen. 172a); Verschoylc. Proc. Roy. Soc *9-6.111. 

Bur. Stand. Circ.. 1926. No. 279 (extcns.ve dau); Samcsh.ma , Bu ‘Pj l n f il'JZ Amuer- 
1. 41 (C 2 H 2 . to 12 atm. at 0 and 25 ); Crommelin and Watts. Proc A. H ete;u. 
dam, 1927, 30. 1059 (Conun. Leiden. 189c) (C : H 4 ): Keyes ; and Burks. /£. C.S.. '9‘ '• 49 > • 

1928, 50. 1 100 (CH 4 and CH 4 + N ; >; Sh.dci. Bull. Ckem.Sot .Japan. <928. 3. 25 (HO). N'jhort 
and Kccsom, Proc. K. Akad. Wettns. Amsterdam. 1928. 31. 410 113; £”>. *” % 

1929 189 246 (CO 53-127 atm.); Botclla. An. Fis. Quim.. 19-9. 27. 315 (CO 0 --0 . to . 
!Ss Swr. CoL Wen. 1929. Suppl. «c (Ho. H ; >. 64/ (Oa. N ; ». House and Oiio Amu 
Phys., 1929, 2. 1012; Bartlett. Hcthcrington. Kvalnes. and 1 ?™ C , a ™ C ; .'.JZ,,', t 

1374 (O 2 ); Basset and Dupinay. Compt. Rend., 1930. 191. 1295 / N ; + H; to 5.000 aim.), 
Frccth and Verschoylc. Proc. Roy. Soc.. 1931. 130. 453 (CH 4 >; Dodge. Ind Eng. Chen . 193 
24. 1353 (review); Beattie. Proc. Amer. Acad.. 1934. 64. 389; Johnston and \s ^erJA.Cy. 

1934. 56. 625 (N,0 and NO); Michels and Michels. Physica 1934. 1. 587 (N : >; Bcjutv. Had 
lock, and PofTenbcrgcr, J. Chem. Phys.. 1935, 3. 93 (C:H,); Michels and Nederbraght. Phsna 

1935, 2. 1000 (CH 4 . 20-80 atm.); Michels and Michels. Proc. Roy. Soc. 1936. 153. .-m. - 
(C0 2 to 3,000 atm.); Michels, dc Gruytcr. and Niesen. Physica. 1936. 3. 346 (C s>i« - 
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Table I continued 


Hydrogen 


Atm. 

+20° 

t 

-25- 

-50° 

-70° 

1 

1 0732 


Knmm 

0-7438 

25 

1-0887 (S) 

0 9230 (B) 

0 8307 (B) 

0-7566 (B) 


1 0889 (V) 

0 9240 (W) 

0 8330 (W) 



1 0889 (H) 

— 


— * 


1 0885 (W)** 

— 


— 

50 

1-1049 (S) 

0-9384 (B) 

0 8447 (B) 

0-7703 (B) 


1 1053 (V) 

0-9374 (H) 

0-8447 (H) 

0-7695 (H) 


1 1048 (H) 

0 9382 (W) 

0 8450 (W) 

0-7710 (W) 


1 1049 (W)** 



— 

— 

100 

1-1391 (B) 


0 8756 (B) 

0-8003 (B) 


1 1382 (S) 

0 9695 (H) 

0-8754 (H) 

0-7980 (H) 


1 1383 (V) 


— 

— 


1 1402 (O) 

— 

— 

— 


1 1 384 (H) 

— 

— 

— 


1 1464 (A) 

— 

— 

— — 


1 1385 (A)** 

— 

— 

— 

200 

1 -2079 (B) 

1 0383 (B) 

0 9411 (B) 

0-8640 (B) 


1 2054 (V) 

— 

— 

— 


1-2154 (A) 

— 

— 

— 


1 2094 (A)" 

— 

— 

— 

400 

1-3511 (B) 

1*1808 (B) 

1 0832 (B) 

1 0075 (B) 


1*3578 (A) 

— 

— 

— 


1-3545 (A)" 

— 

— 

— 

500 

1 -4240(B) 

1-2542 (B) 

1-1568 (B) 

1 0804 (B) 


1 4320 (A) 

— 

— 

— 


1 4274 (A)** 

— 

— 

— 

600 

1-4958 (B) 

1 3272 (B) 

1 2301 (B) 

1-1555 (B) 


1-5057 (A) 

— 

— 

— 


1-5006 (A)** 

— 

— 

— 

800 

1-6391 (B) 

14717 (B) 

1-3755 (B) 

1-3018 (B) 


1-6504 (A) 

— 

— 

— 


1-6450 (A)" 

— 

— 

— 

1000 

1 -7795 (B) 

1 6139 (B) 

1-5185 (B) 

1 4443 (B) 


1 -7923 (A) 

— 

— 

— 


1-7885 (A)" 


1 

1 


Holborn 1 represented his results with hydrogen to 100 atm. by the equations: 
0 o /7i'=0-99918+0-0j81613/v+0*0 s 1220/i> 2 

50° /? v = 1 - 1 8 1 1 2 +0 *0 2 1 0505/ v -f-0 -0 S 10 1 5/ v 2 
100° pv= 1 -36506 +0 0 2 12450/t;+005l240/v 2 . 

atm.); Michels, Wouters, and de Boer, ibid., 1936, 3, 585 (N 2 ); Beattie, Gouq-Jcn Su, and 
Simard, J.A.C.S., 1939, 61, 926 (C 2 H 6 ); Kelso and Felsing, ibid., 1940, 62, 3132, 3529 (hydro- 
carbons); V. Fischer, Ann. Phys., 1941, 39, 272; Kritschewsky and Levchenko, Ada Physico- 
chim. U.R.S.S., 1941, 14, 271 (binary and ternary mixtures of N 2 , H 2 , and CH«); Michels and 
Goudckct, Physica, 1941, 8. 347 (H 2 ); Michels and Wouters, ibid., 923 (He); Beattie, Ingcrsoll, 
and Stockmayer, J.A.C.S., 1942, 64. 548 (isobutene); Vaughan and Collins, Ind. Eng. Chem., 
1942, 34, 885 (CsH g , «o-C 5 Hi 2 ); Felsing and Watson. J.A.C.S., 1943. 65. 780, 1889 (hydro- 
carbons); Michels, Geldermans. and dc Groot, Physica, 1946. 12. 105(C 2 H 4 to 3,000 atm.); 
Meyers. Bur. Stand. Bull., 1948, 40. 457 (0 2 ); for N 2 see also Keyes, Smith, and Joubert, 
J. Math. Phys. Mass. Inst., 1922, 1, 191; Onncs and Van Urk, Comm. Leiden, 1924, 169 d; 
Kvalncs and Gaddy, J.A.C.S., 1931. 53, 395 (to 1000 atm.); Benedict, ibid., 1937, 59. 2224, 
2233; Otto. Michels, and Wouters. Phys. Z., 1934, 35. 97; Maron and Turnbull, J.A.C.S., 
1942. 64. 44. 

1 Ann. Phys., 1920. 63. 674. 
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Th e following figures' show .he volumes occupied by 1 volume of gas a. 
16° C. at the stated pressure when released to 1 atm. pressur . 



The intermediate values for H* at 65° are: 

p 3.000 5.000 7.0CO 

Michels. Nijhoff. and Gerver ’found VSX 
a,0°-100° and 1 to 1,000 atm. couMbe 500 atm . 

s. .rsic .. . - - »•> « 


1 

Atm. 

0’ 

25* 

SO- I 

75' 

100 

! 

«£ | 
200 

400 

600 

800 

1000 

09993 

1 0639 
11328 
1-2761 

1 4221 
1-5668 
1-7086 



1 

1 0908 
1-1569 

1 2269 

1 3703 
1-5157 

1 6593 

1 8008 

_j , j _ L* W — 

1 -2739 
1-3429 

1 4137 

1 5577 

1 7022 

1 8452 
1-9856 

i 

1-3654 

1 4358 

1 5071 
1-6513 
1-7955 

1 9380 

2 0784 


.j^j^BSSSSaSaSS^ 

1928, 50, WS; im % 136J. I3H. ^ Gnc \z.ibid.. 1906.3. 1111: .Undolt- 

CP,. Tables,” 3 . Jf, 

> Ann. Phys., 1932, 12, 562 
4 Compl. Rend., 1930, 191, 1295. 


VII A 


576 THE PROPERTIES OF GASES 

at -70° to +300° and 1-1,000 atm. were given (with charts) by Dilley. 1 Results 


found by Bridgman 2 are: 



h 2 

He 

N 2 

A 

NH, 

p kg./cm. 2 

c.c./g. at 

c.c./g. at 

c.c./g. at 

c.c./g. at 

Av c.c./g. at 

Av c.c./g. at 

30° 

65° 

65° 

68° 

55° 

30" 


13-89 


_ 

— 

-0083 

-0217 

3.000 

11-64 

12-17 

5-54 

1-29 


0 000 


10-52 

11-03 

4-77 

1 20 

+0 049 

+0-120 


980 

10-29 

431 

1-14 

0085 

0-200 


9-29 

9-73 

4 00 

1 -09 

0-112 

0-261 


8-87 

9-29 

3-77 

1-06 

0-134 

0-310 

8.000 

8 55 

8-96 

359 

103 

0-152 

0 348 


8-26 

8-71 

3-44 

1-00 

0 167 

0 380 

10.000 

801 

8-49 

3-32 

0982 

0 180 

0-409 


7-78 

8-29 

3-21 

0-964 

0-190 

0-436 

E y 

7-55 

8-12 

3-13 

0948 

0201 

0-461 


7-32 

7-96 

3-06 

0933 

IgB'S 1 . 1 yaffil 

— 

14,000 

_ 



2-99 

0920 

0217 

— 

15,000 

— 


2-94 

0 908 

mm 

" 


The compressibility of ammonia gas is shown 3 below, the values of V ml./g. 
at the given temperatures corresponding with the pressures in atm. in the table. 
The results were represented by a Bcattie-Bridgcman equation (§ 38.VII C) 
with the following constants (NH 3 = 17-031 1 ; atm., lit./mol, T=t° C.+273-13): 
R 0 08206, A 0 2-3930, a 0-17031, B 0 0 03415, b 0-19112, c 476-87 x 10 4 . 


P ml./g. 

90 

80 

60 

40 


300" C. 

29-84 

33-45 

■H 



250® C. 

27 01 

30-27 




200° C. 

24-15 

27 01 

35 40 

y f F, * y 


1 50® C. 

21-23 

23-70 

30 86 

4411 

2 J 

100* C. 

18 24 

20 28 

26-12 

36-47 

58-28 


The compressibility of helium from —70° to 200 and up to 1,000 atm. 
pressure can be represented ( PV in Amagat units) by the equations: 4 
- 70° 7 > K=0-7438 +0 0 3 5322/ > -0 0 7 4332/ >2 

-35' / > K=0-8721 +0-0 3 5296/>-0-0 7 4336/> 2 
0 ‘ PV= 1 -00059 -f0-0 3 5217/ > —0-0 7 3876/ >2 
50 / > 1'= 1-18480 +0*0 3 51043/ > — 0-0 7 35308P 2 

100' PV= 1 •3664+00j50442/ > -0-0 7 34889/ >2 
200* P V= 1 -73284 +0-0 3 47795/ , -0-0 7 225 1 8P 2 . 

1 Chan. Ma. Eng.. 1931. 38. 2S0. 

•' Proc. Amcr. Amt/.. 1923-4. 59. 173: Av gives the change of volume from the volume at 
3,000 kg./cm. 2 taken as unity. Several charactcnstic equations (van der Waals, Tumlirz, 
Keyes, Becker) were tested. The observed volumes were smaller than the calculated at high 
pressures, which “ is to be ascribed to the compression of the atoms.*’ 

3 Beattie and Lawrence. J.. 4. C.S.. 1930,52,6; Meyers and Jessup. Re/rig. Eng.. 1925, 11, 345; 
compressibility of Nr-H 2 -NH, mixtures at high temperatures. Kazarnovsky, Simonov, and 
Aristov. J. Phys. Chan. US S R.. 1940. 14. 774; Kazarnovsky and Sidorov, ibid.. 1947, 21, 1363. 

4 Wicbc, Gaddy, and Heins, J.A.C.S., 1931, 53, 1721 ( P in atm.); cf. Michels and Woutcrs, 
Physica, 1941, 8. 923 (0°-l50 s ). 
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VI RIAL COEFFICIENTS 

The compressibility of carbon ^ °‘ " 

being in Amagat units (unit mass of gas= 1 lit, at S.T.P.). 


Palm. I -50 > 


—25* 


0 


50 


I00 1 


200 C. 


1 

50 

100 

200 

400 

600 

800 

1000 


0-8162 
0 7622 
0 7264 

0 7656 

1 0285 
1-3225 
I 6100 
l 8871 


0-9082 

0 8768 
08592 
09022 

1 1403 
l 4282 
1-7153 
1 9935 


I 0000 
0 9796 

0 9745 

1 0200 
1-2487 
1-5256 
1 8064 
20827 


1 1836 
1 1826 
I 1955 
1 2561 

1 4716 
1-7378 
20144 

2 2879 


1 3671 
1 3837 
I 4062 
I 4794 
1 6963 

1 9557 

2 2244 
2 4935 


1-7336 
I 7758 
1 8146 

1 9090 

2 1380 
2 3923 
2 6602 
2 9264 


Carbon monoxide is slightly, -ore = esstbk 

sures and slightly ess .« «her temper.- 

-*» wuh co - n =- H! 

mixtures were recalculated by Fischer. 2 

by empirical equations, and these are expressed as a scries in which 

rasa ps =»-«=■ * —■ 

cien ‘7wi!!wK)+c.( !r^ivr+wr*+wi v >' + ■ , 

1 R C O £ F arc the first, second, third, lourlh. etc., tirial 
where A„ B r , C , D, t * .. sm;1 || below 1 atm. The value 

coefficients, D x , E,, and , * The use of odd exponents of 1/F adds 

IlSSP 

Rcichsanstalt use an equation in ascend.ng power, of the pressure . 

py = ,A,+BS+CS 1 +D,P t +Z' l *+ 121 

in whicltthevalue of «£«£« - g ~ t 

315; Goig, Compt. Rend., 1929, 189, 246. 

2 Ann. Phys„ 1938, 31, 531. _ „ i- HV/cnJ. Amsterdam. 

Kcesom, “ Enzykl. d.j^lh. W^.. 191 2. Z . Oum.. 1916. 

W'cfc/tr. Amsterdam, 1912, 15, 273 45- (C ■ ’ .g->i 256; Hirschfcldcr. 

91. 641; on various forms of viral equation .see : Core. Ph,L Mag.. 19.3,46. 

« * — c 

: 33. • ; — . 3». 35,. 

A.T.P.C. — 19 
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hold at very high pressures,* and an equation with many constants need not be 
accurate if the functional relation is unsuitable. 2 

If P is in m. Hg, V in lit. of gas such that V= 1 when P= 1, the values of the 

coefficients for nitrogen are: 



| 

• A, 

B, 

Cp 

0 9 c. 

1 000 

-0 61X10-J 

5-4xl0-‘ 

50* C. 

1184 

-0 015x10-* 

3-8xlO-« 

100° C. 

1-37 

+0-36x10-2 

3-15 x 10-6 


The values of the second virial coefficient B for several gases for 1 atm. 
pressure (B 0 ), with the molar volume of the ideal gas =22 4 156 lit., were given 
by van Laar. J The temperature variation of the virial coefficient B for helium 
was calculated from the Joule-Thomson effect by Whitelaw; « the virial coeffi- 
cients for helium at 2-6°-4-2° K. were determined by Keesom and Kraak.* 
Keesom and Walstra* determined the isotherms of helium at liquid helium 
temperature. 

Equation (1) is sometimes written as: 

PV-A{\+BIV+CIV*+DIV*+EIV*+FIV*). 

Thicscn 7 proposed the equation: 

p=rTp(\+O\P+02P 2 +O)P i + • • •) 

where r=gas const, per g., 1/K=p=density, and 0 lt 0 2 , 0 y , . . . are functions 
of temperature. Thus: 

Pi. Oi P. 20^-0 2 p 2 50,*-5 O x 0 2 +0 y P* \ 
f~Pf['~T • r' + _ W -r> T> >3 ■■ ■)■ 

Maron and Turnbull 8 found that over a wide range of pressure and tem- 
perature an equation: 

PV=RT+x { P+v. 2 P 2 +* y P y +*sP* 

was necessary, where: 

a l =a l +a 2 IT+a } ITK a 2 =h,/7* 2 +6 2 /r j +6 J /P, 7. y =c l /T 2 +c 2 IT<+c y IT> t 
and a 4 =(/,/r 2 + dJT*+dJT*. 

The virial equation giving PV as a polynomial in the density up to />* fails to 
represent the isothermals of carbon dioxide and ethylene in the critical region, 
and ( d 2 p/dT 2 ) t , which is negative at high temperatures over the whole density 
range, becomes positive near the critical density and temperature. 9 Similar 
results were found for nitrogen. 10 


1 A. and C. Michels. Proc. Roy. Soc., 1937, 160. 348; Benedict, J.A.C.S., 1937, 59, 2224, 
2233. 

2 Keyes, J.A.C.S., 1921,43, 1452. 

J J. Chim. Phvs., 1919, 17. 266. 

* Physica, 1934, 1. 749. 

5 Proc. K. Akad. Wetens. Amsterdam, 1934. 37. 746; Physica, 1935, 2, 37 (Comm. Leiden 
1935. 234e). 

6 Physica, 1940, 7, 985; 1947, 13. 225; correcting Onncs and Boks. 

7 Ann. Phys., 1885, 24. 467. 

» J.A.C.S., 1942, 64, 44. 

’ Michels and Gibson, Ann. Phys.. 1928, 87. 850 (Ne to 500 atm.); Michels, de Gruyter. and 
Niescn. Physica, 1936, 3. 346 (C^H.*); A. and C. Michels, Proc. Roy. Soc., 1937, 160, 348. 

»o Benedict, J.A.C.S., 1937. 59, 2224. 



COMPRESS. B1L.TY OF OASES AT LOW PRESSURES 

BenedTct- ^ 

un,,s n?j+^+<w 

where Pis in atm., Kin Amagal units (vol. of gas at S.T.P. \).Ti +- - 

and the constants are: 


n= — I 66453 
a =- 1 35938 
r = 1 1 3200 


,=0 67617 
1=091512 

M =2 06932 


i = -l 21342 
h = I07 03 


x =6 975 

Another equation used for nitrogen by Benedict : [*«\* ' l00 ° /’ll ,s ’ 

Rozen.3 for high pressures, used PV^+BP+CT. Miche.s. Wouters. and 
de Boer I * * 4 used />(P-a)=/l +pp+yp‘+*P - 

& 11. Compressibility of Gases at Low Pressures 

that at sufficiently small pressures a» gases o y > lNV0 rang cs of 

small limits ° f ££ m * and with both ranges he concluded 

nitrogen a, r, oxygen, and a^on. was'lets than 0-5 in 1.000 for the gases. 

ItathTi rangeTw-75 imn'the^dcvhttions were less than 0-2 in 

smisgiiis? 

1 -pvlwo—Ap 


I Benedict. J.A.C.S., 1937. 59. 2224. 

* J.A.C.S., 1937, 59. 2233. 

> J. Phys. Chem. U.S.S.R., 1946. 20. 333. 

- Physlca, 1936. 3.585. lg?5 g 576; Mendc |c«ff and Kir- 

5 Siljcstrdm. Ann. Phys., 1874, 151. . • - , g74 7 ,339. McndctectT. Am. 

pitschoff. Bull. Acad. Set. St. Petersb 1874. 19 . , 469. * r J ’ K ^ h j RuSS PhvS , 
a/m., .874, 2,427; 1876, 9. Ill; An=t. !*». ^ Jl5 ; Bohr. 

C/iem. Sue*., 1882. 14. 198; *«’/>'" 1883 - *’• JJV 4 jf van dcr Vcn. #«*/.. 1889. 38. 

*"• ,886 ’ 2? * 4 2L aS?* 18W 38 W. M* iW. S* .. <901 . 1. 5. 8 . : Phys. Z. 

302; Baly and Ramsay. Phil. Mag.. 1*94. 3* • , 5 6 , 

1901,2, 409; 1901.3, 1 7 * /w‘. fer. Sue.. 1904. 73. 

* /W. 7> 0 «.. ,901 ' *’ 6> , 7 ° 7 , | j 9 ?J ) , Ji 7 , ' 1905.’ 52. 705; sec also Thiesen. Ann. Phys., 
153; Z. phys. Chen,.. IWI. 37/713. 1902 * . ‘ • r.-r/t/. J. D. />/».». <7e*.. 1909. 

1901, 6. 280; Hcr.ng, M. 1906. 21 319^^el«Kl Amsterdam. 1907-8. 

II. 1. and the references >n § 15 fll D . Onnes. and Braak . I907 . 9. 

^rC^'^t^-.'^Vtt^. ^ ,907. ,00a. At: For 

He at 2-7-1 T K.. Kistcmakcrs and Kccsom. Phystca. 1946. 12. — • 
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§ 12. Vacuum Pumps 

The old types of air pump 1 had a piston and valves similar in principle to those 
of ihe water lift-pump, but the valves were much lighter (e.g. oiled silk flaps) 
so that they were raised by fairly small pressures of air. These were improved 
by Geryk by making the piston descend at the bottom of the stroke into oil, 

thus eliminating clearance and giving a much 

better vacuum. The Gaedc piston oil pump 


0 as is said, as “ backing pumps ) for the 

newer types of high vacuum pumps, some of 
which do not operate unless the pressure is 
first reduced to the order of 1 mm. or less. 
The modern pumps 3 are of various types. 
The newer types of rotary oil-sealed pumps, 
which are very compact and efficient, require 
no backing but exhaust rapidly from atmo- 
spheric pressure to 10 -3 to 10 -5 mm. with 
pumping speeds of 0*5-100 lit. /sec. They work 
on the principle 4 shown in Fig. 16.VII A. 
Fig. 16. VII A. Rotary Pump An eccentric rotor 2 rotates anti-clockwise 

in the body 1 of the pump. The rotor is 
slotted and two blades 3,3 are pressed outwards by a spring s so that they 
rotate continuously with the rotor and press against the walls of the cylindri- 
cal cavity in the body of the pump. Air is drawn through the suction orifice 4 and 
expelled through the exhaust valve 5. All working parts run in special high 
vacuum oil in an outer case, which ensures lubrication and scaling and prevents 
friction and air-leakage. Such pumps arc cither one or two-stage; in the 
latter two single pumps arc connected in scries. The vacuum is of the order 

' Rosenbcrger. " Geschichtc dcr Physik." Brunswick. 1884, 2, 124, 145 f.. 206 f. (historical); 
Auerbach, Ann. Phys.. 1890. 41. 364 (theory of piston pump); Auerbach, in Winkelmann, 
" Handbuch der Physik." 190S, 1. ii. 1316; Anon.. " Ency. Brit." 11th edit., 1911, 22, 645; 
Arndt, " Handbuch dcr phys.-chem. Tcchmk," Stuttgart, 1915, 63; 2nd edit., 1923, 83; Glaze- 
brook. " Diet, of Applied Physics." 1922. 1. 2; Schlccdc. in Stuhlcr, " Arbcitsmcthoden dcr 
anorganischcn Chcmic," 1925. 2 . ii. 1119; Veil. Rev. Gen. Sci 1928. 39. 10; Ostwald-Luthcr, 
" Phys.-chem. Mcssungcn." 5th edit.. Leipzig. 1931. 253; PingrilT. School Sci. Rev., 1940, 21, 
1078; Justi, Elekiroteclm. 7... 1943, 64. 285 (historical); Sullivan, Rev. Sci. Insir., 1948, 19. 1. 

2 Gaedc, Phys. 7., 1913, 14. 1238. 

3 Dushman, Gen. Flee. Rev., 1920. 23 . 493. 605. 672; " Production and Measurement of 
High Vacuum." Schenectady. 1922; suppl. in J. Franklin Inst., 1931, 211, 689; Dunoycr, 
" La Technique du Vide," Paris. 1924; " Vacuum Practice." 1926; Newman, " The Production 
and Measurement of Low Pressures." 1925 ; Gbtzc, " Physik und Tcchnik dcs Hochvakuums," 
Brunswick, 1926; Kaye. "High Vacua." 1927; Holland-Mcrtcn. "Die Vakuumtechnik," 
Erfurt, 1936; Mocnch," Vakuumtechnik im Laboratorium," Weimar, 1937; Yarwood, " High 
Vacuum Technique." 2nd edit.. New York. 1945; L. H. Martin and R. D. Hill, “ A Manual 
of Vacuum Practice." Melbourne. 1947; Jnanananda. " High Vacua." 1947; Dushman, Ind. 
Eng. Client., 1948, 40. 778; Wcingartncr. ibid., 1948, 40. 780; Normand, ibid., 1948, 40, 783; 
Mcllcn, ibid., 1948, 40. 787; Jacobs, ibid, 1948. 40. 791 ; Dayton, ibid, 1948, 40. 795; a French 
journal, Lc Vide, commenced in 1946. Comparison of pumps. School and Hcuse, Z. Insir., 1909, 
29, 46. For a reciprocating piston mercury pump (to 0 0001 atm.), sec Bianu, Bull. Seer. Sci. 
Acad. Roumaine, 1916-17. 5. 58; rocking crescent-shaped mercury pump (Roden pump), 
Anon, Engineering, 1909. 88, 735. 

4 See Young, " Lectures on Natural Philosophy," 1845. 256. plate xxiii, fig. 315; Fischer, 
Verhl. d. D. Phys. Ges., 1905, 7. 383; Phys. Z.. 1905, 6, 868. 
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ooo, Fischer » found that one pump reduced the pressure to 0 01 5 mm. 

sar^' — ««■ <* s 

Sp; for -e types 

feTable. “WofmeM^’u ‘"expensive and very han ^"^“ r p ™! 

S^r^vesse. andThc vapour tnade to 

1 '*"• *• ” 2; ,on ”' "" 
/*ev.. 1921, 18. 332. •«. pi., 7 ion 11. 864: Electrician. 1^!2. 

70 TaI XL ri>s.Z »^ 4 .. 7i. G^brooK. - Diet, of AppUed 

1916. 8. 48 (mentioning Gacdc); /.WJ /« ; j \o 557 ^ fkrcui. V 4 .C.S.. 1917. 39. 2183; 

1917. 7. 477 ( 2 -s.age); Crawford Ret .. 1917 10. 5 . ^ ^ ^ RuS4el . 

Baker, />/.>•!. *ev.. 1917. 10. 642 Kn,pp «W 1917. ^ jm . ^ d ,W.. 1918. 11. 

Ibid.. 1917, 10. 301; Crawford M.. . 1917. H °. 557 5 khradet r anu> ^ ^ |49 . Magnus . 
134; 1918. 12 . 70; Volmcr. Ber.. 1919. 52. 804. Z. a g • ^ ^ Qyjm , v20 , 8i 

Bcr., 1919, 52. 1194; Gchrts. Z itch*. J* , 92 ,. ,'g. 332: Opt. Soc. Amer.. 
331; Jones. Gen. Elec. Rev.. 1920. _23 *. -• > d , 922 55 , 83; Dushman. "Pro- 
1923. 7. 537; Kurth. Science. 1921. 54. ' JJjj 57 . Loosli an d Lauster. 

duction and Measurement < rf High ^^, 9 ^ 3,9 -06 ip urn ping speed); Waran./. Set. 

Z. techn. Phys ..\ 1923 4. 392; Ebert ipm PJ^ ^ Ra>e pM 

Iruir., 1923. 1. 51; Blanchard, Ann. Chmt. Anal. 1*4*. . Uauffand Buesl. Elekiro • 
Ma*.. 1924. 47. 918. 1016; Rutherford, A***""*” 92 *J * * 7 ’ n8 i” Oum.. 1924. 108. 
techn. Z.. 1924. 45 661 ; LicAr «. Lo^f. p B ars 'on S . /. 5c/. /«*.. 1925. 2. 

293 Oargc'stccl Hg vap. P^P); »030; 

formulae); Munch. Science. 1932.76 l70 ; ^^"? an _^ , .. /. Boddy> ,M.. 1934. 5. 278; 

mann and Byck. Rrv. Sci. lyjr.. .1932.* Z .. 1956, 57. 1445 .high 

Henry. Bull. Soc. Chim. B,lg.. 1935. 44. 3 • . skr ir, , 9 36. No. 9 (high vac. 

vac. pumps); Wcstin and Ramm .K. Norst • ' *■ & * ' f high fore-pressure); 

technique); Thermal Syndicate / Sc, JgJWMJ ^ on P and P Emm c,t. /. Phys. Chen, 
Abbott. Rev. Sci. Insir 194., 13. 187 jius'B ' ? 2 A 666 (theory); Anon../. Sci. 

1947. 51. 1308 (Stimson pump); JacckclZ. Noiur/orsch.. 1947.iA.oooi 

/«"•. 1948. 25. 245; Lkbmann. IM.. 1948. 25. von Brandcnstcin and 

fee. Sd. /«>r.. 1932. 3. 309 (oils. «.c.3: K'^b and Gl.mm. Mrs * ■£%;%,: K.S.S.fi.. 

ss 

and Scngupta. Indian J. Phys.. ,1945. l*. y . ncw high-speed pump); Avery 

: ioKory, Jacobi and Kappf. W. **• . 

637; «rv. *. *r, 1930. , .*>. 
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entrain air or gas (already at low pressure). The mercury or oil, etc., vapour 
is then condensed by cooling and the entrained gas pumped off by the backing 
pump. The liquid runs back into the boiler. Mercury is now little used, as 
compared with oils. 

Fig. 17.VI1 A shows the principle of a modern form (the Kaye metal pump). 

The mercury or oil is contained in the 
| * | I boiler S, heated by gas or electrically. 

□ \ \ ] The vapour rises through the tube a and 

I is deflected downwards through the 

narrow annular space ee, which is of 
the order of the mean free path at the 
working pressure. The preliminary 
A ^ y L V exhaustion is maintained by the back- 

K ' f * * I ing pump through V. The gas mole- 

o ‘ cules diffuse from H, the high vacuum 

side, which is connected by a flange 
J with the vacuum line, which must be of 

J l L_ ' widc-borc tubing (not less than 2 cm. 

/ \ J diam.), and contains a glass or steel 

| r- ^ mercury trap 1 of the form shown in 

Fig. I8.VII A, immersed in liquid air 
U to remove any mercury vapour, when 

mercury is used in the boiler. The 
gas is carried along with the vapour, 
and the latter is condensed on the 
cooled walls by an annular water 
cooler K, the liquid draining back into 
■<il - 5 5 Vi the boiler S. The gas is removed 

Fia. 17. II A. C ndcnsanon Vapour ' hrou ? h V f ,he . pump 

,. ump Any trace of vapour diffusing upwards 

is condensed by a second cooling 

jacket L and by the trap. Very pure mercury must be used and a special 

grade of oil for the oil pumps, which arc not quite so easy to operate as the 

mercury pumps, but under favourable conditions will give lower pressures. 

The pumps may be used singly or two-stage (usually of different types). The 

pumping speed may be from a few lit. to over 1,000 lit. per sec. per unit. 2 

With oil pumps no vapour trap is necessary, according to Hickman and 

Sandford, 3 whilst Mills 4 says it is. Becker and Jaycox 5 with an oil pump and 

an active charcoal trap replacing a liquid air trap obtained a vacuum of 2 x 10" 8 

mm. A solvent trap for use in evaporation with an oil pump is described by 


Fig. 1 7. VII A. Condensation Vapour 
Pump 


Baxter and Hickman. J. Franklin hut., 1936. 221, 215. 383; Mailer and Marcuvitz. Rev. Sci. 
/nstr., 1938, 9. 92 (modif. Hickman pump); Burrows../. Sei. Instr., 1943, 20. 21, 77; Hickman, 
C/icm. Rev., 1944. 34. 51 Ibibl.); Sature. 1945. 156. 635; Inti. Eng. Chan.. 1947. 39. 686; 
Brown. Rev. Sei. Instr.. 1945. 16. 316; Ray and Scngupia. Suture. 1945. 156. 636; Witty, 
J. Sci. Instr.. 1945, 22. 201; silicone fluids for use in pumps arc supplied by Dow-Corning, 
Michigan, and Albright and Wilson. Oldbury. England. 

1 For influence of traps on vacuum, see Guichard, Bull. Soc. Chint.. 1917. 21, 237; Frcdlund, 
Arkiv. Mat. Astrun. Fys., 1937. 26 A. No. 6; for spiral vane trap. Humphreys and Watson, 
Rev. Sci. Instr., 1937, 8. 263 (oil diffusion pump). 

2 On measurement of pumping speed, sec Dayton. InJ. Eng. Chem.. 1948, 40. 795 (bibl.). 

3 Rev. Sci. Instr., 1930. 1 . 140. 

* Rev. Sci. Instr., 1932. 3, 309. 

•' Rev. Sci. Instr., 1931, 2. 773. 
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outlet and .he condensed, coo ed hqu.d does no 
re-evaporate to any appreciable extent^ The g 

molecules diffusing m from the space «o « 
exhausted collide with the mercury (or oil) mole 

removed by the backing pump. The diffusmn 
pump may be modified * so as to determine gases 
evolved from a system being pumped off 

A " high duty ** mercury-vapour diffusion pump 
described by Gaede and Kecsom • dealt w. h 
130 lit of air and 420 lit. of helium per see. with 
a vacuum of 015 mm. Very large high- vacuum 
apparatus (for separation of uranium isotopes) is 
SS by Colaico and Hopper.’ Accord, ng to 
Ramsauer '.he present limit of ow^cssure of 
10-» mm. Hg might perhaps be « ended to l0 
mm. by using liquid heltum. with the : vapour 
pumped off under low pressure, for cooling .he 

'“'some of .he older pumps are s.i.l useful, a few words wil. be said about 

them in conclusion. „haust electrical discharge 

The mercury pump of Getssler ( 185 S). us«t pI0 v,dcd with a 

tubes, consisted of a barometer lut* w«h a bulb* « Thc bulb 

3-way tap and a mercury resertrotr a«a d^>> i ^ |jp was opened 

was filled with mercury. atr f*** lowered, and the process repeated. 

to thc vessel to be exhausted and th se o and is s ,ill sometimes 

A mercury pump which has been extensively u 

1 i: *. «. <» -a m*™. m. 

Mag., 1925. 50. 423 (potassium). 

3 Adam and Balson. J.C.S., . 

« Cf. Ray and Scngupta ,9 £ 155. U ^ JorJan Bur W . j. Kts 1931 

J Johnson. J. Franklin Inst., 1928. 195. 99. ^ Ana l.. 1935. 7. 391 ; Holm and 

7. 375 (Stimson pump); Chipman Metals Tech.. 1943. 10. T P-1544; 

Thompson. Bur. Stand. J. Res., \9A . . - • 750; Puddingion. ibid.. 1944. 16. 59_. 

Naughton and Uhlig. Ind. Eng. Chen,. Ana, ^ .95*). 

* Proc. K. Akad. Wetens. Amsterdam. 1928. 31. 9S> \±om 

7 Westinghouse Engr.. 1946. 6, 103. vicuum tcchnoloev. Morse. Ind. Eng. 

. Chen,. Fahr.. 1937. 10. 391 * vmtZchem. and M.. 1948. S. 3 f. 

CAem.. 1947. 39. 1064; vanous '^^h. in Winkelmann. - Handbuch der 

* Poggcndorff. Ann. Phys.. 186.. 117. 610. on the principle of Gcisslcr > 

Physik," 1908. 1. ii. 1321 (also other S^Lns™ S«gi di Natvrali Espericnre." Florence, 
had been used by the Florentine AcadMJKians. sag* 6 , 3 

1666. fol. xxvi f. LIV, and plates; see also Joule. Selenitic Pape 


Fic. I8.VII A. Vapour 
Trap 



VIIA 


584 THE PROPERTIES OF GASES 

employed is that of Topler. 1 In the Tdpler pump (Fig. 19.VII A) the gas is 
exhausted from E by alternately raising and lowering by hand the mercury 
reservoir R connected to the tube ab of barometric length. On raising R, 

mercury enters B, and the glass valve v closes 
the entrance to E by rising on the mercury, 
which also forms a tight liquid seal round 
the upper part of v. The gas in B is 

) forced out through ef and bubbles through 
mercury in the pot M. On lowering R 
a vacuum is formed in B, and as the 
mercury falls v drops and gas from E passes 
into B. The process is repeated until the 
limit of exhaustion (0 02-0 01 barye) is 
reached. The pump is tiring in use and 
involves much manual labour. In the later 
stages, R must be raised slowly, since a rush 
of mercury will drive v so forcibly against 
its seat that the tube is fractured. An 
advantage of the Tfipler pump is that the 
gas pumped off may be collected in M, 
and, if required, circulated round a system. 
For this purpose, however, the Sprcngel 
pump is usually more convenient. 

The Sprengel pump 2 is of the barometer 
type also, but differs from the Geisslcr and 
Tbpler pumps in having no upper bulb. 
Mercury is run from an upper reservoir 
down a vertical fall tube longer than baro- 
FiG. 19.VII A. Tdplcr Pump metric length, having a side tube near the 

top. The mercury breaks into columns, 
between which air bubbles are trapped and carried down, escaping under 
mercury into which the fall tube dips. An automatic form of Sprcngel pump 
is very convenient, the mercury being raised in an air-lift by a water-pump 

» Topler, Dingl. J., 1862, 163, 426; on an old type used by Swedenborg sec Gren, /. der 
Phys., 1791, 4, 407; Wiedemann, Ann. Phys., 1880, 10, 208; Ncescn, ibid., 1880, 11, 522; 1895, 
55, 733; 1896, 58. 415; 1897, 61. 414; 1902, 7, 693; Schuller, ibid., 1881, 13, 528; Greiner and 
Friedrich, ibid., 1886, 29. 672; S. P. Thompson. J. Soc. Arts, 1887, 36, 20 (historical); Usagcn, 
J. Puss. Phys. Chem. Soc., 1890, 2. 229 (P); Raps, Ann. Phys., 1891, 43, 629; 1892, 47, 377; 
Morlcy, Amcr. J. Sci., 1894, 47, 439; Wood, Ann. Phys., 1896, 58, 205; Jaumann, Z. Instr., 
1897, 17, 243 (automatic); Ann. Phys. 1897, 61, 204 (regulator); Travers, " Study of Gases,” 
1901, 3; Phillips. Phil. Mag., 1904, 8. 218 (automatic); Pauli. Z. Instr., 1906, 26. 251 ; dc Lury, 
Phys. Rev., 1907, 25, 495; Grimschl, Verhl.d. D. Phys. Ges., 1907, 9. 466; Phys.Z., 1907, 8, 762; 
von Reden, Phys. Z., 1909, 10, 316; Elektrochem. Z., 1909, 16, 98 (rocking type); lGein, 
Cornpt. Rend., 1909, 148, 1 181 ; J. de Phys., 1910,9,44; Steele. Chem. A tews, 1910, 102, 53; Phil. 
Mag., 1910, 19. 863 (automatic); Antropoff, Chem. Ztg., 1910, 34, 979; Johnson, J.A.C.S., 
1912, 34. 909; Pamfil, J. Chin,. Phys., 1913, 11. 801 (automatic); Maass, J.A.C.S., 1915, 37, 
2654 (automatic); 1919, 41. 53 (automatic); 1920, 42. 2571 (with H 2 S0 4 in place of Hg); 
Bianu, Bull. Soc. Sci. Acad. Roum., 1916, 5. 58; Stock. Z. Elektrochem., 1917, 23, 35 (auto- 
matic); Stcdman, Trans. Roy. Soc. Canada, 1921. 15, 93; Porter, Ind. Eng. Chem., 1924, 16, 
731 ; Weaver and Shepherd. J.A.C.S., 1928, 50. 1829; Taylor, ibid., 1930, 52, 3576; Williamson, 
Rev. Sci. Instr., 1932, 3, 782 (automatic); Saffcrt and Wustrow, Z. Elektrochem., 1934, 40, 
231; Puddington. Ind. Eng. Chem. Anal, 1945, 17, 592. 

2 Sprcngel, J.C.S., 1865, 18, 9 (from Odling's laboratory, St. Bartholomew's Hospital; 
the original Sprcngel pump taken by Odling to Oxford has disappeared); Gimingham, Proc. 
Roy. Soc., 1876, 25, 396 (from Crookes's laboratory); von Babo, Ann. Phys. Beibl., 1879, 3, 
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types appear almost daily, it is not at all 
to me these, and an cxpcnmentcr who has moderate 
skill in glass-blowing can easily produce an efficicn 
pip on the Sprengcl principle at very smaU 
expense. The simple hard-glass or quartz mercury 
vapour pumps with a water filter-pump backing, 
iriso perfectly satisfactory for nearly every 
purpose. The increasing tendency to use more and 
more elaborate and expensive apparatus, which is 
fostered by manufacturers and advertisers, is often 
quite unnecessary, and it is perhaps most evident 
in the field of low pressure research Many of the 
papers in the references will give valuable hints on 
making simple apparatus. ______ 

Fig. 20.VII a 7 Sprcngcl-von 

§ 13 . Vacuum Technique Babo Pump 

It is perhaps worth menuoning that thick, strong ^ ^ vio , encc whc „ 
glass vessels, such as desiccators. y ^ projected to great 

siandinc in an evacuated state, the pieces g Thev should 

an° opening above for the leading 

tube and stopcock.' unless , hc g | ass vessel is 

It is impossible to obtain a really hig possible without collapse, 

heated, whilst exhausted, to the highes ttempe P § 6I n); if part is 
in order to drive off the condensed film driv '. n ol r ,h c glass melted. 

tsTn d ^d\^^he g aiing the 

heated in a vacuum, 

738 (with figure); Narr. Ann ™>l\ 1 ^K^^An^PhlT! I 894. 53. V^WOI. 6. 
mittent type); Wells. Ber., 1891. 24 1037 KjWbau . . b 29 |316 ,2-fall von Babo 
590 (modified von Babo type); Kra^ Ber . I» 5 - »• - "J pll ' vi % l89 7. 60. 82: 1898. 65. 
type); Boltwood, A me r Chon J., 89. . . ^ lic); Don | c> z. Insir., 1900. 20. • ». 

476 (2-fall type); Friedrichs. iW., 1897, 62. 383 ( > Ro th. and S i c dlcr. Z. onorg. 

Ann. Phys., 1903. 10. 313 (automat* wn tobo ‘ype). ™ - • mks 1907 . 41 . 140: 

1 932, 135, 5 1 2 (continuous) ; Castro. Bull. Soc. Encourag. ina. 

Ckem. and Ind., 1947 H6 (mod.ficd Sprcngcl). ObcrhotTer. ibid.. 1919. 43 705 ; 

. Chem. Zig., 1910. 34. 1342. and Rep .18 II . Beutell and U ^ phys .^ hcm . 

Greiner and Fncdnchs. Z. angew. Chon., 1921. 34. 1 . 40 . 

Tcchnik." 2nd edit., 1923, 90. ,cri 193** 51 1064; Mann. ibid.. 1953. 

2 Lehmann. Ann. Phys., 1902. 7. I; Gibson. J.S.C.I.. 193.. 51. 

52, 13; McDermott, ibid.. 1933. 52.82 Vacuum. ' Schenectady. I"” 15* f- 

s Dushman, “ Production and Measurement of Hign 

19 * 
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in a bulb cooled in liquid air, introduced by Dewar, 1 * * is a well-known adjunct 
to high-vacuum technique; silica gel has also been used. 

If the vessel exhausted has eventually to be sealed off, a constriction in the 
tube is necessary; a bore of 3 mm. is the widest which can be sealed off under 
vacuum in the ordinary way, but with special sealing devices a maximum bore ot 
1 cm. can be sealed. 

Special thick and soft rubber tubing is used for high vacuum connections, 
the ordinary “ pressure tubing ” used with water pumps is not suitable. Pauli 
made the rubber tubing vacuum tight by bathing it (externally) m a molten 
mixture of picein and lanoline, hanging it up, and carefully brushing it over 
with a flame. Painting with ceUulose lacquer (which must not crack on bending) 

can also be used. The tubing should be dried out in 
a warm cupboard for a few days before use. 1 

Willard 4 used a valve consisting of a glass capil- 
lary sealed by a graded seal into an outer quartz 
Fig. 21. VII A. PjO s Tube tube: the glass was closed by melting, heating being 

effected outside the quartz tube, and opened by 
blowing out with gas pressure while soft. A mercury trap obviating stopcocks 
was developed by Stock, 5 and a grcaseless stopcock by Ramsperger. 6 

Very useful practical hints, including making joints, glass-blowing, etc., in 
connection with vacuum pumps, are given by Zehnder. 7 Usually, a P 2 0 5 
drying tube, of horizontal type (Fig. 21. VII A), which may be provided with a 
stirrer, 8 is included between the pump and the system evacuated. Various 
pumps for circulating gases arc described. 9 

A hemispherical ground glass joint for vacuum systems was described by 
Rubens and Henderson, 10 flexible metal tubes, and metal joints and valves for 
vacuum by Duran, 11 and a non-lubricatcd all-glass vacuum valve by Vaughan. 12 

1 Dewar. "Conferences. Special Loan Collection of Scientific Apparatus" (South 
Kensington Museum). 1876. 155; Proc. Roy. Soc., 1904. 74. 126; Claude and Uv y, Comp/. 
Rend., 1906. 142, 876; Merton. 1914, 105. 645 (finely divided copper); Dushman, 

Gen. Elec. Rev.. 1921, 24. 436; "Production and Measurement of High Vacuum, 1922, 
123 f. (also calcium, etc.); Collie, Proc. Phys. Soc., 1934, 46, 252 (charcoal and liq. H*); 
Zamcnhof, Physica. 1939. 6. 47 (charcoal ; silica gel). 

* Z. Instr 1910, 30. 133. 

) Mundcl, Z. phys. Chcm., 1913, 85, 435. 

4 J.A. C.S., 1935,57.2328. „ A 

i Stock and Pricss, Ber., 1914. 47. 3109; Stock. Z. Elek/rochem., 1917, 23, 33; 1933, 39, 
256; Ber., 1925, 58, 2058; Bodcnstcin, ibid.. 1918, 51. 1640; Wolf and Rcichcl.Z. Elcktrochem., 
1933, 39, 143; Schumb and Crane, J.A.C.S., 1936, 58, 2649; Burg and Schlcsingcr, ibid., 1940, 
62. 3425. 

» J.A.C.S., 1929, 51, 2132; Ycc and Reuter, ibid., 1931. 53. 2645 (grcaseless diaphragm 
valve); Lockcnvitz. Hughes. Lipson, and Olcwin, Rev. Sci. Instr., 1948, 19, 272 (bellows 
valve); Kuric. ibid., 1948, 19. 485 (seals and valves). 

7 Lehmann, " Physikalischc Tcchnik," Halle, 1885; Zehnder. Ann. Phys., 1903, 10, 623; 
Monch, Chem. Ztg., 1936. 60. 465; Burrows. J. Sci. Instr., 1943. 20. 21. 77. 

* Moles. An. Fis. Quint., 191 1. 9, 214: Dennis. J.A.C.S., 1925. 47, 797. 

9 Rubber-tubing pump. Pr>tz. Z. Instr.. 1905, 25. 193; Rollctt, Z. phys. Chem., 1942, 191, 
251; water pump, Fischer and Ringc, Ber., 1908. 41. 2017; mercury pumps. Licbcrt, Chem. 
WcekbL, 1911, 8. 342; Schccl and Hcusc, Ann. Phys., 1913, 40, 473; spiral tube pump, von 
Wartcnbcrg. Z. Elektrochent., 1913, 19, 482; electromagnetic circulating pumps, Livingstone, 
J. Phys. Chem.. 1929, 33, 955; Brenschcdc, Z. phys. Client., 1936, 178, 74; Marshall, J. Sci. 
Instr., 1947, 24, 192. 

10 Rev. Sci. Instr., 1939. 10. 49. 

ii Z. Phys., 1934. 89, 143. 148, 152. 

‘2 Rev. Sci. Instr., 1945. 16. 254; for vacuum valves, see Gcissmann, Phys. Z., 1943, 44, 
268; for a widc-borc high-vacuum cut-off, Schmitt, Rev. Sci. Instr., 1937, 8, 68; a " vacuum 
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Seals between porcelain and metal are descnbcd by Schad. and_P>rex glass 
seals by Fraenckel. J The nickel steel called kovar is used for seals into glass 
Rubber tubing and stoppers which have stuck to glass tubing may be softens 
and removed after heating by passing steam through the 6 la5S 

Adsorption of water vapour on glass is prevented by covering the glass v . ith a 
hydrophobic unimolecular film by washing with a 0-05 per ctn ^' ol “ '“ n “ 

“ Cetavlon." 5 Testing for leakage in high-vacuum systems may be carried out 

W 's^iwiT| a mercury-sealed stopcocks are generally used for vacuum work ’; 
a stopcock with the conical barrel inverted to withstand internal pressure 

without blowing out was devised by Dixon and Edgar. called 

Many varieties of tap greases or lubricants have been u«d_ The so«al 
••Ramsay lubricant" is blended from rubber and vaschnc.’ Travers teued 
2 parts of soft rubber clippings. 1 part of vaseline, and ■ P a " ° f h Z,ml and 
wax in a basin on a sand-bath, stirring until the rubber d “ ol ' ed - L ” , 
Goubeau » heated purified beef suet at 150' for 30 minutes added an icqual 
weight of Para rubber, heated at 150’ till homogeneous, and the a -200 1 for 
2 hours. For exposure to chlorine, etc., a paraffin-base grease may be heated 

Srr!*1^™5l',^W(Moprocks.vahci:civ-fi Gamer! 39. ^^T^nij : ial-8*a»^lm: 

T ''?SprJh7aah 1938. 7lf li£i ritolo mclal. Buuolph J I.Og See. Arner.. 1*5. II. 549 

Rev., 1934. 45, 556; Weber and Baaon. Rev. Sei. hw. 193’. *. I o, * ^ „ jlh 

13 267’ with a scaling glass. Dale and Stanworth. J. Soc. Ola si •• 

Wood s' Visible ireUl)*N?ach. Z. Ins,r.. 18,3. ,3.428. ^ 0 , 0 ^ 0^5^^ IWJ . f • 
Lux. Z. anarg. Chen,.. 1935, 226. 21 ; for glass «o porcelain. Sue / 1u I .So r < Inn, .vao 
» Scott, J. Franklin Ins,.. 1935. 220 733; on i scaling me als^o gU* ***"{ . . 

Soc., 1912. 24. 95 (metals to glass); SchalkrZ/mr. 1914 : M. * 

quartz, seals for metal wires); vacuum-t.ght lead seals ,n glass an^ lua 

Sac.. 1914. 26. 127; McKclvy and Taylor J.A.C.S 19-0. 42 . M J*' ” 2 877; for some- 
sealing base metals in glass. Scott e, al.J. Amer J- , 9 ^' ,8.138; dc Laszlo. 

practical recipes for platinising glass, sec Taylor. Opi. So • • apparatus. 

J. Set. Insir., 1933. 10 . 296 (copper to glatt *ut*s). , for vacuum ,o^ m 
Archer, J. Sd. lns,r.. 1936. 13. 161: Rinck. Bull. Soc. Chun. .1937.4. ' Wttgtu ^ 

for glass to metal joints (theory). Rcdston and Stanworih. • G • .. Discuss j on 

Douglas, ibid.. 1945. 29. 92; for copper mirrors. CtalU«aM- CS.. I9C IS 93 - ^ (if|c|||di 
on the Making of Reflecting Surfaces.’ Physical Society an P '• - - * „ d j narv g| a< * 

silvering); Eyber. CW Z*. 1927 SI 4; Barnard "ubing 

and silica working. Threlfall. - On Laboratory Am. 1898. onmXhm ?5 

by coppering and soldering. Onncs. Proc. K. AkaJ. Weens. Amu, mam. 

1947, 36. 70. 

• Norrish and Russell. Nature . 1947. 160. 57. 

6 Jacobs, Ind. Eng. Chen,.. 1948. 40. 791. , o -KaihIv JACS 1915. 

» Thiele and Eckard, Ann. Phys.. 1901. 6 . 428; Randall and Bichowsky. J.A.C .i.. 

37. 137; Trivelli. J.S.C.I., 1928. 47. 496R. , . 

• Dixon and Edgar. Phil. Trans.. 1905. 205. 169; Randall and Buhow^ky . / c- ^ 

• Shepherd and Ledig. Ind. Eng. Chen,.. 1927. 19. 1059: Z.ntl and 

Chen,.. 1927. 163, 105; Boughton. J.A.C.S.. 1930. 52. 4858: Cacc.apuoti. Rn.ua \u<n 
1943, 1 . 56 (various). 

>o "Study of Gases." 1901. 24. 
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in chlorine, 1 e.g. a mixture of 3 parts of stearin and 2 of paraffin for 4-5 hours in 
chlorine at 150M80 0 , and then for a day in vacuum at the same temperature. 
“ Perchlornaphthalene ” can be used with chlorine and bromine at higher 
temperatures. 2 “ Apiezon ” oil can be blended with rubber. 3 For corrosive 
substances, deliquesced phosphorus pentoxide can be used, the dry tap barrel 
being dipped into P 2 0 5 and then breathed upon. Various lubricants with 
metaphosphoric acid base have been proposed. 4 In contact with grease- 
solvents (e.g. benzene) lubricants such as treacle, 5 fused dextrose and glycerol, 6 
a mixture of dextrin, mannitol, and glycerol, 7 a mixture of concentrated sul- 
phuric acid and aluminium sulphate,* etc., and amalgams on silvered stop- 
cocks, 9 have been used. 

Faraday’s 10 cement consists of 5 parts of resin, 1 of yellow wax, and 1 of red 
ochre melted together; for higher pressures, half the amount of wax is used; 11 
it is softer if more wax is used. Roth 12 cemented Cailletet tubes with a mixture 
of 2 parts of resin strongly heated, into which 1 part of cuttings of old rubber 
tubes or stoppers was stirred. Marine glue 13 contains rubber, petroleum and 
asphaltum, Chattcrton's compound and dc Khotinsky cement are special 
preparations. Of sealing wax, the black English variety is the best. 14 Picein 15 
is a black pitch-like cement, but rather soft for pressure sealings. Glass to 
metal joints 16 are necessary in pressure work. 

§ 14. Low-pressure Manometers 

The simple U-shaped manometer for oil.a-bromonaphthalene, mercury, etc., 
needs no description; 17 some special types will be described in connection with 

» Wourtzel, J. Chim. Phys., 1913, 11, 29; Bodenslcin and Dux, Z.phys. Chem., 1913, 85, 297 
(beeswax and lanoline chlorinated at 150®); Biltz and Mcincckc.Z. anorg. Chem., 1923, 131, 1. 

2 For higher temperature lubricants, see Puddington, J.A.C.S., 1943, 65, 990 (metallic 
soaps); silicone greases for use at higher temperatures (Dow-Coraing, Michigan; supplied in 
England by Edwards), Bass, Chem. andlnd., 1947, 171, 189; various authors, Ind. Eng. Chem., 
1947, 39. 1364 f. 

* Slcc, Chem. Trade J., 1932, 90, 380; for greases (aliphatic diesters+lithium stearate, etc.) 
for low temperatures, see Hain, Jones, Merkcr, and Zisman, Ind. Eng. Chem., 1947, 39, 500. 

4 Bodenslcin and Fink, Z. phys. Chem.. 1907, 60, 1 ; Wohler, Pluddcmann, and Wtthlcr, 
Ber„ 1908, 41, 703; Stephens, J.A.C.S., 1930, 52. 635; Boughton, ibid., 1930, 52, 2814; Pinkus, 
Bull. Soc. Chim. Bclg., 1934, 43. 462. 

5 Mollcr, Ann. Phys., 1902, 7, 256. 

6 Tyrcr, J.C.S., 1911,99, 1633. 

7 Mclochc and Fredrich. J.A.C.S., 1932, 54. 3264. 

» Traubc, Ber., 1913, 46. 2513. 

* Boughton, J.A.C.S., 1930, 52. 2421, 4335. 4858 (various); Francis. Rev. Sci. Instr., 1933, 
4, 615 (various); Wagner, Oesierr. Chem. Zig., 1940, 43. 229; Herrington and Starr, Ind. 
Eng. Chem. Anal.. 1942, 14, 62 (starch and glycerol). 

10 Faraday, " Chemical Manipulation,” 1842, 489; Phil. Trans., 1845, 135, 155. 

n Bradley and Browne, J. Phys. Chem., 1904, 8, 37. 

•2 Ann. Phys., 1880, 11, 1. 

11 Heat 10 pts. asphalt and 10 pts. gutta-percha at 150°-180*and stir well. Add a little 
powdered resin, 1 pt. oil of turpentine and 1 pt. of coal tar. To soften, stir in some asphalt 
varnish mixed with turpentine. 

« 4 Mundcl, Z. phys. Chem.. 191 3, 85. 435; white sealing wax is often used for pressure joints. 

15 Walter, Ann. Phys., 1905, 18. 860. 

>6 McKelvy and Taylor, J.A.C.S., 1920. 42. 1364 (bibl.); Dundon .ibid., 1923, 45, 716; 
Meyers, ibid., 1923, 45, 2135; Ridyard, ibid.. 1924, 46. 287; on brass-glass joint with sealing 
wax, McBain and Britton, ibid.. 1930, 52, 2198; on fixing tubes in Cailletet apparatus, Bradley 
and Browne, J. Phys. Chem., 1904. 8. 37; Cardoso, J. Chim. Phys., 1912, 10, 470; calibrating 
tubes, Hulctt, Z. phys. Chem., 1900, 33, 237; see the section on critical constants, § 4. VII B. 
For laboratory waxes and cements in general, sec Walden, J. Sci. Instr., 1936, 13, 345. 

17 Sec § 7; Travers, ” Study of Gases," 1901, 141 ; Auerbach, in Winkelmann, “ Handbuch 
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4 low-pressure manometers 

sr?£S2r=. B!f=St‘SS 

absolute manometer, Pirani gauge, etc ) for t*o> 
low pressures are described in Section VII J. 

A much-used manometer for low-pressure meas- 
urements is the McLeod gauge > In ** “g** 
form this consists of a glass bu b A (Fig. 22 V UA) 
of known volume (e.g. 500 ml.) surmounted by a 
graduated capillary tube «. also of known vo umc 
and each division corresponding with 0 001 ml. 

The bulb is connected below by a long vertical g'ass 
tube and rubber pressure tubing with •>»«»* 
reservoir B. From the tube at I b below the bu b A 
a side tube branches into c and d, joining again at 
e, which is connected with the vessel in which the 
pressure is to be measured. The tube c, which i 
close to and parallel to «. may also be graduated 
or (usually) backed by a graduated scale When 
the reservoir B is raised a volume of gas at the lo 
pressure x is trapped in A and the mercury then 
rises in the bulb and in the tubes c and c/. The gas 
in A is then further compressed into the capillary a 
and its volume is read off. Suppose it is «'-0-010ml. 

The level of the mercury in c (and d) is higher than 
that inn; suppose the difference of level is 8 -» 

Then Boyle's law gives Sx K**x«, therefore . 

8(n/K)-5-3x(001/500)=0 000l06mm. Pressures 

S^c^r^t^S.'^nc and Bankowski > found the 
dcr Physik,” .908, 1. U. 131.; Dushman. " 

Schenccudy. 1922, 86; Arndt. “ The Production and Measurement 

® «• ,o "- ,o5o; Rms ' 

no; a-6* KST 

Ramsay, Phil. Mag., 1894, 38, 301, Brush . ,bl •• * ' 19 q 5 33 4149; tiering . Ann. Phvs.. 

Ann. Phys., 1903, 10. 623; Wohl and Losan **• > 7. C Ln. Phys.. 1908.6. I: 

1906, 21. 319; Ubbclohdc. of moiimJc): Gacdc. .Inn. Phys.. 1913. 41. 

Guichard, B«//. Soc. CAim., 1911.9.435 (infl 302; Dushman, Gen. Elcc. 

289; Rciff, Z. Insir., 1914, 34. 97;*uley. Chan Sens and Taylor. J.A.C.S. . 

Rev., 1920, 23, 731, 847; Hay. * 469; Duflendack and Schaefer. .M- 

1924, 46, 1393; Hamnglon, J. Opt. ^ Amer V 9.4 SflV/Iff> 1928. 68. 38; Clarke. 

1924, 9, 689; Shirai. Bull. Chem. Soc. Japan. \ 9-o. • 2 937 , dtm permanent gas 

7. Sri. Ins,r.. 1928. 5, 126 (caUbraUoo); *,«. 1930. 13. 9.5: 

in condensible vapour, e.g. air in H 2 0 vapour). B . J56 s6; Boolh> /„*/. 

Hickman, J. Phys. Chem., 1930, 34. 627; Pearson, . . • • (calibration): Mac- 

Eng. Chem. Anal.. 1932. 4. 380; Ramaswamy Ph,l Mag ..™ ^ l0 534; Reevil. 
Dougall, J.A.C.S., 1936, 58. 2588; ^9 (measuring small volumes); W- 

Errmgton, and Newman. Rev. Sci. /nrfr., <941, . ig ,* , 7 553- F| 0 sdorf. C/iew. A/tf. £«?-• 

Chem. Anal.. 1942. 14, 542 (olive oil); U Kc.KM .WS.il very complicated 

1945, 52. No. 11, 102; Balson, Trans. Faraday Soc.. . • ) d Q f mercury, sec 

set-up with Apiezon-B oil displaced by a plunger in a 300 ml. bum. msica 
Bannon, Rev. Scl. Insir., 1943, 14, 6. 
i Naiurwiss.. 1934, 22. 10. 
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capillary depression for mercury in 30-mm. tubes only 0*002 mm., and in 
40-mm. tubes it was less than 0-0002 mm. The McLeod gauge may be made 
more compact 1 by dispensing with the long vertical tube and levelling bulb and 

replacing them by a vessel of mercury which 
/"’"'N is connected with an air pump for reducing 
the pressure; by cautiously admitting air to 
O this vessel the mercury is driven from it into 

/— / / U the bu,b a and tubes c and ^ 

/ / The manometer and mercury must be very 

|| / clean and dry. The effect of the vapour 

II pressure of mercury and of grease on joints, 

/ y Jl etc., in the use of the McLeod gauge requires 

/ N careful consideration. The vapour pressures 

/ I remain constant during the compression into 

\ ) a ’ arc tbe ordcr mm * and tbe 

[ same on both sides of the mercury in a and c, 
II n hcnce lhe P ressurc reading gives the perma- 

U dfl nCnl ^ as P rcssurc only. The tota l pressure 

II | || in the apparatus, however, includes the mercury 

\\ (is I pressure, which has the following values about 

i i 0 S „| B room temperature: 2 

A I Nj b ||* f*C. 0 5 10 16 20 25 30 

pmm. 000019 0-OC025 00005 0 0012 0 0013 0 0017 0 0029 


Fio.23.VH A. Vacuoscopc 


or is given by the formula: 


15*24431 — 3623 -932/7' — 2 *367233 log T. 


By careful drying of the manometer and gas, pressures of 10" 5 mm. can be 
measured quite exactly. 3 

A combination of a McLeod and membrane gauge was used by Yamasaki 
and Yosida. 4 The sticking of mercury in the closed capillary of the McLeod 
gauge at pressures below 10 -3 was studied with tubes of various materials and 
forms by Hagen, 5 who utilised it to measure low pressures. A combination of 
a McLeod and Pirani gauge was used by Pfund 6 and Cox. 7 Klayrfeld, 8 
with a McLeod gauge and an electric discharge tube, measured pressures down 
to 5x 10~ 8 mm. 

A convenient manometer using the principle of the McLeod gauge is the 
vacuoscope 9 (Fig. 23.VII A), a small glass gauge into which 8-13 ml. of pure 


' Ubbclohdc. Z. angew. Chcm., 1906, 19. 753; 1907, 20. 2172; 1908, 21, 976, 1454; Hart- 
mann, ibid., 1908, 21, 439; RcilT. ibid., 1908, 21, 977; Druccker, Jimcno, and Kangro, Z. phys. 
Chcm., 1915, 90. 513; Underwood. J. Opt. Soc. Amcr., 1929. 19. 78; Martin. Phil. Mag., 1930, 
9. 97; Peters and Lohmar, Z. phys. Chcm., 1937. 180, 58; Bourstcin, Zavodskaya Lab., 1946, 
12, 382. 

* Hertz .Ann. Phys.. 1882. 17. 193; Kaye and Laby. “Tables of Physical and Chemical 
Constants, 1948, 55; the values given by Rcgnault, Mem. Acad. ScL, 1862. 26, 339 (506) 
arc much larger, those of Morlcy. Z. phys. Chcm., 19W. 49, 95. arc somewhat smaller, than 
Hertz s (the value at 16 given is from Morlcy); Knudscn. Ann. Phys., 1910, 33, 1435. 

! Schccl and House. Vcrhl. d. D. Phys. Gcs., 1908, 10. 785; 1909, 11, 1 ; Z. Insir., 1909, 29, 14. 

4 Proc. Phys. Math. Soc. Japan, 1933. 15, 400. 

* P ph S ' Z a R ' cgcr> Z ,cchn - Phvs > ,92 °. 1. 16; Simon, ibid., 1924, 5, 221. 

mV,, l /il, lo # 7o. 

7 J. Opt. Soc. Amcr., 1924. 9, 569 (to 10~’ mm.). 

8 J. Russ. Phys. Chcm. Soc., 1925, 57, 129 (P). 

° Von Mc>crcn ' z ■ P*r>- 1932, 160, 273; for similar appara.us, see Karrer, Phys. 
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mercury is introduced, with the ap^tus ^horizonu,, through 

2s£SS§H£§grK£5 

rS'^K^onsun, dean be graduated to read the 
pressure (from 0 005 mm.) directly. The total 
pressure is shown, as with the McLeod gauge. 

A manometer for low pressures suggested 
by Langmuir » used the damping of the vibra- 
tions of a thin (0 01-0 001 mm.) quartz fibre 
fixed at one end, or of a bifilar pendulum of 
two thin quartz fibres supporting a small 
weight. Knudsen used a small glass sphere 
on a quartz thread; if P = frictional force on 
surface moving with a tangential velocity of 
1 cm./sec., gas pressure in dynes/cm. . 
r=absolute temperature, A/= mol. wt. ot gas. 
then A/= 522-25 xlO^ />//>)’. A vibrating 

quartz plate or horizontal rod suspended _b> Manometer 

a quartz thread has also been used.- The Fio._4.Mi a. kj.m 

SS&SE 

on the flow of heat across the space in _• • when 

apparatus; the by Heis * 

rod hanging front a flbre suspension, .the an 

a r"per,ments on Boyle's .aw a. tow pressures,^) Rayleigh » u*d 

(for the range 002-1 -5 nvrnO the , ad scaled glass 

indicated pressures to 1/2000 mm. Hg. 1*0 duid> » 

«e,. ,915. 6, 49; /.d.C.S .9.8. 40, 1£ )S M 

1925, 47. 709; Hartthough. ^ZaToJska.a Lab.. 1946. 12. 831 

Chlm., 1927, 41, 1244; Moser. Phys. Z., 1935. 36. I . y rUktrochcm., 1914.20. 

» Langmuir. J.A.C.S.. 1913 .: Phvt ft-SJ 1915.39. 763 (dim. of mol. wts.l; 
296; Knudsen, Ann. Phys., 1914. 44. 525. ^wt. P • 19 -*i « 5 1537 , can be used at 

Hcnglcin, Z. anorg. Chcm.. 1922 1 23. 137; Coo ijj. ■ - 49 ioi : King. Proc. Phys. 

v.;: 53?i». ”• -* ' 

a™'. sac. .9=5.38, so; NihHhore. A.oPI,, 
Polon., 1935, 4. 85; 1937, 6. 19. 

3 Herzog and Schcrrcr. Helv. Phys. Ada. 1933. b.z • . b ,., ncc ) 2 x I0~ 4 mm., see 

H b; biU0 '“' 
K “m an C c ! mu' m. ™ PZZ'm*. 

713; 1902, 41. 71; 1905. 52. 705: Kg. ?-Vs ,908. 30. 1219; Schccl 

89; Morlcy and Brush. /Imcr. 7. 5«.. 190_. 13. 4 ; ■ " . . - ibi j 1910 . 31. 423; 

and Heuse.Z. Insir.. 1909. 29. 344; Ann Phys.. 29. W. Ma*r • ^ ^ z 

Miindcl, Z. phys. Chem., 1913. 85. 4 ” ;F, ^ ran , , 9 ,' 9 ,, 321 Schifcaia and Mori. 

sasr&iKis tssv »v — - *»*• 

Chcm. App., 1938,25, 321. 
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points which at L and L' supported a small table M. The bulbs were con- 
nected with two vessels, between which the pressure difference was measured, by 
tubes C and C\ By suitably inclining the whole manometer, the mercury levels 
in B and B' were brought to the glass points, and from the angle of tilt, measured 
by reflexion from a mirror attached to M, the pressure difference could be 
calculated. In the second apparatus, pressures of 75 mm. and 150 mm. were 
exactly maintained by contact of mercury with glass points 75 mm. apart. 
Hering 1 used a modification suggested by Paschen in which, instead of tilting 
the gauge, an electric contact is screwed down until it touches the mercury and 
makes a circuit. 

In Rayleigh's manometer the platform M, carrying the mirror at right angles 
to its plane, was supported by three points L L\ two on one bulb and one on the 
other, fitting into three holes in the platform. The mirror, stand, and mano- 
meter were rigidly fixed to a board which could be rotated on a horizontal axis 
parallel to the face of the mirror, lying approximately in the mirror surface and at 
about the middle of the height of the operative part of the apparatus. This 
very simple apparatus is capable of giving results of great precision with suitable 
care in manipulation, and could find more extensive use. The form described 
by Schcel and Hcusc has perhaps the most convenient equipment for tilting 
the apparatus. 

§15. Charles's Law 

The expansion of air on heating was demonstrated by the bubbling of air 
from a bent tube with one end in water and the other connected with a globe 
of air by Philo of Byzantium (250 b.c.?) 2 and Hero of Alexandria (a.d. 50); 3 
the latter made use of air expanded by healing to perform curious tricks, such 
as opening the doors of a temple when fire was kindled on an altar containing a 
concealed air vessel, the expanded air driving water into buckets drawing on 
cords. Experiments on expandine air arc mentioned by Baptista Porta 
( 1 589), 4 Galileo ? (1603), Cornelius Drcbbcl (1608),* and Fludd (1617). 2 Van 
Helmont » used an air thermoscope to indicate changes of temperature. 
Amontons 0 found that equal masses of air gave changes of pressure at constant 
volume in the same ratio at two temperatures, whatever the initial pressure, so 
that the same rise in temperature produces the same increase of pressure at 
constant volume. He calculated that air would exert no pressure if cooled 
below the freezing-point of water by about 2-V times the range of temperature 
between the freezing* and boiling-points of water (i.c. at — 250' C.; Lambert 10 

i Ann. Pins.. 1906. 21. 319; ct Miindtfl. ref. 5. P- 591. 

* In Hero of Alexandria. " Opera.'* edit. Schmidt, Leipzig. 1899, 1. 474. 

’ Hero of Alexandria. " Pneumatica," lib. li. cap. 8; ** Opera,” edit. Schmidt, Leipzig, 1899, 
I. 225. 

4 " Magia Naturalis." Naples. 1589. lib. xix. cap. 3: Leyden. 1650. p. 635. 

5 RoNcnbcrger, "(icschichtc der Phvsik." Brunswick, 1884, 2. 18; Taylor, Annals of Sci., 
1942. 5. 129. 

* ” I in kur/er Tractut son der Natur Der Elementcn Leyden. I60S, fol. ago; Burckhardt, 
Ann. Phvs.. 1868. 133. 680: lloefer. “ Histoire dc la Chimic,” 1869. 2. 12S; Jaeger. ” Cornclis 
Drebbcl cn /jn Tijdgenooten.” Cironmgen. 1932; Tierie, ” Cornells Drcbbcl," Amsterdam, 
1932: Gibbs. Annals of Sci.. 1948. 6. 32. 

7 " Utriusquc Cosmi Majoris . . . Hisioria." Oppcnhcim. 1617, 203-1. 

* ” Ortus Medieinae," AniMerdam. IM8. M; Partington. Annals of Sci., 1936. 1, 359. 

’ //«'• AenJ. Sci. (Pam). 1699. 101 : 1702. 1 ; 1703. 6; Mem. AcaJ. Sci., 1699, 1 12; 1702, 155; 
1703, 101 ; Hauksbee. ” PhyMco- Mechanical Experiments." 1709, 170; Dc Luc, “ Rccherchcs 
sur les Modifications de I'AimoNphcrc," Geneva. 1772. 2. 60. 

"> " Pyrometrie. oder vom Maasc des Feucrs und der Warme," Berlin. 1779, 29, 40, 74; 
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w„„. — m*~» «** f T Z.'&ZZZXZZ ? is 

Jro " at -274'). Boerhaave ■ concluded ,ha^ mro^ ^ samc dcgrce 

of the same density, is always expa proportional to the augmenta- 

of fire; so that these expansions ... are aiwa>s P y 

tion of heat.” ^Tivriment ” concluded that " fixed and 

ESVZ& law* of equal expansions was proved by Char.es * in .7.7 
and Volta * in 1793. giving different expansions 

Dalton 6 in 1801 suspected that ‘he expenmen.sp J and hjs own 

for different gases t V, A% ed e ^ t “|“ds. underThe same pressure, expand 
experiments showed that all elasuc • , fa conlain i ng ,hc dried gas 

equally by heat.” Gay-Lus»c * » « & ™“ ur> . to confine the gas. The 

with a long narrow neck contain i g P and lhen in boiling water, 

bulb and tube were laid honzontaUy in melung ice of mcrcur) , 

and the increase in volume found from the movement °/ b Gay . P Lussac sla .ed 
allowance being made for ** “f*™* ion , Ling the increase in volume at 

in temperature as a fraction of the initial volume 

a, °’ C ' : V,-W+*0. .-. ••••'" 

where r=final temperature. He /®“ n J^7^, w o-TOWSr^ThernMn value 
various gases, the values varying from 0 003/4U to u w 

0 00375 is too high. ^ Cltr ^ n r a ; r a t 55° F., when corrected 

Dalton 6 at first found that 1000 ► mcaw p bul later (from other 

r;r n rrmt«^ — >• madc by 

Mach, " Die Principicn dcr Warmelehrc" M.M 9. For older reference,, 
in Gchlcr, " Physikalisches Wbrterbuch 1841 10. 933 r. 

i " Elementa Chcmiac." Leyden. 1732. 1. 458. 443 . 

Experiments and Observations on Air. Binnmga .1 ^ 6?g f 

J Dc Morvcau. " Encydopidic Methodiquc.^ <-him*. Charles did not publish his 

4 Quoted by Gay-Lussac. Ann. Chun.. l ; ' lo havc been the first 

experiments, but communicated the results to q c 

to refer the expansions to a standard initial 'olu (coefficient for air =0 003662). 

* Annali di Chimica. 1793. 4. 227; .^V^^^one DcU' Aria per ogn. grade di 

Volta's paper is entitled: " Mcmoria sulla un fin n quc |, a dell' cbolizionc dell 

calorc, cominciando sotto la temperature del g preceded him by six years in expen- 

acque," and he was the first to publish the law. Z rl * P^ s , 42 2 09; Guye. J. Chun, 
merits; Guarcschi, Archiv Gesch. Naturwiss. Tuh . 

Phys.. 1917, 15. 471 ; Aumcrio. Nuov. Cim 19.8. X ” 0$lwald - s Klassikcr. IS94. 44: 

* Month. Mem.. 1802. 5. 595; Ann. Phys.. Ml. 12. 31 . « .. Randa u ; Dixon. 

Harper's Scientific Memoirs. 1902. ” The Expansion of Gases by Heat. 

Month. Mem., 1891, 4. 36; James. Sei. Progr.. IV-V-au. £• .. .. Ph>si k a |jschcs Worter- 

- Flaugcrgucs. J. <k Phy,.. .813,77, 273. « .ban do", on coefficients 

buch," 1825, 1, 637. found that moist air expands by heal l Winer " 

of expansion of moist gases, sec Amagat. Compi. K<n •• “j T rai ,c d c Physique." 1816. 

* Ann. Chin,.. 1802. 43. 137; Ann. Phys. \ 80L » 2 . 257. Biot. 

1, 182. and plate III; Ostwald's Klassikcr, 1894.44. 

* M New System of Chemical Philosophy. 1808. 1. iv. 

>o Mim. Acad. Sci., 1847. 21. 15 (23). 
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Gilbert, 1 viz. that Dalton’s and Gay-Lussac’s results differ appreciably, since 
the former refers to an initial volume at 55° F. instead of 32°. Preston 2 says 
Rcgnault [who quotes Dalton accurately] was misled, as it was supposed that 
Dalton took the initial volume as 1000 at 32° F. instead of 55° F., whereas 
Dalton expressly says in 1802 that when the volume was 1000 at 55° F. it was 
1325 at 212° F., and he mentions in 1808 that he had not the means of finding 
the volume at 32° F. According to Preston, this gives the coefficient of expan- 
sion as 0 00373, which is nearly the same as 0-00375, the mean of Gay-Lussac’s 
experiments. Dalton’s figures, however, give the following result: 55°F.= 
12-8° C., 212° F. = 100° C. If F 0 is the initial volume at 32° F. or 0° C., 1000= 
K 0 (l + 12-8a), and 1 325= Fo(l + 100a), whence a=0-00391, and not 0 00373, 
and it seems as if Gilbert and Regnault are correct. 3 

Although Gay-Lussac’s value 0-00375 was apparently confirmed by an in- 
direct method by Dulong and Petit, 4 Magnus 5 pointed out a source of error 
which vitiated Gay-Lussac’s results and has frequently turned up in other 
researches, 6 the authors of which are apparently still unaware of it. This is 
the leakage of gas past a thread of mercury used to confine it in a glass tube; 
Magnus by this method found results varying from 0-00355 to 0-00387. 
Rcgnault, 7 using a mercury thread as in Gay-Lussac’s apparatus, found that 
if the initial reading at 0 3 of the mercury index was 152-7, the reading was 
534-5 at 100°, and on cooling again to 0° it was 154-5, the barometer being 
sensibly constant. 

Better results were obtained by Rudberg, 8 who found a=0-00365 for air, and 
also measured the increase of pressure at constant volume. The pressure 
coefficient 0 is then defined by: 

P,=P 0 (\+P') ( 2 ) 

where P 0 , P, arc the pressures at 0 9 and at constant volume. If V 0 is the 
volume at 0° and t 3 and if the gas obeys Boyle’s law, then if the pressure were 
reduced to P 0 at / 9 the volume would become: 

V^PyolP o. from (1) P,V 0 IPo= V 0 (\ +«/) 


/. P, = P 0 (\+7.t) (3) 

Hence, from (2) and (3) it follows that: 

( 4 ) 


but this is true only if Boyle’s law holds, and will not be exactly correct for 
actual gases. 

On the Fahrenheit scale the initial volume is at 32° F. (not 0° F.), and the 
ideal coefficient of expansion on that scale, a f , is related to that on the Centi- 
grade scale, a c , by the equation: 9 

“f = »*c=9 x (1/273)= 1/490 (5) 

1 Ann. Phys., 1803. 14. 266. 

2 *’ Theory of Heat.- 1894. 191 ; still in the 3rd edit., 1919, 197. 

3 Joule, Month. Mem., IS58 (I860). 15. 143; " Scientific Papers." 1884. 1. 384. 

* Ami. Chin,.. 1818. 7. 113: Oswald's Klassikcr, 1894. 44; T. Thomson. " Heat and Elec- 
tricity." 1840. 6. says Prout in unpublished experiments found 0 0036861 for air. 

5 *>»'■ Phys., 1842. 55. 1 ; 1842. 57. 177; Oswald's Klassikcr. 1894. 44. 

0 Scc Kucncn and Visscr. P,oc. K. Akad. H elens. Amsterdam. 191 3-14. 16, 75 (Comm. Leiden, 
1913, 138): Noyes. J.A.C.S.. 1925. 47. 1942. used a mercury thread in what was claimed to be 
an accurate differential air thermometer: for a demonstration apparatus. Dehn, J.A.C.S., 1908. 
30. 578. 

7 Ann. Chin,.. 1842. 4. 43: Mem. Acad. Sci.. 1847. 21. 15. 

* Ann. Phys.. 1837. 41. 271; 1838. 44. 119; Taylor's Scientific Memoirs. 1841, 2. 507; Ost- 
wald s Klassikcr. 1894, 44; Winkclmann. " Handbuch dcr Physik." 1906, 3. 112. 

0 Baynes, in O. E. Meyer. " Kinetic Theory of Gases." 1899. 29. 
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Dalton seems to have assumed that l £ c vXmclMha^tcrpcMture. not at 

therefore (see R .3. >1.1): 


v= v ( fi <l, = W +*'+i* ,2+ • • • *• 

„ m ° r * “ ‘ ““ 

Gay-Lussac's statements are identical. * =0-003646. Magnus 

CO; 00036937 ' SO! 

° r 2U of a and * (assumed by “« * 35 ‘ S 

seen from the following more accurate figures (0 -100 



. j a— n o 173 Measurements of * and /3 *ctc 
Hoffmann, 4 for air, found a-p-Wiii*. j 0 llv 7 Chanpuis.® Kuencn and 
made by Regnault » (five Jaquerod." Richards 

Randall’ Onnes and Bo “ d ' n - 4 Henning and House, “ House and 
3 Sosman, 1 * Eumorfopou.os Cath and 

Onnes, 20 and Kecsom and Van der Horst. 

I Schrcbcr. Ann. Phy,.. 1898, «4. ' W: 

W .*6. 3, .12, for the temperature 

*» Regnault. M/m. .W. Sci.. 1847. 21, 15. 

4 Ann. Phys., 1898. 66. 224 , g47 2 , , 5; Ostwald s 

5 Ann. Chim.. 1842. 4. 5; 1842. 5 52; Mdm AeaOgtt 
1894, 44; Winkclmann. *' Handbuch dcr Physik. • 

j r ReoUace. .*»• •». " S; 

abstr. in Dcr., 1875. 8. 1681; 1876. 9. 131 1 ; 1877 10 S\ . . and Harkc r. ,M 1902. 

. Trav. c, Mem. Interna,. Bur. Po.ds e, M^.1888. 6. c PP A/ I900 . 50. 433. 

12; 1907, 13; Chappuis. Arch. Sci. Phys . No,., 1888. 20. 5. 

’ Proc. Roy. Soc., 1895. 59. 60 (He. A). , 60) (H;) . 

»o Proc. K. Akad. We.ens. Arm.erdam, 1901.3. .99 K - 435 . 

» PMI ‘ Trons.. 1903 200 105; Z^phys Ckc m £ /|VJ a ,„,. ,903. 43. 475. 

w /’roc. /Imcr. Zca</., 1902-3, 38. 415, 19U5, * . 

• J />roc. Roy. Soc., 1903.72. 379. 

w Z. phys. Chen,., 1908. 62. 385 (Cl j). , 92 2. 28. 248; House. Z. Phys.. 

u Z. /’Vi., 1921. 5. 285; Z. Elektrochem.. 1921. 27. 494. >9— 

1926, 37, 157. 

16 Ann. Phys., 1929, 2. 1012. 

Amer. J. Sci., 1908. 26. 405. ,oo « 849 

i» Amer. J. Sci., 1912, 33. 517; Ann. Phys., 1912, 38. 849. 
i’ Proc. Roy. Soc., 1914.90. 189. 

w Arch. Neerl., 1922. 6. 1 (Comm. 188 r>; for helium, sec 

21 Proc. K. Akad. Weens. Amsterdam. 1927. 30. 970 (Com 
Kccsom. Van der Horst, and Taconis. Phyuca, 1934, 1. si . 
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§ 16. Measurements of the Coefficients a and /J 
One form of apparatus used by Regnault 1 for the determination of a, which 

can also be used as a constant-pressure air thermo- 
meter, is shown diagrammatically in Fig. 25.VII A. 
The dry gas is contained in the bulb A and tube B 
over dry mercury. A is first immersed in ice at 0° 
and the mercury brought to a level a in B so that 
the difference of level in B and C is very small, 
li mm., the barometer reading being H mm. The 
bulb is then surrounded by steam at the tempera- 
ture / (approximately 100°) and the levels again 
adjusted at b, with the small difference h\ the 
barometer reading being H'. 

If V 0 is the volume of the bulb at 0°, v x the 
volume of the stem and tube to the mark a, v 2 the 
volume of the tube between a and b , then if the 
gas were all at the same temperature, its volume 
at 0° would be V 0 +v x and at / would be 
* \Lll "* (*o+®i+t> 2 )(l+£/), w ^re g is the coefficient of 

cubical expansion of glass. If the pressure were 

Fio.25.VII A. Rcgnault's constanl: 

Apparatus (F 0 +V|X1 +«0“(Fo+ v l +»2)(1 +g0- 

But if the volume w, is at the temperature /,, v 2 
at t 2l and the initial and final pressures arc (H+h) and {H'+h') t the equation 
pv/(\ +<*/)= const., for a fixed mass of gas (§21), gives: 

[W+*')/(l +a/)+v,(l +$/,)/(! +a/,)+z; 2 (l +g/ 2 )/( 1 +af 2 )](//'+/i') 

= [» / o+^i(l+^.)/(l+a/ I )J(//+A), 
\ +h')(\ +gi)/ D, where D stands for: 



— o 


-b 


[//+/i + i;(//+/i)/Ko(l+xr l )-^//'+/,')/Fo(l+xr 1 )- t ;'(//'+^ , )/^o(l+«/2)]. 
where v=v 1 (l +g/,) and v'—y 2 (\ +gi 2 ). In the denominator, D, an approxi- 
mate value of a is first substituted, then the value found from the equation. 
I he new value of a may be resubstituted if necessary. Accurate determinations 
of F 0 , t»j, v 2 (which are found by weighing mercury), and of f, and t 2 , the 
manometer temperatures (read from a well-stirred water jacket), arc necessary. 

The theory of an apparatus containing gas with parts at different temperatures 
is important in gas thermometry and in many other experiments. 2 A mass m x 
of gas of mol. wt. M in a volume v x at a temperature 7*1 exerts a pressure 
(§ 21) p—{myRT x IMv x ), therefore pv x IT x —m x RjM . If the pressure is the 
same throughout, p2(v l /7* l )=(/f/A/)Z>w l . If the gas is contained in another 
volume v,' at a temperature T,' and pressure p\ p'Z{v x 'IT x ')=pZ{v x IT{). 
Barus •' gave the general equation: 



\w 7 M t"L A< A a ?' SC ‘ai [M7 n 21, 15 (,68): for a simp,c apparatus, see SchifT, Z. phys. Chem., 
1 88 7. 1 , 68 ; Adams, Phys. Rev., 1 900. 1 0, 1 78 ( H -SO* gauge). 

4.ln °\ gt JrV K ^°f y c ^ ™ k> " Lcip2i8 ‘ !903 - *• ^ Fischcr - 2 ™ or S- Chcm., 1929, 184, 333; 
Alien, j.a.l.o., I9J4, 56, 2053. 

. v , cn (/ S - GeoL Survc > Bul1 ' * 889 . 8 . No. 54, 188, 210, uherc full details of calculations arc 
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wh r K is Tr al . 

Pt irmeas P u P rements P of ffie pressure coefficient ft. Regnault kept the mercury 
level c" a, "a mark a "which must be on the w ide Pa« of the tube, no 
rnnsistent results being obtainable when it was on the capillary tube. • 
fixed elass point brought to contact with the adjustable mercury surface, as 
Sri b 8 yKe" is preferable to a mark.) If the bulb is in ice and the barometer 
reading is H and the manometer reading h. and the correspond, ng read'ngs are 

by (1 +gr,) and (1 +g/ 2 ). as above): 

[Pb+f i/(l +^.)KW+*)-IW +*')/(' +W +i, '/ (l +p, ' )](H +, ‘ ' 

\+pt'=(\+gi)(H-+IO!D 

D-H+h-v,(.H‘+li'-H-h)IV 0 U+pli). 
where as before, an approximate value of fi can bo used in the denominator.* 
Regnault found the following values of * at 1 atm. pressure (he found . > 

difficult to dry sulphur dioxide thoroughly): 


Air 

Hj 

CO, 


00036706 
0 0036613 
0 0037099 


SO, 

CO 

NjO 


00039028 
0 0036688 
00037195 


C;N : 


0 0038767 


In another method Regnault admitted dry air to .a_bt.lt > of k"Own ' o| ume 
heated in a steam bath, the pressure being atmospheric. The U P “ ,h * 
was then sealed, and after cooling the bulb was inverted in mercury and the tip 
broken off The mercury entering the bulb was determined by weighing, and 
thence the change in volume of the gas between steam and *" bJ£ king 
calculated. Regnault found that the mercury rushing into the bulb on breaking 
the tip was apt to carry some outer air with it. which he supposed came front a 
film of air between the glass tube and the mercury, so that he surrounded the 
tube with an amalgamated brass collar which made contact with the mercury . 

§ 17. Values of a and 0 

Regnault » found that for air increased gradually as the pressure ■ ,ncr «^* 
indicating a deviation from Boyle’s law, and the increase of ^ for carbon 
dioxide with pressure was larger than for air. 4 Regnault found that l+100x 
for”?* aTo° increased from 1 36706 a. 760 mm. to 1-36964 a. 2630 mm., and 
1 + 1008 from 1-36482 at 110 mm. to 1-37091 at 3656 mm. A correction 
pointed out by Mendel deft,' for latitude and the absolute expansion ofmercuo’. 
applied to the pressure coefficient 0, makes the results of different observers 
more concordant. 

1 Phil. Trans., 1872, 162, 435. ^ . .. 

2 Porter, in Glazebrook. “ Diet, of Applied Physics. 1922. . 1. 

J Ann. Chin,.. 1842, 4. 5; Penning. Arch. Nccrl . 1924 * 7, ,17- - (yanous gasC$) ' 

- Regnault. Mem. Acad. ScL. 1847. 21. 1 10. 1 19; 1862. 26. 565. 

i Bcr., 1877, 10, 81. 
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Some accurate values of a and p for the range 0°-I00° at the pressures stated 
are given in the table below. » Keyes 2 suggested that the values of a found 
with glass bulbs may be too high because an adsorbed moisture or gas film is 
partly driven off by heating, and he considered that results with metal and silica 
bulbs are more accurate. He remarked that Holbom and Henning 3 found 
for nitrogen a mean value of a of 0 0036703 in a glass bulb and 0 0036684 in a 
silica bulb, at 620 mm. I have no personal experience in this work, but on 
reading the various publications I have formed the opinion that figures after 
the fifth place (i.e. 0-1 per cent, accuracy) are significant only in unusually 

accurate experiments. . 

Coppock and Whytlaw-Gray, 4 who used a modification of Calendars 
apparatus (§ 19) found irregular results with glass bulbs with easily condensable 
gases, and found results in good agreement with those of previous workers 
when they used silica bulbs. Regnault found that a>/3 for a gas more compres- 
sible than the ideal, and «</3 for hydrogen, which is less compressible. 5 


Gas 

B 

ax 10 6 

Observer 


0 xl<* 

Observer 

He 

504-8 

3658-9 

Henning and 

504 8 

3659-5 

Henning and 

(0°- 


Heuse (1921) 



Hcusc (1921) 

100*) 

520-5 

3660-3 

•• 

520-5 

3659-9 

»» 

760 1 

3659-1 

•• 

760 1 

3659-8 

** 


1102 9 

3658-2 

•• 

1 102 9 

3660 1 

»• 



3658 1 

»• 

I1I6-S 

36600 

>• 




760 

3661*1 

Cath and Onncs; 







Kccsom el al. 
(1922-7) 





700 

3662 55 

Travers, Senter, 







and Jaqucrod 

(1903) 





500 

36628 

*» 

Ha 

760 

3661 

Rcgnaull (1847) 

760 

3667 

Regnault (1847) 

1000 

3660 04 

Chappuis (1903) 

1000 

3662-54 

Chappuis (1903) 


762 

366092 

Richards and 







Mark (1903-5) 





1095-3 

3659 0 

Henning and 

1000 

3662-7 

Onncs and 




Hcusc (1921) 



Boudin (1901) 


508-2 

36602 

•1 

700 

3662 55 

Travers, Senter, 






and Jaqucrod 

(1903) 






1095-2 

3662-3 

Henning and 







Hcusc (1921) 





508-2 

3661-2 

• t 

N, 

1000 

3673-13 

Chappuis (1903) 

550 

3668 

Day and Clement 






(1908) 


1387 

3677-5 

•• 

985 

3673 

»> 


760 

3669-8 

Eumorfopoulos 

500 

3668 46 

Chappuis and 




(1914) 



Harker (1902) 


1105-3 

3674-2 

Henning and 

760 

3668 

Regnault (1847) 




Heusc (1921) 





511-4 

3667-9 

*• 

1000 

3674-4 

Chappuis (1903) 


» See also LandoU-Bomstcin, “ Tabcllen." 5th edit., 1923, 1, 114 f.; 1931, Ergzb. 2, i, 67. 
2 J.A.C.S., 1921,43, 1452. 

1 Ann.Phys., 1911, 35. 761. 

4 Proc. Roy. Soc.. 1934, 143, 487. 
s Moulicr, " Thcrmodynamiquc," 1885. 42. 
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Gas 


N 2 


CO 


Cl 2 
c 2 n 2 
co 2 


so 2 

NO 


sf 6 


p mm. 

ax 10* 

Observer 1 P- 

220-3 

3663 0 1 

Penning and 1 


Hcusc (1921) 

1 

760 

3670 

Rcgnaull(l847) 1 

760 

36708 

Eumorfopoulos 


(1914) 

1000 

3672 8 | 

Chappuis (1914) 1 

760 

3669 

RcgnauH(1847) 1 

760 

3674 

Coppock and 


Whytlaw-Grayl 

(1934) 


760 

3883 

Pier (1908) 

760 

3877 

Rcgnault (1847) 1 

760 

761 

3710 

3728 2 

Rcgnault (1847) 
Richards and 1 

Mark <1903-5)1 

999 

3741-4 

Chappuis (1914) 1 

1377 

3770 3 

M 

518 

3707 8 

ft 

760 

3725 

Coppock and 

(12®— 48*) 


Whytlaw-Grayl 

(1934) 

760 

3903 

Rcgnault (1847) 1 

760 

3679 

Coppock and 


Whytlaw-Grayl 

(1934) 


l 760 

3719 

Rcgnault (1847) 1 

760 

3808 

Coppock and 

(12’-48" 

1 

Whytlaw-Grayl 

(1934) 

,)jO 760 

3920 

Coppock and 

(12-48' 

) 

Whytlaw-Grayl 

(1934) 


530 8 


51 1 4 
220 3 
500 


1000 


760 


3668 3 
3675-2 

3667-5 
3662 6 
3671 7 

3674 
3665 
3674 4 


Observer 

Chappuis' 1^)3) 

Chappuis (1903) 
Henning and 
Hcuse'1921) 


Makower and 
Noble' 1903) 
»• 

Rcgnault' 1847) 
Chappuis 


760 

3667 

Rcgnault (1847) 

760 

3807 

Pier (1 908 » 

760 

3829 

Rcgnault 1 1847) 

760 

3688 

Rcgnault (1847 I 

999 

3726 2 

Chappuis (1914) 


3845 , Regnault(l847) 


760 3676 


Rcgnault (l 847) 


The effect of pressure on me values ui a auu ^ ; ~ . 

and at much higher pressures by Andrews* and by Amagat The gene" 1 
result was that, for gases more compressible than according to Boyle s law , 
the coefficient of expansion is increased, for gases less compressible it is decreased, 
by increase of pressure. Some of Amagafs figures for a for carbon dioxide at 
0 °- 10 °, a=(l IV) . A V/At, are: 

500 1000 

253 175 


palm, 
ax 10* 


75 

654 


100 

544 


200 

416 


i M4m. Acad. Set., 1847, 21. 96; 1862. 26. 565. 

J P cLJi a Rcnd^m^\\l] 771 , 919, 1041. 1238; Ann. Chint.. 1893. 29. 68; the unit of 
volume is ihc volume al ihc lower temperature. 


600 THE PROPERTIES OF GASES VIIA 

and for p for nitrogen at 0M00°, 0=(1 Ip) ■ Apldt: 

p aim. 100 200 300 400 500 600 

/?x 10 s 462 537 582 595 596 597 

and for nitrogen at 0°-16° at very high pressures: 

p atm. 1000 1200 1500 1800 2000 2400 2800 

/3x 10 s 550 510 471 475 468 448 424 


Henning and Hcuse 1 found the following effects of pressure (p mm. Hg): 

N 2 ax 10’= 36604 +0-11 7/> fix 10’= 36604 +0 134/> 

H 2 ax 1 0’ = 36604 — 0*01 2p 0x 10’=36604+0 017p 

He a X 10’= 36604 — 0*019/» 0x 10’ = 36604 -0 004/> 

These give 1/7’ 0 =0 0036604, therefore 7' 0 =273-20 3 K. for the absolute 
temperature of 0° C., which is probably about 0-05* to 010° too high (§ 18). 

The effect of increase in temperature is generally to lower the coefficient of 
expansion a or of tension p. 2 The following values of 0x10 s for ethylene 
(p 0 = 37 atm.) were found by Amagat: 

1 ° interval 0*-20° 20 -40* 40*-60* 60 : -80* 80M00 3 100M37-3* 137-5M98-5 0 

0XlO» 838 694 610 553 489 424 366 

§ 18. Absolute Zero of Temperature 

If equation (1), § 15, remained true at all temperatures, the volume V, should 
become zero for a temperature f=-l/a, or, since a is approximately 1/273 for 
a permanent gas, at a temperature -273° C. This is called the absolute zero. 
Similarly (3), § 15, shows that the pressure should vanish at —273° C., which is 
a more intelligible result. These equations hold for the so-called ideal (or 
perfect) gas, for which a or ft can be calculated (sec § 30. VII C) from the ob- 
served values for an actual gas. The following values of the absolute tem- 
perature T 0 of 0° C. have been so found: 

273 09 D. Bcrthclot, Z. Elektrochem., I9W, 10. 621. 

273-13 Eumorfopoulos, Proc. Roy. Soc., 1914, 90, 189 (const, press. N 2 ther- 

mometer; Joulc-Thomson effect). 

273*20 Henning and Hcuse. Z. Phys., 1921, 5, 285; Henning, Z. Elektrochem., 

1921, 27, 494; 1922. 28. 248 (Hj, He, N 2 ); Hcuse, Z. Phys., 1926, 
37,157. 

273 09 Kccsom and Onncs, Arch. Necri, 1925, 9, 114, with a long critical 

discussion of all experimental values. 

273 12-273 13 Smith and Tay lor, J.A.C.S., 1923,45.2125. 

273-16 Hcuse and Otto. Ann. Phys., 1929, 2, 1012 (He, H 2 , N^; 1930, 4, 778 

(Ne); Holbom and Otto, Z. Phys., 1924, 30. 320; 1925, 33, 1; 1926, 
38, 359 ( A, H 2 , 0 2 , N 2 ). 

273 207 Ncusser. Phys. Z., 1 932, 33, 76. 

273 I6±0 02 Roebuck, Phys. Rev., 1936. 50, 370. 

273- 14 Kccsom, van dcr Horst, and Taconis, Physica, 1934, 1, 324; Kecsom, 

Conun. Leiden, 1936, Suppl. 80a. 

273-144 Kccsom and Tuyn, Trav. el Mem. Bur. Internal. Poids et Mes., 1 936, 20; 

Comm. Leiden, Suppl. 78 (copious bibl.); Kecsom and Bijl, Physica, 
1937, 4, 305. 

i Z. Elektrochem., 1921. 27, 494; 1922. 28. 248; peculiar results at low pressures found by 
Nlclandcr, Ann. Phys., 1892, 47, 135. may have been due to moisture. 

: Him, " Thcoric Mccaniquc de la Chalcur." Paris. 1862, 307, 367; Amagat, locc. cit. For 
calculations by van der Waalss equation, sec § 1 1 .VII C. V. Meyer and Langcr, Ber., 1885, 18, 

1501; ” Pyrochcmische Untcrsuehungen," Brunswick, 1885, 5; found that 0 2 , N 2 , C0 2 , 
and SO: approximately obey Gay-Lussac’s law up to 1700° C. 
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273 16 
273 16 


_ USA • 
273-165±OOI5 BeK^S^ its Mcasiircmcnl and Control." New York, 

273 170 Roebuck 4 and MuncU in ■« M-»«— - 

273 .5 *9™**$. , .948. 70. 

3382 (adopted by International Conference). 

The value 273M6" is sugges.^.' b^he^second Jcjmjl. ^^.he 

doubtful to at least 0-03. and to three decimal places are 

accuracy attainable. Ab * olut * . ^ f T is givcn .J Centigrade temperature 

-iass/ni ijn- 1- 1: snfr *a 

thermodynamics and experiment ( > has made , t less 

reality, 7 although the concept of zero-po nt energy (9 
easy to understand kinetically than formerly. 

§ Thetlr thermometer for moderate ''l^'Q'^j^^a^niroduced'by Devine 

^. 0 ^ rrio; is 

connecting tubes not in the hea e without* a bulb, which was situated 

manometer a sealed duplicate of. he ln ,he latter 
alongside the actual connecting — J d P by acting on the other side of 

‘-‘Change in, he actual measuring system. 

i Kaye and Laby, '* Tables of Physical and Chemical Constants." 1941. 

'«• «»• ■ hdu 

: ;,r u,e ,cmpcra,ure is foun,i b> 

adding 459 44 to B F.: ” Diet, of Applied Physics. 1922. I. 
s Science, 1918, 47. 267. 

* Proc. Phys. Soc., 1919,31,23 . „ . R99 29* Dushman, Gen. Elec. Rev., 1915. 

7 O. E. Meyer. “ Kinetic Theory of Gases. 1899. zv. uus 

Phil. Trans., 1863, 153. 425: Dev, lie Z,. Pte. Po»*cndorff JubcIW.. 

Chin,.. 1868. 13. 135; PHIL Afc», '** 1891-2. 50. 247 (compensa- 

1874, 82; Callendar, Phil. Trans., 1887, 175, 161 . /* . 1888. 26. 149: Mazzotto. 

, ion for connecting tubes); 1914 90. 189; Momky. M ^ 56 360; 

Nuov. Gm., 1891. 29. 142; Hol^rnand Mcycr.Riddle. and Lamb. iW.. 

V. Meyer and Riddle. Bcr., 1893 26 2443 1894. 2^ 766^ . Me> ^ ^ Marf3) , jP hys 
1894, 27, 3129 (high temp.); L. Meyer. Ber 18 . . gl? (|Q n50 1900. 2. 505: 

Chcm., 1897. 1. 714; Holborn and Day. An". , 51 (Calendars); Holbom 

Kapp. ibid.. 1901. 5. 905; Travers. "Study of Ga«s. 1901 |>i t ^ gl 339; Ml „ cr . 

and Valentincr, Ann. Phys., 1907 22. 1 ; E ^ r ^^ U .. Temperature Gas Thermometry. ' 
Phil. Mag., 1910. 20. 296; D a y' S°snun. and AUcn. High Ti^jk |g5; Madse „ and 

Carnegie Inst.. Washington ..91; /2 C5Wtt5. 47. 1942. 

Hcrber, Gas 1920. 151. 338 (differential). Noyes. Jut. t.*.. 
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The constant pressure gas thermometer developed by Callendar is represented 
in its final form by the apparatus (Fig. 26.V1I A) used by Eumorfopoulos, whose 
work was of a high standard. T is the thermometer bulb of Jena 6 III glass 
connected by capillary tubes with a tap A and second bulb E and by a tap M 
to the gauges, described below. E is connected with an inlet for mercury at L 
and an outlet at K The reservoir H was used in setting up the apparatus but 
not in the actual experiments. G is a small air-trap. Alongside this thermo- 
metric system was the compensating system of tubes, exactly similar except 
that the bulb T is missing, so that the capillary tube passed straight across from 
D to B and thence to a stopcock alongside A; it contained a bulb similar to and 
alongside E. The two systems were connected together by the gauges shown 
in Fig. 27. VII A. NOP is a rough-adjustment mercury gauge, NQP a fine-adjust- 
ment oil gauge, and O and Q are three-way taps. The plane of Fig. 27. VII A is at 


Fig. 26.VII A. Consiani Pressure Gas Thermometer (Eumorfopoulos) 

right angles to that of Fig. 26.VII A. The air in T is limited towards A by a 
mercury thread in the horizontal tube, and towards the gauges by the mercury and 
oil they contain, while E, which was always immersed in ice along with the similar 
compensating bulb, contains a variable amount of mercury, also occupying the 
capillary tubes to the outlets at H, K, and L. The standard pressure on the 
thermometer side was adjusted to the air pressure on the compensating side in 
the bulb corresponding with E, the two masses of air being as nearly equal as 
possible. Pressure differences were read on the oil gauge to 0 001 cm. by a 
microscope. The open end of each mercury delivery tube was cut off and 
ground at 45°. The volume of the bulb T was accurately measured. The two 
E bulbs were kept at 0‘ C. = Tq K. When T was heated to any desired tempera- 
ture T , mercury was added or removed through L, and this mercury was weighed. 1 
The volume change was calculated from this weight of mercury. 

t- ' 5 VC ,his information, but it is contained in Callendar*s paper, Phil. 

C ,o 78 ; l6 - 0n corrccnon of gas thermometer scale, sec Callendar, Proc. Phys. 

°M.u“ 0n 0fCal “ a “ S ' “ a " d 
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L a discussion of .he **"-*?*> ^ S £ 

constant-volume gas '^“^'icndif and his associates, and has never been 
been almost entirely used by Cal endar ^ c , ajmed lhat „ has the 

really developed above 'heb.p.of sul P h calcu|a(ions arc simp | c , (ii, the internal 
advantages that (1) the ^app wllh ,h e temperature, and hence the 

expansion oHhe bulb duMiTffiis'd'res ^ot^ariw, a^ made! 6 ^ts'disadvantages! 

in 

the°volume of the bulb after each exposure to higher , 

temperatures, (ii) changes and uncertam. es m he 

srjssrjsc. sar?- - 

m Vn"hi case'of'S them are three primary correction 

Sis* »«■ ,i... -jf-— «rj5,a: 

in6 T l h°e dead- "pace' ratio can be reduced to quite small 

values, and its temperature and vohjme of efror Thc expan . 

with sufficient accuracy - to t £>“ ■« ™ % * ious S0U rce of error, and difficulties 
sion coefficient of thc bulb is the temperatures, the volati- 

arisc in l !? c fVomThc alloy^.th platinum at high temperatures, etc. Day 

hsation of indium from the alloy P ^ experi mental precaution is 

and Sosman emphasised that “ hkh rcquircs a large heating space; a 

^ 'S's 

£SS 1 -w. io. — 

i In Glazcbrook, “ Did. of Applied Physics/' 1922. 1. 867. 

*, ■ Brunswick, 1915. 30, cons,. voU. 

57 (const, press). . . Brodic /»/,//. T ra,is.. 1872. 162. 435; Knudscn. 

U^t^U^DmcKeV. - Physiko-chcmischc Mcssunge, 

5th edit., Leipzig. 1931,197 ^ , 9I0 . 31. 423: 

» Richards and Mark. Z. physChem 1903. 43. ™ 

Carver, 7./4.C.S., 1923, 45. 59; Ewald. Z. 7/u/r.. 1927. 47. 97. 



Fig. 27.V11 A. Gauges 
for Constant Pressure 
Gas Thermometer 
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inspection. A differential air thermometer for low temperatures was described 
by Noyes. 1 

§ 20. Gas Thermometers 

The constant-volume hydrogen thermometer was used as a precision standard, 
adopted as international, by Chappius. 2 It consisted of a 1 039 lit. platinum- 
iridium alloy cylindrical bulb, 1 10 cm. long and 36 mm. outer diara., with 1 mm. 
thick walls, connected with a mercury manometer by a platinum capillary tube, 
1 m. long and 0-7 mm. bore. A barometer dipped into the open limb of the 
mercury manometer; in the closed limb, connected with the bulb, the mercury 
level was brought into coincidence with a fine point near the top so that the 
dead space (gas) in the manometer was less than 1/1000 of the volume of the 
bulb; a correction for this and for the expansion of the bulb was applied, and 
an accuracy of 0-002° between —20° and +100° was claimed. With this 
thermometer, four mercury in glass thermometers were standardised from 5° to 
78°, and became “ the custodians of the international temperature scale from 
0° to 100°, and all other standard thermometers in the world’s various national 
bureaus of standards have been calibrated by comparison with these four.” 3 

The gas thermometer with platinum-iridium, platinum-rhodium, iridium, 
glass, glazed porcelain, and quartz bulbs containing hydrogen (which permeates 
platinum and quartz at higher temperatures), helium (which permeates quartz 
at quite low temperatures), or nitrogen, has been used at high temperatures 
(Day and Sosman used nitrogen in a platinum-rhodium bulb up to 1600°). 4 
Hydrogen and helium thermometers have been used at low temperatures. 5 
In this case precautions to minimise thermal diffusion (§ 16.111) are necessary. 

« J.A.C.S., 1925,47, 1942. 

2 Trav. cl Mem. Bur. Internal. Poids el Mes., 1888,6; 1907, 13; Arch. Sci. Phys. Nat., 1888, 
20, 5; Phil. Mag., 1900, 50. 433; W. Thomson. ** Math, and Phys. Papers." 1890, 3. 182; 1911, 
5. 99 (const, p H 2 ); Harkcr and Chappuis. Phil. Trans., 1900. 194. 37; Buckingham, Bur. Stand. 
Bull., 1907, 3, 237 (correction to thermodynamic scale); Henning. Z. Elektrochem., 1913, 19, 
185; " Die Grundlagen dcr Tcmpcraturmcssung." 1915, 30; Burgess, Phys. Z., 1913, 14, 152; 
Preston. " Theory of Heat," 3rd edit., 1919, 138 (formula); Henning, in Geiger and Schccl, 
" Handbuch dcr Physik," 1926, 9. 521. 

J Day and Sosman, in Glazcbrook. “ Diet, of Applied Physics," 1922. 1, 848. 

4 Callcndar, Proc. Roy. Soc., 1891. 50. 247; Phil. Mag., 1899. 48. 519 (const press.); Holborn 
and Wien. Ann. Phys., 1892, 47. 107; 1895, 56. 360; Holborn and Day, ibid., 1899, 68. 817; 
1900, 2, 505; Travers, Senior, and Jaquerod, Z. phys. Chem., 1903. 45. 416; Jacqucrod and 
Pcrrot, Compt. Rend., 1904, 138, 1032; Jaquerod and Wassmcr. J. Chim. Phys., 1904, 2, 53; 
Holborn and Valcntincr. Ann. Phys., 1907. 22, 1; Day and Clement. Amer. J. Sci., 1908, 26. 
405; Day and Sosman. ibid., 1910, 29, 93; 1912, 33, 517; Ann. Phys., 1912, 38. 849; Carnegie 
Insi. Pub!., 1911, 157; Holborn and Henning, Ann. Phys., 191 1, 35, 761 ; Henning, Z. Elektro- 
chem., 1913, 19. 185; Henning and Hcusc.Z. Phys., 1921,5,258; Aoyama and Kanda Chem. 
Soc. Japan, 1934, 55. 15 (H; low temp.). 

5 ° nncs af id Boudin, Proc. K. Akad. IVetens. Amsterdam, 1900. 3, 299 {Comm. Leiden, 

60; H : ); Onncs and Meilink, ibid., 1902. 4. 495 {Comm. Leiden, 70; Pt and H 2 thermoms.); 
Kccsom, ibid., 1903, 6. 541 {Comm. Leiden, 88; 0 2 and CO : ); Meilink, ibid., 1904, 7, 290 
{Comm. Laden. 93; Pt and H 2 thermoms.); Onncs and Braak. ibid., 190S-7, 9, 367 {Comm. 
Laden, 95c. H 2 ); 1907, 9. 775 {Comm. Leiden. 91b. H : ); 1907-8. 10, 429 {Comm. Leiden, 
I0 'AH>). 589 {Comm. Leiden. 1026. He), 743 {Comm. Leiden. lOld, gas thermoms.); Onncs 
and Clay, ibid., 1907-8. 10. 200 {Comm. Leiden, 99 b, Pt calibr.), 422 {Comm. Leiden, 101a, H 2 ); 
0™ cs ,™ d Braak. ibid.. 1908, 11. 333 {Comm. Leiden, 101a, 0 2 v. pr. thermom.); Onnes. 
« .a!v?V 12, 175 Lfi'kn, 112; He temps, by He gas thermom.); Onnes, ibid., 1911, 

13 1093 (CWn. Leiden. 119; He temps.); 1911. 14. 678 {Comm. Leiden, 1246); Onncs and 
Holst. ib,d.. 1914. 17. 501 {Comm. Leiden. 141a. Pt and Hz); " Sur la Thermomctric des 
basses Icmperaturcs." Comm. Leiden, 1913. Suppl. 34a; Onncs and Weber, ibid., 1915, 18, 
493 « omm. Leiden, 1476. He temp, with He gas thermom.); Blue and Hicks, J.A.C.S., 1937, 
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Jacvna > claimed that the constant-pressure helium “meter is more 

accurate than the consta^ co^ant-vo.ume 
The calculation of the * lhe s0<a ,, ed virial equation ($ 10, in 

gas .hcrmomc.eMS now « «> ^ ^ ^ js , sccond virial coeffioen. 

“nable experimentally or from ^^^S^nacru and 
are.be mean coefficients « equal,. «£.. if i. 
y the value of * or f P_^L , em0 crat urcs found by the constant-pressure and 

/ _/ a=s (a-y)//y-(r 0 fl,-7'fi oh 1 o- 

y)//y— (5,— ^ o)7*/ ^o. 

where / is the Is (“e^nW aero", o' a“oo"; 

0- and 100*. and an increasing positive value 

below 0° and above Wei - hts and Measures in 1887 adopted as a 

-sssgtsg 

follows : 


•c. 1 

d 

•c. i J 

-250 

005 

200 0 05 

-100 

002 

400 0 1 

0 

0003 

,000 ,o 

50 

0 006 

,500 2 0 

,00 

00, 



jasMsss — 5EHSSS5 

in order to reduce them to the thermodynam.c scale (§ 36.11) arc given beio 

59. ,962 (He to ,|- K.); Schmidt and Kccsom ^ 1937. 4. 963. 97, (C., **». 
2506, c); Woodcock. Canad. J. Res.. ,938. 16 A. ,33 (He). 

1 r,on:“and'wI,h A =^'- Phenomena a. the Tempera, ore of Liquid Helium. - New 

York, ,940. 38 f. , M . .. 

> Glazcbrook, “ Diet, of Applied Physics. ^ Holbom and Otto. 

* Calculated from measurements of departure from Boy le > 

Z.ny,. .924. 30, 320; .925, 33. *. 775 

jnJ Schu, “- 
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The initial pressure of gas at 0° C. is 1000 mm. Hg. The values at constant 
volume below -180°C. agree with the results of Onnes; they are larger for 
hydrogen and helium thermometers than earlier measurements indicated, but 
the differences between the two sets of corrections (these and the earlier ones) 
are of the order of the experimental errors. Except when - is given, the sign 
is +. Slightly different values are given by Keesom and Tuyn. 1 


I. Const am Pressure 

11. Constant Volume 

PC. ; 

He | 

h 2 ; 

Nj 

PC. 

He 

h 2 

n 2 

450 

0012 

.... 

0 670 

450 

0061 

I 

0190 

400 

010 


550 

400 

asgiir-i m 


•150 

I 

350 

•008 


430 


034 

— 

•no 

300 

006 

— 


300 


— 

•080 

250 | 

004 

•035 

■225 

250 1 

015 

032 

050 

200 

002 


•132 

200 

008 

•017 

•027 

150 

Q01 

Bil 

056 

150 

003 

007 

•Oil 

100 


mSM 


100 



000 

50 


-0 003 


50 




0 




0 




-25 

001 



-25 

•002 

003 


-50 

002 

mm 

•112 

-50 


006 

•015 

-75 


032 

i *228 

-75 


•010 


-100 

B1 

052 

1 -399 


009 

i 015 


-125 

Oil 


686 

-125 

013 

1 021 

1 ytm 

-150 

•018 

•139 

— 

ArJTTW, 


•028 

— 

-175 

028 

I *230 

— 

-175 


I 037 

— 

-200 

•046 

j *368 

— 

-200 

, 028 

•047 

— 

-225 

•077 


— 

-225 

! 034 

060 

— 

-250 

•195 


— 

-250 

043 

- 

— 

-260 

•500 

“ 

i 

-260 

048 


> 


Thus if the constant-pressure N 2 thermometer reading (based on the equation 
in § 16) is 150°, the true thermodynamic temperature is 150 056°. 


§ 21. The General Gas Law 

Consider a fixed mass of a gas in the state P x , V lt f, and let it be converted 
into the state P 2 , V 2 , h in two stages: 

(i) While the temperature remains constant at t x change the pressure from 
P x to P 2 and let the volume become V. From Boyle’s law, p x V x =P 2 V, 
therefore V=P X V x jP 2 (1). 

J.A.C.S., 1927, 49, 2343; Giauque, Johnston, and Kelley, ibid., 1927, 49, 2367 (adsorption on 
bulb at low temps.); Southard and Milner, ibid., 1933, 55, 4384; on He thermometer from 
I2‘ K. sec Aston, Willihngan?, and Mcsscrly, ibid., 1935, 57, 1642; on comparison of H 2 and 
He thermometers, sec Cath and Onnes, Comm. Leiden, 1922, 156a; on low-temp, gas ther- 
mometry. sec Henning. Ann. Phvs., 1913, 40. 635; 1913, 41, 1064; 1914, 43. 282; Z. phys., 
1921, 5, 264; Heusc and Otto, Ann. Phys., 1931, 9, 486. 

> Comm. Leiden, 1936, Suppl. 78. Precision constant-volume and constant-pressure gas 
thermometry was fully discussed by Beattie, Jacobus, Gaines. Benedict, and Blaisdcll, Proc. 
Amer. Acad., 1941. 74. 327; Beattie, Benedict, and Kaye, ibid., 1941, 74. 343; Beattie, Blaisdcll, 
Kaye, Gerry, and Johnson, ibid., 1941, 74. 371 (cocff. expans, and compressibility of vitreous 
silica and thermal expansion of mercury); Beattie, Blaisdcll, and Kaye, ibid., 1941. 74, 389 
(capillary’ depression of mercury); Keyes, in ** Temperature. Its Measurement and Control,’* 
New York. 1941. 45 (px values); Cragoc, ibid.. 89 (criticism of Holbom and Otto’s unit). 

























(3) 


607 

THE GENERAL GAS LAW 

(ii) While the pressure Z' 

(1 +°-hW +«(,H2)“ where a is the coefficient of expansion. From (I ) and (2). 

y 2 . p 2 ip>y,=f , ! l '2i p t v i=(i+«'2)/( 1 +*' |) - 

If ,,=0» C„ t 2=1° C.,/ > K/i».K,= l+«/. or 

pv=p 0 y<k\ +*)=(W*Xi/*+') . • • • 

constant R it will here be denoted by r. 

P y=r{l+\l*) (4) 

He took l/k-267 from Gay-Lussac’s experiments, but the accurate value for 

an ideal gas (§18) is 273 1, hence : 

/>K»r(i+a)*r(f+273 1)*/T . 

where 2 a= constant fo^each 

gafifp'f alr.V-O thJ r=r/273 l, where f is the specific volume a, 

* H ^ Sr ^ OUU gasel £ ft? theVhosen ma^of 

fixed, the Mr values of all other gases are^^ lhc idca | $la ic 

SM?* . mo , ar * 

any ideal gas : (6) 

where « is called the general gas cons, an,. 

(who wrote it up-RT). For,, molar «e«hu. or n o Is »t the am P 
and temperature, the volume is n times that of 1 mol, i.e. is cqua. 

(6) becomes: <7) 

At 273 09’ K. and under I atm. pressure the volume of I mol of ideal gas. 

Fdrhl. Vidtnsk.-Sthk c * h,i *' ia '\ 8 f‘, ' hc . y ' m bol r back to Newton's viscosity formula. 
Z.EUkirochem.. 1919, 25. 216, 324^raced ^ symoo^ « ^ theory values (see 

f, UftPStt ^ and /=, 8 ,VC K=n, T. This is ,u„c 

ISl^e™ Bolumann's^onslanl „ UV, Ihc 6 as cons, an, 

per molecule, k=RIN. 1V7 ... vice man, Z. Elckirochem., 

- — --*■ * 

often used, since it gives the international pronunciation. 
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the molar volume, is (§14. VII D) K.=22-414 lit., therefore* R=PV/T= 

1 x22-414/273-09=0 08207 lit. atm./l° C. mol. 

In other units (see §13, II) the values per mol are: *=82 07 ml. [ c.c. ] 
atm./l° C.=84801 g.cm./l° C.= 1-9875 g.cal./l' C.=8316 abs. joules/1 C.= 
8312 internat. joules/ 1°C. 

Corrections of gaseous volumes to standard temperature and pressure * 
(0° C. and 760 mm. Hg barometer) are conveniently made by using (7) in this 
form, or (as the mass of gas is fixed) by PiVi/T^pivdTi- If thc volume and 
pressure units are chosen arbitrarily, the last form is true for all units. E.g. 
500 ml. of air at 15° C. and 750 mm. pressure become v 0 ml. at S.T.P., where 
750x500/288=760v o /273, therefore v 0 =467-7 ml. Apparatus for the auto- 
matic reduction of a gas volume to S.T.P., apparently first used by Davy, 3 has 
often been described. i * * 4 Nomographic charts 5 can be used in calculations. 

Thc deviations from the ideal gas laws may become very marked at very high 
pressures or even at fairly high pressures at low temperatures. Bridgman 6 
found pV/RT= 13-2 for nitrogen at 65° C. and 15,000 kg./cm. 2 (theoret.= 
I at 0 5 C.), and Buchmann 7 found values of pV/RT up to 12‘5 for helium at 
13-5° to 20-4° abs. and 200 kg./cm. 2 A convenient function for showing the 
deviations from thc ideal state is * a =RT/p- V, for 1 mol, which is zero in the 
ideal state. The “ residual,” a, is well adapted to graphical methods, especially 
if a reduced equation (§ 16, VII C), is used. 9 If a,, a, are the reduced and critical 
values of a («,=a/x ( ): 

kK-TOaXW- “i, 

where n=plp< and &-T/T t . Thc ratio RTJpp., is practically constant for a 
series of hydrocarbons. The values of ot, arc plotted against those of n. 


i Holbom. Z. Phys., 1921, 6. 69 (0 08204; I 986 g.cal./l*); “ Internal. Crit. Tables,” 
1926, 1, 17 (0 08206, 8 313 x 10’ crgs/1*. with g- 980 665); Partington, " Chemical Thermo- 
dynamics ." 1940, 214; Birgc, Rep. Progr. Phys., 1942, 8. 90 (0 08205 ; 8-3I436X 10’ crgs/1*; 
1-98646 g.cal./l*— the last two decimal places arc superfluous); Moles, Compt. Rend., 1942, 
214, 424 (0 082056. with 7* 0 -273 15*; P',,-22-4137 lit.); dc Groot, Nederl. Tijdschr. Natuurkde., 
1942, 9, 497; Amer. Chem. Abstr ., 1944, 38. 3884 (1-98725 g.cal./l*; P’«=22-414, as used by 
Guyc and Batuccas, Helv. Chim. Acta, 1922, 5, 532). Since R always refers to 1 mol it seems 
superfluous to specify this, but cf. Butkow, So*. Phys. Z., 1937, 12, 485. Thc distinction 
between “ molecular weight " and " mol," made by Pohl, Phys. Z., 1942, 43, 531; Wcstphal, 
ibid., 1942, 43, 329; Duncanson, Phil. Mag., 1944, 35. 73, 81, seems unimportant 
i Sec e.g. Partington and Stratton, ** Intermediate Chemical Calculations," 1946, 4; 
Meyer, J. Chem. Educ., 1946, 21. 31. 

> J. Roy. Jnsi., 1800, 1, 45: “ Works." 1839, 2. 232. 

* Hall, Quart. J. Sci., 1818, 5. 52; Faraday, " Chemical Manipulation," 1842, 386; Barnes, 
J.C.S., 1881, 39. 462; Vernon Harcourt, Proc. Roy. Soc., 1882, 34, 166 (" acrorthomctcr "); 
Krcuslcr, Ber., 1884, 17. 29; Winkler, ibid., 1885, 18, 2533; Lunge, ibid., 1890, 23, 440; Japp, 
J.C.S., 1891, 59. 894; Than. Z. phys. Chem., 1896, 20, 307; Davis. J.A.C.S., 1908, 30. 971; 
Deming, ibid., 1917, 39, 2145; for tables for reduction of (dry) gas volumes to S.T.P. see 
Landolt-Bomstein, " Tabellcn," 5th edit., 1923. 50. 

5 Farmer. Analyst, 1910, 35, 308; Wendriner.Z. angew. Chem., 1914, 27, i, 183 (logarithmic 
method); Fcnby, Chem. News, 1917, 116, 5 (slide rule); Cosen s.Proc. Cambr.Phil. Soc., 1922, 
21, 228; Eck and Kayser, Z. Vcrein D. Ing., 1925, 69, 871 (plot of pV=RT on triangular axes); 
Licschc, Chem. Fabr., 1928. 161, 228, 241, 359, 392; Bagg, GasJ., 1931, 196, 730; Trans. Inst. 
Chem. Eng., 1932, 10. 172; Allcock and Jones, “The Nomogram," London, 1932; Patton, 
Chem. Met. Eng., 1934, 41, 488; Mairs, “ Construction of Nomographic Charts," Scranton, 
Pa., 1939; Partington and Stratton, “ Intermediate Chemical Calculations," 1946, 222; 
Burrows, hid. Eng. Chem., 1946. 38. 472; Davcy, Gas World, 1947, 126, 182, 412, 524. 

6 " Thc Physics of High Pressure," 1931, 109. 

Z. phys. Chem., 1933. 163.461. 

* Deming and Shupc, Phys. Rev., 1931. 37. 638; 1931, 38, 2245 (tables). 

4 Edminstcr. Ind. Eng. Chem., 1938, 30, 352. 
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Fnr methane. Keyes and Burks ' found the values of r ml., g '• 
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p aim. 

0 




40 

30 

20 

10 

32-297 

42 003 

60 129 

107 950 

39418 

51-809 

75-980 

145 076 

46474 

61-510 

91-240 

181 840 


52 486 
71-139 
106 540 
218 122 


<.0 486 

80 752 
121 806 
254 266 




of 


* “■ m ° f Par,i :' PreSS 0 T?ar,ous ideal gases. a„ a. the same tempera- 
If the volumes «>„ v„ . . ■ oi ™ t ^ ^ miMure i$ lhc ium of 

and ,empt,a,urc as 

the mixture: 

Boyle's law shows that the total 

pressures which lhc separate gases would exert .f each 

volume of the mixture at the same temperature. ^ ^ 

P=p x +Pi+Py+- • 

The partial pressure p x , etc., of any gas is temperature, 

if it alone occupied the whole volume of |S lhe swn 0 f the partial 

hence (2) expresses the fact that 'A* ? vapoU rs mixed with permanent 

pressures. This holds approximately ! P imalions for actual 

gases, c.g. water vapour in air. The results arc om> a Fl 

8aS The /aw of partial pressures (2) was discovered by Dalton > in the autumn of 

1801, and stated by him 4 as follows: 

, A ««»c arnuirc an equilibrium, the clastic 
- When two or more mixed gases acquire m q fe precisel> . 

occupying the Whole space, and all 

the rest were withdrawn. 

He also 5 stated it in the form : 

“When a vessel contains a mixture of _^ r ° j ‘ lhc other 

independently upon the vessel, with its proper elasticity, just 

were absent,” 

and Henry • in the concise form that " every gas is a vacuum to every other gas. 

1 J.A.C.S., 1927, 49. 1403; 1928. 50. 1 1<». 

2 J. Phys. Chcm. U.S.S.R. . 1945. 19. 469 l8 03. 12. 3S5: 1803. 

» Nicholson's J., 1801. 5. 241; Vouch. Mem 180.. 5. 535 pa n (on Anna u of Science. 

15, 1; "New System of Chemical Philosophy." 1808. 1. .. 150. Parungton. 

1939 4 245. 

* " New System of Chemical Philosophy." 1808. 1. i. 191. 

» “ New System of Chemical Philosophy. 1808, 1. 1. 

* Nicholson's J., 1804, 8, 297. 

A.T.P.C. — 20 
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Dalton’s law was misunderstood and criticised when it was put forward, 1 * * * the 
chief reason being the hypothesis used by Dalton, and taken by him from l Newton 
(§ 23), that gaseous pressure is a result of the self-repulsion of Partcles of 
gases, since the law seemed to require that particles of d.fferent gases do not 

TCP \t ZTvXnthc volumes of the separate, unmixed, gases under the total 
pressure /of the mixture, and V is the volume of the mixture, then pv x =p Y 
and Pv^-PtY* hence: 

t»l/»2*Pl/P2 

where p x and p 2 are the partial pressures. 

Dalton’s law of partial pressures is a special case of a general law that in any 
gas mixture each single gas behaves, with respect to all its properties as if it alone 
were present in the total space, under a pressure equal to its partial pressure. 

The law of partial pressures applies (as Dalton pointed out) to vapours, e.g. 
to water vapour in the atmosphere. The law is only approximate.’ Fuchs 
found that when nitrogen is mixed with nitrous oxide, carbon dioxide, or oxygen, 
nitrous oxide with carbon dioxide, or oxygen; and oxygen with carbon dioxide, 
then in every case there is an expansion (V>Zv x ) t which is greater the more the 
two gases differ in physical properties. The volume change reaches a maximum 
with mixtures containing more than 50 per cent, of the gas with the lower critical 
temperature, but nearer the 1:1 ratio the more the two gases resemble one 
another. Schulze 5 found an increase of pressure on mixing two vapours 

(CS 2 and ether). , , . 

Amagat 6 and Leduc 7 found the experimental results more closely represented 
by the law that the volume of a mixture of gases is the sum of the volumes of the 
component gases each at the temperature and pressure of the mixture (equation 
(1) ), but Masson and Dolley 8 found for binary mixtures of oxygen or nitrogen 
with acetylene that this gives less good results than the partial pressure law, a 
result which is unusual. Townend and Bhatt, 9 with mixtures of hydrogen and 
carbon monoxide at 0° and 25°, up to 600 atm., found the maximum deviation 
from the Amagat-Leduc law only 2-5 per cent., whereas the deviation from the 
law of partial pressures reached 25 per cent. The observed volume was larger 
than the calculated. The volumes of N 2 , H 2 , and CO, and the mixture N 2 +3H 2 
al —70° to +300 J and 1-1000 atm. were given (with charts) by Dilley. 10 

If two gases are mixed, the volume change can be calculated from the coeffi- 
cients of deviation from Boyle’s law shown by the separate gases and by the 


i Summary in Pariington, Annals of Science, 1939, 4. 245; cf. Bunsen, “ Gasomctry," transl. 
Roscoc. 1857, 130; Lament. Ann. Phys 1863. 118. 168; O. E. Meyer and Springmuhl, ibid., 
1873. 148. 526; Kedrov./. Phys. Chon. U S S R.. 1930, 1. 433; Foil. Chen,, and Ind., 1946. 97. 

* Ostwald, " Outlines of General Chcmisuy." 1895, 117. 

y Gay-Lussac and Clement, Ann. Chin,., 1815. 95, 311; Rcgnaull, Men,. Acad. Set., 1862, 
26. 679; Krdnig. Ann. Phys.. 1864, 123, 299; Troost and Hautcfcuillc, Compi. Rend., 1876, 
83. 333. 975: Caillctci. /. dc Phys., 1880, 9. 192; Andrews, Phil. Trans., 1887, 178, 45; Braun. 
Ann. Phys.. 1888, 34. 943; Margulcs. Wien Ber., 1889, 98. 11 A, 883; Ann. Phys., 1891, 42, 348; 
Galitfinc, “ Das Daltonschc Gescu," Strasburg. 1890; Coir. Nachr., 1890. 22; Ann. Phys., 
1890, 41. 588. 770; Lala, Compi. Rend., 1890, 111, 819; 1891, 112, 426; Ann. Fac. Sci. Toulouse, 
1891, 5, G3. 

* Z. phys. Chon., 1918, 92. 641. 

s Z. anorg. Chen,., 1921, 118. 223. 

6 Ann. Chim., 1880, 19, 345 (384); Compi. Rend., 1898, 127, 88. 

i Compi. Rend., 1898, 126. 218. 1859; 1898, 127, 88; Foil, Chem. and Ind., 1946, 97. 

* Proc. Roy. Soc., 1923. 103, 524. 

* Proc. Roy. Soc., 1931. 134, 502. 

»o Chem. Met. Eng., 1931, 38, 280. 
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1 

SOJ + C02 

1-52 

001 

0 17 

1 36 

0 

Air 

021 

H 2 +O 2 

008 

CO 2 +N 2 O 





The compressibility of a mixture was calculated iron. .u^ - ~ — 

and the results a«reedw.lh experiment mixlu rcs make the partial 

The deviations from (1) or ( ?> ' . theoretical treatment, involving 

pressures only fictitious quantities, temperatures the cohesive 

intermolecular forces, becomes complicate A. Wa«eC another and the 

and repulsive forces between h ' ™ e c a £ ^observed pressure may exceed 
deviations become negligible, m some concentration and tempera- 

the sum of the pressures at the s will be considered ; 

,«e - 4 thepre« n, s«tion only the ex^rimenl*ljesul,i on ^ ^ 

the theory is dealt with later § 35.V t hr Vt \i£ Vu at a given pressure p 

rr m: srxrrA'- «. — . - ■- 


p aim. 


Per cent, ethylene 


24-74 


4995 


59 86 



lOOJv 

dp 1 

lOOJi- 

Jp 

lOOJv 

30 

2 15 

075 

2-7 

085 

3 2 

40 

3-35 

1 05 

5 3 

16 

5 5 

50 

50 

1-7 

8 4 

2-7 

9-1 

60 

77 

2 35 ; 

13 7 

39 

15 4 

70 

1075 

3 35 

1 21-5 

5 45 

25-1 

80 

11-75 

4 3 

, 24 0 

6 8 

28 0 

90 

III 

5 2 

i 21 6 

1 7 65 

245 

100 

9 9 

605 

1 17 95 

! 80 

190 

no 

8-7 

66 

1 14-3 

8 15 

14-1 

120 

7-5 


109 

— 

9 7 

125 

69 

l 

9 35 


7-7 


J P 


70 72 


lOOJv JP 


90 00 


lOOJf Jp 


09 
16 
2 7 
40 
57 
635 
7-25 
71 
6 7 


3 1 
5 5 
9 35 
164 
28 I 
31-3 
25 5 
18 2 
II 6 

64 

4 55 


07 

14 

2 25 

3 55 

4 85 

5 25 
4 9 
40 
2-7 


I 25 
2-7 
5 35 

II I 
22 8 
21 3 

III 
3 7 

-0 05 
-2 05 
- 2 65 


0 45 

0 7 
12 

1 8 

I 95 
0 75 
-I 0 
-3 0 
— 5 25 
-8 05 
-9 05 


I Benue, ot. C-*. W. «898. 126. 1703. 1*57; ,899. «». «fc "** »" J " J 
Saccrdoie, ibid., 1899, 128. 820. 

4 J. dc Phys., 1899, 8, 319. . D iq , 0 % 121; BcaUi <c. ibiJ.. 

> Jakob. Z. Phys., 1927. 41. 737. 739; G.lksp*. Phys. Rev.. >930. 36. 

1930,36,132. . , 9 -> 7 4. 737. 739 (Hc + Nc). 

4 Lcnnard-Jones. Nature. 1927. 119. 459. Jakob. Z. )■. • jj A ggj. on heal ol 

» Braun. Ann. Phys., 1888. 34. 943; Margulcs. Wtcn Ber 889 «». UA jOt. 

mixing, ibid.. 1888, 97. IIA, 1399: van der Waals, D* Com.nui.St. Le.pnt, 
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deviation from (2) by Ap=Z Pl -P, where P is the prawn of the mixture. 
Some values for mixtures of argon and ethylene found by Masson and Dolley 
and Tanner and Masson at 24-95° are shown in the table; except at higher pres- 
sures the deviations are positive ( P less than £p u etc.). 

The following values of \00Av were found for mixtures 1 (N 2 + 3 H 2 ) by 
Bartlett, Cupples, and Tremeame: 2 


patm. 

0° 

50 9 

9985° 

198-9* 

299-8® 

50 

0 58 

029 

025 

-0-05 

— 

100 

1-34 

074 

0-47 

0-14 

-006 

200 

1 66 

107 

068 

023 

-0-07 

300 

1-65 

0-83 

066 

0-16 

0 01 

400 

I 34 

070 

060 

-0-20 

-008 

600 

0-78 

054 

033 

0-04 

005 

800 

064 

028 

0-19 

-0-15 

008 

1000 

021 

003 

000 

-0-27 

028 


The deviations become small as the temperature increases. Equation (1) is 
very closely followed, whilst there were large deviations from (2), c.g. at 50° 
the pressure for a given volume was 977 atm., whilst the sum of the partial 
pressures was only 750 atm. 

At constant temperature the pressure exerted by one constituent of the gaseous 
mixture was found to be given with good accuracy by the product of its mol 
fraction and the pressure it would exert as a pure gas at a molecular concentra- 
tion equal to the total molecular concentration of tbe mixture, i.e. in this case: 

( pvlPoVo)m = 4 [3( + (W/WjW .... (4) 

v in each term representing the same molecular volume, and hence the gases 
arc present in identical molecular concentrations. Krichcvsky J found the 
rule of Bartlett, Cupples, and Tremearnc gave better agreement at high pressures 
than that of Lewis and Randall (§ 62.11), but still better agreement was found 
with the rule of Gilliland 4 that the slopes of the isochores ( v const.) of the 
mixture are the averages of the slopes of the components at the same molar 
concentration. Bolshakov 5 found that the Lewis and Randall rule held well 
at 200° to 1000 atm. for nitrogen-hydrogen mixtures. 

If Pi is the partial pressure of a component of a gas mixture, then: 

Px =n x RT!V (5) 

66 f.; Kucnen, “ Verdampfung und Vcrflussigung von Gemischen," Leipzig, 1906, 99; Verschaf- 
fclt, Arch. Neerl., 1906, II, 403 {Comm. Leiden, Suppl. 13); Kucnen, Vcrschoylc, and van Urk, 
Comm. Leiden, 1922. 161; Masson and Dolley. Proc. Roy. Soc., 1923, 103, 524; Trautz el a!., 
Z. onorg. Chem., 1926, 150, 277; 1929, 179, 1; Vcrschoylc, Proc. Roy. Soc., 1926, 111, 552; 
Maass and Mcnnic, ibid.. 1926. 110. 198; Lennard-Joncs and Cook, ibid., 1927, 115, 334 (theory 
only); Bartlett et a!., J.A.C.S., 1927, 49, 65. 687, 1955; 1928, 50. 1275; 1930, 52. 1363; Gibby, 
Tanner, and Masson, Proc. Roy. Soc., 1929, 122, 283 (H 2 +HC); Scott, ibid., 1929, 125, 330 
(Hi+CO); Tanner and Masson, ibid., 1930, 126. 268; Edwards and Roseveare, J.A.C.S., 1942, 
64, 2816. 

1 The very close validity of (1) for such mixtures had previously been reported by Cochrane 
in " Physical and Chemical Data of Nitrogen Fixation," H.M. Stationery Office, 1918, 6. 

2 J.A.C.S.. 1928, 50. 1275. 

> J. Phys. Chem. U.S.S.R., 1937. 9. 659; J.A.C.S., 1937, 59. 2733. 

« Jnd. Eng. Chem., 1936, 28. 212 (17 refs.). 

J Acta Physicochim. U.R.S.S., 1945, 20, 259; measurements of partial molal volumes and 
fugacities at 0°-200® up to 1000 atm. 
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But if P is the total pressure of the mixture : 

pV=En x RT 

Hence, from (5) and (6): 

p 1 =(n 1 /rn l )/>=tfi/’ 

where N, is the mol fra f " dl ??J aw as s0 exact that he used it to check 

Penning ' regarded the Amagat-Led^^* “ s ° s ^ ^ c|aborale research 
the accuracy of his expertmen & sure resulting from the mixing 

Trautz and Emert ’ measured <*«*«**<* pICSSU ,cs. They calculated 

theTan r d 1 6 P valu« b^n Uar s equa a.ion . (I SSfSSi 

Sur°e n s : ho, d - p— « - 

C °Edwatds and Roseveare 3 calculated the second viria. coefficient (f I0.V.I A, 


( 8 ) 


tawarus auu iwjv.v-.. 

B m for a mixture: PV=RT+B.P, by the equattons. 

P(u,/n 1 )=Rr+B 1 /’. nvil*,)-KT+BtP. 

P[vJ(n,+n^)=RT+B m P - • • 

where ■ „ n, mo.s of separate gases o«upying 
pressure P and constant temperature T, and v m 
mixture. The volume change on mixing ts. 

av=v.-(v,+v^{n,+n 2 )B.-n,B l -» : B 2 ■ ■ ■ ■ 

or in terms of mol fractions N (n-n,+ni): ( , 0) 

N\B l — NzB' 

■/ BTj.Rn for each component and for binary 

Justi 4 used the equation pV=RT+Bp lor ea n 
mixtures found (x=mol fraction; 

whereP“2B,i— B| i— B,z is a mewure of tte dpiiatiot^from ffie law^of addm ^ 

volumes. The change of volume on nux,nE 'f ’ ' f 1 > , c P H A at 25 w«e 

a maximum of 0/4 for x.-O-S. M ^%° ™ing gases (HC1 and 
also considered. Deviations from Dalton s aw _ y s ^ |dci s They are 
CH jOH vap.. HC1 and H,0 ^ "'"^tef^ehc -and Schools 4 used 
larger than with non-reacting gases, 
concentrations n x IV and n 2 lV and wrote: 

p=Pi+Pi+ B \* l ' n d v2 

where p lt p 2 are the pressures of the 

B\2 is a function of temperature. Lennard Jones 

with symmetrical force fields, deduced: 

B m =NSB x +2N x N z B l2 +*2 2B 2 ( 

» Arch. Werl., 1923, 7A, 172 (Comm. Uidcn. 166). 
a Z. anorg. Chcm., 1926. 150, 277 (bibl.). 

» J.A.C.S., 1942, 64. 2816. a v , . .« 

4 Forsch. Geblcte Ingenieurw.. 1944. 15. No. 1 . • .q -, 7 , 43 . Bull. Chcm. Soc. Japan. 

> Mem. Coll. SCI. Kyoto Imp. Univ.. 1925. IT.Scxagm,. 19.7, 

1928, 3, 25. . . . ,c xt, VII C) arc also calculated. 

4 Bull. Acad. Roy. Bclg., 1929. 15. 583. where fugac.ncs (§ 36. V 

’ Proc. Roy. Soc., 1927. 115, 334. 
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where B n is a second virial coefficient representing only the interaction of 
unlike molecules. Since: 

AvInN \N2=2 B x2 —(B\+B2) (H) 

the value of B x2 may be calculated if B x and B 2 arc known. 


§ 23. Joule's Law 

The pressure of a gas was formerly explained by static repulsive forces acting 
between the molecules at rest and transmitted to the walls of the vessel, and 
Newton, 1 by assuming repulsive forces inversely proportional to the distance 
between the molecules, was able to show that the gas would obey Boyle’s law. 
It follows, however, that a gas expanding into a vacuous vessel without doing 
external work should become heated if there arc repulsive forces between the 
molecules, and cooled if there are attractive forces, since in the first case internal 
work is done and converted into heat energy, and in the second case internal 

work is spent and its equivalent is taken 
as heat from the gas. 

Gay-Lussac, 2 from some approximate 
experiments, concluded that there is no 
appreciable alteration of temperature in 
such a case. He allowed air, carbon di- 
oxide, and oxygen to rush from one globe 
into a vacuous globe, and observed the 
changes of temperature by two mercury 

Fig. 28. VII A. Joule s Experiment thermometers placed at the centres of the 

globes. The cooling in the first globe 
was very nearly equal to the heating in the second globe, the maximum change 
of temperature being less than 1®C. The results depended on the posi- 
tions of the thermometers, and incorrect conclusions were drawn from the 
experiments. 

Joule 3 used two copper vessels A and B (Fig. 28.V1I A), the first containing 
air at 25 atm. pressure and the second vacuous, immersed in a can of water sur- 
rounded by an air-jacket. On opening the taps C connecting the vessels, 
expansion occurred, but after stirring the water its temperature was found to be 
unchanged. Hence, Joule concluded that ’* no change of temperature occurs 
when air is allowed to expand without developing mechanical power," i.c. 
without doing external work, and this indicates that the gas molecules exert 
no appreciable attractive or repulsive forces on one another. 

The globes and taps were then placed in three separate cans of water, as 
shown, and the experiment repeated. A fall of 0-595 9 per kg. of w ater occurred 
in A, a rise of 0-606 r in B, and a rise of 0-078' in C. Within the limits of error, 
the same amount of heat is absorbed by the air expanding from A and doing 
work as is evolved by the compression of the air in B. 

Since the air in Joule’s experiment did no net external work, 4 h =0, and since 

1 *’ Principia," Book ii. prop. 23. theorem 18; London. 1687, 301. 

i Mem. Sac. Arcncil. 1807. I. 180; Ann. Phys., 1808. 30. 249; Harpers Scientific Memoirs. 
New York. 1898. 1; cf. Leslie, " Experimental Enquiry into the Nature and Propagation of 
Heat." 1804. 533. 

J Phil. Mag., 1845. 26. 369; "Scientific Papers," 1884. 1. 172; on the kinetic theory of 
the Joule experiment, see Natanson. Compt. Rend., 1888, 107, 164; Ann. Phys., 1889. 37, 341 ; 
Fireman, J. Phys. Chcm., 1902, 6. 463; Parts. Svensk. Kcm. Tids., 1944, 56. 348. 

* The misinterpretation of the experiment by H. S. Taylor. ** Treatise on Physical Chem- 
istr> " New York, 1931. 1, 46, is a common error of beginners. 
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no heat was absorbed or emitted to the surroundings, ,=0: it follows from 

( 2 ), §16.11. that: „ £=9 _ H .=0 <» 

i.e. the energy a, constant temperature is independent of the volume: 

(d£/dF) r =0 ; , ’ 

This is called Joules late and it follows by thermodynamics for any .deal gas. 
defined by the equation >PV-KT T ^wasproved, 5 *»■ n 

The Joule effect ■ ,s the coring * urn, massol gas .0^ ^ ^ ^ (o „ owv 
when the energy remains constant, i.e. ta/ h 
From (1). and ,2a). 

cjLdriWB—u-n 

But from Clapeyron’s equation (5). § 41.11: 

I xT(dPI&T )|>. 

(dr/dK )e — (i/andi’/dn.-fl— <r*.)<d/dw>,n, 

which obviously vanishes when. a. constant volume 

(dfldD, -PIT. or (d In F/d In D r =l . or P—kT . 

The energy of a gas as a function Washburn- 

Rossini and Frandsen 5 by a ... cons ianl up to 40 atm. and in joule 

^TsUdS^t'aUy heated by a res, stance spiral was used. 

k 24 The Joule-Thomson Effect 

Since Joule's 

::i:^ r 3v‘e g n::r, «&. 

or not. (In Gay-Lussac sexpenmt en ' T ^ onlson ( | aIer Lord Kelvin) in 

in' he mejhod an- * 

• Him. " Th*oric Mecaniquc dc la ■ A^f'^’^OO^SOr 2*5 1':’ JS 2* 30 

Parcniy, /«*. .896 8. S; '£*-'1 * » 245; 19! I. 33 2. 7 ; 
(lhcory); Rudgc. ibid.. *9°9. 1 8. 1 59 ° * ; ba Ctow*. *«*• 

Keyes and Scars. Proc. Nat. Acad.. 1925^11. «• * J , 929 I4 , 37; BcnnewiU and 

“• 

Phys. Rev.. 1943. 64. 302. r4 

2 Brass and Tolman. J.A.C.S., 1932. S4. 1003. 

> Bur. Stand. J. Res.. 1932. 9. 733. 

4 Bur. Stand. J. Res.. 1932. 9. 521. i* 5 3. |43 357; ,s 54 . , 44 . 

» Joule and Thomson. Phil. Mag*. 1852 ;/?’. 4 f: ph Papcrs •• 1882. 1. 333. 337. 415; 
321 ; 1862. 152. 579; Thomson * Mathematical and *g**Jf£. Scientific Memoirs. New 
Joule. ** Scientific Papers” 1887. 2. 216. 231. WK 34.. p/m .^ |890 40< , 4 9; 

York. 1898, 1 (also Gay-Lussac s paper); on theory, see ^.niuc . 
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than atmospheric was forced continuously through a porous plug of cotton-wool 
or silk supported in a heat-insulating boxwood tube. The temperatures of the 
gas before and after the plug were determined by thermometers and, after 
various corrections, the change in temperature of the gas in passing through the 

plug was found. Suppose a volume 
V x of unit mass of gas at a tem- 
perature T is pressed by a piston A 
under a pressure Pi through the plug 
at C, the gas on the other side of C 
expanding to a volume V 2 under a 
Fig. 29.VII A. Porous Plug Experiment pressure P 2 by pushing out a piston 

B (Fig. 29. VI I A). 

The net work done by the gas is w=P 2 V 2 -P\V\. If £1 and E 2 are the 
energies of unit mass before and after passing the plug, d£=£ 2 -£,, and if q 
is the heat absorbed from outside: 1 

q=AE+w=E 2 —Ei+P 2 V 2 —P \^\ = ^ 2 ~^\ •••(*) 

where H is the heat content (§ 17.11), H~E+PV. 

The experiment, however, is so arranged that q=0, therefore H 2 -H ,=0. 
(Note that in this case P is not constant.) If the changes are very small : 

dH=d{E+PV)=dE+PdV+VdP=0 . . (2) 

where dVdP is neglected as of the second order (§ 4.1) The energy change is 
the same, for the same change of state, whether the process is carried out 
irreversibly, as in the plug experiment, or reversibly, and hence q in (1) can be 
calculated for the reversible case. From (2a), § 3.II : 

&?=c r dr+/ r dK 

From (5), §41.11: 

/ r «r(d/>/d7V and dk'=(dK/drvd7'+(dF/d/>) I d/>. 

,\ &q=c r dT+T(dP/d T)y[(d V/d T)pd T-Hd F/d E ) 7 d E] = 0 (3) 

From (2b). §3.11: 

hq=c p dT+l p dP, 

hence the first two terms on the right of (3) are equal to c p 6T. From (2c), 
§5.11: 

(dE/d7*V(d y/6P)j= —(d F/dTJp (4) 

Hence equation (3) can be written as: 

8?=c,dr-r(dF/dn,dE=0 (5) 

Since, from (2). § 16.11. & 7 =d£+Ed V, it follows from (2) and (5) that: 

- VdP=c p dT-T(d V/dT)pdP, 
c p d7'+lK-r(dF/dr) P )dE=o. 

/. (dT;dP) H =(l/c p mdY/dT) P -Y) .... (6) 

Preston, " Theory of Heal." 1894. 699; Buckingham. - An Outline of the Theory of Thermo- 
dynamics." New York. 1900. 127; Bur. Stand. Bull.. 1907. 3. 237; Clark, Trans. Roy. Soc. 
Canada. 1924, 18. III. 293; Wcnsel. in ** Temperature. Its Measurement and Control," New 
York, 1941, 3: Roebuck and Murrell, ibid.. 60. 

1 The kinetic energy of the gas passing the plug is assumed to be converted, by friction, into 
heat in the gas after the plug; this may not always have been the case: see Keyes, J.A.C.S., 
1921, 43, 1452. Calendar's name “ adiathcrmal" for an irreversible adiabatic process of 
this kind. Phil. Mag.. 1903. 5. 48, is superfluous, since ** adiabatic " covers all cases of«?=0, 
the reversible process being iscntropic (§ 34.11). Porter, Trans. Faraday Soc., 1922, 18, 
139; " Thermodynamics." 1931, 59, calls pdv— d(pr)= — vdp " the work that fails to be done 
(or shirk)." 




§24 THE JOULE-THOMSON EFFECT 6,7 

A more concise deduction of (6) is the following: 

d//=(d///dr)pd7•+(d/y/d/ , ) J <l/ , 

=c,dr+(d///d/>M />=0 

/. (<\Tl4P) H =-(<M!* p hl c r <7 ' 

BUl dH=d(E+PV)-dE+P<l V+VdP= TdS+ ViP 

from (3). § 43.11. therefore (dW/df> )r =r<dS/d/>,r+ l\ and from Maxell a 

equation (4). §48.11: (d . s/dJ > )r — ,dK/d D, 

... (d H/d/*) r =-r(dK/d7-) r +»' 181 

By substituting from (8) in (7), equation 

SSSSESS&rltfSsM 

'"Fortn"^, gas. f V-KT. therefore V-RT,P. therefore r.d. dr,= 

that T(d K/d71|.— ^=0, or (d K/d7),= V/T, or. 

(d In F/d In 7"),= 

or (10 > 

a vTcr ^ a — 

J7'=0'276(273/70 2 x JF . 

Measurements and calculations of the Joule-Thomson effect for various 
ga^s have been made,' and it has an important application in the liquefaction 

1 Hausen, Z. I "hn. Phy,.. 1926, 7, 444; these are somelin.es confused in the literature; 

«*.•«. 3. u - ,22; B “" w 

1906 792; K ^ Gerty and Hicb. ^femioue de la Chaleur." 1862. 

J Joule and Thomson, ref. 5, p. 615. Hirn. ,nconc * “ 4 18} > 7 < 02 - isSS, 33. 

103; Sutherland. Phil. Mag., 1886. 22, ,81; Natanson, / • - • * 1S99. 48. 

Waals, *• Continuitat,” Leipzig. 1899. 1. 119; Grindlcy, Phil, rraru.. rtw. . 

20 * 
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of gases (see § 5.VI C). For the experimental data and curves, reference is 

made to the original papers. , , _ _ , 

In a type of apparatus for measuring the Joule-Thomson effect (Hausen) the 
porous plug was of asbestos pressed between two perforated plates of ebonite 
or (for higher temperatures) porcelain; it was 40 mm. diam. and 23 mm. thick. 



Fig. 30.V1I A. Hausen's Apparatus for Joulc-Thomson Effect 


1904, 13, I ; Kcstcr, Phys. Rev., 1905, 21, 260; Phys. Z., 1905, 6, 44 (C0 2 ); Peake, Proc. Roy. 
Soc., 1905, 76. 185; Porter. Phil. Mag., 1906, 11. 554; Dodge, J. Amer. Soc. Mech. Eng., 
1907, 28. 1265; 1908, 30, 1227; Bradley and Hale, Phys. Rev., 1909, 29. 258; Dalton, Proc. K. 
Akad. Wctcns. Amsterdam, 1909. 11, 863. 874 (Comm. Leiden, 1909, 109-7 and c) (reduced 
virial equation); Rudge, Phil. Mag., 1909, 18. 159; Proc. Cambr. Phil. Soc., 1910, 16. 48; 
Vogel. Munich Ber., 1909. Abhl. I; Ann. Phys. Beibl.. 1909. 33. 967; Forschungsarb. Gebiel 
Ingenieurwes., 1911, Nos. 108-9. 1; Burnett and Roebuck. Phys. Rev., 1910, 30, 529; Jenkin 
and Pyc. Phil. Trans., 1914. 213. 67; 1915, 215, 353 (C0 2 ); Plank, Phys. Z., 1914, 15, 904; 
Nocll, Forschungsarb. Gebiel Ingenieurwes.. 1916. 184 (air); Schulze. Ann. Phys., 1916, 49, 
569, 585; Jakob, ibid., 1918. 55, 527; Phys. Z., 1921, 22. 65; Hoxton, Phys. Rev., 1919, 
13, 438 (bib).); Keyes. J.A.C.S., 1921, 43. 1452; Meissner. Z. Phys., 1923, 18, 12; Burnett, 
Phys. Rev., 1923. 22. 590; Bur. Stand. Circ.. 1923. 142 (NH,); Univ. Wise. Bull., Eng. Ser., 
1926, 9, No. 6; Perry. J. Phys. Chem.. 1924. 28. 1108. 1338 (He); Scligmann. Z. techn. Phys., 

1925. 6, 237; Hausen, ibid., 1926. 7. 371. 444; Z. Verein D. Ing., 1926. 70. 266; Sci. Abstr., 

1926. 29. 428; Forschungsarb. Gebiet Ingenieurwes., 1926. 274 (air); Roebuck, Proc. Amer. 
Acad., 1925, 60. 537; 1930. 64. 287 (sec errors in these papers corrected in J. Chem. Phys., 1940, 
8. 627); Roebuck and Ocsterbcrg, Phys. Rev., 1933. 43. 60; 1934. 45, 332; 1934, 46, 785; 
1935. 48, 450; J.A.C.S., 1938. 60. 341; Roebuck. Murrell, and Miller, ibid., 1942. 64, 400; 
Roebuck and Ocsterbcrg. J. Chem. Phys.. 1938. 6. 205; 1940. 8. 627; Eumorfopoulos and Rat, 
Phil. Mag., 1926, 2. 961; Bridgcman, Phys. Rev., 1929. 34. 527 (air); Huang, Liu, and Fu, 
Z. Phvs., 1936. 100, 594 (CO* from Beattic-Bridgeman equation); Gusak, Sow. Phys. Z., 
1937. II. 60 (N»); Wcng Wcn-Po, Phil. Mag.. 1938. 26. 225; Verschaffelt. Bull. Acad. Roy. 
Bclg.. 1938, 24. 825; 1940. 26. 193; Wis. Natuurkdc. Tijdsch., 1941, 10. 173; Collins and Keyes. 
J. Phys. Chem., 1939. 43. 5 (steam); Dorsey. " Properties of Ordinary Water Substance." 
New York. 1940, 119 (H : 0); Zclmanov, J. Phys. U.S.S.R., 1940, 3, 43; Foreign Petrol. 
Techno!., 1941, 9. 429 (He at low temp.); Budenholzer. Botkin, Sage, and Lacey, Ind. Eng. 
Chem., 1942. 34. 878 (CH 4 +CjHg); Sage, Botkin, and Lacey, Amer. Inst. Min. Met. Eng., 
1942. Tech. Publ. 1504; Keenan and Kaye. J. Appl. Mechanics, 1943. 10 A, 123; Buckingham 
and Corner. Proc. Roy. Soc., 1947. 189. 118 (calc.); de Groot and Geldermans, Physica, 1947, 
13. 538 (C ; H,. calc.); dc Groot and Michels, ibid., 1948. 14. 218 (CO*). 



The gas passed down a^annub^space between £e wall of 

vessel and the inner mbe con g P S doubIe conccnlr i c wooden 

>" Burnell and Roebuck apparatus 

^ Z an initial pressure up to 
6 ala found by Joule'and Thomson (ca.culaled by Kes.er, are: 
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CO, / • 0 10 20 

At\6p 1-35 1*24 1 14 

„ (K.) 1 46 1*32 1*20 


yo 

1 05 
111 


40 

096 

HM 


50 
0 89 
099 


60 

083 

095 


70 
0 76 
091 


80 

071 

087 


90 100 

066 062 
0 83 0 80 


The last line gives Kester's values for an ini.ial pressure up to 40 aim. Joule 
and Thomson’s results for other gases are. 

H: 

Air , 90 | 

& o 7 2« ss as — » - 0W4 

The effect of pressure is shown by results for air at 0 found by Dalton . D.) and 
Vogel (V.); the initial pressure is stated: 

paun 5 10 IS 20 30 40 60 » •« •* 

4,/4p(D.) 0 226 0 251 0 259 0-262 0 264 0 231 ^ # ^ 0 . IJ7 0 139 

Kester found A,/Ap for C0 2 at 22 s given by 1187 +0 0015 p. 

The equation dH=0 can be written: 

(dH/dD,d7-+(dH/dp),dp=0 

Suppose, as in technical gas liquefaction, the final pressure P: and .he initial 
temperature T, are fixed. Then: 

(dHj/dr 2 ),d7- 2 +(dtf 1 /dp,M/’i“ 0 

The minimum final temperature is obviously found when : 

(dH,/dp,)r=0 . 

and as this is independent all 

the equations of § 51.1, into: . , 4 ,% a\ 

(d7-/dB) H =[7Xdp/dr),+t<dp/di>)rl/<-,(dp/do) r • ■ • 

and for the differential inversion point this is zero. T h “| “"^^jl'j'ou'le- 
that, for a given ini.ial tem^r. ture, . Slremia, 

SET. ft? substance * 

determined by the reduced form (§ 16.V1I C). 

w< =24[vW)-*i/2-9/*) (,5) 

where n=p/ Pl . 9-I7T,, p and T. being l ^^ a 2 1U “ calculale the absolule 
The Joule-Thomson efTcct has often been used .hove 2731 

temperature of 0° C, but it always gives values which are too h g . 

• Epstein, "Textbook of Thermodynamics." New 73 QOQ , 0 -> 5 , . Callcndar. 

* Boltzmann. Am. 1894 53 948r 50 . ro 
/6/t/., 1903, 5, 48; Buckingham. /M., 1903. 6. 518. Roebuck, r . . 

(273 16±0 02). 
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and sometimes as high as 273-36, so that it ts not a rehable method.' The 
Joulc-Thomson effects for methane-nitrogen matures were calculated by the 
Beattie-Bridgeman equation (§ 38.V1I Q by Perry and Hermann.* 

The Joule and Joule-Thomson effects for gases obeying Bose-Emstem and 
Fermi-Dirac statistics (§ 36.IV) were considered by Singh.* They are of 

“Tis'important to notice that the Joule-Thomson effect is not solely due to 
deviation of the gas from Boyle's law; this would produce a very much smaller 
temperature change. Another mistake « is to regard the Joule-Thomson cooling 
as due to adiabatic expansion (i.e. external work). It is true that adiabatic 
conditions are assumed in the deduction, but the work done by the gas in 
expanding in the plug is given to it on the inlet side of the plug, and (apart from 
the small deviation from Boyle's law) these two amounts of work are equal, so 

that no net external work is done. . 

Joule and Thomson found that the observed fall in temperature for air was 
9 to 10 times that which would be produced by the deviation from Boyle’s law. 
It is found that pv changes by about 1/2500 for a change of pressure of 1 atm. 
at room temperature. Hence if P , V are the initial and p, v the final pressure 
and volume for 1 g. of substance: 

PV=pvl\-(P-p)l25QQp], 


... py—pv—(P—p)vl250Q. 

This is the external work done due to the deviation from Boyle’s law. By 
dividing this by the specihc heat of air the fall in temperature is found. The con- 
ditions arc neither constant pressure nor constant volume, but c,=0-239 may 
be taken. 

There is no reason to suppose that there is ever a repulsion between gas 
molecules, and difficulty may be felt in understanding the heating effect which 
occurs with hydrogen. This is due to the fact that, since the molecular attrac- 
tion is very small with hydrogen, the internal work is very small and would 
produce only a very small cooling effect. With hydrogen, at ordinary pressures, 
and other gases at high pressures (§9.VII A), PV>pv t hence the external 
work pv-PV is negative, i.e. net work is done on the gas during the expansion. 
This will increase the energy of the gas (since no exchange of heat with the 
surroundings occurs), and it becomes warmer. This heating effect outweighs 
the cooling due to internal work, and the result is a small heating effect. 

If pv=pv (the gas obeys Boyle’s law) or PV<pv (the gas more compres- 
sible than an ideal gas), 5 there will always be cooling if there is any attraction 
between the molecules, and for equal attractions the cooling will be greater in 
the case PV<pv (when some external work is done) than in the case PV-pv 
(when no external work is done). 

Joule and Thomson found that thecooling effect — (6T/dP) H =A T was inversely 
proportional to the square of the absolute temperature, or if a is a constant, 
AT=a/T i 2 * 4 . Rose-Innes 6 proposed the formula: AT=ajT—b, where a and b 


i Keyes, J.A.C.S., 1920. 42, 54: 1921, 43. 1452; 1924, 46, 1584; misprint in 1921 paper 
corrected by Smith and Taylor, ibid., 1923, 45. 2125. 

* J. Phys. Chem., 1935, 39. 1188; cf. Hirschfcldcr and Rosevearc, ibid., 1939, 43, 15. 

) Indian J. Phys., 1940, 14, 459; Srivastava, Proc. Nat. Inst. Sci. India, 1938, 4, 75; Kothari, 
Ibid., 1938, 4, 69. 

4 Sec, c.g., Lowry and Sugden, “ Gass Book of Physical Chemistry," 1943, 44. 
s It must be remembered that P>p, so that the change frora/> to P is the compression. 

O Phil. Mag., 1898, 45, 227; Lehfcldt, ibid., 363. 
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(1) 


( 2 ) 


int 

. ca \ /, 0-131 which give an inversion 

are const's; ‘ for hydrogen ^ clau ; ius . s characteristic equa- 

temperature of 193 7 K. a and (, a re constants, and this is in 

tion (§ 28.VII C) gives AT I T t! om , on ' s formula for carbon dioxide. 

better agreement than J oule and Th and ni , rog cn 

Measurements of the Joue-Thomso db*Ux q ^ 4 th 

have been used to " experimental difficulties, 

esss 

to liquefy hydrogen by expansion proved .« The inversion 

The inversion temperature for helium * ^ ^ is morc correct to speak 

temperature of a gas depends on h P « • surc an d lcm perature for 

STiS^a®!*. ~ w 

§24 ' Wh ' n: (dK/dlV-W or (d In V,i In D,-> 

Assume that the gas obeys van der Waals's equation : 5 

(P+olV'-W-b)~RT ■••••• 

which (by multiplying out and dividing by « may ^ put in the form: 

V-b^RTIP-alPV+ab.W-’ 

and put V—RT/P in the correction terms, lhcn: 

y^RTiP-alRT+abPiR I -+6 . • • 

(d VldT)p=RlP+al R T 2 - 2abPlR 2 T* • • 

From (6), § 24, for the Joule-Thomson effect: 

dr=(i/c,)ir(</F/drv- FidP, 

■ . . , ,: nce y is now the molar volume), (- ) 

(where C,=Mc p is the molecular heat, since 

and (4) give: 3-W * 7 *-i)(l/C,)dl’ . ■ • ■ « 

Neglect the second term in brackets as small compared with the other two, then. 

4T-*QalRT-b)0IC,)<iP. 

giving on integration: „ . ,6) 

C^-T^WRT-b^-Py) W 

The inversion point occurs when dT=0 in (5), 

2alRT-labPIR ! T'—b=Q, 

or (T-alRby-aVRW-toPIR'- 

... ' ' 

1 Keyes, /./t.C.S., .92., 43. .452, claimed .hat aU “ ' C ' J "° n 

■ Phil. Mag.. 1899, 48, 106; Lcduc, Comp. Rrnd.. .*&■**• ' 

1 Rodebush, Andrews, and Taylor, J.A.C.5., l - . • Buckingham. Phil. Mag- 

4 Comp,. Rend., 1869. 69. 780; Mem. de I Ins,.. 1870. 3 7. U. 

1903, 6, 518; Nature, 1907, 76, 493. , n ±nir'v'-Hv-b)=RT sec Schulze. 

s For inversion curve of C0 2 wilh ihe equation (p+alVi K» 

Phys., 1916, 49, 585. 


( 3 ) 

(4) 
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By plotting T against P from (7), a parabola is obtained, all points inside which 
represent a cooling effect and all points outside a heating effect; this is the 
inversion curve. 

It is more convenient 1 to use equation (1) in the reduced form (§ 16. VII C): 

#(d<£/d#) a — ^=0 (9) 


(. t>=vjv 0 7 r=plp lt d=TIT t ). Differentiate the reduced van der Waals’s 


equation: 


(r+3/W-D= 85 


( 10 ) 


with respect to 9 (if constant) and substitute from (9), when: 

-S9I(H- 1)+6(3*— W 2 =0. 


Hence at an inversion point: 

9,= W-W (ID 

or by elimination of &: 

*,= 9(2*- 1)0* (12) 



Fig. 3 1 .V 1 1 A. Inversion Curve 


For all pressures from 0 to 9 P, (12) has two real roots, and there arc two 
inversion temperatures within this region for each pair of values of P and K, 
these temperatures ranging from a little below, to 6-7 times, the critical tempera- 
ture. At pressures higher than 9 P t there is no inversion point. Eliminating 
<f> leads to: 

«?,=3[l±M9-ir)P 

again giving two inversion points, depending on the pressure. 

The experimental results of the compressibilities of carbon dioxide and 
nitrous oxide gave identical inversion curves, this agreeing with the law of 
corresponding states (see Fig. 31. VII A), but the curve was not that predicted by 
van der Waals’s theory. Davis found the same reduced curves for five gases, 
including water vapour. 

' Bert helot, Compt. Rend.. 1900. 130. 1379: J. de Phys.. 1903. 2. 186; Porter. Phil. Mag.. 
1906. 11, 554; 1910, 19. 888; Proc. Roy. Soc.. 1914, 89. 377; Dickson. Phil. Mag.. 1908. 15. 126; 
Davis, Proc. Amer. Acad., 1910, 45. 243. 


THE CRITICAL STATE 

^=•23*37-1 174x^-178-6 /xHt* . • • • 

where x-KTJP.V.-nVTJUP* volume in ml. per g.. an 

M=mol. wt. , . . . Thomson effects may also be found from 

The values of the Joule and Jou h fisUc cqualion which leads to these 

{vmTJ n Other characteristic equations may be used in a s.m.lar way. 


B. 


CRITICAL PHENOMENA 


§ 1. The Critical State . healed so lhal 

When a liquid in contact with lls ' 3p0U '^ surc increases. It might be 

excess of liquid is alwa ^, pr ^"' f ' h ' wou!d go on con.inu- 
supposed that this increase of pr ■ |,,ch pressures 

ously with rise in temperature un found by cal- 

would be reached. James Walt m 1783 - high 

culation based on his ex P* n ™* n ‘' h , of wa ter would vanish, 
temperature and pressure the late wouM become equal, 

the specific volumes of water and „ jd ntar |y as specifi- 
and the water would ■•become an e a stm (luic ^ jn(0 

cally heavy as water but he thought.. )8 , 3 had s3|d 

air. Kbmg » pointed i out to&M w? dcfinite|y rca liscd> 

“ temperatures may be imagined (even would 

for which the densities of steam and wa .*» •• He did 

heat become latent in such a formation p h a(cd a ) co hol. 
not carry the idea further. Cagn.ard dc la Tour hea.e^^ ^ 

ether, and other liquids in sealed gla “ whcn lhc | lqu id 

the increase in pressure reached a sharp 
meniscus suddenly disappeared ■ orieina | volume, completely 

“The liquid, after assuming about double - , , ha , the tube 

disappeared and was converted m.o a capo a eery thick fog 

seemed quite empty, but on letting . cool ° r ■■ 

formed, after which the liquid reappeared in its tormc ^ ^ ^ 

■ Phys. Z.. 1917, 18. 421 ; 1921. 22, 65 ;cf. z'VlV 18. JO: JolTc. 
33, 291; 1920, 21, 150; Z. *«. Kalle-M.. >»»• ”; ' • c5 Ho 62 7’ K. or 60 I K.. Nc »• 
Phys. Rev., 1946. 70. 766 (maximum inversion icmpc 

J Muirhcad. " Correspondence of lhc late James Watt. 1 846 - 6 ‘ 

» Ann. Phys., 1931 , 11 . 985 



no. i.vn R 

Cugmard do 
la Tour Tube 


' m ? n 'Ll I W TO T liquid jnJ Coiardcau. (onipt. K ' " lL 


4 Ann. Phys., 1823. 75. 343 (354). 

» Ann. Chim.. 1822, 21. 127. 178: 
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Cagniard de la Tour then used a bulb containing liquid and vapour 
(Fig l.VH B) and measured the temperatures and pressures at which the 
meniscus vanished; this was at 200° with ether, 259° with alcohol, 275° with 
carbon disulphide, and 362° with water. He must be considered the discoverer 

of the critical stale. ...... 

Similar observations were made by Dnon 1 in 1859, with ethyl chloride 
(110°) and sulphur dioxide (240°), and Mendeleeff 2 in 1861, who called the 
temperature at which a “ liquid changes to vapour regardless of pressure and 



Fig. 2.VII B. Andrews* Critical Point Apparatus. Fio. 3.VII B. Sections of 

Complete apparatus showing outer Copper Tubes, Tubes, showing lower 

with Capillary Tubes projecting above and Com- part of Gas Tube with 

pressing Screws below Mercury Seal 

volume " its absolute boiling-point, at which “ the cohesion and heat of vaporisa- 
tion become zero.” This name is likely to be confused with the boiling-point 
on the absolute scale, i.e. b.p. in °C.+273. MendeleefTs approach was the 
decrease of surface tension of a liquid with temperature. 

Such observations as Cagniard de la Tour's obviously point to the conclusion 
reached by Faraday 3 that at the Cagniard de la Tour temperature, “ or one a 
little higher, it is not likely that any increase of pressure, except perhaps one 
exceedingly great, would convert the gas into a liquid ” permanent ” gases 

» Ann. Chin,., 1859, 56. 5. 

2 Ann., 1861, 119, 1; Ann. Phys., 1870. 141, 618; "Principles of Chemistry." 3rd edit., 
1905, 1, 132. 

> Phil. Trans.. 1S45, 135. 155; "Researches in Chemistry and Physics." 1859. 116. 
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based on an observation of ThUorier * that the coefficient of expansion of 
liquid carbon dioxide between 0° and 20 3 was four times that of the gas. 

Andrews used the apparatus shown in Figs. 2 and 3.VII B. The gas (carbon 
dioxide) was contained in a tube a, ending above in a sealed capillary tube and 
fixed below in a strong, cold-drawn copper tube containing water, which could 
be pressed in by fine steel screws, made tight by leather washers saturated in 
vacuum with melted lard, and tightly pressed in brass flanges. A similar 
tube b contained air. 2 The gas or air was enclosed by a thread of mercury 
in the tube. The volume of the capillary was accurately measured and the 
apparatus was kept at a constant temperature. The pressure p was calculated 
from Boyle’s law from the volume of the air (at the higher pressures this would 
cause an appreciable error). 1 The volume v of the carbon dioxide was measured 
at various pressures and corresponding values of p and v were plotted at tem- 
peratures of 171°, 21 -5*. 31 1°, 32-5°, 33-5% and 481°, and the results arc 
shown in Fig. 4.VI1 B. 

For each temperature there is a definite volume corresponding with each 
pressure, and all the corresponding values of p and v lie on a line called an 
isotherm, connecting points for which the temperature is the same. These 
isotherms, at the lower temperatures, consist of three well-defined parts. The 
almost vertical parts on the left correspond with small volumes and represent 
the behaviour of the substance when it is completely liquid. The volume 
decreases slightly as the pressure is increased, but since a liquid is only slightly 
compressible a large increase of pressure is necessary to produce a small decrease 
in volume, hence this part of the isotherm is an almost vertical line, but slopes 
slightly from right to left with increasing pressure, corresponding with decreasing 
volume. 

At a definite pressure on the falling side, vapour begins to form, and as soon 
as both vapour and liquid are present the pressure cannot change with increase 
in volume but remains constant, more liquid being converted into vapour as the 
volume is increased. This part of the isotherm is thus a horizontal straight 
line, the corresponding constant pressure being the vapour pressure of the 
liquid at the temperature of the isotherm. The almost vertical part of the 
isotherm belonging to the liquid should meet the horizontal part corresponding 
with liquid and vapour at a sharp angle; the rounded form in Andrews' curves 
was due to a small amount of air in the carbon dioxide used. 4 Y oung's 5 curves 
for isopentane (Fig. 5.V1I B) show quite horizontal lines and sharp breaks on 
passing to the liquid line. On continually increasing the volume more and 
more liquid evaporates, and when the last drop of liquid disappears the car- 
bon dioxide is now completely gaseous and with further increase in volume the 
pressure drops approximately according to Boyle’s law, so that this third part 


1863. I. 328: Andrews. Phil. Trans.. 1869, 159. 575; 1876. 166. 421; 1887. 178. 45 (posihum. 
publ. by Tail); Tree. Roy. Soc.. 1875. 23. 5I4 ; y.C.S.. 1870. 23. 74; Proe. Roy. Soc. Edin., 1909, 
21. 1 (publ. by Knott); " Scientific Papers." 1889. 296. 333; Ostwald s Klassikcr. 1902, 132; 
" Conferences. Special Loan Collection of Scientific Apparatus (South Kensington Museum)," 
1876. 150; Plank. 2. Eleklrochem., 1935. 41. 804. 

« Ann. Own.. 1835. 60. 427. 

: Andrews also used an iron apparatus filled with mercury, which is less compressible than 
water, but then had difiicultics with the packing; ** Scientific Papers," 1889. 336; the original 
apparatus is in the Science Museum, South Kensington; sec photograph in Edscr, “ Heat for 
Advanced Students." 1899. 206. 

> See Knott. Nature, 1908. 78. 262 ; Proc. Roy. Soc. EJin.. 1909. 30. 1. 

4 Kuencn. ” Die Zustandsgleichung dcr Gasc und Flussigkcitcn." Brunswick. 1907. 36. 

5 " Stoichiometry." 1918. 116. Fig. 22. 
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If the isotherm, shown on the right, is approximately a rectangular hyperbola. 

The horizontal line meets this in a sharp angle, as shown 

Bv starting with gaseous carbon dioxide and increasing the p 

Is sspss 

,hc isotherm turns sharply upwards and b«omes “ but smcc 



the liquid isotherm starts to the right of the pres the isotherm 
pressure is higher a. the higher bl^omes progress^ cly 

starts higher up than previously. The hon 101 n P m , hc IM „ hcrms 

shorter as the temperature increases. All these 1 J f . u or i zonla | part 

for 17-1° and 21 -5’ ; on the 311° isotherm the ^ P 

on the right has become rounded, but this is due o c p ' approach so 

At a certain temperature the two ends of the horizontal isotherm PP^ ^ ^ 

closely that they meet, and this means h ^ c J-ome identical, 

vapour) have become identical, i.c. these t o and t hc 

This occurs on the 32-5° isotherm, on which the sh ar P br ^^° io ' n bul runs 

left have both disappeared and thecurvc has no finite horizontal portion. 
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for an instant horizontal, the curvature changing, as shown. This corresponds 
with a point of inflexion (§ 10.1) and was called by Andrews the critical point (it 
may be called the “liquid-gas critical point ”), and 32-5° the critical temperature. 

At the critical temperature, therefore, liquid and vapour are identical and 
Andrews assumed that the substance is then in a definite critical state. At the 
critical point the separation of liquid from vapour, or the evaporation of liquid 
to vapour, to form a heterogeneous mixture of liquid and vapour is no longer 
possible, but the transition from vapour to liquid, or vice versa , occurs con- 
tinuously. The proximity to the critical point is stiU shown by a change of 



Fig. 6. VI I B. Andrews' Curves for Carbon Dioxide, showing Regions of Existence 

of States. 

curvature on the 33-5° isotherm, but on the 48 -T isotherm all trace of it has 
disappeared and the curve throughout is that of a gas. 

The cloudy appearance of the liquid just as the meniscus vanishes at the 
critical point and the remarkable striations seen just above the critical point are 
described and illustrated by Andrews 1 (sec § 2). 

Andrews thus showed that, at a certain temperature, carbon dioxide passes 
continuously from the liquid to the gaseous state, and no increase of pressure 
would cause liquefaction, or separation into liquid and vapour, as long as the 

• '* Scientific Papers." 1889. 337, Figs. 1 and 2; he correctly says they are due to " the great 
changes of density which slight changes of pressure or temperature produce." See also the 
figures in Harand, Monaisli., 1935, 65, 153. 


§z CONTINUITY OF LIQUID AND GASEOUS STATES 

temperature is at or above thiscri.it*. “0"^ 

pre^ure r«uin S' in the 

raSSa=r-=-s 

-S- <* 

be liquefied by increase of P"*"*- , f carbon dioxide, nitrous oxide. 

The critical slate was found by ^Andrews W d ide _ and hc concluded 

hydrogen chloride, ammonia, elhe . J since £ cn confirmed for a large 
that it is a general property ° f '^' ds , , h hori20nla | isotherm, are joined, the 

dott^curve'in Fig^b.VH^B^s ofcMined.^with 

isotherm, and on the right , vapour 

below the critical isotherm and gas above it. 

§ 2 . Continuity of Liquid and Gaseous States . 

If «- «*. "I W-—- ““ SSir.C.r, “ “S 

curve is not entered, it is possible to convert q . wl ,h 0 ut any v isible 
into a liquid (where " vapour may «"*?** \ meniscus . Th„ is a 
separation of one from the : other, i-e- PPf js , aken . represented by a 

continuous transition of stale. To d ° • q and of , hc critical iso- 
point to the left of the region of heteroge . . , occ thcr so that the substance 

therm. The temperature and pressure are ; raised * ufc js hjcher , h an the 
still remains in the homogeneous region u th ; 1 P e |hc lcn ,p c raiure above 

critical point; by increasing the volume but ma j. 0 ,|,crm into the 

the critical value, we pass from left to .0 keep 

gas region, and by lowering the ,e ™P"* ,u ^ lhc vapour by again crossing 

out of the region of heterogeneous slates. we r “ h vap o ur continuously 

the critical isotherm. The reverse process of coo v erting t h. - '“P^ jbovc , he 
into liquid may obviously be carried out by rai ng th pe jnt0 the 

critical temperature, compressing until the cr.ticaljsotnerm ^ Andrcws > 
liquid region, and then lowering the tempera u P separated 

said: " the ordinary gaseous and ordinary liquid fl Ide to^ «« into one 
forms of the same condition of matter, an y b« sha „ nowhc rc present 
another by a series of gradations so gentle that P - d afc only 

any interruption or breach of continuity . . • f s 4 

distant stages of a long series of continuous physic * .' $ heating 

VanH Hoff * showed that phosphomum iodide, which tJ.ssoc.a 

» Miller, “ Elements of Chemistry.” 1863. 1. 328. ... . region, see Amagat. 

* On various curves joining states w,lh 1 pr vf!, h i a s i bid IW). 9. 479: Onncs and 

J. de Phys., 1892, 1. 288; Ravcau. ibid.. 1892. 1 . 461 Main la -. (J (hcfc 

Keesom, “ Enzykl. d. math. Wiss.." 1912, 5. !• a ^ . in rather different words in 

» "Scientific Papers," 1889. 342 (lecture in 1871). the same, .n 

the paper of 1869, ibid., 316. 

- Ber., 1885, 18, 2088. 
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at atmospheric pressure, shows a critical point at 50°— 51° and 80-90 atm. when 
heated in a sealed tube. 

The molecular explanation of the critical phenomena is, qualitatively, fairly 
obvious. Above the critical temperature, the kinetic energy of the molecules is 
so large in comparison with the attractive forces of cohesion that the molecules 

seldom or never remain attached to 
one another, and the cohesive forces 
are greatly weakened. This agrees 
with the facts that (i) the surface 
tension vanishes at the critical point, 
and (ii) with rise of temperature the 
latent heat of evaporation / e of a 
liquid, representing the work done 
in separating the molecules under the 
influence of cohesive forces, becomes 
progressively smaller and probably 
vanishes at the critical tempera- 
ture. This would follow from the 



Fic. 7.VII B. Space Mode! of Pressure, 
Volume, and Temperature 


Clapeyron-Clausius equation (see § 7.VIII L, Vol. II); when the specific 
volumes v, and v t of liquid and vapour become equal at the critical point: 


/ c =r(dp/drx^-v,)=o. 

A space-model 1 of the />, v curves with temperature as a third axis 2 gives 
a clear view of the whole range of behaviour of a fluid to pressure and tempera- 
ture (Fig. 7. VI I B). The figure is self-explanatory. 

Jamin 3 plotted p against density instead of volume, and Wroblcwski 4 pro- 
posed to call lines of equal density isopycnics (twkv6s, compact). By plotting 
p against T for equal densities he found no discontinuity at the critical 
temperature. 


§ 3. Supposed Anomalies in Critical Phenomena 

The continuous conversion of liquid into vapour at the critical point, and the 

resulting identity of these two states, is 
convincingly shown in an experiment of 
Nadejdine. 5 In this, liquid is contained 
with vapour in a sealed tube supported 
on a knife-edge at its centre and bal- 
anced by suitable weights so as to be 
horizontal when empty (Fig. 8.VII B). 
The liquid at one end tilts the tube 
down by its weight. On raising the 
temperature, the densities of liquid and 
vapour become identical at the critical 
point and the tube swings into a horizontal position. This has been used as a 
method for determining critical temperatures. 



Fig. 8.VII B. Nadcjdinc's Experiment 


' First constructed by James Thomson. Proc. Roy. Soc., 1871. 20. 1 (wood models); see 
Andrews. "Scientific Papers,'* 1889. 340; J. Thomson. "Collected Papers in Physics and 
Engineering.” Cambridge. 1912. 276 f. (incl. unpublished material). 

- See Ostwald, “ Lchrbuch der allgemcincn Chemie." 191 1, 2, ii, 342, 347. 

3 Compi. Rend.. 1883, 97. 10; J. de Phvs., 1883. 2. 389. 

4 A™- Mys., 1886, 29. 428; cf. Hindi, ibid., 1899, 69. 456, 837; 1900. 1, 655. 

5 Bull. Acad. St. Petersb ., I8S5, 30. 327; Ann. Phys. Beibl., 1885, 9. 721 ; Bond and Williams, 
J.A.C.S., 1931, 53. 34 (HF). 


S3 SUPPOSED ANOMALIES IN CRITICAL PHENOMENA 631 

sities of liquid and saturated equal. Caillcie. and 
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to Traubc, is not instantaneous d , found variable densities 

Galitzinc 10 by measurements of refractive inOcx ^ fof lhc dic | cc mc 
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i Co/npf. /tenJ.. 1883.96. 1448; 1883.97. 10 CWm . | 8 92. 25. 519. 

: ;• ■ **• 26 ‘- 26 <p,; cf sjpo>hmkov - “ >:4 

*-■ ** «* *• i,s; Hjscn - 

«: ftt Ato*.. ■*«. 3*. «*: ‘ f R ‘ m »> and Youn «- FM - ■ 

1894.38.569. . g93 „ 695; , S 94. 27. 348. 580. 885: IS‘>4. 


Sac., 1935; 347 ,234; cf. Malhias. Cjj*. '^^ l^ . 2,. 393.* 8,4: 1907. 23. 

Lehmann, Xmi. Phys.. 1906. 20 77 • • 22 ^. nnc Uilz and Splittgcrbcr. iW./.. l‘>2o. 124. 44. 

385; Hein, Z. phys. Client., 1914. 86 385 . ucnnc 1938.23. 1. 

Bcnnewiiz and Windisch, ibid., 1933. ,166. . • .. A f Peter sh.. 1899. II. 11": 

.o Phys., 1893. 50. 521; Gal.iz.ne ^V/i^BulLAcmL ,26 ,ab>tr.>; cf. Chappuis. 

Congres Interna,. Phys.. 1900 1 668; Z J2* ,915:287. 

^ P -M J ioq 4 Iia 976 • Schamcs. Elstcr-Geitcl resticnr., 

iw - *• ois ,jnJ d,s - 

cussion); Ann. Phys., 1904. 13. 611. 
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tube; each sphere floated in a horizontal level where the density was equal to its 
own. Wilip 1 thought the liquid was transformed into a fine state of sub- 
division and persisted as such above the critical point. 

Hein 2 found that the meniscus in a tube containing liquid and gaseous carbon 
dioxide disappears on heating when the mean density is 0-341-0-589 or 0-735- 
1 -269 times the critical density. There were, however, variations of density in 
the lube, made evident by the different positions taken up by a number of small 

spheres of different density, as used by Teichner. 

That a large part of these supposed anomalies is due to non-uniformity of 
temperature > and most of the rest probably to impurities 4 seems established 
beyond reasonable doubt. Since the compressibility is very large at the critical 
point (dp/dv=0) the influence of weight is important, and by inverting the tube 5 
or using a stirrer 6 the differences of density due to any cause may be removed. 
In a very convincing experiment Ramsay 7 showed that in a circular tube just 
below the critical temperature droplets of liquid ether float in the vapour as a 
cloud, showing that the densities of liquid and vapour are almost identical, and 
on very slight further heating to the critical temperature the two states became 
identical. Bradley, Browne, and Hale 6 found the temperatures of disappear- 
ance of the meniscus with carbon dioxide differed by only 0 08°. 

The opalescence at the critical point, observed by Andrews (§ 1) and many 
later workers, 8 is due to minute differences in density in various parts of the 


I Acta Con, mem. Univ. Dorpatensis, 1924, 6 A, No. 2; Swietoslawski, " Ebulliomclric 
Measurements." New York. 1945, 186, 190. 

J Z. phys. Chen,., 1914, 86. 385. „ _ 

J Stolciow, Forischr. Phys., 1892, 48. ii, 190;/. Russ. Phys. Chcm. Soc., 1893, 25, 303 (P); 

1894, 26. 26 (P); Kuencn. Z. phys. Chem., 1893, II. 38; Villard. /. dc Phys., 1894 3, 441; 
Ann. Chin,., 1897, 10, 387; Altschul. Chem. Ztg., 1895. 19. Suppl., 65; Young. J.C.S., 1897, 
71, 446; /. Chin,. Phys., 1906, 4. 425; " Stoichiometry." 1918. 118; von Hirsch, Ann. Phys., 
1900, 1, 655; Onncs, Proc. K. Akad. Wetens. Amsterdam, 1901, 3, 628 (Comm. Leiden, 68); 
Onncs and Villars. ibid., 1907-8, 10. 215 (Comm. Leiden, 98); Travers and Usher, Proc. Roy. 
Soc., 1906, 78. 247; Z. phys. Chem., 1906, 57, 365; Piazzo, An. Soc. Cient. Argentina, 1941, 
132, 245. 

- Knictsch. Ann., 1890, 259, 100; Z. phys. Chem., 1895, 16, 731; Ramsay and Young, Phil. 
Mag., 1894, 37. 215, 503; Ramsay. Z. phys Chem., 1894, 14. 486; Villard, J. de Phys., 1894, 
3, 441 ; Ann. Chin,., 1897, 10. 387; von NVescndonck, Z. phys. Chem., 1894, 15, 262; Ann. Phys., 

1895, 55. 577; Pictet and Altschul, Z. phys. Chem., 1895. 16, 26; von Hirsch, Ann. Phys., 1899, 
69. 456; 1900, 1. 655; dc Hccn. Bull. Acad. Roy. Belg., 1907, 859. 

» Gouy, Compr. Rend., 1892, 115. 720; 1893, 116, 1289; Villard, ibid., 1895, 120, 182; 
1895, 121, 1 15; Mathias, " Lc Point Critique dcs Corps Purs," 19(M. 

6 Kucnen, Proc. K. Akad. Wetens. Amsterdam, 1893-4, 2, 85; 1894-5, 3, 19, 57; Arch. 
Seer!., 1893, 26. 354; Z. phys. Chem., 1893, 11, 38; " Die Zustandsglcichung." Brunswick, 
1907, 40; Bradley, Browne, and Hale, Phys. Rev., 19W, 19, 258; 1908, 26, 470; 1908, 27, 90. 

i Z. phys. Chem., 1894, 14, 486; von Wcsendonck. ibid., 1894, 15, 262; Cardoso, /. Chim. 
Phvs., 1912, 10. 470. 

* Andrews, " Scicnt. Papers." 1889, 337; Avcnarius, Ann. Phys., 1874, 151, 303; Galitzine, 
ibid., 1893, 50. 521 ; Konowalow, ibid., 1903, 10. 360; 1903, 12, 1 160; Travers and Usher, Proc. 
Rov. Soc., 1906, 78. 247; Z. phys. Chem., 1907, 57, 365; von NVescndonck, Verhl. d. D. Phys. 
Ges., 1908, 10. 483; Rothmund. Z. phys. Chem., 1908, 63, 54; Kccsom, Ann. Phys., 1911, 35, 
591 ; Ostwald, ibid., 1 91 1,36, 848; Onncs and Kcesom, "Enzykl.d. math.NViss.," 1912, 5, i, 796; 
Cardoso, J. Chim. Phys., 1912, 10. 470; 1915, 13. 414; Omstcin, Proc. K. Akad. Wetens. 
Amsterdam, 1912, 15. 54; Omstcin and Zcmike, ibid., 1914-15, 17, 793; Phys. Z., 1926, 27, 
761 ; SchidlofT, Arch. Sci. Phys. Sat., 1915. 39, 25; Zemikc, Proc. K. Akad. Wetens. Amsterdam, 
1916, 18, 1250: Arch. Seer!., 1918. 4. 74; Lorentz, ** Lcs Theories Statistiquc en Thermo- 
dynamique," Leipzig and Berlin, 1916. 44; Davis, /.-4.C.S., 1916, 38. 1166; Roozeboom, 
" Die hctcrogcnen Glcichgewichtc," 1918, 2. ii, 81; Martin, /. Phys. Chem., 1922, 26, 471; 
Raman and Ramanathan. Phil. Mag., 1923, 45, 113; Audat, /. de Phys., 1924, 5, 193; Stewart, 
/. Opt. Soc. Amcr., 1925, 1 1, 581 ; Kar, Phys. Z.. 1926. 27, 3S0; 1927, 28. 710; Phil. Mag., 1927, 
3. 601 ; Raman, ibid., 1927, 4. 447; Schrocr, Z. phys. Chem., 1929, 140, 241 ; Placzck, Phys. Z., 
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Maxwell's DistnbuUon Uw <§ 0-U I). I • > ^ >“ * ctcr and lhc poinl 

cenee with ether pers.sts even m tubes of 01 5 mm mne^^ ^ volu|ne 

of maximum opalescence secme P gases ^opalescence regions of about 


H/( r )=:6c V * r [ (p-Po)tv. 


where 6 is a constant, k is Boltzmann*s constant and p * ™ presses 
rnean^squarif deviation* from'^he' 1 average** ^nsfty^8^= kTi .Vt„ : ( \—<r f 11 ' ■ 

S s ^,wS\“^ 

per unit volume per unit solid angle, is. 

/ h^^RTkI 1 8NA«X" 2 " 1 W" 2 + 2)2 ' 

Einstein found: 

A/" iKdP/dfc) (I. 

N ' d In p"/d*\ a ) (4ttD) 2 

. >• r dl... iqvi ^ SOI - Rocard. /. dc Phys.. 1933. 4. 165: 
1930. 31. 1052; VaidyanatHan. Indian J. Phys.. \9i0. 5. iO\. R J4; S ata and Kimura. 

Parthasarathy. InJ.an 1. Mg. WM- 8 ^^, x ^. ) Y vo„ <£U><- Rend.. 1936. »'• = 

Bull. Chcm. Soc. Japan. 1935 10. 409 {auxton # . !6. 26; Mark wood. J. Franklin Insl.. 
Todcs and Zeldovich. Acta Phys,ococh,m. U.R S i.. IV4-. io. 

1947, 244. 92 (historical; cquahons); 626; ^ ,90S. 25. 205; 

MSts&SstStJSS Ss&z&ffSP ,0W: Ein, " ,n - 

iSST^tSa. .«= m. .«**■ .’10. 20. 70, 

j Arch. Sci. Phys. Nat.. 1912. 34. 20. 

; ,9.4. 38. 78. . 37 ; onnes. do™-, and Holst. Mac. K. 

AkaJ. Wetens. Amsterdam, 1915. 17,950. 

‘ ^SKSiWb; Krishnan. Phil. Mac. .925. 50. 697; Cabannc, 7. * 
Phys., 1927, 8, 321. 

» Cabanncs and Ganzct. J. dc Phys.. 1925. 6. 182. 
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where A/"=mol. wt. of second component, v=sp. vol. of first component, 
«£= irradiated volume, A=Avogadro's number, Z)=dielectric constant, 
/>"=partial pressure of second component, A:=mass of second component 
mixed with unit mass of the first. 

A revision of Einstein's theory was given by Rocard, 1 who omitted the 
factor ((D+2)/3J 2 in one of Einstein's equations: (dD/dv) 2 =(D- l) 2 (0+2) 2 /9^, 
where (Z)-l)w/(/)+2)=const. Shaposhnikov 2 criticised the theory; he 
thought the adiabatic compressibility should be used. 

Debye 3 defined a turbidity t=(8tt/3)^A:/i 2 , k=2n/X, A= wave-length in 
vacuum, n=c lectric moment in field of intensity 1, #= number of particles per 
cm. 3 . The loss of intensity in the direction of propagation is -dr/d.t=r/. 
If c = concentration in g./cm. 3 , r = cHM, where A/ = mol. wt., H = 
(327r 3 /3)(wo 2 /AA 4 )I(/i— ;io)/^J 2 » where A r =Avogadro’s number, /» 0 , n = refractive 
indices of medium and suspension. There may be a depolarisation factor 
(6— 7r)/(6+3r). 

Cabannes 4 found: 

R=J/EV =3jt 2 [(/i 2 — 1) 2 /A 4 W]((I +/>)/(6-7/>)], 
where J is the intensity diffused at right angles, £ is the intensity of the un- 
polarised beam, ;i= refractive index, number of molecules in a volume V, 
p is the ratio of the intensities at right angles to, and parallel to, the original 
beam. This subject will be considered in Vol. II. 

Callcndar 3 found that on heating water which had been deprived of every 
trace of dissolved air in a quartz tube the meniscus vanished at 374', but a 
difference in density between the parts which had been occupied by liquid and 
vapour persisted up to nearly 380' in favourable conditions. The density of 
the liquid was determined by scaling a known weight of water in a tube of 
known volume and healing till the meniscus just reached the top of the tube. 
The density of the vapour was determined by sealing up a known smaller 
amount of liquid and heating till the last drop of liquid vanished. These densities 
were then plotted against temperature and the curves shown in Fig. 9.V1I B 
obtained. The values for the liquid above 374° were found by observing the 
line of demarcation between liquid and vapour, which (on account of differences 
in density) could still be observed after the meniscus had disappeared. The 
extrapolated vapour curve met the liquid curse at a little above 380°. A trace 
of dissolved air made observations in the “ unstable " region (above 374°) 
impossible. 

It is clear that this method of experimenting differs from that generally used 
in determining critical temperatures, in which the aim is to eliminate all such 
differences in density, 6 and the interpretation of the results is correspondingly 
difficult. The sharp discontinuity in angle of liquid and vapour curves at 
380° is quite different from the rounded maxima found by other experimenters; 
these, according to Callendar, are due to traces of dissolved air. It should be 
noted that Callendar's characteristic equation for steam (§ 32. VI I C) does not 
agree with the existence of a critical point. 

• Ann. de Phys., 1928. 10. 1 16. 181 (bibl.. 1 18 refs., and abstracts). 

- Anicr. Chem. Absir., 1925. 19. 1653. 

J J. Phis. Chem.. 1947, 51. 18. 

J. ite P/ivs., 1920. 1. 129. 

5 Proc. Roy. Soc.. 1928. 120. 460; Engineering. 1928. 126. 594, 625. 671. 

6 Evcrshcim. Ann. Phys.. 1904. 13. 492. had emphasised that this is necessary; Kennedy. 
-/..4.C.S.. 1929, 51. 1360. found different values for t, for CO> according as a sharp or diffuse 
meniscus was used as a criterion. 
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§3 SUPPOSED ANOMALIES IN CRITICAL PHENOMENA 

Callendar calculated the values of the heat content H=E+PV from h.s 

e< l ua,ion: 



the volumes of liquid and vapour from 350’ to the critical lcmpera.urc 374 r. 
and considered that Calendars results were due *as 

The question of the persistence of liquid above ’**,?. ' Us Thow thai (i) a 
opened again by Maass, 4 who believed ihc c'pcn molccular distribution, 
liquid has a structure due to certain regular ure and decrease of 

which structure tends to be broken down by rise o P« liquid has 

density, (ii) at the critical temperature the normal dens.ty 

> Phil. Tram.. 1932, 231. 147. 

*, crfOrdinary Water Substance,' New York. 

'^Tap’pfsteaeie, and Maass. Cana*. J. to .. 1933 9. 2.7: Wudto 

9. 613; Edwards and Maass. HU. 1935. 12. 357 Canad. 2. to.. >939. 

303; Maass, Chrm. to... 1938. 23. IT; Daeey. Mclnto*. « uj a ,, m . to-.. 

17 B, 206, 241 ; Clark, Tram. Roy. Sac. Canada. ; '«>5.». m. , ki Aca J. Polon.. 

1938, 23, 1 ; Harvey, Phys. to.. 1934.45. 848; 1934 44 Nc ' w York. 1945. IS6; 

1938 A, 304; Kail. Z.. 1939. 86. 14S; " EbuUtome nc MeasurcnKnt^ rs 

Ruedy, Cared. J. Res.. 1938, 16 A, 89; ef. Oswald. A oil. Z.. 1933. 64, 
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decreased to a point beyond which the structure rapidly diminishes, and fiiQ the 
liquid state of aggregation can exist above this temperature when the density is 
increased by pressure so as to bring about a necessary concentration. In the 
experiments, a density difference varying from 10 per cent, for ethylene to 
50 per cent, for methyl chloride persisted above the critical temperature and 
could not be destroyed by stirring, but with rise of temperature above the 
critical point the density difference disappeared. When the substance was now 
cooled, the density difference did not reappear, so that the heterogeneous state 
is obviously metastable. Again, if the upper part of the tube, after heating 
above the critical temperature, is cooled so as to reverse the density difference 
and promote mixing by convection, the density difference disappears, although 
this does not happen with mechanical stirring, even after six hours. 

Indications of the persistence of the liquid state above the critical temperature 
have also been obtained from X-ray scattering experiments, 1 and the effect has 
been predicted theoretically. 2 Brescia, 3 on the basis of this theory, assumed two 
critical points, T m when the meniscus vanishes and the surface tension is zero, 
and T when the isotherm has a point of inflexion and there is no difference 
between gas and liquid. Rice 4 discussed in detail the surface tension near 
the critical point and the temperature of meniscus disappearance. His con- 
clusions differ from those of Mayer and Harrison. 5 Michels, Blaisse, and 
Michels, 6 however, were unable to repeat Maass’s experiments; they found a 
normal critical point for carbon dioxide at 31*03°, and a good critical curve. 
Noury, 7 from the velocity of ultrasonic waves in carbon dioxide near the 
critical temperature, found a finite adiabatic compressibility. 

§ 4. Measurement of Critical Constants 

The methods for the determination of the critical constants 8 are essentially 
cither Cagniard de la Tour's (§ l), based on the vanishing of the meniscus on 
heating a liquid in a sealed tube, or Andrews’ (§ 1), based on the determination 
of isotherms at various temperatures and the selection of the one for which the 
horizontal part just disappears. The first gives only the critical temperature, 
the second the critical pressure and critical density in addition. In the first 
method the difference in density between liquid and vapour can be followed by 
an interferometer, depending on differences of refractive index; in this way 
Chappuis 9 found 31-40° for the critical temperature of carbon dioxide, as com- 
pared with 31-35° found by Amagat by the isotherm method. 

The tubes for the meniscus method should be of fairly thick wall (1-2 mm.), 
of hard glass, carefully sealed, and precautions should be taken to avoid the 

1 Spangler. Phys. Rev., 1934. 46. 698; Barnes. Chem. Rev., 1938. 23. 29 (bibl.). 

2 Mayer. J. Chem. Phys., 1937. 5. 67; Mayer and Ackermann, ibid., 1937, 5. 74; Mayer and 
Harrison, ibid., 1938. 6. 87; Harrison and Mayer, ibid., 1938, 6. 101. 

i J. Chem. Phys., 1946. 14. 501 Chem. Educ., 1947. 24. 123. 

< /. Chem. Phys., 1947, 15. 314 (bibl.). 

s J. Chem. Phvs., 1938, 6. 87, 101; sec also Krichevsky and Rosen. Acta Physicochim. 
U.R.S.S., 1947,22. 153. 

6 Proc. Roy. Soc., 1937, 160, 358. 

’ Compt. Rend., 1946. 223. 377. 

* Mathias. Congres Internal. Phys., 1901, 1. 615; '* Le Point Critique dcs Corps purs," 
Paris, 1904. 38 f.. 66 f.. 115 f.; Traubc. Ann. Phys.. 1902, 8, 267; Gractz. in Winkelmann, 
" Handbuch dcr Physik," 1906, 3. 840; Cardoso./. Chim. Phys., 1912, 10. 470; Klcmcnsciewicz, 
in Stahler, " Arbcitsmcthodcn dcr anorganischen Chemie," 1913, 3. i. 193; Hein. Z. phys. 
Chem., 1914. 86. 385; Siebcrt and Burrell. J.A.C.S., 1915, 37.2683; Young. "Stoichiometry," 
1918. 159: Harand. Monatsh.. 1935,65, 153. 

• Compt. Rend., 1894, 118. 976; Amagat, ibid, 1892. 114, 1093. 
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The tubes need not be very thick, a tube of 1 ^ ? ^ waJ|$ and 

withstands 100 atm., but ^h ^mmoma ta » 5 | ccordin g to Moissan* 
r f S.rKS- diameter 6-0 mm., respec- 

tively, withstand 200-300 atm., but 
explosions with pressures exceeding 
100 atm. must always be expected. 

A micro-method of determining the 
critical temperature can be used with 
very small quantities of material, 
and would probably minimise the 

danger of bursting tubes. 

If we begin with a mass o! suo- 
stance and vapour in the hetero- 
geneous region at A (Fig. 11. VI I B) 
and raise the temperature at constant 
total volume, we move along a vertical 
AB (i> constant) until B is reached. 

At this point the substance is all 
liquid, i.e. the meniscus has moved 
up to the top of the tube and no dis- 
appearance of the meniscus can be 
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Fio. II. VII B. Boundary Curve (_BFD, of 
Liquid and Vapour States. Liquid to the 
left of F and Vapour to the right 
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Z. phys. Chem., 1903, 46, 427. , a " . . , ^ r 1910. 62. 296 thigh temp.); Beck- 

Z.phys. Chem., 1910,74, 61 ^ I ^? < C ?, ud ’ ph f, L ae 1910 20 793; Onncs and Mathias, 

mann, Z. phys. Chem., 1912. 79 565 ; 0 ^f^^ 117, (low temp ). 

Proc. K. Akad. Helens. ■*ms , enhm. 1911. 3. 939 « Com • U C/iem.. 1920. 

J Hackspill and Mathieu. Bull. Soe. Ch,m.. 1919, 2*. * 

"4.117. . p . icvyj 11 620; Rassow. !oe. cil.: Schrdcr. Z. phys. Chem., 

« Traube and Teichner, Ann - ' w , 9 i 8 l2 n 460 
1927, 129, 79; 1941. 49 B. 271 ; Callcndar. Proc . Roy. Soc.. 19-8. 1Z0, 4W 

s Stock and Hofmann, Ber., 1903, 36, 895. •„ lubcs ^ i^c and Masson. 

IS 1 2 4 7> « 3 7, 5 - FOf r0U,inS b ° mb 
method, sec Ipatieff and Monroe Ind.Brg.C .A l\ - • , 936 , 75 469 . Kennedy. 

*>. 

■ Ramsay. Proc. foy.Joe 1 880 30 323 1880 3. W Ha y. ^ , 

:»• ^ «""• I8 ”- »■ ^ H "’ eh - 
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practice, it is found that the critical temperature is insensitive to the method of 
filling. 1 

Sajontschewski, 2 and Cailletet and Colardeau, 3 showed that when pressure is 
plotted against temperature for different amounts of liquid in a tube of fixed 
volume, the vapour-pressure curves are all identical (AK, Fig. 12.VII B) so 
long as both liquid and vapour are present, but at the critical point K, when 
only one phase is present, the curves diverge, each mass of substance giving its 
own curve. This will be a continuation of the vapour-pressure curve if the 
volume is the critical volume. This behaviour can be used to determine the 
critical temperature. 

The critical pressure alone 4 can be measured by a method used by Altschul. 5 
Liquid in the upper 15 cm. of a glass tube 30 cm. long and 1 mm. bore is con- 




Fio.12.VIIB. Cailletet and Colardeau's Fig. I3.V1IB. Altschul’s Critical 

Curves Pressure Apparatus 

nected by mercury in a metal tube with a screw pump filled with paraffin oil and 
with a pressure gauge (Fig. 13. VII B). The upper 5-7 cm. of the tube is heated 
in a wider tube over the critical temperature, when vapour forms in the upper 
part of the tube and liquid remains in the cooler lower part if the pressure is 
below the critical pressure. The mercury is below the heated portion. The 
pressure is now increased until the meniscus in the tube vanishes. This occurs 

Ann. Phvs., 1899, 69. 456; 1900. I. 655; Ccnlncrszwcr, Z. phys. Chem., 1903, 46. 427; 1904, 
49, 199; Mathias, " Lc Point critique dcs Corps purs." 1904; F. B. Young, Phil. Mag., 1910, 
20. 793; Hein, Z. phvs. Chem., 1914, 86. 385; S. Young. " Stoichiometry." 1918, 166; Audant. 
Compi. Rend., 1920. 170. 1573; Ricscnfcld and Schwab. Z. phys., 1922, 11. 12. 

1 Avcnarius. Ann. Phys., 1874. 151. 303; Kiister. Mcycrhoffcr. and Abegg, Z. Elekirochem., 
1902, 8. 1 13: Schrocr.Z.phys. Chem.. 1929, 140. 241. 379; Kennedy, J.A.C.S., 1929, 51, 1360. 

2 Ann. Phys. Beihl., 1879. 3, 741. 

> Compi. Rend., 1891. 112. 563. 1170: J. dc Phys.. 1891. 10. 333; Ann. Chim.. 1892, 25, 519; 
Altschul, Z. phvs. Chem., 1893, 11. 577; Kiister. McycrhofTer and Abegg.Z. Elekirochem., 1902, 
8. 113; Trautz and Adler. Phys. Z., 1934. 35. 446. 711; Eucken. ibid.. 1934. 35. 708; Kruger, 
ibid., 1936. 37. 56; for a method in which liquid in a scaled tube is unequally heated, see W. 
Thomson. Mature, 1880. 23. 87; " Math, and Phys. Papers." 1911. 5. 107. 

4 In Andrews’ method it is determined along with the critical temperature. 

5 Z. phys. Chem., 1893. II. 577 (details in Ostwald-Luther. " Physiko-chcm. Messungen," 
1931, 303); Ferretto. Gazz., 1900, 30. i. 296; Guye and Mallet. Arch. Sci. Phys. Sal.. 1902. 
13. 30. 129, 274. 462: Ccnlncrszwcr, Z. phys. Chem., 1904. 49. 199. 
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stances (e.g. N 2 0 4 ) which attack mercury.* 

6 5. Law of Rectilinear Diameter , 



2 f o,nS ««J. 

of P, and p, is a straight line (DC m F.g- 14.VI1 B). 

Hp,+P i )=Po+“' ' ’ 

where p 0 is the mean density of liquid and vapour a. O' * C. and a ts a constant. 
At the critical temperature p,=p,=P.. therefore i(/>,+/> f ) P<> 

p t =po+<*'< w 

• Benncwitz and Windisch. Z. phys. Chcm., 1933. M*-*®*;. gg? 104 , 56 3 ; Maihias. ibul.. 

* y. de Phys., 1886. a i 54* Comp'. Rend 1886 *20 ** MIW ^ |( ^ .. u 

1892. 115. 35; 1899 1M. |38 V‘ * Maf.' 1892. 34. 503; 7.C.S.. 1897. 71. 

Poini critique des Corps - pun , • »*". Young; . .. 1918 . 15 4. 168; Young and 

446; Proc. /?«>’. Dublin Soc.. 1910. 12. 374. bio.cniomj n 6(lI; B akker. iM</.. 

Thomas. Phil. Mag., 1892. 34. 507 Hir £J ^ 1899. 69. 456; I '>00. 

1895. 18. 645; Donnan. ™ ”‘ on ju ploer . 1912. 80. 299; 1913. 

.vg *sa- -asst* 

p/,ys. Chem., 1934, 169, 20; for tables of values of p, and ,, see Valent.ner. Lana 
" Tabcllcn,” 5th edit., 1923. 271. 
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This corresponds with the point where the straight line joining the bisections 
(the so-called rectilinear diameter ) cuts the U-shaped curve of p, and p t at the 
critical point C. 

The separate curves for the densities of liquid and saturated vapour were 
found to be parabolas, the equations being, for the vapours : 

N 2 0: /> x =0-5099— 0-00361/— 0-0714\/(36 -4—/) (-28° to +33-9°) 
C 2 H 4 : p x =0-1929— 0-00188/— 0-0346 vX 9’2—/) (-30° to +8-9°) 

C0 2 : =0-5668— 0-00426/— 0-084^/(31 — 0 (-29-8° to +30-2°). 

Lowry and Erickson 1 found for carbon dioxide: 

*=0-4683+0 001442(/,-/)+0-1318^(/,-/) 
p J =0-4683+0«001442(/ < -i)-0-1318fft-/) > 
and Quinn and Wernimont 2 for nitrous oxide: 

*=0-459+0-001 1 l(/ t — /)+0-1222^(/ f — 0 
*=0-459+0-001 1 l(/ t — /)— 0-I222^ / (/ < — /). 

In many cases this empirical law of rectilinear diameters holds with great 
accuracy, but sometimes over a large range of temperature the diameter shows 
a slight curvature and is then represented by a parabolic (or even cubic) 
equation: 3 

i(p«+/ , /) = Po+ fl, +^ ,2 + c/J 0) 

Cardoso 4 found, with very pure sulphur dioxide, no curvature of the diameter 
near the critical point, previously reported. 5 

If the line is extrapolated to /= -273 3 , or the absolute zero, p will be half the 
density of the liquid if it could exist at the absolute zero, since the density of the 
vapour is then zero. In this way it is found 6 that the ratio of the critical 
volume to the volume at absolute zero is 3-6 to 4 (sec § 10). Mathias 7 found 
that a increases with molecular weight in homologous series. A semi- 
thcorctical deduction of the law of rectilinear diameter was given by Vasilescu- 
Karpcn. 8 Timmermans 9 found large deviations from the simple law and 
included terms in t 2 and t\ Crcmer 10 attempted an explanation of the Cailletet- 
Mathias rule from the “ hole " theory of liquids: he distinguished two types of 


* J.A.C.S., 1927. 49. 2729. 

* J.A.C.S., 1929, 51. 2002. 

J Thorpe. J.C.S., 1880. 37, 141; Young. Phil. Mag.. 1900, 50. 291; •'Stoichiometry, 
1918. 156; Timmermans. Proe. Roy. Dublin Soc., 1912, 13, 310; Mathias. Onncs, and Crom- 
mclin. Compt. Rend., 1913, 156. 129 (argon); Weber. Kgl. Dansk. Vidcnsk. Selsk. mat.fys. 
Mcddel., 1920. 3. No. 4 ; Mathias. Onncs Fcsischr.. 1922, 165 ; Phys. Bcr., 1923. 4. 701 ; Mathias, 
Crommclin, and Onnes. Ann. dc Phys., 1922, 17. 442 (A). 455 (Ni). 463 (H’O); 1923, 19, 
231, 239 (Nc); Mathias and Onncs. ibid., 1922. 17, 416 (0 : ); Mathias, Crommelin, Onnes, 
and Swallow, ibid.. 1926. 5. 359 (He); Mathias. Crommclin. and Watts. Compt. Rend., 
1927. 185, 1240; Proc. K. Akad. Wetens. Amsterdam, 1927, 30. 1054; Comm. Leiden, 189a 
(CjHd; Onncs. Crommelin. and Mathias, Ann. de Phys., 1929, 11, 344 (C 2 H 4 ); Mathias, 
Bijlcvcld. and Grigg. Compt. Rend.. 1932. 194, 1708 (CO): Mathias and Crommelin. Ann. de 
Phys., 1936, 5, 137 (CO. He); Mathias. Crommelin. and Meihuizen, ibid., 1937, 8, 467 (Kr); 
Mathias. Compt. Rend., 1937, 204, 1097 (curvature). 

* J. Chim. Phys., 1927. 24. 65. 77. 

Cardoso, Compt. Rend.. 1911, 153. 257; Arch. Sci. Phys. A 'at.. 1912. 34. 127. 

0 Davis. Phil. Mag., 1912, 24. 415; Gay, Compt. Rend., 1914, 158, 34; Lorenz, Z. anorg. 
Chem., 1916, 94. 240. 

1 Comm. Leiden, 1929. Suppl. 64 b. 

Bull. Sect. Sci. Acad. Roumaine. 1923, 8. 175. 

« Proc. Roy. Dublin Soc.. 1912. 13. 310; Bull. Soc. Chim. Belg., 1923. 32. 299. 
i» Z. phys. Chem.. 1944. 193. 287; already by Eyring. J. Chem. Phys., 1936, 4, 283. 
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- CRITICAL DATA 

thermal expansion, a linear (predominating a, lower temperatures, and an 

v . rr 01/ — n (\ —nT\ where Pn= density at 0 K. and x — [/ 1 1 + //* ,]• 

FoTnormal subsUneS y-n hence «->/*£ 

notlK!id^ , fte«n«to.* , 'n58bw of »®ctlliitear | !£^j|!!! JjJ*where 

i?ry ,0 ebse all :ri a M^bi'us W "TroU^ W’+ft* ’>-«««■• - nd "’ cndcm ° f 

temperature. 

§ 6. Critical Data . , , r tn( . 

following MM. • „ » * —g£ r,;™n. ,K;,i 

eSS.^WS “ lvalues ate.^or course. ddTerent. 
If Ms mol. Wt. in the gaseous state, v, mMvJ2-W- 


Substance 


pi 8 / ml. 


He ... 
H, ... 

Ne ... 
N, ... 


0 154 * • 

0-126 (-268-9*) 19 
0 0700 (-252-5 )> 0-07086 *• 
0 084404 — 0 Oj2237"— 

0 0*2I837" : *° 

*5-2269(1 +0-0171 547* — 20-5)1 
1-24* 

1-204 at b.p.: 1 248 at 

-245-9’ *' 

1-165— 0-004 58r >-»- 7: 

I 1604-0 00455T •- ? * 

0 885 at b.p. »» 

0 7914 at b.p. » 7 


p.s «nl. 

/, c. 

Pt 

0066 : 

-268 * 

2 3 1 

0 0693 • * 

0 031 4 

-267 9 •*» 
-242 » 

12 *0 4 



-239 91 4 

— 

0 484 » 

-228 35 4 
-228 7| 

29 i 

26 $6 * 

0 311 ’ 

-146 
-144 7 

35 0 »* 

33 65 l} 

0 31096* 

-147 13 " 

33 5 11 


• See pages 043-4 for footnotes. 

• Z. anorg. Chem.. 1925. 146. 263; Hen. ibid.. 1925 , 149. 2V>. 

7 Mathias. Crommclin. Onncs. and Swallow. Ann. dc Phys.. I '-*■ ?. - 
7 Z. phys. Chem., 1908. 63. 355. 

4 Onnes Festschr., 1922. 165; Phys. Ber.. 1923. 4. <01. 

5 Arklv Mar As, ran. Fys .. 1915. 10. Nos. 19 20 (tables of r. Malhus . “ l c 

6 For collections of data see Hcilbom. Z. phxs. Chem., e . • . 1909. 1 5. .'4* 

Point Critique dcs Corps purs." Paris. 1904. 175 f.: Herzog. * p roc K ' AkaJ. lU-uns. 
(crit. densities); Baumc.7. Chim. Phys., 1911. 9. -8-. van dcr • Ki J( hcws. J Ph*s. 
A ms ter dam, 1911. 13. 1211; Cardoso. Arch. Sci. ^aj I9I-. ^ Ffswh r . 

CAem., 1913, 17. 181; van Laar, J. Chim. Phys.. 1920. 18. - - • Tl K.ii cn " 5th edit . 

1922. 89; Phys. Bcr., 1923. 4. 613; Valcntincr. in UndolfBornstein. T ^ flu// 

1923. 253. and supplements; Pickering. J. Phys. Chem.. 19-4 28. ^ ,. jlcS anJ Sh.ir.ro 

21 - 597; Gcrmann and Pickcnng. " Intcrnat. Crit. Tables. - - * . h . n phvsikalisehcn 
J.A.C.S., 1936, 58. 2418; Krcmann and Pcslcmcr. " Zusammenhangc z*'*.hcn r . 
Eigcnschaften und chcmischcr Konstitution." Dresden. 1937. 

A.T.P.C. — 21 
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Substance 

Pi g/m. 

P, g /ml. 

HS 

Pi atm. 

CO 

1 142 — 0 004207 * 

0-311 12 
0-301”.’* 

-138-7 »J 
-139-5 ” 

34 6 ”. ” 
35-5 ” 



- • 

-140-23” 

34-53 ” 




| 

-140-21 ” 

34-529” 

0 2 

1-576 -0 00481 r ». 

1*124 at b.p. ” 

0-4299 » 4 

-118-8»5 
-118 0 

50-8'5 

49-30 *J 


1-1316 at b.p. «» 

— 

-118 82" 

— 

A 

I 969 -0 006507- • 

0 531 1* 

— 117-4 >’ 

52-9 1’ 

NO 

1 269 (-150-2*) ” 

0 52’ 

—93-5 15 
—92 9 

7l-2»5 

64-6” 

CH< 

0 466(-164 6 )'* 

0 162 w 

-82-9”.“ 

-81-81* 

45-6 ”.** 

54 9 '5 

Kr 

2-15 (-146°) » 

0-78’ 

—62-51’ 

54-3 i’ 

SiH* 

C 2 H4 

0-68 (—185°) “ 

0 22 ’ 

-0-5 ” 
9-50”.” 

50-8” 


- 1 

9-6 »• 

50-65 ” 

Xe 

3-52 (—102 *) 10 

1-155 ’ 

14-7 i’ 

16-6 74 

57- 2 i’ 

58- 2 ” 

C0 2 

1 990 - 0 003757 ” 

0 449 ” 

31 00”.“ 
30 96”.” 

73 0”.“ 

C 2 H* 


0-21 ’ 

32-1 ” 

49 0 ” 


0-203 o* 

32-370* 

48-20*0 




31 03 « 

— 

C,H« 



_ 

92 6 *’ 

45-34*’ 




96 81 •' 

42-01 «' 

C«H ,o(n) ... 

C 7 Hi 6 (n) ... 

Iso- Butene 

— 

0 225“ 

0 241 oo 

152 0“ 
267-0** 

37-47** 

27 00** 

— 

0-235 ’o 

144-73 ” 

39-48 ” 

(CH)) 2 C: CH 2 

c 2 h 2 

I 065— 0 00234 r ” 

0 231 ’ 

36-5 ”. ” 

61-6 


0-314 ” 

35 5 ” 

61-7 1 * 

n 2 o 

1-2257 (-89 4’)“ 

0 454 

36 50".” 

71-95 ” 
71-65 ” 

PHi 

0 894 - 0 00807 Jo 

0 30’ 

51 3" 

64-5 " 

HCI 

1-706- 0 00276F >* 

0 42’ 

51 8 " 

51 4 « 

83-6 J» 
81-55 JJ 


_ 

1 I 

511 " 

80 49 J* 

HBr 

2 936-0 003807- w 

— 

91-3 ” 
90" 

84 4 J* 

t 

HI 

3-795 - 0 00420F 

— 

150 7 ” 

— 



— 

150 

80-8 J 4 

HF 

HCN 

__ 

_ 

1 230” 

— 

— 

0195 * 

i 

183-5 J* 

53-2 J* 

50 0 »* 

h 2 s 

1-328— 0001717 » 

1 

100 4 ” 

89 3 ” 

89 05 ” 

(CH,):0 ... 

— 

0-271 

126-90 

3». 3«. <0 

520 

3$. 30, 40 


_ 

_ 

126-6 *» 

1 58 2 »» 


1 

_ 

128 3 ” 

59-8 ” 

NH, 

1 022-0 001457 '* 

0-236 41 

132-3 « 

109-6 41 

- 

— 

132-9 ” 

i 112-3” 

H 2 Sc 

212 (—42)“ 

— 

138 44 

91 44 

CHjCl 


0 37’ 

143-2 J‘ 

65-9 J* 

f 2 

1 ” 

— 

-129” 

55 (calc.) 

45 

Cl* 

2-132-0 002417 ** 

0 573 47 

I 4447 

76 1 47 



— 

146 46 

— 

CH jNH • ... 

— 

1 

155 48 
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Substance 


pi g./ml. 


P, g./ml. 


V c. 


p t atm. 


1 

so 2 

2 122-0 002327 »* 

0-513** 

157-15 4 » 

157 2 >• 

77 65 4 * 

78 0 5| . 51 



0 633 •* 

218 3 •• 

83 8 *« 

so> 

NOC1 

2 010 - 0 002427 *° 


167 0 *• 

92 4 
(calc.) : 

N 2 0 4 

2 060 - 0 002097 •» 

0-570 « 1 
0 52 *» 

158 2 *i 

182 *» 

100 *i 

56 *> 

COCIs 



181 7 •• 

— 




-14-15 * 4 

36 7 :» 

SiF 4 

Hg 

— 

5 0**. * 

1450 **• » 
1040 * 

1036 **• » 

S 

— ‘ 


553 *• 

— 

Il 



720 6 *’ 

— 

P 




405 * 

— 

Os0 4 



178-8** 

— 

BCI> 

1 


233 6 ’• 

— 

SiCI 4 

o>»*.:. 

|/*.,=0 51 193 +0 0:45597+ 
00-392971 

0 537 

-5 

66 
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atm.); Ricscnfcld, Z. Elektrochem., 1923. 29. 119. 

Augustin. Leipzig Ber., 1914. ,65. 229. 

»7 Drugman and Ramsay. J.C.S.. 1900, 77. 1-28. 
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12 (/»« calc. 64 8-92 3 


Critical temperatures of deuterium compounds 1 are: 


DC1 DBr DI D : S 

t*c. 50-3 88 8 I48 6 991 


D;Se 

139 2 


D,N 

132 3 


DjP DAs 

504 98 9 


Selected values of critical constants of hydrocarbons * arc: 




Mol. wt. 

Methane 

1603 

Acetylene 

2602 

Ethylene 

28 03 

Ethane 

30 05 

Propylene 

42 05 

Propane ... 

44 06 

CO AO 

Isobutane 

58 08 

n-Butanc 

58 08 

Isopentane 

72 09 

•f ^ AA 

n-Pentanc 

7209 

Benzene > 

78 05 

Cyclohexane 

84 09 

Di-isopropyl 

86-1 1 

n-Hcxane 

86-11 

/i-Heptane 

1 10012 

Di-isobutyl 

11414 

n-Octanc 

114-14 


1911 

45-8 

99 

309 1 

61 7 

113 2 

282 8 

507 

133 4 

305 2 

48 8 

137 0 

364 8 

450 

181 6 

369 9 

42 01 

195 0 

407-1 

370 

249 0 

4260 

360 

250 0 

460 9 

32-92 

307 6 

470 3 

330 

3109 

561 6 

47-7 

256 2 

554 1 

406 

308 7 

500 5 

30 6 

357-1 

507 9 

29 5 

367-2 

5400 

26 8 

427 0 

549 9 

245 

482 0 

569 3 

246 

4900 


Critical temperatures (/,” C.) of sulphur compounds determined by Ferretto * 


are: 

Mercaptan CzHjSH 228 

dimethyl sulphide (CHj)iS ... 231-2 
diethyl sulphide (CjHj)iS ... 284 6 


Methyl ethyl sulphide CH ,.S.C:H« 259 6b 

uoamyl hydrosulphidc * C«H , |SH c. 334 


; .he abs va,ue oftFC ,^no. s..cd: note that 

4l i Gomowski, Amick. and Hixson. Ind. Eng. CArm.. 1947. 39. 1348. found 7> 562 6 K. 
/>«= 48-7 atm., v< = 3-36 ml./g. 

6 Gazz.. 1900. 30. i, 296. 
s From mixtures, by Pawlcwskfs rule (§ 12). 
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The values for the critical constants of some substances liquid (naphthalene 
is solid) at room temperature are given in the following table: 



/«• c 

Pc 

atm. 

Pt 

g./ml. 


s 

Pc 

atm. 

Pc 

g/ml. 

Acetone 

Ether * 

Alcohol 

Aniline 

Benzene 

Chloroform 

Ethyl chloride 
Naphthalene J 

235-0 

193 8 

243-1 

426 

288-5 

263 

187-2 

478-5 

47 

35 6 
63 1 
52-4 
47-7 
55 

52 

40-7 

0-268 

0-262 

0275 

0 304 
0 516 
033 
0314 

; 

Chlorobenzene 

Bromobcnzcnc 

Fluorobenzene 

Toluene 

Carbon disulphide ... 
Methyl alcohol l, * * 4 * * ... 

Water * 

Heavy water D 2 O * ... 

359-2 

397-0 

286-6 

3206 

273-1 

2400 

374-1 

371-5 

44-6 
44-6 
44-6 
41 6 
73 
78-7 
218 
218-6 

0365 

0-486 

0 354 
0-292 

0-272 

0-313 

0-363 


§ 7. Guldberg’s Rule 

In cases where the critical constants are unknown, approximate values may be 
calculated from a number of empirical or semi-empirical equations, and since 
these are often very useful, a fairly complete selection will be given In some 
cases they depend on applications of the Law of Corresponding States 
(§ 16. VI I C). The best known of these rules, proposed independently by 
Guldberg 7 and by Guye, 8 states that the absolute b.p. at 1 atm. pressure, T b , 
is approximately two-thirds of the absolute critical temperature: 

T>=iT f ( 1 ) 

In homologous series the ratio TJT t may vary from 0-58 for the initial to 0-70 
for the final members, but the average value is about $ =0-666. For low b.p. 


I Pawlcwski, Ber., 1883. 16. 2633; Hcilbom. Z. phys. Chem 1990, 6 578; 1891. 7, 601. 
Vespignani. Cazz., 1903. 33. i. 73; Gractz. in Winkelmann. " Handbuch der Physik. 1906. 
3. 860; Young. Proc. Roy. Dublin Sac., 1910, 12. 374; Stoichiometry, 918, 170 Berthoud. 
J. Chim. Phys., 1917. 15, 3; Landolt-Bomstem, " Tabcllen. 5th edit., 1923, 253, Gennann 
and Pickering. " Internal. Crit. Tables.” 1928, 3, 248. 

* See Schrder, Z. phys. Chem., 1929, 140. 241, 379. .... 

J Schrocr, Z. phys. Chem., 1941. 49 B, 271. found /,-480 , *=42 kg./cm.i, *-0-314 

8 ^Salzwcdcl, Ann. Phys., 1930, 5. 853, found *-99 atm 

J For critical constants for water, see. e g.. Caillctct and Colardcau, Compt. Rend 1 89 
112, 1170; J. de Phys., 1891. 10. 333 <r f =332-5 , >; Knipp. Phys. Rev., 900. 11, 129; Traube 
and Tcichner, Ann. Phys., 1904. 13. 621 (r,=374 ); Davis, 

Z. anorg. Chem.. 1920. 114. 117; Schrocr. Z. phys. Chem., 1927, 129. 79; 1941. 49 » B, ^27 L 



pcrtics 

l, ~ Ricscnfcld and Cheng, Z. phys. Chen,.. 1935, 28 B, 408; 1935, 30 B, 61; Eck, Phys. Z„ 
1939. 40. 3 (If— 371*5*. *=221-5 kg./cm.?, *=2-74 ml./g.). 

7 Z. phys. Chem., 1890. 5, 374. . 

s Bull. Soc. Chim., 1890. 4. 262; on the rule sec also Hcilbom. Z. phys. Chem., 1890, 6, 

578; Kurbatow. J. Russ. Phys. Chem. Soc., 1908, 40. 813 (C); Leduc. Compt. Rend., 1913, 
156. 65; Boutaric. Ann. Chim., 1914, 1. 437; Ferguson, Phil. Mag.. 1915. 29. 599; Lorenz, 

Z. anorg. Chem.. 1916. 94. 240. 255, 265: 1918, 103, 243; Hcrz, ibid., 1916, 94. 1; 1916, 95, 

253; 1916. 96. 289; van Uar. ibid., 1918. 104. 81; Jorisscn, ibid.. 1918, 104, 157; Walden, 

ibid., 1920, 112, 225; Kistiakowsky. J. Chim. Phys., 1927, 24, 309; Stephenson. Chem. News, 
1931. 143, 135 (gives T b =$T<); for summary of methods of calculating all critical constants, 

sec Mathias, " Lc Point Critique dcs Corps purs," Paris. 19W. 146 f. 
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gases the ratio is abnormal: for helium it is 0-998. Livingstone * proposed the 
linear relation: 

t=a+bt> W 

where a and b are constants. A deduction of Guldbergs rule from Trouton s 
rule Kee § 14 VIII L, Vol. II) was given by Green. - 
Prud'homme 3 found 

and Harteck 4 found for inert gases 7*,= -274-5+6860, L,e\ . vvhcrc E, 
ionising potential, ^interaction potential between two inert gas atoms. 

The absolute b.p. at 10-20 mm. is 5 about \T„ and the ratio of b ps. at 
20 and 760 mm. is « r 20 /r 760 = 0-78. If T 0 is the b.p. in a cathode-ray ^cuum 
then 7 7' l5 =l-22r 0 . 7*0=17760. and ro^lT, VanLaarand Lorenz •concluded 
that the' ratio T^T t is 0-485 for normal substances. Laut.e proposed 
4(7* IT k ) + \0(TJT < )= 12-69. Lorenz and Herz 10 found better agreement with 
Guldbergs rule if the b.ps. were at equal fractions (1/33, or better I 50) ol the 

Cri McCn«“ calculated the critical temperature of carbon as follow s. The m.p. 
of oxygen is 50 c K. and its critical temperature 155 8 K. Over the average 
temperature range 0°-50* K., i.e. at 25 ; K.. the atomic heat of oxygen is assumed 
to be 6-4 (Dulong and Petit value). From Weber s results, it is assumed that 
the atomic heat of carbon would be 6-4 at 2000* K.. hence the critical tempera- 
turc is ( 1 55/25) x (2000+ 273) =14.000 ; K. Crookes'- estimated T, as 5800 K. 

and p. as 2320 atm. . , . 

Pawlewski 15 proposed the formula T,-T>=i ( -i>= const., for homologous 
series. Isomeric esters have equal or nearly equal critical temperatures, but 
this is not true for other isomers (c.g. alcohols). Compounds containing double 
bonds between carbon atoms have much higher critical temperatures than 
isomers without double bonds. The first relation is illustrated by the short 
table for esters: 



Ethyl 

formate 

\ 

Propyl 
formate 1 

Methyl 

acetate 

Ethyl 

acetate 

| M P r 

j pionatc 

Ethyl 1 
buty- 
rate 

Ethyl 

isobuty- 

rate 

Prop> 1 
isobutv- 
rate 

■ 

a 

85 1 
267 4 
182-3 

57 1 
239 8 
182-7 


m 

121-7 

3W-3 

1826 

1086 
2904 
181 8 

133 4 
3160 
182 6 


For other compounds the differences vary from 150 to 210 . and Ostwald 1 


* J. Phys. Chem .. 1942. 46 . 340. 

* J.A.C.S., 1924, 46. 544. 

J J. Chim. Phys.. 1920. 18. 94. 

* Z. Nalurforsch., 1946. I. 481. 

5 Hcrz, Z. anorg. Chem.. 1916. 96, 289. 

6 Jorissen, Z. anorg. Chem.. 1918. 104. 157. 

7 Hansen. Z. phys. Chem., 1910. 74. 65: Walden. Z. anorg. Chem., 19.0. 112. —5. 31.. 

« Z. anorg. Chem.. 1925. 142. 189. 

* Compi. Rend.. 1934. 199. 932; Bull. Soc. Chim., 1935. 2. 2234. 

»« Z. anorg. Chem., 1921, 115. 100. 

» Chem. News, 1906, 94. 314. 

nLwowTi 88 1 . ' 6^498 ; 1882. 7. I ; Bcr.. 1882. 15. 460 24<°: 1883. 16. 2633: 
Nadejdinc, J. Russ. Phys. Chem. Soc.. 1882. 14. 536 (P>; 1883. 15. 25 (P): Ann. Phys. B,,hl.. 
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pointed out that the difference is not constant for boiling-points at pressures 
other than atmospheric. 

§ 8. Critical Temperature and Chemical Composition 

Many attempts have been made to relate the critical temperature of a com- 
pound to its molecular weight. M . and to the molecular structure, or to the 
number of atoms, n, in the molecule. Lautie 1 attempted to express T ( as a 
sum of increments characteristic of the atoms and bonds in a molecule: for 
details the originals should be consulted. For normal paraffins. C„H 2ji . 2 , 
Ferguson 2 found T t n*=hT b , where g and h are constants; Merckel, 3 log 7,= 
0159 log [(/i— l) 2 — (/r — l)-f 1 J+2-4957. Pawlow 4 proposed T c =\ 6\61MVn. 
Watson 5 from Trouton’s rule found 7*/7,=0-283(A///>,)°- ,J , where ^=density 
of liquid at b.p. ; Chen and Hu,* TJT>= lO 1 - 59 *" (A/ log T ( +(yAs/M) being 
additive. Comer 7 proposed four empirical formulae for extrapolating the 
critical temperatures of paraffin hydrocarbons C^H^, including TJT b =A+B 
log (TJK)+Cn, and log T=A+B log (/»-c), where A, B , c, and C arc con- 
stants. Lautie. 8 for normal liquids, found T t l\ {M )+2500\/(A/)/7 { — 101, and 
7> 1-27;+ 10 v A/ +20. 

A relation with the coefficient of expansion of the liquid at 0° C. (a<>), viz. 9 
>,« 0-3/ao, or at 20‘ C. (a*), viz. 10 7>Kl/* 20+293), has been proposed. 
The last is a modification (7=293) of an equation a r =l/(2 T t —T), proposed 
independently by Oswald 11 and Davies. 12 De Kolossowsky ,J found a fc 7,= 
0-86 and a7,=0-77. where a* = coefficient of expansion at the b.p., and a that 
at the temperature 0-67.. Thorpe and Rucker 14 found T ( =(7*.v— 273)/ 

I •995(.v— I). where ,v = vol. at b.p./vol. at 0 C.: and if />,. p 2 are the densities of 
the liquid at the abs. temperatures 7,, 7». then T, =(7^1 — Tip ; ), IA(p |— p 2 )» 
where A is 1-974 to 1-995. 

Prud*hommc 1 5 found some relations between the absolute critical tempera- 
tures of binary and ternary compounds: the differences for CS 2 — C0 2 and 
COS-CO are equal. 7;<H 2 b)«27 4 (HCI). etc. The critical temperature of an 
inorganic compound is the sum of simple multiples or fractions of those of 
its elements, those of metals being ignored. 

Trautz "* believed that the values of T, M (where .W = mol. wt.) for gases and 
vapours are in the ratios of whole numbers, and the critical pressures also 
approximate to whole number ratios: 


1883. 7. 678 <const.= l56 6 for homologucs Schuck. J. Russ. Phys. Chcm. Soc.. 

1882. 14. 157 (Pi; Barloli. AWr. Ok. 1885. 16 . 74; Fcrretto. Cazz.. 1900. 30. i. 296; for 
fuller tables, see Oslwald. “ Lchrbuch dcr allgcmcincn Charlie." 1910, 1. 341. 

* Compi. Ren,l. 1934. 199. 932: Bull. Soc. Chin i.. 1935. 2. 155. 2234; 1936, 3. 1689; 1943, 
10. 44; J. Chim. Phis.. 1937. 34. 452: see also " Parachor .” § 5.VIII G. Vol. II.. 

- Phil. May.. 1915. 29. 599. 

> Proc. K. Aktu I. Wacns. Amsterdam. 1937. 40. 164. 

* J. Russ. Plus. Cheat. Sit.. 1917. 49. 322 <C). 
hut. Lug. (hem.. 1931. 23. 3(4). 

* J. Chinese Client. Sac.. 1943. 10. 208. 212. 

7 Traits. Farailav Soc.. 1945. 41. 61 7; Proc. Canthr. Phil. Soc.. 1946. 42. 328. 

5 Bull. Soc. Chim.. 1936. J. 2337. 

“ Sibaiya. Current Sci.. 1938. 6. 329. 

>® Her/:. Z. anory. Client.. 1920. 112. 278; Z. Elekirochent. 1921. 27. 125. 

>i Compr. Rem!.. 1912. 154. 61. 

Phil. May.. 1912. 23. 657. 

J. ,/e Phis.. 1925. 6. 99; J. Chin,. Phys.. 1927. 24. 5b. 

»« J.C.S.. 1884. 45. 133; Her/. Z. phis. Chcm.. 1921. 97. 376. 
is Bull. Soc. Chin,., 1925.37. 1330. 

16 Ann. Phys., 1931, 8, 267, 433; Watson, Iml. Eny. Chent.. 1931. 23. 360. 
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n 

M 

TJM 

Ratio 

Pt 

Ratio 

1906 

405-5 

647-1 

1603 

17 03 
18-02 

11 89 
23-81 

35 93 

2 002 

3 002 

54 9 

113 

217-5 

1 01 

208 

4 


JxHE 

sulphur 7* 4 * 1 -027^+159, . r __ 1.417- +66— Ilf. 

(iv) for compounds boiling below 235 K.. 7>- 1-707; - 

czxsjzi cssws sa : 

2-7 x 10 7 . 

§ 9. Critical Temperature and Melting-point . from 

The ratio of the critical temperature ^awldN varies from 
1-7 to 3 06 for various groups of Lorcnz 5 f oun d T, 7> 0 64. 
0-3 to 0-5, the average : value V for gr0U ps of substances. 

rj7>0-44, J> IT 7= { '*l { \Jr£ r ff Tt ’£ me M 0-5583. inorganic compounds 
Lorenz and Herz foun * *' Uh an avcracc value of 0-62. The value 

0-7183, organic compounds 0 58 39 with an slalc .» is arbitrary.* 

at the lower temperature Thrce Temper atures.- T m +T t s:T,. 

TJT.MTJT.WJTX .hi.h.i.c.j.i + i- 11 '- 
» 7. Indian Inst. Sci., 1946. M A. 1. 

1 ™5 h 2«r.9t8 9 !«3 5 24j'fvan L«mpt. «*• «» 111 

280, found TJT, =0-476. 

‘ iZlSZtiSZ * «r- **■ ,,,8 ■ “• ,M - 

: %™'Z. W9; , 'l92l-2. .9, .88: .924. 2.. 243: «... »-• 

15.212. 

:: 7,. •. * - M - :307 - 

.* Z. a/ror*. CW. 1916. 94. 240. 255. 265; 1918. 103. 243. 

21 * 



650 


THE PROPERTIES OF GASES 


VII B 


§ 10. Empirical Equations for Critical Volumes 

According lo Lorenz 1 ihe ratio of the specific volume at the boiling-point to 
that at the critical temperature is vjv c = 0*376, and that at the melting-point 
vjv ( - 0-321, for inorganic and organic substances. Herzog, 2 from Avenarius’s 
formula for the thermal expansion of a liquid, v=a—b log (/,—/), where 
a and b are constants (see § 4. VIII C, Vol. II), deduced for the critical density: 

P«—Pi[0 906— 0-233 log (/,-/)], 
or with slightly greater accuracy: 

p= Pl { 0-900-0-227 log lT'-T+{Tjm). 

The critical density is approximately one-third of the density p 0 of the liquid 
at atmospheric pressure at absolute zero, 3 or 1/2-66 of the density at the 
boiling-point. 4 Lorenz 5 found />„=/> r (O' 77 + 0-64777’*), and van Laar 6 p T = 
Po( I ■”7/2-17',). 

A simple empirical formula for the critical density which gives good 
results in many cases 7 is p,=p t +V(P T )> where fi is a constant and r is the 
temperature reckoned below a characteristic temperature f,, r=/, — /; c.g. for 
CH3COC2H5 /, is 272-5, CHjCOOH 355, //-pentane 221. This is modified to 
Pi = P.[I +2-73\/(7'To)), where 7*0= 1 -05r„ 7'=tcmp. of observation reckoned 
below T t . Ferguson and Kennedy 8 found /> t =0-3592/>„ where p, is the 
density at the reduced temperature i? = 777' < =0-6. Jatkar and Lakshminaray- 
anan 9 found k',=(0-377(/ > ] + l 1 -O) 1,25 . where (PJ is the parachor. Grunberg 
and Nissan 10 for normal paraffin hydrocarbons found /> f ~0-23 g./ml. 

Timmermans 11 confirmed the rule pjp,=pjp v where p m is the maximum 
density (c.g. as calculated by an extension of the law of rectilinear diameter, 
§ 5) and p s is the density at the critical temperature calculated for the ideal gas 
state. Young 12 had calculated from van der Waals’s equation that pjp t = 
5\/2=3-77, and found that this is nearly true except for alcohols and acetic 
acid, which have values from 4 to nearly 5. 

Herz " assumed that if M, and are the mol. w-ts. at the critical temperature 
and the b.p., {M, p,)AMJp k )=*consl. = K. For halogen substituted benzenes 
he assumed and hence found K=p h ' Pl = 2-69. Thus, in general, 

A/,/A/ > *2-69/>,X. This, however, was practically unity both for “normal” 


‘ Z. anorg. Chan., 1916. 94. 240; Her/, Z. Elckirochcm., 1919, 25. 215; Lorenz and Hcrz, 
Z. anorg. Chan., 1924, 138, 331. 

2 Z. Elckirochcm.. 1909, 15. 345; Rudorf. ibid., 1909. 15. 746. 

3 Mathias. Ann. Fac. Sci. Toulouse. 1892.5; Guldbcrg, Z. phys. Chcm., 1895, 16. 1; 1900. 

32. 116 3-75); Z. anorg. Chan., 1898, 18. 87; Lorenz. Z. anorg. Chan., 1916, 94. 240 

(po.7»< = 3-75). 

* Wahfc". Z. phys. Chan.. 1908-9, 65. 129. 257; 1909. 66. 385; Z. Elckirochcm., 1908. 14. 

M’ CW - ,916 * 94 - 240 W^-L4I); Hcrz. Z. phys. Chcm., 1921, 98. 

175; 1923 104. 433; Schwab. Z. Phys.. 1922. 11. 188 <*//>*= 2 -665/ ; Kistiakowsky. J. Chin,. 
Phys., 1927. 24. 309 varied from 2 60 to 2-69 for 28 liquids). 

* Z. anorg. Chan.. 1916. 94. 240. 

6 Z. anorg. Chan.. 1925. 146, 283. 

7 Saslawsky. Z. phys. Chan., 1924. 109. Ill; Lorenz and Hcrz, Z. anorg. Chcm., 1924, 138, 
331 ; criticised by van Laar. ibid . 1924, 140. 52. 

* Trans. Faraday Soc.. 1935.31. 1000. 

9 J. Indian Inst. Sci., 1946. 28 A. I. 

Nature. 1948. 161, 170. 

11 Bull. Soc. Chin I. Dele.. 1923. 32. 299. 

ma Pl m U ° S '‘ m2 ' l8,2> 503 ; Cfc "'- Nni - l89S . ’• - Stoichiometry,- 

,J Z. anorg. Chan., 1921. 115, 237; cf. Prcdwodilclcw, Z. Phys., 1926, 36, 557. 
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. ,• -j. tK* camp rpsult was found with densities at 
and “ associated liqui s, Thi (l was rC garded as an 

/-Tk Tsii 50 ,4 

s sffls 1 * ■* rr fi” r =s sz 

^jszttvzsrfsz* «- - - 

• X&^»SSlffSSA b* <* — •** 

•sssS^fesErrSHS 

X S%ta+5-“-» * - i * ~ 

where a'=const., and found. 

p l mp l K [(\ -«?) + (! -$) ,/5 + «?) 

— . v - “y *sa : Sr IS'afti 

2-171 34 for propionic acid, lne accuracy b , , r , rt ,w\i ) —const 

may show 5 per cenl. deviRUon or more. « r * , 'values) the reduced 

For rnosl liquids (H,. « 4 " ^ Q % 22 , og p, ,aim.)+ 1 981 holds 

density at the b.p. is pJp,--™\* ^ p ‘ HrN CH ,CN and C 2 H 5 CN arc 

for norma, and assoca.ed liquid. ’ d ^Waa. s cons,an,»= 1 -22 P . 

sr°, v sstfstf- V v r '- 7 ‘7 (0 254/1)0 + 

0 ' A 2W/ DCM^o a i7m^^«^?vo.um P : Af„. is 1. 3 6 limes .he 
m rST^ a. .he cri.ical .empera.ure and pressure. 

(with p, in atm.) in lit.: 

M 22-4 1 

T6 *273>/ 




* Nuov. Cim., 1923. 25. 305. 

J Roczn. Ch<m., 1921. 1. 276. 297. 

: J: 3£ Z: «. >9-. «»• «>• io7 '- 

Chtm., 1925. 150. 385. 

9 “• *-■ ,8 "- 69 - «*• 83VC ,/3 ' 7 ’ 
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With the equation of Mathias, p=p/2(2-T/T c ), this gives for the molar 
weight of the liquid: 

M=\\4pTJpX2-T/T t ). 

Some values of M calculated by this formula are: 


SO 2 65 1 
Ether 76 1 
CCI 4 152 3 
CHClj 1 14 5 


CS; 73 4 
SnCh 252 4 
CiHjCl 63 5 
C 6 H 6 79 2 


C*H>F99 C 2 HjOH5I*6(46) 

NHj 19 2 H’O 25-1 (18) 

CH jCOOH 80 6 (60) 

CHjOH 45 8 (32) 


Except in the last four cases (normal molar wts. in brackets), known on 
other grounds to be associated, the agreement is good. Herz 1 found satis- 
factory agreement at moderately high temperatures for both normal and asso- 
ciated liquids. Kam 2 3 supposed that the critical density p { is two-thirds of the 
density of an ideal gas exerting the pressure p { at the temperature T (t but this 
does not agree with Bcrthelot’s results. 

Substitution of Guldberg's relation (§ 7), TJT,= 0-67 in Berthelot’s equation 
gives A/= 1 1 •Ap b T l /p l (2—0 61)=9p t TJp r Schuster 3 modified Berthelot's 
equation to: 

M-CpTJp t l I - V(\ -*>-*( I - W, 

where i? = 7/T < and C, a constant, is approximately 2x11*4. With Guye’s 
equation 4 R L =\ZT,/p lt where fl t =molar refractivity=(/i 2 — \)M/(n 2 * +2)p, 
Berthelot's equation gives 5 M=5p h R L , or MJp k **V b (molar vol. at b.p.)=5/? L . 
This holds approximately for simple aliphatic compounds but not for halogen 
substitution products or aromatic, heterocyclic, and inorganic compounds. 



I Ethyl 
formate 

Amyl 

acetate 

Octane 

Ethyl 

ether 

Ethyl 

iodide 

Chloro- 

form 

Aniline 

CCU 

CS 2 

M'p> 

5 R,. 

| 84 7 

90 05 

m 

1866 
195 8 

1064 

1126 

86 1 
121*5 

83 4 
1070 

1064 
152 9 

m 

62 1 
105 9 


Schaposchnikow 6 proposed p=np'+b. where p and p' are the densities of 
two liquids at temperatures equidistant from the critical points, (T,—T)= 
(T/—T'), and n and b arc constants. 


§11. Empirical Equations for Critical Pressures and Relations among 
Critical Constants 

A few equations for the critical pressure are available, but in many cases this 
appears in equations which also contain the critical temperature or the critical 
volume, or both (notably in the form p t vJT t ). Since v, and T t can be found 
by independent equations, as explained above, any equations containing them 
along with p ( arc really means of determining the last. 


1 Z. Elektrochcm., 1923. 29. 394; Timmermans. Bull. Soc. Chim. Be/p.. 1923, 32. 299, found 
deviations. 

* Phil. Mag., 1916, 31, 22. 

3 Bcr.. 1925. 58, 2183 ; Z. anorg. Cheat.. 1925. 146, 299; Z. Elekirochem., 1926. 32. 46. 155. 

4 Conipt. Rend.. 1890, 110. 141; 1S94. 119. 852; Ann. Chim.. 1S90. 21. 206. 211; Arch. Sci. 
Phvt. Nat., 1890. 23. 197. 204; 1894. 31. 38; Z. pins. Cheat., 1890. 6, 372. 

3 Her/. Z. pins. Cheat., 1922. 101. 54. 

^ Z. phrs. Chen,.. 1905. 51. 542. 
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the surface tension at the b.p. Ferguson and Kennedy » 

0tpM(T ‘-; p ^;^s S . 2 + 4. 06 |7 x ,0-T^)/(l +1 925 >c 10-^, 

where x is the 'association factor a. the critical point. For many ^ x-l. 

r, ri: ,, 

corresponding inert gases. Pariington 7 proposed the formula (p, atm.). 

n = 0 -642 +0 00 11 6/> 4 +0 -0 4 399/> < 2 , 

where n is the exponent in the formula for the viscosity of a gas, 'r-*< TiVif. 

Schuster 8 gave the formula: 

v =(/?r,/8/>,)<3 + 0*038 vT,)/(l +0-038 vD. 

molecule. Jatkar and Lakshminarayanan ’ found *- -0 ST\ 

^Boutarlc ■> proposed the equation T ;^’* =0 ' * 1 76 ^ / = f^ Thls'gi'cs ^ p,'= 
in g./ml., /?, in atm.), and since Lorenz found PJA - • ^ 69 f© « 

0-04421 A//p<. Hcrz 15 modified A , r ^ (7im.). and. 

He started 16 with the equation' 7 M-AKp 0 w/ r _::. 

since -4=21 -55 to 21-86. he put it equal to Trouton «®c ffi ^ nl *"< '> 

Thus l,-p,TJTj>„ and since r,/r.=0-66. iherefore 66/>, ft. . 

' Z. phys. Chen,.. 1909. 66. 385. 

* J. dc Phys., 1895. 4. 219. 

> Trans. Faraday Soc.. 1935. 31. 1000. 

« Comp,. Rend.. 1934. 199. 932: 1935. 200. 455. 

* Bull. Soc. Chin,.. 1936. 3. 1136. 

* Bull. Soc. Chim.. 1937. 4. 664. 

7 Trans. Faraday Soc.. 1922. 17. 734. 

* Z. Elekirochem., 1926. 32. 46. 155. 191. 

i: «■ « • = - «*“• •<"*• Sfi - M ‘ ' 

Nat., 1900, 9. 505. lrtt 

n Arch. Sci. Phys. Nat., 1898. 5. 574; 1900. 9. 105. 

•* Arch. Sci. Phys. Nat., 1901. 11. 449. 537. 

:: ?Z Her, ,W„ US. 250: Lorenr and Herr. **. 

^Elekirochem., 1920. 26. 109. Z. anorg. Chen,.. 1921. 116. 250. 

»• Z. Elekirochem.. 1919, 25. 323. 

17 Prud’hommc, J. Chim. Phys., 1913. 11. 589. 
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substituting pjp e = 2*66, from Lorenz, 1 in Boutaric’s equation he found 
TJp ( =Q-l\16M/2‘66p (t therefore M=22'62T t pJp t . 

The integrated Clapeyron-Clausius equation (see §7. VIII L, Vol. II) gives: 

iW,=2-303*=^=.log ^=4-606=^ log*-*, 
and with l c =p ( TJT ( p ( this gives: 

Mp t iT t p ( =4606jr^j. log j. 

With R= 82-07 ml. atm./l°, the average value (§ 20.VII C) of RT t pJMp l is 3-63, 
hence M=22 62T l pJp e approximately, as given by Boutaric’s equation. 
Prud’homme 2 gave the same formula. 

Van der Waals’s equation gives v,=\RT,lp tt hence vj) ( IT t should be con- 
stant for normal substances and equal to 0-0,93. Herz’s equation l e =p ( T b ITjj ( 
then gives 3 l c —Q-0}93/p t v o where v,=critical volume, 4 and Trouton’s rule, 
MIJT b =2\, gives 0-0,93A//p,v,~2l. 

Prud’homme 5 gave the formula (r t —r»)p,"= const., where n is a constant. 
A formula proposed by Mathias, 6 p,=a+b/(n - f 3), where a and b are constants 
and n is the number of carbon atoms in the molecule in homologous series, was 
not confirmed by Berthoud. 7 

Fielding 8 found for inorganic compounds 1-7147^+3-3 and (T t —X)/\/p ( 
=const., where A* is a constant for different groups of substances, and 
(7~,+236-9)/\/p«=70-9 for elements, but these equations were not confirmed by 
Moles. 9 Since van der Waals’s equation (§7.VIIC)gives7y v >,=8\/0M27/?), 
Fielding’s equation (T t — X)/y/p t ^ const . « K implies 10 an approximate 
constancy of \/a. G. G. Longinescu 11 found TJp t y/'n= 450, where n = number 
of atoms in the molecule, and a theoretical interpretation was given by 
1. N. Longinescu. 12 Herz 13 found TJ*p t m 0-90, TJZp t -QM , vJZ- 0-00044, 
\000v ( —T ( /p ( (p, atm., infraction of ideal gas volume at S.T.P.), where 
Z is the sum of the valencies. For compounds free from nitrogen, Jorisscn 14 
found n=\93M 2 ,'T h 2 p h , and with this gives n=434Af 2 /T ( 2 p b . 

Mathias 15 pointed out relations between the critical constants and molar 
weights M in homologous series; Bulatow, 16 for aliphatic esters, found 

» Z. anorg. Client., 1916. 94. 240. 

i Ball. Soe. Chini., 1922. 31. 295; 1926, 39. 145. 

3 Hcrz, Z. Elekirochcm.. 1920. 27. 26. 

4 In all these equations v t is the fraction of the ideal gas volume at S.T.P. as unit. p t is 
in atm., and p, in g./ml. 

8 J. Chim. Phvs., 1920. 18. 94. 

* Compi. Rend., 1893. 117. 1082. 

7 J. Chim. Phvs., 1917. 15. 3. 

* Chem. A fens, 1918. 117. 379 (tables of data). 

Q J. Chim. Phys., 1919, 17. 415. 

10 Friend. Chem. Sens, 1921. 129. 219. 

" J. Chim. Phys.. 1903. 1. 259. 

J. Chim. Phys., 1929. 26. 314; Barbulcscu. Bui. Sue. Siiintc Cluj, 1936. 8. 462; Brit. Chem. 
Absir.. 1937. A 1. 230; J. Chim. Phvs., 1938. 35. 27. 

Z. anorg. Chem., 1920. 109. 293; 1920. Ill, 52; 1920. 114. 153; Z. Elektrochem., 1921, 
27. 373. 

» 4 J. Chim. Phys.. 1920. 18. 25. 

15 Conipt. Rend., 1893. 117. 1082; “ Lc Point Critique dcs Corps purs." 1904. 161. 

J. Russ. Phys. Chem. Soc.. 1899. 31. 69 (P); Ann. Phys. Beibl., 1899, 23. 754 (unit of 
r< = ideal gas volume at S.T.P.). 
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„ =0 000178M-0 0034, and ,,= 122-5+1-5 M M ^ | l f° und for normal 

x%SXr&r, 

ano ‘ . •« /r* a n = 3 0 = 2 H = 1 ) is constant and is approximately 

zssSFs&SSgiS: ~ 

*-ss? j^M£-s 

sar.'a’ae r.^r saws — 

Pa Ba C |sc°hinski » proposed for .he critical .empera.ure .or as hccajlvh »wm- 

PBLS^JC!- Sf opposed .« “T 2 

=d°s y '-r i 

from .he above formula. He calculated the degree of association a fro 
modified Ramsay and Shields' formula. 

and* Nissan' 1 * founder norma, paralfins 
i,,-K(pj M/M 1 6 )T,' 2 where AC is a universal constant. 

§ 12. Critical Temperatures of Solutions 

The critical temperature of a liquid mixture was represented by Strauss - D. 

the equation: n+(1 00- a ),„l,. 00 

where and are the critical temperatures of the components and «. the 

. Pro, K. Akud. Wrtrns. Anuter+m. 1931. *>■ •«: fo ' mub f °' * " *" 

Pcdrero, An. Fis. Quim., 1936. 34. 173. 

2 Z. anorg. Chem.. 1920. 109. 293. 

J Z. anorg. Chen,.. 1920. 114. 153. 

« J. Indian Chen,. Soc.. 1942. 19. 366. 

* Z. anorg. Chen,., 1928. 174. 47. 

* Woolsey, J.A.C.S., 1937. 59. 1577. 

’ Chen,. Eng., 1946, 53. No. II. 163. 

: EKE •iJSS^WII. «. 665: 1913. S3. S6. 90: Tyrcr. M. 19,3. SO. 50. 

“> Ukrain. Chem. J., 1928. 3. Sci. Pi. 457. 

rr st s:v «. J * ,m 10 4:0 

(alcohol and cihcr); / 1 /m. PAyJ. IWW.. 1882 . 6. -8-. 18 . . 
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percentage of the first component. The rule was found by Pawlewski ■ (Pav- 
levsky) and others 2 to hold fairly well in many cases (also for several com- 
ponents), although some exceptions occur , 2 the observed values being both 
higher and lower than the calculated. 


Percentages 

r, obs. 

t ( calc. 

Alcohol 

0 

22-83 

45 67 

52-97 

100 

Ether 

100 

77-17 

54-33 

47-03 

0 

1935 

2004 

212-1 

216-2 

241 9 

204-5 

215-7 

219-1 

Benzene 

Ether 



100 

0 

2964 

— • 

47-26 

52-74 

242-3 

242-1 

36-04 

63 96 

231-4 

230-6 

28-36 

71 64 

224-5 

223-7 

14-23 

85-77 

209-9 

208-1 

0 

.00 

193-5 


Ether 

Acetone 



0 

100 

234 4 

— 

6-6 

93 4 

230 1 

231-6 

141 

85-9 

227-3 

228-4 

307 

69-3 

2184 

221-3 

100 

0 

191-8 

1 


If some experiments by Cailletet and Hautcfcuille 4 arc correct, the critical 
temperature of some gas mixtures can lie outside the interval between those of 
the components. Dewar 5 found the critical temperature for a mixture of 
carbon monoxide and acetylene lower than that of cither constituent, and the 
same was found for nitrous oxide and ethane by Kuenen . 6 

The Strauss-Pawlcwski rule probably holds with close approximation in those 
cases where no change in molecular complexity occurs in mixing; 7 an examina- 

» Kosmos (Lwow). 1881. 6. 498; 1882, 7. I ; Ber., 1882. 15. 460. 2460; 1890. 23, 3752. 

2 Ramsay. Proc. Rov. Soc., 1880. 31. 194; Bliimck e. Z. phys. Chem., 1890. 6. 153; 1891, 8. 
554; 1892, 9. 78; Gilb’aut. ibid., 1897, 24. 410; Schmidt. Ann., 1891. 266. 266; Pictet. Compi. 
Ren,!., 1895. 120. 64; Dwelshauers-Dery. Bull. Acad. Roy. Brig., 1895. 29. 277; Lcvi-Bianchini, 
Alii R. Accod. Lined. 1904. 13. ii. 174; Friedrichs. J.A.C.S., 1913. 35. 1866; Z. anorg. Chem., 
1913. 84. 373; Kurata and Katz. Trans. Amer. Inst. Chem. Eng., 1942. 38. 995 (hydrocarbon 
mixtures): Klinkcnbcrg, Chem. IVcckbl., 1947. 43. 816. 

i Ansdclt. Proc. Roy. Soc.. 1882. 34. 113; Galitzinc. Ann. Phys.. 1890. 41, 588; Kuenen, 
Z. phys. Chem., 1893, 11. 38; 1897, 24. 667; 1901. 37. 485; Phil. Mag.. 1902, 4, 116; Quint. 
Phys. Z., 1899. 1. 65; Fcrreto. Gazz., 1900. 30. i. 2%; van Laar. Chem. Weekbl.. 1905. 2, 223; 
Proc. K. Akad. Wetens. Amsterdam, 1905. 8. 33. 144. 699; Ccntncrszwcr and Zoppi, Z. phys. 
Chem., 1906. 54. 689; Cenlnerszwer. ibid. 1907. 61. 356; Wilip, Acta Comment. Univ. 
Dorpatcnsis, 1924, 6 A. No. 2; Booth and Willson. J.A.C.S.. 1935. 57. 2280 (A and BFj); 
Wicbc and Gaddy. J.A.C.S.. 1937. 59. 1984 (H : +NH,); Mayfield. Ind. Eng. Chem., 1942, 
34. 843 (hydrocarbons); Dicpcn and Scheffer. 7.4.C.S.. 1948. 70, 4081. 4085. 

4 Compt. Rend., 1881, 92. 901 ; cf. Galitzinc. loc. cit .; Ansdcll's experiments with CO 2 and 
HCI did not agree with it. 
s Proc. Rov. Soc., 18S0. 30. 53S. 

0 Arch. AVer/.. 1893. 26. 354; Phil. Mag.. 1895. 40. 173; 1897. 44. 174; 1902, 4. 116. 

7 Young. •'Stoichiometry." 1918. 269; Galitzinc, Ann. Phys.. 1890. 41, 588, thought it 
held better for liquids than for gases. 
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lion of .he results from .his point of view would be in'eres.ingcspeciaUya 
rnmoarison with vapour-pressure data. It should be noted, however, that the 
critical phenomena for mixtures are more completed lhar ^sc of P u « 

has no single critical temperature, the observed value ts between -140 and 

_ Merzlin ' though, the S.rauss-Pawlewski rule was a limiting form, a theory 
based on Stakhorsky’s 2 surface-tension equation for mixtures indicated that the 
crit^ftemperature-composi.ion curve may no. be straight, as the rule predtets. 
but convex or concave to the composition axis. , Th increasc in 

cr^,1^un^r^, b — rrtlati^ngof 

vaPour-pressure ,s zero auhe critical point and the cnt.caj *««<**£ 

of ^ prciiure jnd ,hc molccu,3r 

ele Han°n;y 0r ^fCX* ra found that several solutions ,KI. KBr CaCl, in 
alcohol- FeCI, in elher; S in CS 2 ) remained homogeneous above the critica 
temperature of the solvent. No change of colour of a solution of coba t 
chloride in alcohol could be observed on PO^ng through the cnjjca potnb 
Thus soarinely volatile solids arc soluble in gases. Laineia 
Colardeau** found that iodine is soluble in liquid CO 2 and >n the r upo.rr 
above the . critical temperature, and similar results were found by other 

* X Investigations by Cen.nerszwer* and Tyrer.’ on the same subject gave the 
following^ results. Cen.nerszwer found that the critical temperature depend, 
on the mode of filling of the tube, that the solutes ra.sed.he 
of the solvent in proportion to the conccntrat.on. and the molecular elevation 
of critical temperature " was independent of the solute but depended on the 
solvent. The critical temperature falls with increasing filling of the tube, 

■ Z. £w2 f T; n 0928 R J4 19 | U' ;'i92°J, M. IBS^scc § I9 VMI OVoh »• 

‘Saras? 

840; Jamin, ibid., 1883 96. 1448. » '• '”• c/ ,,, |897. 23. 373; Chen,. Sews. 

IS* 7T»7. 8 |»f £hiikr%«. Phys «*;“•** kompr. 

-- -din. ,«0: z. — 

“cW. 1903. 46. 42, 1907. . 

1906, 54. 688 ; Cenmcrszwer and Kalnm. iM.. 1907. 60. - V e ,937 A 72; 

232. 

7 J.C.S., 1910, 97. 621. 


658 THE PROPERTIES OF GASES VIIB 

whilst with the pure solvent it reaches a maximum. The results agreed with 
Caubet’s theory 1 of binary mixtures. 

Tyrer found that the solubility in the vapour is a function of the concentra- 
tion of the solvent, decreasing considerably when the meniscus disappears, 
and appreciably just below the critical temperature, when the coefficient of 
expansion increases. The solubility in the vapour decreases with rise of 
temperature, when complexes with the solvent are presumably broken down. 

Schrder 2 found that the gas phase contains very little salt when the critical 
point is reached unless the material is well stirred. The relation between the 
elevation of critical temperature and molar concentration x was found to be 
AT,=x l -'"-Konst., where n is a constant. The temperature-density curve is 
discontinuous and shows a part independent of density, so that there is a critical 
zone rather than a critical point. 

§ 13. Liquefaction of Gas Mixtures 

The phenomena observed in the liquefaction of a mixture of two gases 3 by 
pressure are much more complicated than those for a single gas. A mixture of 

1 vol. of air and 9 vols. of carbon dioxide 
at 2° C. begins to liquefy at 72 atm. 
pressure, but at higher pressures at this 
temperature the liquid diminishes, and 
disappears again at 149 atm. pressure; 
liquid docs not appear again however 
high the pressure is taken. On plotting 
the pressures for the appearance and dis- 
appearance of liquid against the tempera- 
ture the dew curve BKCA (Fig. 15. VII B) 
is obtained. For each temperature, c.g. 
T lt below r 0 , there are two pressures, 
p x and pi\ between which gas and liquid 
are present. At T 0 there is only one 
phase and the point K corresponds with 
the critical point for a pure substance. 
Above r 0 no condensation occurs at any pressure. 

« z. phys. Chem ., 1902, 40. 257. 

2 Z. phys. Chem., 1927, 129, 79; 1929, 142, 365; Dcs Coudrcs. Ann. Phys., 1924, 73, 289. 

2 Andrews, Proc. Roy. Soc.. 1875, 23. 514; Phil. Mag.. 1876. 1. 78 (C0 2 +Nj); Phil. Trans., 
1887, 178. 45 (posthum. publ. by Stokes); Proc. Roy. Soc. Eilin., 1899. 30. 1 (posthum. publ. 
by Knott); Caillctet. Compt. Rend.. 1880. 90. 210; J. de Phys., 1880. 9. 192; Hautcfcuillc and 
Chappuis, Compt. Rend.. 1880, 91. 815; Cailletet and Hautcfcuillc. ibid.. 1881. 92. 901 ; Jamin, 
J. de Phys., 1883, 2. 389; Duhcm. J. de Phys.. 1888. 7. 198; Trav. et Mem. Fac. Lille. 1893, 3. 
Nos. 1 1. 12, 13; ** Traitc dc Mccanique Chimiquc," 1899, 4. 61 ; J. Phys. Chem., 1901, 5. 91 ; 
van dcr Waals. Z. phys. Chem.. 1890. 5. 133: Arch. Neerl., 1891. 24. 1; 1897, 30. 266, 278; 
*• Continuitat." Leipzig. 1900. 2. 112; Kucncn, Arch. Neerl., 1893. 26. 354; 1900. 5, 306; 
Z. phys. Chem., 1893. II, 38: 1902. 41. 43; J. Phys. Chem.. 1896-7. I, 273; Phil. Mag.. 1895, 
40. 173; 1897. 44. 174; 1902.4. 116; Z. kompr. Gase, 1898. I. 153; Villard. Ann. Chim., 
1897. 10, 387; Vcrschaffclt. Proc. K. Akad. We tens. Amsterdam. 1898-9. 1. 288, 323; Comm. 
Leiden. 45. 47; Arch. Neerl.. 1900. 5. 644; Hartman, ibid., 1900. 5. 636; Proc. K. Akad. 
Warns. Amsterdam, 1900-1. 3. 66; Comm. Leiden. 56; Caubct. Compt. Rend., 1900, 130. 
167. 828; 1900. 131. 108, 1200: 1901. 132. 128; Z. phys. Chem., 1901. 37. 639; 1902. 40. 257; 
1903. 41. 115; 1904. 49. 101: Saurcl .J. Phys. Chem.. 1901, 5. 179: Ccntnerszwcr and Zoppi. 
Z. phys. Chem., 1906, 54. 6S9; Kucncn. ” Thcoric dcr Vcrdampfung und Vcrflussigung von 
Gemischcn," Leipzig. 1906. 59 f.. 108. 216 f.; Bradley. Browne, and Hale. Phys. Rev.. 1908. 
26. 470; 1908. 27. 90; Ostwald, ** Lehrbuch dcr allgcmcincn Chcmic." 1911, 2, ii. 652; Kucncn 
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£ 13 LIQUEFACTION OF GAS MIXTURES 

If r, corresponds with the maximum C on the curve, then Mow T, normal 
condensation Refaction, occurs on raisins 0*pr«su ^ ^ 

grade con densation (disappear- 
ance of liquid with increased 
pressure) occur. AC is the 
boiling curve and above this 
the system is liquid. K is 
called a plait point. 

These phenomena occur 
only with certain mixtures, 
and with others outside this 
range the dew curves are nor- 
mal. In Fig. 16. VII B, DC 
and OC 5 represent the curses 
for these limiting mixtures. 
The line joining the plait 
points C 2 . C 3 , C 4 for various 
mixtures is the plait-point 
curve. The border curves (full and dotted) gradually narrow as they approach 

the normal vapour-pressure curves DC and OC s . . r lhe 

At the plait point the plait point curve seems to form a double cusp o 




second species (§ 59.1). Whether AC,K,B really forms a contmuouscu.^so 
that CC, is a tangent to it at Cj, or separate lines forming a spinod P 

with CC 5 at C 3 , has been discussed. 
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The phenomena should be represented in a three-dimensional (p, v, T) diagram 
(Fig. 17.VII B). The vapour pressures for a given temperature are shown by 
the curves nm, pg, etc., and on mn liquefaction begins at n , on pg at the higher 
pressure g. To the right of ngrs is gas, to the left liquid. If light fell on the 
figure in the direction vO it would cast a shadow on the pOT plane which 
would be the vapour-pressure curve , and the lowest temperature for which the 
pressure-volume curve ut is not cut by ngrs is the critical temperature. 

Some results by Caubet for mixtures of sulphur dioxide and carbon dioxide 
are given in the table. The sign • denotes the first dew point (1" point de rosee ), 
•• the second dew point (2* point de rosee). 
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C. PRESSURE-VOLUME-TEMPERATURE RELATIONS OF 
GASES. CHARACTERISTIC EQUATIONS 

§ 1. Van der NVaals s Equation 

So far, consideration has mostly been given to so-called ideal (or perfect) 
gases, the molecules of which are assumed to be very small compared with the 
volume of the gas, and between the molecules of which there are supposed to be 
no forces of attraction and repulsion. The behaviour of such a gas is repre- 
sented by the equation (§ 21. VII A): 

pV-KT (1) 

When a gas below its critical temperature is compressed, it is reduced to a liquid, 
the volume of which, although much smaller than that of the gas, is finite. Since 
the liquid volume changes only slightly for a large increase in pressure, it may be 
assumed that the molecules in the liquid are fairly closely packed and exert 
large repulsive forces when an attempt is made to bring them closer together. 
The liquefaction shows that there must also be attractive forces between the 
molecules, which increase as the volume of the gas (i.e. the distance between its 
molecules) is reduced. 

The very small compressibility of the liquid might be explained by assuming 
that the molecules are hard elastic spheres, the repulsive force not being opera- 
tive until the molecules are in contact, and as a first approximation it may be 
postulated that: (i) the molecules in the gas occupy a small but finite fraction of 
the total volume, and (ii) there are forces of attraction between the molecules 
which increase when the distance between them is reduced, i.e. when the volume 
of the gas is decreased. 
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VAN DER WAALS’S EQUATION 

The effect of the volume occupied by the molecules in increasing the pressure 
was recognised by Bernoulli 1 in 1738. in his deduction of Boyle s law from the 
kinetic theory (§ l.III). Rankine * in 1854 proposed an equation equivalent to: 

lp+al^T)y=RT < 2 > 

and Recknagel 3 in 1871 attempted to allow for molecular attraction by assuming 
that each molecular encounter leads to a temporary retardation of rectilinear 
motion, and the collision rate on the walls is reduced in proportion to the 
density; he thus found the equation: 

pV-RTO-B/V) (3 > 

where Bis a function of temperature. 

Clausius 4 in 1857 correctly pointed out the two cause, for the deviation 
from Boyle’s law, but did not represent them by an equation. This was done 
by Hirn 5 in 1863, who proposed the equation: 

p(V-4,)=RT < 4 > 

in which he (incorrectly) supposed the constant 0 (co-volume) was .equal to the 
" sum of the volumes of all the atoms" (it is a small multiple of this). H.rn 
also assumed that the molecules attract one another and that this »s cqu. akn 
to the addition of a term r, " the sum of the internal actions, to the tMernai 

pressure: , ,c , 

(p+rHV-^RT (5) 

He supposed that r is an inverse volume function, decreasing rapidly when the 

volume increases. . . 

None of these early attempts to correct the ideal gas equation ga'c results 
importance. Starting from the same assumptions. J. D. van de ''aa • n 
1873, in what Clausius * called “ a very interesting paper, deduced the famous 
equation for an imperfect gas: 

(p+afVW-b)=RT < 6) 

I "Hydrodynamica." Suasburg. 1738. 200 Du Bob , Rcynvond 4m.. Phy, .\ 85* 107. 
490; this was emphasised again by Lomonossov. .N«»u . . . . 

1. 230. 307 (publ. in 1750); OslwaWs Klasulcr. 1910. 178: ih I \s F S 579 

1 Note to paper by Joule and Thomson. Phil. Tram.. 1854. 144. . -t>. cf. . .. * -• • 

> Ann. 1871. ErgdnzbJ. 5. 563: 1872. MS 469: wc Clauds iM .VM.9. 3J-. 
3. J. Thomson, “ Watts* Dictionary of Chemistry, edit. Morlc> and Muir. It *>. 

collision between two molecules of a gas is the format, on and breaking up of a ‘ 
aggregation ... the time which elapses bc.wccn the success., e aggregations ,s much smaller 
in the case of a gas than in that of the liquid or solid. 

> m.' M i: a” acparaic ” of Him'. P»P« « ^p^title-rase 

Library copy. The equation is dealt with on pp. 39 f.. ^especially p. . P ? 

actual equation given is (K + />M »'-*) = ©. Sec also H.rn. Asm Onm 1867 10 £ • 

11. 5; Dupre, ibid., 1864. 3. 76; Roth. Ann. Phvt.. 1880. 11. 

64. 653; 1868. 66. 344. 606. Phil. Mag.. 1868. 35. 466 (relation of r to composition). Budd . 

J den gas. cn vlocis.of.ocs.and - .on .he conunuUy of .Jw ga«o^ 

and liquid state). Dissert., Leiden. 1873; ” Die Cent, nu, tat dcs 
Zustandes." transl. Roth. Leipzig. 1881; Engl, transl. Threlfall and Adair Pi. 

(Phys. Soc.. Taylor and Francis). 1890. 1. iii. 333; 2nd enlarged German edit - ' ^ ltf 'r ). 
1899-1900; ** La Continuity dcs Elats ga/cu* ct liquidc.” transl. Dommcr and » ' • ‘ 

1896; Kucncn. ** Die Zustandsgleichung dcr Case und Fluss.gkdten Brunswick. I • 
"Die Eigenschaftc dcr Case.” 19.9: van dcr Waal*. "D* 
lecture, Leipzig, 191 1 ; ** Wcitercs zur Zustandsgleichung. Leipzig. 1913. the be. 
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where a and b are constants taking account of the molecular attractions and the 
finite size of the molecules, respectively. (Actually, he wrote (p+a/v 2 )(v-b)= 
(l + 0 )(l_ 6 )(l+ a /) ; see § 3). The main interest of the investigation (as the 
title of the Dissertation shows) was not so much to find an equation representing 
the behaviour of imperfect gases as one which includes a description of critical 
phenomena. 

Van der Waals amplified Hirn’s equation (5) by showing that (i) is probably 
four times the volume occupied by the molecules, and (ii) r is inversely propor- 
tional to the square of the volume, r=a/V 2 , where a is a constant. This form 
agrees with an attractive force inversely proportional to the fourth power of the 
distance (as proposed by Sutherland .) 1 For, the internal work of expansion is 
f(a/V 2 ) d V=— <j/K-fconst. = — a'/r 3 +consi., where/- is here the average distance 
between the molecules, and this is equal to the increase in potential energy W. 
But the force is equal to — d Wl<\r=3a'lr*. 

The most important features of van der Waals’s equation are (i) that it 
applies also to the liquid state, with the same constants a and b, and (ii) that it 
gives an account of the critical point. It is, however, only an approximate 
equation, and, as van der Waals himself pointed out, it deviates more and more 
from the experimental results as the pressure increases. In spite of its defects 
it was a very great advance 2 in the theory of gases, and still has a very important 
practical value. For quick and reasonably accurate orientation in situations 
where experimental data are lacking, and in giving a qualitative survey of the 
main properties of gases and liquids, the equation is indispensable, and is likely 
to remain so. Whether or not it gives a correct picture of the forces acting in a 
gas is quite another matter, which will receive attention later . 3 

§ 2. Deduction of van der Waals’s Equation 

The deduction of the equation on a statical basis is simple . 4 Molecules with 
a finite diameter occupy part of the space available for translatory motion, and 
hence collide more often with the walls of a container than if they were mere 

the equation is given by Onnes and Keesom, Die Zustandsglcichung. Comm. Leiden, 1912, II, 
Suppl. 23, reproducing ** Enzykl. d. math. Wiss.." 1912, 5. i, Heft 5, pp. 615-945; see Guye, 
Arch. Sci. Phys. Nat.. 1889. 22. 540; Jeans. J.C.S.. 1923, 123, 3398. 

' Sutherland, Phil. Mag., 1886. 22. 81 ; Mcllor, ibid., 1902, 3, 423; Chatley. Proc. Phys. Soc., 
1918, 30, 151 ; Porter. Trans. Faraday Soc., 1928. 24. 108; the criticism by Fowler, Phil. Mag., 
1922, 43. 785, that the law of variation only afreets the form of a as a function of temperature 
had already been pointed out by Klceman, ibid., 1912, 23, 656; correcting Tyrer. ibid., 1912, 
23, 101. 

1 According to Thicscn, Ann. Phys.. 1897. 63. 329, van dcr Waals’s equation first became 
well known after the full abstract in Ann. Phys. Beibl., 1877, I. 13-21. There is, however, a 
long critical account of it by Maxwell in Nature, 1874, 10. 477. 

i Although Keyes, J.A.C.S., 1929. 51. 3684, correctly says that the theory of real gases is 
“ a field where an extraordinary amount of illusory theory has been written, ’* it is also one in 
which the pure mathematician has probably produced less of practical value in proportion to 
his cfTorts than any other. A sensible survey of this field in relation to more modern theory is 
given by Keyes and Fclsing. 7. 4. C.S., 1919. 41. 589. Smoluchowski (no mean mathematician), 
Ann. Phys., 1915. 48, 1098. considered that the “ intuitive " method used by van der Waals 
and his school was often physically more correct than a purely mathematical method, and had 
the advantage of guarding against gross errors to which the latter was (and is) liable if followed 
without close relation to the physical results. Several recent mathematical papers have later 
been followed by admissions of error, and the non-mathcmatical reader may be deceived by a 
machinery of rigour w hich is illusory. 

4 Edscr. "Heat for Advanced Students," 1899, 307; Ncmst. “Theoretical Chemistry," 
1911, 208; Euckcn. " Lehrbuch dcr chcmischen Physik." 1930, 175; best of all, Boltzmann, 
" Vorlcsungcn iiber Gastheoric." 1898. 2. 1 f.; see the rather refined criticism by Fowler, 
" Statistical Mechanics." Cambridge. 1929. 200 (where other errors are introduced). 
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§2 DEDUCTION OF VAN DER WAALSS EQUATION 

points. The pressure is thus greater than the ideal pressure This could be 
achieved by keeping the pressure ideal but reducing the actual volume V to a 
smaller value (k'-fc), where * is a volume correction depending on the molecular 

b ’ Z A second effect, which makes the observed pressure smaller than the ideal 
pressure, is the attraction between the molecules. A molecule in the interior 
of the gas is pulled equally in all directions, but one on the surface experiences 

an unbalanced attraction towards the interior, which d«reases its momentum 

on striking the wall, and hence lowers the pressure. The inward force on unit 
area of the surface will be proportional to the number of molecules per cm/- on 
the surface of the gas. which is proportional to the density p. and to the number 
of molecules per cm.’ in the body of the gas. which is also proportional to p 
hence the cohesive attraction is proportional to the square of "’•’ dcnsils a 
the net force per cm.’, or the pressure on the wall, is reduced from the ideal 
value to where * is a constant. The pressure which the gas would 

exert in the ideal state is thus p«,+ap=. The product ,p+ap- ,1 -b) w. 
therefore correspond with the ideal product Pu V u . i.e. to RT St. if unit mass 
of gas is taken and <W=mol. wt. Since p= 1/r (t =specific sol.). 

(p + <i/i ,2 X l ‘ —b)—RTlM. 

By suitable adjustment of the constants a and b, the equation will appl> to 1 mol. 
when; u>+alv>*V-b)=RT 

A fuller deduction is achieved by some refinement of detail. The following 
deduction is based on that given by Boltzmann.’ It may be noted that for 
large values of V (small pressures) van der Waals s equation passes into the 
ideal gas equation as a limiting case, since alV- and b arc then negligible, and 
all characteristic equations for gases in normal conditions must hasc this 
property. They should also, if they are to take account of liquefaction, repro- 
duce the critical phenomena, and van der Waals s equation docs th.s at least 

semi-quantitatively. , . , e .. 

Consider a volume V of gas containing N spherical molecules of diameter a. 
and draw a sphere of radius a round ihe centre of each molecule The minimum 
distance between the molecular centres is a, so that the centre of any molecule A 
cannot lie inside the spheres surrounding any of the .N-l other molecules 
B, C, D . . . . The free space available to A is: 

Dna’sK— 0) 

The probability of finding the centre of A in a specified volume element di 
is equal to the ratio of dV to the total available space: 

d VHV-\Nno*) (2) 

• Bakkcr. J. Chin,. Phys.. 1906. 4. 67. states that Sarrau. in the French translation of van der 
Waals** " Continuity ” sav$ this result is in works of Cauchy and roisson. 

! a -Oas“ : U ? . f.: Jeans. - Kinoic Theory °f Gases." !£.«..£* ««*£• 
treatment is followed here. Other deductions: Lorentj -lim. Phys., 19*1. .12 . : *-?j G *)' 1 . 

Z. phys. Chem.. 1889. 4. 417; Jdger. Wien *er..\V*> 105 11 A. IS. ■ van du Waals. Proc£ 
Akad. Wetens. Amsterdam. 1898. 1. 138. 468; 1900-0 . 3. 515 571. 643. Z ph>s Ch<m U99. 
30. 157; 1901. 38. 257; Lorcntz. Vers tag. K. Akad. II etens Amsterdam. WO!. 9.: 57-. Hapf^l. 
Phys. Z., 1909. 10. 687; Nabl. Wien Ber.. 1911. 120. II A 851 1; Wagner. 

1 169; Smoluchowski. ibid., 1915.48, 1098; Holm, ibid 1 J 5 , ^ ,hlh ' J S " ^ ' 
Phil. Mag.. 1918. 36. 199; Haag. Comp,. Rend.. 1923. 176. 372; Benumofi he 

1948, 16, 249. It should be noted that van der Waals assumed no static forces bu 
gas molecules and the wall of the container; this was taken into account by Nabl. 
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A molecule moving normal to the wall collides with it if, at the beginning of a 
time interval dt within which it is supposed to undergo collision, its centre lies 
in a small volume udAdt, where u is the normal velocity and dA the element of 
surface of the wall on which collision occurs. This small volume is now iden- 
tified with dV. It may lie either inside or outside one of the N—\ spheres of 
radius a . 

Suppose that each sphere is divided into two hemispheres by a plane parallel 
to the wall of the container. The volume dV cannot be further than \a from 
the wall and, as it cannot lie inside one of the spheres if there is to be a collision, 
it must lie in the free volume K — §(Af — l)w J ~ K— fMro 3 between the nearer 
hemispheres. The probability that it does so is: 

(K-f (3) 

and the probability of a collision within the interval dr is, from (2): 

NdVI(V-iNno>) (4) 

The total probability of a collision is the product of (3) and (4): 

(NdVIV)[{V-b)l{V-2b)\ (5) 

where 

b-iNno* (6) 

Since the total volume occupied by the molecules is %Nn(o/2y=iNno 3 , 
it follows from (6) that the constant b is equal to four times 1 this volume. 
Since b is small compared with V, the term (b/V) 2 can be neglected, and hence 
by division of (5) the total probability of a collision is found to be: 

Nd V/(Y-b) (7) 

If the molecules occupied no volume this expression would be NdV/V, so 
that the effect of the finite size of the molecules is to replace the volume V by 
(V—b), where b is four times the volume of the molecules. The effect of 
molecular size alone is taken into account in the equation: 

p(V-b)=RT or P V~RT(\+b/V) ... . (8) 

The correction for intermodular attraction was deduced by van der Waals 
by replacing the complicated molecular force field by a simple cohesional force, 
as in Laplace's theory of liquids (see § 20.VIII G, Vol. II), which force is 
appreciable only over a very small distance. Each molecule is assumed to be 
surrounded by an imaginary sphere, outside which the molecules exert no 
appreciable force on the one at the centre. When the molecule is in the body of 
the gas, the other molecules fill this sphere of action equally in all directions 
and their effects thus cancel out, since every molecule has an equidistant partner 
on an axis of the sphere on the other side of the centre. When the molecule is 
as near the wall as possible, however, only the other molecules in the hemisphere 
resting on that side of the wall are acting, and their effect is equivalent to a force 

i According to O. E. Meyer. " Kinetic Theory of Gases." 1899, 326. 423, b is 4y 2 times the 
actual volume of the molecules; Jagcr. in Winkelmann. “ Handbuch der Physik," 1906, 
3. 703; cf. van der Waals. Arch. NccrL, 1877. 12. 201. 217; Versing. K. Akad. Wetens. Amsterdam, 

1898, 7. 160. 408. 477; Z. phys. Chem., 1899, 30. 157 (abstr.); Proc. K. Akad. Wetens. Amster- 
dam, 1913. 15. 903, 971, 1131; republished as “ Weitercs zur Zustandsglcichung,’' Leipzig, 

1913; van Laar. Proc. A Akad. Wetens. Amsterdam, 1914. 16. 44. 808; 1914, 17, 451; “Die 
Zustandsglcichung von Gasen und Flussigkeitcn.” Leipzig. 1924, 2. On the mean free path 
and the b correction, see Kortcwcg. Arch. Seer!.. 1877. 12, 241, 254; Kohnstamm, Proc. K. 
Akad. Wetens. Amsterdam, 1904. 6. 787, 794; J. Chim. Phys., 1905, 3, 161. 
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inward pull on ihe layer of gas in con proporiional 10 

and hence reducing its pressure on the wall. ™sw c i ^ Qnc 

the number of molecules pul ed and . Mg ■ wine ^ ^ lhe 

Each of these ,s proport'onal to the de^nsu^o^ ^ or invwdy propor . 

inward force is proportional to the q i c' to fl ^ 1 2 . where a is a 

tional to the square of the volume : of ? , hcrc Vore smaller than the pres- 
constant. The actual pressure p on.he^ll allraclion . anJ the 

term £«?o the actual (measured, pressure P to get a pressure 

corresponding with the ideal gas: 

Pu~P+°IV 2 (,0, 

~ - «~r arJ5%“£» was 

SiWSS SJKSSk«i-. » U . •“ “ 

which van der Waals arrived at " so to say. by mspiration. 

The final equation is. therefore : 

(p+alVW-bl^RT (,1> 

or p+alV*-RTHV-b) lUal 

A deduction of van der Waals's equation by statistical methods was given by 
Ornstcin 2 and by Shaha and Basil.* Waals's equation would be 

critlcizedt th^s^happpened^at the* 'ft cHu 

of the firs, rank «" * W «o more experimental research 

sSSAtssssffK'tf 

jSSsvSSgrsSSSStffi 

value of the potent.al-energy curve (§ 17.1V). wmen , he 

virial coefficient on the assumption of resonance forces (§ 45 ) and a 

value a. corresponding with the distance f 0! ^ m-nimum poi “ckffig. by 

molecules in a crystal lattice. The latter • i$ Avoeadro's 

(4rr/3)(a m /2) 3 =0'74K - ,/A f , where K. is the molar volume and /v - 

1 19.7. 14. S53: A* ***• >■ >” ' C ' bbS 

“ W. .9.8, 3*. .99 , from entropy andpr^:^* ,n » + C: 5 5.1V): Wahl- 

mann .Physica, 1937.4. 'ltfM •« M6.627; 1892.45. 199 tcrilicismi: 

« SeeMaxweU JW, -.1874 , ^oricwcg. ibid.. 1892. 45 *52. 

/*AyJ.! 1 905 6U^1 70^Wi5 : 1906.4. ,02: Metcalf, i. #** C*».. 

1915, 19, 705. 
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number, 0-74 being the space-filling factor. It is found 1 that a<Ccr 0 <jr m . 
In A. (10 -8 cm.): 
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o 2 
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1 

Cl 2 
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3-8 
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9 
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26 

35 
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3*7 

— 

i — 

— 



r m — i a m 

• • • • 

40 

40 

H 

4 1 

a 


5-4 

<5 3 


Jablczynski 2 calculated the molecular radii of C0 2 , C 2 H 4 , 0 2 , N 2 , CO, and 
H 2 on the assumption that b is four times the actual volume of the molecules, 
and found results almost identical with those calculated by Sutherland from 
the viscosities (§ 5.VII F). On the assumption that, with diatomic gases, the 
two atoms rotate so rapidly that they fill the molecular sphere, the radii of the 
atoms O, N, and H were calculated as half the radii of the molecules 0 2 , N 2 , 
and H 2 , and agreed with the X-ray values. The radius of the CO molecule was 
successfully calculated from the atomic radii. At very high pressures or low 
temperatures the molecular volumes decrease, even below the 6-values. 
Broughall 3 calculated the molecular diameter from o-™(36) ,3 /27rW L , where N L 
was taken as 2*75 x 10 19 at S.T.P. 

A more detailed deduction of van der Waals’s equation by the method sketched 
above leads to the equations: 4 

pv=RT[\ +b/v+$(bjv) 2 + . . .) (12) 

(p+alvi)v=RT[l+b/v+x l (b/v)i+x 2 (b/v)'+ . . .) . .(13) 

where a is assumed to be constant (as before), b is four times the volume of the 

molecules (assumed spherical), and <x„ a 2 are new constants: a, = 5/8= 

0-625, and a 2 =0*2869. Equation (13) can be written: 

RT=(p+aJv 2 )vi[\+b/v+x l (blv) 2 +x 2 (b/vy+ . . .) 

— (P+o/t» 2 )[t;— 6+(l — aj)(6 2 /t;)+ (2a t — x 2 — lX6 3 /v 2 )+ . . .) 
=(p+o/v 2 ){ v— 6[l — (I — a| )(6/t»)— (2a,— a 2 — l)(6/v) 2 -f . . .]} 
=(p+a!v 2 {v—b[\—0 375(b/v)+0037(b/v) 2 . . .)} . . . .(14) 

Hence in van der Waals's equation b is replaced by: 

6'=6[1 — 0-375(6/t>)+0-037(6/i>) 2 ] (15) 

Equation (14) gives better results above the critical temperature than the simple 
van der Waals equation. 

§ 3. Values of the van der Waals Constants a and b 

The values of the constants a and b depend on the nature of the gas and on the 
quantity of gas considered. 5 If unit volume of gas is taken as the volume in the 

1 Smart, “ Molckiilstruktur.*’ 1934. 33; Kremann and Pcstemer. “ Zusammenhange 
zwischcn physikalischcn Eigcnschaftcn und chcmischer Konslitution." 1937. 26. 

2 Roczn. Chem.. 1934. 14. 10. 

3 Phil. Mag., 1921. 41. 872. 

4 JUger. Wien Der.. 1896. 105, II A. 15. 97; Boltzmann. ** Vorlcsungen iiber Gasthcorie,’’ 
1898, 2. 170; Proc. A*. Akad. We tens. Amsterdam. 1899. 1. 398; van Laar. Proc. K. Akad. 
Wetcns. Amsterdam, IS99. 1. 273; van der Waals. jr.. ibid.. 1903. 5. 487; Happcl, Gdtt. Nachr., 
1905. 282; Ann. Phis.. 1906. 21. 342; van der Waals. Arch. Neerl., 1912. 1. 90; Onncs and 
Keesom. ” Enzykl. d. math. Wiss." 1912. 5. i. 747. Happcl gave a 2 =0 288. Sec Kucnen. 
“ D,c Eigcnschaftcn der Gasc ” (Ostwald-Druckcr, ** Handbuch dcr allgemeinen Chemie," 3), 
Leipzig, 1919, 335. 

’Rucker. J.C.S.. 1888. 53. 256; Hantzschel. Ann. Phys.. 1905. 16. 565; Kucnen, ibid., 
\m. 17. 189; van Laar. J. Chim. Phys.. 1916. 14. 3: "Die Zustandsgleichung." Leipzig, 
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ideal 5 , ate at S.T.P., then if V is the ratio of the given volume V ml. to the 
unit 22,415 ml., per mo/, then (1 1), §2, becomes: 

(p+aivw-H-mn-i "> 

These are the so-called " normal units." If (with van der Waals and most 
physicists) the actual volume at S.T.P. is taken as the unit, the equat.on becomes. 

( p+ a/V"*){V"- 6)=(l+o)(l- 6)77273-1 . - • U) 

Values of a and b (mostly calculated from critical constants, as explained in 
§ 7) arc given both for formula (I) 1 and for formula (2).* Since formula (1) 
is more convenient, the values in the following abbreviated table are for -use in n. 
Pressures are in atm. and V is the volume ratio, the actual volume be ng 
22 415 V ml. If a.=our, 6,=/36, a and b being the values cal Icul lated 

from (2) and R the ordinary gas constant 82 09 ml. atm. /I C. per mol, then t c 
values of a, p, and y are as follows: 1 


Units 


ml., mm. Hg 
lit., atm. 

lit., mm. Hg ... 


760 

10* 

7 6x 10 * 


I 

10 * 

10 -> 


760 
10 » 
0 760 


1 i 

Hi* 

O: 

N: 

He 

Nc 

A 

Kr 

Xc 

10* .a 

1 O'. 6 

49 

1188 

276 

1441 

1 

277 

1747 

68 

1050 

I » 

42 2 
763 

268 

1437 

462 

1776 

816 

2279 


Cli 


CO 

| 

CO: 

NH > 

N;0 

NO 

^ ^ 

HjS 

oo y 


I0» .a 
10*. b 


1294 

2510 


731 

1822 


296 

1779 


716 

1905 


1655 


1971 


1245 


1914 



so 2 

CH4 

C*H* 

C:H4 

C|H: 

(C;H ; l:0 

C*H* 

10 >.fl 

10* .6 

1338 

2516 

449 

1910 

1074 

2848 

891 

2551 

875 

2293 

3464 

6002 

3727 

5369 


An attempt to relate the a values to chemical composition was made by Bose 
and Bose, 4 and Mathews 5 proposed the formula: 

<i = C(A //») 2 3 

where M-mol. wt„ n=numbcr of valencies in the molecule, and C is a constant. 

the same for all normal substances. .. . 

The following table 1 refers to equation (2); some values are older and 
1924, 4; Lorenz. Z. phys. Chem., 1928. 139. I; Partington and Tweedy. " Calculations in 
Physical Chcmistiy." 1928 46. 559; Z. phvs. Ckem.. 

1 90 1^*37.° 38of G uy<^ and Mallet ^Compt'^Rerid'. .1902, ,34. .68; W.nkelmann. - Handbuch der 
Physik." 1906. 3. 857 f.; van Laar. J. Chin,. Phys 1916.14. 3. 

2 Landolt-Bornstcin, " TabcUcn." 5th edit.. 1923 253 f. 

* Schalkwijk, Vcrslag. K. Akad. Wctens. Amsterdam, 1901, 10. 118. 

Amsterdam, 1917, 12, No. 4. giving a large collcct.on of values ol a. 
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probably less accurate than those in the preceding table, but a number of 
liquids are included, and the values then refer primarily to their vapours. 


Substance 

For initial volume 
atS.T.P.=l 




g.mol. 

gram 


— 

a 

b 


a. 10-* 

b 

a. I0"‘ 

b 

Hydrogen 

0 00038 

0 00088 


0-211 

19-75 

516 

9-28 

Nitrogen 

000276 

000166 


1-30 

37-1 

166 

1-32 

Oxygen 

000272 

0 00142 


1-37 

31-8 

133 

0994 

Argon 1 

000256 

0 00134 


1 30 

30-82 

81-3 

0-758 

Krypton 

0 00460 

0 00177 


2-32 

39-8 

34-3 

0-485 

Xenon 

0 00823 

0 00231 


4 11 

51-6 

25-1 

0 403 

Hydrogen chloride 

0 00726 

000180 


3 62 

402 

272 


Carbonic oxide 

000274 

0 00168 


1-38 

37-7 

176 

B&fll 

Nitric oxide 

0 00257 

0 00115 


1-29 

25-9 

143 


Carbon dioxide 

000727 

0 00192 


3-612 

42-84 

185-7 

0 971 

Nitrous oxide 

0 00750 

000195 


3-72 

43 4 

192 

0 987 

Sulphur dioxide ... 

001345 

0-00251 


661 

55-7 

161 

0-870 

Ammonia ! 

0 00810 

0 00162 


401 

360 

1386 

2-11 

n-Pcntanc 

004481 

0 000743 i 

20 93 

160-7 

402-5 

2-228 

/jopcnianc 

003829 

0 000653 i 

18-07 

141 8 

347-6 

1-966 

Hexane j 

005383 

0 000820 

24 75 

175-9 

333-6 

2-042 

Benzene 

003984 

000555 


18 71 

1203 

3070 

1-541 

Toluene 

005240 

000684 


24 08 

146-4 

283 9 

1 590 

Fluorbcnzenc 

0-04272 

0 00596 


1995 

128-7 

216-2 

1-340 

Chlorbenzene 

0 05580 

0 00680 


25-54 

145-5 

201-8 

1-293 

Methyl chloride ... 

001363 

0 00263 


6-85 

58-27 

262-7 

1-154 

Ethyl chloride 

002264 

000394 


1092 

86 55 

262-6 

mSZM 

Water ] 

0 01204 

0 00147 


595 

33-60 

1830 


Methyl alcohol 

001959 

0 00304 


953 

67-05 

928-8 

2-093 

Ethyl alcohol 

0 02512 

000385 


15 22 

84-46 

5700 

1-834 

Carbon disulphide 

0 02412 

000350 


11-63 

76-89 

159-5 

1-010 

Stannic chloride ... 

005926 

0 00771 


26-94 

164 3 

39 75 

0-631 

Ethyl ether 

0 03688 

0 00619 


17 44 

34-7 

317-8 

1-818 

Ethyl acetate 

004383 

0 00654 


2047 

141-3 

263 9 

1-604 

Acetic acid 

003737 

0 00492 


17 60 

1069 

488 4 

1-780 

Acetonitrile 

000370 

000536 


17-59 

116 9 

104-5 

2-847 

Methyl ether 

0 01653 

0 00328 


8 08 

72-5 

381 

1-574 

Mcthylamine 

001476 

0 00276 


7 40 

61 0 

751 

1-97 

Aniline 

000567 

000633 


26 51 

136-9 

319-7 

mmm 

Anisole 1 

0 00616 

0 00744 


28-35 

1596 

242-6 


Phcnctolc ! 

000786 

0 00928 


35 20 

196 4 

236-1 

1-609 


§ 4. Test of van dcr Waals’s Equation 

Regnault 1 represented the results of his experiments on the compressibilities 
of gases (see § 6.VI A) by the empirical equation: 

r/m=l-^(m-l)+5(m-l)2 ( 1 ) 

where m= V/v, the ratio of two values of the volume reduced to the same 
temperature, say 0 C., and r=pjP, the ratio of the corresponding pressures, A 
and B being constants. The volume occupied by a given mass of gas under a 
pressure P= 1 m. Hg was taken as unity, V=l, and hence (1) can be written: 

Pv= 1 -A[(l + fl[(l -v)/v]\ 

or pv+(A+2B)v-'-Bv~2=\+A+B (2) 

« Mem. Acad. Sci., 1847, 21, 329 (421); errata, ibid.. 1862, 26, 925. 
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This corresponds with van der Waals’s equation in the form : 

(p+av' 2 )(v-b)=R'(\+*0 (3) 

where a=coefficient of expansion, for the case when when 1+a/- 

r/273-1, and p in the correction bp is taken from Bo>lc s law. p 
since then (3) becomes: 

pv+(a—b)v~ l —abv -= K . 

equation pv 2 /T=[Rv 2 l(v—b)—alT] and if pv*=y .s plotted against Ta parabola 

‘ S For carbon dioxide van der Waals * gave equation (2). § 3, as: 

(p+0 00874/i; 2 Xv-0 0023)=0 00369(273+/ C.), 
where p is in atm. and i> in fractions of the volume at S.T.P. The values of p 
for different values of t are: 

0 005 0 004 0 003 

23-2 45 8 466 8 

0 0075 0 005 0 004 

620 67 2 118 5 


/=0* 

t»=0 1 

P-94 

005 

19*7 

0 025 
303 

001 

43 3 

00075 

379 

/-32’ 

t/« 0 1 
p-10 6 

005 
23 4 

0 025 
34 6 

0020 
41 9 

001 

58-7 

/-91° 

v- 005 
P-24-5 

004 

300 

002 

52-6 

001 

74 1 

00075 

864 


i ucac iiiitv / 

being the critical isotherm. 

For ethylene the corresponding equation is: 

(/>+0-00786/t/ 2 Xv— 0-0024) =0-0037(272-5+/ C.). 
and a comparison between observed and calculated values of pv at : 20’ was 
made by Baynes. 5 the agreement being satisfactory, especially at high pressures. 
The value of pv sinks to a minimum between 50 and 85 atm. 


p atm. 

1000 pv 

P atm. 

1000 pv 

obs. 

calc. 

obs. calc. 

31-58 

45-80 

72-86 

84 16 

94 53 

110 47 

914 

781 

416 

399 

413 

454 

895 

782 

387 

392 

413 

456 

133-26 

17601 

233 58 

282-21 

329 14 
398-71 

520 520 

643 642 

807 805 

941 940 

1067 1067 

1248 1254 


• Roth, Ann. Phys., 1880. II, I. ,, 

J Proc. Nat. Acad.. 1932. 18. 328; cf. Ncusscr. Phys. Z.. 1930. 31. 1041 . 193.. 33. 76. 

’« SS/id’StJL?” Enzykl. d. math. Wiss ." .9.2. 5 i 675 say i. »a» for,una« for 
the development of his theory that the critical constants calculated by %an der Waals ir.n 
Rcgnault’s results, which are not very exact, agreed with those found by Andix^s. 

* Nature, 1880, 23. 186; the experimental figures are Amagat s Baynes took the old 

272-5 for the absolute temperature of 0’ C. The values of u and J> giving . good ague nunt at 
20’ do not apply accurately to other temperatures; Kucncn. Die ZustandsgUu t- 1 
Case und Fliissigkeiten," Brunswick. 1907. 81 ; Onnes and Kecsom loc. at, { .. 

Eigenschaftcn der Case** (Ostwald-Drucker. ” Handbuch der allgemc.nen Chon*. - 

Leipzig. 1919. 251, 257. 
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§5 

§ 5. Form of the van der Waals Isotherms 

If van der Waals’s equation is written in the form 

RT 


RT * LTot- <2^1 

\v—b) v 2 (v— b)l v 2 J 


(1) 


( 3 ?) . 

\av/ t 


\ • ■ 


(3) 


it is seen that p=0 when a^b),v 2 =RT. Also, a(v-b)i^ has a maximum 
value > a/46 when v=2b t and is zero when v=b. Thus />- 0 when a , 

or v=2 b and the n, v curve will cut the v axis in two real points when *r<o, 46. 
If RT=a/Ab , thez> axis is a tangent to the curve. If the equation in the form. 

p^RTKv-V-alv 2 <2) 

is differentiated with respect tor, with T constant, it gives: 

RT 2a _ _!_f Mv-bp 

\v-b) 2+ v i (v-6) 2 l 1,3 

For sufficiently large values of T the sign of dp/dv will always be MB** 1 ™' 
If v is small, (v-b) 2 will be very small and the curve 
When 7* is sufficiently small. dp/dt> may t* positive for certain value .of 
2a(v-b) 2 /v* has a maximum value, 8 a/ 276 , when v«36. a g 

approaches zero when «, becomes very large. If RT , s pm» 
increases as p decreases, but if RT is less than WVl v &«**»*»* P ™ 
small and large values of «. but increases in the nnghbourhood of c ». 
Thus, p has a maximum or minimum value for any \aluc of * 

2 ™v-b) 2 lv> equal to RT. The value *a!21b=RT corresponds with a point of 

inflexion (the critical point). 

The second differential coefficient is: 


/d ip\ 2RT 6a 2_f . . 


(4) 


hence there is a point of inflexion when 3a(o— ft) 1 /® 4 ' For 

of 3 afv—by/v* is zero when v=b, and is a maximum 3 a, 4 b ' ' . 

all values of RT between Va/Vb and 3 4 n/4 4 fc there w,U be t.opo ?v^boa 
For values of RT greater than 3 4 n/4 4 f> the curve will be a rectangular h>pcrbola. 


§ 6. Virial Form of van der Waals's Equation 

Van der Waals's equation may be written in the virial form (s 10.V1I A) 
as follows: _ . , . , . . .■» 

lp+alvi){v-b)=RT pv=RT+pb-alv+ablv-. 

For large volumes the last term can be neglected and p-RTjv put m the 
correction term pb: 

pv=RT+(RTb-a)Jv, 

and by comparison with the virial equation (I). § IO.VI I A: 


pv=A r +B,lv+CJv 2 + 


• Let*-, and «(v-6>/v*«y. then d„d*= -alv>+ 2 *blv> ? “S 

(5 11.1) dy/dx-0 • alv>-2*uv> v = 2*. Subsu.u.o m v and Urn u ^ ^ # 

Vyldx*-2alv>-6ablv* and wilh v = 2 b this becomes i.c. <«■ °cn » Mvicalf. 

maximum. A sim.lar procedure is adopted for the Other casern «hc lex«. See 
J. Phys. Chem., 1916, 20. 177 ; Bagchi. Indian J. Phys ., 1940. 14. 173. 
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with A V =RT , the second virial coefficient, B t , is found 

B'=RTb-a (1) 

Alternatively, for small pressures, l/t> can be put for p/RT in the correction term 
a/v , giving: 

pv=RT+{b—aJRT)p (2) 

and by comparison with the virial equation (2), § 10. VII A, with A p =RT, it is 
seen that the second virial coefficient B p according to van der Waals's equation is: 

B p =b-a/RT (3) 

A temperature T B , such that bRT B =a, and B p = 0, is called the Boyle tem- 
perature. At this temperature (2) becomes pv=RT t i.e. the gas obeys Boyle’s 
law (although, of course, it is not an ideal gas), the plot of pv against p going 
through a minimum value and running for a moment horizontal. Since 
T B =a/Rb and, as will be shown in § 7, T t =%al27Rb t it follows that: 

7y7>27/8=3-375 (4) 

The actual values for some gases arc given below and it is seen that the agree- 
ment is not very good : 

He 3 65 Ne 3 00 A 2-73 

Hj 3-21 Nj 2-56 0:2 72 

§ 7. Critical Data from van der Waals’s Equation 
It was stated in § 1 that van der Waals showed that his equation: 

(p+a/v*)(v-b)=RT (1) 

applies to liquids as well as gases, that it gives a semi-quantitative explanation of 
the critical phenomena, and that the same constants a and b apply over the 
whole range of states. When (1) is multiplied out and rearranged to 

v l — [b+{RT/p)]v 2 +(a/p)v-ablp=0 .... (2) 

it is a cubic equation in v (an equation of the third degree, involving v 3 as the 
highest power of v). For any pair of values of p and T , equation (2) gives 
three values of v, which are the so-called roots of (2). If these are v lt v 2 , and 
v 3 , the cubic equation may be written as: 

(i>-v,)(t;-i/ 2 )(t/-i;,)=0 (3) 

since for any one of the values v lt v 2 , and i> 3 , for v, the expression on the left 
vanishes. Since all magnitudes in (2) are real, the roots must all be real, or else 
two may be imaginary, since a real magnitude can result only from the multi- 
plication of an even number of imaginary ones. 1 The equation must, therefore, 
have cither one or three real roots, and these must be positive, as a negative 
volume is meaningless. This result is seen to be satisfied by the graph of (1), 
e.g. in Fig. 1 .VII C, where the curve cuts a horizontal line either in three points 
or (above the critical temperature) only in one. 

At the critical point (2) becomes: 

v'-ib+iRTJpMvt-HalpJv-ab/p^O .... (4) 

1 If X and Y arc imaginary, they may be written as and >V-1. where x and y are 

real, and \ — I is imaginary. Since N - 1 x X '-I = -l is real, it follows that (y'-I X v/-l)« 
is real where n is any integer, i.e. ( v / - 1 )* is real, and 2 n must be even. 
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and (3), since the three rods are equal (=«*> a. the cri.ical point.- becomes, 
and by equating the coefficients of like powers of » in (4) and (5). .t is found 

,hat ' b+RTJp,=iv„ alp,=iv, 2 , ablp,=v,\ 

from which, by algebra, it follows that : 2 

„,-3 b. p, =0/2763, T.-UIXtbR “» 

• 6=K=Rr,/8p„ o = 3p,t>, J = 27/? 2 7', 2 /64p, , R-tp,vJiT. ■ O) 

perature is seen from Fig. 2.VII C to p 
be S-shaped and has both a maximum 
and minimum, in the sense explained 
in §9.1. As the critical point is ap- 
proached, the three points in which 
the curve cuts any horizontal, come 
closer together, and at the critical point 
they coincide. At the critical point, 
therefore, the curve cuts a horizontal 
in three coincident points. 4 The criti- 
cal point is thus a point of inflexion, 
hence (§ 10.1), since const, along an 
isotherm : 

(d/?/dv) T *=0, and (d 2 />/dt; 2 ) r =0 (8) 

By differentiating van der Waals’s 
equation in the form : . _ 

p=RTKv-b)-alv~ . ■ 

twice with respect to v, it is easily found that: 

(dp/dti) T = — J?77(ti— 6) J +2a/e , . 
and (d 2 p/dt) J ),=2R77(«<— 6) 5 — 6a/v 4 
From (8), at the critical point: 

RTHv-b)*=2alv> (,2) 

and 2Rr/(t»-6)>=6a/o 4 <> 3 > 

Substitute v=v,= 'ib, and 7>8«/27A6 m (9) therefore a,W 

(/?/26)(8a/27/?6) — a/96 2 = Aa/21b 2 — a/96 2 = a /21b , as in (6). 

\ • — • ,SSI 21 
No. 4, 12; Thicscn. Ann. Phys., 1885. 24. 467. 

* Any curve cuts its tangent in two coincident points. 

A.T.P.C. — 22 




isotherm * Wovv’fl^Critical'Te m pc 'a t ur!f 

.... (9) 

.... ( 10 ) 
.... (ID 



674 


THE PROPERTIES OF GASES 


VII C 


Some apparent difficulties in this use of van der Waals’s equation are dis- 
cussed by Brennen, 1 who thinks an additional term is necessary. 

§ 8. Practical Application of van der Waals’s Equation 

In the use of van der Waals’s equation in the standard form: 

(p+a/v*)(v-b)=RT (1) 

careful attention must be given to the units. If the quantity of substance is a 
mol (1 g.mol.) and v is measured in ml., then /?=8209 ml.atm./l 0 . If the 
quantity is n mols, and if v is the actual volume, the molar volume is v/n, and 
(1) becomes: 

[p+a/(v/n) 2 \(v/n-b)=RT, 

(p+/i 2 fl/v 2 Xt»— nb)— nR T (2) 

If the volume at S.T.P. is nv 0 , where v 0 is the actual molar volume at S.T.P., 
and the actual volume v at any other temperature and pressure is expressed as a 
fractions, of this volume at S.T.P., vi=v/nv 0 , then: 

/ (n 2 a/n 2 v 0 2 \ / v nb \ nRT 

V tfi/nW ) \nt>o nv 0 ) ~ nv 0 

[p+aKvolvMiVi-blvo^RT/t^R'T . . . (3) 


where R' = Rlv 0 . Put: 

a/v 0 2 =a\ and b/v 0 =b' (4) 

/. {p+a'/vMv^bWT (5) 

or, if a' and b' are written as a and b, and i>i as v : 

(p+a/v 2 ){v-b)=R'T (6) 


which holds for any mass of substance. At 0° C. and 1 atm., v=l, therefore 
(1 +a){\—b)=213R\ therefore (6) can be written in the form: 

(p+a/v 2 Xv-b)={\+a){\-b)(T/27)) .... (7) 

in which p is in atm., v is the ratio of the actual volume at p and T to the actual 
volume at S.T.P., and a and b arc constants in units chosen to agree with (7). 
In this case the values of p, and v t are given in terms of a and b as in (6), § 7, but: 

T t =Za/27R'b=(Sx 273/27)a/6(l +<00 .... (8) 

From p ( =a/27b 2 and (8), approximate values of a and b arc found by simply 
leaving out the expression (I+a)(l — £)~1, viz., b 0 =T t pJSx273, a^llp^Q 2 , 
and then as a second approximation: 

6=6od +00X1-60)^0(1 + fl o-6 0 ), 

is obtained. 

Since in (7) the volume is expressed as a fraction of the actual volume at 
S.T.P., this must be known. The equation with given values of a and b can be 
used to calculate this volume from the ideal volume. For gases far removed from 
the ideal state or for liquids, it is better to refer the volumes to the volume 

' Proc. Sat. Acad.. 1929. 15. II; cf. Shiba. Proc. Phys. Math. Soc. Japan. 1927, 9, 157. 
On the calculation of critical constants from a and b values, see. e.g., van Laar, “ Die Zustands- 
gleichung,” Leipzig, 1924. 128 f.; Chem. Weckbt., 1933, 30, 294. 
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case, m (6): *-=,*/„ 0 -=*/273*= 1/273. 

(p+a/v 2 )(v— 6)=r/273 

where v is now ihe/rac/,*/, of the actual volume to the volume of an equal mass 
of the gas in .he ideal s.a.e a. S.T.P • By substituting R =1/273 m (7». § 7. 
the values of a and b in suitable units for use in (9) are. 

a =[27/64(273) J ](r. 2 /A). fc=(l/8 x 273)tr>,) . • • <*°> 

The volume V of 1 g. of gas in ml. is now to be multiplied by the molecular 
weigh. M and divided by 22.41 5 to find t. for use in (9) : 

v-A/^/22,415 (,l) 

It is clear that the use of van der Waals’s constants a and b is liable to cause 
errors inoculation, and generally the best course is to use the reduced form of 
the equation, explained in § 16. 

6 9. Metastable States 

The complete continuous van der Waals isotherm for temperatures be low the 

homogeneous states) docs not apply. The isotherm 
has an S-shaped form, and the physical meaning, 
if any, which this part of the curve suggests must 

be considered. . 

Since the stable state of the system in this region 
is heterogeneous, any such curve must represent 
me tas table stales. The point F (Fig. 3.V11 C) lies 
on the boundary curve separating liquid from 
(liquid + vapour), and must represent the liquid 
state; the point B represents the vapour state. 

The curve FE represents superheated liquid. 

can have no physical significance, since along the pressure wouW increase 
along with the volume, a behaviour no. known for any actual homogeneous 
substance. 2 The S-shaped isotherm giving the contmuous transition of gaseous 
and liquid states had been recognised (before the pubhcation of van der W aa s s 
equation) in 1871 by James Thomson.’ and hence it is often called the James 
Thomson isotherm. 

Wien Ber., 1905. 114. II A. 167; Ccntncrszwcr. Z. phys. Chem.. 19-3. 1U7. »i. ua™ 

I : .Considerations on Chan^^Boilj^^^Coruknsa- 



Volume 


FiO. 3. VII C. Isotherm of 
Mctastablc Stales 


tion in reference to the Continuity of the Fluid State of Matter 

and Engineering." Cambridge. 1912. 278. and unpublished no 
figure the p and v axes arc as shown in Andrews diagram. Fig. . 


In Thomson's 


676 


THE PROPERTIES OF GASES 


VII C 


Maxwell 1 pointed out that if the substance is supposed to be carried round 
an isothermal reversible cycle FEDCBF, the work done is zero (§ 30.11). The 
area of this cycle is thus also zero, hence area FED = area DCB. Thus the 

horizontal isotherm of real states 
FB divides the van der Waals 
isotherm FECB so as to cut ofT 
equal areas above and below the 
horizontal. From this it is, in 
principle, possible to find the posi- 
tion of the real isotherm FB from 
the van der Waals isotherm. The 
ordinate of FB then gives the 
vapour pressure of the satu- 
rated vapour. Smith 2 showed, for 
alcohol and ether, that the James 
Thomson isotherm is continuous 
where it cuts the line of saturated 
states (liquid + vapour) at D. 

§ 10. Negative Pressures 

The van dcr Waals isotherms at 
the lower temperatures cross the v 
axis (Fig. 4. VII C), and the part 
below the v axis corresponds with 
a negative pressure. Although this 
cannot exist for a gas, it may 
represent a mctastable state for a 
liquid, which would then be in a 
state of tension. This isotherm, 
however, turns upwards again and 
re-crosses the v axis in the direc- 
tion of increasing pressure, so that 
it must have a minimum value of 
the tension, below which presumably the mctastable state would break down 
into liquid and vapour. For carbon dioxide this is —7-8 atm. at —20°. 

Negative pressures were first noticed in the non-descent of mercury in a 

1 J.CS., 1875. 2S. 493; Nature , 1875. 11, 357; " Scientific Papers." 1890. 2. 407. 418; 
Moser, Ann. Phys., 1877. 160, 138; Boltzmann. Wien Ber., 1877. 75, II, 801; "Wiss. Abhl.," 
1909. 2. 150; Clausius. Ann. Phys., 1880. 9. 337 (who deduced the result independently); 1881, 
14. 279. 692; Planck, ibid., 1881. 13. 535; Riecke. ibid., 1894, 53. 379; 1895, 54. 739; van 
dcr Waals. " Continuitat." 1899. 1. 98; Saurcl. J. Phys. Chcm.. 1899. 3. 214; Onncs, Arch. 
AVer/.. 1900. 5. 665 {Comm. Leiden, 66); Hilton. Phil. Mag., 1901. 1. 579; 1901, 2, 108; 
Dictcrici, Ann. Phys., 1901. 6. 861; St. Meyer, ibid.. 1902, 7. 937; Batschinski, Z. phys. 
Chem., 1902, 41. 741; Pitsch. Wien Ber., I9W. 113,. II A. 849; Jeans. "Dynamical Theory 
of Gases," 1904. 132; Dalton. Phil. Mag., 1907, 13. 517; van dcr Waals and Kohnstamm, 

" Lchrbuch dcr Thcrmodynamik." 1907. 1. 35; Smoluchowski, Ann. Phys., 1908, 25. 205; 
Amagat. " Notes sur la Physique." 1912. 71; Larmor. Proc. Math. Soc. London, 1916. 15, 
182; Metcalf. J. Phys. Chem.. 1916. 26. 177; Jirvincn, Z. phys. Chem., 1919. 93. 743; Lcduc, 
Compt. Rend.. 1923. 176. 1456; Jouguet. Compt. Rend. 1933, 197, 1705; Decker. Physic a, 
1941. 8. 59. In later editions of his " Theory of Heat " (4th edit., 1875. etc.) Maxwell does 
not fix the position of the horizontal line, but Lord Rayleigh, in his edition (1897. 125) refers 
to the paper in Nature of 1875, saying that ** it cuts off equal areas from the curve above and 
below." 

2 Proc. Amer. Acad., 1907, 42, 421. 



Fig. 4. VII C Negative Pressures on van der 
Waals’s Isotherm 
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» wm, « 

studied in experiments n Q heated until the liquid by 




WbffteSVII C) drawn out b^w to a fine cap, Uary for filling was 

(244^39 ' S^tm^or'^hyl'alcohol (22 5*). and 72 0 atm. (17 T ) for 
ether?' The value calculated by van der Waals's equation (»— 
pressure) for ether a. 17-7" is -83 atm. P'" 8 ^ £££ I 
which is in quite satisfactory agreement. (At the * Q “ mc al L 

tS L h h )° r Sr V st e we°d f that \he compressibility coefficient of a 1 

ra^*M3t«SSsK *“■ 
-ssssits « - r sys z as ersr 


i 


Fio. 

S.Vil c 

Meyer's 


„ . , . uiA ta<n W ‘*32- 1861.61.468: Moser. 

• Donny, Ann. Chim., 1846. 16. 167; Bcrthclo,. /M.. >850. 30 - . .. w , w 

Ann. Phys., 1877. 160. 138; Helmholtz. Verht. Berlin Phys. G ,s.. 

Abhl.," 1895, 3, 264. 187R 7 .. •• Papers on Mechanical and Physical 

2 Osborne Reynolds. Manch. Mem., 1878. v i. »"■ 655: Worthington. 

Subjects." Cambridge. 1900. 1. 231 : Stchn -<»»■ £»'.. £*■ "■ , WJ> 26 . 
i>*«. 7W. 1892, 183, 355: van der MensbraK he . 8"« '' 4J7 . Lcduc an d Saccrdo.e, 

Tuml.rz, »KI«. *r.. 1900. 109. It A - 8J7 ' 19 ?';, .902. 76: Hulctt. />'"•■ 

Compr. Rem/., 1902, 134. 589; Sue. France V .oQg 4 No. 16 (glass spiral gauge: 

Chcm., 1903. 42. 353; Ramstedt. Mat ron Fys J I2 j. Meyer. Zur 

alcohol -10 to -12 aim.); Dixon. /Vor. Roy. Dublin 1 *«*-. , 1 ri.^roehen,.. 1911. 17. 
Kcnnlnis dcs negativen Druckcs. Abhl. D.i Bvum iCr ^ ^ Sue.. 1911 12. 

743; 19.2, 18. 709. 744; Z phy s Chen, 1935 73. Soc.LonJon, 1916. 15. 

86. 25; Skinner and Entw.sUc, *W.. I 915 *’ 1 * 4 *! • L D * •• p IO pcriics of Ordinary Water 

182; Skinner and Burfitt, Rror. Phys. Soc., 31, 1 - . y * .041 S3. 126 (157 aim. b> 
Substance." New York, 1940. 179 (bib!.); Vincent. Pro . . •• ^ 375 (mJX tension 

Bcrthelofs me.hod): 1943. 5S. 41 ; Vjnorn. and Simmons .but.. ,1943. forc|hc „. sco... 

c. 25 atm.); Zeldovich. Con, pi. R en d U.R.5^S..19 . • . b Bert helot’s method). 

Shoemaker. Tanner, and Wendcl. J. Chen,. Phy-s., ,1948. 24 28 , ;97> 

i J. Phys. Chem., 1922. 26. 301; Kenrick. Gilbert, and W.smcr. ,b„L. lv.a. a*. 

4 J.A.C.S., 1916, 38. 528. nressurcs and those "ho support 

» Dictcrici s equation, (6). § 31. does not lead to negative pressur . 

it have no option to denying ihcir existence. 
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fluid molecules and the wall, the only force there (neglecting hydrostatic pres- 
sure) being due to the bombardment of the wall by molecules which reach the 
surface. In the absence of any adhesive force between the fluid and the wall, 
a negative external pressure is inconceivable. The reality of the negative 
pressure is, however, demonstrated by experiments and is beyond argument. 

An attempt by Wagner 1 to take account of the effect of the walls ended in an 
equation containing an unknown function, and the very large negative pressures 
(-352 atm. at 20° for ether) calculated by Doring, 2 seem to be based on faulty 
theory. Fiirth, from the “ hole ” theory of liquids (see § 1.V1I1 A, Vol. II), 
deduced the formula p e —p*= I -3o y ' 2 ly/(kT), where p c =\ ap. press, at temp. T, 
P *= hydrostatic pressure, o= surface tension, k = Boltzmann's constant; and 
from this Silver calculated 80,000 lb./in. 2 as the tensile strength of water at 
room temperature (cf. § 15). 

Temperley and Chambers 3 (who found Berthelot’s method the best) reached 
a negative pressure of 40 atm. with water. Good adhesion of liquid to the solid 
wall of the tube must be attained by suitable experimental details. The effect 
of dissolved air was studied. Vacuous cavities are formed in corn syrup at the 
rear of an accelerated rod; 4 in water free from gas-nuclei and dust no cavities 
were formed up to velocities of 37 m./sec., but in presence of gas-nuclei cavities 
formed at 3 m./sec. 


§ II. Thermal Coefficients from van der Waals's Equation 

From van der Waals’s equation: 

(p+a/v 2 )(v-b)=RT 

a number of thermal coefficients (§ 3.11) and related quantities 5 may be 
calculated. 

(i) For two temperatures at constant volume : 

(Pi+a/v 2 ){v-b)=RT, and ( p 0 +alv 2 ){v-b)=RT 0 
where 7' 0 =273 1° (0 : C.). By subtraction, (/>,“/»o)(V“^)=^(7’ 1 -7' 0 ), 

••• Pi-Po=*{T l - T j)l(v—b)=(p 0 +a/v 2 )(T , - T 0 )/T 0 . 

Hence the pressure coefficient (§ 15. VI I A) is: 

P=(Pi-Po)IPo(Ti-T 0 )={\iT 0 ){\+a/p 0 v 2 ) ... (I) 

l or the ideal gas this is l/7* 0 = 1/273-1. Equation (1) shows that P depends on the 
density but not on the temperature (T 0 is constant). The dependence of p on 
temperature is discussed in § 17.V1I A; p depends slightly on temperature, 
although Rcgnault 6 found the variation for most gases to be very small over 
quite a large temperature range, sulphur dioxide being exceptional. More exact 
experiments by Chappuis 7 gave for /?: 


■ Ann. Phys.. 1914. 45. 1 169: Z. phys. Chan., 1920. 96. 483. 

- Zphys. Chem . 1937. 36 B I 371 1 ; .1937. 38 B. 292; Forth. Prac Phys. See.. 1940. 52, 768; 
P'OC. Can, hr. P/nl. Soc., 1941. 37. 252. 276. 281; Silver. Nature , 1942. 150. 605. 

' Proc. Phys. Soc., 1946. 58. 420; Temperley. ibid., 1946, 58. 436; 1947. 59 199 
* Harvey. McElroy, and White ley. J. Appt. Phys.. 1947. 18. 162. 

> Van d° r Waals ••Conlinui.il." 1899. 1. 68 f.; JSgcr. Wien Bee.. 1892. 101, II. 1675; 
Jeans, Dynanucal Theory of Gases," 3rd edit. 1921, 135; Carrara. Nuov. dm.. 1923, 26, 


6 Men,. Acad. Sci., 1847. 21. 162 (190). 

7 Trav. ct Man. Bur. Internal. Pauls cl Means, 1907. 13. 




(po= 1001 9 mm. at 0 C.) 


co 2 

( Po = 998 5 mm. at 0 C.) 


0 Q -20' 

o°^o° 

Q°-100' 


0 0036754 
0 0036752 
00036744 


0 0037335 
0 0037299 
00037262 


(2) 


ism «“ 

Po = 1000 mm. as a standard gas thermometer. 

(ii) For two temperatures at constant pressure : 

0>+a/®o 2 K®o-*)= R7 'o- and tP+o/fi : )(»i- fc )= Rr >- 
Subtrac. .he equations and neglect terms of the second order multiplied by ab: 

p(v I — v 0 )+alv I —al fo- “ r o) 

(p— a/ViVoYvi— t*>)- , *(7*|- 7 o) 

.% Vl -i 0 =/?(r 1 -7' 0 )/(p-fl/v,to). 

Hence the coefficient of expansion is: 

From the first equation and (2). * can be eliminated: 

Toxipvo-alv^Mp+cMUo-b). 

J (p +«/to 2 Xt’o-*> )_ 1_ pvo+ alvo-n} 
a ”r 0 pvo-a/vx To pvo-ovx 

„ir 1+ ^(i + i)_A] 

Tol puoUo «./ *'oJ 

by division, rejecting at each step terms involving aft and a 3 . 

Equation (3) is more complicated than (I). s.nce ..involves both > « and *. .and 
depends both on pressure and density OM, or (by eltm.nanon' on one^f these 
and on temperature. For an ideal gas. n=h=0 and (3) becomes * = To- 
0 003662, so that «=/}. The dependence of a on pressure and temperature 
discussed in § I7.VII A. and is illustrated by the following values. - 


(3) 


N: 

1001 9 mm. 


CO ; 

.998 5 mm. 


CO; 

/> — 51 7 9 mm. 


0°-20 

0*-40* 

0 o -100 


I 


0 0036770 
00036750 
00036732 


0 0037603 
00037536 
00037410 


0 0037128 
0 0037100 
0 0037073 


An experimental value of 0 gives a from (I ). and from this and an experimental 

value of a (3) gives b. . . c 

To find (dp/d7*) r , write the van der Waals equation in the form P+‘ 

RT/(v b) t ( 4p/dT) r =RI(v-b)=(p+ajv 2 )lT . • • 


(4) 


• Chappuis. Trav. el Menu Bur. Internal. PoiJ< el Mesures. 1888. 6; 1907. 13. 
2 Jeans, “ Kinetic Theory of Gases." 1940. 81. 
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To find ( 6v/6T ) p , write the van der Waals equation in the form pv—pb+ajv= 
RT, neglecting the small term —ab/v 2 ; then by differentiation: 

p(dvldT),-(aMdvldr),=R t 

(dv/d T),=RI{p-afrP) (5) 


(iii) For varying volumes at constant temperature , write van der Waals’s 


equation as p= RT/(v—b)—afv 2 

(dp/dv) T =-RT/(v-b) 2 +2a/v\ 

.*. the isothermal elasticity (§ 4.1 1) is: 

t T =-v(dpldv) T =(RT-2alv)/(v-2b) .... (6) 

(iv) The Joule effect is given by (9), § 23.VII A, as: 

(d77dc) £ =-(l/c r )[r(d/»/d7) P -pJ (7) 

From (4), T(dp/dT) r —p=a/v 2 , therefore: 

(d7ydt>) £ = —(\/c r )(a/v 2 ) (8) 

and for a finite volume change, by integration: 

r I -r 2 =(a/c r Xl/v,-l/t; 2 ) (9) 

(v) The Joule-Thomson effect has been worked out 1 in (5), § 25.VII A, as: 

dT=(2alRT-3abp/R 2 T 2 -b)(dp/C p ) .... (10) 


(vi) The difference of molecular hears at constant pressure and at constant 
volume is given by (2), § 47.11, as: 

C,-C'=T(6pl6T) r (dv/dT)r 

The values of (6p/6T) e and (du/dT), are given by (4) and (5) as (dp/dT) r = 
R/(v—b), and (di>/d T\=Rftp-alv 2 ), hence: 

.*. C p —C r =[RT/(v—b))[R/(p—a/v 2 )] 

~R(P +a/v 2 )/(p—a/v 2 ) = R(p+a/v 2 )/p( 1 - a/pv 2 ) 

~R(p+afv 2 )(\ +a/pv 2 )/p~R(\ +2a/pv 2 ) 

~R(\+2ap/R 2 T 2 ) (11) 

by division, putting 1/(1 — .v)~I when x is small, neglecting terms in a 2 , 
and substituting v=RT/p in the correction term only. 2 

(vii) For an adiabatic change van dcr Waals 3 deduced the equation: 

{p+a/v 2 )(v—by- const (12) 

where y=c p /c r , and this was used by Boynton 4 in calculating y from adiabatic 
expansion experiments. Magyar 5 deduced an adiabatic equation fory=a+&T, 
where a and b are constants (6<0). The thermodynamic functions for a van 
der Waals gas were calculated by Wang. 6 

1 For application of Clausius’s equation (§ 28) see Korteweg, Ann. Phys., 1881, 12. 136. 

- Dalton. Phil. Mag., 1907. 13. 525, 536; for high pressures, see Godnev. J. Gen. Chem. 
U.S.S.R., 1931. 1.684. 

, " Continuitat." 2nd edit.. Leipzig, 1899. I. 131. 

4 Phvs - Rev •• ,901 ' ,2 > 353: see also Pcrman, Ramsay, and Rose-lnnes. Phil. Trans., 1897, 
189, 167 (ether vapour): Worthing. Phyx. Rev.. 1911. 32. 243; 1911. 33. 217 (air and CO>). 

s Z. lechn. Phys., 1924. 5. 404. 

6 Chinese J. Phys.. 1945. 6. 27. 
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§ 12 VAN UtK WAALO o * 

§ 12. Van der Waals’s Equation for Liquids 
Van der Waals’s equation should apply also to liquids. In this case the 
external pressure p may often be neglected in comparison with the internal 
pressure a\v 2 . Another type of equation : 1 

(i ,-b)(B+p)=CT 0> 

where B is the internal pressure and C depends on the nature of the liquid, was 
shown by Tammann 2 to hold for liquids at high pressures (over 1000 atm.) 
and not too high temperatures. The constant b is the volume^ at infinite 
pressure. Bogdan 3 used equation (1) in the form ( p+K){v-b)- RT , where 
K is the internal pressure, to deduce the Clapeyron-Clausius latent heal equa- 
tion, putting / e -J<p+*>*«. where v and Fare the liquid and vapour volumes. 
Weiss, 4 from (1), deduced: 

( p+a/i/ , )(v—b)=£RT (2) 

with four constants, o, b, n, and . . . . 

Ramsay and Young, 3 and Amagat 6 (who emphasised that the relation is not 

exact, the experimental lines showing a slight curvature), found that the isochores 
(constant-volume lines; Greek space) * for liquids arc fairly accurately 

given by: (3 > 

where a and b arc constants (not the van der Waals constants) for each liquid, 
but Bridgman • showed that b is really a function of temperature. 

According to Frank and Lei 9 the constants in (3) are given by: 


b-WV, a=K! V m m — Cl V m J 


(3a) 


where a, 0, n, and d are constants, the last two non-integral, and V m is the molar 

V °Rose-Inncs 10 fitted Young’s 11 results with ether and /i- and isopentane to 

an equation. p ~( RT / v )[\ +e/{v+k-glv 1 )\-llv(v+k) ... (4) 

where e, k, /, and g are constants. This is of the fifth order in v but has only 
three real roots. 

« Tumlira, Wien Ber., 1900, 109. II A. 837; 1901, HO II A. • 437 ; 1909 1 18. H A 203: 
Weiss, Compi. Rend.. 1918, 167. 232, 293; Fischer .Ann. Phys .. 192- 69. 315. 1923. 71. 5>l . 
Brandt. Ibid., 1924, 73. 415 (used RD instead of CT); a very complicated equation was laur 
proposed by Tumlirz, Wien Ber., 1921, 130. II A, 93. 

2 Gott. Nachr., 1911, 527; Ann. Phys., 1912. 37. 975. 

} Ann. Sci. Univ. Jassy, 1907, 4. 151. 

« Compi. Rend., 1918. 167. 293, 3W. 

6 Compt.' RenZ'\ 892, 7 ’l 15^1238 ; Ann. Chin,.. 1893. 29. 505; Keyes and Fclsing. J.A.C.S.. 
1919 41 589. 

• The' name isometric was proposed by Gibbs. Trans. Connect. Acad.. 1873. 2. .309: Scien- 

tific Papers" 1906, 1. I; Ritter. Ann. Phys.. 1878. 3. 447. proposed .sopleres (Greek 
filled), and Wroblcwski, Wien Ber.. 1886. 94. II. 257. , sopyhn.es (Greek dsns*.), thv 

last name is often used as an alternative to isochorc. meaning a line ol constant d«.nsit>. 

• Proc. Amer. Acad., 1913-14. 49. 1 (89). 

• Phys. Rev., 1932,42. 893 (gaseous and liquid ethyl ether). 

•o Proc. Phys. Soc., 1897. 15, 126; 1898, 16. II; Phil. Mag., 1897. 44. /6; 1898. 45. I0_. 
1901, 2. 208. 

11 Rosc-Inncs and Young. Phil. Mag.. 1899, 47, 353. 

22 * 
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/iopentanc 

ether 

/j-pentane 

R 

e 1 

k ; 

X 1 

/ j 

863-56 

7-473 

3-636 

62318 

542800 

840-34 

7-485 

3- 188 

4- 4539 
5095070 

863-56 

7-473 

3-135 

6-695 

5426800 


It has often 1 been pointed out that all equations of the type p=Tf(v)+a 
will give (d 2 /?/d7* 2 ) r =0, and hence from (1), § 49.11, (dc,/di>) r =0, which can 
hardly be true for liquids. Equation (3) may apply to liquids better at very 
high pressures. Webster 2 argued that the equation v={ (p/T) does not lead 
to the result that the specific heats are independent of pressure. 

The various characteristic equations which have been proposed may be 
divided approximately into three groups: 3 

(i) p*7T|(t»)— F|(t»), e.g. van der Waals’s equation, 

(ii) p=Tf 2 (v, T)-F 2 (v, T), 

(iii) p=Tf i (v)— Fj(t>, 7*), e.g. Clausius’s equation, 

where f,, f 2 , f 3 , F|, F 2 , F 3 denote functions of the quantities in brackets. In 
(i) p is a linear function of temperature at constant volume, so that (dp/dT) r is 
a constant, whereas in (ii) and (iii) it is a function of temperature. Verschaffcit 4 
obtained a complicated equation based on the relation (d 2 /Vdi> 2 ) r =0 at the 
critical point. Milosavlicvitch 5 modified van dcr Waals’s equation, using 
reduced quantities and an exponential function. For liquids, Barus, 6 Amagat, 7 
and Ramsay and Young, 8 all found that p is a linear function of T at constant 
volume, but in the critical region (d/>/d7*) r is a function of temperature. For 
ether vapour at 175°-325° Beattie 9 found the isochores to be straight lines up 
to a concentration of (1/15) g./ml.; with higher concentrations they showed a 
slight curvature. 

Hirschfclder, Stevenson, and Eyring 10 calculated that for closely packed 
molecules in a liquid, van der Waals's equation takes the form: 

(p+a/v*){v-<f>b' V 3 )=/?r, 

where ^=0-7163 for body-centred packing of spheres, and <£=0-6962 for face- 
centred packing of spheres. Bradford 11 deduced A(p+K)(v— b)=X 2 RT, where 
A"= internal pressure, /I=association factor, A=ratio of most probable mole- 
cular velocity in a real fluid to that in an ideal gas. 

' Levy, Corn/)/. Rend.. 1878, 87. 449, 488; Massieu, ibid., 1878, 87. 731; Fitzgerald, Proc. 
Roy. Soc.. 1887, 42. 50; Thiesen. Ann. Phys., 1897, 63. 329: Wassmuth, ibid., 1909, 30, 381; 
Onnes and Kccsom. “ Enzykl. d. math. Wis$.," 1912. 5. i. 757; Wickscll. Phil. Mag., 1912, 
24. 869. 

2 Proc. Nat. Acad., 1920, 6. 302. 

3 Keyes and Felsing, J.A.CS., 1919, 41. 589; 1920, 42. 106. 

4 Arch. NecrL, 1923. 6. 153. 

» Compr. Rend., 1947. 224. 1345; 1947, 225, 671, 1288. 

6 Phil. Mag., 1890. 30. 338. 

7 Ann. Chin,.. 1893. 29. 505. 

* Z. phys. Chen,.. 1887. I. 433. 

9 J A.C.S., 1924. 46. 342. 

J. Chew. Phys.. 1937, 5, 896: Eyring. J. Phys. Chem.. 1939. 43, 37. 

" Proc. Phys. Soc., 1938, 50. 30; Phil. Mag., 1943. 34. 433. 
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Batschinski 1 pointed out that a van der Waals p, v curve cuts the ideal gas 
curve pv=RT in two points, (i) »=<©, and (ii) v=k , for which: 

bRT/(v-b)=alv t 

and he called \/k the orthometric density. This was found to be a linear function 
of temperature, \/k= X/b-RT/a. He also 2 found that the equat.on: 

vHRT-pv)/(v/k-\)= const.. 

or p=RT-(A-Blv)(vlk-\)l(v*-s) % 

where A, B, k, and s are constants, agreed with the results for isopentane and 

C, *Van der Waals 3 considered that his equation could be used to calculate 
the coefficients of expansion of liquids. Berger 4 calculated the coefficients 
of expansion of liquids from the approximate van der Waals equation <p= 0). 
(a/v 2 ){v-b)=RT as «-(l/vXd«’/d7 a ),-ar>/(2-u') where u=vjb and C = 
Rbla=a.(\ +a7*)/(l +2a7') 2 =8/277’<. The values of a and b calculated from 
a do not agree with those found from the critical constants, but the values 
of C found from a and T t are in fair agreement, except for associated 
liquids. The law of corresponding states (§ 16) is in good agreement il the 
values of b calculated from a arc used. If p M **pH*t!b 2 ). T x — 7 [a Rb), then 
(Px+l/^Xw-D-T**. iv- 2/(1+%/(l-47;H. which is modified to: 

»v=3/[l+JV(l 

This gives good results for the coefficient of expansion from the m.p. to the b.p. 

An equation suggested by Hall. 5 a *=(«/*)( T'-pH 2 . where a«coefficient ol 
expansion, *=liquid compressibility, was checked by Smith 6 for alcohol and 
ethcrneartheb.ps. , 

For liquids the value of (dp/dT),. which, from (4). § 1 1. is equal to RJ{ t-P). 
or (p+a/v 2 )IT, can be written as a/v 2 T, the external pressure p being negligible 
in comparison with the internal pressure a/v 2 . If 1 = M p (A / -normal mol. wt.. 
p=density) is substituted, it is found that (dp/dT), so calculated docs not always 
agree with that found from the critical constants with a=(27/.4)K7>, <$ 17). 
and Herzog 7 assumed this to be due to association. By using Ri.x(v-b) 
instead of R/(v-b) he calculated the degree of association .v for some liquid> 
and found it of the order of 2, agreeing with that found by other methods, c.g. 
surface tension (§7.VIII G. Vol. II). Reinganum • put ajV‘ = nd Pl 6T) r -p and 
found that, near the critical point, a +m(da/dT),=n. where m and m arc constants. 
Since a/v 2 is supposed to measure the internal pressure. Hildebrand took tne 
value of T(dpldT) t as the value of the internal pressure, and made extensive use 
of this approximation. 10 


» Ann. Phys., 1905, 19. 307. 

J Ann. Phys., 1905. 19. 310; 1906. 21. 1001. 

J “ Continuitat," 1899. 1. 161 f .\J. Chim. Phys.. 1904. 2. 7. 

4 Z.phys. Chem., 1924, 111, 129; 1925. 115. I. 

5 Ann. Phys., Boltzmann Festschr., 1904, 899. 

6 Proc. Amer. Acad.. 1907, 42, 421. 

7 Z.phys. Chcm., 1930, 147, 118. 

8 Ann. Phys., 1905, 18, 1008. i<M 

* J.A.C.S., 1919, 41. 1067; 1921, 43. 500; “Solubility." New York. 1936: Karpen. Con, pi. 

Rend., 1922, 174, 1693. t ~ . 

10 See Mortimer. J.A.C.S., 1923. 45. 633; Glasstone. “ Recent Advances in General 

Chemistry,” 1936, 243 f. 
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§ 13. Variability- of van der Waals’s a and b with Pressure and Temperature 
Although van der Waals’s equation agrees fairly well with Amagat’s iso- 
therms (§§ 6, 9.VII A) at higher temperatures, the two “constants” a and b 
are really functions of temperature. 1 Van der Waals admitted from the first 
a variation of b with pressure, but regarded a as constant. The variation of b 
was represented by: 

6=b as [l-176./32K+00958(U^) 2 +..-] ■ • . « 

where is the value for V-*<x> or p=0. 

It would be expected that the (ideal) volume of a gas would be reduced by 
increasing attraction (a) and increased by the volume of the molecules (6), 
hence the ratio a/b should increase with decreasing molar volume of the actual 
gas. This is found not to be the case. 2 For carbon dioxide b increases with 
rise of temperature; for helium it decreases. The inconstancy of b for carbon 
dioxide over a wide range of pressure is seen by assuming a to be constant at 
100° C., and using Amagat’s p and v data to calculate b by the equation: 3 

0>+000874/t; 2 )(t/-6)= 1 00646 x 373/273, 
where v is the ratio of the volume to the actual volume at S.T.P. 
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The isochorcs (lines of constant volume) calculated from van dcr Waals’s 
equation and those found experimentally by Ramsay and Young 4 may also be 
compared. 5 From the complete isotherms for ether (Fig. 4. VII C), for example, 
the corresponding values of pressure and temperature for each constant value of 
v can be read off outside the heterogeneous region. The plots of these values of 
p against Tare isochorcs, and Ramsay and Young found them to be accurately 
straight lines, as required by van der Waals's equation (t>=const.) 

p=RT/(v-b)-a/v 2 =kT-c (2) 

where k is the tangent of the angle made by the isochore with the T axis and 

i Dc Heen and Dwclshauvcrs-Dcry. Bull. Acad. Roy. Belg., 1894, 28. 46; Amagat. Compt. 
Rend., 1894, 118. 566; Traubc. Ann. Phys., 1897. 61, 380. 391. 396; 1901, 5. 548; 1902, 8. 
267; 1907, 22. 519; Z. phys. Chem., 1909. 68. 289; van dcr Waals. Verslag. K. Akad. Wctens. 
Amsterdam, 1898, 7. 160. 408. 477; Z. phys. Chem., 1899. 31. 157; 1901, 38. 257; Arch. Neerl., 
1901, 4, 299; Ann. Phys., Boltzmann Festschr., 1904. 305; J. Chim. Phys., 1904. 2. 7; Rosc- 
Inncs and Young. Phil. Mag., 1899. 47. 353; Lewis, Proc. Amer. Acad., 1899, 35, 1 ; Bcrthclot, 
Compt. Rend., 1900, 130. 115; Rcinganum, Ann. Phys., 1905, 18, 1008; Z. Elektrochem., 

1910, 16. 662; von Juptncr, Z. phys. Chem.. 1908. 63. 579; 1910. 73, 343; Nabl. Wien Ber., 

1911, 120, II A. 851; Wickscll. Phil. Mag., 1912, 24. 869 (new equation in series); Wohl, 
Z. phys. Chem., 1914. 87. I ; Karn, Phil. Mag., 1916, 31. 22; 1919, 37, 65. Onncs and Kccsom, 
" Enzykl. d. math. Wiss.," 1912. 5. i. 703, pointed out that a and b are, in general, functions of 
both v and T. 

* Fuchs. Z. phys. Chem., 1913, 84. 755; on molecular deformation in strongly compressed 
gases as detected by a change in optical properties, see Michels and dc Groot, Kederland. 
Tijdschr. Natuurkde., 1946, 12, 77. 

* Jcllinck. " Lchrbuch dcr physikalischcn Chcmie." 1928, 1, 657. 

* Phil. Mag., 1887. 23. 435; Phil. Trans.. 1887, 178, 57. 

5 Jcllinck, op. cit., 670. 
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that (/-l)/3=/i and g=(8/3)Vft. whe^ ^ ihcncc ca|culalcd ib ; dv and 

substances is approximately * q “ a ‘ pIion of , hc dependence of b alone on 

However, not generally compatible w„h 

values of *. at the ermea, point ***«-- 
b,=RTJ%p„ and found them Pf®P° rt '°“J he ateoluie volume of the molecules 

density in g./ml., and there is a rclaii TV*) , 2+2 )p. Lorenz and Hcrz 0 

ssawferjas *”£ 0 *^** - ~ 

liquids, and compared it with the vapour value. jalcd S u * u id). Pavlov," for 
ether but poor agreement with alcohol ( g . j =12 . Jablczynski 10 
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... •• ioik 193- Traubc . Ann. Phys., 

• Young. /Voc. «• ^ ^ 

1897. 61. 380; 1901. 5. 548; 1902. 8. 267. 1907. zz. ^ r 

ganum, Ann. Phys., 1905. 18. 1008. 7 , 074; •• Wc.icrcs zur Zusiands- 

i Proc. K. Akact. Wetens. Amsterdam 1912-13. 21 W0. K AkaJ , . vaens. Anut^ 

W- ■*— ,w ; 

540; ,906. ». M2; W* 30, .75. .0.0, 31, «. = — « 

ibid., 1909, 29. 751; 1910. 31. 416 
4 Z. Elekirochein., 1923, 29. 527. 

> Hcrz.Z. Elekirochem., 1929. 35. 456. , s |39 | 

• Z. anon. Cham.. 1930, 186, 164; Lorc «. ClK '" ' 

’ " Die Zustandsglcichung," Le'pag. 

I Ann. Phys. Boltzmann Festschr., 1904. 

9 J. Phys. Chem. U.S.S.R . . ‘W2 3 .. 448 455 477 536 

»o A 0 cz*. Chem., 1932, 12. 773; 1933 13. 75. Phys. Z.. nsz. 

“ Phys. Z., 1930, 31. 1041 ; 1932. 33. 76. 

II Phil. Mag., 1921, 42, 183. 

•> Trans. Roy. Soc. S. Africa, 1914. 4, 123; 1 7-4. • - • 68 350; Bolununn. 

> 4 Trans. Cambr. Phil. Soc., 1899. 18. 91 ; Ami. Phys .. j* Ta| , Proc . Hoy. Soc. Edm., 
Abhl.,” 1909, 3. 651, 654. 658; cf. Maxwell. Nang. '^4. 19^ ^ s0; •• Scienulic I .jr^ 
1886, 33, 1 (90); Rayleigh. Nature 1891. 44. 499. 59 . llw , nJ . Amsterdam. l**>. I. 

Cambridge. 1902, 3, 465, 469; van dcr Waals. Proc. A- Aka*. 

138, 468. , 0,0 13 107 491-.C/K-.1, IP«AW.I»13. I#-*-* 

,J Proc. K. Akad. Wetens. Amsterdam, 1910, 13. W . 
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results could not be explained by the assumption that b was a function of 
volume, and he adopted the idea of molecular clustering (§ 46) or “ quasi- 
association.” Schuster* used the formulae b b =v { -(RT b fB b ), b f =RTJSp , 
b b =0-64b„ and v b -b b =0 23b o where the suffix b refers to the b.p. and c to 
the critical temperature, and B is the internal pressure. Berthelot* used 
+0-3(777;- 1)]. 

Guye 3 calculated the "limiting” values of a and b for easily liquefiable gases 
from the formulae a 0 =a{T f ITy \ and b=b 0 [\-(T t -T)/T { ](l-0 0 2 32229pJp) 
and used a 0 and b 0 in reducing gas densities to the ideal state. A much simpler 
method, used by Kuenen, 4 is described in § 8. Reinganum 5 found that 
tf+A:(da/d7') r = const. Pagliani 6 concluded that b in p(v-b)= const, for 
liquids should increase with rise of temperature if v is the volume for p-w, 
but with liquids like ether, the compressibility of which increases rapidly with 
rise of temperature, b decreases. At a given temperature, b increases with the 
number of atoms in the molecule, and j/{Mb), where A/=moI. wt., is supposed 
to be proportional to the molecular diameter. 


§ 14. Empirical Formulas for the van der Waals Constants 

From the relations of a and b to the critical constants (§ 7), and the numerous 
empirical formulae for the latter (§§ 7-1 1. VII B), several empirical equations for 

a r, r ** f ° und ’ somc of which arc S ivcn hcrc - From lhc formulae 
r,/np r 0-90 TJZp =0M, v t /Z = 0 00044, \OOOv t =TJp t (p t is in atm., 
fraction of the ideal gas volume at S.T.P.), where n=no. of atoms in molecule, 
-£=sum of valencies in molecule (for aromatic compounds the valency of 
? r ?°" ,s J akc " as and _ lhc equation (p+a/v 2 )(v-b)=T/213, it is found’ 
that b— (4n/Z)xlO- — 2012x10*’. The equation 8 (which applies only to 
compounds free from nitrogen) n=l93A/*/r,V„ where A/=mol. wt., T.= b.p. 
abs " P |Tn “ b p " giVCS 7 A =( 79 5 '6 A/Wp.)xI 0-‘. The equation ’ 

SiVeS ’ *=<‘2354,. /p,’)x 10-3 and 
iTrS* .,? 73 )7f ,Po or Wl,h T JP< ,n tcrms of n or a-5 094 nT.x 10-«= 
mifmr ‘°* JorisseiTs equation 8 gives o=!474 713x 

° M,r ;Z'' an , d Bou,aric ' s equation,’ o=239920x lO^p.TJp ». Herz's 
equation T,- 2 (I/* 20 +293), where a M =coefficient of expansion at 20° C 
gives, on substitution in a=5 094r,r,x 10*’, and division by 6=4l2nx 10-’’ 
the equation a 20 = l/(u/0 006186- 293). In these equations b is a fraction of 
the molar volume in the ideal state at S.T.P. From the equation (5 1 1 .VII B) 

’ P,T,ITp Herz" found b=TJ2lW, P „ where / e =latent heat of evapora- 
[ rom / t=°'000937i/p,ti„ he found 6=t>,/203l. By taking p,RTJMp, 
=3_8 ?5 the usua! value is 3-75; § 20), he found 6=0 00002 1 6A//,„ and from 
a=21p,b 2 it follows that < 1 = 1 -26 x 10 *p ( {M/p t ) 2 . 

1 ter., 1925 , 58 . 2183 . 

: Conipi. Rend.. 1900 . 130 , 115 . 

3 . j 2 l" dCrich and Gu » c ' A,d '- Sd ~ n >>- Nor. 1900, 9, 505; Guyc, J. Chin,. Phys.. 1905, 

4 Ann. Phys., 1905 . 17 . 189 . 

5 Ann. Phys., 1905 . 18. 1008 . 

2Z 10 ' 6,; Nm - Cim - for '«*'• sec Taylor and 

: psSMW s- * 

" Z. Elckirochcm., 1920 . 27 . 26 ; 1921 , 27 . 373 . 
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Paul 1 deduced the equation: 

b={v"~ «V[<«* '/«■)*] )/( l-v'K v"IV)x ) i 

whpre v— e t * ,RT L. being the latent heat of evaporation per mol. v' and t»" 

tmmmmm 

A ' 2 =» lfl x ' 2 +/ W V ' 2 +‘?^ 1 2 - 
but found .ha, one constant <£ 

that: . , , ? 2 

A, 2 =nia,x~ +P^‘,y +<1°:?. ■ 

For organic compounds he supposed tha, =«*• and hence " 

n=m+p+q= no. of atoms in molecule: 

.4 2 =/»<5 2 

where d, is a mean specific factor, approximately 4_ 10 x I0r» '“- 1 “"i,., 1 }*, 
values were in fair agreement with those calculated from a-Ul MH* P.< 

(§7). 


§ 15. Internal Pressure of a Liquid 

v the sp. vol., and for water he calculated A to be -3.VUU a '"> lca of “ intr insic 

Geissler >° proposed the formula A -S ( ( _ ^ • attempted to calculate // 

i>=minimum volume, and S and /» are constants, and attempieu 

i Z.phys.Chem., 1939.183. 321. 

1 Z.phys. Chem.. 1909. 66 . 385. . .*;* 10 , 5 | 0 70: 1913. 157. 

> Comp,. Rend., 1910. 151. 612; 1911. 153. 262. 722. 1913. 156. 

711; 1914. 158, 34. 

* J. Chim. Phys., 1916. 14. 3. _ -- 

* Bull Soc. Sci. Cluj. 1936. 8 . 462; J. Chim. Phys.. 1938. 35. U. 

6 Phil. Trans., 1805. 95. 71. 1R 114 . ov on various calcula- 

7 Ann. Chim., 1864. 2 . 185; Worthington^/.M^..^- A Sue. 

lions of K, Lewis. Trans. Faraday Soc.. 1911. 7. 94; Takenchi. Proc. rn 

19 ''m Mu*.. 1890. 30. 285. 456; " Scientific Papers.” Cambridge. 1902. 3. 397. 

* See §4.1X N. Vol. II. 

>0 2. Elekirochem., 1918, 24. 101. 
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from the critical volume. Schuster 1 from Stefan’s formula (see § 6.VIII G, 
Vol. II) (K—p)V~KV=MIJ2, and the Clapeyron-CIausius equation (see 
§7. VIII L, Vol. II), Ml c =RTHdlnp/dT), found K=(RT 2 j2VJ(d In p/dT ), 
where K w = molar volume. From van dcr Waals's vapour-pressure equation 
(see §22): 

\n(pJp)=f(TJT-l), 
where /= const., it follows that: 


-d In p/dT= -fTJTi+{T t IT- \)dfldT~-fTjr‘ 

K=(RTJ2 V m )f=(R/2 V m )TT, In ( pJp)/(T t -T) 

• =41 047T C In (p<lp)/V m (T t —T) 

if p is in atm. and V m in ml./mol. (R= 82 08). At 1 atm. pressure (b.p.): 

Ai«=41 <AT h T t In pJVJJ t ~T h \ 

The values agree with those calculated by Walden. 2 

Expressions for the internal pressure K are those of Herzog, 3 K= 
31 RTJ(v—b)\ Herz, 4 K=a J lv 2 =3p l T,p 2 lp 2 T, where a T =3 Pl TJp^T from 
Clausius’s equation (§ 28), Kx (a = coefficient of expansion) being approximately 
2 but showing some temperature variation; and Bradford, 5 A{p+K){v-b)= 
X 2 RT, where A is the ratio of the most probable molecular velocity in a real 
fluid to that in an ideal gas (§ 10.III), and A is an association factor. 

Amagat 6 calculated the internal pressure from the semi-cmpirical equation 
(§ 12) K=T(dp/dT) r —p~T(dp/dT) t . K is then independent of temperature, but 
is a function of volume, reaching a maximum at a volume «. The co-volume 
is a function of volume, and: 

[p+A(v-€)/z'*][v-<x+B(v- a )')=RT, 

where A, B, and a arc constants. He also used K+p=p ( vJv. He compared 
the internal pressure K=T(dp/dT) r -p with that, w=£Rr/3v, calculated by the 
virial equation (§ 40), which gives w=(p 0 i' 0 -pi')/v. The two values arc not in 
agreement and he gave the preference to w. 

Smith 7 showed for alcohol and ether that a/v 2 +p=T{dv/dT) p (dv/dp) T . 
It is usually supposed that the internal pressure decreases without limit with 
rise of temperature, but Leduc 8 concluded that it decreases to a finite limit and 
does not vanish for T-*co. 


§ 16. The Law of Corresponding States 

The van dcr Waals equation contains three constants, a, b , and R. These 
may be expressed in terms of the three critical constants p„ v„ and T. by means 
of equations (7), § 7: 

b=vJ3. a=3p t v* t R=m)P<vJT' .... (1) 


1 z a »org. Chen,.. 1925. 146, 299; Ber.. 1925. 58, 2183. 

2 Z.phys. Cheat., 1909. 66. 385. 

3 Z.phys. Chem., 1930. 149. 89. 

4 Z. tutors . Cheat., 1926. 155, 323: 1926. 157, 326. 

I &*• >938.50. 30; Phil. Hag.. 1943. 54. 433. 

RcrnL. 1894. 118, 326. 566; 1895. 120, 489. 580; 1899, 

1 , L 1909 ’ ,48> M35: ,9II> IS3 - 851 : > 912 - >«. 909; J. de Phys., 

n wTr sur a o P r ,q ^ ; l9l2> 85 ‘ 9S - I03 - ,l0 - ,I7 * > 24 - > 29 : Ann - 

191 3. 28, 5; Dubicf. Coatpt. Rend., 1926. 182. 688. 

7 Proc. A a ter. Acad.. 1907. 42. 421. 

8 Coatpt. Rend.. 1915. 161. 97. 
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g l6 THE LAW OF CORRESPONDING STATES 

When substituted in the van der Waals equation: 

(p+a/v i 2 * )(v—b)=RT 

theSCg (p+3p t v i 2 lv 2 )(v—v l l3)=(^iy)p,v,T:T, .... (3) 

lplp,+MvJvmivlv-\)=iTlT, (4) 

If the pressure, volume, and temperature are expressed as fractions of the 
critical values, giving the so-called reduce,/ pressure, reduced volume, and 
reduced temperature:' ( . 

it=pIP„ *-«/«.. d = T i T < 

then (4) becomes : 

Or+3/*W-l)=8i» (6) 

which is called the reduced van der Wools s equation With approp.ia^values 
of n. t, and 9 this should hold for any mass of any substance. It is assumed of 
course, that the molecular state is the same throughout the j»««e < af >«*«£ 
volume, and temperature, i.e. no association is present. Schames >ntroduced 
the ratio * = A//M 0 of the molecular weight to the ideal gas '•alueandifA.i, 
arc the values at a given temperature and the critical temperature, he wrote the 
reduced equation (6) as: 

[#*/*,)- 1 /3](ir +3(* - 1 W9(k,- 1 )] = (8/3).?. 

Substances having the same values of », and 19 are said to %*“™j™** 
states' Equation (6) now contains no specific constants of part culm ^ sub 
stances 4 and should, therefore, be a general equation for all gases and liquids. 

It is one form of what is called a law of correspond mg *' ales - .. 

Many other characteristic equations besides van der Waals s but not . 
lead to laws of corresponding states, although the exact form of the equation 
corresponding with (6) varies from case to case. The genera cxpre ion of the 
law of corresponding states is that all substances should beltavealh ke/ur tlu 
same values of n. 1. and 9. This is approximately true. The behaviour 
excludes chemical activity, but is wider than mere pressure, volume, and u 
perature relations. Equation (12), § 5.11. becomes, in terms of co responding 
states, (dn/d$) 5 = — yn/'fi. where 5=entropy and y is the ratio of specific heats. 
The most general form of characteristic equation is: 

F(p,v, 7 f|, c 2 , c>, . . -)=0 

where F is a function of the variables p. v, and T. and of ' molecular 

are constants characteristic of the particular substance, includ f 

weight (since the constant R in the equation pv=RT i* the anu. onl> or 
cquimolccular amounts). Equation (7) holds, and at the cn r 
two equations (8) of § 7 : 

(dp/dv) T =0, and (d *pldv*) T m0 ( 

• The symbols *, 4>. & are those recommended by the conini'i^c on ^n^boK. uiut 

Soc., 1910, 5. 252; the German AEF ^symbols ^arc P „ v, 7 ^j^^Ttn'crican provisional 
Formelgrosscn, Verht. d. D. Phys. Ges.. 1910. 12. 476. a! them the 

symbob, J.A.C.S., 1914. 36. 46. Natanson. Compi. Rend.. 1839. I0¥. m. 

specific pressure, volume, and temperature. . . . n nl ton 15 101“ ; P/n-y /.. 

* Ann. Phys., 1912, 38. 830; 1912. 39. 887; Verht. d. D. Phys. Ges.. 1913. IS. tui 

i Van der Waals. Verht. K. Akad. Wciens. Amsterdam I 881. 21 . No. J • C>|1 . 

4 The values of p v f , and T, arc. of course, specific for every substance, 

culation of w, and & requires a knowledge of these in every vase. 

5 Bakkcr, Z. phys. Chem., 1896, 21. 127. 506. 
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then allow three constants in (7) to be expressed in terms of the critical constants. 
If the resulting equation is a reduced equation, such as (6) in a special case, it 
must contain no constants characteristic of the substance; hence (7) can contain 
only three such constants. In this case it can always be written in the form: 

((PIP,. v/v (t T/T ( )=0, or f(rr,<M)=0 ... (9) 

Hence, a characteristic equation leads to a law of corresponding states when it 
contains only three characteristic constants and shows a critical point. 1 This 
is the case with van der Waals’s equation. Characteristic equations containing 
more than three constants (e.g. Clausius’s and Wold's) take account of devia- 
tions from the law of corresponding states. 


§ 17. Tests of the Law of Corresponding States 

Experiments to test the law of corresponding states were made by Amagat 2 
and Raveau; 3 the latter plotted the logarithms of the reduced pressures and 
volumes for various substances: 

log <f>= log v— log r,=log v— const., 
log 7 ?~ log p— log />,= log /7-const., 

for various values of the reduced temperature & according to (6), § 16. The 
observed values of log p and log v were then plotted on a translucent sheet of 
paper, and this laid over the first sheet of curves. Since the reduction of log p 
to log 7r and of log v to log <f> requires merely the addition (or subtraction) of a 
constant, it should be possible to bring the two sets of curves into coincidence 
merely by shifting one sheet over the other parallel to the axes of p and v. The 
critical point was brought into coincidence, and it was then found that the two 
sets of curves did not exactly coincide, but cut one another (Fig. 6.VII C, for 
CO,). The reduced van der Waals equation is. therefore, not strictly accurate. 

Young. 4 in an extensive series of careful experiments (see § 19), found that 
the law of corresponding states itself is not rigorously exact. It should not be 
overlooked, however, that, even in the case of van dcr Waals’s equation, some 
of the proposed tests arc extremely sensitive, and even quite small experimental 
errors would be greatly magnified in the mathematical treatment used. Very 
few equations in other branches of science would survive such tests. 


' Natanson. Compt. Rant.. IS89. 109. 855. 890; Z. phvs. Chem .. 1892. 9. 26; Curie. Arch. 
Sci. Phvs. Sat., 1891. 26. 13; Mathias. Ann. Fac. Sci. Toulouse. 1891. 5, F; Mcslin, Compt. 
Retul., 1893. 116. 135; Brillouin. J. tie Phvs., 1893. 2. 113; Boltzmann, " Gasthcoric," 1898. 
2. 27; Hilton. Phil. Matt.. 1901. I. 579; 1901. 2. 108: Bcrthclot. J. tie Phvs., 1903. 2. 186; 
van Itcrxon. Z phvs. Chem., 1905. 53. 633; Haig. Phil. Mag., 1908. 16. 201 ; Tor Gazarian. 
J. ( him. Pint.. 1909, 7. 233; von Kaufmann. Phil. Mag.. 1915. 30. 146; Bochct. Compt. Rend.. 
1924. 178. 377. 922; Bcrthclot. ibid.. 1924. 178. 677; Pinter. Acta Phvs. Polon.. 1935. 4. 23; Z. 
T.tekirochcm.. 1937. 43. 669. 

Compt. Rend.. IS96. 123. 30. 83; 1897. 124. 547; 1913. 156. 843; J. de Phvs.. 1897. 6. 5: 

, ,o C IS ' ,7 * 2 ' , ‘ 177 (abs,r "Notes sur la Physique cl la Thcrmodynamique.*’ 
1912. 38 f. 

V t l23 - l00: ,v:0 - m - 235 - 471 : J t,c P/,ys - 6. 432: Onnos. Arch. 

r\‘ l ’n ' I 8 ?" 30 ° : l900, 5 - 665 (Comm. Leiden. 66 1 : Ann. Phvs. Beibl.. 1901. 25. 189; 
D. Berthelot, Compt. Rend.. 1900. 130. 565. 713: 1900. 131. 175:7. de Phvs.. 1901. 10. 611; 
Happcl Ann Phvs., I9<W. 13. 340: 1906. 21. 342; 1909. 30. 175; 1910. 31. 841; 1910. 32. 
868; Phvs Z., 1909 10. 6S7; Schaposchnikow. Z. phvs. Chem.. 1905. 51. 542; Onncs and 
, En ^'- d - [Hath. Wiss " 1912. 5. i. 697. 727; Kucncn. - Die Eigcnschaf.cn dcr 
Gasc tOsivvald-Drucker. Handbuch dcr allgcmeincn Chcmic." 3). Leipzig. 1919. 393; 
Byk . Phvs. Z.. 1921. 22. 15: Schulc. "Tcchnische Thermodynamik." Berlin. 1923. 2. 110. 

Summary in Young. " Stoichiometry .** 1918. 200 f.; Surdin. J. de Phvs.. 1937. 8. 294. 
found (hat a plot of 6 against & lor many liquids gave a good single curve. 
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Raveau plotted the logarithms of p and v for carbon dioxide on a sheet, and 
those for ethylene on a translucent sheet, and found that by shifting one sheet 
parallel to the axes of p and v the two sets of curves could be brought into an 
excellent set (Fig. 7.VII C), showing that the general law of corresponding states 
was obeyed. 


§ 18. Vapour Pressures and the Law of Corresponding States 

The characteristic equation, e.g. van der Waals’s equation, applies only to 
homogeneous states, but Maxwell’s rule (§ 9) extends its application to hetero- 
geneous systems composed of liquid in equilibrium with vapour. Suppose the 
system carried from the state a, Fig. 2.VII C, to the state c, (i) along the 
theoretical isotherm adbec (homogeneous system), and (ii) along the real 
isotherm ac (heterogeneous system) at a constant pressure P, equal to the 
vapour pressure. Maxwell’s rule states that the two amounts of work done are 
equal, hence: 

£ pdv-P(v t -v,). 

If the equation is divided through by p t v t it is obtained in terms of reduced 
magnitudes, where ir y is the reduced vapour pressure, Plp ( : 

J\d^=7 t A4>,-<I>i) (1) 

If the value of n from the reduced characteristic equation (e.g. van dcr 
Waals’s equation (6), § 16) is introduced into the integral of (1), then on inte- 
gration an equation containing tt v> <f>„ <f> e , and £ is obtained : 

F ( w f , «?)=0 ( 2 ) 

The application of the reduced equation to the liquid and vapour separately 
gives two equations: 

#)=0 (3) 

(4) 

and from the three equations (2)-(4) the values of n v , <f> h and <f> t can, in principle, 
be determined as functions of the reduced temperature: 

■V-fiC*). *f- (5) 

(The reduced pressure or reduced volume could also be taken as independent 
variable.) Thus, the reduced vapour pressure and the reduced molecular 
volumes of liquid and vapour should be the same for all substances at the 
same reduced temperature. 1 

Van der Waals - compared the vapour pressures of sulphur dioxide (p = 
78-9 atm., 7>428-4 ) and ether (/?,= 36-9 atm., 7>463°). At 150° C.=423 s K., 
the vapour pressure of SO : is 71 45 atm. The corresponding pressure for 
ether ,s 71 -45x36 -9/ 78 -9 — 33-45 atm., and the vapour-pressure curve shows 
that it has this pressure at 1 83*3° C.=456-3° K. The reduced temperatures 



Kaufmann. /7,/A Mag., 1915. 30. 146: Decker. Phvuca, 1941. 8. 59.‘ 
2 Connnuitac, 1899, I, 141. 
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.,,,,,0.4—0.987 and 456-3/463=0-986, i.c. practically equal. A complete 

«•* agreement holds only a, high pressures. 


p atm. 

so 2 

(C 2 HjhO 

60 

28-4 

41 56 

19 4 

33 95 

15 9 

22-47 

,05 

141 31 

6 69 

8 43 
3-94 

»=TIT t 

SO* 

(C 2 H 5 ) 2 0 

— 

0-9M 

0963 

0918 i 
0 918 

0 894 

0 895 

0848 

0 849 

0 801 

0 807 

0-754 

0 762 


8 19. Young s Experiments on the Lass of Corresponding States 

The law of corresponding stalcs v^s^e^by Young ' an co-wor ^ 
using vapour-pressure measurements. A selection oi trw oa fc 
substances for which the critical constants * are gtsen tn Table I. 


Tabu I 



Fluorobcnzene 

Chlorobenzene 

Bromobcnzenc 

Iodobcnzcnc 

Benzene 

Carbon tetrachloride 
Stannic chloride 

Ether 

Methyl alcohol 
Ethyl alcohol 
Acetic acid 


c*h 5 f 

C*H>CI 

C*HjBr 

C*Hsl 

C*H 6 

CCI 4 

SnCU 

(CiHsJjO 

CH jOII 

C 2 H«OH 

CHjCOOH 


958 
112 2 
156 6 
203 4 
77 84 
153 45 
259 3 
73 84 
31 93 
45 90 
52 86 


286 55 
360 
397 
448 
288 5 
283 15 
318 7 
199 4 
240 0 
243 I 
321 6 


33910 
33910 
33910 
33910 
36395 
34 1 SO 
280*0 
27060 

59760 

47S50 

43400 


2 731 

2 059 

1-713 

3 293 

1799 

1 347 
3 801 
3 697 
6 636 

2 846 


Fluorobcnzene was taken as the standard substance. ln^T n c ^ ( scrjes 
of the vapour pressure /> .0 the vapour pressure P oMlu jn |he lirsl 

of corresponding temperatures 9 ,s sho . lio r p should be constant 

table. From the law of corresponding states . the p p . >h> , u|d K . 

in corresponding states, and for any g>« s * figurcs in the vertical columns 
constant at various reduced temperatures, i. . ar j v hc casc , or some 

should be constant for each substance. This .s Nery 

substances, but not for others. . for lhc substances and lluoro- 

In Table III the ratios of the vapour volumes foMhc suo^ for xarious 

benzene and in Table IV the ratios of lhc . ,q l rlica! columns should again be 
reduced temperatures. The figures in the 'erticai 

constant. alcohols and acetic acid. *hich are 

The greatest dev.at.ons occur with the alco ^ as$ocialion varying with 
regarded as associated substances, the r 

' Z. phys. Chen,.. 1887, 1. 237. 433; 1899. *9. » 9 £ ^ pf 'l 145 M^! 8l'. 7S3: Ph,l -^ 2 ' 
1897, 71, 446; 1898, 73. 675; 1899. 75. 873; 1900. 77. y ‘.' ProC . R „ v . Dublin Sac.. 1910. 12. 
1892, 33. 153; 1894. 37. 1; Proc. Phys. Sue.. b ' 5 ; l3 ‘ o ;' 2 9 . winkclmann. " H « nd ^J ch ^ 
374; » Stoichiometry.- 1918. 200; Eng. Chen,.. 1943. 35. 39*. On 

Physik." 1906. 3. 940; graphical appl«ai.ons 6. II. 

Sidney Young (1857-1937). see Timmermans. Endeavou . 

2 Young, Phil. Mag., 1892. 34, 503. 


69 











§19 


young’s experiments on law of corresponding states 


695 


"Another comparison may be made at equal 

It SSi tempera, ores , 


Tabu 



Cyclohexane 

Benzene 

/jopcntanc 

/i-pcntane 

n-hexane 

n-heptanc 

/i-octanc 


Fluorobcnzenc 
Chlorobenzene 
Bromobcnzcnc 
lodobcnzenc ... 


Carbon tetrachloride 
Tin tetrachloride 
Ether 

Methyl formate 
Ethyl formate 
Methyl acetate 
Ethyl acetate 

Acetic acid ... 
Methyl alcohol 
Ethyl alcohol... 


0 7277 
0 7282 
07292 
0 7331 

0 7406 
0 7483 
0 7544 

0 7334 
0 7345 
07343 
07337 

07251 
07337 
0 7380 
0 7348 
0 7385 
0 7445 
0-7504 

0 7624 
07734 
07794 


0 4090 
0 4065 
0 4085 
0 4061 
04055 
0 4029 
0 4006 

04067 
0 4028 
0 4024 
04020 

0 4078 
04031 
0 4030 
0 4001 
04003 
0 3989 
04001 

0 4100 
0 3973 
0 4061 


27-7 
28 3 
27-7 

28 4 

29 1 
29 5 
29-35 

28 4 
28 5 
28 3 
28 3 

27 45 

28 15 

28 3 

29 3 
296 

30 15 
30 25 

25 4 

34 35 
32 15 


Hcrz 3 found that the reduced temperatures at which liquids have equal 
reduced densities p,=pIp, are approximately equal: 


Pi 

9 


i 

0978 


A 

0 830 


A 

0 697 


0 890 


2*75 

0 609 


P.U and Maass 4 determined the dens.ucs f «£«&***, 

Cher and found that the expected regu- 

temperatures at least as high as u vo/,. «, T . z T 

larity with the densities of saturated vapours a t , o ^ | '* b of sub _ 

Table VI gives the reduced vapour pressures w-PIp, for a 
stances at different reduced temperatures. 

i Cf. Hcrz. Z. anorg. Chem.. J925. Her z. Z anorg. 

* Cf. Mcslin, J. de Phys., 1909. 8. ? 52: Davis. • ' •• Magat. and Surdm. J. dc 

Chem., 1924. 133. 177; Salzwedcl. Ann. r-T^KT, - T,). there T, = abs. triple 

Phys.. 1936. 7. 441. obtained good results with 9-iT T,VV< 

point, at which solid, liquid, and vapour are in equilibrium. 

J Z. anorg. Chem., 1925. 144. 40. 

* Canad. J. Res.. 1936. 14 B. 96. 

» Arch. Pharm.. 1927. 265, 212. 
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Table VI 


& ... 



0-5170 

06400 

0-7334 

0-8464 

P mm. 

Substance 

IT 

* 

33910 

Fluorobcnzcnc 

000147 

002241 

0-08847 

0-2949 

33910 

Chlorobenzene 

000149 

0 02252 

0 08744 

02956 

25210 

Propyl acetate 

0 00059 

001404 

0 06613 

0-2583 

25210 

Ethyl propionate 


001407 

0 06697 

0-2585 

35180 

Methyl acetate 

0 00093 

0 01765 

007598 

0-2765 

30440 

Propyl formate 


0 01799 

007791 

0-2801 

25IOO 

/i-Pentane 


0 02256 

008888 

0-2960 

18730 

n-Octane 


001406 

006645 

0-2567 

34180 

Carbon tetrachloride 

000203 

0 02681 

0 09801 

0-3088 


Herz 1 found that the reduced vapour pressures for equal reduced densities of 
the liquids are approximately equal; for p/p, =2, 0-464. For p=2-75p, 

the results were less satisfactory, perhaps owing to experimental errors. 

Quite appreciable deviations from equality in the vertical columns in Table VI 
occur even for related substances, such as /i-pcntanc and n-octanc, and methyl 
and propyl acetates. Non-related substances such as w-octanc and propyl 
acetate, and n-pentane and chlorobenzene, show almost equal values of n. 
The possibility of grouping substances from the point of view of corresponding 
states is thus remote. Herz 2 found, however, that the temperatures at which 
the vapour pressures are equal fractions of the critical pressure arc nearly equal 
fractions of the critical temperature. 


§ 20. Values of the Critical Ratio 

Another test of van dcr Waals's equation may be made as follows. 3 The 
three equations (6), § 7, give: 

RT = Sal27b=S P( vJ3, 

therefore: 

KTJPIO'- 8 / 3 = 2-67 ( 1 ) 

The critical ratio RT,/p ( v , should be a constant for all substances. For one 
mol of substance, if M is the molecular weight, p, the critical density, and if 
v, is in ml. and p t in atm.: 

RT l l Pt v t m{$2 • l/A/)(p,7",/p t )= 2 -67 (2) 

The values of (2) for various substances, according to Young and other ob- 
servers arc: 


He * 
3-184 

/-CjHn 

3-734 


H* 

3-28 

CftHft 

3-755 


A 

3 424 


o 2 

3-419 


N 2 
3 421 


CO> 

3 486 


SO: 

3-605 


Xc 
3 605 


n-C.H,: C 6 HjCI 
3-762 3 776 


C *H«F (C:Hj):0 C 2 H 5 OH 
3-797 3 814 4-115 


Cl: 
3 63 

H:0 

4-458 


' Z. anorg . Chen,., 1925, 145, 378. 

* Z. E/cktrochem., 1930. 36, 300. 

snasssmi 

Mium“fhiorSSr^ri.« '»"• '3. 1093, .he value for 














, 21 MOLAR VOLUME AT THE ABSOLUTE ZERO 697 

According .o Guye • (3, 

Berthelot (see | 29) put U «,ua. to with '(Ilf the 

srsstss.'stt 

Waals gave reasons for taking v,— 2- 13ft. 

8 21 Molar Volume at the Absolute Zero 

equation of Cailletet and Mathias (§ 5.VII B), and n . 

vj>qI M =vjb = 

so that the critical volume of .11 substances should 

the same mass at the absolute zero. Fr0 ™ . f j h wide variation in 
that the ratio varies between 3-6 and 4 but if > view 01 tne 
v, and po. the constancy of the ratio must be regarded as scry lair. 



0 2 ... 

co 2 ... 
(c 2 H,) 2 o 

c 6 h 6 ... 

ecu ... 

Propyl acetal 


7440 

96 

280 

256 

276 

345 


208 

255 

71- 7 
706 

72- 2 
86-2 


3 58 

3-77 

391 

363 

3-82 

400 


§ 22. Reduced Vapour-Pressure Equation t(J 

A very elegant graphical test of the la "° f ^ 0 \ r 'ca° vapour-pressure cqua- 
Bingham. 5 Van der Waals « proposed a semi-cmpincal p P 

,ion: log {pjn-ATJT- D=/o -M ll> 

• Comp,. Rend., 1891. 112. 1257. Bogdan . 

2 Walden, Z. phys. Chem., 1909, 66 385 (43 0 , . i n’ 107 494; on the relation to chemical 
> Proc. K. Akad. We if ns. Amsterdam . 19I0>1 1. 13. w • 
composition, see MacLeod, Trans. Faraday Soc.. ,1 * ' • • 7 , f Chcni.. 1900. 32. 116: 

^ D. Berthelot. Comp,. Rend.. 1900. 130. 713: £ ^ChSSe.- Brunswick. 1903. 3. 

van't HofT, " Vorlesungcn uber iheoret.schc und ph^.kal.schc Chem 

21; Mcbius, Arkiv Mat. Astron. Fys.. 1915, 10. ho . .t • •• Thcorctische Chcmic, 

» J.A.C.S., 1906, 28. 717, 723; Nernst. Coil. Naekr.V wo. .. 

7th edit., 1913, 234; Nijhoff. Comm. Leiden. 1929 buppi. 8 60; Rudorf. 

* - Continuitat," 2nd edit., 1899. 1. 147. 158; ™ Z phy s. Chem.. 1918. 

ibid.. 1909, 29. 751 ; 1910. 31. 416; Venator. Chem f* • 19,8 „£ ' z ' E ,ek,rochem.. 1919. 25. 
93. 242. 245, 247; Bcrthoud. J. Chin,. Phys.. 1918. 16. .45, nerz. * 

468; Brandt, Ann. Phys., 1924, 73. 403. 
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where P = vapour pressure, &=T/T ( , and / is a constant very nearly equal to 
3 0. Guye 1 calculated the following values of /: 


Benzene 

... 289 

Propyl formate 


... 304 

Chlorobenzene 

... 295 

Methyl acetate 


... 307 

Carbon tetrachloride 

... 2-81 

Propyl acetate 


... 3-22 

Ethyl ether 

... 300 

Methyl propionate 


... 313 

Fluorobcnzenc 

... 299 

Ethyl propionate ... 


... 3-22 

Stannic chloride 

... 301 

Methyl rwbutyratc 


... 315 

Ethyl formate 

... 300 

Methyl butyrate ... 


... 3-24 

Methyl formate 

... 297 

Ethyl acetate 

• •• 

... 3-26 


The mean value is 3 06. For water, alcohols, and acetic acid, the value of 
f is greater than 3-2. At the boiling-point, T=T>, P= 1 atm., therefore 
T,/T b = 1+ log pjf 

Bingham, and Ncrnst, plotted the values of log (pJP) against those of 
(TJT- 1). and obtained the set of curves shown in Fig. 8.VII C. If the law 



of corresponding states holds, all the points should lie on one curve, but each 
substance has a separate curve, and the curves deviate more and more as T 
becomes smaller (i.e. T r T - 1 becomes larger). The substances may roughly be 
divided into three groups, (.) those of small molecular complexity and low 
critical temperature (hydrogen and helium), (ii) normal liquids such as fluoro- 
benzene and ether, and (m) associated liquids such as water and alcohol; the 
separation, however, is not sharp. As a genera! rule (apart from associated 

> Arch. Sci. Phys. Nut., 1*94. 31. 463; Z phys. Chen,., 1906. 56. 461. 
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S22 REDUCED VAPOUR-PRESSURE EQUATION 

1 i;i *» 

f=ab'°~'' ! <2 ’ 

where a is «he minimum value of/. y is the value ^^/-^^‘"TaTedftom 
is a characteristic constant for each substance. The \aiu 
0-71 to 0-80. The resulting equation: 

In 2-303 ab'->» . ( I -*>/# (3) 

gave good results with water, but only when an “ rbi "“ r> '“' u ' 7 ' 4 “ : ' 6 ““ 

taken for the critical temperature instead of the observed value i 3 • 

Falcs and Shapiro * pointed out that in some cases 01 doc n°t agree ^ 
experiment; (i) for helium and argon /docs not assume . 

decreases steadily with temperature/ (ii) the symmetry of the /^ curse is n 

complete, and (iii) the value of/ is very sensitive to errors in T, and the vapou 
pressures. They proposed ihe equation: 

in {pM-kV-r-fiT 141 

where k\ m\ and n' arc constants. 

Dietcrici 6 found that: . 

(dp/dn r -i/?/f, / ' m9 

i.e. the value of (dp/dD in .he a^ D^ena »^nd"^ll«^ 

tmpcrMures™thV > mean'valuc'of n (dp/dTlTbetween two s.lumes correspondme 
with saturation (liqukMvapour) was equal to the increase ot dp ; d/. 

/>,= vapour pressure. Hence at the critical point: 

{dp,ldT) T =(4pl4T)„ ( 

The two equations (5) and (6) give: 

T&pl&niPr-l* 1 

Since the ratio r(dp/dTK®.—.)//>(f«-*-,)-heat absorbed work done, in a 


• J. Russ. Phys. Chem. Soc., 1926. 58. 856 (C). Flsicr-Gcinl Fcsischr , 

^ Vcrhl. d. D. Phys. Ccs., 1913. 15. 1017; 1914. 16. 121 * ,9 ' 6 ' ^ 5 255: Phvs . Z . 1921. 

1915. 287; Ann. Phys. Bcibl.. 1916. 40. 7; Z. Phys ..\ 1920 « ^f and r=0>: DucUu*. 

22. 644 (look n=pv,lRT<. 9-TvJT , «*. * = t>/io. where at r 

J. Chim. Phys., 1943, 40. 65. 

1 Arkiv Mai. Asiron. Fys., 1914. 10. No. 7. . . 

4 J.A C.S., 1938. 60. 784. 794. where ihc equation is misprinted. 

5 Ann Phys., 1903. 12. 144. 

6 Onncs. Comm. Leiden, 1911. 1246 . ..... IOA , o iji u'omni. Leiden, 

» Q. by Kccsom. Versing. K. Akad. Miens. Amsterdam. 1901— 9. 331 K. 

75), and Dietcrici. Ann. Phys., 1903. 12. 144. 

* Ann. Phys., 1901, 6. 867; 1904. 15. 860. 
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Carnot’s cycle (§ 32.11), and this should be equal to T/T 0 it follows that 
(T/ Pl )(dPs/dr)=7 MTJD and hence: 

Pi=Pf 1 ' 4il ~ TJTi 

which is the same as van der Waals’s vapour-pressure formula (1). 

Woolsey 1 found a complicated generalised characteristic equation which 
leads to a law of corresponding states. 


§ 23. Reduced Law of Rectilinear Diameter 

A further test of the law of corresponding states is the reduced form of 
Mathias’s 2 law of rectilinear diameter (§ 5.VII B). If p m =\(p,+p t ) is the 
mean density of liquid and saturated vapour, then: 

Pm=P<+a{T'-T) ( 1 ) 

where p ( is the critical density and a is a constant. Hence: 

Pm=P.ll +(aT f /p t X\-T/T ( )]=p,[\ +WTJDU -*)]. 
and if p, is the reduced mean density, pjp„ and A=aTJT, then: 

P f =l+A{ 1-0) (2) 

Batschinski 3 deduced this equation from van der Waals’s equation and 
Dupres vapour-pressure formula (see § 18.VIIIJ, Vol. II). All substances 
should give the same straight line with the same value of A. It is found, 
however, that both the reduced densities of liquid and vapour (the upper and 
lower parts of the parabolas), and the reduced rectilinear diameters, arc not 
identical for various substances, but the deviation for the diameter is not large 
(Fig. 9.VII C). 

The value of A is found 4 to be very approximately unity, except for low 
boiling-point gases: 


Hydrogen 

0 236 

Helium 

0 255 

Nitrogen ... 

0 685 

Oxygen 

0713 

Argon 

0751 

Nitrous oxide 

0 828 

Carbon dioxide ... 

0858 

Ethylene 

1 060 

Ammonia 

1 002 

Sulphur dioxide ... 

1 053 

Chlorine 

0 768 

Bromine 

0896 

Benzene 

0936 

Chlorobenzene 

0 956 

Bromobcnzcnc 

0964 


lodobcnzcnc 

... 0957 

Fluorobcnzenc 

... 0917 

Carbon tetrachloride ... 

... 0918 

Carbon disulphide 

... 0954 

n-pentanc 

... 0 904 

iso- pentane 

... 0 892 

n-hexanc 

... 0 966 

n-heptanc 

... 1014 

n-oclane 

... 1075 

Methyl formate 

... 0 997 

Ethyl formate 

... 1021 

Methyl acetate 

... 1049 

Ethyl acetate 

... 1061 

Ethyl propionate 

... 1090 


1 J.A.C.S.. 1936. 58. 984. 2229; 1937, 59. 2743. 

Jlkt €PhyS A b 224: 18 "- 8 ' 4071 l905 - 4 ' 11 • von Hirsch, Ann. Phys., 1899, 
69. 456; van der Waats. Z. phys. Chem.. 1901. 36. 461. Mathias. Comp,. Rend., 1891. 112, 
' lo . n , ( r ! nci1 ! h * rclai'on P f><=((TlT<) for the densities of the liquid and vapour of S0 2 , 
go , r ’ , F- H4: ° nncs and Crommelin, Proc. K. Akad. Wctens. Amsterdam. 1913, 15. 

952 (confirmed for argon); Haigh. Phil. Mag., 1908. 16. 201; Young, ibid., 1908, 16, 222 

1937. 8, r 294 Cqua,ion,: BcrlhcIot - W. 1915, 160. 657; Surdin.7. dc Phys., 

3 Z. phys. Chem., 1902, 41. 741. 

No ^n rU ^ 0, .h 'f 15, l6 °- 675: Meblus - Arkiv ^t. Astron. Fys., 1915, 10. 

§ 4 Vui m Jc! inek ' " Lehrbuch physikalischen Chcmic," 1915,2, 99, and 
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Hence (2) becomes P , =(2-9), or, if the vapour density is neglected in com- 
parison with the liquid density: 

p,=2p,(2-9) 



§ 24. Latent Heat of Evaporation 

Still another test of van derWaals*s equation is givenby the reduced Clapeyron- 
Clausius equation (see § 7.VIII L, Vol. II): 

(L e /r)=(p < v < /7;)(dWd'?)(^-^) { ’ 

found by substituting p—wp,, and T=*T t in the ordinary equation: 

LJT=(<\pldT)(v t -v,). 

The quotient p,vJT„ according to van der Waa.y equa, ion,^ 1 » ^20. ,> 
3R/8, and according to Berthclot s equat.on, (4). § 29. it $ 9 «/ - 

corresponding temperatures LJT should be the same for all substances. 
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according lo Guldberg’s empirical rule (§ 7.VII B) the absolute boiling-point 
T b is two-thirds of the absolute critical temperature; hence LJT b = const. If 
TJT C = const., however, the critical pressures of all substances should be equal, 
which is not the case. 1 

Darzens 2 deduced the relation LJT ( = f(#), or LJT b =F(&), but found that 
the curves of the quotients plotted against # did not coincide and had a point 
of inflexion at #=0-75. The equation LJT b = const. ~21 i. Troulon's Rule 
(see § 14.V1II L, Vol. II), and the value of the constant is very near 3 to 21 for 
normal liquids. (The modifications 4 of it are considered in § 14. VI II L, Vol. II.) 

If, however, the value of p,vJT t given by van der Waals’s equation is sub- 
stituted in (1) the value of LJT b is found to be only 10*8. A correct value is 
given by Berthelot’s equation (sec §4.VIII L, Vol. II). 

§ 25. The Principle of Mechanical Similitude 

Onnes 5 derived the law of corresponding states from the principle of mech- 
anical similitude, first proposed by Newton. 6 and related to the theory of the 
dimensions of physical magnitudes. It may be illustrated 7 by considering 
two substances the molecules of which are hard elastic spheres with diameters in 
the ratio 1:/ and masses in the ratio 1 :m. The dimensions of kinetic energy 
are (mass][vclocity] 2 =[massl(length] 2 /(time) 2 . If equal numbers of molecules 
arc contained in two cubes of sides in the ratio 1:/, or volumes in the ratio 
l:/\ the temperatures, which are proportional to the mean kinetic energies, 
arc in the ratio 1 :m/ 2 // 2 , and the velocities in the ratio 1 :///. 

The pressures are proportional to the momentum transferred in unit time to 
unit surface of the walls of the vessel. The momenta are in the ratio 
and hence the pressures are in the ratio I :(m///)( !//)(! // 2 )= 1 :m/lt 2 . The van 
dcr Waals forces arc in the ratio a/v 2 and a'/v' 2 , or 1 :(a'/a)(v 2 /v' 2 )=\ \A/l 6 . 
The attractive forces must be in the ratio l:m/// 2 , hence 1 :A/l 6 —l :m/lt 2 , or 
A/l 5 —m/f 2 . Thus the volume, temperature, and pressure ratios in two mech- 
anically similar systems arc given by v: v'= 1 :/ 3 ; T :T'= I :ml 2 /i 2 ; p\p‘— 1 : >4 // 6 . 

With the reasonable assumption that the critical states represent mechanically 
similar states, the critical values for p . v, and T must be substituted in these 
equations, thence giving v:v'=v t :v f \ T: T'=*T f :T ( \ p:p'=p ( :p ( \ which is 
equivalent to the law of corresponding states. 

§ 26. Modifications of the Law of Corresponding States 

Kirstine Meyer 8 used as reduced quantities T t +TJK, p t +p/L, and v t +v/Q, 
where K , L, and Q are constants for each substance. This is equivalent to taking 

' Kistiakowsky, J. Chim Phys., 1927, 24. 309. 

2 Con, pi. Rend., 18%. 123, 940; 1897. 124. 610. 

> Kurbatow. J. Russ. Phys. Chen,. Soc., 1903. 35. 319; Chen,. Centr., 1903. 7, II, 323, 
round the average value 20 7±0 8. Klccman, Phil. Mag., 1909. 18. 491 (508), deduced 
L<IT= -R+O/n) . (d*tdd)=conu.: cf. Lewis. Z. phys. Chen,., 1911. 78. 24; 1912, 79, 
185, 196. 

4 The modifications arc summarised by Kendall. J.A.C.S., 1914. 36. 1620. 

5 Vcrhl. K. Akad. IVeiens. Amsterdam, 1881. 21. iv; Arch. Neerl.. 1897. 30. 101 ; Onnes and 
Kccsom, " Enzykl. d. math. Wiss." 1912. 5. i. 694 f.; Bridgman. Phys. Rev., 1914. 4. 244, and 
later papers; Weber. Physica, 1939. 6. 551. 563; Traut z.J.praki. Chem., 1943. 162, 218. 

6 " Principia," lib. II. sect, vii, prop. 32. theorem 26; Geneva. 1740, 2. 250. 

? Onnes and Kccsom. Die Zustandsglcichung, Comm. Leiden, 1912, 12. Suppl. 23; “ Enzykl. 
cL math. Wiss.." 1912. 5. i, 694 f.; Kuenen. "Die Eigcnschaftcn dcr Gase ” (Ostwald- 
Druckcr, * Handbuch dcr allgcmeincn Chemic.” 3). Leipzig. 1919. 393. 

* Z. phys. Chem., 1900. 32. I; 1910. 71. 325. 
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a different uni, for measuring the reduced quantities for each ^^tance or reckon- 
ino from a different zero. By plotting (p,-p)lp. against (T-D/A, taking A from 
thf values for fiuorobenzene as standard, it was found that L was practically unity, 
so that the characteristic constants could be reduced to two. the quantit es for 

. ,. t\i- ( n n\ln and (v — v)lv m . where the denominators. T 

an^^^resf^ifictCTBperafure^ind'volume'uniu. Timmermans > found that this 

in c.g.s. units, (£,*)/<*/;)= f<*. 0 w). a un, versa tjTmens.ons 

fi=TiT. For any magnitude G characterising the state, of 
M»ytE<r (A/- mass, K=* volume, £=cnergy. r-tem p erature). t c mag i 
C.lnr(<klNY(k&Y& 9 —2(6. 0, iv), is a universal function of 4 > . if. and ». v an ut 
^.KheS’of corresponding states is a limiting case for high molecu a 
weight and high critical volume and temperature; then »•«* *et '> sma « .h M l ' 

substances of low molecular weight and critical temperature I « ^of the order o, 
unity. Byk’s theory is. strictly, confined to monatomic substances or those 
behaving as monatomic, but the latter can nearly always be 
theory was extended to a number of magnitudes, such as the vons anl / 
(really variable) of van der Waals’s vapour-pressure .equal on I < , . «*« rec 

linear diameter (§ 5. VI I B), the Eblvds constant for surface energy (see s 7.V U O. 
Vol. II). etc. In all cases, the quantity is assumed to fo lo an equ^ o« 

. based on Einstein’s equation for the energy of a monatomic sol ' 

< = A,/(e** T - 1) (see § 2. IX N. Vol. II), with »»• replacing hv kT. i.c.q x+P* 

(c i-_l), where a, ft and 8 are constants for each magnitude. The pi <i 

against \/w pass fairly well through the band of scattered points. 

§ 27. Characteristic Equations 

Besides van der Waals’s equation a great number 
equations will be found in the literature. Many of th ( yVaals s 

which contain unknowable quantities) are modulation* of van 
equation in which either a or b. or both, are replaced by functions of ° 
temperature, or both; or else the factors (p+fl/f) and (. ‘’j.- ’ in 

additional terms or other alteration. Other equations are q <. . ■ j 

form from van der Waals’s. Some of the equations arc de ? UCC f ^^ 
principles, others are empirical; some are of theoretical m erest only either 
because they are too complicated or contain too many constants to be prac 
tically useful, or involve integrals or other mathematical «P , “ on s' c 
have not been, or cannot be, expressed in terms of measurable itatt. Only a 
few of the more important equations can be considered here, a 
the results will merely be stated. 3 

• Proc. Roy. Dublin Soe.. 1912. 13. 310. \6l:Z. phvs. 

* Phys. Z.. 1921. 22. 15; Ann. Phys.. 1913. 42. 1417; 1921 . 66 |9 ~i *?•" 

Chen,.. 1924. 110. 291 ; Clusius. ibid.. 1929. 4 B. 1 ; dc Boer ^ of Oases." 

J A list of 56 equations is given by Partington and Shilling • T|* ^ ' j , , 35 ; Kucncn. 

1924 , 29; see also Gractz in Winkclmann. Handbuch der 1 H>sik . - • Chcmi0< - 

“Die Eigcnschaftcn dcr Gase " (Ostwald-Druckcr. • Handbuch der allgin 
3). Leipzig. 1919, 376; Chwolson. ” Lehrbuch dcr Phys.k. 1923.*.' 

Bur. Stand. Circ.. 1926. 279 (700 refs.); Goranson. Thcrmod>naniK R • 
component Systems. Carnegie Inst. Publ.. 1930. 408. 
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Planck, 1 from the fundamental statistical definition of entropy (§ 5JV), 
deduced a canonical equation of state giving the entropy as a function of energy 
and volume, S=f(£,K). For a gas consisting of hard elastic spheres and a 
van der Waals cohesive force this gives: 

p=(Rm\n(l-p/v)-*/x? t 

where f!=2b , a=const., which differs from van der Waals’s equation only in 
terms of the second order in b/v. 


§ 28. Clausius’s Equation 

As an example of a correction of the pressure factor (p+a/v 2 ) the equation of 
Clausius 2 may be considered. He supposed that clusters of two or more mole- 
cules could be formed temporarily at lower temperatures by collisions, these 
breaking up more readily at higher temperatures. In such clusters the attrac- 
tions are much greater than if the molecules were separate in the gas, and hence 
van der Waals’s term ajv 2 is too small at lower temperatures. Clausius also 
thought the simple inverse proportionality to v 2 required correction. He 
replaced the van der Waals term ajv 2 by one dependent on temperature, v 
being also replaced by (v+c): 

[p+alT(v+c) 2 ](v-b)=RT (1) 

where a, b, and c are positive constants ( a is, of course, different from the van 
der Waals constant). By equating (d/?/dv) r and (d 2 p/dv 2 ) r to zero, the values 
of the critical constants can be found from (1) in the same way as from the van 
der Waals equation (§ 7): 

v t =*3b+2c; Pl =a/27(b+c) 2 T t ; T 2 =Za/27R(b+c) . . (2) 
a=(27/64)j 2 7>, 2 ; b=v t { l-j/4); c=i>,(3*/8- 1) . . . (3) 


where s=RTJp ( v ( (see § 20). 

Sarrau 2 proposed the equation: 

P=RT/(v —b) — K€~ T l(v +p) 2 (4) 

where b, f}, c, k, and R are constants, and Ari£s 2 proposed 

P ss RT/(v—v)—K/T n (v+p) 2 (5) 


where a, /?, R, and n arc constants, and k is either a constant or a function of 
temperature. 

1 Berlin Ber., 1908. 633; Wassmuth. Ann. Phys., 1909. 30, 331; Wien Ber., 1913, 122, II A, 
651; fora relativistic treatment, see Jiittncr. Ann. Phys., 1911,34, 856; 1911,35, 145; Wcstphal, 
I'crhl. d. D. Phys. Gcs., 1911. 13. 590; Weber, ibid., 1911. 13. 695, 974; Kccsom, Proc. K. Akad. 
Wctens. Amsterdam . 1912. 15, 240 (Comm. Leiden, SuppL 7Aa). 

2 Ann. Phys., 1880, 9. 337; 1881. 14, 279. 692; Ann. Chim., 1883, 30, 448; Dickson. Phil. 
Mag., 1880. 10, 40; Planck. Ann. Phys., 1881, 13. 535; “ Thermodynamik," 1911, 13; Fitz- 
gerald, Proc. Roy. Soc., 1887. 42. 216; Ricckc. Ann. Phys., 1895, 54, 739; modifications by 
Sarrau, Compt. Rend., 1882, 94. 639, 718. 845; 1885. 101, 941, 994, 1145; 1890, 110, 880 (an 
error in Sarrau's paper was pointed out by Fouche, Compt. Rend., 1919, 169, 1089, 1158); 
Jagcr, Wien Ber., 1892, 101, II A. 1675; Battelli. Ann. Chim., 1892, 25, 38 (83); 1893, 29, 239; 
Mem. Accad. Torino. 1893. 43. 64; 1894. 44. 57; Onnes, Arch. Neerl., 1897, 30, 101; Arifcs, 
Compt. Rend., 1916. 163, 737. 963; 1917, 164. 261; 1917. 165. 1088; 1918, 166, 57, 193, 334, 
447, 553. 668. 802. 935; 1918, 167. 118, 267; 1918, 168. 204, 444. 714, 930, 1188; 1919, 169, 
216, 602, 1140; " Thermodynamique. L equation d'etat des fluidcs," Paris, 1920; sum- 
maries in J. Chim. Phys.. 1919, 17. 432; 1920. 18, 160 (severely criticised by Brandt, Ann. 
Phys., 1924.73.406); Pochammer. Ann. Phys., 1911. 37, 103; Holm. Meddel. Nobeiinst., 1919, 
5. No. 27; Arkiv Mat. Astron. Fys., 1923, 17. Nos. 1, 20 (bibl.); Webster, Proc. Nat. Acad., 
1919, 5, 286 (complicated general equation with Clausius's as a special form). 
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t,on,s: (.+3W'W-1)= 8 » <6) 

. ,, /....w/,, . r \ which still contains a constant c depending on the 

substaiKe^'^plot'onhe equation for carbon dioxide is given by Planch. 5 

§ 29. Berthelot’s Equation 

An important modification of Clausius’s equation is that of D. Bcrthclot. 

(p+a/Tv*){v-b)=RT (» 

(a is different from the van der Waals a here replaced by a/T), which in its 
reduced form, with rr=plp t , <f>=v/v t , and £—777,, is. 

(»+W)(3+-l)-8* W 

By plotting (d^/drr), against 1/^-r and comparing with cxpcriHrcnta' 
points, Berthclot found that the constants deduced from equation (1), viz.. 


<3p,v?T„ b=vJ3, R=%p,v,l3T, 


(3) 


did not give satisfactory results, i.e. equation (2) did not fit the observed curves. 
He found, by arbitrarily altering the constants to 


a-(\6fi)p t v*T t , b=vJ4, R=Om P <vJT t 
that the resulting reduced equation: 


(4) 


K-4JM-* <s 


gave very accurate results at moderate pressures near room temperature. At 
fhe critical point, whcnrr=*=*-l. (5) leads to the impossibleresul 4-75-3 ». 
so that it is a purely empirical equation which cai anol 1 hold near the cl I £a 
point. 5 This discrepancy in no way reduces the value of equation (5) in regions 
where it can properly be applied, and is of no practical significance. 

B?s ub™tSnlplp..¥-vl*.. R-W9KP.VJT.). (5) «««•: 

(p . : 16 _LW (« 

\p, + 3 W\«, 4/ 9 T, P.V, 


pv — ~ + 


pv t 16 p,v 4p t v, 


4 + 3 H 1 3 H 


Ll—S— RT 


(7) 


All terms on the left except the first are small (as v, is small compared with t) 

* Compt. Rend., 1900, 130, 69 (for liquids). 

2 Ann. Phys., 1916, 49. 569. 

* jF*rh£; 1899, 8. 263; Arch. Nccrl., 1900, 5. 417; Z El. 

Sur les Thcrmomfclres a Gaz, in Trav. el Mem. Bur. Inter not. P°“*sei A .. ‘ (ischc 

ton, •‘Chemical Thermodynamics.” 1913. 160. 2nd edit.. 19-4. 85. Ni.ms . 

Chemie,” 8- 10th edit., 1921, 254. „ 10 , 0 

3 Henning. “ Tcmperaturmessung.” 1915, 24; Porter. Phil. Mag.. 19—. 44. 10-0. 

A.T.P.C. — 23 
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and the last term may be neglected. In these correction terms (only), pv=RT 
can be substituted, (7) then giving: 

pv=RT[\ +vJ4v-(\6/3XpJpW)] (8) 


On substitution from the approximate form of (5): 

^=(32/9)* (9) 

in the correction terms only, and putting 1 TJT=\/&=r, (8) gives: 

pv=RT[\+(9/\ 28>wt( 1 — 6r 2 )J (10) 


Equation (10) shows that for such low temperatures that 6 t 2 >1 the gas is more 
compressible than an ideal gas. In the case of hydrogen, T c is small, and even 
at fairly low temperatures 6 t 2<1, so that this gas is less compressible than an 
ideal gas (“plus que parfait ”). The Boyle point (§ 6) is given by 6r 2 =l, 
therefore T B /T ( =\/6=2 45 t in better agreement with experiment than the van 
der Waals value, 3-375. 

At a given temperature, (10) shows that pv is a linear function of pressure, 
which is applied in the determination of molecular weights from gas densities 
(§ 17. VII D). Berthelot used (10) to calculate the value of R (§ 21 .VII A). 

Equation (10) may be written as: 

9 RT 

/W “ i?r+ r28 7f (, “ 67;2/7 ' 2)p (11) 

so that the second virial coefficient (§ 39. VII A) in pv=RT+B p p is: 

9 RT 9 RT 

B ’ = m 7T (1 _6r ' 2/r2) "l2i x (1 -6t2) • • •<«> 

Berthelot *$ original equation (1) may be written in the approximate form: 

pv=RT+(b-a/RT*)p ( 13 ) 

giving the second virial coefficient: 

B,-ib-alRT *) ( 14 ) 

Schimank 2 believed that Berthclot’s equation, although generally good at 
moderate temperatures, is less accurate at low temperatures; Eucken and 
co-workers } used Callcndar’s equation (§ 32) for reducing measured specific 
heats to the ideal state, but others (including later workers) have mostly used 
Berthclot’s equation. The very close agreement found between exact calori- 
metric entropies reduced to the ideal state by Bcrthelot’s equation and the 
spectroscopic values 4 (see §§ 26-29.IV), shows that the data used by Eucken 
arc inaccurate, and that the equation in general gives very satisfactory results, 
even at low temperatures. 

‘ Beginners arc apt to put t-Z/T, instead of r=T,IT and care should be taken not to fall 
into this trap, which may not be noticed until a large amount of laborious computation is done. 
Some values of I -(9;64)rr(| -6r*), a factor often required, are given in Partington and 
Shilling, The Specific Heats of Gases," 1924, 28. 

§ 9 VH D) Z ' ,916 ’ ,7 ‘ 393 (baSCd ° n Ramsay and Slcdc * s inaccurate vapour densities, 

•' Bar ^ , t S f and El | ckcn - z P h »- Ckem., 1921, 98, 70; see § 15.VII E; Eucken, in Wien- 
Harms, Handbuch der Experimcntalphysik," 1929. 8, 404. 469 

io» G «T ™ ' J i C L S " l92s - 5# - l0 '. 2'”: 51. 1441. 2300, 3194; 1932. S4, 2610; 

lyjj, 55 , 4S/5, etc. who found Eucken’s sp. ht. measurements so inaccurate that their correc- 
tion has no particular interest: Johnston and Wcimer. ibid., 1934. 56. 625: Foz Gazulla and 
Vidal. An. Fys. Quim., 1947, 43. 842: Bcrthclofs equation was verified for ether vapour in 
some rather crude experiments by Alexander and Lambert, Trans. Faraday Soc., 1941, 37, 421. 
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§ 30. Thermal Coefficients from Berthelot’s Equation 

By multiplying out the reduced Berthelofs equation (5), § 29: 

K-iNf-JH?* 1,1 

and neglecting the small term ftty 2 , the approximate equation: 

w *_ w ,4+(16/3)Aty=<32/9>» (2) 

is found. Differentiate (2) with respect to «> at constant volume * and substitute 

«£— 1/4 from (1), then: 

( ^_l/4)(d7T/dd) d =(16/3)/^ 2 +32/9 

(32/9)i9(d7r/di?)^= [( 1 6/3 )/<f>9 2 + 32/9][tt + ( 1 6/3)/^] 

-(32/9V[l+(3/2)/^ 2 )ll+(l6/3)/^ 2 l .... (3) 

Substitute l/*-(9/32XW&) from (9), § 29. and use the approximation formula 
(1 +x) 2 ~l +2x, when x is small compared with unity (§ 4.1); then (3) becomes 

(T=W - (i?/Tr)(d7r/d^=[l +(27/64>n/i? , ][> +(27/64W# 3 l 

= 1 +(27/32)w/d , «= I +(27/32)wT i ... (4) 

Put 7 r=p/p„ and & = T/T, on the left : then (77/>Hd/>/d7*) r « 1 +(27 32 )ttt\ and: 

(l/p)(d/’/d7') c *=(l/7’)ll +(27/32 )ttt 3 J .... (5) 

riving the pressure coefficient. For the ideal gas P 0 -\/T 0 , where 7 in (5) 
fs Toft he absolute temperature of 0 ; C. From Chappu.s s measured values of 
B (§ 17.V1I A), Berthclot calculated 7o-273 09' C. Equation (5) gives 
correction for the constant-volume gas thermometer, h rom ( 1 0 ), $ 29 . 

«-(*Wll+(9/l28)i«(l^ (6) 

Differentiate with respect to T, keepings constant, then: 

(dt»/d7^«=“Wp)ll +(108/128 )wt j ) (7) 

«-(l/vKdt»/dn # . 

Substitute \/v from (10): 

1 /t> = (p/RT) [ 1 — (9/ 1 28)wt + ( 54/ 1 28)ttt 3 1 

«=: (1/7^1 1 +(108/1 28)wt 3 )(1 — (9/128)7it+(54/128)ttt'J 

s(l/r)[l-(9/128ywT(l-18r2)) 


(8) 


giving the coefficient of expansion (<*o— l/7o 
for the ideal gas), and the correction for the 
constant-pressure gas thermometer. 

In Fig. 10.VIIC the values of pv are 
plotted against p at two temperatures, e.g. 
0° C. and 100° C., and at such pres- 
sures (0 to 4 or 5 atm., or 200 atm. for 
H 2 ) that the curves are straight lines (the 
slopes of which are greatly exaggerated in 
the figure). A vertical line through O', 
where 00' = 1 atm., cuts these lines in A' 
and B'. OA' is drawn and produced to 
meet BB' in B". The line OA'B" is an 
isochore (or line of constant volume), since 
tan a=pv/p=v=consl. 



Fig. 10. VII C. Coefficients of Ex- 
pansion and Pressure. *o and 
lor the Ideal Gas 
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Draw B'X and A'Y parallel to Op, then the tangents of the angles p and p' 
between these horizontals and the pv isotherms give (dpv/dp) T . 

The coefficient of expansion is: 

a= l/(/ 2 -/,) . (t» 2 -i»,)/t» 1 =l/(/ 2 -/ I ) . {pv 1 -pv y )lpv x =\l{t 2 -t l ) . A'B'/O'A', 
and the coefficient of pressure is: 

0= !/(' 2“'l) • (J>2-Pi)/Pi= l/(/2“/i) • ( Piv-Piv)/Piv= l/('2-'i) • A'B'VOA'. 

As p becomes progressively smaller, OA'B" turns anticlockwise about O, and 
at p = 0 it coincides with the axis OB. The intersections A' and B' or B" then 
coincide with A and B, and both a and P have the common limit : 

bq—Po— 1/(^2 — ^ i) • AB/OA, 

which is obviously the value for the ideal gas. If / 2 — / l =100, OA and OB are 
in the ratio 1 /oq to (l/ao+100), and if OA=Qw) 0 = 1, then 1 :OB= 1 :(1 + 100*0). 

For nitrogen, Chappuis found a=0-00367313 between 0° and 100° and 
I m. Hg pressure, and the values of (\/Poi’o)(dpv/dp) T (where p 0 v 0 is the ideal 
gas value) at 0° and 100° were -0 00057! and +0 000347. Hence 


1 + I00ao=(l -0000571) x 1 -367313-0 000347= 1 -366185. 

He also found for an initial pressure of 0-7935 m. Hg, 100/5=0*367180, 
/. 1 + 100/? 0 =(1 -0 000571 x 0-7935) x 1 -367180-0-000347 x 0-7935 x 1 -367180 
= 1-366184. By including all Chappuis’s measurements with nitrogen and 
hydrogen, Bcrthelot calculated ao=/j 0 = 0-00366180, giving 7’ 0 =l/a o =273-090. 
Since the measurements of Chappuis arc of great accuracy, 1 even in comparison 
with more recent work, there is little doubt that this value is one of the best 
extant. 

The difference of molecular heals of a gas 2 is from (2), § 47.11: 

Cp-C t =T(dpldT)fdvldT) r 

Substitution from (5) and (7) gives: 

C,-C t =(7>/r)[I +(27/32)rrT 3 ](/?//>)(l +(108/128 )ttt 3 ] 

= /?[! +(27/32)7tt 3 ](1 +(108/1 28)7tt 3 ] 


~/?(l+(27/I6)7rr 3 ] (9) 

neglecting terms of higher orders. (The factor 27/16=27/32 + 108/128. Note 
that n=p/p„ and r=T t /T.) 

From (1) and (2), differentiation and substitution of (9), § 29, in the correction 


terms gives: 

(d^/dTT)^ ( 1/4X1 -6r!) (10) 

{9(<iTTld9) t -i,]=()2li)IW=(27l32)niT> .... ( 11 ) 

[5(d^/d£),— ^]=(9/2 )t 2 — 1/4 (12) 

(d^/dir), = ( I /jt)[ 1/4— ^ — (3/2)t 2 J (13) 


On Pierre Chappuis. «e Guillaume. Rev. Gen. Sei.. 1916, 27. 204. Chappuis's thermometer 
I , d °? u ch |? kcd a M " " h,n a negligible error against the platinum standard 

thermometer at the National Physical Laboratory; Hall. Prvc. Roy. Soc.. 1946. 186 179 who 
says (without adequate discussion! that the latest values of T : vary from 273 15 to 273 165 
u ‘'° r W " h van Laar ‘ s c 4 nation (5 34). see van Laar. - Die Zustandsglcichung," 
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The Joule effect is found from (3), § 23.VII A. and (5), wi.h .he approx, mate 
substitution dv=—RT6plp z , as: 

ar _?_ r '^?- 7 T 2 (14) 

dr - c. P. 32 

For the Joule -Thomson effect (7), and (6), § 24. VI I A, give: 

9 RT t 


d r= 


^(!- 18 r 2 )d p (l5) 


128 p,c; 

For C0 2 at 0" C. with dp=l atm., T = 304. p=73 atm., «=l 984 g.cal./l . 

c. 


51 —©' 


vl = _l 44\ 


. (17) 
. (18) 


_ p — 8-6 g.cal., (15) gives: 

9x1-984x304 
dr " 128x73x8 

T Th°e b (th^wetu!ii) n valued? the molecular heat at 

in the ideal state , C.o, when p- 0 or «s found a, follows.* 1 rom ( 1 1 ). 

WMd^ 2 )4-(d/d(>XWWd^-«'U--( 32 / 3 )^ 2 ^ 2 • • (l6) 

From (1), § 49.11: 

(dC r /d-u) r =7'(d ! P /dr i ),=( P ,»/7',)(d ; rr/d5^) a 

= -(32/3)p,/i?^ ; 7> -(32/3 ]p,v»l9^T, 

Thus, by integration with respect to v (T constant): 

C,*f(t>) +(32/3) P ,t>, 2 /® 2 7',t | . • • 

where f(o) is a function of volume or a constant. When t -*> ('•«■ P -°> C ’ 
becomes C„°, therefore f(v)=*C,°, or: 

C.- C/> +(32/3)/>,t^/3 2 7> 

But from (5), § 29, p,o,/7>(9/32)R ; also from the approximate cquauon (9). 

§ 29, 7r«£=(32/9)£, and with \/9»t—TJT: 

C.=-C r °+(27/32)/?rrT> (19) 

Since C,° refers to an ideal gas. it is a constant (§ 54.11). 

The so-called Kellogg characteristic equation: - 

p~RTp-HBoRT-A 0 -ColT 2 )p 2 +(l>RT-a-cP : )p> • • ( 0) 

where p=dcnsity, was used by some American workers ' to find C r ". 

§31. Dictcrici's Equations . 

Dieterici in 1899 * proposed a modification of van der Waa s j\“£fon 0 „>. 
which the internal pressure is instead of a/v . He a v 

. Ncrmt, " Theorctische Comic." 7.h edit.. .913, 24. £«« 
this paragraph arc given wilhoul deduction: deductions in . • 9 -» 1 too. 27: Bartels 

dynamics.” 1924, 85 ; for applications, see Partington. I roc. » .» • • " * , 923 45 . §74; 

and Euckcn. Z. phys. Chem., 1921. 98. 70 (corrected by E , 

Giauquc and Powell. J.A.C.S., 1939. 61. 1970. and many other workers, sc. 

2 Benedict. Webb, and Rubin. J. Chem. Phys.. 1940. »• 

Jclline^? "^Lstirbuch dcr ph>s,Walischcn 

Chemie” 1928. 1,911. 
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Imagine a slice of 1 cm. 2 area cut from the bulk of a substance in the critical 
state, and such that only one molecule can lie in its thickness. Then if there 
are n molecules in a volume v t the number per cm. 3 is n/v=N, and if it is sup- 
posed (with Clausius; § 21. Ill) that each molecule is surrounded by an imaginary 
cube of edge A, then (n/v)X i =N\ 3 =\ cm. 3 , and a slice of 1 cm. 2 cross-section 
and thickness A contains N 2j3 =(n/v ) 2J 3 molecules. The internal pressure p h 
expressed by ajv 2 in van der Waals’s equation, is the sum of all the forces 
exerted by the molecules in this slice, and if it is assumed, with van der Waals, 
that this is inversely proportional tot>, this gives: 

p l ^(n/v) 2j \c/v)^a/v 5fi (1) 

where c and a are constants. By substituting (1) in place of a/v 2 in van der 
Waals’s equation it follows that: 

(p+a/v 5,i )(v—b)=RT ( 2 ) 

By multiplying out, (2) gives: 

i> 8 J - [(bp +RT)/p]v Sli -f (a/p)v - ab/p = 0 .... (3) 

which is of the form (*=z> ,/3 ) *«-ax s +£x 3 -y=0, and can have only three 
real roots. Lees 1 proposed the equation: 

( p+ap^/Tv^Kv-b^RT ( 4 ) 

The critical constants are found from (3) by putting dp/dv=0 and d 2 p/dv 2 =0 
as: 

v { =4b, p t =a/4(4b)' l3 =a/4v*'\ T ( = 1 5ab/4(4b) 5l3 R= 1 5ab/4Rv 3 ' 3 (5) 

and the relation found experimentally by Young (§ 20) follows, viz. RTJp ( v t = 
3-75. 

This ratio has the following values according to the value chosen as the 
exponent of v in the internal pressure aj if: 


* * * * i 

RTtlpu 48/7-6 89 15/4-3-75 8/3-2-66 21/10-2 10 96/55-1-75 


A second equation proposed by Dieterici 2 (1899): 

pt?» T \v-b)=RT (6) 

has a theoretical basis. Since it contains three constants, it gives a law of 
corresponding states. On expanding the exponential function (§ 13.1), (6) gives, 
for large values of v : 

P=[RT/{v-b)]t^* T '~[RT/(v-b)](\-a/RTv)=RT/(v-b)-a/v(v-b ) . (7) 
which is similar to van der Waals’s equation, p=RT/(v-b)-a/v 2 . 

The critical constants are found from (6) in the usual way as follows: 

v=2b, p ( =*a/4e 2 b 2 =za/29-56b 2 t T=a/4Rb ... (8) 

The value of RT,/p t v t is 3-695. The reduced equation was considered by 
Porter: 

n=[&/( 24 >-l)}c 2 - 2 <» (6fl) 

A modified Dieterici equation based on the idea of molecular clustering (§46) 
was used for saturated water vapour by Ray. 3 


' Phil. Mag., 1924. 47. 431. 

rL^ C % Ci ' \ 191 J ' I5e - l884; l9IJ - l57 - "3: MacLeod, Trans. 
Faraday Soc., 1 937, 33. 694 ; 1 944. 40. 439. found r 

3 Roll. Z., 1931. 57. 259; 1935. 73. 269. 
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MacDougall 1 calculated a and b for carbon dioxide by Dieterici’s equation 
(6) from Amagat’s results, finding: 



20" 

40 

60" 

1 

80’ 

1 

100 

137' 

a 

b 

000983 

0 00202 

0 00919 
000221 

0 00852 
000227 

0 00797 
000228 

1 * 

0 00749 

0 00226 

0 00708 
000227 


(The units arc vol. of 1 ml. at S.T.P.= 1 ; b in ml.; a in atm./ml.). Thus, a s 
really a function of temperature; b also varies somewhat with temperature- but 
is almost constant above the critical temperature. Neither a nor b depends 
much on volume. 

Thermal coefficients calculated from (6) are : 

p f a(v— 6)1 

(dp/dw) r *-j^[l- v2RJ . J 


v 2 RT 

(dp/dD.=f(i+^) • 

1 +a/vRT 


<dv/d7%— e' 


H T 


(d£/dv) r = 


ac 


\—a(v—b)/v 2 RT 
rHT Q 


(9) 

( 10 ) 

(U) 

( 12 ) 

(13) 

(14) 


\iv-b)~v 2 ’ ‘ 

C,-C.-*e l —a(v—b)/v 2 R1 + vT 
rd(ptj)"| WKT-anag ^ « ( „ large) . 

[ dp Jr v 2 RT—av+ab RI 

Pinter 3 used the equations: 

(p±r/iA- l )(v—b)=RT-a/v+clv 2 -d/v 3 ±\lt/ , - y 

with the + sign for even and the - for odd values of n. These give a law of 

corresponding states. ........ 

De Boissoudy, 4 to take account of molecular clustering (§ 46). used. 

( p+ac k,T lv 2 T l ' 2 )(v-b)=RT . 

where a , k, and b arc constants. 

Becker, 5 for nitrogen at high pressure (Amagat s results) used: 

p=(RT/v)[\ +(klv)c i,r )—alv 2 +K/v a ’ 2 . 

where, k t k, and p are constants (£=5). If the last term is neglected, k/v put 
equal to x, and 1 +xc*=/, then: 

p=(TI213)pf-ap 2 , 

* J.A.C.S., 1916. 38. 528; “Thermodynamics and Chemistry.” 3rd .edit-. Ne'V' York. 1939. 
16; Shaxby. Phil. Mag.. 1921. 41. 441; Walker, ibid.. 1924. 47. III. 513; 1925. 50. 1.44. 

* MacDougall. J.A.C.S., 1916.38. 528. 

J Ada Phys. Polon.. 1935. 4. 23; Z. Elekirochem., 1937. 43. 66 >. 

4 Compl. Rtnd., 1912, 155, 704. 

* Z. Phys., 1921, 4. 393. 
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where p= l/v, and the equation leads to a critical point. Bridgman 1 found 
good agreement with the equation with his results for nitrogen. Brenner 2 
proposed the equation : 

(p+ct AJT /V t )(V-b)=RT 
where c. A, and n are constants. 

§ 32. Calendar's Equation 

It has been stated (§ 24.VII A) that the Joule-Thomson effect was found 
experimentally to be inversely proportional to the square of the absolute 
temperature, hence: 

rcdv/dr)^- v= r 2 (d/d7)(t;/r)^= c^t/r 2 

where a is a constant. By integration, v/T= — C,pi/7^+const. For T-+co it 
may be assumed that the ideal state is reached, when v/T=Rfp, hence: 

v=RTIp~PIT 2 

where p is a constant. This equation was amplified by Callendar 3 into : 

( v-b)=RTIp-c 0 {T 0 /Tr=V-c (I) 

V= RTfp is the “ theoretical (ideal gas) volume,” T 0 =213 t n is a constant, and: 

c=c 0 (T 0 /rr (2) 

is a '* co-aggregation volume ” which is a function of temperature, and, except 
at moderate pressures, also of pressure. This has been used for steam, but 
otherwise has found little application. It does not lead to a critical state, which 
Callendar tried (§ 3.VII B) to show does not exist for water. 

Callendar started with Rankine’s formula (§ 1), pv=RT-a/Tv and substi- 
tuted pv=RT in the correction term, giving v=RT/p-a/RT 2 . He then 
replaced v by {v—b), and assumed an exponent n in place of 2, giving equation 
(1) if fl//?=c 0 7o". From some theoretical considerations 4 he concluded that: 

n=C*/R (3) 

where C t ° is the limiting value of C w for p= 0. Thus, for argon and monatomic 
gases, «=l -5, for diatomic gases 2-5, and for triatomic gases (e.g. steam) 3-5; 
but for carbon dioxide, /i=2. 

Calendar's equation (1) may be written in the form: 

pv^RT+pib-a/RT*) 

giving the second virial coefficient (cf. (3), § 6) as: 

B p =b—aJRT m (4) 

From (1). pV=RT, where y= v -b+c , hence: 

F(dp/dr).+/*dF/dn,= tf 
F(d 2 p/dr 2 ) r +2(dK/d77 r (dp/dr) r +/Kd 2 K/d7' 2 ) r =0. 

1 Proc. Ainer. Acad., 1923-4. 59. 173 (209). 

2 Proc. Not. Acad., 1929. 15. II. 

> Proc. Roy. Soc 1900. 67. 266; Phil. Mag., 1903. 5. 48; - Properties of Steam.” 1920. 184; 
Ewing Thermodynamics for Engineers." Cambridge. 1920. 318; Smith. Proc. Roy. Soc.. 
l93 , -2. 134. xvih ; Euckcn, in Wicn-Harms. ” Handbuch der Experimentalphysik.” 1929. 
o, I, 404. 

4 Those using Calendar's equation for reduction of specific heats to the ideal state (sec 
9 29) overlook this assumption. 
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From (2). (dK/dr).=(dc/dD,= -/if/7* (5) 

/. (d 2 f'/dr 2 )„=(d 2 c/d7' 2 ) r =/i(rt + IK/T 2 • • • • (6) 

A1S °’ tfpldT)'=(rlT){\+nclV) ,7 > 

(d 2 pldT 2 ) 9 =(pnc/T 2 y)(\ — n+2/if/F)=(/?nr/7'F 2 )( 1 — w+2mv ! t * (B) 

From (1), § 49.1!, since dv=dF when / is constant: 

(dC,/di.) r =(dC,/d F) r =r(d 2 p/dr 2 ).«(*«<-/ I -n+2»c/ V ) 

/. C,= C,°+(RnclV){.n-\-ncH ) < 9 > 

where C,» is the ideal gas value, when V—+<o or P-0. 

Since V= RTIp, therefore 

(dVldT),“RIP ,l0, 

and (d 2 K/dr 2 ),=0. Since: 

(d 2 K/d7" 2 ),=(d 2 u/d7' 2 ),+(d 2 r/d7' 2 ),, 
_(d 2 t-/dr 2 ),=(«J 2 c/dr 2 ),=n(n+l)c/r 2 .... OH 

From (2), §49.11: 

(dC,/d/>)i- r(d 2 t/dr 2 ),-=n(n+l)r/r 

C,-C»+Hn+l)cplT l12 ’ 

where C p ° is the ideal gas value, when p- 0. Also from (I). and (2). S 47.11 . 

(dT./dr),=.R/p-(dc/dD,-«//»+nc/r • • • • < I3 > 

C,-C.-r(d/./dD/do/dD,-R(l +nr/F) 2 .... H4) 
With the special assumption (3). and C'-C'-R. equations (91 and (12) 
bCC ° me: C.= C.«(l+nc/F)(l-e/F) <‘S) 

C,-C,«( l+iic/F) I' 6 ' 

.-. C^C,-y-(C,°/C.»)/(l — c/F)=y°/(l -c/I) . . • <» 7 > 

Since v-b=RT/p-c , therefore: 

(dp/do) r = —p 2 /RT (* 8 ' 

the isothermal elasticity-< r = -t<dp/de),-P 2 t/Kr«pc, I . (19) 

the adiabatic elasticity-«.-y*r-y 0 f«'/l'(l-Wl')=y 0 P‘'/(*-* ) ■ <20) 
For the entropy. (2b). § 3.II, and (1). § 35.11. give: 

ds=c,dr/r+/,dp/r 

and since from (4), § 5.II. /,=/.(do/dp) r , from (5). § 41.11. /,= r(d/>/dr),. and 
(2c), § 5. II, (dp/dr).(d®/dp) T = -(do/dF),: 

dS= C,dr/r-(do/dD,dp (21) 

=(C„°IT)dT+n(n + 1 )cpdT/T ! - (R/p)dp- (nc/ F)dp 
=(Cp 0 /r)dr-(R/p)dp-nd(cp/r) 

S=S 0 +C,» In r-/nnp-(«cp/D .... (22) 
23* 
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For a change of state from (/>,, 7*,) to (p 2t T£: 

AS=C P ° In (T^TJ—R In iP 2 jpi)—n(c 2 p 2 JT 2 —CiPilTi) . (23) 
Put c 0 7’ 0 n =const.=C, then with assumption (3) equation (22) becomes: 


$=$,+(«+ 1 )R In T-R In p-nCp/T B+1 
=S 0 +R In (T"'/p)-nC(p/T" i ) 
and since in a reversible adiabatic change S is constant 

p/T mil = const (24) 

From (1), p(v—b)/T=R—CpJT™* 1 , hence in such a change: 

p(v-b)/T= const (25) 

V'''lp)p(v-b)IT=(v-b)r'=conx (26) 

and by multiplying (25) and (26): 

p(v-b)°" l), ”=p(v-byo = const (27) 

or fP(v—bY+ l = const (28) 

For an isothermal change, from (23): 

AS t =R In (pJpd-iPi-pJnc/T (29) 


q T =RTln(j> l /p 2 )-(p l -.p 2 )nc (30) 

The energy change is given by (3), § 43.11: 

dE=TdS—pdv. 

But 


dv= (R/p)d T— (RT/p 2 )dp -f (nc/T)d T (31) 

dE=(C p °-R)dT+ n [(ncp/T)dT-cdp) 

= C t °dT-nd(cp) 

£= Eq + C 9 °T~ncp (32) 

The work done in an isothermal change is: 

,v r=7r- (AE) T =RT\n (pi/p 2 ) (33) 

the same as for an ideal gas. 


In the application to steam, the values of c at various temperatures are 
calculated and subtracted from the ideal volume V to find the actual volume ti. 
since this is given by: 


v/y= 1 -(c-b)IV= 1 -(c-b)plKT (34) 

it follows that v/V at constant temperature is a linear function of p, and the 
isotherms are straight lines which radiate from the point o/K= I for n=0 

Ld ,h^n Ved ' S0 K Und by Amagat and by Youn ?- howev cr, are curves, 
and the equation cannot be regarded as applying accurately even to steam. 

The results for steam can be fairly well represented by a much simpler 
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equation proposed by Tumlirz,* holding from -6‘ to +231% but not qu.te to 
the saturation pressure: p(v+b) = kT (35) 


where b is a constant-0-008402, and *=3-4348. A complicated formula was 
proposed by Naumann, 2 and another later by Tumlirz. 


§ 33. Wohl’s Equations 


JJ. a 

Wohl, 4 who considered a large number of possible equations, at first proposed 
one with three constants, derivable from critical data: 


(p-c'lv'){v-b)=RT-a'lv . 
or p=RTI(v-b)-a'liiv-b)+c'lv 5 


( 1 ) 

( 2 ) 


where a' and c' are temperature functions, which can be approximately repre- 
sented by writing: b+-w ^ ) ^ /rVK ^ ) . jrr O) 


This form is generally known as - Wohl’s equation." * It reduces to Berthe- 
lot’s equation at low pressures, gives good results at high pressures, and (as i 
contains three constants. *. b, and c) takes account of deviations from the la s 
of corresponding states. The third term in the first bracket in (3) represents 
a repulsive pressure between the molecules, not taken into account by \an dc 
Waals. In terms of the critical constants: 


(4) 


(5) 

( 6 ) 


a—6v*p t T 0 b*=vJ4, c=4i- ( , p, 7 ' < 2 - RTtlP< v 4~ V- V75 

In further investigations ‘ Wohl proposed the formula (r -TJT): 

p=*/?r/(v-6)-ar/i(v-6)+CT 4 V® 1 

and then. [ p +af l (T)lv{v-b)-cf 2 {T)lv>)(v-b)=RT . . 

where a. b, c are constants and f ,(7*) and f 2 (7*) two functions of temperature, 
which as a first approximation are r and r 4 3 , when: 

p=RTKv-b)-a'ITv{v-b)+c'IT 4 

Hcrz 8 compared the results of Bcrthclot’s equation 

pv=RT[ 1 +0-0703(7>,/7»(l -6 T t 2 /T 2 )). 
and Wohl’s equation: 

pv=RT[l +0 0667(7>/7>,)(l -6-MT‘IT 2 )}. 
for various substances at the saturation vapour pressures. With /?= 0 08207 


(7) 


. wun Be,. 1899, .08, «*,«« iT^MunTh vTSCiSuk!™ 
24 670 1265 ; H. Lorenz. “ Tcchmschc Warmclchrc. Munich. 1W.-IX - 

Ciampini. Nuov. Cim., 1912. 3. 101. found this very inaccurate for gases. 

2 Z. phys. Chem 1932. 159. 135. 

i Wien Ber., 1921, 130. II A. 93. 

4 Z. phys. Chem., 1914. 87. 1. ( NVcRSCheidcr. Z. phvs. Chem., 

19 ’~i'' Her, 

1926 32* 31 ; Getokr. Ibid., 1926. 32. 217. All Wohl* papers are interesting and informative 
« Z. phys. Chem., 1921. 99. 207. 226. 234. 

7 Z. phys. Chem., 1928. 133. 305. 368; 1929. 2 B. 77. 

• Z. Elekirochem.. 1926. 32. 31 ; more values arc given in the original. 
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lit. atm./r and v in lit. he found for benzene the following observed and calcu- 
lated values of pv from 0-72 to 43 atm.: 


r k. 

343*2 

363*2 

19 

403*2 

423*2 

463-2 

503-2 

523-2 

553*2 

pv obs. 

27-56 

28*91 

riil 

30*75 

30 98 

31-23 

28-90 

26-66 

20-27 

pwcalc. 

W. 

27*42 

28-59 

29-57 

30*36 

30 97 

31-58 

31-39 

30-97 

29-90 

pvcalc. 

B. 

oatm. 

27-50 

28-60 

29*60 

30-41 

31*04 

31-71 

31-60 

31*24 

30-27 

0*7203 

1-337 

2*300 

3*717 

5-704 

11-91 

22*13 

29-23 

43-12 

RT 

28*17 

2981 

31 45 

33 09 

34-73 

38 02 

41-30 

42*94 

45-49 


Both equations give satisfactory values at lower pressures, but at higher 
pressures there is a deviation, reaching 6 per cent., and there is little difference 
between the two equations. For carbon tetrachloride the results are: 


r k 

19 

373-2 

403*2 

423-2 

443-2 

463-2 

483-2 

523*2 

pvobs. 

E SX 

28-72 

29-83 

30 33 

30 78 

30*15 

29 40 

25-86 

pv calc. W. ... 

27-30 

28-91 

30*10 

30 65 

31*00 

31*19 


3049 

pv calc. B. ... 

27-32 

28 94 

30 15 

30 73 

31-10 

31*32 

EP1 

30-77 

P atm 


1*917 


5 993 

8-738 

12*25 

16*79 

29-49 

RT 

28-17 

30 63 

33 09 

34-73 

36*37 

38-02 

39 66 

42-94 


Similar results were found for many other substances; the results with argon, 
oxygen, and hydrogen were less satisfactory. The temperature T m at which pv 
is a maximum is about 0-8 times the critical temperature (0-77 1-0 -882), except 
for hydrogen (0*584). 


§ 34. Van Laar’s Equation 

Van Laar, 1 by a virial method (§ 42), found an equation in the form of van 
der Waals’s: 

(P+Wi/^lb-Wrl-^ (1) 

in which (a t ) T and (b t ) r arc functions of temperature. If the equation is written 
in virial form (§ 6), pv=RT+B/v, the second virial coefficient is given by: 

... ( 2 ) 

the subscript c denoting a value at the critical temperature, 2 and a is a constant 
which can be calculated from the values of (b t \, ( a g ) t% and B T for one tempera- 
ture. If u r b t arc the values at the critical temperature and pressure, (b )=j> x b t , 
and {<i t ) l = z <foa 0 and if T H is the Boyle temperature (§ 6), for which pi>=const.: 


r = 4>2°, 

B R(b g ) T R{b t \ R<f>\b t 


(3) 


In many cases <£, and S 2 arc approximately unity. The values of a ( and b ( are: 

*=277; 2 /64<273) 2 p„ b=TJ*-m Pt .... (4) 

1 Van Laar J Chim. Phys.. 1916. 14. 3; Proc. K. Akad. Weieris. Amsterdam 1918 21 2 

\l\ " DfczJSSiJSh ,04> 5 V 7, 8,1 9 5 i 05 ’ l34 ‘ ,45: Rec - Trav - Chir ”> '920. 39,215. 

37 ! Vi. D Zus,ands S | ‘nchung von Gascn und Flussigkeitcn.” Leipzig 1924 
- The pressure is assumed to be below the critical value. 
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§34 VAN LAAR’S EQUATION 

Examples of the applicability of the equation arc: * 


H: 


r k. 


I0 6 B calc. 


I0‘ flobs. 


473-34 

37309 

29309 
23709 
169-55 
133-25 
10900 
107-37* 
90-34 
77-89 
68-47 
60-36 
55-77 
33-18t 
20-62 
17-77 
1509 


1278 

934 

657 

588 

225 

95 

6-1 

0 

-65 

-114 

-153 

-188 

-209 

-336 

-467 

-518 

-560 


1280 

930 (aver 
agc)| 

657 
585-90 
244 
112 
7-3 
0 

-80 
-123 
-173 
-223 
-245 

-470 
-490 
-550 


co 2 

TK. | 

10 * B calc. i 

10 * Bobs. 

273-1 

-7041 

-7041 

293-1 

-6313 

-6416 

303-1 

-6000 

-6233 

3<M It 

-5972 

-5952 

313-1 

-5716 

-5851 

3308 

-5268 

-5260 

343-1 

-4997 

-5100 

353-1 

-4793 

-4903 

363-1 

-4602 

-4698 

373-1 

-4424 

-4462 

410 1 

-3857 

-3857 

471-1 

-3138 

-2965 


Boyle point. 


t Critical temperature. 


Van Laar * assumed .ha. b. (wh.ch is 3-5-4 limes .he ac.ual volumc of .he 
mnlirtitari can be additivcly composed of atomic salucs: C (aliphatic) 0 00100. 

equations: w< _ alv=RTHd ,„ W dD-/K A-BT-DT*). 

\np=-AIT-BI\n T+C-DT. 

with 0=1-25; Mlo-a 0 lv„=RA. where is .he eximpotaled “ 

0° K and / n and <? 0 arc corresponding values. This gi\cs a 0 ^AJKi 0 . ^ . 

subtracting from «he value of v'<>o for .he halogen, .he value for .he metal 
in McX was found. 


§ 35. Gas Mixtures 

A theoretical extension of van dcr Waalss equation to a mixture of two gases 
» obtained ‘ by Lorcn.z and van der Waal, The form of the equat.on is 

• Van Laar. " Die ZusunAgtcichun*.'’ (H,) 32 <COi). g 19l6 . 

Van UempLlW. K Akad .»'«<■«■ ■ "»*• 1856; 

* Loren!/, Ann. Phys., 1881. 12, 127. 6W. van i ocr . i 

nr**- f- ^ . m 655. 8 87S; 191*2. .5, *02; Z.phy, Chen , 

Happel, Ann. Phys., 1908, 26, 95. 
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still (p+a/v 2 )(v— b)=RT, where v is the molar volume, but the constants a and 
b are calculated from those of the component gases. If there are N x and N 2 
mols of the two gases, the mol fractions are: 

Xi=NiI(Ni+N 2 ) and x 2 =N 2 l{N x +Nd=\-x ly 
and if V is the total volume of the mixture Lorentz found: 

v=V/(N l +Nd 1 

a=a ll x l 2 +2A l2 x l x 2 +a 22 x 2 2 i (I) 

b = b xx X x 2 +2b l2 X x X 2 +b 22 X 2 2 J 

where the coefficients a xx , a 2 2 , b Ut b 22 are those of the pure gases, while a l2 


and b x2 arise from the mutual action of the gases. 

For the b constant, Lorentz 1 proposed: 

Wi 2 -¥#bn+Vb 2 d ( 2 ) 

whilst van der Waals 1 and D. Berthelot 2 proposed: 

*12 = K*II+*22) (3) 

^=^11*1+^22*2 (3a) 

For the a constant, Galitzine 3 and D. Berthelot 2 proposed: 

«12“V(*II«22) (4) 

V*"V'«n*i+V'« 22*2 (4a) 


According to Braune and Strassmann, 4 a x2 is inversely proportional to T, 
as in Bcrthelot’s equation (§ 29). The additivity of the b value for a molecule 
from atomic values 3 may be approximately true, but the additivity of the y/a 
values 6 is much less certain. 

Galitzine, in an elaborate investigation, assumed an inverse square law of 
attraction and Clausius’s equation (§ 28), and found (apart from a small cor- 
recting factor): 

a \i^V(o x a 2 ), c l2 =y/(c x c 2 ), 

^ 1 2 = v/l(”» i + "i 2 )/ 2 "» 2 ]<* ' 3 <* i , b 2x = y/[(m l +m 2 )/2m x )o' i a 2 , 
where a. x =(v 2 /v x ) 0 , a 2 =*(t> i/r 2 )o. <*'=(^>i + tyb 2 )/2, and m x , m 2 are the 
molecular weights. Morino 7 used the equations y/a=x\/o A +(l-x)y/a B , 
b = xb A + ( 1 — x)b B , where .v=mol fraction of A, and calculated the critical 
temperature of a mixture from these. 

Lcnnard-Jones and Cook 8 calculated the second virial coefficient B (§ 6) 


« See noic 4, p. 718. 

2 Comfit. Rend., 1898. 126, 1703; 1899. 128. 820 (with Sacerdote), 1159. 

J Am \ Phvs •• > 89 °. 4| . Gillespie, y./LC.S., 1925, 47, 305; Euckcn and Brcster, Z.phys. 
Chcm.. 1928, 134, 230; Lorenz, Ibid., 1929, 139, I ; Neusscr, Phys. Z., 1934, 35, 738. 

4 Z.phys. Chcm., 1929. 143, 225. 

, lll 5 1 , G 1 u 1 yc - fbim., 1890. 21. 206; Hcilborn, Z. phys. Chcm.. 1890, 6. 578; Allschul. ibid., 
1893 II. 577; Happel. Ann. Phys.. 1908. 26. 95; Baischinski. Z. phvs. Chcm.. 1913. 82. 86; 

Ams,erdam ' >914-15. 17, 451, 598,606; 1915, 18, 1220; 
1916. 19. 2. 287 295; 19 7-18. 20. 492. 505; 1919. 21. 6*4; Z. anorg. Ghent., 1918. 104, 57; 
Die Zustandsglcichung. Leipzig. 1924, 176-210. 

Y an Laar. 7. r/H>«. Phys., 1916. 14. 3; Chen,. Weekbi, 1918, 15, 1124; " Die Zustands- 
glciehung Leipzig. 1924, 199. and references in footnote 5; Herz, Z. Elcktrochcm., 1921, 27, 
125. 373; Lorenz. Z. phys. Chcm., 1928. 139. 1 ; Herzog, ibid., 1930, 147, 118. 

Sa. Pap. Inst. Phvs. Chcm. R cs . Tokyo. Abstr., 1932. 11, 131. 

.... Pr ?£ Q *7: S ;' C :J 927 : ' l5 - 33 + ( Bca, ' i ® and Bridgeman,y A.C.S., 1928, 50. 3151 ; Beattie. 
ibid., 1929. 51 19 (found B=pm!£(n t yRT with the Beattie-Bridgeman coefficient § 38); 
Edwards and Rosevcarc. ibid.. 1942, 64. 2816. 
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for a binary mixture with mol fractions x and (1— *) by the equation: 

B=B n (\-x)*+2B l2 x(\-x) + B 22 xi . . . 
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(5) 


in which B, 2 depends on the interaction of the two kinds of molecules. 

Attempts have been made 1 to correlate volume changes on mixing liquids 
with a and b values from van der Waals’s equation. 

Kritschewsky and Kazamowsky 2 proposed the equation (A-mol frac- 

t,0n): p=p l °N l +p 2 ‘>N 2 +*N > N ! <p l °-p ! '‘) .... (6) 

where « is a constant, depending on temperature, and this gave good results 
with H 2 +C0 2 and H 2 +N 2 . Kritschewsky and Markov > extended this to 

ternary mixtures: 

P=P\ S N\ +P 2 0 ^ 2 +Pl°^) + a l2^l^ i ^ l ° — (7) 

and this equation gave good results with N » + “»+ C ° I kind wllh 

For a mixture of N. molecules of one kind and N t of another kind, with 
diameters d „ and d„ Ursell * found the state sum (§ 8.IV): 

Z— ( 8 ) 

where V is the volume and 0 is a function given by: 

In <I> 

+* VtM*)* - W.H + • <9) 

where d .=Ud +</,) is the sum of the radii. If the sizes arc the same, d=d t = 
d.„=d, and if N=N.+N,. NJN=x.. NJN=x t : 

In 4> *^(x. +xr,)Hi ”d>) - A +*.)H W’> 2 

or. since *,+*,« I and ^-c-sphere of exclusion of a molecule <§ 2): 

. ,AT» 2 

in 0 — — tyv— 

The contribution of this to the free energy is (§ 8.1V): 

-ATIn0=yVA:71ip^+A(p) » 2 J- 

and the contribution to the pressure, given by -(dF/dl')r (§ 43II >* ,s: 

■(*{?•+*{£•*)• 


NkTi 
V 


> Krcmann, Mcingast, and Gugl. Monatsh., 1914, 35, 1235. 

i Acta Physicochim. U.R.S.S. , 1939. 10. 217 (b.bl.); Kazarnowsky. tbiJ.. 1940. 13. S53. 

1 «5= Fowler. *‘ Statistical Mechanic,” 2nd edit.. 

Cambridge. 1936, 241. 
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The van der Waals co-volume is b=4Nxfrr(d/2y=%Nv, and hence the 
effect of the excluded volume on the pressure is: 

wm 

as found by Boltzmann (§ 2). This type of calculation is full of mathematical 
pitfalls. 1 


§ 36. Fugacity 

The fugacity / of a gas or vapour may be defined 2 as an idealised pressure 
which makes the equation for an ideal gas, from (5), § 44.11 : 


6G,= V i dp=RT6 In p .... 
true for an actual gas in the form: 

. . a) 

dG a = V s 6p=RT6 In / 

• ■ (2) 

in the sense of the exact relation to the available energy change. 
coefficient y may then be defined as: 

The activity 

Y=flP 

Integration of (1) and (2) gives: 

■ ■ 0) 

*nn (/>//>*) =JV,d/> 

. . (4) 

*7- In (///•)= JV,dp 

where />• is a very low pressure, and: J 

. . (5) 

lim f—p • 

p*-*0 

Subtract (4) from (5) and use (6): 

• ■ (6) 

.'. RT \n- = RT In y= lim f(F — F,)dn . . 
P p'-oJf 

• • (7) 


From (7) the fugacity or the activity coefficient may be found (i) by graphical 
integration from the known p, V, T data, the volume residual V 4 — V,=a being 


' Van Ryssclbcrghc and Eiscnbcrg.y.^.C.5.. 1939. 61. 3030; 1940, 62, 451 ; Alfrcy and Mark, 
J. Chcm. Phys.. 1942. 10. 303; Fuchs. Proc. Roy. Soc., 1943, 181, 411; Wannier, ibid., 1943, 
■81 9 409. 

•’ Lewis. Proc. Amer Acad.. 1900, 36, 145 (“ escaping tendency *’); 1901, 37. 49 (" fugacity "); 
Z. phys. Chew., 1900. 35. 343; 1901. 38. 205; Lewis and Randall. “Thermodynamics." New 
226; Gi,, «P ic - J A-CS., 1925. 47. 305; 1926. 48. 28; Randall and Sosnick, 
ibid., 1928. 50. 967; Mcrz and Whittaker, ibid., 1928. 50. 1522 (20 per cent, deviation for 
N: + 3H • to 1000 atm.); Essex and Sandholzer. J. Phys. Chcm.. 1938, 42. 317 (vapours). 

J On this condition see Tuncll, J. Phys. Chcm., 1931. 35. 2885; on fugacities and their 
applications, sec also Gibson and Sosnick. J.A.C.S.. 1927, 49. 2172 (OH 4 +H 2 only to 50 
atm.); Cope. Lewis, and Weber. Ind. Eng. Chcm., 1931. 23. 887; Lewis and Luke, Trans. 
Amer. Soc. A lech. Eng., 1932. 54. PME (8), 55; Ind. Eng. Chem., 1933. 25, 725; Selheimer. 
Souders Smith, and Brown. Ind. Eng. Chcm.. 1932. 24. 515; Brown. Soudcrs. and Smith, ibid., 
JJ* v 5 , 13 : Brown - Lew,s - and Weber, ibid., 1934. 26. 325; Lewis and Kay. Oil Cos J., 
1934. 32. No. 45, 40; Essex and Kelly. J.A.C.S.. 1935. 57. 815 (H 2 0 and C 2 H 5 OH vapour 
mixtures); Keyes J.A.C.S., 1938. 60. 1761; Fischer. Ann. Phys., 1939. 36. 381 (0 2 and N : ); 
Tcmkin. Ada Physicochim. V.R.S.S.. 1944. 19. 163; J. Phys. Chem. U.S.S.R., 1945. 19. 72; 
Olhmcr. hid. Eng. Chcm., 1944. 36. 669 (bibl.); Kirkbride. Petrol. Refiner, 1945. 24, 485; 
JofTe. Ind. Eng. Chem.. 1947. 39. 837; 1948. 40. 2439 (hvdrocarbons). 
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£-A0Hi) * 

from which by integration of (7): 

,n y=n8 S( 1-6 ^) 

which is reasonably accurale for most gases up to 100-200 atm 
Substitution for dp in (7) from van der Waals s equation. 

(p+a/K 2 X y—b)=RT 

gives on integration: 


In y=ln 


RT 


b 2a 
V^b~ RTV 


. (9) 

pressure.' 
. ( 10 ) 

. (ID 


'XV-H 

which, with a and b found from compressibilities, holds for most gase, up to 
^Calculations use u^Uothe 

total pressure (Lewis's fugadty rule) : • 

r —u f o ....... (»A) 

and that Dalton’s law of partial pressures holds: 

Pa-Ha? " 3 ’ 

where P = total pressure. From ( 1 2) and ( 1 3) : 

ya=/a/^-"a/aW-/a 0 /'’«r.<° < 14 ' 

Fugacity along the critical isotherm was considered by Meyers.’ who found 

“ ** ™ 

der Waals co-volume b and the " heat of idealisation L, per mol . 

In 7r=ln [/?r/(K.-6)] + [6/(^-6)](L,+p^-^n^r. 
Krasilshchikov 7 defined the fugacity /by: 

RT\n f=RT\n p+Bp, 

l . R—h—aIRT is the second virial coefficient (§ 6). Up to 100 atm. thi> 

35 « Lewis and Randall, " Thermodynamics." New York. 1923. 226. 

related to the fugacity or escaping tendency. 

* J. Phys. Chem. U.S.S.R.. 1935. 6. 1362. 

• J.A.C.S . , 1935. 57,»2168. 
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integration of fugacity equations by the Gibbs-Duhem equation really assumes 
constant temperature, and Krichevsky 1 criticised Lewis’s fugacity rule. 

By the same procedure as was used for an ideal gas (§ 56.11) it is possible to 
find from van der Waals’s equation an expression for the available energy of a 
mixture (treated as a single gas), and if n=Sn l =n l +n 2 : 

G=n l g l '(T)+n 2 g 2 '(7^+nRT\ln (p+a/v 2 )—2a/RTv+bl(v—b)) 

-nTS 0 (n lt iiJ . (15) 

where 

g. / (n=/c„ 1 dr-r/(c / , 1 /r)dr+//o,-7’5o, . . . (16) 

is a temperature function per mol of separate gas. The entropy of mixing is 
given by S 0 (n lt n 2 ) and is evaluated for the case of large volume V, when the 
gas mixture becomes ideal; in this case (1 1), § 57.11, gives, if A r i=ni/n, N 2 =n 2 /n 
are the mol fractions: 

SWu ^ 2 )= In +N 2 In .... (17) 
Expression (15) differs from that for an ideal gas mixture (6a), §55.11, only by 
the omission of a term nRT In p and by the third term on the right. Hence : 

G—Gi—RTnWn (1 +a/pv 2 )—2a/RTv+b/(v—b)\. 

The logarithm is expanded and the volume eliminated by van der Waals’s 
equation, giving: 

G-G^ n [p{b-alRT)^{plRT) 2 a{b-alRT)) .... (18) 
Following Randall and Sosnick 2 a fugacity f=fpN, is defined, where f is 
the fugacity of a gas j in the mixture and ffi its fugacity in the pure state at the 
same temperature and total pressure. For an ideal gas, f=p h the partial 
pressure, p,=pN h 

The fugacity is supposed to be related to the chemical potential 
f i “(d(7/diii) TiPf „ li . . . (§ 58.11), by the equation: 

fe-Mi-ATh (/#,), 

•• (,9) 

This holds for all mol fractions, including 7^=1, when the left-hand side is 
identical with In (f°/p). By taking differences of the two expressions, and 
putting/=l (for any particular component), it is found that : 

In (/,//,' °N l )=(BN 2 +CN i +DN<+ . . .)/RT . . . (20) 

which was found by Hildebrand 3 to hold for liquid solutions. Epstein 4 gave 
the values of the coefficients: 

B—P[( a \\—2 a \2+a 22 )/RT—(b ll —2b\ 2 +b 22 )]+(p/RT) 2 [(6a ll +6ai 2 +a 22 )x 
(<’nl2RT-b ll )-(6a [l -4a l2 )(a l2 l2RT-b l2 )+a ll (a 22 /2RT-b 22 )) 
G=4(p/RI) 2 [— (2fl n — 3fli 2 +a 22 )(a u /2RT^ b t i)+(3a, i— 4a 12 -fa 22 ) x 

(«, 2 /2/?7'— 6 12 )— (a, , —a l2 )(a 22 /2RT—b 22 )] 
D=3(p/RT) 2 (a 1 1 2<r, 2 +fl 2 2 )[(a 1 , — 2^ , 2 +a 22 )/’2RT— (6 , , — 2Z> , 2 +£ 22 )]* 

» J.A.C.S., 1937. 59. 2733. 

2 J.A.C.S., 1928. 50. 965; criticism by Krichevsky. ibid., 1937. 59. 2733; the fugacity rules 
arc rather crude. 

1 Proc. Nat . Acad., 1927, 13. 267. 

« ‘Textbook of Thermodynamics.*’ New York, 1937, 207; for activity coefficients of 
binary and ternary liquid mixtures, Wohl, Trans. Amer. Inst. Chcm. Eng., 1946. 42, 215. 
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and showed .hat the curves for mixtures of ethylene and argon are consistent 

=5S5=t£THSwS.-irs 

pressure is the sum of the equilibrium pressures according to the equation 

P=P,V +P, 2 =f|(r. Vln,)+HT. yi"i) ,2, » 

where K-toUl volume. ... n 2 =nos. of mo.s 

the characteristic equation of the gas mixture. Then i f, * />; 

gas in the mixture and/ M the fugacity of the mixture, both at the total pressure 

. . . ( 22 ) 


/?rin/,= J (dVldn x -v)*P+RTN x ln/„ 


where N x -* x Kfi X +**> lhc valuC ° f/ " "*** Ca ' CU,a,Cd fr ° m "* 

characteristic equation of the mixture. 

§ 37. Keyes’s Equation 

Keyes 3 proposed the gas equation : 

p-RTI{v-lk^')-AI(v+l)*-RTl{v-S)-AI{v+l)> • • <>> 

where We- is a function of volume and A , A 

pendent of v and T\ for monatomic gases 

Marshall 4 the constant A is given in terms of Dcb>c s q P 

^ory « 43) by: A = 6 „ NrW 

where /V- Avogadro's number, r-electric moment of inertia function. «- 

polarisability, and </«=diametcr of the molecule. constants are 

For mixtures of gases, the same equation is 
functions of the constants of the separate gases, e.g. for a 

A =(/i , v A , +/*2 V A 2) 2 

P=niPi+ n 2&2 

a s=/i 1 a l +n 2 a 2 

/=«,/, +/i 2 / 2 , 

where and „ 2 are numbers of mols (when the constants refer to «,+>■: mols 

i “ Scientific Papers" 1906. I. 155f. 926 ^ 28; phySm RfV . % 

* J.A.C.S., 1927. 49. 1146; see Gillespie. bkL 1925. 47. 3U>. 

1929, 34. 1605; Jcllinck. " Lehrbuch dcr phys.kal.schcn Chcm.e 1933. 106 ; 

?£-- BUAS. *. .40,: 

Keyes and Marshall, ibid., 1927, 49. 156. 

4 J.A.C.S., 1927. 49. 156; values of A for several “STS;. e 0 1100 Kc>esand Felsins. 
* Keyes. J.A.C.S., 1927.49. 1393; Keyes and Burks •'/>«/ ‘/-f* p/ n ‘ , 9 4l 9 863. 871. 
Ibid., 1939. 61. 2457; Beattie. Stockmaycr. and Ingcrsoll. J. Chenu Phys., 
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of mixture), or mol fractions (no. of mols-rtotal no. of mols; when they refer 
to 1 mol of mixture); hence: 

The following are observed and calculated pressures in atmospheres for a 
mixture of nitrogen and methane containing 30*44 wt. per cent, of methane: 


v ml./g. 

0° 

50° 

100° 

150° 

200° 


3° { 


38*172 

44 664 

51126 

57*591 

obs. 

in 

38 077 

44 551 

51 025 

57*499 

calc. 

2° { 

46*812 

56*998 

67- 146 

77*220 

87*281 

obs. 

46*732 

56*817 

66 902 

76-987 

87*073 

calc. 


§ 38. Beattie and Bridgeman’s Equation 

Beattie and Bridgeman 1 proposed the gas equation: 

p=RT(\-<)(v+B)/v*-A/vi (1) 

where A=A 0 (\ — a/v), B=B 0 (l—b/v), c=c/vT i t R, c, B 0 , b, A 0 , and a being 
constants independent of v and T. For mixtures of gases 2 the constants arc 
given by: 

a=Sn x a u B Q =Zn x B QX% b=Zn x b x l .... (2) 
c=r/i,C|, and R=Zn x R J 
where (as above) n, is cither a number of mols or a mol fraction. 

In the temperature interval 0°-200°, with a maximum pressure of 216-254 
atm., the average percentage deviations for the observed and calculated pres- 
sures are given in the following table: 


Composition 

N 2 

69 556 N* 

30 444 CH« 

31*014 N 2 

68 986 CH 4 

29 69 N 2 
70*31 CH 4 

CH 4 

Percentage deviation ... | 

0055 

■a 

mm 

0232 

0 066 


Maron and Turnbull * developed a method of determining the constants of 

' J.A.C.S., 1927, 49. 1665; Proc. Amer. Acad., 1928, 63, 229; J.A.C.S., 1928, 50, 3133, 
3151 ; Z. Phys., 1930, 62, 95; Beattie, Phys. Rev., 1928, 31, 680; 1928, 32, 691, 699 (mixtures); 
1929, 34. 1615 (heat capac. gases, bibl.); Bridgeman, ibid., 1929. 34, 527; Gillespie, /. Phys. 
Chcm., 1929, 33, 354 (C 2 H 4 ); Beattie and Lawrence. J.A.C.S., 1930, 52, 6; Beattie, Proc. Nat. 
Acad., 1930, 16, 14; Scatchard. ibid., 1930. 16. 811; Dcming and Shupc, JA.C.S., 1930, 52. 
1382; 1931, 53. 843. 860; Beattie, Hadlock, and Poflcobergcr. J. Chem. Phys., 1935, 3, 93 
(C 2 Ho); Smith. Beattie, and Kay. J.A.C.S., 1937, 59. 1587 (n-heptanc); Beattie, Kay, and 
Kaminsky, ibid., 1937. 59. 1589 (CjH,); Beattie, Simard, and Gouq-Jen Su, ibid., 1939, 61, 
26 (/ 1 -C 4 H 10 ): Gouq-Jen Su and Simard. ibid. 1939. 61. 926 (C 2 H 6 ); Stockmayer, J. Chem. 
Phys., 1941, 9, 863; Beattie. Stockmayer, and Ingcrsoll. ibid., 1941. 9. 871; Lashakov, J. Gen. 

r U S S R ’ l 941 * ,8 > N °* ,9 - 17 (CHjOH vap.); Brown. Ind. Eng. Chem., 1941.23, 
1536; for calculations, see Hougen and Watson. ** Industrial Chemical Calculations." New 
York. 1931, 63. 

- Beattie, J.A.C.S.. 1929, 51. 19; Beattie and Ikchara. Proc. Amer. Acad., 1930, 64, 127; 

! . ShupC ‘ op ' Cil ’ GiU «P ic and Beattie. J.A.C.S., 1930. 52. 4239; Keyes, ibid, 
I9jo. 60, 1761. 

3 lnd - r "R- Chem., 1941. 33. 408; J.A.C.S., 1942. 64, 44. 2195. 
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.he Beattie-Bridgeman equation front Tern- 

gases have ‘|* f “ n ^Sl^S , rSJS >T eThcoTe tiLl equation ■ for 
pentuie, and this procedure has b«n rciairo^ Thc flvc consUnl$ ft. A 0 . 

■„ r isSASSSSsa » » "« —* ; 

a =AolRB 0 T.. P=clB 0 T>, y=-b!B a . &=alB 0 . 
and thc equation then becomes: 

which compares with the theoretical equation: ' 

ForThTTurpo'"' of Tcchfction't^'lhTtdeal "state! Beattie and Brtdgeman > 

wrote their equation in thc virial form (§6). 

P V=RT+PlV+Y!V 2 +*l Vi () 

with two constants, K and V. (the value of V when 

(v x -v m )nv,-v m )-f 151 

gives very good results for various gases, each line being a. a given '^ature. 
The reduced Beattic-Bridgcman equation * is (»=/>//><• *0 - l #- 

n-W-'-M, -BW-A-IW 161 

where A-AoV-o-l* o). r-W'W ‘ ^ | £ ,* ' ^1 

are reduced constants. It should be noted ,l “‘ ** . /independent of the 

volume, defined by v^RTJp,. The reduced cons.anjs .ndependsn 

nature of the gas) are -V-0 4758. U-0H2T ,*5 «mor leT nearly 

c'=005. Thc results with seventeen gases agreed to - 

to the critical point. The reduced equation is also written in the form 

n=9l(p-<h)-*l<t>o 2 - 

n-WWMi +B)-AW. and B- ft* 1+6/M 

where a and fi are universal constants. 

• Lcnnard-Joncs. Physlea, 1937. 4. 941 : Lc" n * rd - J °"** jn ^ ’^(CCM: Miclicls. Blaisse. 
1937, 163, 53; Michels and Michels. Proc. Roy. Soc. .. 1937.16° 3 i 376. 

and Michels, Ibid.. 1937, 160. 358 (CO,); M.chcls. B„l. and Mtchcls. 
dc Boer and Michels, Physica, 1938. 5, 945. 

1 Ind. Eng. Chem., 1941, 33, 1536. 

> J.A.C.S., 1928, 50, 3151. 

4 /. Phys. Chem.. 1933, 37, 645; 1934. 38. 1091. L Chem.. 1946. 

5 Gouq-Jcn Su and Chicn-Hou Chang. Gou °’ Jcn Su. Pch-Hsi Huang. 

38. 800, 802; Jouq-Jcn Su, Ind. Eng. Chem.. 1946. 38. 803. 9-3. Oouq 1947. 

and Yuan-Mou Chang. J.A.C.S.. 1946. 68. 1403 (gas m.xturo,. Jo.U. M. *. 

39. 837 (gas mixtures). 
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Beattie and Bridgeman 1 gave values of the constants for ten gases, p being 
in atm. and v in lit. per mol; T—f C. +273-13°. 



Ao 

a 

Bo 

b 

C X 10"® 

He 

0-0216 

005984 

0-01400 


0-004 

Ne 

0-2125 

0 02196 

0-02060 


0-101 

A 

1-2907 

0 02328 

003931 


5-99 

H 2 ... 

0-1975 

Ite'i'V-i'rw 


-004359 

00504 

N 2 ... 

1 3445 

0 02617 


-0 00691 

4-20 

o 2 ... 

1-4911 

002562 

0 04624 

« r TTMtl 

4-80 

Air ... 

1-3012 

001931 

0 04611 

-0 01101 

4-34 

co 2 ... 


0 07132 

0-10476 

007235 

66 00 

CH 4 ... 

2-2769 

OOI855 

005587 

-0-01587 

12-83 

(C 2 Hj) 2 0 

31-278 

0-12426 

045446 

HH 

33-33 


§ 39. Miscellaneous Characteristic Equations 

In the following list, letters other than p, v, and T denote constants or (when 
stated) functions of temperature and pressure; R is the gas constant, /V is 
Avogadro’s number, k = R/N is Boltzmann's constant. 

I. Sutherland: 2 

p~RT/v-(b-2KRT)/v(v+k). 

II. Boltzmann and Machc: 3 

(i) (pT+a/v)(v-b/3)=R'(v+2bfl) 

(ii) (p+a/v 2 )[v-b+c/(v 2 +d))=R'T 

where =(1 +aXI -b)/ 273. In (i), 0=0-000874 and 6=0 003283 for carbon 
dioxide. 

III. Reinganum: 4 

(p+a/v*)v>/(v-b)*=RT 

a=fi(v, T ), 6=f 2 (v, T), depending on the space-filling, 0. 

IV. Goebel: * 

(i) P-kJKv-bi-ktKv-ay* 

(ii) p=k l T/(v—b+cp)—k 2 j(v—a) 2 

based on a specific attraction km x m 2 lr*, where m t , m 2 are the molecular masses 
and r the distance. 


> J.A.C.S., 1928, 50, 3133; Dcming and Shupc, ibid., 1930. 52, 1382, for nitrogen, introduced 
a sixth parameter. a', A-A^l-a/v-a'/v*), and found (g., atm., c.c. units) A 0 1528-6, a 
0-2748, a 0-9084. B 0 1-643, b -0 9235. c 2-2 x 10*; ibid., 1931, 53. 843, for hydrogen (mol, 
atm., c.c. units), below the critical density. A 0 124040. B 0 20-22, a 56-18, b -7-22, c 20 X 10®; 
above the critical density. A 0 124040. B 0 17-50. o 56-18, b -19-68. c 20x 10®; ibid., 1931, 53, 
® 60 * f " Nl + 3 U* mixtures, below the critical density (mol. atm., c.c. units), A 0 3000 x 10*. 
tfo 25 03, a 21-36. b -1516. c 16x10®; above the critical density. A 0 3489x102, B 0 21-42, 
« 28-56, b -30 58, e 16x10®. 

2 Phil. Mag., 1893. 35. 211; 1893. 36. 150. 

3 Ann. Phys., 1899. 68. 350. 

* Dissert., Gottingen. 1899; Chen,. Centra., 1899. 11. 955; Ann. Phys. Beibi, 1900, 24. 

I 9 ?’ S u 57 t\ Ann - Ph > s - ,901 - 6 - 533; 1903. 10. 334; 1912, 38, 649; Phys. Z ., 
1901, 2. 241 ; Vogel, Z. phys. Chem.. 1910, 73. 429. 

* Z. phys Chen, 1904, 47. 471 ; 1904. 49. 129; 1904. 50. 238; the second equation does not 
give p as a linear function of T at constant volume. 













5 3» MISCELLANEOUS CHARACTERISTIC EQUATIONS 727 

V. Jarvinen p= k(.RTIv)yvl(-&v- i/bl-a/v 1 '* 

where fc=0-845, b=f(T). and a specific allraclion for like molecules *">*/'' is 
assumed, with n ~ 5 (5-5 for mercury). 

VI. Plank: 7 

p^RTKv-V-aMv-bV+atKv-by-a'Hv-bf+atHv-b) . 

VII. Joffe: * 

p =RTI(v-b)-alv(v-b)+clv(v-br-dliiv-by+elv{v-b)'. 

VIII. Moulin: 4 

p=R( 1 +OLt)l(v-b)-alv*+C(l +<xi)l(v-b) 
where (.-coefficient of expansion, /-temperature centigrade. 

IX. Applebey; 5 Shaha and Basu: 6 

(i) p=—{kT/b)\n [(ti— n/f* 

(ii) P(u-*)=*r(/’ 6 /*D/(e'** T -l) 

where P-p+o/v 1 . The second equation has a formal resemblance to Planck s 
radiation formula (§ 12.VI B). 

X. Schamcs : 7 

p+a/v 2 *=RT((v) 
d=-v 2 diplT)je(\lT). 


where a=rj dd(l/7')„ 

XI. Kohl: » 

XII. Schrcbcr: 9 

XIII. Antoine: 10 

XIV. Vasilev: 11 


r/dwwdryr* + rf(r>. 

v=RTlp+hp 2 lT-alT+c. 
pv =D(P+T). fi=A-Bs/p. 
(RT—pv)v~a—bRT—b 2 RT/v t 


a-fi(T), b=f 2 (T). 

XV. Pochhammer: 12 

„-y»H4,-a,)0 +m- 3«(l +«)W+«) • 

, Z. ,Ay, arm.. .913, 82. 541; .9.4, 88. 428; 19.9 93. ,37. 743; 1921. 97, 445; 1924. 

109,275; 1925,lI6.420;thcequaUonw«appUedtol.qu^s. Can „j.j. R,,.. 1938. 

1 Forschungsarb. Gebiei Ingenieurwes., 1936. 7, 161 . u > J sec ^ 3 VI B). 

16 A, 89, to explain supposed differences of density at the critical point (see *. .Vl 

*4 37; .906. 2. .4. ; hy consider** .he auracions of mom, 

in the molecules. 

3 Phil. Mag., 1920. 40. 197. 

• Phil. Mag., 1920. 39. 456. 
iZ.Phys., 1920.3.255. 

• Monatsh. Math. Phys., 1912. 23. 81 ; 1914. 24. 159. 

• Phys. Z., 1920. 21. 430. 

»° Compt. Rend., 1891, 112. 284. 

— — " ilh Ihc 

observed. 
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7T =PlPo <t>=vlv c , &=T/T„ y=RTJp t v t > a,=(l-2a)/3, 0=3y/8(l+a)— 1, 
H=e!' ll ~ n) , where a and h are constants. The equation is a cubic in v and 
reproduces the critical phenomena like van der Waals’s equation. 



Ethyl ether 

Ethyl alcohol 

/jopentane 

n-pentane 

a 

01 25 

0155 

0-113 

0-14 

h 

028 

0-32 

0-27 

0-29 


XVI. Dubief 1 used for Amagat’s results for carbon dioxide: 

(p+a/v 2 +P/v){ v—b 0 + [c/(v 2 +d )) } = ( 1 -y/v)RT. 

XVII. Maass and Mennie: 2 

(p+A/v 2 )v=RT(l+2r/l), 

where /^molecular radius, /=mean free path, ^=constant. This was also 
written in the form: 

pv 2 -RTv+a-RTP(\ +C/T)= 0, 

where C is Sutherland's viscosity constant (§ 5. VII F), /3=8\/(2fr)r 3 /V/(l + C/7'). 
XVIII. Cooper and Maass 3 (for C0 2 at low pressures): 

pv 2 +a-RTv-RTb(l +KT 0 )/( I +AT)=0, 
or v{\ +KT)(pv-RT)=\T-a, 

where K is the constant of the viscosity equation (42), § 5.VII F,n= WT(\ +KT), 
0=1/7; A =a-«/(0_tf), 

Jacyna 4 used a complicated equation for helium at high pressures, which 
was criticized by Rozcn. 5 Eucken *> took the parachor (sec § 5.VIII G, Vol. II) 
as a basis, and extended it by using Richards’s equation (sec § 4.IX N, Vol. II): 

p+a/i/'=p T +cliP , t 

where p T is the thermal pressure, when two very complicated equations resulted, 
neither of which agreed with experiment under ordinary conditions. 

The characteristic equation of a gas at very high temperatures (c.g. in the 
detonation wave) has been considered. 7 

I he methods of calculating the thermodynamic functions of a gas from the 
characteristic equation follow the lines of § 55.11, but are more intricate. A 
general procedure for a characteristic equation of the form (cf. § 12): 

P m 'T'Kv)-<K*)-f(v, T) ( 1 ) 

where «/*, tf>, and f stand for known functions, is given by Tzu-Ching Huang. 8 

• Compt. Rend., 1925. ISO. 1 164; 1926. 182, 688; 7. de Phys., 1926. 7. 402. 

2 Proc. Roy. Soc., 1926. 110. 198. 

2 Canad. 7. Res., 1932. 6. 596. 

.n™ f ° r,y onc * pa 8 c P apcr:i from ,924 - reference to which are mostly given in J.A.CS., 

1938 . 60 , 555 . 

» 7. Phys. Chcm. U.S.S.R., 1941. 15, 688. 

! u, g sorb Gcbici Ingenieunrcs., 1941, 12. 113; Amer. Chem. Abstr., 1944. 38, 2249. 

• o.-r CW Phys ' ,946 - ,4 - 738 i Brinkley, ibid., 1947, 15, 113; Cook, ibid., 

1947, 15. 518; Paterson, ibid., 1948. 16, 159. 

RtV ” ,93l> 37 * n7I i J A.C.S., 1932. 54. 1024; cf. Wassmuth, Ann. Phys., 1909, 

30 . 381 . 
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§40 THB VIK.At. 

The thermodynamic equations (§§ 48, 54.11): 

(d5/dv) r =(d/>/d7'), 

(d£/dt)) r =7'(dp/d T),—p ,3 ’ 

are used. From (1) by differentiation: 

’ 

and by substitution in (2) and integration : 

5= J^r(v)dt;— J(df/d7') r di> +0( T), 

where «T) is a function of temperature. By substituting (1) and (4, in (3) and 
integration: £=J ^ v)dt , + f[f(t ,, r)-r(df/dD.ldu+a(7-). 

data for gases and vapours are based ; h C | ap ey r0 n-Clausius 

components x-u,y-v i=». Let t ^ and sin ce force-mass* 

d(mxu)ldt=mx . du/dr+».« • d.r/d/ = Xv 
d(myu)/dr- d(m.-»)/d/=Z.-+mn4. 

By integration between <£‘> n ' es ^moHoit'of "the* molecules. 

« — « b >' ' b “ r - ,he SymM - 

are obtained : 

1 f'd(mxu) d> _l r *. xdl+ l (' 11111*41 
T dr rj o T Jo 

/. (m/rKx f w r - VoMo)- ** +'”" 2 - 

1 J. Chtm. Phys., 1942,10,491. y 887; Thomson. iW., 1943. 35. 894. 

2 Cope. Lewis, and Weber, /m/. £>«. Chem.. 1931. * , 870> I4 ,, , 24: Phil. Mag.. 

1 On a Mechanical Theorem applicable • B ncs> •• Thermodynamics." Oxford. 

1870, 40. 122; Villarccau. Compl. 1892 45. W>; Phil. Mag.. 1900. 50. 210; 1905. 

1878, 11; Rayleigh. Nature .189 \ 465i 469 ; 1903. 4. 491; 1912. 5. 238; Mem 
9. 494; » Scienufic Papers. C * 1 *#*^? ^ ri . Ann. Phys.. 1892. 47. 467; Finger. *» Un 
in Maxwell, Theory of Heat, • • , g97 !09 2 05; ** Math, and Phys. Papers. 

Ber.. 1897. 106. II A. ’2.; Larmor • ", * hich l0 draw weighty conclusions ) 


uuroury, nw* — — - , . (/, correction); Polvam. ivww. 

!£c£^ Cbusius b y Jacobi. For -be case ot a 

mixture of molecules, see Lorcntz, Ann. Phys.. 1881, 12. 12 . 


730 


THE PROPERTIES OP GASES 


VII C 


When r is large it seems reasonable to assume that the expression on the left 
vanishes, since u does not increase without limit and x will not do so in the 
case of a collection of colliding molecules. By considering also the other two 
components the three equations: 

Xx+ntu 2 =0, Yy+mv 2 = 0, Zz+mw 2 =0, 
are found, and by addition: 

(X~x+ y>+Zj)+m(i^+^+^)=0 
/. (xZ+Yy+Tz)+m?= 0, 

since c 2 =u 2 +v 2 +\v 2 . Since equations of this type hold for all the molecules, 
their sum is also zero, hence: 

E(Xx+Yy+Tz)+Emc 2 = 0 ( 1 ) 

The expression E(Xx+ Yy+Tz) (or half its value) was called by Clausius the 
virial of the faces acting on the molecules, and (1) is called the virial equation. 
The term Emc 2 is twice the kinetic energy of translation of all the molecules. 

Consider N molecules of mass m of an ideal gas contained in a rectangular 
box of sides x, y, z in the directions of the coordinate axes and with the origin 
at one corner. Then no forces act on the molecules except when they are 
colliding with the walls of the box. With the opposite sides of the box parallel 
to the yz plane and with coordinates x=0 and x=x, the force (with reference 
to the coordinate system) on the left-hand side is p . yz , where p is the pressure, 
and that on the right-hand side is - p . yz (since it acts in the opposite direc- 
tion). By considering also the other two pairs of faces, it is found that : 

Xx=p . yz . 0— p . yz . x 

Yy=p . xz . 0 -p . xz . y 

Zz=p . xy . 0 -p .xy.z. 

Hence the virial js -3 p . xyz--3pv , where v=xyz is the volume of the box. 
Also Emc 2 =Nmc\ therefore -3/»v+ Wmc 2 =0, or: 

p=Nmc 2 /3=pc 2 /3 ( 2 ) 

where />= density, which is equation (13), § 8.III. 

Ray 1 showed that the virial depends on the origin of the coordinates, when 
the pressure may vary with the distance from the wall of the vessel, p=A>e“*\ 
The usual deduction assumes a constant pressure. If an average pressure is 
defined by p=fflpdxdy<lz, the virial of the external forces is (3/2)pt>. 

If the gas is not ideal, but forces act between the molecules, the virial may be 
divided into a part due to forces of collision, which has just been shown to be 
equal to -3 pv, and a part E,(Xx+ Yy+Zz) which now refers only to inter- 
inolecular forces; hence (where the masses m of the molecules may now be 
different): 

£m?-lpv+£ l (Xx+ Yy+Z:)*= 0, 

or pv=iSm^+iZ l (X.y+ Yy+Zz) (3) 

then • he pressure is due only 10 rc P ulsive forces, as Newlon supposed (§ 23.VII A), 

n-=^Xx+ Yy+Zz). 

(Clausius look ihe virial for attractive forces as positive: the convention varies.) 

» Bull. Acad. Po/on.. 1929 , 233 . 
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ThPn if the container and gas expanded to n times its linear dimensions, x,y, 
Ind z are multiplied by n, and as Boyle’s law shows that pv remains constant, 

for a given volume and temperature as we passed from one vessel to another, or 

eV Now 0 c m on 0 side P r ar a l “ 'which' ,te moults 'ha\« EoTkinetic and potential 
en^ Let hem be a pair of moleeules distant r apart, with centres at 
(" and (x-, /. *’). andwi.h a repulsive force which ,s some function of the 
distance, F (r), acting between them. Then: 

X=f (r) . ( x-x')/r t Y=F(r ) . ()—>')/'* Z=F(r > * l: ~ : )>r ' 
the factors of F,r) being the cosines of .he angles betweer, 'he jme jommg thc 
molecules and the coordinate axes. Hence. Xx + X x -N'K* *9. . 
so on; therefore: 

( A-* + Yy +Zz),- [FW/rlKjc-y^+O—y - ) 2 +<-—;'>*] “ flr>r - 
since {x-x)*+(y-yVMz-z-)'-r>. Hence (3) becomes: 

pv-i£m?+$£ZH')' I 4 ' 

where the summation is taken over all pairs of molecules. If the forces have a 

potential, V (sec § 12, IV): _ 

pv - i^me ’ - i<££(d Y/6r)r 

If both attractive and repulsive forces act: 

pv-VmT'+tZZHrV-Vmr)/ (6) 


6 41. The Molecular Force Field 

A deduction of van der Waals's equation by the virial method is possible bu 

r between the molecules and of the type. 

repulsive force =*k x lr f '^ k y r~ n — F, 1 

attractive force =^ 2 /^ =k 2 r m = F t ^ 

appears to be greater the higher the electron density on ,he surfacc ' 

The resultant of the attractive and repulsive forces in the gas. 

kjr”-k 2 lr - 


The Kinetic Theory of 
Statistical Mechanics." 


G ^ h — J %: 

“ &2MS Mag., r . 33. x'n 

» sSK SifeSk-i < t : «$ W-insleln. ,« 

Fh ^^: z' ,k «2S : «**■ * *■ » hcre ,Kias ' k 

collisions and the Ramsaucr effect (5 21 111) arc also cons, deed. 
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may be called the molecular force field, and it is a function of the distance 
between the molecules (an average distance, of course, since the molecules are 
in motion), or, in other words, of the total volume of the gas. 

The treatment of the molecular field is implicit in the theory of Boscovich 1 
(adopted by Priestley, Faraday, Kelvin, etc.) in which material particles are 
replaced by point centres of force , such that an attractive force at relatively large 
distances is replaced by a repulsive force at small distances. Boscovich assumed 
that the force could alternate between attraction and repulsion several times 
as the distance was reduced, finally reaching a very large value of repulsion at a 
very minute distance. A function having this property was devised by Poynting 2 
(mass m distant r from unit mass): 


F=m(r—a)(r— 2a)(r—3a)/r 5 . 

Schofield 3 showed that the cohesion of gas and liquid molecules requires 
forces of the type kjr " and kjr”, and cannot be explained on the assumption of 
rigid spheres. 

The mathematical machinery, over-simplified to bring it within the power of 
the methods of mathematics, assumes that (i) the forces act over distances 
which are rather large compared with the molecular dimensions, and (ii) the 
force is symmetrical about the molecule, considered as a sphere. If it is 
assumed that the force acts only over a distance of one or two molecules, and 
that only binary collisions occur, an equation may be deduced 4 which does not 
agree with the van der Waals expression a/F 2 for the molecular attraction. 
Langmuir 5 extended his view of forces acting in adsorption only over a distance 
of one molecule to liquids, and deduced an equation for the vapour pressure of 
mixtures of liquids which gives satisfactory results, but no important advance 
has yet been made in gas theory in this direction. 

Boltzmann 6 tried to develop a theory of chemical affinity in which forces 
act only from small regions of the surfaces of molecules; this removed the over- 
simple assumption of spherical symmetry, and in Debye’s theory of quadruple 
attraction 7 such directed forces were introduced to explain gas molecule 
attractions, but without real success (see § 43). 


.. ~ I Ro ? er r i°? cph Boscovich. S. J.. b. Ragusa (Dubrovnik), Dalmatia, 1711, d. Milan, 1787: 

ihcona Philosophix Natural* rcdacta ad Unicam Legem Virium in Nature Existentium," 
4to Venice. 1758, 2nd edit., 1763 (xl + 31 1 pp.,4 plates. 4 unnumb. U. of list of B.’s works; both 
editions very rare), 1 T..F 'g. I. plate I; trensl. Brewster. - A System of Mechanical Philosophy,” 
4 no s, Edinburgh, 1822; rransl. edit, (with life of B.) by Child, Chicago, 1922; Lord Kelvin, 
Uclurcs ’ ,904 - SX reproducing an (altered) Fig. 1 from Boscovich’s "great 

Fnl,:n Tm’/T' ,9 t°- l46 ' 607 ; Gil1 * " Ro * cr Boscov ich, S. J. (1711-1787), 
hZiZ Zn l Mo t dcn ? Physical Theories," Dublin. 1941, who mentions (p. 22) the adum- 
bration of Bohr orbits by Boscovich. 

l920 l 72 I 4 aStin8S ’ EnCy ' Rc, ' 8i0n and E,hics " ,909 - 2 ' 203 : Poynting, "Scientific Papers,” 

I [LidLZ!!™ ,928> 5 ' n , 7l: *?* Scirn “’ ,9,6> 43 ' 758 > assumcd a cohesive fora for 
mnnt? n^il P w P , 0rU0n n Edscr - BA ' Co,L Chen '> l922 - «>. turned a fora 

~r, l ° ** En * inecrir 'S. 1933, 135. 439; Phil. Mag., 1943. 34, 433; 

IK ■ ■ 52UFm - ,ndiaa Mad **• l9H 1 A - l05 ' "«*■ 

4 Fowler, " Statistical Mechanics,” Cambridge 1929 172 
2660 C ° // “" / Sy "' POsi ""' 1925, 3, 48;'smyti, and Engel, J.A.C.S., 1929, 51, 2646, 

Ihcorv'nf'-enuSin, I 898 ' 2 ' 177 f - ^dentally. the “modem" 

7 Phys. Z., 1920, 21, 178; 1921, 22. 302. 
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. 'rTs 1 . sw." sss = 

SU °cons,.), finding a po.cn, ia. energy ^ four par = aUo g-vn,^ 


a-* 


( P' 


- . . • • in th^ rurve 17 IV). Quantum corrections were 

the calculation^ of the ioS virial client. 

S 42. Deduction of the Characteristic Equation 

In the present simplified discussion repulsive forces between <he molMules 

a g r.:^ 

^hr^ e f Xn^^s broach 

and then rising very steeply as a repulsion when r approaches cr. 

The virial equation gives: 

Em?+V,+V,+ Vjm <'> 

where V V and V, are the parts of the virial due to the external pressure the 
repulsive forces, and the attractive forces, respectively. 1 For 1 mol of gas ( 5). 
§ 8.111, gives Nm?-3RT. and V p has been shown in 5 40 to be -3pv, hence 

3RT+V,+ V.-=3pv < 2 ' 

The calculation of V, and V. may be made as follows.* 

cules, numbered 1 and 2. of the gas a, a given , ,3 The 

(X, v. r.) and B (x 2 , yi . *?) in the coordinate system, distant r apart. Inc 

component of the forced the directions x, * and * 

the forces in the direction of r (the line joining the molecules) b> the cosines 

the angles which r makes with the axes. nan .«> fT 

The total virial of the repulsive forces has been found in * 40 to be (Hr) F). 

(3) 


V,=ZZrF, 

Similarly, the total virial of the attractive forces is found to be: 

V.=2ZrF s 


lRT+ZZrF,+ZZrF 4 =lpv 


(4) 


where the sums are to be taken over all pairs of molecules. 

The number d N of pairs of molecules which at a given moment ihcjr 

centres lying between the distances r and r+dr ,s found ^ follow s^ltxso 
spheres of these radii are drawn around the center of each of the * mduu 
of the gas. the volume between the spheres « d(jA^- )- 4 ^r dr and the 
probability that the centre of any molecule is in the space 47,,-dr belonging a 

> Proc. Roy. Soc., 1947. 189. 118. . 

2 Thcsignof^isnega/.trifthatof^^ 

> Rcinganum. Phys. Z. 1901. 2. 241; Ann Pins.. 1901 6 533. 549 l >0 10 4. 

28. 142; 1912. 38. 649; see the criticism by Kohnstamm. J. Chun. Plus.. 1905. J. 

4, 102. 
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second molecule, when there are no forces between the molecules , is ^nNr^rfv, 
where v is the total volume of the vessel, and it is assumed that the molecules 
occupy an inappreciable part of this volume. Hence, the number of pairs of 
molecules required is found by multiplying by (N— 1)~N and dividing by 2: 

dN'=2nN*r*<lrlv (6) 

When there are forces between the molecules, Boltzmann’s equation, § 19.III, 
shows that: 

dN= (2nN 2 r 2 ! v)c~ < ^ k r d r ( 7 ) 

where e p is the potential energy of a molecule resulting from the joint action of 
F t and F a at a given point. 

The virial sums may be replaced by integrals: 


'JttN* f® 

EErF,-— r 3 />-V* T dr . . . 
v 

... (8) 

2 nN 2 f • 

£ZrF g -— I r^-V^dr .... 

(9) 


From the assumed nature of the repulsive force, the upper limit of integration 
in (8) can be replaced by a, since beyond this distance the force is inappreciable. 
Also (since potential energy = force x distance): 


'j-J/A+JV 


( 10 ) 


which is to be substituted in (8) and (9). 

In the case of (9), since only the attractive force need be considered for 
r>o, only the first term in (10) need be taken, and the integral in (9) must be a 
function of temperature only (from the factor \/kT in the exponential), 




(ID 


The case of (8) is more difficult. First replace <o by a in the upper limit of 
integration: 

ZZ,F,=~r ,J/^-V*r dr 
V J 9 -6 

Since a-8 and o are very close together, r 3 can be replaced by a 3 (constant) 
and taken outside the integral sign: 

ZZrF.Jl^f’ Ffi-VTdr. 

In evaluating the integral, substitute from (10): 

r=j° F/r *** . e'WM-dr, 

where 7,=J F s 6r and / 2 =jV f dr. 

Since 7, is a constant, and y,/A=const.=C: 

f F,e~V* r =e or f° Ffi-»* T dr. 

J—9 Jc ~0 
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fV,dr=>\ -F,dr=dy 


J e ~ ,lkT dy=j c~' kT dy=kT 

(since for r=o, y=0, and for r=a-h, >•— <o), 

2Xrf,=(2irA' ! o J /t>)C c ''.*7'=(2nA , o' 1 i')e' :r RT ■ - ,,2) 

The volume of the molecules is JwW(*»/2) J =Mro J /6. Pul 

4 . (Aftra J /6)=*' ,,3 » 

£ErF,=(iRTb'lv)e aT < l4 > 

From (5), (11), and (14): 

pv=RT(\+b‘t aT lv)+Q.nN*p'>W,T) .... US) 
which is Reinganum’s equation. It can be written as: 

lp-(2^liv^yHT))vm+ye CJT lv)=RT. 
and by division and the assumption that b't aT lv is small compared with 1 : 

(p-(2nW*/3t^#n]<t-fr'e c ' r )=*r ■ ■ • • < 16 ' 

which becomes identical with van der Waals s equation: 

(p+o/t»)(«— b)-RT < l7 > 

if 2 t rAfWD/3 and b-bc aT . These, however, are both unknown 

functions of temperature, and not constants as assumed in (17). 

Now return to (7); multiply by $rF(r). where F(r) may be taken as 'he net 
force acting between the molecules, and integrate over all values of r. then. 

i ££F(r ) . ,-^J"r>F(r)e-V"dr 

JnN* C- ±r c -.p. r dr . 

3v Jo dr 

Equation (5). § 40. with i Zmc>=NkT=RT per mol then becomes: 

“ 

By integration by parts this can be transformed into: 

Pv=Rt\\-2"^ (e“V* r -l), 2 drJ ^ ,9) 


since 


J"(l -e-*r»i>2dr» - 3^.J V'r * r (d*,/dr)r'dr. 


> The upper limit may be taken as =o. since all intennolcculai h (»«*s vanish 7ong beta*** 
volume is reached, and ihc rest of the integration contnbutcs nothing. .™ c ‘Tl 1 , 
actually, be a. the distance between the molecular centres on contact. Keyes. J.A.C.5.. . 

50. 930; on the integrals see Coulson, Proc. Canibr. Phil. Soc.. so. -iu. 
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and by comparison with the equation giving the second virial coefficient 1 B: 

pv=RT(\+B/v ) (20) 

(where B=b—a/RT according to van der Waals, but where a and b are really 
functions of temperature) it follows that: 


5=2irwJ’(l-e-V» I > 2 d/- 


In general, c,=c r — where r and a refer to repulsions and attractions, respec- 
tively. For rigid spheres with an attractive force, and with a minimum distance 
/•„ between the centres: 


B = i 0 +2 I r/vJ"( 1 - t^ kT )r*4r 
a=2irNT ly^r . 


and the temperature dependence of a is explained by swarm-formation. At 
high temperatures kT^>e a , and 


=(2vN/k)j' —€/ 2 4r 


is then independent of temperature. 2 For rigid spheres of diameter d sur- 
rounded by an attractive force field proportional to r~* Kccsom 3 found 


*> 


where c is the work done in separating to an infinite distance two molecules 
initially in contact. 

Lcnnard-Joncs 4 assumed the force field X/r JI —p/r m , and found: 

*"T FW (i=I-— ) (26) 


m r (yi-i)A ri t *- |)/fa - 11 

y (m-l)^n A J 


n r x(m— l)-f/i-4 ~ 
n— 1 

A:![Ar(m— I)— 3J " 


x(;u-l)-3 ' 
n— 1 
x!(n-I) 


. ... (28) 


. . (29) 


1 Collins and Keyes. J. Phys. Chcm., 1939, 43. 5, wrote this in the form p=*RTI(v-B), 
which is equivalent to the above as far as terms in 1 /v*. For the third virial coefficient, see 
dc Boer and Michels, Physica, 1938. 5. 945; 1939, 6, 97; 1940, 7, 369. 

2 Bricglcb, Z. phys. Chenu, 1933. 23 B. 105; for further consideration of this type of 
approach, sec the brief summary by Orr, Ann. Rep. Chem. Soc., 1940, 37, 28. 

2 Proc. K. Akad. H'ctcns. Amsterdam, 1912, IS. 256, 417, 643; 1921, 23, 939, 943; Comm. 
Leiden, 1912, Suppl. 24 b, 25. 26; Phys. Z., 1921, 22, 129, 643; 1922, 23, 225. 

4 Proc. Roy. Soc., 1924, 106, 463; Lcnnard-Jones and Cook, ibid., 1926, 112, 214; Lcnnard- 
Joncs, Proc. Phys. Soc., 1931, 43, 461; section in Fowler, “Statistical Mechanics,” 1929, 
Chapt. X; Keyes, Chem. Rev.. 1929, 6, 175; Lcnnard-Joncs and Devonshire, Proc. Roy. Soc., 

1937, 163, 53; Corner and Lennard-Jones. ibid., 1941, 178, 401; Hasse and Cook, Proc. Roy. 
Soc., 1929, 125, 196, worked out the case m= 5. n=9; see Wheeler. Trans. Nat. Inst. Sci. India, 

1938, 1, 333; Powell, Rep. Progr. Phys., 1939. 5. 164; Linnett, Trans. Faraday Soc., 1940, 36, 
1123; 1942, 38. 1 ; Orr, Proc. Cambr. Phil. Soc., 1942, 38, 224. 
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r denoting the gamma function (§ 54.1), and x\ is factorial x 

° r.:. - frtr hMnim r 
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fon e wUh g e^r= £755 *?££ 

(chosen for convenience, as the integration is then simple) and there is agree 
ment except for one point.' There is also agreement with the pairs <n. m) of 
(9 5), or (11, 5), or (11,6). Lennard-Jones and Devonshire showed that such an 
equation qualitatively represents the critical phenomena. 

§ 43. Dipole and Quadrupole Fields 

An electric dipole consists of two equal and opposite charges +e and -e 
separated by a distance /, and the dipole moment is g-el. By considering a 
random arrangement of dipole molecules, van der Waals. junx. obtained for 
the attraction virial an infinite series with 1 IT in the first term, agreeing with 
Berthelofs equation (§ 29). Similar series were found, with other 
by Ornstcin.’ Keesom * considered the case where the molecules are rigid 
spheres with a permanent electric dipole of moment m at the centre “ ch ' 
obtaining again an infinite series. The mean interaction energy between a 
pair of dipoles having free rotation and with random orientation of axes is 

i i rfkTr* <» 

which has the correct dependence on r according to modern views (§ 45), but 

would not apply to non-polar gases. - 

Debye 5 considered the interaction between dipoles of moment m.-" 
induced in molecules of polarisability a in an electric field F. and found for the 

mean interaction energy: ? 

c f s— 2ap, 2 /' 6 

again giving the correct dependence on r, but numerically too small. Falkcn- 
hagen 6 also considered the attraction of molecular dipoles of electric moment p, 
and found for the second virial coefficient: 

B = (2n/3)/V</'{l-[6,(e/7')+W®/r) I +6j(®/r) > + • • •)> 

where r/- molecular diameter. 0-nVM. and b„b>. 6„ . . .are polarisability 
coefficients. Although Eucken and Meyer ’ found remarkable agreement with 
this theory with measurements of the vapour densities of some organic com- 
pounds, the latter had non-polar molecules in many cases, so that the result is 

not particularly significant. . f . • 

A theory of molecular attraction depending on the interaction of el cctnc 
quadruples was worked out by Debye.* He considered a molecule with 

■ In this case, the experiments may be in error and the theoo- correct: see Anlilogofr. 
Thesis London. 1932. 140. 319. 364; Partinglon. Phys. Z.. 1933. 34. 289. 

2 Proc. K. Akad. We tens. Amsterdam. * 27; ^ « 4*' 446 ‘ 

1901, 9, 46; 1908. 17. 130. 391 ; Ann. Phys. Beihl.. 1901. 25. 346; 1909. 33. 48 446 

3 Dissert.. Leiden, 1908; Proc. K. Akad. Wetens. Amsterdam *908-9. 11. 116. 5*6. 

4 p roc . K. Akad. Wetens. Amsterdam. 1912. 15. 256. 417. 643; 19-1. 23. 939. 943. Cm"* . 
Leiden, 1912, Suppl.246. 25, 26; Phys. Z 1921 22 129. 

had been considered by Rcinganum. Ann. Phys.. 1901 6. 533. 549. 1 WJ. iu. 

II. 132. 315; 1912. 38. 649; Sutherland. Phil. Mag 1902. 4. 625: for Keesoms theory, see 
Holst, Proc. K. Akad. Wetens. Amsterdam. 1917. 19. 932; Comm. Leiden . Suppl. 41 /. 

3 Phys.Z., 1920, 21. 178; 1921, 22. 302; Jona. ibid.. 1919. 20. 14. 

6 Phys. Z.. 1922. 23. 87; Zwicky. ibid.. 1921. 22. 449. 

• P/b^Z.f1m l 2? , 17«l , ?92i. 22. 302; Keesom. Proc. K. Akad. J? U 2?633 : 

1921,23.939,943; 1922.24. 162; Phys.Z.. 1921.22. 1. 29. M3 1; Schnuck. 633 ‘ 

Syrkin, Z. phys. Chem.. 1929, 5 B. 156; Margenau. Rev. Mod. Phys.. 1939. 11.1 (bibl.). 

A.T.P.C. — 24 
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charge e k at a point with coordinates £*, rj k , £*. The potential V due to it at a 
point at a distance r, with coordinates x, >», r, was expanded 1 into a series of 
powers of \jr and summed over k: 

+ +^W* + -?&&&] + (1) 

The first term is the Coulomb potential due to point charges, the second is the 
potential due to dipoles; both of these are assumed to be absent, so that only 
the third term, representing the potential due to quadrupoles, is taken. 

The system of coordinates may be laid in the molecule so that: 

*>£*)*=**&=*£&= 0 ...... ( 2 ) 

and the molecule is then characterised by three principal electric moments of 
inertia: 

#i=2>jr£* 2 . 9 2 Se k ij k 2 , 9 3 =£e k Z, 2 .... (3) 

A quadrupole in general has three principal electric moments of inertia; it 
requires at least four charges. The simplest arrangement is a linear one, which 

has one electric moment of inertia. The charges 
are supposed to be arranged on the x axis, a 
charge -2* at the origin and two charges +e at 
distances ±a from the origin (Fig. 1 la.VII C). 
Then the coordinates of —2e are £=q=£=0, those 
of the charges +e arc £\=a t £ 2 =— 0 , *?=£= 0. 
Hence S^Ze^etfS+ti^-lexO^ea 2 . The 
arrangement — e+2e-e gives 9 { =—2ea 2 . In this 
case, 9 2 =0 )=0. 

An arrangement giving three moments is shown 
in Fig. 116.VII C. There are six positive charges 
+e at the ends of three axes and a negative charge 
—6e at the origin. If AB=2a, CD=2 b, EF=2c, 
then 0 J = 2ea 2 , 9 2 =2eb 2 , 9y=2ec 2 . Although a 
dipole is oriented in an electric field, a quadrupole 
experiences no force or turning moment in a uniform 
electric field. 

If A, n denote the dipole and quadrupole moments of a molecule, the mutual 
energies are: 2 

1. dipole-dipole E u — — (A,A 2 /</ 3 * )(2cos 0, cos 0 2 — sin sin ^ 2 C0S ^)« 

2. dipole-quadrupole E u =—{}\^ 2 l2d^){—2 cos 0j cos 2 0 2 -fcos sin 2 ^ 2 + 

2 sin 0j sin 0 2 cos 0 2 cos 4>) t 

3. quadrupole-quadrupole £„=(— 3 /x,/x 2 /4</ 5 )(1 — 5 cos 2 0,-5 cos 2 0 2 — 

1 5 cos 2 0 1 cos 2 0 2 +2(4cos 0, cos 0>— sin 0, sin 0 2 cos<£) 2 ], 

1 Maxwell, *' A Treatise on Electricity and Magnetism." Oxford, 1873, 1, 157, 3rd edit., 
Oxford, 1892, I. 194. 

- Schmick. Phys. Z., 1928, 29.633: on dipole, quadrupole. and octupole fields, see Zwicky, 

Phvs. Rev., 1921, 22, 449; Kirkwood. J. Chem. Phys., 1934. 2, 351; McMeckin, Cohn, and 

Blanchard. J.A.C.S . . 1937. 59. 2717; Moclwyn-Hughcs, "Physical Chemistry'.” Cambridge, 

1940, 95. 



Fig. II. VUC. Two simple 
Quadrupole Systems 
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where r/=distance of molecular centres. 8, and 8 2 =angles between the molecular 
axes and the x axis, and angle which the plane containing the axis of The Bnt 
molecule makes with the plane containing the second molecule and the * axis. 
The average energy is then found, for all possible orientations (dr=sm 8, 

sin 8 2 d8 ,d8 2 d« as : £= ^r Arj Je — r dr . 

The field due to the quadrupoles is given by F=-bVI'or and F 2 (the mean 
square of the field) was shown by Debye to be 3 i 2 {r , where: 

T2= e 1 2 + e J 2 + 0,2_(e,0 2 +e 2 e 3 +e ) 0,) ...(*) 

If there are N molecules per cm.> the mean square electric intensity in the 
interior of the gas is: 

r 2 mNj~*nrH3r 2 lr»)dr-0 l”IS*Nr 2 ld 2 ) . . . . (S) 

where d is the molecular diameter. If a molecule of polarisability « is brought 
into this field, its potential energy would be -&F 2 if it did not contribute , o 
the field, but as it polarises all the other molecules the work done is twice this 

CX lf C thcre n are N‘ molecules in a volume t>. N=N’/v. and if a further d N‘ mole- 
cu!Is are' added Z work done is -(.2W5)(«r^,(N dM7r). and the to£ 
potential energy due to N molecules in a volume t, is found by integration i to . be 
-A/v. where A=(.(mlS)(ar 2 ld 2 )N 2 . Comparison with the van der \Saals 

expression -a/. gives: . ,6, 

which gives too large a temperature dependence of a. The polarisability * is 
found from the molecular refraction R L by the equation: 

« L = (n2-l)/(/i 2 +2).(M/p)*(4»r/3)/Va (7) 

which is true for infinite wave-length; hence: 

a =(9/10)K L yVT2/</ 5 (8) 

The determination of r is no. so simple. Debye ' ca'cula'ed it .from the 
broadening of spectrum lines, and assumed r=e(10 ) -5* MO where 

electronic charge. The value of 6 was taken from van der Waals as four 
times the volume of the molecules, viz. 4/V(4W3)(rf/2)*-(-»/3)M/-. 

The wave-mechanical theory (§ 45) assumes that inert gas molecules are 
symmetrical, and hence they cannot have quadrupoles. A comparison with 
experimental data also shows 2 that neither Keesom s (d pole) nor Debye s 
(quadruple) theory applies, and the present theory of molecular a< ractmn is 
based on a theory due to London, » in which it is supposed to be due to a wave- 
mechanical resonance phenomenon. 

§ 44. Wave-Mechanical Theory 

The resonance attraction has been described 4 as due to *' a sympathetic 
fluctuation of the electron space clouds of the two atoms, which produces m 

! Z°Phyf' i9M « Z'm: .««. 33 B. 8: Wohl. Z. - 

Chem., 1931.' Dodensiein Fes,b.. 807; Muller. Proc. Roy. Sac.. 1936. 154. 624; Buck.ngham. 
ibid., 1937, 160. 94; Margcnau. Rev. Mod. Phys., 1939. 11. 1. . )v .,, 

« Lcnnard-Joncs. Trans. Faraday Sac.. 1932. 2*. 333; Randall J 
2106; Dushman and Seitz. ibid.. 1937. 41. 233; Bcnumof. Amer. J. Phys..\ 948. 
lion for non-symmcirical field of Hi and D?, sec dc Boer. Physica. 1942. 9. 363. 1943. 10. 357. 
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the atoms effective dipoles tending to move more in phase than out of phase.” 
The resonance energy is (§ 45): 

*,= -(3/4 )h V 0*li* (1) 

where a is the polarisability and v 0 is the frequency of the oscillating dipole in 
its lowest energy state. London identified hv 0 with the ionising potential V, 
and found: 

“(3/4) V fit r 6 (2) 

which holds only for r 3 > a. The second virial coefficient is then: 

^=(2W3)/ve/3[i-^ J (e/r)—r2(e/7i2— r3<e/r) 3 — . . .] . . (3) 

where 0=(3ot 2 /4 r 0 *k)hv 0 , and /,,/ 2 , ... are numerical coefficients. For two 
inert gas atoms the full expression for the potential energy is: 

< =_(3/477)(A/r 0 6 Xe 2 /'”) 2 ^/yoAo/(^;0^*o(^o+‘ i *o)] • • (4) 

l * 

where e and m are the electronic charge and mass, j and k relate to the excited 
states of the two atoms, f n and /„> are the fictitious oscillator strengths in the 
dispersion theory, and w yo and w*o are the transition frequencies from the ground 
state 0 to the excited states; and k. 

A simplified form of London’s theory proposed by Slater and Kirkwood 1 
replaced the attraction potential (2) by: 

*,=—7 07 X 10 _,2 a J 2 /i* 2 /r 6 volt (5) 

where // is the number of electrons in the outer shell of the molecule; this usually 
gives much higher values than (2), even when the dispersion energy V D is used 
instead of the ionisation potential V,, as was proposed by London. 2 London, 
and Wohl, 3 substituted for the repulsion potential the rigid co-volume b 0 , 
which is a good approximation for high temperatures, and if the characteristic 
equation is in the form pvlRT=\+B/v, the van der Waals second virial 


coefficient is B=b—a/RT. From (2) and (5): 

o=H52x 10 S4 tt 2 IVAo (6) 

<i= | 084 x 10 4, a J 2 n ,/2 /6 0 (7) 


(V in volts, b 0 in cm.tymol, a in atm. (cm. 3 /mol) 2 ). London put b 0 =RTJ%p l 
(§ 7) and compared the values of a from (6) with the van dcr Waals value (§ 7), 
a—21R 1 T l 2 lbAp 0 obtaining agreement not only with inert gases but also with 
dipole gases such as HCI, within the rather large (up to 50 per cent.) limits of 
error. 

Wohl pointed out that the van dcr Waals b 0 value is too small (probably in the 
ratio 0*75: 1), and if the value 46 0 /3 is used, the calculated a-values are (except 
for H 2 and He) smaller than the empirical; the agreement is improved when 
V n is used instead of V,. but formula (5) gives still better agreement. 4 

The value of the second virial coefficient, with Slater and Kirkwood’s value 
for the interaction energy, is given by (3) with 0=9-42 x 10 -2 a J 2 n l 2 Jr 0 6 k. 

1 Slater. Kirkwood, and Keyes. Phys. Rev., 1931. 37. 682; Kirkwood and Keyes, ibid., 
1931, 37. 832; Slater, ibid, 1931, 38. 237; Herr/cld. ibid., 1937. 52. 374; van Arkel and dc 
Groot. Physiea, 1932. 12. 211; Rec. Trav. Chim., 1932. 51. 1081; Berger. Z. phys. Chem., 
1935. 28 B. 95; Herzfcld. in Geiger and Schecl, “ Handbuch der Physik." 1933. 24. ii, 162; 
sec also de Boer and Michels, Physiea. 1940. 7. 369; Ninii. Ann. Acad. Sci. Fenn.. 1940, 55 A, 
No. 8 (liquid mixtures); and for B n for mixtures, Beattie and Stockmayer, J. Chem. Phys., 

1942, 10. 473. 476. 

i Z. phys. Chem., 1930. 11 B. 222. 

' Z. phys. Chem. 1931. Bodenstein Fesib., 807; 1929, 2 B. 77. 

* This is more practical, as it contains only two magnitudes, which are known for many 
substances. 
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§45 

6 45. Van der Waals Attraction 

The wave-mechanical explanation of van der ^forcfcs. " lcria , 

tion of a temporary dipole of moment proportions it o F «.e. M 
constant « is the polar isability. The energy of polarisation is. 

A t 




■J>— £ 


aFdF=-i «^ 2 


Ml 


+ T 

jc— o r --» | 
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*€■ 


R 


+ T 
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Flo. 12. VII C. Attraction between two 
Linear Harmonic Oscillators 


j»tSjr=S5tssasaKffi2K 

positive ends; R is supposed to be very 

large compared with a , and a 2 . Tne ! ' 1 

mutual potential energy of the system is: 

K-«2lI/(il+fl2-«i)- | /( il +2a) ... 

— 1/(F— <i|)+l/^l • (^) 

since e limes each term in brackets gives 
the potential, and this multiplied by * 

■»* ” * 

binomial expansion (§ 33.1) is possible. 

(l+a2W" , = l - fl 2/*+( fl 2/* )2 ” (a 2 / * ,3+ • • ‘ 

(l-o,//?)- , = l+fli/l ? +( <| i/ /? ) 2+(a| * )i+ ' • ’ 

By neglecting terms beyond the squares, it is found that: 

V^-le'axailR' <3) 

\k(ai 2 +a-> 2 ) and if Pi, Pi are the momenta the kinetic energy (9 • 

(l/2fO(Pi 2 +P2 2 )» where V -' is thc rcduccd mass (no1 lo ** C ° n USC ** /4 ‘ 

dipole moment). The total energy is: 

E=T+v=(\l2 t i')(p l 2 +P2 2 )+l'lM a r +a22) - 2e ' a ' a21 * * , 

The last term in (4) corresponds with an interaction energy, l or large y‘Ui^ 
IfVthe lasMerm te negligible and the system consists of two isolated oscillators 

of frequency (§ 7.V): l#=(|/2ffK ,*,„•> '5, 

For smaller values of R the field due to each oscillator acts on thc other one. 
and if a is thc displacement, (1) gives: 

\ka 2 =i*F 2 161 

i Thc treatment follows Bom and Goppcrt Mayer in G h a * No w *Y o rk!^ I* ^3 
Physik,” 1933, 24. u, 750; Dushman. - Elements of Quantum Mechanics. ™w 

220; Margcnau. Rev. Mod. Phys.. 1939. II. * •>■>■>. Ha$$e Proc. Cambr. 

1 London. Z. **».. 1930. 63. 245; Z. rfljOj-j. ^^ Jz VesVfor c^ns.on to sym- 
Phil. Soc.. 1931, 27. 66; Fripiat. Bull. Acad. Rny.Belg.. IV47. ax. *o:>. 

metrical tops, see Carroll. Phys. Rev. 1938.53 ^310. 

i On these terms, see Margenau. J. Chem. Phys.. 1938. 6. 896. also * 
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and since the dipole moment is 

p=a e =(tF (7) 

«=* 2 /* (8) 

Now introduce new coordinates 1 in place of a x and a 2 : 

0i* s O/V2X®i+* 2 )* ?2=(l/V2Xtfi— ^ 2 ) ... (9) 

.*. fl|=(l/\/2X?]+?2), *2=(1/\/2 )(?i-? 2 ) . . . (10) 

2tfifl2=«7i 2 -?2 2 (11) 


From the momentum equation, p= t i'v=n'a (where d=da/df). Let P be the 
momentum in terms of the q coordinate: 

/ > i“M'?i=0*7v'2X<i l +fl J )=(l/v'2Xp,+p 2 ), 

Pl 1 +P2 2 =il(j’,+P^+U>,-p 2 ) 1 ]=P, i +P2 i , 

£=(l/2 M 'Xp, 2 +p 2 ! )+(i/2-<J/Ri) 9l 2+(*/2+<!/^ , )?2 ! 

from (4) and (1 1). The energy is separable into two terms corresponding with 
two new modes of vibration: 

*'! = (l/27r)v , ((£//0(! —2e 2 /kR*)\ and v 2 =(l/2ir)V[(*//0(l +2e 2 /kR>)) (12) 

By putting 2e 2 /kR i =x, which is small compared with unity, using the expan- 
sions (I), § 33.1: 

(1— x) ,/2 «l— x/2— x 2 /8— . . . and (1 +x)'"=\ +x/2-x*/S+ . . . 
and comparing with (5): 

1 /k( 2e 2 e* \ / 2e 2 e* \ 

1,1 2ttV m ; V *a j • • 7~ *7f5 — • ) (U) 

1 l k I i. 2 * 2 \ / 2* 2 * 4 \ 

1 ' 2 "2wVf.T + */i J <I4) 

For a single oscillator, from (4), § 16.1V, £.-*»*(«+*), hence for the two 
oscillators: 

£*,»., = ^ v , (/i , + }) + h v 2 (n 2 + i) 

f 2* 2 e 4 1 

= A-o[n.+n 2 +l-^ J (/i 1 -n 2 )-2p^(/ I| + n2 +l) + . . . j . (IS) 

For w,=w 2 = 0, with (8): 

^oo= Av 0 (l — e 4 /2A: 2 /? 6 )= Ai' 0 ( I — a 2 /2/? 6 ) .... (16) 


The coupling energy is, therefore: 

AE=z-hvtfL 2 l2R*> (17) 

and the attractive force (shown by the negative sign) is: 

F ,=dAE/6R— — 3x 2 hv 0 fR 7 (18) 


i.e. the force is inversely proportional to the seventh power of the distance. 
London assumed that V is equal to the ionisation potential V, of the atom or 
molecule. 

For the more general case of oscillators in three dimensions, the coordinate 

ax ” 01 and a: ,hrouBh an »* or 
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two pairs occur with identical values 

JE=-(3/4)A^oa 2 /^ 6 (,9) 

The results may be related to the van der Waa.s constants as follows. The 
general equation for the second vinal coefficient is (21 ). § 42. 

B=2itN^ r2(l-e- £ * r )dr. 

The repulsive force may be taken approximately as » for r<r 0 and 0 for 
r>r 0 (hard spheres) so that the integral from 0 to /■<> is- 

2nwJ”r J dr(l-e-) = 2^wJ (| , r J dr = f n A r ro». 

The attractive force virial coefficient, if is: 

2tt W I" !( 1 _ c»-'* r )dr= 2r-/V £ r»[l -(I +^-‘/AD]dr 

__2„ivfV-*/*r)dr-(2»rA(p/*r , fr-*dr (2* 3).V/3*7> 0 >. 

The total virial coefficient is: 

B=(27r/3)yVV-(2»r/3)^'Arro' (20) 

The van der Waals virial coefficient is B=b-alNkT and by comparing the 
two values of B it is seen that (t 0 -volume of molecules). 

fc-(2W3)W=it’o ,2,) 

a=(2W3)WW'-o’ 1221 

If b is assumed known, the values of a given by : 

fl =(47r2/9)/V J ^/6 ,23) 

sa-s sr 

'* The 'various 3 types of forces acting between atoms, molecules, and ions are 
assumed Coulomb forces between ions, deduced from the classica 

^ (^ExcranglTresonance) forces, very short-range attractions leading to 

deviit“m gas laws. 8 forces in liquids, latent heats. and of 

directly linked, in the same molecule; these generally influence the shape o! 
the molecule, restrict rotation about bond directions, etc. 

, Bricgleb, Z.*„. CW..J 933 23 B. I0 5: unU 

SrtS- 4. 

Progr., 1947. 35 470. 
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VII C 


The van der Waals forces (3) and (4) are attributed to the following causes: 

( a ) Electrostatic attractions between dipoles of separate bonds (quad- 
rupoles and multipoles have little effect). 

(b) Attractions due to polarisation of atoms under the influence of the 
electric fields of permanent electric moments; these are small. 

(c) Dispersion (London) attractive forces, due to the rapid changes of 
electron configuration; these cause the main effect. 

(d) Resonance repulsions, due to the approach of saturated atoms (c.g. two 
hydrogen atoms) in a molecule, which cannot form a bond; these may cause 
steric hindrance. 


§ 46. Molecular Oustering 

The old idea 1 that the higher compressibility of a gas, as compared with 
Boyle’s law, is due to the formation of “ clusters ” of molecules, rather than to 
long-range attractive forces between separate molecules (van der Waals), has 
often been brought forward. On the basis of the London theory of molecular 
attraction (§§ 44, 45), which gives a potential energy of the form: 

where the second term on the right is a repulsion potential not yet fully under- 
stood, 2 and with the assumption of binary clusters, an attempt was made 3 
to represent the temperature change of the second virial coefficient B. Schafer 4 
developed a virial equation on wave-mechanical principles, introducing the 
energy levels of the molecules, and considered its relation to H 2 and D 2 , and 
Mayer 5 worked out so-called “ cluster integrals " on a statistical basis. 

Many attempts have been made to distribute the " centres ” of the London 
attractive forces in polyatomic molecules; they are not central forces of the type 
k\/r " but arc composed of highly anisotropic force centres, and in some mole- 
cules there are long, extended, electronic oscillators, which cannot be built up 
additivcly from smaller units. The problem is one of great complexity 6 and 
cannot be considered in detail here. The practical application of such concep- 
tions is far from attaining a form suitable for use in applied chemistry. 

» Rccknagcl, Ann. Phys.. 1871, Ergzb. 5. 563; 1872, 145, 469; Clausius, ibid., 1880, 9. 337; 
Jflgcr, Wien Ber.. 1896. 105. IIA. 791; Jeans. “Dynamical Theory of Gases." Cambridge. 
1904. 73; Bernoulli. Z. phys. Chem., 1909, 65. 391; Druckcr. ibid., 1909. 68. 616; van dcr 
Waals, Proc. K. Akad. Weiens. Amsterdam, 1910-11, 13. 107, 494; Dudaux, J. de Phys., 1924, 
5. 331; 1927, 8. 336; 1940. I. 293; 1947, 8. 94; Compt. Rend.. 1948, 226. 1113. 2034; Keyes 
and Taylor, J.A.C.S., 1927, 49. 896; Keyes and Burks, ibid., 1927, 49. 1403; Bridgcman, ibid., 
1927, 49. 1130; Euckcn, Z. phys. Chem., 1931, Bodenstein Festb.. 423; Tonks. Phys. Rev., 
1936, 50. 955; Goodcve, Nature, 1937. 140, 424; Herman. Compt. Rend., 1937, 205, 1065; 
dc Boer and Michels. Physica . 1938. 5. 945 (quantum correction in He virial coefficient); 
de Boer, ibid., 1942. 9, 363; 1943. 10. 357; Mayer and Harrison, J. Chem. Phys., 1938, 6. 87; 
Kahn and Uhlcnbcck. Physica, 1938, 5, 399; Rice, J. Chem. Phys.. 1942, 10. 653; Bogolyubov, 
J. Phys. U.S.S.R., 1946, 10. 257; Green. Proc. Roy. Soc.. 1947, 189, 103; Eiscnschitz, Sci. 
Progr., 1947, 35. 470. 

2 Wave mechanics gives e - " instead of r~ where p=const.; Bom and Mayer. Z. Phys., 
1932, 75, I ; Mayer and Helmholtz, ibid., 1932. 75. 19. 

J Margenau. Z. Phys., 1930, (A. 584; Phys. Rev., 1930. 66. 1782; 1943. 63. 385; 1943, 64. 
131 ; Wohl .Z.phvs. Chem.. 1931, 14 B. 36; Bricgleb. ibid.. 1933. 22 B. 105. 

4 Z.phys. Chem., 1937. 38 B. 187. 

1 J. Phys. Chem., 1939. 43. 71; Mayer and Mayer. "Statistical Mechanics." New York. 
1940. 278, 297, 455. 

* London. J. Phys. Chem., 1942, 46. 305. 
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§ j DENSITIES OF GASES 

Berger ■ calculated the attraction energy for a binary mixture and solution 
from those of its pure components by the formula: 

Cl2 = v /(< I1 € 2 2)=*i a 2V'(^i^2)/('i'2) 3 . 

~z si 

jtks 

previously deduced 5 {j=TJT\ A =0-0461 RTJp t t t ). 

pV=RT{ K/(^->4 2 )-3160M/(K+/4) : )(4t-I)}. 

They were, however, criticised by Rocard. 6 


D. DENSITIES AND MOLAR WEIGHTS OF GASES 

AND VAPOURS 


§ 1. Densities of Gases 

Otto von Guericke 2 about 1650 showed that a glass gtobc weighed 2 oz. less 

tus&az aas&sir ssa spv'agj 

respectively, of a measured bladder inflated with the gases and weighed in , a r, 

WSS In ITS which'they had 
becn^collecled ^>ver water, anS also in bladders, but the results were inaccurate, 

• Z. phys. Client., 1935. 2* B, 95: Hildebrand and Wood. J. Chem. Phys.. 1933. 1. 817; 
Hildebrand. J.A.C.S.. 1935. 57. 866. 

J Gdil. Nachr.. 1932. 107. 

J Johnston and Wcimcr. 7..4.C.S.. 1934. 56. 625. 

4 Conipt. Rend.. 1925. 180. 502 
» Lcduc. Conipt. Rend.. 1923. 176. 830, 113— 

SSSBgn&fgssBS**' 1 * 

Ostwald’s Klassiker says it was a ** half or quarter chemical receiver. 

i •• Vegetable Staticks.*’ 1727. 184. c 

* Phil. Trans.. 1706. 25. 2221 ; abdgd. cd,t l8OT 5 288. 

«o Phil. Trans.. 1766.56. 141; abdgd. edit.. 1809 12 -98- 2 1 5 • this had been found 

it •* Experiments and Observations on Air. Bimungham . • - • .. ??? ( 0S | 

before by Scheelc. - Chemical Observations and Experiments on Air and Firc. n. trans 

WvaUo^A' Nature and Properties of Air and olher Pemunem^asuc 
Fluids;’ 1781. 422; he found the weights in grains of 1 cu. in. at room tempera urc p 
Nj 0-377, air 0 385. 

24* 
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an exhausted globe fitted with a stopcock (Fig. 1 .VII D), filling it with gas by 
screwing the stopcock to a stopcock at the top of a bell-jar containing the gas 
over mercury, opening the stopcocks, and weighing the globe filled with gas. Biot 
and Arago 1 used a 5-6 lit. globe and corrected for air displacement on weighing, 
residual air. expansion of the globe by temperature, and moisture in the gas; they 
reduced the barometer to sea-level and latitude 45" and the densities to the 
standard temperature and pressure. The same method was used with dried 
gases by later experimenters. 2 

Let V ,= volume of globe in ml. found by weighing full of water at a tempera- 
ture /, W the weight of the globe filled with dry gas at the barometric pressure 
p mm. Hg and temperature r, W' the weight of the globe 
when most of the gas has been removed by pumping to 
a pressure />' mm. and at temperature /; then the density 
of the gas in g. per ml. at S.T.P. is: 

P -[{\v-\r)iv&\+%t).mi(p-p') . 0 ) 

where a is the coefficient of expansion of the gas. If W 
and W arc found at two different temperatures / and 
the expression becomes: 

(IF- m(760/F,) 

p -pj (\ +«/)-/>'[! +«f-0']/(l+«0 ‘ 
where fi is the coefficient of cubical expansion of the 
glass of the globe, and a small correction is then ncces- 
Fi i VI! D wry for lhc difrcrcnl volumes of air (at slightly different 
Fomina's Gas Density densities) displaced by the globe.’ 

Apparatus The normal density D (or sometimes L) of a gas is the 

weight in vacuum in grams of one litre (1000 027 cm. 3 ) 
of the gas, at 0 C.. and' 760 mm. Hg at 0 pressure (standard, or normal, 
temperature and pressure. S.T.P.. or N.T.P.) with the mercury column at sea- 
level and latitude 45 . corresponding with a pressure of 1 .01 3.250 dynes per 
cm. 2 The correction to sea-level and latitude 45 , necessitating a knowledge of 
the acceleration of gravity g at the place of experiment, really affects the pres- 
sure exerted by the column of mercury of 760 mm. at 0 , the density of the gas 
depending on the pressure. 4 

The relative (or vapour) density is the ratio of the weight of any volume of a 
gas (or vapour) to the weight of an equal volume of a standard gas (e.g. hydro- 
gen. which is the lightest gas), measured and weighed under identical conditions. 

‘ Mem. ile I'hi.u.. 1806. 7. i. 301 : Biol. Tiaitc dc Physique." 1816. I. 347-98. 

^ Bcr/clius and Dulong. Ann. (him.. 1820. 15. 386: Thomson, Ann. Phil.. 1820. 15. 232; 
1820. 16. IM. 241; Proui. B A. Rep.. 1832. 566; Dumas and Boussingaull. Ann. Chim., 1841. 
3 257; I jraday. "Chemical Manipulation.** 1842. 387; older values in PoggcndorfT. 
Ann. Plu s.. 1840. 49. 417; a lull table of earlier gas and xapour-densitv determinations, with 
references, is gi\cn in Lothar Mevcr. " Modem Theories of Chemistry." 1888. 37; Muir. 
" Principles of Chemistry." Cambridge. 1889. 33. 39; and a shorter table in Lowry. " Historical 
Introduction to t hemistry." 1915. 361; a history of gas density determinations is given by 
Gcrmann. J. Pkys. Chem.. 1915. 19. 437. For values of densities and compressibilities of 
gases, sec I andoli-Bornslein. " Tahcllen." 5th edit., 1923. I. 269; Ergzb. I. 1927. 160; Ergzb. II. 
1931. 205. 

• Baxter. J.A.C.S.. 1921.43. 1317. 

4 Ciiiyc. J. Chim. Pins.. 1913. II. 319; Moles, ihi.l.. 1937. 34. 49. The accepted standard 
\alue ol»r.. (sea- lex el and lat. 45 i has xaried sonK-xxh.it <980 665. 980 616. 9S0 629). the present 
xaluc being 980 62“. Huge. Rep. Pr.^r. Phvt.. 1942. 8. 90. took 980 616 for 45' and 980 665 
as a "standard" value: Clark. Proc. Rov. Soc.. 1946. 186. 192. said 980 62 xvas adopted 
m 1941. 
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If both gases obey Boyle's and Charles's laws, the relative density is the same at 
all temperatures and pressures. 


§ 2. Densities of Gases by the Globe Method 

The experimental accuracy of the globe method was raised to • high ' Standard 
by Regnault. 1 He introduced two principal .approvements: (.) The globe v as 
filled with pure dry gas at 0> C. by finally surround.ng it by a large scssel ol 
melting ice, filling it several 
times with gas and exhausting 
until the amount of residual 
air was negligible. The globe 
was carefully wiped with a 
damp cloth and hung on one 
arm of the balance, (ii) Instead 
of correcting for the volume of 
air displaced by the globe, 
which varies with temperature, 
pressure and moisture, a second 
compensating globe 2 of the 
same glass, and as equal in 
volume as possible to the 
gas globe, was hung on the 
opposite arm of the balance, 

(Fig. 2. VII D) and the small 
weight difference compensated 
by brass weights, already cor- 
rected for air displacement 
(which in any case is then 
practically negligible). A small 
glass bulb was hung on the 
side of the smaller globe so as 



Fig. 2.VII D. Rcgnaulfs Gas Density Apparatus. 
A — g as globe, B -compensating globe 


compensate S |o the volumes. If tr. W arc the ““diuona. weighs to balance the 
globes with the gas pressures p and p . the density of the gas at S.T. P. . 

((»-W)/ U . 760/</>— />') <*> 

This requires an accurate determination of the volume ‘ o of the globe ' 

A correction which seems to have been overlooked by Regnault .s the 

. Mtm. Acad. Set.. 1847. 21. HI : Ann. Phys.. 1847. 74. 202; " Cours tlcmemairc «fc Chimie.” 

4 "! Millcr'^Chcmical Physics." 1872. 281. the compensating globe tvas used 

wmmmmrnm- 

at 32° F. and 30 in. Hg in London, and mentions a sudden sanation to 3- '- b 

S35. Ann. in fcS'JnVnS W ^193^17% 

1926. 2. 156; Klcmenc and Bankosvski. Z. anorg. Chen , 1 93., ZW. , ph 

and Wcidmann. ibid.. 1933. 213. 106; Batuecas. /. Ch,m.Phys.. 1935. 32. 58. Roper. J. n. 
Chem., 1940. 44. 834; and the references to Moles, etc., bcloss. 
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contraction or shrinkage of an exhausted globe owing to the pressure of the 
atmosphere, which makes it displace rather less air than the compensating 
globe, which is equal in volume to the first globe when this is filled with gas. 
This shrinkage correction was first pointed out by Agaraennone, 1 and inde- 
pendently by Rayleigh, 2 who used it to correct Regnault’s results, and Rayleigh 
determined the correction directly for the globes he used. 

Agamennone used Lame’s 3 formula: 

Q=kV[NH-(N+\)H x +W)(N+')(H-H x )) 

where £=change of interior volume V of the globe, H= internal pressure, 
//,= external pressure, N= volume of interior of globe/volume of material of 
walls, and *=cubical compressibility of the material of the globe. 

Regnault’s 9-88-lit. globe, with all his other apparatus, had been systematically 
smashed at Sevres in 1870 by the German army of occupation, but from the 
remaining pieces Crafts, 4 using a similar globe, found a correction of 0 0 3 247 

of the total volume per atm. pressure. The corrections 
to Regnault’s relative densities referred to air=l were: 
H 2 +0 00317, O 2 -0 0 4 2, N 2 +00 4 1, C0 2 -00 4 9. 

The simplest method of determining the shrinkage 
of a globe 5 is to enclose it in a metal or glass vessel 
tilled with water, the neck of the globe passing out 
through a rubber stopper in the lid which also carries 
a vertical graduated glass tube A partly filled with water 
(Fig. 3.VII D). The fall of water-level in this tube on 
pumping out the air from the globe is determined. 
The apparatus must be kept at a constant tempera- 
ture. Morley 5 also used two small globes having 
the same weight in vacuum but differing in volume by 
the shrinkage of the density globe, and suspended on 
opposite sides of the balance when the latter was 
weighed exhausted. 

Morley used a metal container, the lid carrying the globe being lightly 
soldered on before filling up with water, and ran in water from a burette to keep 
the pressure of the water constant when the globe was exhausted. Travers 
used a large glass desiccator with a vertical tube and filled with water. Rayleigh 
filled the globe with air-free water and measured the displacement in the neck 
when the pressure on the water was reduced to 2/3 atm. (lower pressures caused 
boiling), either by finding a weight of mercury which gave the same displacement 
of water or (later) by sealing a narrow calibrated tube to the neck and finding 
the contraction directly. An allowance was made for the dilation of the water. 
Rayleigh 6 preferred to measure the internal contraction, and Moles and 
Miravalles 7 found a slightly larger shrinkage by Morley's method, which 
measures the external contraction. 

» Ani R. Accad. Lincei, 1885, I, 105. 

- Chem. News, 1888, 57. 73; Proc. Roy. Soc., 1888, 43. 356; 1889, 45, 425 (mentioning 
Agamennone); 1892. 50. 448; 1897. 62, 204; 1904. 73. 153; 1904, 74, 181 ; “ Scientific Papers." 
Cambridge. 1 902. 3. 37. 233. 524; 1903. 4. 347; 191 2. 5. 201 . 

J ” Lemons sur la Thcoric Mathcmatique dc I'Elaslicite des Corps Solidcs,” 1852, 21 1 f. 

4 Compt. Rend., 1888, 106, 1662. 

s Morley, Z. phys. Chem.. 1896, 20. 83. see Fig. 4 in this paper; Travers, “ Experimental 
Study of Gases." 1901, 119. 

« Proc. Roy. Soc., 1892. 50. 448. 

i J. Chim. Phys., 1924, 21, 1 ; confirmed by Beckers, Bull. Soc. Chim. Belg., 1929, 38, 329. 
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Correction of a Globe 
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to get accurate results jh , hc ralio 0 f ,hc volume and 

***** .S SEFvtw and Moles and Miravalles found an empirical 

- » **•. - : ,t, *:? jtf ™ e r 

counting > he Sl0pC< ^^ < i ) h 1 e 2 x°io“ W h'!, where 0 0012 is .he average weight ol 
OThtaSSr £21 «!Lenc arid Bankowski - wrote th,s m the form of 

a compressibility: (1 o OM „ / „j,) r __lS-S(I'M ,3) 

ts. — » - ■5“ r a” £ ers 'zstvz 

0 02 mg. and hence the shrinkage comcuon is ^^.JnordeMok ^ 

«“ ** 3 

fir Thc globe method was refined by Molest in Madrid, who claimed an accuracy 
of 1 in 10 5 and adopted the following precautions. 

(i) The globe was surrounded by melting ice. the temperature of which 
checked by a Beckmann thermometer. , d with 

lls'as^s 

Apiezon oil of negligible vapour P rcss ^ c : „ the globes b> sintered 

(vi) Oil or mercury fog was prevented from entering g 

class filters. _ . 

_ , . , q io>q m ’(U’ for 600-2000 ml. 

for UP n«k)^unT.ha. ^ eon 5 ,. 1 m'.s aU. IB 0 ; he though, the 

20 “• !4! - 4 ”- 

■«•'«»= *- c -- ,m - ,s - 5; 

Jaqucrod and P.nlza, ibid.. 1907. 35. 589; cf. Guyc. J. Ch,m. Phys.. 1906. 4. 

* Proc. Roy. Soc.. 1906. 78. 28. 

7 J.C.S., 1905. 87. 1601 ; Gray and Burl. ibid.. 1909. 95. 1633. 

• J. Chim. Phys.. 1913. 11. 275. 319. 

9 Proc. Roy. Soc . •• M**. < 13. 356. 49 . Bu u_ Soc. Chim. Bel*.. 1938. 

Paris. 1938; R. W. Gray. Ann. Rep. Chem. Soc.. 1938. 35. 131. !*c rciercm* 
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(vii) Adsorption of gas on the inside of the globe was measured for each 

gas on glass of the same composition as the globe and a correction appro- 
priate to the filling pressure applied. 

The gas weighed should be as pure and dry as possible. Formerly, phos- 
phorus pcntoxide was used as a drying agent when it did not react with the gas. 
Morley 1 found that a gas dried by passing through 25 cm . 3 of P 2 O 5 powder at 
the rate of 2 lit. per hr. contains less than 1 mg. of water vapour in 40,000 lit., 
but contains a trace of P 2 0 5 vapour. Cooling in liquid air is much more 
effective than P 2 0 5 at room temperature, so that drying by strong cooling or 
liquefaction and fractionation is now preferred. The solidification of a gas 
and its purification by sublimation is very effective in removing other gaseous 
impurities . 2 Ammonia is particularly difficult to dry . 3 Traces of mercury 
vapour can lead to error, since it is very heavy; it was formerly removed by 
passing over gold leaf or gold wire-sponge . 4 but strong cooling in a liquid air 
trap or a sodium or potassium trap (§ I3.VII A) is much better. 

Bower 5 found the following weights of water in mg. in I lit. of air at 30° after 
passing over the drying agents stated : 

CaCI: granular ... 1-5 NaOH stick ... 0 80 

CaCI: fused ... 125 KOH slick ... 0 014 

CaO 0003 BaO 0 00065 

Bircumshaw , 6 for drying, passed a stream of gas through a trap cooled in ice 
and salt, a trap cooled in solid carbon dioxide and acetone connected with the 
first trap by a short length of lagged tubing, and then allowed it to pass through 
a long glass tube to a third cooled trap. 

Where high accuracy is not essential, the troublesome shrinkage correction 
may be avoided by weighing the globe first filled with dry air, oxygen, or carbon 
dioxide , 7 * the density of which is known, and then filled with the other gas; the 
difference in weights gives the difference in weights of equal volumes V of the 
gases, where Fis the volume of the globe, and if the density of one gas is know n, 
that of the other may be calculated. 

According to Guyo s the film of moisture adsorbed on the inside of the globe 
is removed by rinsing out sa cral times with the gas, since Bunsen 9 found that 
moisture not so removed is in>ide the surface of the glass. Experiments on the 

• Amer. J. Sci.. 1885. 30. 141 <0 28 mg. in 100 III.): Z. unal. Chtm., 1885. 24. 532; 1888. 
27. I ; J.A.C.S.. 1904. 26. 1171:7. ( him. Pin t.. 1905. 3. 240; cf. Dibbils. Z. anal. Chcm 
IS76. 15. 121: Baxter and Warren. J.A.C.S.. 1911. 33. 340 (CaBr : . ZnCI;. ZnBr : ); Johnson. 
ihi,l.. 1912. 34. 911 (Al;0»); Smith, ct al.. J.A.C.S.. 1922. 44. 2255: hut. Enn. Chcm., 1924, 
16, 20 (MgtCIO,).); Moles and Roqucro. An. Fis. Quint.. 1933. 31. II : Lacossc and Mcnzics. 
J.A.C.S.. I9J7. 59. 247|. found P;0< as effective at 90 as at room temperature; on drying 
agents, see Yoe. Chcm. \chs, 1925. 130. 340: Ostuald-Luthcr. “ Phys.-chem. Mcssumgen." 
1931. 34S f. and refs; for theory, see van Licmpt. Pec. Trav. Chin,.. 1942. 61. 341; Bockcr. 
Chini. ct Inti.. 1947. 58. 31. 

- Gray. J.C.S.. 1905. 87. 1601: Burt and Edgar. Phil. Tram.. 1916. 216. 393; Bircumshaw. 
J.C.S.. 1930. 2213. 

, ’ M -irt and Partington. J.C.S.. 1943. 104; cf. Sancho and Moles. An. Fis. Quint.. 1932, 30. 

4 Crookes. Phil. Inn i*.. I SSI. 172. 387 (gold leaf I; Burt and Edgar. Phil. Trans., 1916, 
216. 393; C oohdge. J.A.C.S.. 1924. 46. 680. found it ineffective. 

' linr. Slant! J. Pcs.. 1934. 12. 24 1 ; cf Damiens. Compt. Rend.. 1934. 198. 1233. 

• J.C.S., 1930. 2213. 

• Cooke, Proc. Amer. Arad.. 1889. 24. 202 <C0 2 ); Moissan and Gautier. Ann. Chin,.. 
1895. 5. 568 (air). 

' J. Chin,. Phys., 1907. 5. 203. 

- See *6.111. 
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weighed has been proved experimentally. 

8 3. The Volumeter Method , t v . . r 
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^c'SyThydrogen chlor.de was determined by this method by Gray 

1 Parlinglon. Phys. Z., 1914. 15. 601. 

2 J. Phys. Chem., 1931. 35. 859. 

: 1935. 57. >246: Dalton. tW. *935. 57. 2,50 <H:0 and gases 

,924. .35, ,94; the phenomenon is desenbed for gypsum by Hooke. 
•• Micrographia." 1665. 41. 

ilrai '/ssMSffirSssSSHS 

1, 187. 

* An. Fis. Quint., 1932, 30. 520. 

• Noyes and Johnson. J.A.C.S.. 1916. 38. 1016. Rff . \$}\, 2 

M3LS&2&ZA ’■ «■ 

Schcucr. /W. 1909. 149. 599; Z. phys. Chtm.. 1909. 68. 575. 
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and Burt. 1 The pure dry gas was collected in a glass bulb A (Fig. 4. VII D) of 
accurately known volume (about 450 ml.) which was rigorously dried by evacuat- 
ing, heating, filling with dry air, and exhausting, repeatedly. The bulb was 
maintained at 0° and the gas collected at atmospheric pressure, the excess 
bubbling through concentrated sulphuric acid in h. The pressure was read on 
a standard barometer and reduced to latitude 45° and sea-level. 

The air in the capillaries and in the weighed bulb B ( c . 20 ml.) containing gas- 
free charcoal was removed by immersing another charcoal bulb C in liquid air, 

the tap a being closed. The tap c 
was then closed, a opened and the 
bulb B immersed in liquid air. All 
the gas in A condensed on the char- 
coal in B, which was shut off at b, 
detached from the ground joint and 
weighed against a compensating 
bulb. The bulb A could be refilled 
and the process repeated. 

No shrinkage correction was 
necessary for the small bulb B but 
a correction was necessary for gas 
adsorbed on the walls of A, which 
passed into B when A became 
vacuous. This was found to be 
0-1235 mm. 3 per cm. 2 of wall. A silica bulb A was easier to dry, and no 
adsorption correction was necessary. A small correction for deviation from 
Boyle’s law was applied in reducing atmospheric pressure to 760 mm. 

Joly 2 weighed a gas compressed in a copper globe to 20-30 atm., then allowed 
it to expand and measured the volume. Occhialini 3 expanded a weighed 
amount of gas compressed in a 3-10-ml. steel vessel into a 900-mi. glass bulb. 
Maass and Russell 4 condensed the gas in a small bulb cooled in liquid air. but 
obtained poor results. 



§ 4. Manometric and Buoyancy Methods 

The manometric method 5 depends on the measurement of the difference in the 
weights exerted on a manometric liquid by two different gases under the same 
pressure contained in two vertical tubes. The manometer may be a slightly 
bent tube containing a thread of xylene, read microscopically. This is similar 
to Hare’s apparatus for liquids (see § l.VIII B. Vol. II), and is only a rough 
method (±5 per cent.). 

» J.C.S.. 1909. 95. 1633; Trans. Faraday Soc.. 1911. 7. 30; cf. Jaqucrod and Pintra, Compt. 
Rend., 1 904. 139. 129; Guyc and Pintza, ibid., 1904. 139. 677; 1905, 141, 51 ; Maass and Russell. 
J.A.C.S.. 1918.40, 1847; Maass and Boomer, ibid., 1922.44. 1709 (low pressure); Dictrichson. 
Birchcr and O'Brien, ibid. 1933. 55. 1 (NH>); Schafer. Z. phys. Chem.. 1937. 36 B. 85 (H 2 
and Dj. rather crude): Steurer and Wolf. ibid.. 1938. 39 B. 101 (for vapours). 

2 Phil. Mag., 1890. 30. 379; Karwat. Chem. Fabr.. 1941, 14. 432. 

3 M/of. Cim.. 1912, 4. 426. 

4 J.A.C.S.. 1918,40. 1847. 

5 Rccknagel. Ann. Phys.. 1877. 2. 291 ; Muller. 7. phvs. chem. Unterr., 1889. 2. 274; Toepler. 
Ann. Phys.. 1895. 56. 609; 1896. 57. 311. 324; Schloesing. Compt. Rend.. 1898. 126. 220. 476. 
896; Thrclfall, Proc. Roy. Soc.. 1906. 77. 542; Smith. Engineering. 1916. 102, 600; Brady. 
J. Franklin Inst.. 1918. 187. 501; Blackie. D.S.I.R. Fuel Techn. Res. Paper. 1922. 5; Pollitzer. 
Z. angen. Chem., 1924. 37. 459; von Wartcnbcrg, Z. E/ektrochem.. 1941. 47. 92; Kahlc. Chem. 
Techn.. 1943. 16. 144; Smith. Eiscman and Creit*. Bur. Stand. Misc. Pubi, 1947. M 177. 76. 
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Fig. 5.V11 D. Microbalance for Deter- 
mination of Gas Densities 


Another approximate method (±0-25 per cent.) is Lux s gas balan«. 
consisting of a counterpoised globe which is filled with gas through the hollow 
balance team, and the change in weight registered by a pointer at the other end 

of the beam moving over a graduated scale. . . , . ... 

The buoyancy method, depending on Arch.medes principle m which the loss 
in weight of a glass bulb weighed in the gas is found, 2 was refined by Jaquerod 
and Tourpain. 3 The same principle is used in some forms of nucrobalance. 
Gray and Ramsay’s balance had a sensi- 
bility of 1/500,000 mg., and was used to 
find the density of 01 mm. 5 of radium 
emanation, weighing less than 0 001 mg. 

The latest type used for gas density 
determinations by Roberts. Emeleus. and 
Briscoe (Fig. 5.VII D) had the beam, 
suspension fibres and parts of the frame 
of fused quartz, the bulbs and most of the 

The'beanTwas » mm.x “mm^ttebJlbs .9-4 and .3 7 mm. diam.. with outer 
surfaces in the ratio y/2\ 1. and since the smaller bulb was pierced on the axis ol 
the beam and exposed both inner and outer surfaces, both had the ^rne c xposed 
surface A cross-bar of very light quartz rod sealed on at the centre ot sur 
face ” was also at the centre of gravity. The final adjustment in air was with 
rather kss than I atm. pressure in the glass case (130x 25 mm.), and the period 

Stir- 

KTt™* »: I”?': “slrnon TZ. &?. 

J j A £ S n,:So'.i^ . 942 . « 

Zi. S!'.K /»: & '<»: BOW. *— V r , . . 

1947 , 21 . 275 . 
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of oscillation was 10 sec. The bent pointer was attached to the buoyancy bulb 
and the reading microscope was end-on, viewing through a plate-glass window. 
A capillary connection led to the pressure system, and pressure differences of 
0 002-0 005 mm. were indicated. 

The beam is balanced at zero when the gas density in the case exerts a buoy- 
ancy effect on the bulb which compensates the net weight, and if two different 
gases are used an accurate comparison of densities is possible from the pressure 
ratio Pilp 2 =P 2 lpi- The microbalance method is particularly suited to the 
determination of molecular weights by the limiting density method (§ 15). A 
** thermobalance ” for investigating loss of weight in chemical reactions of 
dissociation was described by Honda. 1 

A different type of microbalance (actually used for adsorption measurements, 
but apparently suitable for gas density work) is the quartz spiral spring balance 
of McBain, 2 in which the extension of a thin quartz spiral 3 is measured. A 
heated microbalance was used by Rodebush and Michalek 4 for vapour-density 
measurements. 

§ 5. The Effusion Method 

The comparison of gas densities by the effusion method is based on the theory 
(§ 15.1 II) that the times for equal volumes of two gases to stream through a 
small hole in a thin plate, under the same driving pressure, are proportional to 
the square roots of the densities: 5 

hlh=y/pilVp2 (*) 

The method seems to have been used first by Leslie, 6 but was perfected by 
Bunsen. 7 The apparatus, or effusiotneier, devised by Bunsen, may consist of a 
cylinder (Fig. 6a.VII D) having two marks and immersed in water. At the top 
is a tap opening into a space closed by a thin platinum plate in which a hole is 
pierced by a fine needle. The tube is filled with gas below the lower mark, the 
tap opened, and the time for the liquid to rise between the two marks noted. 
For gases soluble in water, mercury is used as the confining liquid and a float 
having marks at the upper and lower ends is inside the tube (Fig. 6b. VII D). The 

* Sci. Rep . Imp. Tohoku Univ., 1915, 4, 97. 

2 McBain and Bakr, J.A.C.S., 1926. 48. 690; Newsome, Ind. Eng. Chem., 1928, 20. 827; 
J.S.C.I., 1928, 47, 594; McBain and Britton, J.A.C.S., 1930, 52, 2198; McBain, Jackman, 
Bakr, and Smith, J. Phys. Chem.. 1930. 34, 1439. 

J On winding quartz spiral springs, Sliupas. Nature. 1925, 115, 943; Boys, ibid., 1925, 115, 
944; Smith, ibid., 1925, 116. 14; Drane. Phil. Mag.. 1928, 5, 559; Cameron, J.A.C.S., 1931, 
53. 2646; Zcntncr. J. Phys. Chem., 1947, 51, 927. 

« J.A.C.S., 1929. 51. 748. 

s Bernoulli, “ Hydrodynamica," Strasburg, 1738. 224; Graham. Phil. Mag., 1833, 2, 175; 
Phil. Trans., 1846. 136. 573; 1863. 153. 385; Voss. Ann. de Phys., 1923, 20. 66. 

* " An Experimental Inquiry into the Nature and Propagation of Heat,'' 1804, 534. 

7 " Gasometry." transl. Roscoc. 1857, 121; Schilling. Dingl.J., I860, 155, 194; Planner, 
ibid.. 1878. 229. 537 (abstr.); Mcldc. Ann. Phys., 1887. 32. 659; Timofcjcw, Z. phys. Chem., 
1890, 6. 586; Freer, ibid., 1892. 9. 669; Udenburg. Ber., 1898. 31. 2508; Emich, Monatsh., 
1903. 24. 747 (high temperatures); Myhill. Gas World, 1913, 58. 763; Dcbicrne. Ann. de 
Phys.. 1915, 3. 62; Edwards. Bur. Stand. Teclm. Pap.. 1917, 94: Met. Chem. Eng.. 1917. 16, 
518; Marcus. Ind. Eng. Chem., 1917, 9. 603; Buckingham and Edwards, Bur. Stand. Bull., 
1920, 15, 573; Eyring. J.A.C.S., 1928. 50. 2398 (vapours); Kahle, Z. ange*. Chem., 1928, 41. 
876; Zipperer and Rottcngaitcr. Gas u. Wasserfach, 1930, 73. 1190; Kretschmer, Forsch. 
Gebiet. lngenleurw.. 1932. 3 A. 150; Schiller, ibid., 1933, 4 A. 225; Duchcnc, J. Usines Gaz, 
1935. 59. 589; Wilson. Proc. Amer. Gas Assoc., 1937. 19, 777; Lehr, Gas u. Wasserfach, 1938, 
81. 435; Zipperer and Fischer, ibid., 1938. 81, 434; Schwietring. ibid., 1942, 85, 315; Smith. 
Eiscman. and Crcitz, Bur. Stand. Misc. Pub!., 1947. M 177, 130 (Fisher densimeter). 
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times when the marks appear above the mercury surface (observed through a 
telescope) are taken. With ordinary apparatus the accuracy is about 2 per cent. 
If water is used as confining liquid, the 
measured density is that of the gas satu- 
rated with water vapour at the temperature 
of the experiment. If D is the weight of 
1 lit. of dry gas at S.T.P., p the vapour pres- 
sure of water in mm. Hg at the temperature 
I of the experiment, and P the atmospheric 
pressure, the density of the moist gas in 
g./lit. is: 

VI r D(P-p) +0-8038/>l 

(273+0760 1 

from which D may be calculated. 

Effusion was used by Yamaguchi > 
determine high temperatures by the equation 
t—a+by/T> where r=effusion time. r=abs. 
temp., a and b are constants. 

Acoustical methods for determining gas 
and vapour densities, depending on the 
proportionality of the square of the fre- 
quency of the sound emitted by an organ 
pipe or whistle blown by the gas to the 
density of the gas, have not been much 

US Kalahnc » measured gas densities from the change in frequency of a vibrating 
aluminium tube due to ** loading by the gas. 

§ 6. Tabic of Normal Densities of G ases 1 * 

Carbon monoxide CO 




(o) 

Fig. 6. VII D. 


(b) 

Effusiomctcrs 


Hydrogen H: ... 


Helium He 


Methane CH* 
Ammonia NHj 


Neon Nc 
Acetylene CjHi 


0 08982 * 

0 08988 > 

0 08965 4 
0 089873 > 
0 1782* 

0 1786 7 
0 17846 
0 7168 *° 

0 7708 " 

0 77077 
0 77140 •> 
0-7710 ,4 
0 77126 •» 
0 9002* 

0 89990 
11791 •• 

1 1749*' 

1 1695** 


Nitrogen Nj 


9 


Ethylene C:H« 

A»rtc.4N:+0:> 


I 2504 •* 

I -25010 
1-25001 
1 2511 
I 2503 
| 2507 :i.:* 
1 25056 2* 

1 -25049 : 

I 25036-'* 

1 25046^ 

I 2610 •• 

1 2603 i* 

1 2604 ' 4 
I *26036 
1 2933 
1-29316 •* 

1 -29300 >• 
1-2927 


• See pages 756-7 for footnotes. 

• Bull. Client. Soc. Japan 1926 ^ , 899 , 08 |i A. 803; Wachsmuth. Ann. 

3 Vcrhl. d. D. Phys. Ces.. 1914. 16. 81; Ann. Phys.. 1914. 45. 341. 
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Air (e. 4N 2 +0 2 >— coni. 

1 29308 « 7 

Carbon dioxide C0 2 — 

1-9763 '• 

1-29287** 

coni. 

1-9768 “.‘Mo 

Nitric oxide NO 

1-3402 » 


1-97693 27 


1-34018 « 


I -97694 « 

Ethane CjH« | 

1-3555 «« 


1 -97704 46 


1 -3562 10 

Nitrous oxide N 2 0 

1-9777“.“ 

Oxygen 0 2 

1-42900 J. »’• 


1-9804 49 

J«. 59 


1-97821 4J 


1-42901 « 


1-9781 i» 


1 42891 » 

Methyl ether (CHj) 2 0 ... 

2-1096 47 


1 42898 » 

Methyl chloride CH jCl 

2-3045 47 


1 -42906 >« 


2-3084 * 4 


1 -42896 » 

Propane C3H1 

1-9149 1 2 * 4 » 


1-42892 * 


2 0200 49 * 7 * * 10 * * * * 15 * 17 * 19 


1-42894 27 

Butane C 4 H 10 1 

2-6726 49 

Phosphine PHj 

1-5293 » 

Sulphur dioxide S0 2 ... j 

2-9267 iM*. Jo 


1-5317 « 


2-92665 27 . J| . 47 

Hydrogen sulphide H 2 S 

1-5392 » 


2-92675 “ 

1-53843 27 

Nitiosyl chloride NOC1 

2-9919 “ 


1-5362 49 

Chlorine Cl 2 

3-214 « 

Hydrogen chloride HCI 

1-63915 4 ' 

Hydrogen bromide HBr 

3 6219 “ 


1-63917 


3-6397 ‘J 


1-6394 42 


3-6441 » 


1 6398 •* 


3-64442 J 4 

Argon A 

1-7838 42 

Krypton Kr 

3-708 *. * 


1-7836*.* 


3-733 M 


1-7809*. »* 

Silicon fluoride Si F 4 ... 

4-693 “ 


1-7816 44 

Hydrogen iodide HI 

5-7888 


1-7832 « 

Xenon Xe 

5-851 * 

Carbon dioxide CO: ... 

1-9769 * 7 


5-887 *. * 


1 See Landolt-Bomstcin, “ Tabcllen." 5th edit., 1923, 269; Ergzb. I, 1927, 160; Ergzb. II, 
1931, 205 (some entries differ slightly from the originals, which are reproduced here); see also 
ref. 14; Blanchard. Chem. Met. Eng., 1923, 29, 399. 

2 Lcduc, Compi. Rend., 1891, 113, 186; cf. Broch, Trav. el Mem. Bur. Internal. Poids el 
Mes., 1881, A 51. 

1 Rcgnault, corrected for shrinkage (but at latitude of Paris) by Rayleigh, Proc. Roy. Soc., 
1893,53. 134. 

4 Rcgnault, corrected for shrinkage, and reduced to latitude 45*, by Thomsen, Z. anorg. 
Chem., 1896, 12. I ; Moles, J. Chim. Phys., 1937, 34, 49. 

5 Morlcy, Z. phys. Chem., 1896. 20, 68 (130), 242 (271); selected as best value by Guyc, 
J. Chim. Phvs., 1907, 5, 203, and Moles, ibid., 1937, 34. 49. 

• Watson. 7.C.S.. 1910. 97. 810, 833. 

7 Hcusc. Verhl. d. D. Phys. Ges., 1913, 15. 518. 

* Mourcu, J.C.S., 1923. 123. 1905. 

’ Allen and Moore. J.A.C.5.. 1931, 53. 2512. 2532. 

10 Baumc and Perrot. Compi. Rend., 1909. 148, 39; J. Chim. Phys., 1909. 7, 369. 

" Guyc and Pintza, Mem. Soe. Phvs. A 'at. (Geneva). 1907, 35. 551. 

Schcucr, Wien Bcr. t 1914, 123. IIA, (i). 931. 

" Moles and Sancho. An. Fis. Quim.. 1934. 32. 931; 1936, 34, 865; Moles and Roquero, 
ibid., 1937. 35. 263; cf. Moles, ibid., 1926, 24. 717; Les Determinations Physico-Chiraiques 
des Poids Moleculaircs ct Atomiques dcs Gaz. Insiiiui Internationale de Cooperation Intel- 
lect uelle, Paris, 1938. 39. 

< 4 Blanchard and Pickering, Bur. Stand. Bull., 1926. 21, 141 (selected). 

15 Dictrichson. Birchcr. and O’Brien. J.A.C.S., 1933, 55. 1; Dictrichson, Orleman, and 
Rubin, ibid., 1933. 55, 14. 

Stahrfoss. Arch. Sei. Phys. Hat., 1909. 28. 384;/. Chim. Phys., 1918, 16, 175. 

17 Rayleigh, Proc. Roy. Soc., 1898, 62. 204 (recalculated with air= 1-2933). 

'* Leduc, Ann. Chim., 1898. 15, 5; Pire and Moles, An. Fis. Quim., 1929, 27, 267; Moles and 
Salazar, ibid., 1932, 30, 182. 

19 Guyc, /. Chim. Phys., 1907. 5. 203 (selection of best values). 
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2 0 Moles and Crespi. A* i* Quin ,.. .1922 .20 l« (M2895,; Moles and Gonzalez. M, 
1922, 20. 72 (MAn.); Moles and Salazar. 19M. 32 954. 

21 Rayleigh and Ramsay. Phil. Trans.. 1895, 186, 18 . 

S »924. 21. .0; for summary of Moles* earlier work, see 

M ?i C Mokfand Clavera. Z. anorg. Chem.. 703- 1928. 14. 50. 

25 Baxter and Starkweather. Proc. Amer Acad.. 1926. 12. 699. /uj. 

“ S ^1439; Moles and Escnbano. Omp/. W. 1938. 

20 » 6 MoIcs.Toral.and Escriba no. Comp/ ,' 9I8 . 16. 322: 1925. 22. 101; 

a^^a^^.: -936. 69 M2 . aU Ba tuecas* gas density results are 
affected by an error in the calculation of a temperature corrects. 

io Rayleigh. Proc. R°y. Soc.. 1893. 53 . 332 (norma| deruity c f Geneva 

>■ Guyc. Kovacs and Wourtzel. /. CUm^ Phys.. 19 /»*„. \u/.. 1920. 2. 411 . 

air varies by a fraction of a mg.; cf. J^crod and BoreL ac 

for Madrid air. ^ ^Tbi f^m Fourcroy. 179., 

J2 Germann, J. Chim. Ph)S.,i 914. **. v ,, 6 , 5 

» Guyc and Davila. Mem. Soc. Phys No ; (Genoa , l 1907. 35. M 
)4 Moles. Comp,. Pend.. 1942. 214 424 (1 429°l ) . 

»s Moles. J. Chim. Phys.. 1921. 19. 100 (b '^ ] \ M , B , v >6. 59. 740 

Moles and Gonzalez. J.Chim.Phy*. 192 -2 * '-oi 

»7 Ter Gazarian. J. Chim. Phys.. 1909. 7. 337; 1911.9. 101. 

3 « Ritchie, Nature. 1929. 123. 838. 

3« Baume and Perrot. J. Chim. Phys.. 1908. 6. • 

- Klcmcnc and Bonkowski. Z. 108 348 

4i Gray and Burt. J.C.S.. 1909. 95. 1633. 

4* Scheuer. J. Chim. Phys.. 1910,8.289. 

43 Schultzc, Ann. Phys.. 1915. 48 269. 

r, ». w: «, see also Cooper and Maass. Cone,. 

* *931. ». 572; Z. phys. CRenr. .93.. *"**• «• 

47 Baume. J. Chim. Phys.. 1908 6. I. 

BM cwm - 

iw - ,s 58,: for SO: - s,< * JM 

and Maass. Canal. J. Res 1934 II »»'»• *"* hcd1 ' 

>1 Wourtzel. J. CWn.. «')r.. l913 ; l'. « J. 269: cf. Paningion. Z. pftM. Chem.. 

32 Jaqucrod and Tourpam. J. Chim Ph\s..i • g./lil., 

1930 7 B 319- Ross and Maass. Cawarf. V. *«.• 1940. 18 ». 8 

,9 » Molis J X. 1916. 14. 389; 1921-2. 19. 135. 

;; SiSSyfrS C-yc. ■*. -9-6. .4. 36. .. .9.7. 17. .4, ; Roman. 

ibi t‘ Mooie.y.CS.’, 1908. 93. 2181. 

37 Moles. 7. Chim. Phys.. 1932 29 53. 

5. Moles and Miravalles. An. F'a.Qatm^ ,9 “\ M ; q , l3 , 

36 Jaqucrod and Tourpain. So. Phys. Nat ..191 \.M. j* 

60 Moles, Toral. and Escribano. C omp,. Rend.. 1938. 207. 

61 Sameshima. Bull. Chem. Soc. Japan. 1926. 1. 41. 

62 Moles. Ber., 1927. 60, 134. 

63 Baxter and Starkweather. Proc. No,. Acad.. 1924. 10. 4 . 

64 Batuccas. An. Fis. Quim., 1925. 23. 343 

63 Maass and Russell. J.A.C.S.. 1918, 40, 1847. 

66 Blanchard. Chem. Me,. Eng.. 1921. 29. W 20, 34 (Madrid air; maximum deviation 

67 Moles. Batuccas. and PayA. An. tis. yuim., iyt*. * 

0 0008). 
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§ 7. Vapour Density 

The three main methods, each having particular advantages and disadvantages, 
used for the determination of the densities of the vapours of liquid or solid 
substances are: 

(i) Dumas’ method (1826), in which the weight of a known volume of 
vapour is found. 

(ii) Hofmann’s method (1868), in which the volume of vapour produced 
from a known weight of substance is found. 

(iii) Victor Meyer’s method (1877), in which the volume of air (or other 
gas) displaced by the vapour of a known weight of substance vaporised in a 
suitable vessel is determined. 

§ 8. Dumas 1 Method 

In this, 1 a glass bulb of 100-300 ml. has the neck drawn to a point 
(Fig. 7.VI1 D). This is weighed, and by warming the bulb and dipping the 
neck into the liquid, a quantity of liquid more than 
sufficient to expel all the air from the bulb on vaporisa- 
tion is drawn in on cooling. The bulb is then immersed 
by means of a suitable holder of wire springs, or rings on 
a vertical rod, in water or oil heated in a bath or an iron 
pot to about 30° above the boiling-point of the liquid. 
This heating bath must be kept at a constant tempera- 
ture, read on a thermometer. The neck of the bulb 
projects above the surface of the heating liquid. A rapid 
stream of vapour then issues from the bulb, carrying out 
the air. When this stream of vapour ceases, the point of 
the neck is sealed by a pointed flame; the temperature of 
the bath and the barometric pressure are read, and the 
bulb is removed from the bath, cooled, cleaned, and 
Fio. 7.vn D. weighed, the temperature in the balance case and the 
Dumas’ Vapour barometric pressure being again read. The point of the 
nsity pparatus neck of (bc bu j b j $ scratc }, c( i w j lb a fi| e> an( j br^n 0 ff 

under the surface of previously boiled water in a dish. 
Water rushes into the bulb and, if the experiment is successful, fills it com- 
pletely. The bulb filled with water is weighed on a rough balance. 

The method of calculation may be illustrated by an example, in which the 
vapour density of hexane was determined. 

Weight of empty bulb in air =23 449 g. 

Weight of bulb + vapour at 15-5°=23-720 g. 

Temperature of scaling= 1 10®; barometric pressure=759 mm. Hg, unchanged 

' P e u ™ s ' A,m - Chim ' l826 - 337; Ann. Phys., 1827. 9. 293; Regnault, Ann. Chim.. 1861. 

n\ A c< ®J ,n . scr1, Ann -‘ ,867 - ,4I > 273 = Williams, in Watts. " Dictionary of Chemistry." 1874. 

. co 3 !’ ,™, rmann ’ wicn Bcr - ,876_7 ' 74 - "• 423 : Ann > '877. 187, 341; Pawlewski, Ber., 
lt>83. 16. 1293 (stoppered bulb); La Costc, ibid.. 1885. 18. 2122; Schall, ibid.. 1885. 18. 2068; 
Roscoc and Schorlcmmer. "Treatise on Chemistry." 1885. 3. i. 84; Windisch, " Die Bestim- 
mung des Molckulargcwichts in theorctischcr und praktischer Beziehung." Berlin. 1892, 2nd 

i £!"' DlC Pra *‘ s dcr Mokkc, 8 cwi <*'*bestimmung." Berlin, 1898; Biltz, “ Practical 
Methods of Determining Molecular Weights." 1899; Haupt. Z. phvs. Chem.. 1904,48. 713; 
Kohlwctler ibid.. 1920, 95. 95; Barton and Yost. J.A.C.S.. 1935, 57, 307; Ingle and Cady. 
ioai id Chem " l938, 42> 397: PaIn *r. "Experimental Physical Chemistry," Cambridge, 




7S9 

§g DUMAS’ METHOD 

throughout the experiment. Capacity of bulb found by weighing full of 

Wa ' Weight of'air displaced by bulb=178x<273/288-5>x0-001293=0-2175 g. 

• weight of vacuous bulb in air =23 -449 -0-2 1 75-23*321 g. 

weight of vapour =23 -720— 23*321 =0-489 g. 

Volume at S.T.P. of vapour filling bulb at 1 10 and 759 mm. 

= 1 78 x (273/383) x (759/760)= 1 26*7 ml. 

... normal density of va P our=0-489/0-1267 = 3-86 g./lit. 

sissHsisiis 

density referred to air— l is. 1 

or, a pp r °x.nwte^ i) ^_^ +i) ^ / ^ i +0<K)}67 ,)/(I +0 00367,') . (la) 

B u/'^u/^un t1 (Xt l |29 S 3V7//|76(Hl +0 003671 '))— 0'QQI293c/f,[7(*0U -f0-003b"t _) ] 

f ( 0 00367(/-/ )\ 0 *00129 3// 

V 1 1 +<x(/-/)-i^l + | +0*003677 / J7600 +0*003670 <2> 

where ^weight of empty bulb in = wo,g',. of bulb+ . 

^ containing 

vapour, /=tcmpcraturc of bath. f=air temperature of we.ghmg. I 

ft 

1 Haupt, Z. phys. Cheat. , 1904. 48. ' 13. 

2 Brown. J.C.S., 1866. 19 72 (tables). - , ncck xvas uscd in Dumas* original 

> Pctlcrsson and Ekstrand. Ber.. 1880. 13. 1 191 . a %crt.cai nc 

» — - — 

J.A.C.S., 1941. 63. 1135. 

* Jewett. Phil. Mag., 1902. 4. 546. 
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in the solution. Schulze 1 condensed the vapour from the bulb in a small 
connected bulb immersed in liquid air, afterwards sealed off and weighed (cf. 
§3). 

Modifications of Dumas’ method have been used at lower pressures, and at 
high temperatures 2 with porcelain bulbs heated in the vapours of mercury 
(357'), sulphur (444-6 c ), stannous chloride (606®), cadmium (767°), or zinc 
(918'), boiling in an iron bath, the tip of the bulb (with a vertical neck) pro- 
jecting through the lid. This neck is sealed with an oxyhydrogen blowpipe. 
The coefficient of cubical expansion of porcelain may be taken as 0 0000108. 

If the substance contains an impurity of higher b.p. this tends to accumulate 
in the last portions of vapour, and as this is the part weighed the results will be 
inaccurate in such cases. 


§ 9. Hofmann's Method 

The principle of this method, the oldest method for determining vapour 
densities, goes back to Gay-Lussac, 3 whose apparatus comprised a graduated 
glass tube about 38 cm. long, sealed at one end and filled with mercury, inverted 
in mercury contained in the lower part of an iron pot. Water was poured into 
a glass jacket surrounding the tube, and the whole could be heated over a char- 
coal fire. The water in the jacket was stirred and its temperature read on a 
thermometer. The substance was weighed in a small thin glass bulb with 
capillary neck afterwards sealed; this was passed into the tube, and the 
vapour formed by the bursting of the bulb depressed the mercury. The pres- 
sure was suitably measured, and the volume of vapour reduced to S.T.P. 

Gay-Lussac’s method was improved by Hofmann. 4 Landolt, 5 Grabowski, 6 
and others. 7 Hofmann surrounded the graduated tube by a vapour jacket, 
which gave a more constant temperature than the water bath, and by using a 
long tube (over 76 cm.), was able to work under reduced pressure, when the 
substance had a lower b.p. Instead of mercury. Wood’s fusible metal can be 
used at higher temperatures s in the tube containing the vapour. 

In Hofmann’s method, a uniform glass tube about 1 m. long, carefully 
graduated in ml., is supported in a glass jacket through which the vapour of a 
liquid, boiling in a separate vessel, is passed (Fig. 9.VII D). The vapour jacket 
is provided with a side tube near the bottom (or a tube leading through a cork 
supporting the lower part of the graduated tube), from which the vapour flowing 
through the jacket passes to a condenser. (If steam is used, it can escape into 


• Phys. Z.. 1913. 14, 922. 

*r / j 8 , 57< 4s - 821 ; ,859 * «» : «», 49. 239; a™, cum., 

1^60 58. -57. Ann.. I860 .113. 4_; Playfair and NVanklyn, Trans. Roy. Soc. Edin., 1861. 72. 
441 (lower pressures I ; Habcrmann. Ann.. 1877. 187. 341; Phil. Mag.. 1877, 4. 462 (reduced 

?879 U 78 U ?n°Y 71 ' 426: ,878 ’ "• ,96: Sommcruga. Wien Bcr.. 

lanh !!' 3 v/ v ' 8 ' 9, I95, 302 (vapour dcnsil >' of ind '8o; reduced pressure at b.p. of 
S? 7J Na, ?" SOn - Ann »*». 27. 606: B.I17. Z. phys. Chen,.. 1888. 2. 921; 
; . • l ; Nl,SOn and PcUmson ’ ,h,J - 4- 206; B.ltz and Prucncr. ibid.. 1902, 39, 323. 

Ann. Chim.. 1811. 80. 218; Biot. ** Traitcdc Phvsique.** 1816 1 291 

4 Ann.. 1861. SuppIM. 1. I ; Bcr.. 1868. 1. 198. 

5 Bcr., 1872.5.497. 

• Bcr.. 1875. 8. 1433. 

Phi! I ssfV-n! 8 ??' V 7 ' 141 ; Ann - n>s - '8*1. 12. 550; Ramsay and Young, 

' r,oc - Ph " **- *594-5. 13. 658; Ramsay and 

r - l ” 3 ;, 44 ; 344 : n,i *«». 6. 49’; Rcmganum. 2. phys. Chen,.. 
9W 4S. (,97. Drunker and Lllmann. M.I.. 1910. 74. 567 (influence of adsorpt.on on walls of 
tube); Egcrton. Chcm. A lews. 1911. 104. 259. 

• Vidor Meyer, Bcr., 1876, 9. 1216. 
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Thermometer 4- 


Heotmg 

*opr>ur 



Heating 
.op Our inlet 


Vapou' Of 

substance 

I Barometer 
^~*~tube 

Bottle 


the air.) A thermometer is hung in the vapour jacket, and a suitable stem- 
correction (§ 3.VI A) is applied. The liquid is weighed in a small stoppered 
bulb, which it must completely fill. This bulb is passed into the graduated tube 
and rises to the surface of the mercury. The vapour formed forces out the 
stopper, and the liquid volatilises completely. The volume of vapour. J® 1 - 
the temperature / of the jacket, the barometric pressure, H mm., and the height, 

/, mm., of the mercury in the tube above the level of the trough, are read. 

The volume of vapour at S.T.P. is: 

V 0 = V . 273/(273+f) . 

(Jf-A)/760 ml. . (1) 

and if m g. is the mass of substance 
taken, the normal density is 

D=mx 1000/Ko g./lit. . (2) 

In accurate work the expansion of the 
tube, and of the mercury in the heated 
column, and the vapour pressure of the 
mercury, must be taken into account. 

Details arc given in the literature cited. 

Suitable liquids for the vapour jacket are 
water (b.p. 100°), amyl alcohol (b.p. 

1 3 1°-1 32°), aniline (b.p. 184-4°). toluidine 
(b.p. 202°), ethyl benzoate (b.p. 212-9 ). 
amyl benzoate (b.p. 262"), naphthalene ’ 

(b.p. 218°), diphenylaminc (b.p. 310°), or 
anthraquinonc (b.p. 368"). Briihl 2 found 
that by using small amounts of substance 
(0 01 g. minimum) and a long mercury 
column, so as to evaporate under low 
pressure, a steam jacket can be used with 
substances of fairly high b.p. 

The vapour densities found by Ramsay and Steele 3 by a supposedly ser> 
accurate form of Hofmann's apparatus were all much greater than those cor- 
responding with the molecular weights, so that they* concluded that the vapour- 
density method could not give accurate values of the molecular weight. 
Batuecas, 5 who corrected the densities by Berthclot's equation (§.9.V1I L), 
found, however, that the values found by Ramsay and Steele became less than 
those corresponding with the molecular weights, which is impossible. He 
showed that they arc vitiated by some obscure experimental error. Ramsay 
and Steele’s conclusion was, therefore, unjustified. Magnus and Schmid 0 
used a modified Hofmann apparatus for accurate vapour-density determinations. 
The vapour volume was kept constant and the pressure measured by a mercury 


Vapour outlet 
tocondenser 


Fig. 9. VII D. Hofmann’s Vapour 
Density Apparatus 


i Grabowski, Ber., 1875, 8. 1433. 

I Ber., 1876,9. 1368; 1879. 12. 197. 


> Phil. Mag'.. 1903. 6, 492; Z.phys. Cham.. 1903, 44. 348; .here are discrepancies in .he TOO 
papers, and some arithmetical errors, which arc usual in Steele s work; Steele. J. C.i.. ivu.. 
81, 1076 (compressibility of vapours). 

4 Cf. Leduc, Ann. Chim., 1910. 19. 441. . , . 

s Z. phys. Chem., 1939. 183. 438; errors in Ramsay and Steele s work were pointed out by 

Guye, Compt. Bend., 1907, 145, 1330. . f 

* Z. onorg. Chem., 1922. 120. 232; Batuecas. ibid.. 1941. 246. 158 (confirmed; correction for 

deviation from gas laws). 
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column kept entirely at a constant temperature by a steam jacket. They found 
that pv/MT, where A/=mol. wt., was a linear function of pressure, and extra- 
polated to p=0 to find the value of M. Lautie 1 used p=a+hp+cp 2 , for 
p= 300- 8000 mm., for mixed vapours; a is very small and positive. 


§ 10. Victor Meyer’s Method 

The principle of this so-called " displacement method ” goes back to Dulong, 2 
but it was perfected by Victor Meyer. 3 the present form of the apparatus being 
devised by him in 1878. 

A weighed quantity of the liquid in a small bulb with a stopper or a capillary 
neck is dropped into a large bulb at the bottom of a vertical tube carrying a 

side tube delivering into a graduated tube filled 
with water over a pneumatic trough, or into a 
gas burette 4 filled with water (Fig. 10.VII D). 
The large bulb and part of the tube are heated 
in a glass or metal 5 (e.g. copper) vapour jacket 
at a temperature which must be higher than 
the b.p. of the liquid and constant, but need 
not otherwise be known. A little sand (or 
mercury) is put into the large bulb to avoid 
fracture when the small bulb 6 containing the 
liquid is dropped in. If the upper part of the 
tube is closed with a rubber stopper, this must 
be quickly inserted when the small tube is 
dropped in. 

The bulb of liquid may also be dropped in 
through a wide stopcock. 7 or by supporting it 
on a glass rod which is attached to rubber 
tubing fitted over a small side tube at the top 
of the vertical tube (which is corked when 
the lube containing liquid is in position), and 
then pulling back the class rod. when the bulb 
falls. 

The liquid vaporises, and the vapour displaces an equal volume of air, which 
pushes out cool air from the upper part of the tube, and this is collected in the 
graduated tube or burette. After levelling, the volume of air is read off, the 
temperature of the water and the barometric pressure being determined. The 

1 Bull . Soc. Chim.. 1947. 230. 

: Dumas. Comp i . Rend.. 1874, 78. 536. who says Dulong had informed him of the method; 
SCO Nilson and Pctlersson. At.. ISS4. 17, 987. 

> At.. 1878. II. 1867; V. and C. Meyer. ibid., 1878. II. 2253; V. Meyer, J.C.S., 1883, 44. 
618; a different method was used previously by V. Meyer. At.. 1876. 9. 1216; 1879. 10. 2068. 

4 Lunge and Neuberg. At.. 1891. 24. 729. 

* V. Meyer. At.. 1886. 19. 1861; Price. Chcm. Whs. 1920, 121, 249; Patterson. Ber., 
1920. 121. 307. 

6 V. Meyer and Pond. At.. 1885. 18. 1623; this must not be done in determinations at 
lower pressures: Dcrnuth and V. Meyer. ibid., 1890. 33. 311. 

7 V. Meyer and Pond. At.. 1885. 18. 1623; rod in side tube. Biltz, ibid.. 1888. 21. 2776; 
Blitz and Meyer. 7. pins. Chcm.. 1888. 2. IS4; opening two pinchcocks on rubber tube, 
Valcntc. Gazz.. 1881. II. 193: for some other methods of dropping the bulb, sec Patterson, 
S'"^u AV k1, ,y °' S - 91 ' 73 : Brandenburg. Chcm. 7i S .. 1909, 33. 192: Walter, ibid., 1909, 33, 
267; Chapin, hid. tng. Chcm.. 1912, 4. 684; Evans and Cassaretto, J. Chcm. Ediic., 1948. 25, 
348. 
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mmmm 

at s.r, 

peraturc t and baromeiric pressure H mm.. the \oiumc 

W,UbC: V 0 = ^[273/(273 +/)H<//-/>)/760) ml (l) 

where p is the vapour pressure of water in mm. a. r . If the mass of substance 
taken is m g., the normal vapour density is: 

D=mxlOOO ( k' 0 g./lii w 

corre^t'ion'ftcto'r for pressure ^s( Wj^>+p’)/^W. where ^is^the^pania^prcss^uri. 

?; .’sssr.”'™ a ss— ■ •- * 

A//760 is usually quite accurate enough. parlia , ure is 

:H£=^Sf-= 

such as those mentioned in §9 or • fused lead ^thcan^used . 

jar.*^^3^5a£-asrts 

through a to low pressure and heated in a Dam. .*x * ? 

. sec the explanation in Dun*.. - General and Inorganic Chemisto-." 1939. 39- 
2 Pcttcrsson and Ekstrand. Ber.. 1880. 13. un. m.i 2 3. 

: STESJ and Sufnnann, - Phy.iUHKh.hetn.sche 

Pr f Os^ld/^Pdnciplw of Inorganic Chc ™ st ^^: ^ U nswkk‘ ! Swal^’ 
Chemistry." 7th edit.. 1941. 53 . density bv Bcrthelot's equation 29 . \ II <- 1 

ran b.TmadcTMcInncs'and Strcding! °^t-^-^ J -^^3^39^23SO^tticks-BnJun. Brir. 5ni»*/. 3. Res.. 

and V. Me,, 

ibid., 1890. 23. 311 ; Krause and V. Meyer. Z. phys. Chen,.. 1890. 6. . 

* Smith. J.C.S.. 1880. 37. 491. . q^j,^ blanch. Mem.. 

io /..4.C.S.. 1929. 51. 674; this method had been used lor ciner o> 

1819, 3, 446. who used an almost vacuous globe. 
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substance in a small capsule was put in the extension B and could be dropped 
into the bulb by pulling back magnetically the piece of iron in C, this being 
attached to a thin rod supporting the capsule. The displaced hydrogen passed 
into D over mercury. A volumeter method (§ 3) for reduced pressures has 

also been used. 1 A variety of modifications 
of the Victor Meyer method 2 are adapted to 
special purposes. A semi-micro Victor Meyer 
apparatus is described. 3 

By using platinum or porcelain bulbs, the 
method can be used at high temperatures. 4 
The bulb can then be heated inside two graphite 
crucibles in a furnace burning hard gas carbon 
in an air blast, or in a Perrot’s gas furnace 
(§ I.VI B). 

Meyer and Mensching used a cylindrical 
porcelain bulb A (Fig. 12. VI I D), the outlet 
tube B being connected with a glass tube 
similar to the upper part of a Victor Meyer 
apparatus. The bulb was filled with pure 
nitrogen through the platinum capillary C, and 
after the experiment this gas was displaced by 
hydrogen chloride and collected over water, 
which absorbed the displacing gas. From the 
volume of nitrogen collected, the temperature of 
the bulb could be calculated; if V is the volume 
of nitrogen in the bulb, v the volume displaced 
(both reduced to S.T.P.), the temperature is 
i—(V— r)/(ai'— a'P), where a is the coefficient 
Fio. II .Vtl D. Apparatus of of expansion of nitrogen, and a' (approximately 

Matheson and Maas 0-000027) that of the porcelain bulb. The un- 

certainty that the tube B projecting from the 
furnace contains gas at varying temperature was obviated by using an exactly 
similar compensating tube D alongside B, the nitrogen from which was driven 
out by hydrogen chloride under the conditions of the experiment, and the 
volume subtracted from the volume displaced from the main apparatus. 

‘ Gigucrc and Rundlc, J.A.C.S., 1941, 63. 1135. 

2 V. and C. Meyer, Bcr., 1879. 12. 609. 1112; V. Meyer, ibid.. 1880. 13. 401. 1721, 2019; 

1882. 15. 2775: Meier and Crafts, ibid., 1880. 13. 851 ; L. Meyer, ibid., 1880. 13. 991 : Piccard. 
ibid., 1880. 13. 1079; Goldschmidt and V. Meyer, ibid., 1882. 15. 137. 1161; Langcr and V. 
Meyer, ibid., 1882. 15. 2769; Schwarz, ibid.. 188). 16. 1051; Henderson. J.A.C.S., 1912. 34. 
553; Gil. An. Pis. Quin,., 1912, 10. 82; Chapin. Ind. Eng. Chen., 1912. 4. 684; Wciscr ,J. Phvs. 
Chen,., 1916, 20, 532. 

1 Niedcrl, Z. anal. Chen,.. 1929. 77. 169; Lakshminarayan and Mayak. J. Indian Chen,. Soc., 
1931, 8. 599; Niedcrl and Saschck. Mikrochcmie. 1932. 11. 237; dc Caustcr. A laiuunv. Tijdschr. 
1933. 15. 189. 

4 v - and C. Meyer. Bcr.. 1879. 12. 1112. 1246: V. Meyer, ibid.. 1880, 13. 1721; Crafts. 
Compr. Rend., 1880. 90. 183; 1884, 98. 1259; Meier and Crafts. Bcr., 1880. 13, 851, 1316; 

1883, 16. 457; Langcr and V. Meyer, ibid., 1882. 15. 2769; Nilson and Pcttcrsson, Ber., 1884, 
17. 987; J. prakl. Chen,., 1886. 33. 1 ; Ann. Chin,., 1886. 9. 554; Z. phys. Chen,., 1889. 4, 206; 
Mcunicr, Compr. Raul.. 18S4. 98. 1268; von Klobukoff. Ann. Phys., 1884. 22. 465. 493; V. 
Meyer and Unger. ** Py rochcmischc Untcrsuchungcn." Brunswick. 1885. 25, 46; Dewar and 
Scott. Proc. Roy. Soc. Edin., 1887. 14. 410; Mensching and V. Meyer. Z. phys. Chen,., 1887. 1, 
145; Hilt/ and Meyer, Bcr., 1889. 22. 725. I1I6:Z. phys. Chen,., 1889. 4. 249; Thiele. Z.anorg. 
Chcm., 1892. 1. 277; Biltz. Z. phys. Chen,.. 1896. 19. 385; V. Meyer and Recklinghausen. Ber, 
1897. 30. 1926; Remganum, Phys. Z.. 1905, 6. 514; Lowcnstcin, Z. phys. Chcm., 1906, 54, 707. 
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Fio. 12. VII D. Apparaiu* of 
Mcnsching and Meyer 


(31 


painted outside with zircon.a and heated R 

electrically to 2000* in a small indium tube 
furnace. The substance (usually a fraction of 
a milligram) was weighed on a microbalance, 
and the displacement measured by the move- 
ment of a drop of mercury a horizoma! 
graduated glass side tube (Fig. 13.VII 13). 

A displacement method for permanent gases 
has been used. 2 Determinations of vapour 
density under reduced pressure can be made 
with substances which decompose on heating. 

A modification of Victor Meyer’s method con- 
sists in evaporating a known weight of liquid 
in a vessel filled with air (or other gas) and 
measuring the increase in pressure. 4 If v 0 =* 
volume of bulb in ml. at 0' C., a ^coefficient 
of expansion of glass, ct-cocfficient of expan- 
sion of air (or other gas), Po=* mtial pressure. 
o:= final pressure. /-temperature of evapora- 
lion, and m-mass or substance, the vapour dens,t> <g.,ml.> 

p =(760/K»M»i(l +«»)|/[(/'-/'o>" +* '») • 

Thc vaporisation bu.b and tube- .^sinn.ar to that f W 

rubber bung into a wide boiling tube with a spiral 
condenser fitted to a side tube, serving as a vapour 
heating jacket. Thc outlet from the bulb is connect^ 
with a mercury manometer tube having a fixed mark 
and connected by pressure tubing with a graduated 
levelling tube. A tap on thc inlet side ot the mano- 
meter allows thc level to be adjusted at the mark 
before thc small bulb of substance is dropped into the 
heated large bulb by means of a device mentioned 
above for use with the Victor Meyer apparatus. Other 
modifications of the Victor Meyer and other vapour 
density apparatus have been described. 

. Ncrnst. Z. Elek.rochem 1903. 9. 622: von Wa rjen be r g Z. amjrg. Chen,.. 1908. 56. 320; 
Der.. 1906. 39. 381 ; Peak and Robinson J Phys Chem , ,1936. 30. 941. 

2 Goldschmidt and V. Meyer, fler 1882. 15 13/. lioi. 2 l00 .435 1759. 

1827M8W S 22*140 919^1850 ^919 H01 ; J. praki'. Chen,.. \Z92. 45. 134; Maifatti and 
o 8 ?^. Client., 1887. 1. 1 59; Eykman *r. 1889.22.2754; 

Mona,,!,. .899. 20, 505 909 ».o 2-3 mm.>: Cl^n. ClJn . 

News. 1887, 55. 88; Anschutz and Evans. Ann.. 1889 253. 95. Richaros j 
59, 39. 87; Young, J.C.S., 1891. 59. 911; Lunge and Ncubcrg. Bee.. 1891, 24. 7.9. 
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The micro-apparatus of Blackman 1 consists of a capillary tube closed at one 
end, containing air enclosed by a thread of mercury, and placed in a closed 
tube with a stoppered bulb containing a weighed amount of liquid. The 
apparatus is heated, when the liquid evaporates and the increase of pressure is 
read off on the capillary manometer. 

Although the vapour density of a dissociating gas will be dealt with later, 
reference may be made to the case of formic acid, which has been rather fully 
worked on. 2 It may be assumed to polymerise to double molecules, present in 
the vapour in equilibrium with single molecules, (H.COOH) 2 ^2H.COOH. 
Coolidgc found that the pressure developed by the vapour was approximately 
the same as that of a mixture of single and double molecules, each deviating 
from the ideal state to the same extent as a monatomic vapour of the same 
molecular weight. Since formic acid is quite unstable, it seems an unfortunate 
choice for such work. The vapour densities of acetic acid at low pressures have 
been determined by the McLeod gauge. 3 Hydrocyanic acid was investigated 
by Sinosaki and Hara. 4 The vapour density of water is normal. 5 

§ 11. Gay-Lussac’s Law of Volumes 

When Alexander von Humboldt (1769-1859), the great explorer, brought 
back samples of air from different parts of the world, he and Gay-Lussac 6 
analysed them in 1805 by explosion with hydrogen and established that " 100 
volumes of oxygen absorb 199*89 volumes of hydrogen, or finally, in round 
numbers, 100 of oxygen require for saturation 200 of hydrogen." This sim- 
plicity of combining volume ratio was extended by Gay-Lussac 7 to a number of 
other gases, and in 1808 he announced that: "the compounds of gaseous 
substances with each other are always formed in very simple ratios, so that, 

representing one of the terms by unity, the other is 1, or 2, or at most 3 

The apparent contractions in volume suffered by gases on combination are also 
very simply related to the volume of one of them." The law may be stated in 
the form that, the temperature and pressure being supposed constant: when 
gases lake pari in chemical change the reading volumes are in the ratio of small 
whole numbers. 


Ann. Pins., 1899, 69. 456; Cooke. Z. phys. Chan., 1906. 55. 537; Mcnzics. y./I.C.S.. 1910, 32 
1264; Weiscr.y. Phys. Chan.. 1916. 20. 532; Maclnncsand Kreiling. J.A.C.S., 1917. 39. 2350; 
Shim, Bull. Cheat. Soc. Japan. 1927. 2. 37; Findlay. " Practical Physical Chemistry." 1941 55 
1 J - P 'y*' Chfm > ■*». 12. 661 ; 1909. 13. 138. 426; Z. phys. Chan., 1908. 63. 48, 381. 635; 
1909. 65. 549. 745: and several papers in Chan. News, 1907-16. 

: Bincau. Ann. Chim.. 1846. 18. 226; Pctlcrsson and Ekstrand. Bcr., 1880 13 II9|- 
Ramspcrgcr and Porter, J.A.C.S., 1926. 48. 1267; 1928. 50. 3036; Coolidgc. ibid., 1928, 5o’, 
2166; 1930 52. 1874; Wrcwsky and Glagoleva. Z. phys. Chem., 1928. 133. 370; Alexander and 
Lambert. Irons. Faraday Soc., 1941, 37. 421 tacctaldchyde); for elaborate calculations sec 
Halford. J. Chan. Phys., 1942, 10. 582; for HF, sec Benesi and Smylh. ibid., 1947, 15. 337 
lor calculations of dissociation from vapour density, sec Gibbs. "Scientific Papers," 1906! 
1. 372. 

1 MacDougall. J.A.C.S.. 1936. 58. 2585; 1941.63. 3420 I propionic acid); 1929 8. 297- c f 
Faucon. Compt. Raul.. 1908. 146. 691. 

4 Tcchn. Rep. Tuhoku Imp. Univ., 1924. 4. 145; 1927. 6. 157. 

» Levy. WrhL •I D- Phys. G«.. 1909. 11. 328; Ncmst. ibid.. 1909. 11. 313. 336; criticised 
by von Steinwehr. 7.. Phys.. 1920. 3. 466; Oddo. Gaz;., 1915. 45. i. 319; Menzics J ACS 
192!. 43. 851 ; Shirai. Bull. t hem. Soc. Japan. 1927. 2. 37; Dorsey. " Properties of Ordinary 
Water Substance. New York. 1940. 54 tbibl.». 

wlt"." n |928 d, 5 a 7 nd Gay Lussac - / * Phys - ,805 * ,29; Partington. "The Composition of 

n ! h' C 2 - 207,rcad 3,sl December. 1808); Alembic Club Reprint. 1899.4; 

Ostwald s Masstker, 1893. 42. 
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jn GAY-LUSSAC’S LAW OF VOLUMES 

Some accurate combining or reacting volumes at S.T.P. arc: 

2 vols of hydrogen chloride give 1-0079 vols. of hydrogen; 1 

1 vol of nitrogen combines with 3-00172 vols of hydrogen, 

2 00288 vols. of hydrogen combine with 1 vol of oxygen. 

The law is only approximate, since different gases have somewhat different 
compressibilities at the same *£££ did no. draw any con- 

combining volumes (probably because assumption would, he 

Basses 

hypothesis . 6 
• Gray and Burl. 7.C.5.. 

2 GiqreMdKnua.awpr. I’M- G u>c. 7. Chim. Phys.. 1917. 15. 20S; 
incorrectly attribute the volume tlKory to Gay-Lussac, so. e g. Mu.r. 

Cambridge. 1889. 12. 1 7. „ { 7Q , 810 , 55.); Alembic Club 

’ - New System of Chemical ^ £ Hi U l' 'Wteve. «l»t gases do not un.tc in equal 
Reprint. 1899. 4. He said in >18 • appear to do so. it is owing to the inaccurac) 

5 — — - h " °* n ror 

H • Careful 'authors of .he Us. 

Lolhar Meyer. " Modern Theories of Chemis.ry. 1 m axwx-n ” Thcor> of Heal. " IS75. 315. 
Chemistry." 1889. 30. speak of Avogadro s 1 ■ ^ Dammcr •• Handbuch dcr anor- 

callcd it. by mistake. Gay ' L . u **? c f ? Theoretical Chemistry from the Standpoint ol 
ganischen Chcmic." Stuttgart. 1892. 1. 2 . .. Av0gav j ro s rule": Berry. " Modern 

Avogadro’s Rule and Thcrn^ynamics. A ' voaa a ros theorem." Maxwell. who deduced 
Chemistry." Cambridge. 1946. 6. calls it A g iheorv of gases, says: " This 

Avogadro’s hypothesis by a dubious f _ . hc ran k 0 f .in empirical fact to that 

law of volumes (Gay-Lussac's, has nowlxcn raucd gdk ^ ^ .. P on thc onc hand, 

of a deduction from our theory. TIk. disimc t on xk Larmor. Munch. Mem.. 1 90S. 

and " law " on the other is often overlooked but » ™*™£i*£* between " hypothesis " 

usually has a place rather nearer the second. 
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§ 12. Avogadro’s Hypothesis 

Avogadro, 1 who says his hypothesis was devised to explain Gay-Lussac’s 
law of volumes (not, as is often said, to explain the equal expansion of gases by 
heat), pointed out that the difficulty of reconciling this with Dalton’s theory is 
resolved if it is assumed that the smallest particles of elementary gases are not 
usually the atoms, but are associations of two or more atoms. He gave the 
name molecule (a diminutive of the Latin moles, a mass) to the smallest particle 
of a substance which normally exists in the free state. 2 Maxwell 3 says that a 
molecule is “ that minute portion of a substance which moves about as a whole, 
so that its parts, if it has any, do not part company during the motion of agita- 
tion of the gas.” Avogadro called the molecules of elements “ molecules 
constituantes," and those of compounds 14 molecules intigrantes,” and the 
atoms (a name he does not use) he called 44 molecules elementaires.” Dalton 
had confused the latter with the gaseous molecules, but these 44 are made up of 
a certain number of these elementary molecules (atoms) united by attraction 
to form a single constituent molecule (molecule).” 

Avogadro then assumed that equal volumes of all gases, at the same tempera- 
ture and pressure, contain equal numbers of molecules. This is called Avogadro' s 
hypothesis. Avogadro’s words are: 44 Ie nombre des molecules intigrantes dans les 
gaz quclconques, est toujours le memc a volume egal ... les rapports des masses 
des molecules sont alors les mtimes que ceux des densites des differents gaz, k 
pression ct temperature cgales.” 

If it is assumed that each nitrogen and oxygen molecule contains two 
atoms, then in the formation of nitric oxide these molecules are divided into 
atoms and double the number of nitric oxide molecules, each containing one 
atom each of nitrogen and oxygen, arc formed, which meets Dalton’s criticism. 
Such results arc clearly represented by volume diagrams, used by Gaudin 4 in 
1832, whose actual diagrams (with modem symbols added) for three cases are: 



Gaudin. who mentions Ampere but not Avogadro. and speaks of Berzelius 


1 Essay on a manner of determining the relative masses of the elementary molecules of 
bodies, and the proportions according to which they enter into these compounds [ccs com- 
binations!^. de Pins., 181 1. 73. 58; Alembic Club Reprint. 1899, 4; Ostwald’s Klassiker. 1889, 
»: Opcrc scene di Amedeo Avogadro." Turin. 191 1. 1 f. 

* According to Ostwald. Z. phys. Chem.. 1899. 29. 573, this definition " has no actual sense," 
but it seems generally satisfactory. 

p 3 ,875 * 3051 " Enc > Bri, ‘ •" 9,h cdi ‘- >» 77 . art. "Atom"; "Scientific 

i apers. 1890. 2. 445. 

4 Ann. Chin,., 1833. 52. 1 13; Dumas. Phil. Mag., 1869. 37. 93 (who is favourably mentioned 
in oaud.n s memoir) said: " It would be unjust to omit the mention of M. Gaudin’s name by 
the side of that of Ampere." Dumas. Ann. Chim.. 1826. 33. 337. was practically the only 

^T , ?/«, mCntl0n . AV ° Sad . r ^ by namc un,il Cannizzaro in 1858. Bcrcclius. Jahres-Ber., 
IBJ5. 14, 84. gave a long and favourable account of Gaudin’s paper, saying that: “ die Idee 

n°nV 8rU H PP,er,Cn r, A ,' 0mcn m tkn Gascn dcr cinfachcn Kdrpcr hat ctwas loekendes." 

On Gaudin. sec Dclep.nc. Bull. Soc. Chim., 1935. 2. 1 ; Urbain. ibid., 1935. 2, 16. 
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with respect, used the names “ atom " and " molecule m he modern sense, 
and speaks of ■•monatomic." " biatomic." " tnaiomtc, etc., molecules, 
composed of 1, 2. 3, etc., atoms. He recognised that mercury vapour ,s 
monatomic. He defined the " molecule " as " un group ,soU d atomes, en 

nombrc quelconquc el de nature quelconque. 

In a letter to Berthollet, Ampere « again put forward Avogadro s hypothesis 

(he mentions Avogadro). but he supposed that the number < mo1 ^ 
culcs **) in the molecule (-integrant particle ) of an element is four .(not 
usually two as Avogadro supposed) and also attempted to 
thesis to crystalline solids, so that h,s speculations are more complicated, less 
general, and less accurate than Avogadro s. . . . who 

Avogadro’s hypothesis was almost completely ignored by chemists, h 
failed to appreciate that it provided a method of fixing atomic *e'gh«- 
Prout ^ used Avogadro-s hypothesis in 1834 (without mcnUoning Avogadro)^ 
and in reply to a criticism by W. C. Henry * says his hypothesis of ^°“ lc ^ u 
as whote multiples of that of hydrogen, proposed anonymously in 181 5-16, 
was actually founded on Avogadro’s hypothesis, although this is not cx P r ^ d ’ 
Cannizzaro in 1858 revived Avogadro’s hypothesis and defined anat°m as 
the smallest weight of an element occurring in the molecular weight of any of its 
compounds (sec p. 787). 

§ I^Gas or Vapour Density and Molar Weight 

^Thc relation between density and molecular weight was ^ 

Cannizzaro as follows. The relative density of a gas or vapour is the weight of 
any volume of the gas or vapour divided by the weight of an equal °f 

hydrogen at the same temperature and pressure. If the atomic weight .ofh>d i gc 
is taken as 1, the hydrogen molecule H 2 has the molecular weigh > 

Avogadro’s hypothesis, at the same temperature and pressure: 
relative wt. of any vol. of gas or vapour wt. of n molecules of gas or vapour 
density^ wt. of equal vol. of hydr'ogliT wt. of n molecules of hydrogen 

wt. of 1 molec ule of gas or vapour _ mol, wt. of gas or vapouj; 

wt. of 1 molecule of hydrogen mol. wt. of hydrogen 

mol. wt. of gas or vapour 
“ 2 

/. molecular weights relative density x 2. 

On the standard 0=16, H = 1 008 and the factor is 2-016. If the volume 
occupied by 1 g. of hydrogen is taken as unit, the weight modular 

of hydVogcn a, TtZZL 

Ann. Chtm., 1814. 90. 45 ; Ostwalds KlassikerlSSS*. 

.52-5: MeMrum. 

“ Avogadro and Dalion," Edinburgh. 1906. 40; Dobbm. Chem. Ne*s. 1916. 113. 8.. 

» d^Chimie.- ,854. 

Davy, *• Elemenis of Chemical Philosophy. 1812.192, Works. 1840 . . 
i •• Introduction to Modem Chemistry." 1865. 131- 
A.T.P.C. — 25 
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(Greek a barleycorn), and the weight of the same volume of any gas or 
vapour in crith units is half the molecular weight. 

Formerly, dry air, freed from carbon dioxide by alkali, was used as the 
standard of relative density of gases, but the use of air as a standard in accurate 
determinations has been discontinued, since the composition of the atmosphere 
is slightly variable at different times, the weight of a litre of air varying by 
0*5 mg. or more. 1 The value 1-2930 g./lit. for the normal density of air is 
probably the best, and may be used in converting data given relative to air= 1 to 
normal densities (g./lit.) by multiplication by this figure. If the values are not 
at S.T.P., a knowledge of the compressibilities and coefficients of expansion of 
air and of the gas is necessary, but as values relative to air are not usually of a 
high order of accuracy, the assumption of Boyle’s law and the known coefficients 
of expansion are usually sufficient. 

When the weight of any quantity of a gas is compared with the weight of an 
equal volume of a standard gas at the same temperature and pressure, the ratio 
depends only on the nature of the gases, and (with ideal gases) Avogadro’s 
hypothesis shows that this ratio is equal to the ratio of the molecular weights M 
of the two gases, *v,/h» 2 = A/ ,/A/ 2 . If the molecular weight of oxygen is taken 
as A/ 2 =32, the standard gas will be an imaginary gas with 1/32 the density of 
oxygen, and the molecular weight of a given gas is found by multiplying by 32 the 
ratio of the weight w j of the gas to the weight w 2 of an equal volume of oxygen 
at the same temperature and pressure, A/,=32(w 1 /w 2 ). The weight of 1 ml. 
of oxygen at S.T.P. is 0-001429 g. and at /°C. and p cm. Hg it is 0-001429X 
273/?/76(273 +t). If w, g. is the weight of 1 ml. of any other gas or vapour 
calculated for the same conditions, the molar (g. mol. wt.) weight is: 2 

A/, =32w,x 76(273 +0/0 001429 x 273/»=6233w,(273 +/)//> / (I) 

According to Avogadro’s hypothesis, the volume occupied by one mol of any 
gas or vapour, calculated for S.T.P., is a constant, V m , called the molar volume. 
Hence if A/=molar weight, Z)=normaI density=wcight in g. of 1 lit. at S.T.P., 
then: 3 

M/ D= const. = V m (2) 


§ 14. The Molar Volume 

The molar volume V m can be calculated from the values of M and D for any 
gas. Oxygen, the standard gas, may be chosen; in this case M/D= 32/1 -4290= 
22-4. Hence, for approximate purposes, A/=22-4Z>. Since oxygen is not 
quite an ideal gas, this value requires a small correction which can be calculated 
from the compressibility coefficient of oxygen (§ 15), giving the ideal molar 
volume V m0 as 22-415 lit. 

It is important to notice that the value of P m0 , the molar volume of an ideal 


» Morlcy Amer. J Sci. 1879. 18. 168; 1881. 22. 417; Amer. Chem. 1882. 3. 275; Guye, 

,w a ?g. a 7 .s \ PH U S . I9 \ 2 ’ !V 33; Towcr - ibid - ,913 - 249 (bib!.); Guye, 

926 39 t ; 4M q m r n *!' ^ l,; Sl0ck and Ritler * Z W*. 

Chem., 1926. 39. 1463 <0*13 per cent.); Moles. Gazz.. 1926, 56. 915; Moles, Paya, and 

f 9 a SO T M<tdrid ' l930, ^ 95; S,0Ck * Ramscr ' and Eyt*r, Z. phvs. Chem . . 

1933. 163. 80 (oxygen volume percentage 20 81-21 07); Pancth. Nature 1937 139 181 * 
Carpenter .J.A.C.S.. ,937. 59 358 (who found the volume percentages of oxygen and Carbon 
dioxide in dry uncontarmnatcd air very constant). 

2 McndCcelF. " Principles of Chemistry." 1905 1 345 

Pnnciplcs of Chemistry.” 1905, 1. 319. who calls this ” the law ofAvogadro- 
his atomic thc^y § ' SUPP0SCd ' ha ' "** ,he form “ hich Da "°" arrived at 
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ea , at S T P should have the same value when calculated by the above method 
for aU gases,' and . he following table, given by Berthelo.,- shows that his is ve* 
nearly th“case. The column headed I -»,/*„ gives the compress, b.hty correc- 
S“n, V, and being the actual and ideal volumes a. 1 atm. pressure. 


Gas D 

1 

M 

1— Vl/t’O 

Vm 

Y*> 

h 2 

CO ... 
o 2 ... 
co 2 ... I 
CjH 2 ... 
HCI ... 

so 2 ... 

008982 

1 25010 
1-42876 

1 97625 

1 17070 

1 64073 

2 92661 

1 

2016 

28 00 

3200 

44 00 
26016 
36458 

64 06 

I 

1 00064 
099954 

0 99924 
099326 

0 99160 

0 99210 

0 97642 

1 

l 

22 445 

22 406 

22 397 

22 269 
22*231 

22 221 
21-889 

22 4 308 

22 4084 

22 4140 

22 4146 

22 4109 

22 3983 

22 4174 

22 4135 


Berthclot adopted the best average value as 1 . 

recent experimental values of densities and compressibilities indicate the 
K„, 0 =22-41 5 lit./mol. which is adopted in this book. 

8 15. Accurate Molar Weights from Limiting Gas Densities 

Since actual gases do not obey Boyles law. they cannot agree «act!y with 
Avogadro-s hypothesis. Equal volumes of two gases may domain equal 
numbers of molecules at one pressure, but (owing to dev lat.o s > 

law) these two equal volumes become two unequal volumes at another pros 

stirs ; ~ 

N molecules in the ideal state and AT in 

or 

strictly^ forfait /tfea)~gas! and^sfnee Boyle s law «as shown experimenta ly by 
Rayleigh 4 to hold exactly at very small pressures (ft lLVU A), it may oe 
assumed with some confidence that , he ratio of the densities of /ho gasts 

”s 

p atm., W\p V is the density ( If'/ V) at unit />r«5ure (^ 

frnm Rnvle’s law pV \s not quite constant at different pressures. ne 

from Boyle s law. ^ ^ ^ D ^ wlp%VwmWJ v when />.= • As /> 

approaches zero WlpV approaches the value for the ideal gas. and the 

£SkssSs5s«s 

‘^‘{.■S^il'S-lSL, of Chemistry." edit. Mo, Icy and Muir. ,**>. 

•«*- -= —• 

1922 , 44 . 595 . 
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D 0 = Wlp Q Vo is called the limiting density (by Rankine 1 the “theoretical 
density ”). This gives Rayleigh’s equation: 2 

D 0 =(PiVilPoVo)D (1) 

Since D 0 is the weight of 1 lit. of the gas in the ideal state at S.T.P. and as the 
mol M is the weight of 22*41 5 lit. at S.T.P., 

A/=22-4I5Z) 0 (2) 

The first use of a limiting density seems to have been by W rede, 3 who 
found that the density (air=l) of carbon dioxide is represented by D= 
1 -5201(1 +0 0049p)/(H-a/), where a is the coefficient of expansion. Hence 
the “true” density was taken as 1-52037. He found no dependence of 
pressure with oxygen and carbon monoxide. 

By plotting pV against p a straight line is found for a given mass of most 
gases for values of p less than 1 atm., and hence by extrapolation to p= 0 the 
value of PqVq in (1) is found. This linear relation between pV and p holds 
strictly only for permanent gases; for more easily liquefiable gases the pV-p 
isothcrmals are probably slightly curved, 4 the slope decreasing somewhat at 
low pressures, but the curvature is quite small even for carbon dioxide. The 
accurate equation is : 

pV=p 0 Vo+B P +Cp 2 + (3) 

in which B, C, etc., are functions of temperature, but C and later coefficients 
are very small, and the corresponding terms arc usually negligible at pressures 
below atmospheric. 

D. Bcrthclot 5 defined the compressibility coefficient of a gas between 1 atm. 


(p j) and a low pressure ( p 0 ) as: 

^i=(^o^o-/»i^i)//>o^i-/>o) (4) 

When p , = 1 and p 0 -*0, this becomes : 

<-\~P,V,IPoVo (S) 

From equations (I) and (5): 

£>„=D< I-/0 (6) 


Since the compressibility coefficient of oxygen is 0000964, i.c. 1 —pivjp 0 v 0 = 

0 000964, the volume at 1 atm. pressure which any volume of oxygen, 
would occupy if it were an ideal gas, v 0 , is given by 1 — v,/v 0 =0-000964. For 

1 g. of oxygen at S.T.P., t>, = 1/1 -4290 lit., and for 32 g., the molar weight, the 
ideal molar volume is: 

F m0 =32/[1 -4290x(l -0 000964)] =22 -4 1 4 lit. 

Guye 6 found F m0 from the equation V mQ =MI D{\- A x 0 ) as 22-410 lit./mol. 

» Phil. Mag., 1851, 2. 509 (527). 

3 Porter, in Gray and Burt./.C.S.. 1909, 95. 1633. 

1 Berzelius, Jahres-Ber., 1842. 22. 72; Ostwald, " Lchrbuch," 1910, 1. 82; Berthelot, Compt. 
Bend., 1907, 144. 76. says the idea is due to Rcgnault. 1842; Clarke. Phil. Mag., 1881, 12. 
101, had used Rcgnault's gas densities at 1 atm. pressure to calculate atomic weights, but 
Thiescn. Ann. Phys., 1885. 24. 467, pointed out that they should be extrapolated to zero 
pressure and showed how this could be done. Blaserna. Compt. Rend.. 1869, 69, 132, 134, 
pointed out that Rcgnault's value for carbon dioxide at 100‘ is not (as Rcgnault thought) 
equal to the ideal value. 

4 Gray and Burt.y.C.5.. 1909. 95. 1633. 

s Compt. Rend., 1898. 126. 954, 1030. 1415. 1501 ; 1907, 145. 317; J. de Phys., 1899. 8, 263; 
Z. Elekirochcm,, 1904, 10. 620; True, el Mem. Bur. Internal. Poids el Mesures. 1907, 13; sec 
^ 29. VII C. 

6 Compt. Rend., 1907, 144, 976. 1360. 
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He calculated A l 0 from the critical data and thought there was a variation of 
V m0 with critical temperature l,° C. according to the formula 22 410+ 1 -5 x 
10“ 7 rA but this is improbable. 1 . 

Guye 2 * * * * and his school used a different compressibility coefficient A: 

A=( Po »'o-/>.f'i)/|>,K, (/>,-/>„) ,7 > 

or, for />i“= 1, Po~*Q’ {+X=Po v olp ,y, «8, 

D 0 = Did +X) ,9 > 

The relation between A'„ and A is given by (6) and (9) as: 

.aJ=A/(1+A) 110) 

(l-y4') and (l+A) are both nearly unity but have opposite signs. A\ being 
usually positive (except for hydrogen) and A negative (except for hydrogen); 
equations (6) and (9). although they give almost the same results, arc not 
identical. For two gases of molecular weights M , and M 2 : 

M i P,(1--4 q)i P|(>+*2> ,,,, 

M 2 D 2 (l-4)2 Oj<I+ a i» 

For hydrogen £>=0089873, ^J= -0-00054; for oxygen £>=142900. 
A'„= +0-000964. Hence: 

mol.wt.ofHj 0-089873(1 +0-00054) = !_^'0078 
mol. wt.ofOj' 142900(1 —0 000964) 15 876 16 

The normal density of hydrogen chloride is 1 639 15. For an arb "' ar > "' as '' 
of gas pi F| = 54.803, and the value of Mo found by 8«P h 'cM exirapo^tion 

from the slightly curved plot of pF against p to p=0 was 55.. 1 3 (Gray and Bur I. 

Hence £) 0 for HC1= 1-6391 5x54803/5521 3= I -62698. , 

The normal density of oxygen is 1 -42900 and the following va!ues of p,t>, 
and p 0 o 0 (extrapolated) were found, the limiting densities shown being cal- 
culated in the same way as for HCI: 


Pl^l 

PoV 0 {cxKtzv.) 

Do for oxygen 

139.628 

138.959 

56.256 

139.769 

139.087 

56.311 

1 42756 

1 42768 

1 42760 

1 mean 1 42762 


36-469. 


. molecular wt. of HCI = 32 x 1 -62698/1 -42762 
Guye 3 proposed the extended equation: 

n tl = ((l+A)-A0»-l )]/> 0 fo 


. . . ( 12 ) 


I Welts, Amer. Chem. Abslr., 1907. 1 , 2529. . 9.9 .7 

* Guye, J. Chim. Phys.. 1905, 3. 321; 1906. 4. 1 74; 1908. 6 769 19X3.11.215. 9 9. 17. 

141; Comp,. Rend., 1907, 144, 976. 1360; Baumc and Wourtzel. ^ CJ*"* ^ 

520; see the papers by Baumc. Cardoso. Jaqucrod Ter Ga^r.an Molcs and > WourttU. 

quoted in § 6 ; Henning and Jaeger, in Geiger and Schecl. ”? ndb %‘l , d ' 29 P -!i X . Birsc and 
2, 493; Birgc, Rev. Mod. Phys.. 1929. 1. 1 : Batuecas. J Ctum /*>(•• 1932. 29. -6. B.rgc and 

Jenkins. J. Chem. Phys., 1934. 2. 167; Moles, J. Chim. Phys.. 1937. 34. 49. 

J Quoted by Wourtzel.7. Chim. Phys., 1919. 17. 143. 
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for more easily liquefiable gases, and Baume 1 used: 

pv=\+a{l — D/Di) ( 13 ) 

where D= wt. of 1 lit. under pressure p, D, do. under 1 atm. pressure. This 
corresponds 2 with A l 0 =afc\ +j)=fl— a 2 +a 3 . 

Leduc 3 used the equation 

Mpv=RT<f> ( 14 ) 

where v=sp. vol., R= gas const, per g., ^ is a function of temperature. At low 
pressures Mp 0 v 0 = RTfo (<fo->- 1 for p-*0 ) 

pvlPoVo=<t>l<t>o—<t> ( ,s ) 

where 

<j>=\—mp—np 2 =\ —mp ( 7T—np ( hr 2 = 1 —mp ( e—np c 2 e 2 . . ( 16 ) 

where p,=crit. press., 7r=reduced pressure (p/pj and e is expressed as the 
ratio p cm ./p, atm. He then found m and n as functions of temperature. The 
fundamental equation later used by Leduc (in 1923) was ( k=TJT , and b is a 
constant): 

p=(RTIM){vl(v—b) 2 —3-\b[b/(v+b) 2 ](4 i —\)} . . . ( 17 ) 

It has been demonstrated several times 4 that the methods of Berthelot, 
Guye, and Leduc are the same in principle, and give almost identical results. 
Sinosaki and Hara 5 for hydrogen cyanide, found: 

pVIW-R-bp-cp 1 ( 18 ) 

where W=- weight of the gas, b and c are constants. 

In a method used by Batuecas* the values of pV found at 1, }, i, and } atm. 
were extrapolated to zero pressure to find po^o- The densities at unit pressure 
(WIpV) of nitrous oxide at different pressures ( p atm.) and the values of pV 
found were: 


p 

• 1 

1 00 

0667 

050 

0-333 

WIpV ... 


1 9804 

1 9746 

1-9722 

1 00416 

i 

1-9694 

pV 

... . 

1 00000 

1 00294 

I 00559 


Extrapolation of the pV-p curve gavepo^o. and 1 +*= 1 0085, 

Z) 0 = f>i/(» +A)= I 9804/1 0085= 1 -9637 g./lit. 

Af=l -9637x22-415=44-016, 

atom. wt. N = 5(44-016—I6)= 14-008. 

• J. Chim. Phys .. 1908. 6. 52. 

1 Baume and Wourtzcl.^. Chim. Phys., 1912. 10, 520. 

J Cumpi. Rend. 18%, 123, 743; 1897, 124, 285; 1897. 125. 571, 646, 703; 1909, 148. 407; 
1912, 155, 206; 1923. 176. 1132; Leduc and Sacerdotc. ibid , 1897. 125. 297, 299, 768; Leduc, 
J. dc Phys., 1898, 7. 5. 189; 1899. 8. 585; Ann. Chim., 1898. 15. 5, 90; 1899, 17. 173; 1910, 19, 
441 ; *' Volumes moleculaires: Applications." Paris, 1923. 

4 Van Laar. Vers lug. K. Akad. Helens. Amsterdam, 1899. 7, 350; Proc. K. Akad. Weiens. 
Amsterdam, 1899. I. 273; Z. phys. Client., 1899, 32. 158; Burt and Howard. Trans. Faraday 
Soc., 1924. 20. 544; Wild. Phil. Mag.. 1931. 12. 41; Boutaric. J. Chim. Phys., 1931, 28. 174; 
Cawood and Patterson. J.C.S., 1933. 619: Dictrichson. Orleman. and Rubin, J.A.C.S., 1933. 
55. 14: Keyes and Felsing. ibid., 1946. 68, 1883 (methylamincs). 

J Techn. Rep. Tohoka Imp. Univ., 1929. 8. 297. 

6 J. Chim. Phys.. 1931. 28. 572; Arch. Sci. Phys. Nat., 1938. 20. 59; Z. anorg. Chem., 1941, 
246. 158; cf. Dietrichson et a!., J.A.C.S., 1933, 55, 1, 14 (NHj, density at 1, $ and $ atm., 
0-77126, 0 51161,0-25458). 
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Moles 1 found that if allowance is made for adsorption on the glass globe the 
density (weight of 1 lit. at S.T.P.) of any gas is a linear function of pressure 
below 1 atm.: 

D=D 0 +ap H9) 

(This is a different relation from pV=p*V*+Bp.) The adsorption is expressed, 
for unit surface, by the equation a=kpT where p is the pressure, the constants 
k and m (— 0 25 to 0-70 for different gases) being determined by experiment; 
m shows a tendency to decrease with increasing pressures. The total adsorption 
for a spherical bulb of volume v is: 

a=kv* \fT-pD 

where p, is the residual pressure. If \/D p is a linear function of pressure and the 
uncorrectcd normal density is D p \ then: 

l/D/-(l/X> 0 )(l-^Kl-a/g). 

where a is the quantity of gas adsorbed and g is the weight of gas contained in 
the globe of volume v under the pressure p. Thus: 

\/D p '=(\/D 0 )(\-A p )[\-(klg)v*>(pr-pr)) ... ( 20 ) 

Moles determined D 0 by measuring the density at 1. j. f and \ atm., and extra- 
polating to zero pressure. .. . 

The micro-balance method for the comparison of densities <$ 4) is readily 
adapted to the determination of the ratio of limiting densities, i.e. the ratio ol 
the molecular weights. From (4) ( p 0 -*4» 

pV-PoV^-Ap) ( 21 ) 

But p 0 V^RT(WIM) for the ideal gas. since W'/A/=/i. the number of mols. 
and {WIV)— D % hence: 

p=(RTD/Ai)(\-Ap) (22) 

The densities of two gases are equal (equilibrium of the micro-balance) 
when: 




A/ 2 (1- < 4|P 1 ) 


Mj 
M i 


(I —A2P2) 


(23) 


Pi MlV-AlPH '*'1 0 — 4 , />|) 

When r. the observed pressure ratio, is extrapolated to the limiting value r 0 
for zero pressures (/>,— 0 and p 2 ->0)- 

Ai i/M , =r 0 (24) 

If the compressibility coefficient of one gas. .4,. is known, that ol the other 
may be calculated from the values of r at two pressures below 1 atm., since: 

0-A>'.<4|) 


r' (l-/>'2<4 2 ) 


(25) 


r"'(\-p ' 2 A 2 ) O-p'^Ax) 

The micro-balance method was used by Woodhead and Whytlaw-Gray : in 

« Moles and Clavcra. Z. anorg. Chcm.. 1927. 167. 49 (NJ; Mote RtcTrav. Chi,,, 1929. 
48. 864; Moles and Salazar. An. Fis. Quim.. 1932. 30. 182; Moles. . bid., 1937. 35. !34: Comp, 
Rend., 1937. 205, 1391 ; J. Chim. Phys.. 1937. 34. 49; in Lcs Determinations physico-chim.ques 
dcs Poids Mol6culaires et Atomiqucs des Gaz. Inslilut Internationale Cooperation Intellect ne tie 
Paris. 1938, 1. 116, and bibl. of other papers by Moles and collaborators; Moles and l oral. 
Z. anorg. Chem., 1938. 236. 225 <SiF«>. 

2 J.C.S., 1933, 846. 
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finding the atomic weight of carbon from the determination of the limiting 
density of carbon monoxide. The temperature was 19 -8° C. 


Approximate balancing 
pressures, mm. Hg 

Uncorrected 
pressure ratio 
r' 

Corrected 
pressure ratio 
r 

Limiting 
pressure ratio 
p~* o 
ro 

Mol. wt. of 
CO 

Mz 

0 2 

CO 

181-9 

207-8 

Bill 

0-87523 

0 87533 

28010(d) 

361-9 

413-5 


087514 

0-87534 

28-011(0) 

572-3 

mm 

mm 

0-87500 

087537 

28 011(8) 


16. Table of Compressibility Coefficients 

Some values of the compressibility coefficients at 0° 

are: 


1 m 

^Jxio* 

Hydrogen Hj 

0-99935 i* • 
0-99922 '* 

-52'* 

Helium He 

0-99955 '* 

-60** 


1 0000* 

-86 «* 

Neon Ne 

0 99895 * 

— 105 * 


0-99941 ». *• 

-65-9 

Nitrogen N* 

1-000*5* 
1-00043 11 
1-0006* 

+43U.2' 


1-00074 •* 

1 001 17 «• 

+ 81 i* 

Carbon monoxide CO 

1-00048* 


1 00040 J* 

1 00050 >* 

+40 i' 

Oxygen 0« 

I 000926 

+97 »« 


I 00085'* 

+92-5 it 


1-00097 '• 

+ 113 '» 


1-00093’ 
1-00087 * 

1 000942 * 


Argon A ... ... ... 

1-00104’ 

+ 82** 


1 00090 -’t 

+ 90 *• 

Nitric oxide NO 

1-00112* 

+ 1 17 »• 

Ethylene C ; H 4 

1 0074* 

1 0073 



1 0078 ** 

+ 102 » 

Acetylene C?H* 

1-00884 >’ 


Carbon dioxide CO* ... 

1-007061* 

+ 691 *' 


1-0068* 

+676 " 


1-0067 '«> 

+663 *’ 


1-00702 tt 
100694 i' 

+922 »* 

Phosphine PH } 1 

1-0097 « 


Hydrogen sulphide H ?S 

I 0104 '* 


Nitrous oxide NjO ... 

1-0088 ' 

+739** 


I 0073 * 

+733 2' 


1 00737 it 

+ 700*’ 

Silicon fluoride SiF 4 

l-OIOWf 

+ 1003 *> 


See page 777 for footnotes. 
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Hydrogen chloride HCI 
Hydrogen bromide HBr 

Hydrogen iodide HI 
Methyl oxide (CH >)*0 


Ammonia NH> 

Methyl chloride CH jCI 
Sulphur dioxide SOj .. 


Propane C3H$ 

Nitrosyl chloride NOC1 


1 + A 


A\ x 10* 


I 00737 «« 

1 00934 •* 

1 00931 2 ® 

I 01491 » 

1 0254 » 

I 027 - 
1 02656 • 

1 01499 •• 

I 01553 -'* 

1 01526 
I 02215 * 

1 0247 >■• » 
1 02341 •• 

1 0239 « 

1 02410 2* 

1 0204 2 
1 02395 


+ 736 
+931 •'* 


+ 2656 * 


+ 1521 
+ 1502 21 
+ 1 480 : T 
+ 2215 • 

+ 2380 *. 


« Batuecas, /. Chim. Phys., 1931. 28. 572. 

* Batuecas,/. Chlm. Phys., 1934. 31. 165. 

3 Batuecas,/. Chlm. Phys., 1925, 22. 101. 

* Batuecas, /. Chim. Phys., 1934, 31, 65. 

s Batuecas, Maverick, and Schlatter./. Chim. Phys.. 19-5 22 I • 

* Batuecas. Schlatter, and Maverick./ 

1 Baxter and Starkweather. Proc. Hat. Acad.. 19-8. 14. 50. 1 - . - . 

* Baumc. /. Chim. Phys., 1908. 6. 1. 

* Burt, Trans. Faraday Soc.. 1910. 6. 19. 

10 Cawood and Patterson. J.C.S., 1933, 619. 

n Chappuis, Trav. cl Mim. Bur. Internal. Po.ds et .. . , , 63 

.2 Deshusses. Thesis, Geneva. 1922; Landolt-BOmstcn. Tabcllcn. I 3-7. trg/.h. l. 

* J Gray and Burt. J.C.S., 1909. 95. 1633. 

»* Guye. /. Chim. Phys., 1919. 17, 141. ,, 2 0 ?0 g. 

is Guye and Batuecas. Helv. Chim. Ac, a. 1922. 5 532; /. Chtm. Phys.. I9-. . 

Addinglcy and Whytlaw-Gray. Trans. Faraday Soc.. 19-8. 24. m*. 

Henning and Hcuse.Z. Phys.. ^21,5, 185. Samcshinu. Bull. Chcm. Soc. 

* 7 Howarth and Burt, Trans. Faraday Soc.. I92>. au. *«■ 

Schcucr, Soc. PHy,. Ha, .Geneva,. ,907. 35. 659. 
i* Maverick, Thesis, Geneva, 1922. 

” i!S- * — - 

Paris, 1938, 47, 191. 

22 Moles, /?ec. Trav. Chim., 1929.48. 864. .. _ F .. . ixi 

» •• Ta^,cn, 

1931, Ergzb. 2, 205. 

23 Rayleigh, Phil. Trans., 1905. 204. 351. 

“ Whytlav^Gra^'a'nd’cawstxl.^'Poids Mo1eeu.ai.es des Gaz. Ins.i.u, ln,cr„a,ional' * 
Cooperation Intellectuellc, Paris, 1938. 88. 

2* Wourtzcl, /. Chim. Phys., 1913. II. 29. 

2« Moles and Roqucro, An. Fis. Quim.. 1937. 35. zt>s. 
so Pirc and Moles. An. Fis. Quim.. 1929. 27. 267. 

31 Batuecas, An. Fis. Quim.. 1925. 23. 343. 

32 Bodareu, Atti R. Accad. Lined. 1914. 23. i. 491. 

33 Batuecas, Helv. Chim. Acta. 1922. 5. 544. 

25 * 
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§ 17. Calculation and Determination of Compressibility Coefficients 

Instead of using a measured value of the compressibility coefficient, a value 
may be calculated from a characteristic equation. The simplest is van der 
Waals’s equation, 1 (p-\-a/v 2 )(v—b)=RT. If v 0 is the ideal volume, pv 0 =RT, 

pv 0 =(p+a/xP)(v-b)=(p+a/v 2 )(\-b/v)v ... (I) 

If/>=1 atm., then, since b/v is small: 

v 0 =v(\+a/v 2 )(\—blv)~v(l+a/v 2 —b/v)=v<t> ... ( 2 ) 

If D , D 0 are the normal and limiting densities: 

D/D 0 =Vi>/v=<f> D 0 =D/<t>=MI 22-415 ... (3) 

from which M may be calculated from D , a and b, since v in </> may, with 
sufficient approximation, be replaced by i> 0 =22-415 lit. 

Van dcr Waals 2 used the equation: 

A more accurate equation is that of D. Bcrthelot (§ 29. VII C): 

■. 

Since V=M/D, and the expression in square brackets in (5) may be written 


(1 +Ap) at a given temperature: 

M-(DKTIPXI-Ap) (6) 

A = -(9im)(T 2 -6T 2 )TJp ( T> (7) 


For hydrogen chloride 0=1-63915. 7>273 -09+5 1-45, p,=8l -55 atm. Thus 
A= +0 007582. and since /?=0-08208 lit. atm./l°C., therefore A/= 1-6391 5 x 
0-08208 x 273 09 x 0-9924 1 8 = 36 -466. 

Beattie and Bridgeman's J equation gives the simple result: 

(i+A) r = i -M/rcr.i+ft) (8) 

where RZ B 0 — A 0 — Rc/T 2 , A 0 , B 0 and c being constants. 

I he apparatus used by Guyc * and the Geneva workers for measuring com- 
pressibility coefficients is shown diagrammatically 5 in Fig. 14.VII D. Three 
bulbs A. B. and C. of 177 ml. capacity, are connected by capillaries 7 cm. long 
and 1 -74 mm. diam., the capillaries having marks a, b, c, and d. The bulbs are 


, 0 L V 2 n ^V W - ,S ’ Pro: - K ‘ Akad - Wftens - Amsterdam, 1898, 1, 198; D. Bcrthelot. J. dePhys., 
F n r ! dcrKh - Arch ' ScL Ph >’ s - Nat., 1900. 9. 505; Guyc. Comp/. Pend., 
1 inii 24 ] ' Phys ' l905 - 3 - 321; criticised by Kohnstamm, J. Chim. Phys., 1905, 

. ,V06 ' 4 * l02 - For “sily liquefiable gases Guyc used " limiting values " of a and b 

g.ven by a 0 =a[T,/T )>■'-, b 0 =b/[l -(T,-T)/T<){1 -0 0032229 pjp). 

* Proc. K. Akad. h'e/ens. Amsterdam, 1898, I, 198. 

R , (4) -, 5 38 X" C; 1, n> ‘ ■ °‘ em - l933 ' 37 - 995 ; nu Ma t- 1935, 19, 446; 

R0pc »v. ,}S ■ < ~ hcm - l94 °- 44 - 8 34; 1941, 45, 321; used the virial equation (S10.VIIA) 
pv = Ki + A/v+ B, f-+r/ v* for h>drocarbon gases. 

* J. Chim. Phvs., 1927, 20. 308. 

. 5 ;™P°« anl air-traps on the mercury connections, etc., are shown in the original, and must 
be used m accurate work; see Batuccas* criticism. J. Chim. Phys.. 1933. 30, 482; 1935, 32, 58; 
o ,hc work of Klcmenc and Bankowski. Z. anorg. Chem., 1932. 208, 348; 1934 217 62 



j, 8 ELEMENTS AND COMPOUNDS 

contained in an ice-bath K., two horizontal tinned- 
iron tubes ef and gh, with glass windows, keeping 
parts clear of ice so that the marks can be observed 
through the windows (wire gauze tubes would be 
better). The lower tube D is connected with a 
mercury levelling reservoir (with an air-trap), and 
the upper tube E leads to a mercury gauge F with 
a fixed levelling point and a vertical pressure-tube 
G connected at the top H with a vacuum pump 
By filling the tubes with gas at low pressure and 
raising the mercury level in succession past the 
marks d, c, b . and a, at the same time reading the 
pressures in FG, two (or three) values of pv for 
different pressures below atmospheric are found, 
from which 1+A can be calculated. Values of 
pv at low pressures found by Rayleigh s method 
(§ 11. VII A), or in other ways, may be used. 
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Fig. 14. VII D. Apparatus for 
Determination of Gj» Com- 
pressibility 


§ 18. Elements and Compounds 

“ In Chemistry, bodies are regarded as equal 
when their properties, apart from arbitrary size 
and shape, arc completely identical. In order 
that two hndirs shall be equal in this sense, it is 

substances, with essentially different properties, can be produced chl, nges 

usually occur discontinuous*. so that a continuous ch '"»*5**“* [^Ze ' > 
not occur in any ascertainable way. Such changes are called c .e„m al changes^ 
Homogeneous bodies may either have a conslan composit^n. hovc y r e 
nared when thev are called pure substances . or they can be prepare' un 
different compositions, when they arc called solutions ^ 

be separated by suitable means (e.g. evaporation or distillation) into two or mo 

PU A homogeneous pure substance may undergo a complete chemical change in 
different ways according to its composition: 

(i) It forms products of greater weight than itself in all changes, or ccmhnn-s 

with other substances, when it is called an element . h 

(ii) It forms products each of less weight than itself, or decomposes, when 

iS (UiW^remains'unchanged in weight, when it is said to have undergone an 
JZrcplZnge If it is a/element. or an Homeric Cange if it ,s a compound. 

» Ostwald. " Lehrbuch dcr allgcmcincn Chc, J i,: -” Lc,pz ' 8, 1910, ** ' * ThC Princ,p,CS ° f 
Inorganic Chemistry," 1904 1 f: J.C.S.. \ 904. \ 85. • „ Ostwald. "Outlines of 

Partington, Chymia, 1948. 1, 109. 
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Sometimes a change in physical state of a compound, e.g. red into yellow 
mercuric iodide on heating, is called an allotropic change. A few elements, such 
as argon, do not undergo chemical changes. 1 

Mendeleeff 2 distinguished between a chemical element, such as carbon, and 
a simple substance, such as diamond, graphite, and charcoal, composed of the 
element. In chemical changes it is the element which is qualitatively and 
quantitatively conserved. 3 

The separation of a compound into its elements is called analysis ; the forma- 
tion of a compound from elements is called synthesis, although both these terms 
are also used with different meanings. 

Many elements are mixtures of two or more varieties called isotopes, but 
when these are present in constant ratios and are inseparable by ordinary 
chemical changes the particular mixture behaves as a simple element. 


§ 19. Law of Conservation of Mass 

A comparison of the weights of bodies by an ordinary balance is really a 
comparison of masses. In all chemical changes, as was first categorically 
asserted by Lavoisier: 4 an equal quantity of matter exists both before and 
after the operation.” In its modern form, this runs: 5 the total mass of any 
system is not changed by any process which takes place in the system. The 
introduction of the concept of “ matter ” adds a metaphysical element to the 
law which is quite unnecessary. 6 

The law of conservation of mass can be established only by experiment. 
Heydwciller 7 noticed small changes in weight in some chemical reactions 
carried out in scaled glass tubes, e.g. Fc+CuS0 4 Aq=Cu+FeS0 4 Aq, a maxi- 
mum loss of 0-2 1 7 mg. being found. Although lo Surdo 8 found no real changes 
amounting to 1 part in I0 7 to 10 8 , Landolt 9 in a long scries of experiments at 
first always found small losses (maximum 0-199 mg.), as did Sanford and Ray 10 
in the reduction of ammoniacal silver nitrate with grape sugar (0 03-0 08 mg.). 
This might be due to the penetration of glass by gases and vapours, which 
Zenghclis 11 claimed to have detected by such experiments as one in which silver 
foil in a sealed vacuous tube was attacked at the ordinary temperature by 
iodine vapour outside the tube; but other experimenters 12 could not confirm 


‘ Compounds of argon with boron trifluoride were reported by Booth and Willson. J.A.C.S.. 
1935, 57, 2273. 

1 '• The Principles of Chemistry,” 1905. 1. 20 f.. 362. 

* Mallet. J.C.S.. 1893. 63. I ; Hooykaas. Chem. Weekbl. 1947, 43. 526(54 refs.); Partington, 
Chymfa, 1948. 1. 109. 

4 "Trait* Elcmcntairc dc Chimie.” Paris. 1789. 140; reprint (incomplete), Paris, 1937, 82; 
the principle had been taken for granted long before this. 

3 Ostwald, ” Principles of Inorganic Chemistry.” 1904, 18; Mcllor, ** Treatise on Inorganic 
and Theoretical Chemistry," 1922. 1, 100. called this the law of” the pcrdurability of matter.” 

* Stallo, “ The Concepts and Theories of Modem Physics.” 1882. 25. 86. 

7 Phys. Z., 1900, I, 527; 1902, 3. 425; Ann. Phys., 1901, 5. 394; for older experiments on 
losses of weight in chemical and physical changes, see Partington and McKie, Annals of Science, 
1937. 2, 261 ; 1938, 3, I. 

* Nuov. Cirn., 1904, 8. 45; cf. Kahlbaum. Verhi d. Naiurforsch. Ces. Basel, 1903, 16, 441. 

’ z - Phys. Chem., 1893. 12. 1; 1906. 55. 589; 1908. 64. 581; Berlin Ber., 1893, 301; 1906. 
266; Ubor die Erhaltung der Masse bei chcmischen Umsetzungen, Abhl. d. D. Bunsen Ges 
Halle, 1909. 1 ; Ostwald. Z. phys. Chem., 191 1, 77, 252. 

>° Phys. Rev., 1897, 5. 247. 

11 z - phys. Chem.. 1909. 65. 341; 1910. 72, 425; on the supposed evaporation of solids at 
room temperature, ibid., I9CM. 50. 219; 1906. 57, 90. 

Landolt. Z. phys. Chem.. 1909. 68. 169; Stock and Hcyncmann. Ber., 1909, 42, 1800; 
I ollcns. ibul. 1909. 42. 2013; Flsdcn. Proc. Chem. Soc.. 1910. 26. 7; Firth, ibid., 1913, 29. 1 1 1. 
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these results. The small losses of weight at first found by Undoll were later 
traced by him to a slight increase in volume of the vessel by expansion (leading 
to increased air displacement), and the driving off of a film of moisture on the 
vessel. By using silica tubes coated with wax they did not occur. Joly 
used a torsion balance sensitive to 0 04 dynes; no changes in weight were de- 
tectable when copper sulphate was dissolved in water or ddutc sulphuric acid. 
Manley 2 reduced the observed change to 1 in 100,000,000 with the reaction 
between barium chloride and sodium sulphate. Poynting and Phillips 
found a very small loss of weight when a brass cylinder was heated, but the 
supposed loss in weight of a lead sphere when a radioactive preparation was put 
underneath, 4 was due to experimental error.* 

The distinction between “mass” and ” weight," and whether it is more 
correct to speak of "atomic masses" or "atomic weights, need not 

dC A result 2 pointed out by Hinrichs. that an atomic weight depends on the 
weight of substance used to determine it. was shown b> Gu>c and Moles to be 
due, probably, to adsorption of air by the solids, especially if the> are 
This also causes an error on reducing the weight of a powder .n air to ihc _ weight 
in vacuum; Zintl and Goubeau found that the weight ol potassium nitrate n 
air corrected to vacuum is greater than the actual weight in vacuum, w hi c 
that of potassium chloride is less. Ruer and Kuschmann found that cup nc 
oxide ignited at 850° adsorbs only 0 00086 per cent, of o a.r whi st 

ferric oxide ignited at 700° takes up 0 0025 per cent. Many other powders. 

especially silica, adsorb air as well as moisture. 

For all ordinary chemical experiments the law of conserx.mon ol may 
be considered to be exact. Einstein.* from the special theory of ^amity. 
deduced that a loss of energy J E by a system leads to a loss of mas J !»>-■ * ; 
where c=vclocity of light : this is significant only in natural or artificial radio 

aC The constniction and use ofasensitivefw/anrr and the technique of weighing.' 0 

I n7rrZ.^%\ SEW. **. Ph > ! - S “ - ,,27 ‘ 

39,441. 

y Proc. Roy. Soc., 1905, 76. 445. 

- Gcigl. Ann. Phys.. 1903, 10. 429. 

* Kaufmann, Ann. Phys., 1903, 10. 894. . Q 0 . •• Outlines of General 

z. E£,rj%,.. V 5 V<« 1 3721 : 

"Oeuvres," Brussels. 1894. 1. 477; Guyc and Zachariadcs O'mpx. R*n>L IW. 

mT’ts. ,9k 154 6,; 

1926, 166, 257; 1928. 173. 233; Zintl and Goubeau. I9_7. it>J. iv>. 

• Ann. Phys., 1906. 20. 627; 1907. 23. 197. 371 , , 0 

* Maxtcd, " Modem Advances in Inorganic Chcmisto-.O'forJ. 194 • ; ; ; u - ,, 8 S9 , 

»o Manley Phil. Trans.. 1910. 210. 387; 1912. 212. 227; ^ Soc 19 d* . 0 f 

Proc. Phys. Soc.. 1927.39.444; 1945. 57 .97 ; art Balance rm u 25^ 54. «. 195; 

Applied Chem.." 1937. 1. 587; Guyc 7. Chtn '^J , ^ X \ 9 \\ 2 \ ^ ruler apparatus): Hac 
1917, 15. 360. 405; 1918. 16. 46; Shakespcar. Phxl. ^ £ P ichjrJ . *„//. 

and Reilly, Chem. News. 1916. 114. 187. -00. Woun • • • • j j y (i , lumina(lon of 

Soc. Chlm .. 1917. 21, 233 (hints on exact weighing). Porr,u - ^ ’ JCS I9 | 9 1 15. 
balance); Brinton, J.A.C.S.. 1919. 41 1151 (single swing mulujj. 1 ^ an * 1C . J. Sex- 

826; Wells, J.A.C.S., 1920. 42. 41 1 ; Conrady. Proc. Roy. Soc.. 1922. 1UI. . 
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and the calibration of weights, 1 must be sought in the appropriate literature; 
the vacuum balance 2 has some special uses. Dean 3 found only very slight 
changes of zero of a balance over a long period (0 00006 g. in 10 months), 
probably due to the displacement of the knife edges. The air displacement 
correction in weighing is considered in § 20; it should be noted that it applies 
also to the weights, and that if the platinum fraction weights have been adjusted 
in air by counterpoising with brass weights, they must be given the density of 
brass in calculating the air displacement. 4 The use of what Leduc called “ orna- 
mental decimals ” is as much out of place in weighings as in other work, and 
attempts to weight to 0 01 mg. are useless with ordinary gravimetric balances. 5 

The so-called bottling apparatus used by Richards 6 is used in preventing the 
access of moist air to a substance prepared in a dry state. A hard glass or 
quartz tube is fitted by a ground joint to a soft glass tube with a pocket. A 
platinum boat containing the substance is heated in the hard glass tube in a 
current of gas, the weighing bottle being put into the soft glass tube, with the 
stopper in the pocket. After cooling, the gas is displaced by dry air and the 
boat pushed (e.g. by a platinum wire) into the weighing bottle, after which the 
apparatus is rotated and the stopper similarly inserted. The bottle is then 
transferred to the balance. The apparatus of Hdnigschmid 7 is similar, but the 
boat and stopper are moved by the action of a magnet on a bulb containing iron. 


§ 20. Correction of Weights to Vacuum 

An important correction necessary in all accurate weighings is for the buoy- 
ancy of the air in which the object is weighed. The true weight (in vacuum) is 
greater than that in air by the weight of the volume of air displaced by the body 
in the actual conditions of the experiment, and the same applies to the weights 
in the other pan of the balance. Turner 8 corrected for air displacement by 
adding to the weights of the object and the weights in air, the weights of air 
which they displaced; he says the method was used by Clark, of Glasgow, but 
Fahrenheit 9 had so corrected the densities of liquids determined by the specific 
gravity bottle, taking the density of air as 0 001. Berzelius 10 said Turner's 
correction was like “ straining at a gnat and swallowing a camel," but Faraday 11 
was fully aware of the need for the correction, including the case of the deter- 
mination of gas densities. 

Insir., 1923, I, 29 (chain balance); Guthrie, Nature, 1928, 121, 745; Raraberg, Svensk. Kem. 
Tidskr.. 1929, 41, 106; Buchan. 7. Sri. Insir., 1936. 13, I; Bond, Analyst, 1936, 61. 85 (air- 
damped); Mcllor and Thompson, “ Treatise on Quantitative Analysis," 2nd edit., 1938, 3. 

* Richards, J.A.C.S., 1900. 22. 144; Z. phys. Chem., 1900, 33, 605; Hopkins, Zinn, and 
Rogers, J.A.C.S. , 1920, 42. 2528; Eaton, ibid., 1932, 54, 1; Hurley, Ind. Eng. Client. Anal., 
1937, 9. 239; Schmidt, Deutseh. Apothek. Ztg., 1937, 52. 811; Blade, Ind. Eng. Chem. Anal., 
1939, 11.498. 

* Crookes, Phil. Trans.. 1873, 163, 277; Blount and Woodcock. 7.C.5., 1918, 113, 81; 
Mcycr-Cords. Ann. Phys., 1939, 36. 651 ; Monk, 7. Appl Phys., 1948, 19, 485. 

* J.C.S., 1919, 115. 826; differing from Blount, ibid., 1917. Ill, 1035. 

4 Gray and Burt.7.C.S.. 1909, 95. 1633; Guye,7. Chim. Phys., 1913, 11, 319. 

s Guyc, 7. Chim. Phys., 1917, 15, 360. 

^ Z. anorg. Chem.. 1895, 8, 253; J.C.S., 1911, 99, 1201; Partington, "General and In- 
organic Chemistry." 1947. 25. 

1 Z. anorg. Chem., 1929, 178, I; E melius and Anderson, " Modem Aspects of Inorganic 
Chemistry," 1938, 43. 

* Phil. Trans., 1833, 123. 523. 

9 Phil. Trans., 1724. 33. 1 14; abrgd. edit.. 1809, 7, 32. 

10 Quoted by Brauncr. Ber., 1889, 22. 1186. 

11 "Chemical Manipulation,” 1842, 47, 395. 
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Let the force exerted on a mass of 1 g. in vacuum be called a " vacuum gram.” 
and that exerted in air an “ air gram.” Let m, M be the weights of the empty 
vessel and the vessel containing the substance, respectively, p, the mean density 
of air (0 001 2 g./ml.), p the density of the substance, x the weight of the substance 
in vacuum expressed in air grams; then in air x will decrease by xp,/p. or become 
x(l -/>,//>)• Hence * x(l -p,/p)+m = A/. therefore: 

x=(A/-m)/(l-p,/p)=(A/-m)(l+p,/p) .... (1) 

If w' g. is the apparent weight of an object weighed in laboratory air. of 
density />, g./ml.. with weights of density p 2 (e g. brass. p 2 =* 4). and if p is 
the density of the object weighed, the true weight in vacuum is: 

w =w'+w’>,(l/p-l/p2> * <2) 

If the object consists of parts of different densities (e.g. liquid ip a glass 
pyknometer) the formula must be modified in an obvious way. It is usually 
sufficient to take p ,=0 0012 g./ml.. but in accurate work the actual density of 
the (moist) air must be used. In this case: 1 

p 1 =0001293(P-/O/(l+0 00367/)760 . . • • O) 

where /^barometric pressure in mm. Hg. /=* temperature * C.. p *0 0038 Hp. 
where //=humidity in percentage of saturation at r and p=saturation vapour 

pressure in mm. at /°. . . . . . . »»•.,. .u.. 

The apparent specific gravity 5 ' of a substance is corrected by the 

value of 8 given in the following table (density of air taken as 0 001-). 


s' 

& 

s' 

& 

s' 

b 

s' 

0-7 

-0-00036 

1-7 

+0 00084 

5 5 

+00054 

10 5 

0-8 

-0 00024 

18 

+0 00096 

60 

+0 0060 

110 

0 9 

-0 00012 

19 

+0 00108 

6 5 

+0 0066 

11 -s 

1-0 

000000 

20 

+0 0012 

70 

+0 0072 

12 0 
■ S A 

11 

+0 00012 

2-5 

+0 0018 

7-5 

+0 0078 

13 0 

1-2 

+0 00024 

30 

+00024 

80 

+0 0084 

14 0 

13 

+0 00036 

3 5 

+0 0030 

8 5 

+0 0090 

15 0 

• £ ^ 

1-4 

+000048 

4 0 

+00036 

90 

+0 0096 

16 0 

1-5 

+0 00060 

4 5 

+00042 

9 5 

+0 0102 

17 0 

1-6 

+0 00072 

50 

+00048 

100 

+00108 

18 0 


+0 0 II 4 
+0 0120 
+00126 
+00132 
+00144 

+00156 
+0 016 S 
+ 0 0180 
+0 0192 
+ 00204 


If p is the weight in air. >v is the weight of an equal volume of water, and J 
the weight of air displaced, the specific gravity is: 

^(p-d)/(u-d) ,4) 

allgemeinen Chemic,” 1910, 1, 285; Kuhn. Chem. Zig.. 1 X H * hin * _ \fin.-ral Mug 
1922, 46. 433; 1924, 48. 285 (correction tables for pyknometers). 1 ^ r pS " 2 I V»' : 

Lips', and fsc'hudy.m 

Van Nostrand’T" Chemical Annuai." New York. .955. 873 ; Mcllor and Thompson. “ Treat,* 

-^or sraphins m 

Bauer, in Wcissbergcr. “ Physical Methods of Organic C hcm.str>. ork. . 
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27* x 0-00 12/p 2 . where x=weight value and p 2 =density of the material of the 
weight. Some sets of weights are already corrected for air displacement. 

§ 21. The Laws of Chemical Combination 

The following laws (sometimes called the laws of stoichiometry) 1 relating to 
the combination of elements by weight are established by experiment: 

(1) The law of fixed proportions (Proust, 1797): 2 * elements combine in definite 
ratios by weight and the composition of a pure chemical compound is indepen- 
dent of the way in which it is prepared. 

This law was implicitly recognised in quantitative analyses in the eighteenth 
century, 1 but Proust first established it by special experiments. Berthollet 4 
stated (1803) that the composition of compounds could vary within limits. 
Proust showed that variability occurred only with mixtures or solutions. 5 

(2) The law of multiple proportions (Dalton. 1803): 6 when two elements com- 
bine to form more than one compound, the weights of one clement which 
combine separately with identical weights of the other are in the ratio of whole 
numbers, usually small. 

(3) The law of equivalent (or reciprocal ) proportions (J. B. Richter, 1792): 7 
the weights of two elements A and B which combine separately with identical 
weights of another element C are either the weights in which A and B combine 
together, or arc related to them in the ratio of whole numbers, usually small. 
(This applies also to the reacting weights of compounds, and was first applied 
by Richter to acids and bases.) 

The law of equivalent proportions shows that it is possible to assign to every 
clement an equivalent weight, or equivalent 8 or combining weight, representing 

1 Greek, aroixetor, a first principle, or clemcnl; #i frpor, a measure; the name was intro- 
duced by Richter for " the art of measuring (Messkunst) the chemical elements," i.e. of their 
combining proportions by mass; see reference 7 . 

1 Ann. Chin,., 1797. 23, 85; 1799. 32. 26; J. de Phrs., 1801, 53, 89; 1802, 54, 89; 1802, 55. 
325; 1801. 59. 260. 265, 321. 343, 350, 403; 1806, 63. 3M. 421 ; Kopp, " Die Entwickclung dcr 
Chcmie in dcr ncucrcn Zcit," Munich. 1873, 249 f.; Mallet. J.C.S., 1893,63, I ; Hartog, Nature, 
1894, 50. 149; Duhcm. "Lc Mixte ct la Combmaison Chimique," Paris, 1902, 52; Evans. 
Trans. Faraday Sac.. 1923, 19. 420. The distinction between a compound and a solution was 
clearly stated by Proust in 1806; sec Partington, " Short History of Chemistry’, ” 1948, 157. 

1 Walden, Mass, Zahl, und Gcwicht in dcr Chcmie dcr Vcrgangcnhcit. Samml. chem.-und 
chem. tec/m. Vortrilge, Stuttgart. 1931. 8. 93. 

4 ’* EMai dc Statique Chimique." 2 vols. Paris, 1803: J. de Phys., 1805, 60, 284, 347; NUm. 
de Hast., 1806, 7. i. 229. 

Mcldruni, Manch. Mem., 1910. 54. No. 7. showed that the decision between constant and 
variable proportions really resulted mainly from the adoption of Dalton’s atomic theory, 
which was compatible only with the former; Partington. Chymia, 1948. I, 109. 

0 " New System of Chemical Philosophy." Manchester. 180S, I, i. 211 f.; the law was never 
explicitly stated by Dalton, but regarded as implied in his atomic theory: see Muir, " Principles 
of Chemistry." Cambridge. 1889. S; idem in Watts. " Diet, of Chemistry," 1890, I, 336; 
Duhcm. " I.e Mixte ct la Combination Chimique." Paris. 1902. 69; Puxcddu, Gazz., 1919, 49, 
i, 203; 1923. 53. 202. The law was explicitly stated by Berzelius, Ann. Pliys., 1811, 37, 249. 
In a conversation with W. C. Henry'. Q- by Mcldrum. " Avogadro and Dalton," Edinburgh. 
190r«. <s. Dalton spoke of" the principle of multiple proportion." 

' I eber die neuern Gcgenst.inde der Chcmie." Breslau and Hirschbcrg. 1791-1802; 
" Aulangsgrundc der Stdehyometric oder Messkunst chymischcr Elcmcntc," 3 vols.. Breslau 
and Hirschbcrg. 1792-94; R. A. Smith. Manch. Mem.. 1856. 13. 186. The law was erroneously 
attributed to Wenzel. " Lchre von der Yerwandtschaft dcr Korpcr." 1777, owing to a slip by 
Berzelius. " Theoric des Proportions Chimiqucs." 1819, 2. 16; this was corrected by Hess, 
J. prakt. ( hem.. 1841. 24. 420. but is still regularly repeated in textbooks. 

5 The idea, and name, of "equivalent " were first used by Cavendish. Phil. Trans.. 1767. 

57. 92 1 102»: 1 7 S8. 78. 1 66 1 1 78). 
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2:3, 3:5, etc.). 

8 22. The Atomic Theory . , . anv 

The laws of chemical combination a«ob«™dl Tac« mdepen len^of any 

Thomson used ihc sundard oxygen- 1 . Wollaston used oxygen- 10. 

i Phil. Trans.. 1814. 104 1 ; Scott. yCS.J9n ill . -Chemical Man.pula- 

Hc also invented a slide-rulc of chemical equivalents, see rarau >. 

lion,” 1842. 564. . .. , . Jlt , 83 5 ; Essay on the Cause of 

J ••Thtoriedcs Proportions Ch^u^ P"^. 18 5 , y) 244 35 3: Berzelius used 
Chemical Proportions. Ann. Phil 1 * 1 4 '* 3 * 1 * * McMrum " \vogadro and Dalton." 

oxygen — 100. On Gmclin’s atomic weight system, sec Meiorum. -x s 

Edinburgh, 1906, 76. and Seubcrt. " Die Atomgtfwitfhie 

* Dalton’s standard. H-l, was used by J-odur > , 88 i Thc rjllo o.ll was 

der Elemcntc aus den Originalzuhlcn neu ,s?s 1 44 to be really 10 I. and 

assumed by Ostwald. " Uhrbuch der allgcmcmc ‘ Cherny sv . 1 e%acl uhc , a luc 

he recalculated atomic weights on this I MS ^ ™”X£*d detain .he standard 0-16: 

O - 1 5 96. H - . . lad tan Ion* .««*>; — *7.127. .he Hud* JO - I* 

Erdmann, 
was favc 

-T* .86; Ostwald, Ser .889 21 .02.; No>«. >899. .2 
Chem., 1897, 14. 251; and ^hanlMW.. W0I.M. 3.^ » prcferrc< j H-l: Erdmann. /. 
361, 570. was at first neutral, but later fler.. v Fisc hcr. Z. ange* 

angew. Chem.. 1899. 12. 424. 571. 648; Z. anorg. Chem £01. n anJ * uN:r ,. At.. 1889. 22. 
Chem., 1899. 12. 57. preferred (with reasons) H - iLotha. Me> ** ^ Thtf 

872, 1161. 1392. and Seubcrt. Z. anorg Chem.. 189 ^ Ostwald tAr. 

matter was referred to an inmaMNa ^ a P mjJO r,«s in favour of 0-16. seven 

1898, 31. 2949), and this resulted (At.. 1900. 33 '84 » in o - 16. of whom seven 

voting for H-l. two for both H-l and 0-16. and twcnt> «. c ,*,2. 6 . 198. 

pointed out thc advantage of H-l for teaching. an appeal to 

said; ” If there is one thing that is absolute y certain .n t»m worl id. * > blbU and 

authority is out of place in scientific mailers. Oddo^G a ^ • - |Q rcUin 
Partington. " Text Book of Inorganic Chemistry. ' ‘ ‘ , , s bv Giauquc and 

0 = 15 88. The discovery of the isotopes of oxy*cn ofma^s I* 7. and I ^ ^ „ 301. 

Johnston. J.A.C.S., 1929. 51. 1436. 35 “®-S!f ud f c ' 1 1 „ , > |922. 10. 91 1 (historical); 

suggested thc helium standard He -4-0000. cf. Me> . . * • become unsuitable 

Aston, iWe. 1930. 126, 953. The 7 ”bo£t 0 0000S onus greater 

with the discovery that the atomic »e,ght of almosphenco^ ^ |l3 „ ,037. 59. 259; 

than that of water oxygen; Dole. J.A.C.S.. 1935. ,57. - • chemical tO= 16) to mass 

Alexander and Hall, ibid.. 1940. 62. 346— Thefacor ->y9; Murphcy. ihiJ.. 

spectrograph (.40-16) values b 1*00275: Smy,£ .Phy^«< - .6) of 

1941. 59. 320, based on a ratio ,6 ° : '' O = 5 ? 0± i . V 939 61 2025. which is probably more 

hydrogen is 1 0080: Swartoul and Dole • . ' 0( w 06) There are two isotopes 

accurate than 1 0081 ; Moles. An. Fit. Quint.. 1935. 33. 7.1 (iwwoi. 
of hydrogen, which may exist in a slightly varying ratio m different speome 
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philosophers Leukippos and Demokritos (about 450 B.C.). Many applications of 
the atomic theory were made before the time of Dalton, especially by Newton. 1 

There was an unbroken tradition of the theory through Epikouros (341— 
270 B.C.) and Lucretius, whose long poem De Rerum Natura (57 b.C.) gives 
a faithful account of the classical atomic theory. The theory was revived 
by Gassend, 2 from whom it passed, by way of Boyle, to Newton. Bryan and 
William Higgins in 1786 and 1789, respectively, made notable use of Newton’s 
form of the atomic theory, 1 but it was Dalton J who first established it in 
Chemistry. He arrived at the theory by considerations about mixed gases on 
Newtonian lines. 4 Dalton recognised that: 

( 1 ) Every kind of atom has a definite weight. 

(2) Different elements have atoms differing in weight. 

(3) Atoms combine to form compounds in definite ratios of whole numbers, 

usually small. 

The atomic weight of an element is the ratio of the mass (or weight) of its 
atom with reference to the mass of the atom of some standard element which is 
arbitrarily assigned. If the mass of the oxygen atom is arbitrarily chosen as 
16 000, that of the hydrogen atom is I 008. 

Atomic weights can be found from combining ratios only if the numbers of 
atoms combining together is known. If w A and w B arc the weights of two 
elements A and B combining in the ratio of x atoms of A and y atoms of B to 
form a compound A x B f , the ratio of the atomic weights is yw A /xw B , and unless 
x and y are known this cannot be found from w A and w B . 

The laws of chemical combination find a remarkably simple explanation in 
the atomic theory, but it should not be forgotten that they arc experimental 
results independent of theory. The discovery of isotopes, i.e. elements with 
somewhat varying combining weights, makes it difficult, if not impossible, to 
frame accurate statements of the laws without introducing the language of the 
atomic theory. 5 

The most sustained attempt to deduce the laws of stoichiometry on the basis 
of the phase rule and without the atomic theory was made by F. Wald, 6 and 


1 For a full statement of the origins of the atomic theory, see Giua, Gazz., 1919, 49, ii, I; 
Gregory, Sci. Pragr., 1927. 22. 293: “ A Short History of Atomism." 1931; Partington, 
Annals of Science. 1939. 4. 245; Duchesne. Sdentia. 1947. 82. 37; Hooykaas, Chem. Weekbl., 
1948.44. 229. 407. 

2 s y" % l a S ,,M P/iilourphtae Epicuri. in his " Animadvcrsioncs in Decimvm Librvm Diogcnis 
Lacrlii," Lyons. 1649; full account in Syntagma P/iilosophium. in vols. 1 and 2 of “ Opera," 
Lyons, 1658. 

J “ New System of Chemical Philosophy." Manchester, 1808-10, I, i and ii. The theory 
was first published, from information supplied by Dalton, by Thomson. “ System of Chem- 
istry. ' Fdinburgh. 1807, 3. 425. and later sections. For excellent historical accounts of 
the development of the atomic and molecular theories, sec Ida Freund. " The Study of Chemical 
Cambridge, I9W. 226 f; Lowry. "Historical Introduction to Chemistry," 

4 This was first elucidated by Roscoc and Harden. " A New View of the Origin of Dalton’s 
Atomic rheory." ISV4; an alternative view pul forward by Debus. Phil. Mag.. 1896. 42, 350; 
7 rhes. ( hem.. ISVft. 20. 359; 1897. 24. 325: 1899. 29. 266; 1899, 30. 556, was shown to be 
improbable by Roscoc and Harden. 7. pins. Chem., 1897. 22. 241 ; Phil. Mag., 1897, 43, 153; 
Kahlbaum. J. Pin v Clxm.. 1X96-7. I 187. 736;Z./>Aij. Chem.. 1899. 29. 700. 

> Haborowsky. Coll. Czech. Comm.. 1931. 3. 3; Simck. ibid.. 1931. 3. 5: Km, ibid.. 1931. 
3. 9; ( hem. Lnty. 1931. 25. 5; Partington. Chymia. 1948. I. 109. 

* Zi r *'S*Z l r ,S95 - 18 337; ,8V6 - 19 60? : ,S97 - 22 - 253; 1897. 23. 78: 1897. 24. 315. 
633; 1898. 25. 524; 1*98. 26. 77; 1899. 28. 12; 1908. 63. 307; J. Phys. Chem.. 1896. 1. 21; 
Chem. 1906. 30. 963. 97X; 1907. 31. 756. 769; Baborowsky. Chem. Ztg., 1930, 54. 905; 
Druce. ” I wo C 7ech C hcnusN." 1V44. 45 f. 
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his views were supported by Ostwald > (who emphasised the importance of 

as. 

independent changes of composition. Another attempt to conn«.. hemteai 

relativity (§ 19). and ihe conversion of mailer into energy, and of encrg> into 
mailer, 4 is now a commonplace in nuclear transformations. 

8 23. Choice of Atomic Weights 

The atomic weight of an element may be regarded as the «"a'lest we.gh 
contained in a molecular weight of any of d Ifin tion ’ The 

tsS=; 

equal lo Ihe atomic weight, are nol really sa,lsf *® l ®P r ’ „ max j mu m value. 10 is 

the equivalent which must be taken as the atomte weight of an> element. 

. J.C.S., ,904.85. 506: A 

Chrm., 1909. 69. 506; - The hundamenlal Poncphs ol C hcm„ , Q Ch ,„,„ lo ." 

Arrhenius, " Theories of Chemistry. 1907. 39 . |»7o. 1. I. 

Toronto. 1932. Ideas similar toOsjwaM »^rc p«opo*glb> ,907.37. ii. D": 

J Benedicks. Z. anorg. Chcm., 1906. 49. 284: Na«ni. Ga-.^**' ^ 62 . 7oO; 

Baur. Z. anorg. Chen,.. 1906. 50. .99 (supporimg ^d) Z. ph^ ^ 

Kuhn, Chcm. Zig., 1907. 31. _688; I9M.32. 5 - 6 1 0^1 90 L 36. 741 : ,901. 38. 750. Study. 

> Gordon and AlcxcjclT. Z. phys. Chin,.. w z anor g. Chcm.. 1925. 

Ibid., 1901. 37. 546; for connexion with group theory, see Kuma 

4 Cf. Houtcrmans and Jensen. Z. Naiurforseh.. .! 4 ^ w kx- a good pedagogic 

» Partington. - College Course of Inofgii* -Chemw * 

survey of the whole subject is given by WaddcU. Che, .. . ^J Cim , 858 . 7 . 321 ; J C S.. 

* Cannizzaro. Sunto di un Con^i Fitaaolwi Ch • Club Reprint. 1910. 

945 ^ 6W uansi. as H^onschc No.izcn und Bctrach- 
,8; Gazz.. 1871, I, I, 213. -23. 362. - • * • , r hcmic und iiber die S> Sterne dcr 

tungen iiber die Anwx-ndung der Aiomthconc ^ ^ c nr hn. I or, race. Stuttgart. 
Konstitulionsformcln von Vcrbindung*.n &»*"«*• * l .... Lothar Mover s book. " Die 

1913, 20. Cannizzaro s views were made known genc^l) c g .. Modcrn 

modernen Thcorien dcr Chcmic. I86_. ,a 7f . , iso Loilur Meyer’s" Outlines 
Theories of Chemistry." by Bcdson and Williams. ISM. 7 ^ ^ f . * 

of Theoretical Chemistry ." transl. Bcdson and W.llian^nd edit . 1699. 

: rsswwir- °r <*.-■ . 

'■ i Me, drum - Avogad.o and Dalton." Ed. nbu, ^906 45. Perrin. " Us Atomes." ,9.4. 4, . 
•0 Muir, in Watts. " Dictionary of Chemistry. 

" Partington. " General and ^norga^C^nmtry l^ ^ williams. 1888. 37 f. 

12 L. Meyer, "Modern i Theories of Chenmt*. mnLaoMO . s a , jb , c of va , ucs shf »w - 
° Muir, " Principles of Chemistry Cambridge ' » . - 9 f.^8 j$ g|VCn by Ostwald . 

ing how the atomic weight was fou ?. d 1 *"5 h 4 w“' 'J also Lowry. " Historical Introduction 
" Lehrbuch dcr allgemcincn Chemic. 1910. 1. 43 f.. sev also lov r>. 

to Chemistry." 1915, 360. 
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§ 24. Determination of Atomic Weights 

The various methods used in the determination of atomic weights cannot be 
considered in detail. 1 The gravimetric method , depending on the determination 
of the weight ratios of substances undergoing direct and complete chemical 
changes, was first accurately applied by Berzelius; 2 it was notably improved by 
Turner, 3 Penny, 4 and Marignac, 5 and brought to great accuracy by Stas. 6 
More recently, T. W. Richards, 1 and his pupils Baxter and Honigschmid (see 
below), made notable advances in the method. 

The so-called physico-chemical methods depend on (a) the determination of 
limiting densities (§ 15), and ( b ) the analysis of gases by methods which partly 
involve accurate pressure determinations; these were especially developed by 
Guye and collaborators in Geneva, 7 and later by Whytlaw-Gray and collabora- 
tors in England, and by Moles and collaborators in Madrid. 

The real standard used by Stas was silver, which, he says, 8 was “ the pivot 
of my researches.” He purified it carefully and finally distilled it by the oxy- 
hydrogen blowpipe in a quicklime apparatus. 9 Dumas 10 and Mallet 11 found, 
respectively, that silver so distilled contains 0 008 per cent, and 0 005 per cent, of 
oxygen, and Richards and Wells 12 (who criticised Stas’s work) finally melted the 
silver on quicklime in hydrogen. Although this metal is free from oxygen, Baxter 
and Lundstcdt 13 found that it contains a trace of calcium, formed by reduction 
of the lime. The silver-halogen method is one of the oldest precision methods of 
quantitative analysis; 14 it passed byway of Berzelius to Marignac and Stas, 15 


' £ ,cv ®- J C ; S - ,895 * 67 - 4 *8 (on Marignac); Mallet. J.C.S., 1893, 63. I (on Stas); Guye 
and Bogdan, 7. C him. Phys., 1905. 3. 537; Brauncr. in Abcgg. " Handbuch dcr anorganischcn 
m h « C n m i C \ l???* M’ 9l ,55: ,907> 3 - 6: Oswald. •• Lchrbuch dcr allgcmcincn Chemie," 

1910. 1. 1 ; Richards, 7.C.S., 1911. 99. 1201 ; 1930. 1937; J. N. Friend. - Text-Book of Inorganic 
Chemistry 1917 1, 241; Meyer. Naiuniss.. 1922, 10. 911; for earlier work, see Freund. 

I he Study of Chemical Composition." Cambridge. 1904 (to Stas). A summary is given in 
••tX 00 *,. “ i nd , "° r 1 8anic Chemistry," 1947, 21 ; for values, see Landolt-Bomstcin, 
in * l i , j, 23, *• 2: and thc annual reports of the International Committee on Atomic 
Weights, in J.C.S . and J.A.C.S. 

' Hisingcr and Berzelius. A/handlingar i Fysik . Keml och Mineralogi . Stockholm, 1811, 5; 
Klassfkcr 'mi is^' 249 ' 4 ' 5; SuppL " IM " ,8N * 38 * 161 : ,8,2 > 40 • 235; Ostwald’s 

3 Phil 'Trans'., 1833, 133, 523. 

\ PM. Trans ‘ IS39, 129, 13; Berry .J.S.C./., 1932, 51.453. 

'm°?c rCS ?%***' l,902,: ° eve * /C5 -. I895 - 67 > 468; Memorial Lectures, 

Chemical Society." 1900. 1. 468. 

Londo^lw ^ 0 ™ pl4US •" 3 TOls " Brussc,s - 1894 t: Wf/noria/ Uaurfs, Chemical Society, 

n ' s - I90S - 3 ' 5” (NjO); Jaquerod and Bogdan, ibid.. 
M , (N0> : Guye and Fioss. ibid.. 1908, «. 732 (NOCI); Guye. Z. phys. Chem.. 1909, 

i Poids A,omiqu “' **■ Acad - * oy - Btle - 

(qua"rs.^^-- S Se^ I gt W"" ChimiqU “' Mm - ^ R ° y **• 

10 Ann. Chim., 1878. 14. 289. 

11 p hil. Trans., 1880. 171. 1003. 

!; l905 * 27 - J59; z anorg - Chrm ‘ ,905 * 4? . 56. 

14 w1i£ ’m °- 6 7 2, ' 829 \ cf Bax,cr and Parsons, ibid., 1922. 44. 577. 591. 

Chcmie dcr ver *"- M «“ 

, and M 6 ar,8naC ' BM U " iV - IM2 ’ 4 °' ,45; l843 ’ «• 346 • l843 . «• 350; for Star, see refs. 
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and it has rightly been emphasised » that practically all accurate gravimetric 
atomic weight determinations rest on the value taken for silver. The ratio 
Ag O however, cannot be found directly, since it is impossible to prepare 
silver’ oxide in a condition of purity.* and the link between silver and 
oxygen, until recently, involved 3 the atomic weight of nitrogen through the 
ratio Ag:AgN0 3 . Finally, Honigschmid and Sachllcbcn. 4 by converting 
barium perchlorate, Ba(CI0 4 ) 2 . to barium chloride. BaCI 2 . by heating in 
hydrogen chloride gas, found the ratio BaCI 2 :80. and then by precipitating the 
barium chloride as silver chloride found the ratio BaCI 2 :2AgCI. from these 
two ratios they calculated Ag:0= 107-880: 16 000. Since the value Ag== 
107-880 from the AgNOjiAg ratio requires N= 14-008. a value found b> 
physico-chemical methods with gases, the latter value is also confirmed. 

An incomplete but representative list of papers by Baxter and collaborators 

is given in the reference. 5 .... 6 , 

A representative list of papers by Honigschmid and collaborators (names 
given in brackets) on atomic weights gives a course of reading on the methods 
used in the Munich laboratory. 


• Erdmann. Z. anor*. Chem.. 1901. 27. 127; Gu>c /. Ch,m. Phys \ 1916. U. 2CM; Mol« 
Z. phys. Cheat., 1925, 115, 61; 1925, 117. 157; Rec. Trav. Chum.. 1*29 48. 864. Moles and 
Clavcra, Z. anorg. Chem., 1927. 167. 49. 

i Baker and Riley. J.C.S.. 1926. 2510. . 1kM « 

> Stas. Bull. Acad. Roy. Bclg.. I860. 10. 208; Mem. 4caJ. Roy. Belg.i Mugiok »**•.»• 
No. I; " Oeuvres” 1894. I. 342. 717; Richards and Eorbcs. J. 4 A S I A)5. 27. 5. an, r< 
Chem., 1907, 55. 34; Hdnigschmid. Z. anorg . Chem.. 1927. 163. 65. 


leme. 


4 Z. anorg. Chem., 1929, 178, I. u v 

’ Sn.J.A C.S., 1920, 42. 905; Cd: ibid., 1921.43. 1230; U:«**. IJ* : 43 J , ■“ 


1921, 54. 524; Si: Proc. Amer. Acad.. 1923. 58. 245; Ti: J.A.C.S.. 19.3. 45. '--8. J9-6. . 

3117; 1928, 50. 408; Co: ibid., 1924. 46. 357; Gc: Proc. Amer. Arad.. I' '-4. -• * * ” j 

Proc. No,. Acad.. 1925. 11. 231. 1926. 12. 20. O: UU.. 1924 10. 479: 19.6 2. 699. nomal 



ibid., 1938, 60. 602; on Baxter, see Forbes. J. Chem. EJuc.. 1934 .11 . 444 


55 
bach 


u., i7io, ov, wi, uii uu»ui, a** > viwvj. ». - - , . n u . io” 

* Bi: Z. Elekirochem., 1920. 26. 403; Ber.. 1921. 54. 1873 iB.rckcntach); Ik » * r i ... 
i, 4 (Birckcnbach); B: ibid.. 1923. 56. 1467 (Birckcnbach): Fc:i6'</ 19. 3 56. 14 3(U.r.Un 
-ach and Zeiss); Hg: ibid., 1923, 56. 1212 (Birckcnbach and Stem hob. Br Ann .. i 4 • 
201 (Zintl); Y: Z. anorg. Chem., 1924. 140. 341 (Mcuvsscn): 1*2/. 165. -84 (von 
Dy: ibid.. 1927. 165, 289 (von Wclsbach): Sb: ibid.. 1924. 136. 257 (Zintl and U "hard..* 
ibid., 1924, 141. 101 (Steinheil); Hi': ibid.. 1924. 140. 335; B.r 19 5. 58 4 . <Zm I . K Z 
anoro. Ch,m 1077 im 01- 1928. 177. 102 (Goubeau): 193.'. 213. 365 (Sai.ht cN.ni. Ak 

Thilo); 1927. 163. 315 (C han and Birckcnbach); /. 
n.. 1929. 178. I (Sach(lebcn); V:Z. Elekirochem I '14. 20 1 . 

170. 145 (Schil 7); 1936. 226. 289 (W , liner); Cl: / «"'•*')?• < /«. » . 
irckcnbach); Tc: ibid.. 1933. 212. 242 (bachtlcbcn and i« nur>- 

I. 309 (Sachllcbcn): S: ibid. 1931. 195. .0 (Sad «UKn». C 

d.. 1931, 195. 1 (Kemptcr); Er: ibid.. 1933. 214. 97 (Kappcnbcrger): be.dnd.. IK.. -• 

8 (Kappcnbcrgcr); Naturwiss.. 1944. 32. 68 (Gornhardt); Yb: Z. anorg. ( hem. IK. -« 

5 (Stricbcl); I: 1932. 208. 53; Z. phys. Chem.. 1931. BoJensiem lesib . . - >> «u u . 
• • 7 sis iii mk- .7.1./ 10 14. 219. 1 6 1 INN WUrsNlfcvr i. 


anorg. Chem., 1927, 163. 93; 1928. 177. 102 (Goubeau); 
ibid., 1927. 163. 65 (Zintl and 
1928, 34, 625; Z. anorg. Chem. 

452; Z. anorg. Chem., 1928, 170, 145 (Schil/); - , , c . , . 

1927, 163, 315 (Chan and Birckcnbach); Tc: ibid.. 1933. 212. 242 (SachtleKn and i\' ■ n «j'» 
berger); Rc: ibid., 1930. 191. 309 (Sachllcbcn): S: ibid.. 1931. 195. -0 (SachikKn). C 

ibid. ,nr • ,LIJ •**’» *•-* 07 *Kam^*nK?rccr): Se: ima.. i - 1 

198 

385 

Er: Z. anorg.’ Chem., 1937. 232. 113 (Winner); Nb: ibid.. 1934. 219. I 
Ta: ibid., 1934. 221. 129; 1935. 225. 64 (Schlcc); Ra: ibid. 1934. 221 65 (SachtlctH.n . c*> 
ibid., 1936. 227, 184 (Schlcc); Gc: ibid.. 1936. 225. 81 (Wintcrsbcrger and \\ mnen. i ■ ■ 

17 (Wintersbcrgcr); Mo: ibid., 1936. 229. 65 (Wiltmann); W: dud.. 1936. .9. » 

Sc: IM„ 1933, 212, .98 (Kappcnbcrgcr): NO: MJ.. 1938. 235. 2» ,1 

P: ibid., 1937, 235, 129 (Mcnn); 1939-40. 243. 355 (Hirschbold-W uwer i; l.u i - 

7R4 fHir*^hK«IH.\A/ii.«-r». L 1 «. ;u.l hun 7X1 f>\ (I lirschbold-W iltnci ). it* nu.i . 


re 


284 (Hirschbold-Wittncr); Ho: ibid., 1940. 244. 63 (Hirschbold 

248, 72 (Hirschbold-Wittncr); AgNO,:AgCI: Angew. Chem. 1936. 49. 4«4 . ' ' 

Chem., 1941. 246. 363 (v. Mack); Cu: ibid., 1944. 25. 364 (Johannscn): N. Z. Saturj* 


u i- - 
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The nephelometer (Greek ve^cA *y, a cloud) 1 determines traces of sparingly 
soluble substances such as silver chloride dissolved in the washings of pre- 
cipitates. In this case excess of silver nitrate is added, when (owing to the 
common ion effect) a small amount of silver chloride is precipitated from the 
solution and an opalescence develops, which is compared with a standard in the 
nephelometer. This consists of two test-tubes containing the liquids and in- 
clined in an inverted V, partly screened from bright light by two shutters, one 
moving over a scale. If the screen over the standard covers half the tube when 
the same appearance is seen from above, viewed through two flat prisms, then a 
new standard about half as concentrated is put in, and a new comparison made. 
In this way the amount of suspended substance is accurately determined and a 
correction applied. Greene’s apparatus used a photronic arrangement. Scott 
and Hurley found that the nephelometer end-point was affected by temperature 
and was not strictly proportional to the silver and chloride ion concentrations in 
the solution, and Briscoe and co-workers abandoned the nephelometric method 
as unreliable, and used a different procedure. 


§ 25. Prout’s Hypothesis 

The idea that all elements are formed from one primary substance is found 
in old Greek philosophy. Davy * suggested that the “ undecompoundcd 
substances ” are compounds of hydrogen “ with another principle as yet 
unknown in the separate form," and that “ the same ponderable matter in 
different electrical states, or in different arrangements, may constitute substances 
chemically different.” Dr. William Prout 3 in 1815 concluded that the atomic 
weights of the elements are whole multiples of that of hydrogen, and in 1816 he 
suggested 4 that the atoms of all elements are formed by the condensation of 
atoms of hydrogen, so that hydrogen is the primary substance or protyle (Greek 
TTpwrt), first, OXij, matter). Mcinccke 5 also said 44 the numbers of all simple 
bodies, and hence of all compound bodies, represent a multiple of the value for 
hydrogen according to a whole number.” 

1946. 1. 656 ( Johannscn-Grohling) ; Be: Ibid., 1946. 1. 650 (Johannscn); Sc: ibid., 1946, 1, 661 
(Gdmhardt); for a complete list of papers (with portrait), Z. anorg. Chem., 1938, 236, I ; on 
thirty years of atomic weight research. Honigschmid. Angew. Chtm., 1940, 53, 177; on Otto 
Honigschmid, b. 1878, Horovitz (Bohemia), d. 1945, see Whytlaw-Gray, Nature, 1946, 158, 
543. For work of a similar character, see ZintI and Meuwsen. Z. anorg. Chtm., 1924, 136, 
223; ZintI and Goubcau. ibid., 1927, 163. 302. 

• Richards, Z. anorg. Chtm., 1895. 8. 253; J.C.S., 1911, 99. 1201; Richards and Wells, 
Amcr. Chcm. J., 1904, 31, 235; Diencrt. Compt. Rend., 1914, 158, 1117; Vtes, de Watteville, 
and Lambert, Compt. Rend.. 1919. 168. 797; Cheneveau and Audubert, ibid., 1919, 168, 
553, 684, 766; 1920, 170. 728; J. de Phys., 1921. 2. 19; Kleinmann, Biochem. Z.. 1919, 99. 
115; 1926, 179. 301 ; Wells. J.A.C.S.. 1922. 44. 266 (theory); Chem. Rev.. 1927, 3, 331; Scott 
and Moilliet,/..4. C.S.. 1932, 54. 205 (theory); Kugclmass. Compt. Rend., 1922, 175, 343; Kings- 
lakc, Trans. Optical Soc. Amer., 1924-5. 26. 53; Yoc and Kleinmann, “ Photometric Chemical 
Analysis,” New York. 1929, 2: Briscoe et a!., Proc. Roy. Soc., 1931, 133, 440; Greene, J.A.C.S., 
1934. 56. 1269; Furman and Low. ibid. 1935. 57, 1588; Scott and Hurley, ibid., 1937, 59, 
1297; Kipp, J. Sci. Insir.. 1937. 14. 213; Singh and Rao, Proc. Indian Acad., 1939, 9 A, 78 
(photoelectric); Davis and Parke. J.A.C.S.. 1942. 64. 101. 

: " Elements of Chemical Philosophy." 1812, 488; ” Works" 1840. 4. 359, 364. 

> Anon., Annals of Philosophy. 1815. 6. 321 ; Ann. Chim., 1816, 1. 411. 

4 Anon., Annals of Philosophy. 1816. 7, 111; Prout. "Chemistry, Meteorology, and the 
Functions of Digestion." Bridgewater Treatise, 1834, 160; Alembic Club Reprint, 1932,20, 
with a summary of later developments. 

5 J. der Pharmacie. 1816. 25. ii. 72. 200; Ann. Phys., 1816, 24. 159; " Erlauteoingen zur 
chemischcn Mcsskunst." Halle. 1817; 7. Chem. Phys. (Schweigger), 1818. 22, 137; 1819. 27, 39; 
Prout is not mentioned. 
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Although Proufs hypothesis of whole multiple ratios was soon disproved by 
more accurate atomic weight determinations of Berzelius. 1 Turner 2 and others, 
it still fascinated chemists. Dumas and Stas 5 in 1841 showed that the atomic 
weight of carbon was almost exactly 12 and that Berzelius's value was ~ 5 per 
cent, in error, and in 1842 they found that the atomic weight of ox>gen (on the 
standard H = l) is almost exactly 16. which again seemed to support Prout s 
hypothesis. The general accuracy of Berzelius's other results was later confirmed 
and it was clear that Proufs hypothesis was unacceptable in its original form 
The atomic weight of chlorine is close to 35-5. so that Mar.gnac * suggested 
that atomic weights are multiples of half the atomic weight of hydrogen, and 
Dumas 5 later reduced this to a quarter for aluminium, strontium and zinc, but 
this was obviously very arbitrary. Stas, beginning with " an almost complete 
confidence in the exactness of the law of Prout." was led by his exact researches 
to assert 6 in 1860 that it is " a pure illusion. “ a hypothesis definite > contra- 
dicted by experiment, and it was also rejected by Mendeleeff. Mar, £" ac ' 
in a comment on Stas’s paper, however, suggested that wh,,e P rc ?' v ' n 8 ,h 
fundamental principle of . . . the hypothesis of the unity of matter we might 
" suppose that the cause which has determined certain groupings of the atoms 
of the sole primordial substance " may have exercised an 'n« u ^esu c hthat 
** the weight of each group might not be exactly the sum of the Rights of the 
primordial atoms composing it." In many cases also the atomic weights are so 
nearly whole numbers " that it is impossible to consider this » s acc^entah 
Hinrichs 9 argued that all atomic weights arc whole number, 

0-5, or of the atomic weight of carbon taken as I- 000. To get this . result i 
was necessary to exclude values determined by silver hal.de *“ 

solution, which were regarded as vitiated by errors, and the examples given by 
Hinrichs arc mostly values determined before Stas s work which is based . o 
the method he rejected. The deduction from the theory of probabilities that 
atomic weights " tend to approximate to whole numbers far mow* t\o* ly tha 
can reasonably be accounted for by any accidental comcukM • although 
probably correct, was weakened by the discovery of isotopes which showed that 
many of the elements are mixtures. A very detailed discussion of Stas s 

atomic weights was given by Dubreuil. 11 , n , rrtV 

Winner * proposed to take m,/6x861 = I prout as the unit of mass or energy. 
m„ being the mass of the proton. The masses of all stable nuclei in the ground 
states are integral numbers of prouts. 


See ref. 2, § 24; Oswald's Klaalk'r, 1892. 35; Benclius. Jahrts-Bcr.. 1843. 23. 1 1. 

* Phil. Trans.. 1833. 133, 523. ., n . isoj i ’U isur Ic 

» Ann. Chin,!, 1841. 1. 5; 1843. 8. 189; Stas. "Oeuvres. Brussels. 1894. I. .35 tsur 

veritable poids atomique du carbonc). , irsk ins 74- 

4 BiblUnlv., 1843 46. 350 (370); Dumas. Comp,. Rend.. 1857. 45. 709. Ann.. 18.8. 10S. 74. 

Mallet, J.C.S., 1893, 63, I . __ ., 0 . , >gcc iqo ^’4 

a Comp,. Rend., 1858, 46, 951 ; Ann. Chun 1859. 55. 129. ^• I85S - ,08 - 

* Bull. Acad. Roy. Bclg., 1860. 10. 208; " Oeuvres. Brussels. 1894. 1. 418. 

»».. 1920. .8. 261 ; 0.6 R'pnnt. 

1053. 

11 Proc. Nat. Acad., 1946, 32, 283. 
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E. SPECIFIC HEATS OF GASES 
§ 1. The Specific Heats of Gases 

The true and mean specific (and molecular) heats of gases 1 are defined by 
the general equations of § l.II, and the value at constant volume for unit mass: 

c f =(d£/dD f (1) 

and that at constant pressure (§§ 3, I7.II) for unit mass: 

c p =(d///dr), (2) 

must be distinguished. The difference between the two values is (§ 21.11): 

c,-c,= [(d£/dF) T +^](dK/dr) P (3) 

and it is only in the case of ideal gases, for which (6EJdV) T =0 (§ 54.11), that this 
difference, per mol, is equal to the gas constant: 

C,~C,=R (4) 

In other cases c p — c t (or C p — C f ) must be calculated from the characteristic 
equation (see § 47.11, and §§ 11, 30, 31. VII C).» 

Herz 2 found the empirical equations: 

Cp—c w =R!M=0 04%llp ( p t =0 0935IJT k =0 0935pJT ( p t . . (5) 

where A/=mol. wt., p t , p 0 T ( arc the critical pressure, density, and temperature, 
/ e =latcnt heat of evaporation, T^b.p. abs. He also 3 connected c p —c,=RIM 
with the Edtvds constant (see § 7.VIII G, Vol. II), (Af 23 //) 2/3 )(a/(7;-T))=21, 
where a=surfacc tension, finding: 

c p -c=olM'‘WT'-\) (6) 

and from Lorenz's equation 4 pjp t = 2-66, for the ratio of the densities of the 
liquid at the b.p. and critical point, he found: 

c p -c 9 =075pJ Pt M (7) 

For a mixture of gases the c, values are nearly additive; according to 
Glansdorff 5 the value of me t is the sum of the values for the components in the 
same volume at the same temperature as the mixture: 

Mc w =c t Zm l =m l c, l +m 2 c v2 + (8) 

The two specific heats are, in general, functions of temperature and pressure; 
in the case of ideal gases there is no dependence on pressure, but the specific 
heats may still be functions of temperature. The specific heat of hydrogen, for 
example, which is almost an ideal gas, varies with temperature over a consider- 
able range much more than those of oxygen or nitrogen. 

The first rough measurement of the specific heats of some gases at constant 
volume was made by Crawford, 6 who used two identical thin sheet brass vessels, 

1 Cf. Bachinski, Z. Phys., 1927, 45. 892. 

? Z. Elektrochtm., 1921, 27. 125. 
i Z. Elcktrochcm., 1921. 27. 474. 

4 Z. artorg. Chem., 1916, 94. 240. 

5 J. Chim. Phys., 1937, 34. 96. 

« “ Experiments and Observations on Animal Heat/' etc.. London. 1779, 2nd edit., 1788, 
177; Haycraft, Trans. Roy. Soc. Edin., 1823 (1826). 10. 195; de la Rive and Marcet. Ann. 
(hint., 1840.75, 113; 1841.2. 121 (method of cooling); sec Muncke, in GehlerV* Physikalisches 
Wortcrbuch.” 1841. 10 . 683. 
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one vacuous and the other filled with the gas. which hebeated in boiling ; water 
and then cooled in two identical water calorimeters. The difference n tempera 
tnre hetwecn the two calorimeters was supposed to correspond with the heat 
capacity of the gas. The results were considerably too high. e.g. the specific 
tot of air was found to be 1 -79. nearly twice .ha, of water. Experiments w , h 
the ice calorimeter and a flow method made by Uvotster L^ P g 
Jvttrr results (air 0-3303, oxygen 0-65). but these were still too high. 

Dalton d scussed hypotheses regarding the quantities of heat ,n various 
gaS and decked in favour of tha, which asserts that " -»e quamityofha 

Longing to the " rand" 

weights ofan^two elastic fluids are inversely proportional to the weights of their 
atoms or molecules." 

S 2. Specific Heats at Constant Pressure 

^ The so-called “ method of mixture " in calorimetry (see § 2 IX M Vol. li)t *as 
modified and firs, satisfactorily used in the 

Sf tn Sdin r KE 

reserroir A^hrough , apr«s^^repi,ator^Va*^’S’aj^P^*^ , *|* 1 ^^^ i ® < ^ C |Jy** 

spiral tube S heated in an oil bath at a constant c | n 

(Fi r g al l.V|[ S E) C ' Thetubeleading from the 

mercury thermometer Tj divided in * and was read to jU ■ temperature 
value of the calorimeter, i.e. the heat ““d ^EILer. 

of the water, calorimeter vessel, internal boxes. . d 

through r, /, is the mean temperature of the gas leaving the calorimeter. 

A t is the rise in temperature in the calorimeter, then . 

c^=HJ//m(/ 2 — /|) 

where is the mean specific hea, of the gas a, constant pressure toweeiw, and 

l 2 . The numerator in (I) is the quantity of heat 9 *■ . . ( j , , 

raise the temperature through (T?-'.)- from the change of 
gives the mean specific heat. 1 he value 01 m 

pressure in the reservoir A . . , determination of the 

The principal difficulty in this method is the correct 

» Lavoisier, » O-uvres." Paris. 1862. 2. 724. from Lavoisier. Mcmo.rcs do Ch.m.c. 

^^Nevlsystem of Chemical Philosophy." ^^^4 369. 426! a historical review 

> ^ Chim.. >813. 85. 72 1 13; Ann . .«£.■»' J of Heat." 1894. 243 f : 

Ha^er^'^Thermodynarnks of^^ehnl&i'^as Re-icuonN/^^VOS. 20S^r^.ind^Pstlin6Wn jinJ 

mentalphysik," 1929, 8. 360 f. Qhillim , .. Thc specific Heats of Oases." 

« M4m. Acad. ScL, 1862. 26. 3; Partington and Shil ing. j»peu 

1924. 58; for theory sec Searle. Proc. Cambr. Phil. Soc.. 1906. 1 ;• j 
s Usually brass, but platinum wilh corrosive gases such as chlo 
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temperature t 2 at which the gas enters the calorimeter. This is not exactly 
equal to the temperature of the heating bath, since some heat loss occurs in the 
connecting tube between the heater and calorimeter. If an attempt is made 
to minimise this by having the tube short, then an error due to conduction of 
heat through the metal tube from the heater to the calorimeter is introduced. 
Regnault assumed that, if the velocity of the gas flow is sufficiently high, the 
temperature of the gas entering the calorimeter is the same as that of the heater, 
/ 2 , and then applied a correction for the transmission of heat from the heater to 
the calorimeter. 

Before the gas was passed through the apparatus the rate of cooling of the 
calorimeter was observed. If 0 O and r 0 are the temperatures of the calorimeter 



Fio. I .VII E. Regnault's Apparatus for Specific Heats of Gases 


and its air jacket, respectively, the mean rise of temperature of the calorimeter 
per minute is: 

M 0 =K+a{e 0 -r 0 ) (2) 

where K is the rise due to conduction of heat from the heater, and a is a constant. 
The gas was then allowed to pass for n minutes. Let 0,, 0 2 and T lf r 2 be the 
temperatures of the calorimeter and air jacket, respectively, at the beginning and 
end of the gas flow. The gas was again shut off and the cooling rate of the 


calorimeter again observed. If the mean temperatures are now 0 O ' and r 0 ', the 
mean temperature change per minute is: 

J0 o '=A:+a(0o'-To') (3) 

and from (2) and (3) the values of K and a may be calculated. The rise in 
temperature of the calorimeter during the n minutes which is not due to heat 
carried in by the gas was then assumed to be: 

( 4 ) 


This assumes that K remains the same whether gas is passing or not, which is 
not really true, since the heat transfer along the connecting tube by conduction, 
convection, and radiation is not quite the same in the two cases. There is no 
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possibility of applying a corrector, “r ToTbl 

0-2375, to the same value as Wiedemann s, u uu 

'^r^value of the Ts 5^^ 

and the mean specific heat of the gas, c,, g 

equa,ion: mlt[ll -ne, + e 1 ))^ I -0,-^o ) • • • • « 5 > 

Re gn au..-s valu« of r cover Jhe ab o U u ^'cen.^so 

r^uTbu. th J of Carbon dioxide ^^“X^cy by 

metal gas reservoir was ■"**»«** ** . ^ alcr . g lhe spiral heater was replaced 

p!aced by and the metal boxes in 

by a short wide copfX tube fiHed lurnings . T he temperature 

Interval r war0«^o M Bmh Regnaul. and Wiedemann determined the 
specific heats of a number of rapoun £ < » I heal a. a 
Rcgnaulfs method was alcr mod^ ^ ^ con$(am , cmpcr a,ure t» is passed 

fhroug'h'a spiral tube "^X^'and to'k^tr.e^pfralur^con's'anu 

rs'rs ,:t£; KA. .1 m. ... «» ~ 

molecular heat is: c „ Mc . f / H j«-f*itr/4-lSSii4« < 7 > 

*ssw * 

chief difficulty in the method is in maintaining a co g 
S 3. Specific Heats at Constant Pressure at High Temperatures ^ 

wwe'nutS^n'thc'fWclBanstafi'hy*^! 0 *^^ and' Austin'* -fup , 1400 by 

3*: &£&$£ a ntf Shilling. - The Sp^fic Heals o, Oases. 

J McCollum, J.A.C.S., 1927.49. 28. Techn. Reichsansiali. 1905. 4. 

; h s shi "- ■■ - *-■* Hu,i oi 

Gases," 1924, 103. 
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Holborn and Henning. 1 They used electric heating and measured the tempera- 
tures with thermocouples. The gas first passed through a platinum spiral A 
heated in an electric furnace, then through a heated platinum tube B, then 
between the concentric electrically heated platinum tubes C, inside which was 
a thermocouple P 2 , and then into the calorimeter. This was a silver vessel M 
containing three silver tubes filled with silver turnings (two of which DD are 
shown in Fig. 2. VI I E), through which the gas (compressed in a steel cylinder) 


M 



Fig. 2. VII E. Apparatus of Holborn and Henning for Determination of Specific 

Heats of Gases 

passed on its way to a measuring apparatus. The calorimeter was provided with 
a stirrer S|, a mercury thermometer Tj, and a platinum resistance thermometer 
R, and was contained in a jacket J containing paraffin oil enclosed in a large 
vessel containing vegetable oil kept at a constant temperature by an electric 
resistance heater H, a thermometer T 2 , and a stirrer S 2 . The temperature of 
the entering gas was measured by using thermocouples of different thicknesses 
and extrapolating to zero thickness to eliminate conduction and radiation 
errors. Radiation from the thermocouple P 2 was cut off by baffle-plates L. 

• Holborn and Henning. Ann. Phys .. 1905, 18. 739; 1907, 23, 809; Calendar, B. A. Rep., 
1908. 334. 
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a,^,"weenO« y C. (100’ C. for steam) and f C. m g oal, per g, 
N 2 c„=0-2491+00 s 95/ 

Air c =0-2405+0 0 5 95/ 

COz ^=0 1971 +0 0 3 l283/-00 3 9908 x 10-«/ 3 +0-0 4 31 36 x 10~ / 
H ,Oc a =0-4574 +0 0 4 46W. 

The temperature coefficient for steam is only half that found by Langen by 

a different method (§ 7). . 

Holborn and Henning in 1907 gave the equauons for r,. 

Nj ^=0-2350+0-0.191 

C0 2 ; 0 ,=0-2010+0 0 4 742r-0 0,lilr= 

HjO c 100 j“0-4669— 0 0 4 168'+ 0 ' 0,44 ' : 

or =0-4544+0-0,6925 x lO 0 0 -” 11 '. 

A different type of formula was proposed by Faggiam: - 

C,=a(l+ln T) 

for nitrogen (.=0-993). carbon monoxide (a=l-002,. and air (.-.«») 
400°-3500° K.; for hydrogen: 

C,*=4 965+0 28(1 +ln T). 

§ 4. Effect of Pressure on Specific Heat 

The effect of pressure on the specific heat is g.xen by equat.on (2). § 49.1 1 . 

(<ScJdp) T = -T(d‘v!dT ! ), 1 ' 

in 

c,= a+b<p- 1) Ul 

where o (=c, at l atm. pressure) and b are constants: or at h.ghcr pressures 

(30— 100 atm.): Ct=a+hlp - })+ ci P -l)' < 3 > 

where e is another constant which is negative for air : 

f( =0-23702+0-001 5504(p- l)-0-0 s 19591(p- 1 )-. 

. Holborn a,.. " Wan-nclabcllcn PT.R.." Brunswick. 1919. «. ScbUle. » Teehn,.he 

168: W. V-g- 

> Witkowski. Bull. Acad. Polon.. 1*95. 290,. Z. P> « ^ 1900 . 1J0. 1443 |CU:I 

1896. 42. 1 ; Amagat < 'll’* {wl u 55*1 ; 1908. 27. 31 1 : Purtingion and 
Meyer. Phys. Z.. 1899 1. 146 : phys R( V 1930 . 36. 1091; 

KMHnlSrA -w : M **• “*• ,95J - 2J - 1353 

(review). _ , __ ... , on< . ir7 . ,oqa i 92 • 1897. 6, 81: 1898. 7. 365: 

M? SlWW*--: - * '»•- 

5 , 113 . 
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Gas 

H : 

Air 

n 2 

CH< 

C 2 H 4 

a 


lESSS 

0-22480 

0-5915 

040387 



mm 

00018364 

0003463 

0 0016022 



+ :^-' 

Fig. 3. VII E. Apparatus of Holborn and Jakob 


In general, b increases with a. 
Lussana’s values of b arc probably 
too large, since they give an in- 
crease of Cp for air per atm. of 
about j- per cent., whilst the deter- 
minations of Holborn and Jakob 1 
gave only about 01 per cent., 
according to the formula: 

10 4 .r / ,=2414-f*2-86/?+0-0 J 5/> 2 — 
OO4IO6/7 3 . (4) 

which holds at 60°. 
There should be a 
maximum, 0-3033, at 
316 atm. 

The calorimeter (Fig. 3.V11 E) 
used by Holborn and Jakob con- 
sisted of a strong nickel steel tube 
A, the gas entering which passed 
through narrow nickel tubes C, 
the entering temperature being 
measured by a resistance thermo- 
meter T After passing through 
the annular space D the gas left at 
E,thc temperature being measured 
by the resistance thermometer T 2 . 
The oil in the bath F was heated 
by theconstanlan resistance R and 
was circulated by the centrifuge S. 
The calorimeter was surrounded 
by an air space G and steam jacket 
H. the temperature in which was 
measured by the mercury thermo- 
meter T 4 , that of the oil bath 
by the resistance thermometer T 3 . 
The input of electrical energy 

' Z. four., 1911, 31. 1 16; Z. Vereiii 
D. fog.. 1917. 61. 146: Z. Elektrochern., 
1917, 23. 287; Forschungsarb. Gebiet 
fogenieurwes., 1918. 187-8; Berlin Ber., 
1919. 213; Vogel. Forschungsarb. Gebiet 
fogcnicui tecs., 1911, 108-9: Holborn, 
Jakob, and Baumann. Z. fostr., 1913, 
33. 88; Jenkin and Pye. Phil. Trans., 
1915. 215. 353; Krase and Mackey, 
J.A.C.S., 1930. 52. 108; Bridgman, Rev. 
Mix!. Phys., 1946, 18. 1 (bibl.). 
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§4 EFFECT OF PRESSURE ON SPECIFIC HEAT 

was measured. The apparatus was standardised with air at 1 atm. pressure. 
The heat loss correction was independent of the flow velocity, was equivalent to 
10 per cent, of the smallest heating current used, and was eliminated by using 
various flow velocities with the energy input adjusted to maintain the same 
temperature in each case. 

The effect of pressure on the specific heal of steam was measured by Knob- 
lauch and collaborators 1 (120" to 550" and 2 to 30 atm.; the results were 
represented graphically), and on the specific heal of ammonia by Osborne. 
Stimson. Sligh, and Cragoe. 2 The effect of pressure on c, for air was calculated 
by Witkowski 3 from formula (1) from the measured coefficients of expansion, 
and he also found c p at 1 atm. pressure to be indepen- 
dent of temperature from —144 to 0' (c,=0-2372). 

The effect of pressure on c, is considered in § 6. 

The complicated apparatus used by Lussana. and 
Holborn and Jakob, is described by Partington and 
Shilling. Krase and Mackey used a simpler apparatus. 

The gas passed through a spiral steel tube round which 
a copper block was cast, and this was contained in a 
large Dewar vessel (Fig. 4.VII E). The rise of tempera- 
ture of the block was measured and a correction applied 
for heat lost by conduction along the inlet and outlet 
tubes. The results were found to be independent of the 
flow rate. At 500 atm. pressure the values of C p for 
nitrogen were: 

30“ 50 100 150* 

9 12 8 85 8-39 8 13 Fio. 4.V1I E. Apparatus 



Amagat 4 doubted if the values of d 2 />/dr 2 were known of Krase and Mackey 
accurately enough to give reliable values of dcjdp by (1). 

§49.11, or even to decide if it differed from zero. Some rough experiments 
with unpurified gases, with a supersonic method (§ 24). showed an increase of 
the velocity of sound with pressure in the case of air, nitrogen, neon, and 
hydrogen, and a decrease with carbon dioxide. For air. a change of c p ,c,—V 
from 1-406 to 1-580 was found 5 on changing the pressure from I to 100 atm., 
and for nitrogen from 1-403 to 1-56. For carbon dioxide y was supposed to 
change from 1-304 at 1 atm. to 3-524 at 60 atm. 

A temperature-entropy diagram for air to 300 atm. and 500 was calculated 
by Schlcgcl, 6 and Mollier charts for hydrogen, nitrogen, carbon monoxide, and 
mixtures by Guclp^rine and Naiditch. 7 

> Knoblauch and Jakob. Forsch'mgsarb. GtbUl Ing'mrur.'S l»06. ^M 'M. Gncssmann. 

ibid., 1904. 13; Knoblauch et al.. Z. Verein D. Ing.. 1907. 51. 81. 1911. 55 665. 191.. 56. 
1980; 1915,59, 376; 1922, 66.418; Knoblauch and Mollier. Forschungsarb. Gebict Ingenieurwes.. 
1911. 108-9, 79; Engineering. 1913. 96. 627 (figure); Knoblauch and Forsclwngsa*. 

Gebiei Ingenieurwes., 1917. 195; Partington and Shilling. " The Specific Heats of Gases. 19.4. 

Refrig. Eng., 1923. 10. 145: Bur. Stand. Bull., 1925. 20. 65. 1 19; Cragoe. Refrig. Eng.. 1925. 
12. 131 ; for S0 2 , Landsbcrg, Z. ges. Kdlte-lnd.. 1925. 32. 176 

> Phil. Mag., 1896. 41. 288: 1896. 42. 1: cf. Margules. Wien Ber., 1888, 97. HA. 1385. 
Amagat, J. de Phys., 1896. 5. 114; Plank. Phys. Z.. 1910. 11. 633: Z. ges. Kalte-lnd.. 1910. 17. 

8I « Quoted by Dieterici. Ann. Phys., 1903, 12. 144; Johnston and Weimer. J.A.C.S. . 1934. 
56 625 

* Hodge, J. Chem. Phys., 1937, 5. 974; Hubbard and Hodge, ibid.. 1937. 5. 978. 

* Forschungsarb. Gebiei Ingenieurwes., 1932, 3. 297. 

7 Chim. et Ind., 1935. 34. 1011, 1279. 
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§ 5. The Continuous Flow Method 

The method of “ continuous flow calorimetry ” used by Callendar 1 and 
Barnes 2 for liquids (specific heat of water; see § 12.11, and § l.VIII H, Yol. II) 
was applied to gases by Swann 3 and improved by Scheel and Heuse. 4 It has 
been much used, but seems to give results always slightly different from those 
found by other methods, except with hydrogen, so that some concealed defect 
seems to be inherent in it. 5 

A stream of gas flowing at a constant rate of m g. per sec. through a glass 
tube is heated by an electrically heated wire in the axis of the tube. If the 
electrical energy supplied per sec. is E g.cal. (volts x amps. X 0*2387) and if all 
this except a part e lost to the surroundings is used to heat the gas, the tempera- 
ture of the exit gas wiU be AT° higher than that of the entering gas and: 

c p =(E-e)lniAT (1) 

The heat exchange between the heated and incoming gas is proportional to the 
temperature difference: 

e'-k x AT=k 2 Elm t 

and this heats the incoming gas by AT—e'lm. The heat loss to the surround- 
ings is e=>k y AT'=k)e'lm=k A Elm\ therefore by substitution in (1): 

C'MEImATM-kJm^C'XX .... (2) 

A plot of the observed specific heats c p against the reciprocal of the square of the 
flow rate should, therefore, be a straight line, and the extrapolation to infinite 
flow rate ((1//M 2 — >0) gives the corrected specific heat. 6 The effect of pressure 
was considered by Workman. 7 

In Scheel and Hcusc's apparatus (Fig. 5.VI1 E) the gas entered below, passed 
the platinum resistance thermometer T|, and after flowing through the spiral 
passed through the two glass jackets into the inner tube containing the heater. 
The heated gas then passed the platinum resistance thermometer T 2 and left the 
apparatus. The apparatus was enclosed in a vacuum jacket silvered inside, 
and the heating of the gas was as far as possible adiabatic. The heat loss e 
was found by an empirical method; for high rates of flow (5 lit. per min.) e was 
small compared with E, but there was some uncertainty in this part of the 
experiment. The continuous flow method has been used in several cases and 
at low and high temperatures. 8 

i Phil. Trans., 1902, 199, 55. 

* Phil. Trans., 1902, 199. 149. , , , tfttr 

J Proc. Roy. Soc., 1909, 82. 147; Phil. Trans., 1910, 210, 199; cf. Brinkworlh, ibid., 1915, 

215, 383. 

< Ann. Phys., 1912, 37. 79; 1913, 40. 473; 1919, 59, 86; Berlin Ber., 1913, 44; Z. Inslr., 1912, 
32, 244. 

> Partington and Shilling. " The Specific Heats of Gases," 1924, 106. 

* Partington and Shilling," Specific Heats of Gases." 1924,46; deVries and Collins, J.A. C.S., 
1941,63, 1343. 

’ Phys. Rev., 1930. 36. 1083; 1931. 37. 1345 (0 2 , N 2 . H 2 ). 

* Knoblauch and Jakob. Z. Verein D. lug., 1907, 51, 81; Nernst, Z. Elektrochem., 1910, 
16, 96; Thibaut, Ann. Phys., 1911, 35. 347; Knoblauch and Mollier, Z. Verein D. Ing., 1911, 
55, 665; Haber ei al., Z. Elektrochem., 1914, 20. 597; 1915, 21, 228; Brinkwortb, Phil. Trans., 
1915, 215. 383; Knoblauch and Winkhaus. Z. Verein D. Ing., 1915, 59. 376; Eucken and 
Bartels. Z. phys. Chent., 1921, 98, 70; Knoblauch and Raisch, Z. Verein D. Ing., 1922, 66, 
418; Millar. J.A.C.S., 1923. 45. 874; Schreiner, Z. phys. Chem., 1924, 112, 1; Krase and 
Mackey, J.A.C.S., 1930. 52, 108 (high pressure); Thayer and Stegeman, J. Phys. Chem., 1931, 
35. 1505 (C 2 H 6 ); Haas and Stegeman. ibid., 1932, 36, 2127 (CH«); Haas, Sci. Abslr., 1933, 
36 A, 479; Felsing and Jessen,y.-4.C.5., 1933, 55. 4418; Jennings and Bixler, J. Phys. Chem., 
1934, 38. 747 (vapours; ether C r =23 3833-14 7 x10-'r-5 929 xKMr*); Felsing and Drake. 
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The gas entered ihc bulb A through «». 
ter attaining the temperature of the bath 
r vessel. It passed from the calorimeter 
of flow, and entered the regulator R. in 
height and the column ot 
' r* 
•„ :::: -voire P\P;. front 

•aianccu gas nvwi « «»v. .... From C the gas 

shut off. contained charcoal and were immersed in liquid air. lor 
Ic apparatus was first exhausted through L. The quantity of 
titling off a. owning O. and raising F. so lhal .hr prcwmin ' 
igraph marking the times of contact at the points did; ga\c thv. 
s a by-pass. S a sliding mercury seal. The value of the constant 
... riofermioH with several values of m. The 


Fig. 5. VII E. Apparatus of Scheel and hcusc. 
passed through the resistance thermometer and afl 
B in the tube D entered the calorimeter in the Dewai 
through the capillary tubes KiK;, regulating the rate 

voirs Vi Vi actuated by slow rotation of the pulley wheels w t w». into the resen c 

which the gas passed to the balanced gas holder C over mercury. I 

back to a. H and J, normally s..»% «... - ...... . 

nf pas The whole apparatus was first exhausted through L 
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Another method * depends on passing the gas through a narrow metal tube 
unequally heated so that the temperature is higher in one place. The gradient 
of temperature & along the tube alters when gas is flowing, and from the measure- 
ment of the temperature at three points along the tube with two gases, the 
relative values of c p can be calculated (the method does not give absolute values). 

In the steady state : ^ . 

kA(dWldxi)- Q(d&ldx)=0 (3) 


where k = thermal conductivity of material of tube, A- cross-section of tube, 
0=heat capacity of gas passing per sec., Q=cq , where c=sp. ht. of gas per 
cm. 3 and $=flow rate in cm. 3 per sec. The gas flows from the cold to the hot 
end of the tube and if &=0 for x=0, and for x=l (length of tube): 


£=* I (l-e2“)/(l-e 2 ‘0 


(4) 


where *=Q/2kA. If the change of temperature gradient due to flow is small, 
a<l. The value of 0=change of temperature difference due to flow, between 
x=//2 and x=0, is found by putting x=//2. By expanding the exponentials 
and neglecting a / as compared with unity, it is found that: 

Gl&=-cqH*kA (5) 


Since 1/kA is constant, 9 is proportional to the rate of flow multiplied by c , and 
for two gases the initial slopes of the curves relating q to 9 are proportional to 
the values of c. The method was used up to 370°. A comparison of the 
results (F.) with those by other methods is: 



He 

H, ' 

CO 2 


0-717 

0986 

1-264 

■ 

0716 

1 

0-987 

1-268 


Bcnncwitz and Schulze 2 passed a stream of gas with known velocity through 
a thin-walled glass tube fixed between two massive metal blocks maintained at 
a constant temperature difference, and measured the electrical energy which 
must be supplied to a heater in order to maintain a linear temperature gradidht 
along the glass tube, as measured by a differential thermopile. The molecular 
heat is given by: 

C„=0-239d£/dr(d/i/d/) (1) 

where J£=electrical energy supplied per sec. by the heater, J 7= difference of 
temperature between the metal blocks, and dn/d/=rate of flow of the gas in 
mols per sec. The accuracy is of the order of 1 per cent. 

Chopin 3 used a method depending on the flow of gas through two orifices, 
finding at 312M042 0 : 

N 2 , C,=6-82+000058r; C0 2 , C,=8-9+0-6l(//100)°‘ 

i Blackett, Henry, and Ridcal, Proc. Roy. Soc., 1930, 126, 319; 1931, 133, 492; Nature, 
1932, 129, 200; the method is really the same as that proposed by Callcndar, **Ency. Brit.," 
11th edit., 1910, 6, 890, for measuring the thermal conductivity of the material of the tube. 
It has never been used at high temperatures. See also Chapman, Proc. Roy. Soc., 1930, 
126, 675; Okamura, Sci. Rep. Tohoku Imp. Univ., 1933, 22, 519; Potop, Compt. Rend., 1937, 
205, 1047; Roberts, “ Heat and Thermodynamics," 1940, 133; Eucken and Sarstcdt, Z. phys. 
Chem., 1941, 50 B, 143 (vapours), whose results disagreo with values calculated by Pitzer, §29.IV, 
and experiments by Waddington and Douslin, J.A.C.S., 1947, 69, 2275. 

* Z. phvs. Chem., 1940, 186, 299: Dailey aod Felsing. J.A.C.S., 1943. 65. 42, 44; Templeton, 
Davies, and Felsing. ibid.. 1944. 66. 2033; 1945, 67. 2279. 

3 Compt. Rend., 1928, 186, 1830; 1929, 188, 1660. 










SPECIFIC HEAT AT CONSTANT VOLUME 


§ 6. Specific Heat at Constant Volume 

An ingenious method of measuring the specific heat of a gas at constant 
volume uses the differential steam calorimeter of Joly. In this, Wo exactly 
similar copper globes A and B, about 6-7 cm. diameter, of equal weights, were 
suspended^ wires from the ends of the beam of a sensitive balance 'ns'de two 
metal steam jackets. Below each globe was suspended a co ”‘ cal r “ ei%er 
water condensed on the globe. Condensation of water on the pans of the 
wires outside the jackets was prevented by surrounding them with electrically 
heated spirals. One globe was vacuous and the other contained the gas, com- 
pressed to 30 atm. at the steam temperature. 

p The difference between the weights of water condensed on the two g obes 
was found by adding weights to the side of the vacuous globe yo as to balance 
the globes again. If the steam is passed in too quickly, a cloud is formed and 
drops fall on the globes; the steam supply must be cut down during weighing, 
otherwbie the draught will tend to move the globe. Unless the collecting cones 
arc exactly equal, a correction must be applied for the water condensed on lh «*- 
A correction is also applied for the expansion of the globe on heating (when 
external work is done by the gas) and for the effect on c r of the increase of 
pressure on heating the gas. If m is the mass of gas. / the 

the mass of water condensed (corrected to vacuum), /, the latent heat of 

evaporation of water: mc . (100 _, (1) 

If the b.p. of water is 100”. Since less than 2 mg. of water are condensed per 
o cal very accurate weighing is necessary. The method was used b> Carlton- 
lutton "to determine the latent hea, of steam. Keyes > corrected Joly s value 
for air by allowing for the expansion of the copper globe (changing c, by 
pressure), finding c,=01712. independent of pressure to 27 atm. 

P Joly 's experiments give the effect of density, p-l/v. on r„ which repre 
sented by the thermodynamic formula * (§ 49.11): 

(dc./dv) r -r(d J />/dJ ri ). • ■ < 2 > 

In the case of air and carbon dioxide the specific heat was found to increase with 
the denshy,°but with hydrogen it appeared to decrease. The values for carbon 

dioxide were: 


1 

p atm. 

Density 

g./ml. 


7*20 

0 011530 

0*16841 

12*20 

0 019950 

0 17054 

16-87 

0 028498 

0-17141 

20 90 

0036529 

0 17305 

21 66 

0037802 

0 17386 


,m;S:59 229; Rudgc. Proi. Comb, Phi,. Sac .906. 14. 85 (high pressures): Gnlhihs. in 
Glazcbrook, ** Diet, of Applied Physics.” 1922. 1. 50. 

» Proc. Roy. Soc., 1917. 93. 155. 

J J.A.C.S., 1921, 43. 1452; 1924. 46 1584 Godnev, J. Gen. Chen,. 

Z.. 1937. 11, 60 (N 2 at 60-200 atm.). 
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In a method 1 in which a known amount of heat q is given to a large volume 
(30-80 lit.) of gas by means of a platinum wire through which a momentary 
current is passed, the increase in pressure Ap is measured before the convection 
from the heated gas reaches the top of the cylindrical vessel. The increase of 
pressure is the same as if the whole mass, n mols, of the gas had been warmed 
through a temperature difference AT: 

Ap=(nRIV)AT=(nRIV)(qlnC t )=qRIVC' .... (3) 

since AT is inversely proportional to the mass of gas heated, i.e. nAT is constant. 
This has been used as a relative method by working with two bottles, one con- 
taining air and the other the gas, connected by an oil manometer. The volume 
of air is altered from V to V by admitting oil until, on passing an equal momen- 
tary current through the two equal heating wires, the pressure increases are 
equal, i.e. the manometer does not move. Then: 

C c (gas)=C t (air).(K7K) (4) 

Although an accuracy of 1 per cent, is claimed, this is doubtful. Trautz and 
Hebbcl found for C, at room temperature, C0 2 6-925, H 2 4-83, N 2 4-975. 

The value of C v can be measured 2 at low temperatures by using an electrically 
heated steel cylinder suspended by a very narrow metal tube in a vacuous 
vessel, and determining the heat capacity by electric heating when empty and 
filled with compressed gas. At low temperatures (below —100°) the thermal 
capacity of the solid container becomes small compared with that of the gas. 
The accuracy is not very great. 


§ 7. The Explosion Method 

A method often used for the determination of the mean specific heat of a 
gas at constant volume up to high temperatures is the explosion method. In 
this, a known volume of explosive mixture (e.g. 2H 2 +0 2 ) is mixed with a 
known volume of inert gas (which may, for example, be an excess of H 2 or 
Oj), the specific heat of which is to be measured. The explosion (usually 
initiated by an electric spark) liberates a large amount of heat, which brings the 
burnt gas and the inert gas to a high temperature. It is assumed that no heat is 
lost by conduction to the walls or by radiation during the short time of duration 
of the explosion. If steam is produced, a correction must be applied for its 
latent heat of condensation in the subsequent cooling. Let t 2 be the highest 
temperature reached and t j the final temperature (room temperature) of the 
cooled products. The heat evolved is (/ 2 -{i)('«C tr +fiC c <), where m mols 
of reaction product of mean molecular heat C„ and n mols of inert gas of 
mean molecular heat C ri arc present. This must be equal to the heat of reac- 
tion mq e at the temperature which is supposed to be known from thermo- 
chemical results; hence if n'm=r: 

*,=(' 2 -'iXC„+rC n .) ( 1 ) 


1 Jamin and Richard. Compt. Rend.. 1870. 71, 336; Vollcr, Dissert ., Berlin, 1909; Trautz 
and Grossinsky. Ann. Phys.. 1922. 67, 462; Trautz and Hcbbel, ibid., 1924. 74, 285; Trautz. 
ibnl., 1927, 83. 457; 1928. 86. 1 ; Trautz and Giirsching, ibid.. 1930, 4, 9S5; Trautz and Kauf- 

5 ’ 581 : Trau,z and B,um - ibid -‘ ,933 - ,6 « 362 ; Trautz and Reichlc, Ibid.. 
1935, 23, 513; Giacommi, Phil. Mas., 1925. 50. 146. 

wSlM*"'" ^ l9 ' 2, 141 ; l,M - 6821 V " HI d - D - n ' s - C « • '916. 18, 4; Nalurwi,,.. 
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If P is the maximum pressure reached in the explosion, then: 1 

/ 2 -«/.+273)/p, 1-273 ....... (2) 

If there is no change in the number of molecules, Pi=P„ the initial pressure of 
the mixture at /.. The value of C w may be determined by exploding with argon 
(the value of C* for which is 3 g.cal. and constant). Then C„ for any other 
gas can be found from (1). 

The older experiments 2 
by this method gave more 
or less unsatisfactory re- 
sults, mainly on account 
of the loss of heat to the 
walls and the lag and oscil- 
lations of the manometers. 

The first really satisfactory 
method was developed by 
Pier, 3 who used a light 
steel diaphragm mano- 
meter. 

A corrugated circular 
steel membrane D of 
01 mm. thickness was 

its edge over anopeni'ng of 3 cm. diam. in a spherical steel explosion bomb 
with ! capacity of 35 lit. (Fig. 6.V1I E). A small concave mirror S 6 mm. 
diam. and 1 m. focal length, was attached by a rod to one side of the 


Fig. 6. VII E. Pier s Apparatus 


fir- ^ 

,9 !' V 6 y 2 C* F m" n i SSf* S" 3 ?" 3 » I« 9 . is! 536 : . 910 . 16. 

1934, 18. 307; 1937, 23. 345 (bib..); 1941. I7E 47 172); Bone! 

8, 813 824 ; Wohl and von Elbe Z.pfv*. Chen, s ^ LlUlcr . jnd Whitworth. 

19 B, 117; Lewis and von Elbe. 7..4.C..S.. 1933. ss. w, v • c . Hj an j 

J.C.S., 1932. 339 (rate of pressure rise in theoretical mixtures ofO* h ^ A/ , m . 

CO very violent, except with CO); Maxwell and Wheel k t, .Ibd^Yns Properties 

Poudres, 1932-3. 25 .314 (sp. hts. at high temp G^doi. 1942. 150. 

of Ordinary Water Substance. New York. 1940. 10 l -I. Leah, Phil. 

481; Walker. Phil. Mag.. 1943. 34. 486; Comer. Proc. Phys. Soc.. 1946. 58. 737. Lean. 

Mag., 1947, 38. 657. 
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diaphragm, and its deflexion was recorded by a beam of light from an arc 
reflected on a revolving photographic film F. The maximum pressure was 
recorded in somewhat less than 0 01 sec. and no cooling correction was con- 
sidered necessary. The membrane was calibrated by applying oil pressure in 
a small vessel to which the membrane was fitted. The pressure-time curves 1 
obtained with various types of manometer show that Pier’s manometer gives a 
higher (instantaneous) maximum pressure than the older types. 

The velocities of burning gas mixtures were studied by Nusselt. 2 Lees 3 
concluded that the inequalities in temperature in different parts of a burning gas 
are negligible, and Stewart 4 that the time-lag in the distribution of molecular 
energy is negligible. The radiation emitted in the combustion of a gas mixture 
has a maximum frequency near the infra-red border, the other wave-lengths 
being negligible. 5 

Wohl and von Elbe 6 determined the specific heat of steam by explosion of a 
mixture of 2H 2 +0 2 and found the peculiar result that, whereas C„ found by 
exploding initially dry mixtures does not agree with that calculated by Einstein’s 
formula (§ 30). C r found by exploding a moist mixture is in closer agreement. 
They point out the difficulty of correlating the older measurements of Bjcrrum 
and Siegel from this point of view, and as an explanation of their results, they 
surmise a heat loss with the dry mixture in the form of luminescence radiation, 
amounting to several per cent, of the heat of reaction, whilst in the moist 
mixture, even with 15 mm. partial pressure of water vapour, this loss is sup- 
posed to be less than 1 per cent. Absorption of radiant heat by water vapour 
will not account for the difference. No experimental proof of this hypothesis 
was given beyond the better agreement of the results with the moist mixture 
with theory, but reference was made to measurements by Garner and Johnson 7 
with dry and moist carbon monoxide-oxygen explosions in which the measured 
radiant energy from the mixture dried with P 2 0 5 amounted to 10 per cent, of 
the heat of combustion (** chemical energy set free ’’), whilst with gas con- 
taining I -9 per cent, of water vapour it was only 2-5 per cent. 

Ncrnst and Wohl 8 considered that Henning’s experimental values for specific 
heats at high temperatures (§ 3) arc 2 to 3 per cent, in error, but Henning 9 did 
not agree with this supposition, which is based on theoretical values only. 

Wohl and Magat 10 confirmed Wohl and von Elbe's results with dry and moist 
gas, and by explosion measurements they obtained values for the specific heats 
of hydrogen and steam agreeing with theory, but the values for oxygen and 
nitrogen were somewhat too low; this was explained by assuming that the 
vibrational energy of the molecules was not fully excited in the small time of 
duration of the explosion. Lewis and von Elbe, 11 however, found just the 
opposite result from Wohl and Magat, i.c. values higher than the theoretical, 


Wohlcnbcrg, 


1 Partington and Shilling. " The Specific Heats of Gases." 1924. 123, Fig. 21. 

2 Z. Verein D. lag.. 1915. 59. 872: Ann. Phvs. Beibl.. 1916, 40. 414. 
i Proc. Cambr. Phil. Soc.. 1921, 20. 285. 

4 Phil. Mag., 1914. 28. 748; Shtandel. J. Phvs. Chem. U.S.S.R., 1948. 22. 289. 
s Hopkinson. Proc. Roy. Soc., 1906. 77. 387; 1907. 79. 138; 1910. 84. 155; 

Mech. Eng., 1930. 52. 852. 915. 981 . 1075. 

6 Z. phys. Chem., 1929. 5 B. 241. 

, ’ w27 - 3. 97; 1928. 5. 301 ; J.C.S.. 1928. 280: Gamer. Ind. Eng. Chem.. 1928, 

lUUo. 

8 Z. lechn. Phys., 1929. 10. 608. 

9 Z. lechn. Phys., 1930, II. 191. 

10 Z. phys. Chem., 1932. 19 B. 117. 

" J.A.C.S., 1933. 55,511. 
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by the explosion of ozone, which they attributed to a 'A metastable energy level 
in the neutral oxygen molecule. They gave empirical formulae to represent 
their results, from which they calculated: 1 

1000 1500 2000 2500 3000 

8-356 8 840 9-208 9 500 9-725 


T° K. 


C p 


500 

7-434 


800 

8072 


200 300 

6-951 7-016 

In view of these discrepancies, the newer explosion values for oxygen arc 

d °Johnston and Walker 2 also calculated the theoretical specific heat of oxygen 
at high temperatures with the assumption of a ' J term which is supposed to 
add an insignificant contribution below 3000 K. and only a maximum of 
0-36 c.cal to C p at 4500° K. They considered Wohl and Magat s experimental 
results much too low, and Lewis and von Elbe’s loo 4 h, f^ Q 7 Lc *.' s 
Elbe, 3 however, by another manipulation of a term of 0-97 volt^i managed 
to bring their results into agreement with theory, and adopted Wohl and 
Magat’s explanation of the low experimental values in hydrogen-oxygen 
explosions. It cannot be said that the procedure is convincing, and the repeated 
errors in the calculations are disturbing. 

§ 8. Numerical Values of Specific Heats of Gases 
The following equations for the true specific heat of 1 mol at / C., based on 
experimental results, arc given by Partington and Shilling: 

0 2 , N 2 , CO. air C.-4-970 + 0 000l7/+0-0 6 31f2 
C,= 4 -850+ 0-00070/ 

C,«6-700 + 0 0045/-0-0 5 l02/2 
C p =6-750-0 001 l9/+0-0 s 234/2 

r =»-12-652 +0 02214/-0 0 s 4671/2. 


H 2 
C0 2 

H 2 0 (0°-1700°) 
HzO (1700°-2500°) 


Values of C f (true) given by Ncrnst. 6 partly based on experiments. 


are: 


l° c. 

0° 

100‘ 

200° 

500 

1 

1200' 

2000- 

A 

Nj.Oi.CO 

H 2 

HCI 

Cl 2 

HzO 

CO* 

SO* 

NHj 

2-98 

499 

4-87 

5 00 

5 95 

5 93 
668 

1 12 

662 

1 

2 98 

5 05 

4 93 
509 

6-3 

600 

7 69 

8-1 

7 05 

1 

2 98 

5-15 

5 05 

5- 27 

6- 7 

660 

9 04 
(9-2) 

8-3 

2 98 

5 26 1 

516 

5 46 

69 

7 00 

9 75 
(9 8) 

9 5 

3 0 

5 75 

5 67 » 

6 13 

7 1 

8 4 

10 6 

(106) 

114 

3 0 

6 3 

6 28 

69 

7-2 

no 

hi 

(iii) 


1 The second and third decimals are quite superfluous. 

2 J.A.C.S. . 1935 . 57 . 682 . 

« Hci^rg, 1 ^^’ im’m 759; Ellis and Knescr Phys. Rev ***}- 4S - 
correction by Wilson. J. Chem. Phys .. 1936. 4. 526. and G.auque.^C W7. 5 ^ 

temperature T on p. Ware: .poo/ 7 249 -0 00247r+0 0 5 234r-'. 

^ Sh "" nB - 

24 , 591 ; J.S.C.I., 1932. 51 . 82 T. 

ft M Thcorctische Chemie/* llth-lSth edit.. 1926. 287. 
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The following values of C p (true), mostly from theoretical calculations, are 
given by Ulich: 1 


r k. 

300° 

600° 

900’ 

1200° 

1500' 

1800° 

2000° 

2500° 

3000° 

H 2 

6-90 

iKTJJ 

7-14 

741 

PI 

8-01 

8-18 

8-53 

PI 

O: 

7-02 


8-22 

8-53 

w&m 

8-92 

903 

9-31 


H 2 0 

8-00 


9-50 

10-38 

GEI 

11-76 

1209 

12-7 

13-1 

N: 

696 


7-68 

807 

MEM 

8 52 

8-60 

8-76 

8 86 

NO 

714 


i;y CuBi 

834 

8-56 

8-71 

8-77 

8-90 

8-98 

Cl: 

8 07 


8 81 

8-87 

8 91 

8-92 

8-92 

_ 

— - 

HCI 

6-95 


7-41 

7-78 

806 

8-28 

8-38 


-- 

H:S 

813 


1049 

11-46 

12-13 

12-58 





— -r 

SO: 

9-53 

11-67 

12-70 


13-42 

13-56 

— 



NM 

ch 4 

8-54 


1591 


— 







MM 

CO 

696 

MEM 

7-79 

8-17 

8 42 

8 59 

8-67 

8 81 

8-90 

CO: 

891 

11-32 

12-69 

13-50 

1400 

14-3 

14 5 

14 8 

15-0 


Values of the mean molecular heats at constant volume C P between 273° 
and T° abs., calculated from theory by Ncrnst and Wohl, 2 are: 


r k. 

273 

373 

473 

573 

D 

1200 

1600 

2000 

2400 


H: 

4-82 

491 

4 93 

494 

4-97 

506 

5-21 

5-36 

5-52 

5 66 

N: 

4 97 

497 

499 

503 

5-16 

5 43 

5-67 

5 85 

6-0 

6-1 

CO 

497 

4 98 

500 

5 06 

5 22 

5-52 

5-76 

5 9 

6 1 


O; 

501 

5 08 

5 18 

5-29 

5 54 

5 89 

6 12 

6-29 

641 


CO: 

663 

718 

7 67 

8 08 

884 

9 77 

10 37 

108 

111 

Efc W 

11:0 

5 99 

605 

6-14 

6-24 

653 

7 09 

761 

8 

8-5 



The true molecular heats at constant pressure C„ at the absolute temperature 
T collected from miscellaneous sources, some experimental and some theoretical, 
arc given, according to Kelley, 3 by the following equations (temperature range 
in brackets): 


A. He, Nc. Kr. Xe 

CH 4 

Cli 

CO 

CO. 

H, 

HCI 

HI 

H:S 

N; 

NH, 

NO 

O; 

S0 2 


497 

5-34+ 1! ’5 X 10“ j r 
8 28+0-56xlO*>r 
6 60+ 1-20x10- 

10 34+2-74 X 10->T- 1 995 X 10*7* •' 
6 62+0-81 x 10~ j r 
6 70+0 84 x 10- 
6 93+0 33 x 10- »r 
7-20 + 3 60x10 JT 
6 50+1 OOxIO-JT 

6 70+6 3xl0 >r 

S 05+0 233 x 10**7— 1 563 x IO?7-2 
8 27+0 258x 10->r-I 877x IO-T-2 

7 70 + 5-30x10 'r-0 83 x 10->r-’ 


(273-1200) 

(273-2000) 

(273-2500) 

(273-1200) 

(273-2500) 

(273-2000) 

(273-2000) 

(300-600) 

(300 3000) 

(300-800) 

(273-5000) 

(300-5000) 

(300-2500) 


“ lischcn Chemic.” 1938. 301 : cf. Schclesl. " Die spezifischcn 

,922: ** Absolule “ hc 

i Z u c Ch o' PhyS 'r ! 929 ' 10 * m ' 500 David and Lcah - phil - Ma *- 1934. 18 307 
JVf, *‘" ea " Mines Bull., 1934. 371 ; Kelley and Anderson, ibid.. 1935. 384. It should 
be noted that many specific heats of gases have been calculated from spectroscopic dan and 
have no direct experimental foundation: Kelley included some old values S had b£n 
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§8 NUMERICAL VALUES OF SPECIFIC HEATS OF GASES 

Empirical specific heat equations of the form : 

C p =a+bT+cT 2 

with the values of the constants tabulated below were given by Spencer and 
Justice , 1 the average and maximum percentage deviations from values calculated 
from theoretical equations by Johnston et al .— some later found to contain 
arithmetical errors— are also given: 



a 

b x 10 * 

rx I0 7 | 

Maximum 

percentage 

II, 

6 9469 

-0-1999 

4-808 

0 49 

Oi 

60954 

3-2533 

-10 171 

0-57 

Cll 

7-5755 

2 4244 

-9650 

1-13 

Br 2 ••• 

8-4228 

0-9739 

-3 555 

0-71 

N j 

6-4492 

1 4125 

-0807 

1 35 

CO 

6-3424 

1 8363 

-2801 

1 -38 

HCI ... 

6-7319 

04325 

3 697 

0-98 

fl 

HBr ... 

6-5776 

09549 

1*581 

1 '-3 

H 2 O — 

7-1873 

2-3733 


1 05 

CO 2 ... 

6-3957 

10 1933 


2-17 


Average 

percentage 


0 19 
0 23 
0 59 
0 25 
0 54 
047 
0 48 
0 54 
0 38 
0-76 


Quite a different set of values for the same formula, from the same theoretical 
spectroscopic basis, arc given by Bryant 2 and Taylor: 3 



a 

bx 10 * 

-cxIO* 

* 

a 

bx 10 * 

-rx 10 * 

Hi 

6-88 

66 

-279 • 




Oi 

6-26 

2746 

770 




Ni 

6-30 

1819 

345 




CO 

COI 

HiO 

CH 4 

6-25 

685 

6 89 

3-38 

2091 

8533 

3283 

17905 

459 

2475 

343 

4188 


15177 

2374 

17845 

9578 

-267* 

4165 

C 2 H 1 

8-28 

10501 

2644 




SOi 

NHj 

8-12 

5 92 

6825 

8963 

2103 

1764 

6 189 

7887 

1 

728 

1 


• All -c values, except for Hi and HiO. are positive. 


Other theoretical tables given by Lewis and von Elbe/ Spencer and Flan- 
nagan , 5 and Thompson/ are different from the above and from one another. 

selected in a very arbitrary way by Eastman. CA5. fnd shoS^nol appear 

Eastman and Rollcfson. " Physical Chemistry. New York. 1947, Ml. ana snou 

m modem tobjcs .4 ^ 2311; Crawford and Parr. J. Chtm. Phys.. 1948. 16. 233. 

* Ind. Eng. Chem., 1933, 25, 820. 

J Ind. Eng. Chem., 1934. 26, 470. 

4 J.A.C.S., 1935. 57, 612; corrected in ibid.. >935. 57 -737 
J J.A.C.S., 1942. 64. 251 1 ; corrected by Spencer, ibid.. 1945. 67. 

6 Trans. Amer. Eleclrochtm. Soc., 1942. 82. 397. . , ^ Dar kcn and 

7 For appreciable discrepancies between observed c u»at the specific 

Gurry. J.A.C.S.. 1945. 67, 1398; Katz .J. Chcm. Phys.. I«l. ‘ .mam hoNSCVC ' r > arc 
heats of carbon dioxide found by all experimenters (Euckcn is overiooxea. 
consistently higher than the calculated spectroscopic values. 

26 * 
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Davis and Johnsion's 1 theoretical values for hydrogen (ideal state at 1 atm.) 
are: 

T c K. 250 500 700 1000 1500 2000 2500 

V 6-772 6 992 7-035 7-220 7-718 8-181 8-531 

The calculated specific heats of steam at 1 atm. pressure, actual state (from 
ideal by Berthelot’s equation) given by Fritz and Koch 2 are ( c p in g.cal./g.): 

100’ ... 0-464 160* ... 0 465 

120° ... 0 463 180 e ... 0 466 

140 s ... 0 464 200 s ... 0 468 


Theoretical values for hydrocarbons have been calculated, 3 and there are 
several collections of experimental and theoretical data for other gases. 4 

In view of the statement 5 that “ the so-called (!] experimental values are of 
no use,” it seems necessary to direct attention to some aspects of the alternative 
procedure. Many new theoretical specific heats are based on what has been 
well called a “ guided guess," 6 and in cases where experimental values are pre- 
sented, “it is suggested that thermochemists should check their methods 
so that the accuracy assigned to the experimental results will have a real 
significance.’’ 7 

Some idea of the reliability of these theoretical specific heats may be gathered 
from the following. Johnston and Davis 8 pointed out that all Kassel’s 9 
figures arc in error because of the use of wrong signs for two sets of terms in 
the expressions for the rotational energy (§ 25.IV). Witmcr then showed 
that Johnston and Chapman’s figures “ for nitric oxide arc erroneous for the 


1 J.A.C.S., 1934, 56, 1045 (entropies and free energies also given). 

7 Wtinne-und Kdhe-Techn., 1940, 42, 65; Amer. Chem. Abstr., 1942. 36. 5685. 

' a " d l**y.Jnd. Eng. Chem.. 1937. 29. 1309; Edminstcr. ibid., 1938. 30, 

; l940 ’ 32 * 373: Mar ° n and Turnbull. Ibid., 1942. 34. 544; Halcomb and Brown, ibid., 

ltlMA// ' u 4 k 5I4: SaRC and 0lds> ibid " ,942 - H 526 ; Glocklcr and 

rn d rhnL /6 «i'i 9 K 4 "’J! 1, 53 , 2 » : a ,h f > " l i Ca va,ucs - For nomo & ram of hcat contents of hydro- 
carbons, sec Schcibcl and Jenny. Ind. Eng. Chem.. 1945, 37. 990. 

l9M P mnn w S,K p 'i 5 < s , u * )crhca,cd stcam ): Schrcbcr. •• Dcr Olmotor," 

UI5 (12 pp.). Ann. Phys.Bethl., 1916. 40. 321; Eichclbcrg. Z. Verein D. Ing., 1917, 61, 750 
(Cr superheated steam); Neumann, Z. angew. Chem.. 1919. 32, i, 141 (air O? Ny TO, 

%£$ Z r hn f S ’ l92i * * KnobL^a^Ra^i: 

, 4 £ , , u ’ -l 922, , 66, 4 1 8 (supcrhcaled s,cam > ; Mewes. Z. Sauerstoff Stickstoff Ind 1 92“> 
qi? 6 ^ f; ' rchn '!’ hv> -< ,923 - 460 (air -80 s to 250 s , 0 to 200 atm.); Fischer ibid' 

ihJ' C m‘'’ H2 ° ,: F,a S k ' ibki " 1924, S ' 397 (superheated steam); Scligmann,’ 

fjw at low temps.); Everett. Mceh. Eng., 1926. 48. 1329 (air. 0 : , nTcO* 

Z 5 ™hn Phvs o J 7c n \ ,928 ’ 4 * ,02: Schmid, and Schncl! - 

71 ! VkJJ • i "r 9, i! 1,0 3000 Millar and Sullivan. Bur. Mines Techn Pap 1928 

£!• !? 0 char s for 0; and N - ,,: Wcydanz, Z. techn. Phvs.. 193^ 13 233 (N- 100° to 

to 300 and 300 atm.); Justi. Ann. Phvs.. 1937 29 30?- KriU n„ r o * V. - . 

J937, 3341 (metal vapours); Schmidt. Forschungsarb. Gebiet Ingenletirwes 1937 8 9^1 • Dorsey’ 
Properties of Ordinary Water Substance " New York i<un <p l- • V*' , 1 

novsky. and Levchenko. 7. Phys. C^U.^S R .m^' S Sj 
159, 381,423; Finnccomc, Proc. Inst. Mech. Eng., 1946. 155 1 17 (total heat-emroov chirtffnr 

8 " h 0 r™ d « ,M7 - 2,4 1548 - 

6 Aston. Kennedy, and Schumann. J.A.C.S.. 1940. 62. 2059 

7 Guthrie and Huffman. J.A.C.S.. 1943. 65 1139 
1 J.A.C.S.. 1934, 56. 271. 

9 J. Chem. Phys.. 1933. 1, 576. 

10 J.A.C.S., 1934. 56. 2229. 

» J.A.C.S.. 1933, 55. 153. 
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same reason. All Johnston’s figures are given to three places of decimals, and 
in the case of hydrogen » are given for temperatures over 4000 C., when H 2 
would practically be non-existent. Such data are. in fact, misleading, and as 
the calculations are so involved that only experts can check them, the ordinary 
user would be well advised to leave them alone. The theoretical specific 
heats of steam calculated by Gordon 2 are also in error. 5 

Even more doubtful than the specific heats found solely by the calculating 
machine, are those surmised from large extrapolations of approximations 
reached from experimental results in quite different fields. A particularly 
grotesque example of this type of procedure is BSckstrom s calculation of 
the specific heats of carbon dioxide at high temperatures from a small number of 
not very accurate measurements of the small differences in solubilities of calcic 
and aragonite at room temperature. 


§ 9. Ratio of the Specific Heats 

The ratio of the specific heats at constant pressure and at constant volume, 
usually denoted by y (sometimes k) cJc.-CJC.~y, is an 'mporvant quantity 
If y and the difference of the specific heats. c.-c or C,-C.. arc known, the 
two specific heats themselves may be calculated. In the measurement of y two 
methods have generally been used; the first (due originally to Clement and 
Dcsormcs) depends on adiabatic expansion, and the second on the measurement 

of the velocity of sound in the gas. . .. 

The heating and cooling of a gas by sudden compression and expansion was 
noticed by Cullen and by Erasmus Darwin; * the changes of temperature were 
more accurately studied by Dalton. 6 who concluded that on compressing air to 
half its volume^ there is a rise of temperature of 50' F and a s'nu'ar cooling 
when the air is expanded to double the volume. Dulong found *hat equal 
volumes of all gases at the same temperature and pressure evolve 
same amount of heat when suddenly compressed or expanded, respectively, by 
the same amount. 


§ 10. Desonncs and Clement’s Method 

In the Dcsormcs and Clement experiment » the gas is contained in a large 
bottle (e.g. a carboy), fitted with a large-bore stopcock and a manometer 
at an initial pressure P , somewhat above atmospheric pressure P. The tap 

i Davis and Johnston. J.A.C.S., 1934.56. 1045. 

a J. Chem. Phys., 1934. 2. 65. . . - c ion co HSR 

» Wilson. J. Chem. Phys.. 1936. 4. 526; Giauque. J.A.C.S.. 1937. 59. 1158. 

1845, 26, 369. 

• Manch. Mem., 1800. 5. 515. 

1"d t C phl I" S' » ‘ali 428 Par MM. Dcsormcs c. Clement. Manufocluricrs ) 
,h./u£ Si pressures atmosphcnc theme of uS. 

Lussac and Welter, q. by Laplace. Ann. Chum.. 1 82>. 1 Donkin 

Phys., 1934. 15. 284. 



812 


THE PROPERTIES OF GASES 


VII E 


is opened and the gas allowed to expand rapidly and very nearly adiabatically 
to atmospheric pressure, when the tap is closed again. The gas is allowed to 
warm up to the atmospheric temperature and the final pressure p 2 is read on 
the manometer. The value of y is caclulated from the three measured pressures, 
Pit P, and pi t as follows. 

Let v x be the specific volume of the gas under the pressure p x and v 2 the 
specific volume under the pressure P after adiabatic expansion, which is also 
the specific volume under the pressure p 2 at the original temperature. Then : 

PilP={v 2 lv l ) y (adiabatic expansion) 
and PilP 2 =v il v i (temperature constant) 

PilP=(PilP2) v 

y(log/> 1 -logp 2 )=(log/> 1 -log/ > ) 

y= (log />i — log P)l(\og /> , — log pi) .... (1) 

If natural logarithms are used in (I) and if p x =P+h ,, therefore 
and p 2 —P ~\~h 2 , therefore ^ 1 +^ 2 . where h\ and li 2 are the manometer 

readings (excess pressures above atmospheric) in the same units as P, then:. 

V= In [Pil(Pi-l‘i))l\n IPiKPi-lh+hj)) 

-ln(l-A,/p,)/ln[l-(A I -/i 2 )/p I ] 

.... ( 2 ) 

since /i|//7, and (//,— h^)/p l are small compared with unity, and the logarithms 
may be expanded according to formula (3), § 34.1, In (I — x)~— x. If only an 
approximate value of y is required (which is all the method so carried out can 
give), it is, therefore, not necessary to know the atmospheric pressure P, and 
only the manometer readings are required. 1 

Owing to errors caused by rapid heat exchange between the gas and the 
walls of the vessel during the adiabatic expansion, and the difficulty of closing 
the tap at the exact moment when the inside and outside pressures are equalised 
(oscillations of pressure occur if too high an initial pressure is used, the gas 
surging in and out through the tap), 2 it is not possible to obtain accurate results 
by this method, the values of y being always too low. 3 The theory of these 
errors is very involved and uncertain. Rayleigh 4 discussed the heat exchange 
in a 35-cm. diam. spherical vessel in a Desormcs and Clement experiment. 
With 20 mm. water pressure the time of half recovery of the initial temperature 
was 15 secs., and with 3^1 mm. of water it was 26 secs. The time of half 
recovery is /=0-184ya 2 /;r 2 r, where o=radius of sphere, y=c p jc t , ^thermo- 
metric conductivity =kjpc r (fc=thermal conductivity, p=density), and yjv= 
thermal capacity of unit volume at constant pressure =0-00 128 x 0-239. Hence 
if A:=0 000056, »'=0-258. and i*/y=0-183. then /=0-102n 2 . If n=16-4 cm., 
/=27-4 sec. 


igI* 8 ? 1 !? 1 nl’ A T'o C n ir S' t I8 ' Wl 1 LeduCl Compt - Rfnd - 1912 . *55. 909; J. de Phys., 
1916, 6. 5; Berard, Bull. Soc. Oum. % 1947. 225 ; Spitzcr. J. Chem. Educ.. 1947. 24 251 

, e L B ! U ^ in8Cr * Z Ma,h ■ Phys ISchlomilch). 1863. 8. 81. 153; Rayleigh. - Theory of Sound.” 

1896 , 2 , 264 . 

. Ann ' Ch i m •’ ,862 - 66> 206 (bibL): ,87 °- 20 - 251 : Swyngcdauw, J. de Phvs., 1897. 

6, 129; Chapman. Phys. Rev., 191 1. 32. 561. 

* R . a . yl . ei8b - Phil - Mag :' , ! 99 ; 47 - f 308 * 3,4: “ Scientific Papers." Cambridge, 1903, 4, 379. 
382; Aichi, Proc. Phys. Math. Soc. Japan. 1919. I. 164. 
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The method was improved by Rdntgen,' who measured the pressure .by a 
metal membrane manometer closing a hole in the side of the vessel, and attempted 
to apply a correction for the exchange of heat between the gas and the walls of 
the 70-litre vessel by measuring the pressures at different times after 
With hydrogen, with a high thermal conductivity, this did not give satisfactory 
results, ^nd it is almost impossible to eliminate this effect in lh,s 0 ’****"“ 

ment, especially if small vessels are used With a ihl 

unable, even after correction, to get a value of y for air higher than 1 370 the 
true value being 1 -403. A method depending on rapid compression by a p.sto 
was used by Maneuvrier 2 and by Worthing 3 (at higher pressures). 

§11. Assmann’s Method 

In a method used by Assmann/ the oscillations of mercury . m a U-tube con- 
taining the gas and closed at one end were observed. This method was mo 
carefully tested by Hartmann, 5 who concluded that it could not S' e . 
results, because of heat exchange, particularly by conv«,.on. oca.™ | m «he 
gas; nothing has since modified this .)**£.«• , H-^ann^ wi.h^ ddfemnt 

value'found by Haemal for air is '.he same as that (1-421) found in Assmann s 

ttsastt v.s»rj»rssftass 

=s wwsrar 

0-62(f/100)*« An “ impact tube method, depending on adiabatic p 
sion into a closed-end tube, has been used.* 

§ 12. Lummer and Pringsheim s Method 

A great improvement in the adiabatic expansion method was mwo***^. 
Lummer and Pringsheim, 9 who used the equation 
therefore TJT^Iv^'-iPtlP*)^ since /"'-const. It can 

shown by simple algebra that : 

y= Oog p i —log p2>/I(*°g P i *” *°g P 2 )“(l°* 7 '«- , °P ^ • 1 ’ 

This equation holds only for an ideal gas. in which case the experiment will abo 

. An,,. PH,,. 1870, .4., 552; .873, 148. 580; 1894 M.4M . > ' 
work and of other methods for the determination o y > ihc P results arc recalculated 

ington and Shilling. - The Specific Heats of Gases. 1^-4. r. tnc 

- f ahum., con*. *<■->. 

77 i nyi. R'V., 1911. 32, 243; 1911. 33. 217. The write, could no. obnm accurate ,e-ul., 

Mu,,er. 4«r. -883. .8. 94 

* Ann. Phys., 1905, 18, 253. 21 A. 1; Parodi .Compt. Rtnd., 

« Clark and Katz, Canad. J. R<s.. 1941. 19 A. Ill . 

1944, 218, 311. 

9 B.A. Rep., 1 894, 564 ; Smithsonian Contributions to A nowleOge. 

^^For* the use of Helmholtz's so-called “potential temperature. ** Bau^r. Phys. 

1908, 26. 177. 
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give directly a value of C py the molecular heat (assumed constant) at constant 
pressure. 

For, from § 3.II, dS=c p dT/T t and from Maxwell’s equation (2), § 48.11: 
(dTJdp) s =(d VldS)={Tlc p )(d VJd T) p 
c p =T(dVidiy(dT/dp) s 

(dpldT) s =(dpldT)=(c p IT)(dT/d V) p .... (2) 
For 1 mol of ideal gas, pV=RT, therefore (dT/dV) p =pJR, 

/. (Tlp)(dpldT)=(d\npld\nr) t =C p IR .... (3) 
C p =R(\n Pl -\D P2 )KlnT 1 -lnT^ .... (4) 

In this method the final pressure p 2 is the atmospheric pressure P, and as the 
tap may be left open after expansion, one source of error in Desormes and 
Clement’s method is eliminated. The other source of error, due to heat 
exchange with the walls, can be eliminated by using a large vessel, and measuring 
the temperature at the centre by means of a fine platinum wire resistance 
thermometer, or a thermocouple of thin wires, of small heat capacity, which 
follows the changes of temperature of the gas very quickly. An error due to 
the relatively slow heat conduction from the thicker leads to the fine measuring 
wire is eliminated by a device introduced by Makower, 1 viz. by using compen- 
sating leads. A small piece of the same thin wire is soldered to a second pair of 
leads and placed near the main measuring wire in the vessel. This pair of com- 
pensating leads is connected in scries with the variable resistance arm of the 
Wheatstone bridge (see Fig. 7.VII E), when all changes of resistance occurring 
in the leads solderings in the main system are compensated by similar ones in 
the second system, and only the temperature change of a portion of the long 
wire, which is not in contact with the leads, is measured. 

Lummcr and Pringsheim used a 70-litre vessel with a resistance thermometer 

inMA° mC,Cr • ° l VCry lhin P |a,inum stri P- 7 c m- long, 0-2 cm. wide, and 
0 0006 mm. thick, hung in the centre of the vessel. A galvanometer of 4 sec. 
period was used as a null instrument, the variable arm of the Wheatstone bridge 
being so adjusted before expansion that the bridge was balanced after the strip 
had been cooled by the expansion of the gas. The temperature immediately 
alter expansion was found by cooling the water surrounding the globe until the 
bridge was again balanced (when the bolometer had the temperature it possessed 
just alter expansion), and then determining the temperature of the water by a 
mercury thermometer. In accurate experiments by this method, it was found 
that a direct measurement of temperature from the resistance of the thin 
platinum wire or strip itself docs not give satisfactory results. 2 

An error due to radiation from the warmer walls of the vessel to the platinum 
SJ3SS5 T C ' ,mma ‘ ed b >’ the experiment with the platinum 

' fy ' a " d 7- V C ' he values found wi,h bri S ht an <i black platinum, 

now^ If hi l T" va ue 15 glven 3 by y=y.+(ri-yj)/14, the absorbing 
powers of black and bright platinum being in the ratio 15:1. 

' PM- Mug.. 1903. 5. 226. 

2 Partington, Z. Phys., 1930, 60. 420. 

107 A 7, n V" ' m ' 64 55S; Bri " k *°«h. Proc. Roy. Soc ., 1925, 

conductivity of the'gai Is t™^ if £ radial 

Since in Partington s experiments the temperature of the wire and gas were always eouat for 
an appreciable „mc, this does no, seem necessary, bu, further expe^m^This p" 



512 LUMMER AND PRINGSHEIM*S METHOD 815 

A thermocouple of 0 025 mm. diameter copper and constantan wires in a 
60-lit. vessel was used by Moody, 1 but the results are probably somewhat less 



accurate than Lummer and Pringsheim’s. The very thin <1-4 ^\ ,hcr '^ up ^ 
foils used for radiation apparatus by Moll and Burgers - could probably K 
used in such work. 

desirable. There may be large errors in .be ~ 

by a thermocouple: Haslam and Chappell. /«</. Eng. Chun.. - • 

*?£?£%££» 3; **. »«• «. 275: Shreld, P/,, «.r,. 

(l-lit. vessel, y for air 1 4029. y for H; at 18 
* Z. Phys., 1925. 32. 575. 


I 4012. which is much too low). 
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§ 13. Partington’s Method 

A modification of the method of Lummer and Pringsheim was used by 
Partington. 1 A spherical copper vessel A (Fig. 7.VII E) of 130 lit. capacity, and 
a platinum “ bolometer ’’ B of 0 001-0 002-mm. diameter Wollaston wire with 
compensating leads was used. The silver coating of the Wollaston wire was 
removed 2 by anodic solution by electrolysis in a solution of potassium argento- 
cyanide (KAgCy 2 ), this giving a much better surface 3 than the usual method 4 
of dissolving the silver in nitric acid of specific gravity 1-19. An Einthoven 
string galvanometer 5 recorded temperature changes occurring in 0 01 sec., 
and so gave the temperature of the gas in the steady period after expansion 
without ambiguity. The radiation correction, the only one necessary apart 
from deviation from the ideal gas state, was made in the manner used by 
Lummer and Pringsheim. The expansion valve aperture C could be adjusted 
by diaphragms until ** overshooting ” (causing oscillation of pressure) due to 
the surge of gas after expansion was eliminated; in place of the hinged flap 
shown, a narrower tube closed by a rubber bung which could be pulled out, or 
a 3-mm. bore tap, was used in later experiments, and was more satisfactory. 
The galvanometer, used as a null instrument, showed a perfectly steady read- 
ing for several seconds after expansion, when fluctuations due to convection 
currents of warmer gas rising from the walls of the vessel (which cooled down 
much more slowly than the gas) made their appearance. The gas and wire were 
thus at the same temperature in the measurement and no conduction of heat 
was occurring between them. 

The initial pressure was measured on a long oil manometer M, the gas being 
admitted under excess pressure to the globe through the purifying and drying 
tubes F. The bridge circuit is shown at G, and an enlarged diagram of the 
bolometer below at B. The star-shaped glass pieces at right-angles to the 
bolometer leads were to enable the bolometer to be slid into place through the 
neck or the globe without breaking the very sensitive wires (which are invisible 
except in very strong light under a lens). The final temperature was deter- 

StlVSK"' re,,y ,h ““' r T "" 

Platinum thermometers and a string galvanometer were used to determine 
temperatures in engine cylinders by Adcock and Wells. 6 


§ 14. Modifications of Lummer and Pringsheiras Method 

This apparatus with a large globe is not suited to work at low or hieher 
temperatures, although measurements at about 100* C. were made with bofflng 

asr Gniclimfci - 

wa’s bril^m under a tens™ * «PcrinK„u. .he p.arinum 

n i.ric“Brtntng I"w ' ml'l&T uscd ««*«raW 

wire visible on blaek ve'lv”) ' * <m " Chm - Ab '"- >«6. 20. 2098 (0 001 mm. 

ft V* *3. 

Akad We tens. Amsterdam, 1918. 21 235 (Al slrine) ' ’ ’ Salomonson - Proc - * 

* Ph,L M0g " ,923 ' 45t 532> ,hc ,heor >' of the unbalanced Wheatstone bridge. 
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water used in the bath. Small vessels have been used at low and higher tem- 
peratures. 1 The older workers 2 found much too low values of CJC. with 
small vessels. When no actual measurements were made, but only comparisons 
with air (which was assumed to behave normally in small vessels), as in Euckcn’s 
experiments, the results are unconvincing, but the failures in early work were 
probably due to insensitive and slow methods of measuring temperatures. 
Brinkworth used small vessels successfully at low temperatures. 

Eucken and von Liide 3 used a small expansion vessel and an 8-/z thick wire, 
and did not determine its radiation correction but attempted to correct for it 
by comparing results with the platinum and a gold wire, on the basis of emis- 
sivities taken from the literature. They remarked that their platinum wire 
had a “ fairly rough ” surface, which does not agree with the experience ol 
previous workers with Wollaston wires. They thought much thicker wires 
could be used. Although they gave a long theoretical discussion (partly with 
the object of discrediting previous work) of the radiation correction, they applied 
this, in the end, in the normal way. Instead of using a null method, they 
measured galvanometer deflexions, and by comparing them with the deflexions 
with air as a standard gas, attempted to calculate the temperature changes, 
amounting to 3° to 10°, by ratios of deflexions. No direct temperature measure- 
ments at all were made. The resistance changes were of the order ol 5 ohins. 
and (although no wire lengths are given) it was claimed that heating ol the wire 
by the current passing was negligible. The criticism that heating occurred in 
previous experiments is erroneous, since most earlier workers u>ed a nu 
method, when no current was passing at all through the wire when the gal- 
vanometer was read. Only one to three measurements were made with each 
gas at a given temperature. The results showed that only carbon monoxide 
agreed with the theoretical C r (see § 8). but here the agreement was almost 
exact “ no great weight,” however, was attached to this ” not unpleasing 
result. The apparatus failed to give satisfactory results above 220 . A similar 
method was used with an iridium wire in chlorine by Eucken and Hoffmann, 
whose results disagreed with those of all previous workers. 

Eucken and Miickc 6 then found it possible to work the apparatus in a 
modified form up to 600°, still using the comparative deflexion method, which 
had now been so much improved that agreement with theory was obtained with 
all the gases used, except (curiously enough) now carbon dioxide. The authors, 
therefore, considered that further measurements were superfluous, and that 
specific heats of gases arc best calculated from theory. Eucken and Muj-kc' 
results with hydrogen, however, have now come to lie well oil the latol theo- 
retical curve, 7 some older experimental values 8 being much nearer the latter. 


* Lower temperatures, sec Mercer. Proc. Phys. Soc .9.4 26 155; : Shields. Pkys. 

1917, 10. 525; Selle. Z. phys. Cheat., 1923. 104. I: Brinkworth. ' 

510; 1926. Ill, 124; for higher temperatures sec Eucken e, a! ir 
2 Kohlrausch. 1869. . ind 


1870, 141, 552; Boltzmann, ibid., 1870. 141. 473; ' 


Shilling, " The Specific Heats of Gases." 1924. 67. « k „«>d b> Saw 

J Z. phys. Cheat.. 1929. 5 B. 413 ; a similar apparatus, with 3 75-,. wire, was - 

Webster, and Lacv. tnd. Eng. Cheat.. 1937. 29. 1309 . see ..Iso K.stukowsk. and Rkx. J. 


Webster, and Lacy. lad. Eng 
Phys., 1939, 7,281. 

« Z. phys. Cheat., 1929. 5 B. 442. 

* Sec Partington. Z. phys. Cheat 
specific heats, ibid., 1930. 7 B. 324. 

« Z. phys. Cheat., 1932, 18 B. 167. 

7 Davis and Johnston. J.A.C.S.. 1934.56. 1045. 

8 Partington and Howe. Proc. Roy. Soc.. 1925. 109. 286. 


1930. 7 B. 319. and Euckcn’s reply, not dealing with 
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Eucken and Parts, 1 and Eucken and d’Or, 2 however, continued experiments 
with the type of apparatus described, obtaining remarkably good agreement 
with theoretical values current at the time. 


§ 15. Calculation of C p /C, from Experiments with Non-Ideal Gases 
It must be emphasised that most of the equations given above apply only to 
ideal gases. Van der Waals 3 substituted (dp/dT) t = R/(v— b) from his charac- 
teristic equation (p+a/v 2 )(v—b)=RT, in the general equation c # d7*+7’(d/?/d7') p 
dv=0, which follows from (2a), § 3.II, and (5), §41.11, finding after integration 
(with R=C p —C r =(y—\)C t , which is not general; see § 54.11), T(v-b)^' 
=const„ or: 

(p+a/v 2 )(v—b ) v = const ( 1 ) 

an equation used by Boynton. 4 

For experiments about room temperature and atmospheric pressure a better 
correction is obtained from Berthclot's equation (§ 30.VII C) as follows. 5 The 
temperature change in adiabatic expansion may be equated to that due to 
external work only (ideal gas) and that, dr, due to internal work only (Joule 
effect, §23. VII A): 

*T= -pdv;C t +dT' =RTdp'lpC,+6T' 

since dv= — RTdp'/p 2 , where dp' is the pressure change required to produce the 
change dv isothermally and p is the initial pressure. From (14), § 30.VII C: 

<17 '=‘q ■~(l+i^T 3 ) 


where 6 n*=p!p t and r=TJT\ hence: 

Cr= ^JTST (I+ ^ J) ( 2 ) 

If d p r is the increase of pressure due to the increase of temperature d T 
constant volume. (5), § 30. VII C. gives: 

(d in/>;dr) r =(i+i^r 3 )/r 

d In p P «(l +}y»rT 3 )d In T (2a) 

" C ' =fi 51^7, (l+ ^ T!| 0) 


noVlic' )3 ~ l + 1V Wh * n ' ' S Sma " com P ared wilh >• Bul from (9), 

C,-0*(l+f£rr>). 


' Cull. Nachr., 1932. 274: Z. phys. Chen,.. 1933, 20 B. 184 (CjH, CjHJ 

2 Gall. Nachr., 1932. 107 (NO). 2 " 4, ‘ 

3 " Continuitdt," 2nd edit.. 1898. 1. 130. 

s R f V “ ISt I2 \ 353; ° lson and Brittain, J.A.CS., 1933. 55. 4063. 

,9J4 - 8,; Kis '“ ko “ ski Rice. J. Chen,. 
c * f " ./• '• “ 8 ' • ,or ol ( t ,€r ‘■ m P'ncal equations, sec Moreau, Compt. Rend 1901 133 732 • 

PMt C %34 P 3r6^WlL^ 7 n ?r!^ USCd r Callen 2 ar / eqUa,i ° n (§ 32 VI1 C); Honigmann.Z.' 
i i’w ;■ ? w * R b d d Gaudry - Com P t - Rer **-. 1945, 220. 909 (calc. (d77T) (dp/ol = 
(y-l)/y at high temperatures); Berard, Bull. Sue. Chin,., 1947. 225 gave JJ=(a + 0)l6 
where a^cocfficient of expansion. 0 = -(1/rXdv/d T) 4 , adiabatic ^ P ( + W 

Great care should be used to take r = 7V/r correctly, not TfT, 
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Therefore, from (3): 

din p‘ . dtap' . = djn^ 

C '“dlnp c (C ' Cp) '• dlnp e (y ’ " y d,n P 
The pressure change for an adiabatic change of volume (d p 4 ) is equal to the 
pressure change due to change of volume at constant temperature (dp ) plus 
that due to change of temperature at constant volume (dp r ): 

dp«=dp'+dp r . 

Divide by p, then (if the pressure changes are small) d In p«=d In p'+d In p r . 
Therefore from (4): 

d In p, d In p'+d lnp, 
y ~~ + dlnp'“ dlnp' 

d In p 4 _ log Pi —log P (5) 

”d Inp' log pi — logp 2 

with the notation used in (1), § 10, so that this equation requires no correction 
if the pressure change is small. ... £ 

To find the correction for the Lummer and Pringsheim equation (1). ^ 12. 
integrate (2a). The temperature T x corresponds with p, and 7\ with P. it 
the volume remained constant after expansion and the temperature changed to 
7*,, the pressure would become p 2 , 

d In p r /d In r=l+ii^T> 

In^=j7l+9^r3)dlnr. 

The integration cannot be effected exactly, but by putting *-(p,+/’)/2p f . and 

i/r-cn+r^r,, 

1n&s(l+tf*r’)ln ; ?. 

Substitute lnp 2 in (5), then: 

In (Pi/P) 

y= ln (Pi//*)— (1 +&"*) ln ( r i/ r 2'’ 
and by comparison with (1), § 12, and rearrangement: 

y=y -(l+(y'-l>fr’" , l (6) 

where / is the ideal gas value calculated by (1). § 12. Equation (4). § 12. ma> 
be corrected as follows. From the general equation (->.*»-• 

(dp/dr),=(C,/r)(d77d V),. 

If C p ' is the value calculated for the ideal gas, (C,/T)(dr dl') r -K r Mp ). 

hence: . 

C,=C,\plRMVl*T), (7) 

the value of (dF/d T) p being given by (8), § 30. VII C. 

If the behaviour of an actual gas is represented by 

pV=RT+Bp w 

where Bis the second virial coefficient (§ 6.VII C). V-RT/p+B. and (dl dH.,- 
R/p+(dB/dT) p ; hence, from (7): 

= C,’ll+a>/«)(dBdr),] 



820 


THE PROPERTIES OF GASES 


VII E 


From (2), §49.11, (dC,/d/>) r =-r(d 2 K/dr 2 )_, and since (d 2 VldT 2 ) B = 
(d 2 B/dT% therefore: > 

(dC p ldp) T =-T(d 2 B/dT 2 ) p 
dC p — —T(d 2 B/dT 2 ) p dp 
C p = —T(d 2 B/dT 2 )p+ const. 

For p=\, C p —C p \, and for p~>0, C p =C p0 ; hence: 

C„o=C pl +T(d 2 BldT 2 ) p (10) 

Similarly, from (1), § 49.11, (dC,/dV) T =T(d 2 pldT 2 ) t , and: 

Q=Q 1 +2(dB/dr) e +r(d 2 5/d7' 2 )+(l//?)(dB/d7’) 0 ’ . . (11) 

For, from (8): 

y(dp/dT),=R+B(dp/dT),+p(dB/dT) t 

( k- fi)(dwr 2 ) t =/Kd 2 5/dr 2 ) f +2(dWdr) e (d5/dD r . 

By substitution in (1), §49.11: 

y -- B C i £A +2 m [JL+ JUL m 1 

T \d V) T V-B\dT^, +i \dT)Xv-B + (y-B)AiT),\ 

Pul d y= — [( V— B)/p]<Sp and inicgraic, when (11) foUows. The last term is 
usually negligible. 

Nessclmann 2 used the characteristic equation p=RTI(v-b)-alv 2 , where 
a=a 0 'T n , and found for air: 

^=Oo+(4-76^-2-84)/(t,7' , - 5 -4-34) (12) 

where vT n,l =(v—b)Jv=p. 

The extensive use made by the Eucken school of the second derivative of the 
second v.nal coefficient of Calendar’s equation (§ 32.VII C), with their criticism 
of the use of Berthclot’s equation by other workers, is unfortunate. The 
experimental results on compressibili/ics can be represented quite well with a 
Callendar virial coefficient B, but the choice of /i in the equation is subject to 
rather a wide latitude. When the second temperature derivative of B is used 
to calculate or correct specific heats , the case is quite different, and even a small 
error in the choice of n can now lead to serious error. The use of Berthelot’s 
equation is, therefore, generally preferable; * its use by the author « for chlorine 
which was criticised by Euckcn,* has been fully justified by later work,* which 
has disclosed numerous errors in Eucken’s experimental results. 

§ 16. The Velocity of Sound 

The formula for the velocity of sound in a fluid (gas or liquid, or a longi- 
tudinal compression wave in a solid rod) was deduced by Newton; 7 it is very 

; Amaeal. Comp,. *«„<.. 1900. 130, 1443; Schulze. Ann. Phv,.. 1916 49 569 

and ' xpa “ ion 

4 Phys. Z., 1914, 15. 601. 775. 

„3,6, .„o 

Physik," Brunswick. 1884. 2. 233; 1887. 3. 133. Rosenbcrger. Gcschichtc dcr 
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easily obtained by the following elementary method.' Consider the fluid in a 
tube of unit cross-section and take an imaginary fixed plane X at right angles 
to the length (Fig. 8.VII E). If the wave travelling along the tube is of per- 
manent type, no change in the properties of the fluid is seen by an observer 
moving with the velocity of the wave. 

If u is the velocity of the substance at X, a volume u cm. 3 passes per sec. 
through X, and if m is the mass of 
the substance passing and v its specific 
volume (1 Ip), u=mv. If the plane is not 
fixed but moves from left to right with 
a velocity V t this equation is true if the 
relative velocity ( U—u ) is substituted for 
u, where U is the velocity of the wave. 

Hence, for two planes A and B moving 
with velocity U the masses of substance 
crossing them from right to left are: 

I/— u,=m,t;, and U—u 2 =m 2 v 2 ^ 

Since A and B move with the same velocity the distance and volume between 
them are constant, and hence the density of the substance in corresponding 
parts of the wave also remains constant; the mass ol substance entering at A 
is thus equal to that leaving at B. or say. hence: 

U| B(/-mti| and u 2 =U—»w 2 <2) 

If/ 7 , is the pressure at A and p 2 that at B. the force from left to right is p 2 -p^ 
The momentum entering per sec. at A is mu, and that leaving at B is mu 2 . hence 
from (2): v 

p x -p 2 —m(u x - ,3) 

Hence the quantity p+m 2 v remains constant in the wave. 

For small changes, p x -Pi=*P and v x -v 2 =hv, hence from (. ). 

— t<d/>/dv)™«™m 2 t’ . (4) 

where « is the elasticity (§ 4.11) and v 
is the mean specific volume. If v and 
p*=l/v refer to the fluid at rest (u«0>. 
(2) and (4) give Newton’s equation: 2 
U—nw— \ (<*')= \ P) (5) 

The deduction may be put into a 
slightly different form as follows.* Assume that a pressure ‘i^ribu'.on moves 
to the right with a wave velocity c without change of form. As the gas is 
compressed, a part left behind the wave is moving to ic !- 

* Rankine. PHIL Trans. . 1870. 160. 277; “ Misc. Sci. Papers.” 188. . 530: Maxwell. •• Theory 

2 For general accounts of acoustics. **• Whev«l Oxford ' °\* 70 f Tyndall*” O Sound.” 
J857. 2. 231 f. .Chistori^l); Donk.n - Acous,^ Oxford ^ y .. ElcmcnUfy Treatise 

1875; Rayleigh, "The Theory of .Sound. 1896.2^ JStxxtoc^ Poynt.ng and Thomson, 

on Hydrodynamics and Sound.” 2nd edit.. Cambridge, ivw. iw. r y b , 

.... . ... . •• i .ihrKnih ilor Akustik, 3 volS.. nremcrna\Mi. i ^ 



<-- b 

Fio. 9.VII E. Sound Wave in a Gas 


Sound,” 3rd edit., 1904; Klimpert, “ Lehrbuch der AkustilC - — SounJ . • Cambridge 
Lamb, “Dynamical Theory of Sound 1910 , .13 • "* .. . P Q , 7 8 617 - various authors in 
1913; Ltibckc, in Geiger and Schecl. " Handbuch dcr Ph>sik, I? q - 7 ; “j k . himanl .. , 

Wien-Harms. “ Handbuch dcr Expcrimcntalph>sik. • • • liquids and gases. 

Phys., 1936, 17. 500 (historical). For an elementary account of waxes uqu 

seeCoulson,” Waves.” Edinburgh. 1941.60.87 „ i pinids ” 1936 34*#. 

3 Ewald, Poschl, and Prandtl. ” The Physics of Solids and Fluids. I*3t>. 
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Let p\, po be the pressures before and after the wave, pi— p 0 and the correspond- 
ing density change pi— po being small. The transition region is of thickness b 
and the cross-section of the tube is a. 

The condition of continuity requires that the increase of mass in the region 
per unit time, ac(p,-po), is equal to the mass flowing in, aup u where u is the 
mean mass-velocity. Hence 

p,M=c(p I --p 0 ) (6) 

The resultant force is a(p l —p 0 ), equal to mass x acceleration -p m x ( ab ) x (w//)= 
p m xuclb, where /=timc in which velocity increases from 0 to u, which is equal 
to b/c, and p m is the mean density. Hence: 

p m uc= Pl -p 0 (7) 

Divide (7) by (6) and replace p m by p, (without serious error), then: 

c2 —iP\ —Po)l(p i ""Po) = dp/dp (8) 

A more symbolical derivation is as follows. 1 The gas is contained in a tube 
of unit cross-section. Let c be the elasticity and p a pressure which produces a 
compression du in a layer dx of gas. Then p=*«iufdx (i). The layer d.v will 
move backwards and forwards owing to the pressure difference dp on both 
sides. By differentiating p and du in (i), dp=<d 2 u/d.xr (ii). If p=density of 
gas in layer d.v, its mass is m=pdx, and as force (dp)=massx acceleration, 
dp=»i(d 2 M/dr 2 )=pd.t.(d 2 w/d/ 2 ) (iii). From (ii) and (iii), pdx(d 2 u/d/ 2 )=€(d 2 u/d.v). 
Hence d 2 u/df 2 =(c/p)(d 2 u/dx 2 ), and (dx/d/) 2 =(/ 2 =c/p. 


§ 17. Velocity of Sound in Gases 

Newton supposed that the elasticity « was the isothermal value, which for an 
ideal gas is t T =p (see § 4. 1 1), when: 

U~V(pv) . ( 1 ) 

(p must be in absolute units, e.g. dynes/cm. 2 ). But some rough experiments he 
made in the cloisters of Trinity College, Cambridge, showed that the measured 
velocity of sound was distinctly higher than that calculated, which he explained 
by supposing that the sound travelled with a much higher velocity through dust 
particles suspended in the air. The correct explanation was first given by 
Laplace, who pointed out that the compressions and expansions in a sound 
wave arc so rapid that there is no time for an equalisation of temperature to 
occur, that the sudden compression produces a rise of temperature which 
increases the elasticity, and that the adiabatic elasticity must be used. In this 
case there is no exchange of heat between the heated and cooled parts of the 
fluid through which the wave is passing. 

The temperature variations in a sound wave were measured by a thin Wollas- 
ton wire thermometer (§ 13) by Friese and Waetzmann.* They calculated that 

• Weyrauch, Ann. Phvs., 1884, 23. 147. 

1R87^'.S / 3 ‘ 238 i I822 V 20 ‘ 266; “ M * an * uc Celeste.- 1823, 5, 1 19; « Oeuvres " 
09> , 3 Ch “" ’ ,823 - 337 ; “ Traitc dc Mecaniquc " 1833 2 637 

646, Simon, Ann. Phys., 1830 19. 115; Stokes. Phil. Mac., 1851. 1, 305: Ranking tfS J851 J 

U^rcfercn^sl'o dc'Morgan’s^A'Bud^t of F^iradox«^' l *i C 87^ * ‘ 

1 z - p hy* > 1925, 31 , 50 ; 1925. 34 , 131. ' 
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the period of temperature variation in the wire would be about half that in 
the gas. 

The adiabatic elasticity is where y=c p /c r (see § 4.1 1): 

(/= V(ypv)*= y/iyplp)— ViyRT/M ) .... (2) 

where T is the absolute temperature of the undisturbed fluid. R is the gas 
constant, and M the molecular weight. Laplace’s equation (2) gives very 
accurate results, except for waves of large amplitude (c.g. intense shock waves) 
to which (3), § 16, no longer applies. 1 

A measurement of the velocity of sound in a gas at a given temperature will 
give 2 a value of y from equation (2). The velocity is independent of pressure 
(or density), since for an ideal gas pv is constant at a given temperature by 
Boyle’s law. For actual gases (2) requires correction for deviation from the 

ideal state, as explained in § 22. . . 

Very many experiments on the velocity of sound in free air have been made, 
the first reasonably accurate result (331 m. per sec. at O') being obtained by 
Goldhingham, 3 in Madras, in 1820-21. Many determinations have also been 
made in pipes, conduits, and sewers, 4 those of Viollc and Vauticr (at Grenoble) 
being perhaps the most accurate. The best value for the velocity of sound in 
free air is probably that found by Hebb. 5 who used repeated reflexion of sound 
waves from paraboloids, 15 in. diameter, 5 ft. apart. After suitable correction 
for moisture 6 the value (/« 331 -41 m./sec. at 0 J C. in dry CO ; -free air was found 
Kukkam&ki, 7 with explosions in free air, found 330-8 m., see. at U. but 
331-7 m./sec. with higher frequencies. Such alleged variations with f«juenc> 
are probably spurious and due to rough surfaces; 9 Pan Tschcng Kao found 
331*85 m./sec. with ultrasonic waves with frequences varying from 4U.UUU to 
a million, and neither Hebb nor GrUneisen and Merkel (sec below) found any 
frequency effect. The latest reliable value 9 for the velocity of sound in dr> air 
at 0° is 331-60±0-05 m./sec., practically the same as Hebb s figure. 

• Eamshaw, B.A. Rep.. 1858. ii. 34; Proc. *y. *r .1858. 9. 590 Phil Trans . I860. 150. 

133; Phil. Mag.. 1860. 19. 449; I860. 20. 186; Mach and Sommer. j JL 1 if 

Hugoniot, J. ( le I’Zcolc Polytechn., 1887. 57. 3; 1889^58. I . Chapmai . < • • 

90; Jouguct. J. de Math.. 1905. 1. 347; 1906. 2. 5; Crussari. 

Crussard and Jougucl, ibid., 1907. 144. 560; 1908. 146. . 94. ,U ' SJ 7 \ \->\- 

611; 1914. 158. 125, 340; Dull. Sac. Ind. Min.. 1907 6. 257; p, " Yv’?’ 

Klttaancr. ibid, 1927. 43. 597; Ackcri. in Geiger and Schccl. R V V 94 6 

7,322 ; Caldirola, J. Chem. Phys.. 1946. 14. 729 •; Sian. ,048. lY 
52. 589; Couranl and Friedrichs. “ Supersonic Flow and Shvxk \N ascs. New rk. 
a relativistic correction, Taub. Phys. Rev.. 1948. 74. . -8. 0(WW , r •• ivvi 

> Rankinc. Tran,. Ray. Sac. £*».. ISS3. 20'47 M«c .&*«•• P $Va .untmary ... 

• Auerbach, in Winkclmann. " Handbuch dcr Ph>«k. 190 . • • • . ci lM . v • 

earlier values, ibid., 518, 529 f.; Pariingion and Shilling. Thv SpeuiK 

* ’c^Rcgnault, Phil. Mag.. 1868.35. 161; Viollc and Vauticr. Am . ^ 
" Cours dc Physique." 1888. 2. i. 57 (.. M; Congee. Interna, Phys 1900. 

Ann. Phys.. 1902. 7. 285; Partington and Shilling. " The Spcctfic Heat, of Oasc - 
1 Phys. Rev.. 1905.20, 89; 1919. 14. 74; Trans Roy. Sae^Cana^.i ^ 

• Dorsey. “Properties of Ordinary Water Substance. Ne» York. 1940. 

’• .68. 165 (339-9 m./sec. a, 15 .; 

Phys. Mass. Ins,. Teehn.. 1923. 2. 210; Grabau. J 3SSo ,o -.>000, 

m./scc. at 20° and 87 per cent, humidity, independent of frcquciK > 

Parker, Proc. Phys. Soc., 1937, 49. 95 (331-7 m./scc. at 0 >. 

9 Knescr, Ann. Phys., 1939, 34. 665. . . . Kl k i„„ r<, . 

10 Compt. Rend., 1931, 193. 21; very high frequencies were UM.d h> 

1899, 69,626, 721. 
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In determinations made in tubes a correction applied by Kirchhoff and 
explained later (§ 23) must be made for the effect of the tube on the velocity, 
which is reduced below the value in the free gas. The most accurate value 
found by this method for air at 0° C. is probably that of Griineisen and Merkel, 1 
using a closed resonator method due to Thiesen; 2 they found 331-57 m./sec. 
atO°C. (Thiesen found 331 -92±0-05.) Measurements of velocities in tubes 
at high temperatures are described later (§ 20). 
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§ 18. Stationary Waves in Gases 

In measuring the velocity of sound in tubes it is often more convenient to 
measure the wave-length A and calculate the velocity from the equation (§ 49.1), 
U=nX, where n is the frequency. This equation follows from the fact that the 
source makes n complete vibrations per sec., each corresponding with a com- 
plete wave-length A cm., hence the disturbance travels a distance n\ cm. per 

sec., and this is equal to the velocity. This 
equation and the fundamental equation 
(2), § 17, give: 3 

U=nX=y/{yp/p ), y=n 2 X 2 plp (1) 
When a sound wave travelling along a 
tube is reflected from a closed end, the 
incident and reflected waves interfere and, 
as is explained in works on sound, the 
column of gas is divided into portions 
separated by planes in which there is no 
motion {nodes), interposed between which 
are portions of gas where the motion is 
a maximum {antinodes). The distance 
between successive nodes or antinodcs 
is half the wave-length, A/2. Hence by 
measuring this distance, U can be calculated if the frequency n is known. 
If the wave-lengths arc measured for two gases, with the same frequency, 
C/,/(/ 2 «A,/A 2 , hence, at the same temperature, (2), § 17, gives: 

Ai 2 /A 2 2 =yiA/ 2 /y 2 A/,, yily 2 =M l X l 2 /M 2 X 2 2 ... (2) 

If one gas (c.g. dry air, y= 1-403) is taken as a standard, the values of y for a 
scries of other gases can be found from (2). The method requires corrections 
which are explained in § 22. 

Fig. 10.V1I E shows 4 the character of a stationary wave in a column of gas 
having a node at each end and one in the centre. The 17 particles shown as dots 
move first to the right and left (on opposite sides of the middle vertical) with an 
increasing amplitude, until the condition shown in row 5 is reached, when the 

HM.tofG^M9M. 2 87: Am ~ , * rS - mU “• 3441 and Shilli " 8 ' " Thc Si"*** 

Z Ins,,.. 1905. 25. 10’ ; Ann. Phy,.. 1907, 24. 401 ; 1908. 25. 506; for other experiment with 
' Tr e° r ,«. ™ S kS\P U °, nS - """■ l831 - 147; Cornish nod Eastman, 

nStJ JL r , Y X ; ICkCr ;„' l r F J" S - l935 ' W ' 361 • ' bk >- 1«8. 34, 41 (Cl,); 

ST'f Rcs - l9J ?- ” A - -5-39; 1941, 19 A. Ill; 1943. 21 A, 1 ; Tucker, 
Plul. May.. 1943, 34. 217 (steam, etc.): Quigley, Phis. Rev.. 1945. 67. 298 (330 6 m./sec. at O’)- 

«.v^^ re ■|925:^^696^ ,, ' , ' n "" - ’• 53S: for ,hcor> of resonator, Jon^ 

* Shaha, Indian J. Phys.. 1931. 6. 445. 

4 Auerbach, in Winkclmann. “ Handbuch dcr Physik." 1909 2 70. 


VELOCITY OF SOUND BY KUNDT’S METHOD 


825 


§19 

compressions are a maximum. The panicles then begin to move in opposite 
directions, and in row 9 are in the original positions but are moving in opposite 
directions to those in row 1 (half a period). In row 13 maximum compressions 
are again reached but in positions where in row 5 there were maximum dilata- 
tions. In row 17 the particles are in their original positions and are beginning 
to move again as in row 1 (a complete period). The horizontal rows correspond 
with equal intervals of time. The curves joining the points are sine curves 
representing the displacements of each point (§ 49.1). 

Chladni 1 determined the velocities of sound in gases by the method of 
blowing an organ pipe, and found (with moist gases) in Paris feet per sec.: 



Air 

o* 

N, 

Hj 

CO 2 

NO 

1802 

1038 

950-960 

990 

2100-2500 

840 

980 

1817 

— 

923 

966 

2070 

857 



Dulong 2 blew an organ pipe with a gas inside a large chest filled with the ga>, 
and determined the frequency with a monochord. He calculated c p 'c, from 
the velocities found. Lcchner 3 used the method for vapours. A correction 
for the open end of a pipe must be applied. 4 

§ 19. Velocity of Sound by Kundt's Method 

A simple method of determining the velocity of sound was devised by Kundt. 5 
A glass tube A, 3-4 cm. diameter and over 1 m. long, provided with side tubes for 
filling with the gas (Fig. 1 1 .VII E), was closed at one end by a cork through which 
passed a glass rod terminated inside the tube by a piston P, fitting loosely in the 
tube. A similar tube B contained air. The long sounding rod S. terminating 



in pistons, passed through rubber sheets m, and m 2 . and could be set in vibra- 
tion by stroking the middle part with a damp cloth. Sound waves were pro- 
duced in the gas by the vibrations of the pistons at the ends ot the rod b. an 
by adjusting the positions of the pistons P! and P : , the columns ot gas and air 
divided into nodes and antinodcs, which were made visible by lvcopodium 
powder, cork dust, or fine sand in the tubes. The powder collects in small heaps 
at the nodes, where the gas is not moving, with clear spaces corresponding with 


» "Die Akustik.” Leipzig, 1802. 226 f. (new edit., Leipzig. I«-'0>: Ncuc B*.ytr.« t «. .u. 
Akustik," Leipzig, 1817. 80. 

2 Ann. Chlm., 1829,41, 113. 

3 Wien Ber., 1909, 118, II A. 1035. 

« Rochm Phvr join VI 13? 



Shilling. •• The Specific Heats of Gases." 1924. 84; on effect - .. - 0 

parison tube, see Dorsey, " Properties of Ordinary Water Substance. No* • • 
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the antinodcs, where the powder is swept away by the motion of the gas. The 
wave-lengths in the gas and in air were then measured. 

Jaeger, 1 working with vapours, said he found silica too heavy, and used 
charred cork dust, which had been used for halogens at high temperatures by 
Strccker. 2 The difficulty found with silica was probably due to the tube not 
having been well dried by baking in vacuum, which the writer 3 found essential. 
According to Shilling, 4 adsorbed moisture is removed from a glass tube on 
heating at 370°, and from a silica tube at 800°, in a current of air. Silica 
powder gives satisfactory results only when the powder and the walls of the 
tube have been completely dried by strong heating in vacuum, otherwise the 
powder sticks to the glass. 

In calculating the average half wave-length, the arithmetic mean of the lengths 
along the tube reduces to (*„— x 0 ),'n t only the first and last readings being 
effective. The average may be found from the formula: 5 

6((/»-I)tv n — v 1 )+(/i-3)(Ar - _,-.v 2 )+ . . . . (!) 

If n is odd, the middle reading does not appear, so that an even number of 
readings should be made. 

A surprising amount of effort has been given to finding the cause of the 
peculiar ribbed and other forms assumed by the dust figures in the Kundt 
tube: 6 MUIler says there are two main types, ribbed (sometimes curved) and 
heaps with clear spaces. 

Raman 7 showed that the nodes of a vibrating string have a slight motion, 
chiefly longitudinal, differing in phase by a quarter of an oscillation from the 
rest of the string, serving to transmit the energy; something similar probably 
occurs in the Kundt tube. 

Kundt’s method was used at higher temperatures with mercury vapour by 
Kundt and Warburg. 8 The left-hand tube contained air as a comparison gas, 
the right-hand tube containing mercury was heated in an air bath at 275°-356°, 
the temperature being measured on an air thermometer. The dust figures in 
both tubes were measured when the heated tube had cooled to room tempera- 
ture. and a correction for the contraction of the hot tube was applied. Equa- 
tions (2), § 17, and (2), § 18. applied to both tubes give: 

y./y2-(Ai 2 /A 2 2 )(r 2 A/,/r 1 A/ 2 ) (2) 

The value y= 1 -666 for mercury vapour under three different pressures was 
found, confirming that it is monatomic. 


1 Ann. Phys., 1889, 36, 165; Shaha, Indian J. Phvs., 1931, 6, 445. 

2 Ann. Phys., 1881, 13, 544; 1883. 18. 309. 

3 Partington, Phys. Z., 1914, 15, 601, 775. 

* Quoted by Paningion and Huntingford. J.C.S.. 1923, 123, 163: Sherwood. Phvs. Ret., 
1918. 12. 448. gave 200 for glass: Ulrcy. ibid.. 1919. 14. 160. 

J Mcllor, " Higher Mathematics." 1931, 520. 

6 R ayki8h.m.r r ,. 1883. 175. I: "Scientific Papers." 1900. 2. 239: Koenig. Ann 
Phys 1891, 42. 353. 549; Z. phys. chan. Unierricht, 1895. 8. 191; Phvs. Z., 1911, 12. 991; 

I*):. 3. 471; Muller. Ann. Phys., 1903. 11. 331; Schulze, ibid., 1904, 13, 
1067; KobiiJ'on, Phil. A lay.. 1909. 18. 180: 1910. 19. 476; Proc. Phvs. Soc., 1913, 25, 256; 
Sclnveikcrt. inn. Phys., 1915. 48. 593: 1917. 52. 333: Irons. Phil. Mag.. 1929, 7, 523; Hutchisson 
and Morgan. Pm , Ret.. 1931. 37. 1155: Andrade. Proc. Roy. Soc., 1931, 134. 445; Phil. 
1945*' 36^20* ' ' 4I3: Brandl and FrCUnd - Z ' Ph}S - ,9K 92> 385; Howa 'son. Phil. Mag.. 
’ Mature. 190V. 82 <>; Phvs. Ret., 1911. 32, 309. 

J Phys - ‘* 7 - 353 : LcJuc - C°mpi- Rend.. 1898. 127. 659. For potassium vapour, 
S 'H H>26 A m PH " * °’ ' 3 * 951 : sod,um and Potassium vapours. Robitzsch. ibid., 1912 
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Kundt's method has been used in several researches. 1 The modification of 
Kundt’s method by Behn and Geiger 2 is more convenient. In this, the gas is 
contained in a sealed tube S (Fig. 12.VII E), which may be fitted with a stop- 
cock in the centre, which is clamped at T. To bring the tube into resonance, so 
that a whole number of half wave-lengths occupy the exact length of the tube, 
the latter is weighted by cementing on the correct number of small metal discs d , 
and d 2 at each end. The dust (e.g. fine silica) is put into the tube before filling 



with gas, and careful drying by strong heating in vacuum is necessary. One end 
of the gas tube enters the open end of the air tube M containing lycopodium 
powder, the length of which is adjusted to resonance by a movable piston P. 

The gas tube is caused to sound by rubbing with a damp or rcsined cloth, 
and dust figures arc formed in both T and M. The half wave-lengths are 
measured as before and equation (2) is used. With suitable precautions this is 
a very straightforward and accurate method at room temperature, but it is not 
very suitable at other temperatures. 


§ 20. Velocity of Sound at High Temperatures 

Measurements of the velocity of sound in gases at high temperatures (up to 
1000° C.) were made by Dixon. Campbell, and Parker. 3 A sound wave con- 
sisting of a single impulse was set off by striking a steel membrane with an 
electrically controlled hammer at one end of a long coiled lead, steel, or silica 
tube, the latter heated electrically by a platinum strip winding. The impulse 
lifted a small trap at this end of the tube, breaking an electrical contact with a 
chronograph, and the arrival of the sound wave at the other end of the tube 
was similarly recorded. Suitable corrections were applied. 4 including a tune 

correction (sec § 23). . „ . . . . . 

Another group of researches made use of an interference method devised 
by Quincke, 5 which can be adapted to high-temperature conditions. A column 


* Wullncr, Ann. Phys.. 1878. 4. 321: ” Handbuch dvr Expcr.mcntalrhyMk^ 5«h edit.. 

1896, 2. 552; Strcckcr; Ann. Phys., 1881. 13. 20: 1882. 17 85: Cohen. »W.. j I** - - 

W: ft 

C«.. .907. 9. 657: .9.0: Sdjota: . 

1914, 45, 913; Partington ri al.. Phys. Z.. 1914. 15. 601. 775: Phil. Mag. .. W- ; 4.. . • • 1 • 

45. 416; 1925. 49. 665; J.C.S., 1922. 121. 1604; Partington jn ; 1 Shilling. The PCv 
of Oases.” 1924, 88; Brcdig and Teichmann. Z. Etektrochem 19 5. 31. 44 ^ lPOuM 

* Proc. Roy. Soc., 1921. 100. I; Dixon and Greenwood. iM.. 19-4. 10.. 1 t -P 
Partington and Shilling. " The Specific Heats of Gases." 1924. 139. 

4 Dixon. Phil. Trans.. 1893. 184. 97. Sicvens i hJ.. 

* Ann. Phys.. 1866. 128. 177; 1897. 63. 66; Webster Low. 1894 52 Ml b^ns. 

ell., 135 f.; on Stevens’ and Kaiahnc’s temperature scales, sec Ann. Phis.. 190. . . 
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of gas in a tube of glass, metal, or porcelain, which can be suitably heated, was 
set in vibration by a tuning fork or telephone near to, and outside, the open end 
of the tube, the length of the gas column being adjusted by a piston in the tube. 



A side tube attached to a rubber tube passing to the ear enabled the position of 
a node (minimum sound) or antinode (maximum sound) at the position of the 
side tube to be found. By moving the piston a succession of nodes or anti- 
nodes was brought to this place, the distances through which the piston is 
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moved (read off by a pointer attached to the piston rod moving over a graduated 
scale) giving the half or full wave-length (node to antinodc, or antinode to 
antinode, etc.). 

This method was improved by Partington and Shilling, 1 who used it for air, 
nitrogen, oxygen, carbon dioxide, and steam to over 1000' C. Since silica 
tubes are not suitable for the highest temperatures, tubes of Alundum and 
Pythagoras mass (§ 2.V1 B) were used. A diagram of the apparatus is shown 
in Fig. 13. VII E. The tube FF, about 4 cm. diam. and 230 cm. long, was 
wound for 200 cm. of its length with nichrome wire or platinum strip, sub- 
sidiary heating coils at each end serving to maintain uniformity of temperature. 
The furnace tube was placed inside a wider fireclay lube, the intervening 
space being packed with granular Alundum, and this outer lube was in turn 
heat-insulated by packing it round with calcined bauxite. .At X a glass 
tube of similar diameter and 150 cm. long was attached by a screwed joint. 
Inside the tube F was a piston P of refractory material carried by a tube or 
rod A. When a platinum and platinum-rhodium thermocouple was used, the 
junction was at L, immediately behind the piston. Higher temperatures were 
measured optically by sighting on the back of the piston through the hollow 
piston-rod by a disappearing filament optical pyrometer, the apparatus being 
then suitably modified. 

The piston diameter was slightly less than the bore ol the tube and it was 
prevented from touching the tube by mica plates m strapped on with platinum 
wire. An asbestos disc a prevented radiation and convection into the tube Nl. 
A steel tube B prolonecd the piston tube and passed through a gland at C. 
The free end of B carried a saddle I with a glass scale riding along the edge ot an 
accurate steel scale S divided in mm. 

The sound was produced by a telephone T excited to a constant frequency 
of about 3000 vibrations per sec. by a valve oscillator * V A screw adjustment 
Y enabled the telephone diaphragm, which formed a reflecting surlace at this 
end, to be moved relative to the side tube D. which carried the listening tube QK. 
The screw adjustment was enclosed in a gas-tight bell-jar J. 1 he adjustment o 
the telephone position at each temperature was found essential to good working. 

The hearing tube R enabled sharp maxima of sound to be located, and a series 
of 10-25 half wave-lengths could be measured. The temperature slope Irom 
the zero point, selected well within the uniformly heated part of the tube, to me 
telephone diaphragm varied with each temperature, but. provide cqui 1 r,u ‘ 
had been attained, this slope is immaterial, since no measurements were taken 
within its range. A tube correction was applied as explained later ts - \ 

The upper limit of frequency suitable for auditory detection is hm«ud. 
According to Dcspretz * and Koenig. 4 the upper limit of audibility is . 7.000 

» Trans. Faraday Soc.. 1923. 18. 386; “ The Specific Heats of Gases." 1924. 142 \PM. 

1927. 3. 273; 1928. 6. 920; Partington and King. IW.. I9 3°. 9 !0-0 Bu^ 

7 601; Rechcl. ibid.. 1931. 10. I ; Shaha Indian J Phys. .1931 6 . 44- . F ^ n * J , 
J.A.C.S., 1933, 55. 4418; Fclsing and Drake, ibid.. 1936. 58. 1714 U .. 

Bishop. J. Acoust. Soc. Amcr.. 1936. 7. 225; Dorsey. “ Propert.es of Ord,nar> Su. stance. 

New York, 1940, 68 (bibl.). „ _ . . .... 7 , 9 ^ 2. 2T7; 

2 Th« scents to have been first used by Grunc.se n and McrkcK Z. #V 
another type, Gicbc and Alberti. Z. iechn. Phys.. *9-5. 6 9- .. • ..curate for 

apparatus used by Cornish and Eastman. J.A. C.S.. 1928. 50. 6- . is n ^ /»/,, , > 

precision work. On the theory of sound waves from membranes, mx .v . • 

1930, 5, 1 ; Stcnzel. ibid.. 1930. 7. 947. 

* Compl. Rend.. 1845, 20. 794; Ann. Phys.. 1845. 65.J400. 

4 Ann. Phys., 1899, 69. 626, 721 (givcs;43.691). 
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complete (or 74,000 single) vibrations per sec., but this is probably much too 
high, 20,000 being nearer the mark. 1 With hydrogen, the intensity of sound is 
much weaker than in denser gases. 2 An important detail in the use of a resona- 
tor must be geometrically accurate planes, 3 and the sending and reflecting discs 
must fill the aperture of the tube. 4 The apparatus used by Eucken and Niimann 5 
was unsuitable for accurate work. 

Measurements at higher temperatures were made by Strecker, 6 Fiirstenau, 7 
and others, 8 using Kundt’s method or modifications, and the effect of pressure 
was investigated by Koch 9 and Schdler, 10 and calculated by Benedict, 11 who 
gave for nitrogen at 30°: 

p atm. 1 1000 2000 3000 4000 5000 6000 

u m./sec. 354-8 813 1170 1393 1560 1697 1811 


§ 21. Velocity of Sound at Low Temperatures 

Measurements of the velocities of sound in gases at low temperatures were 
made by Valentiner 12 and Koch, 9 and by the resonator method in the Leyden 
laboratory. 13 They confirmed the validity of the tube correction used by 
Partington and Shilling (§ 23), and since this has also been confirmed at high 
temperatures, 14 the criticism of it by Cornish and Eastman 15 is invalid. It is 
noteworthy that the latter observed no dispersion effect in their measurements 
(§ 24). A compact apparatus for low temperatures was used by Himstedt and 
Widder. 16 


§ 22. Velocity of Sound in Non-Ideal Gases 

As stated, many of the equations given in §§ 17-19 hold only for ideal 
gases. A suitable correction for actual gases is given by Bcrthclot’s equation 


1 Schul/e. Ann. Phvs., 1907, 24, 785 (bibl.); cf. Tirunarayanchar, Rev. Sci. Ittstr., 1932, 3, 
766; on (he minimum perceptible amount of sound energy, sec dc Vries, Nature, 1948. 161, 63. 

2 Leslie, Trans. Cambr. Phil. Soc.. 1822, 1, 167; Ann. Chim., 1822. 21, 94. 

1 Thicscn. Ann. Phvs., 1907, 24. 401; 1908, 25. 506. 

4 Partington and Shilling. ** The Specific Heats of Gases,” 1924, 137, 144. 

5 Z.phys. Chem., 1937, 36 B. 163. 

* Ann. Phys ., 1881. 13. 544; 1883. 18. 309. 

7 Ann. Phys., 1908, 27, 735. 

* See Partington and Shilling, ** The Specific Heats of Gases." 1924, 85 f. 

9 Ann - Ph > s " ,908 . 26 - 551: 1908, 27. 311; Abhl. Akad. Munich (Math. Phys. Kl.), 1909. 
23. 377; Shpakovsktj, Compt. Rend. U.R.S.S., 1934, 3, 26, 31. 

10 Ann. Phys., 1914, 45. 913. 

11 J.A.C.S., 1937, 59, 2233; Clark and Kat 2 , Canad. J. Res., 1940, 18 A. 23. 39; 1941, 19 A, 
111; 1943. 21 A. I : Rundle,y.^.C.5., 1944, 66, 1797. 

12 Ann. Phvs., 1905, 15, 74. 

” Kccsom and van Ittcrbcck. Proc. K. Akad. H'etcns. Amsterdam, 1930, 23, 440 (Comm. 
Leiden 209a, r); 1931, 34. 204 I Comm. Leiden 213 />); van Ittcrbcek and Kccsom, ibid., 1931, 
34. 988 (Comm. Leiden 216c; H*. y=l 667 at 19° K.); Kccsom, van Ittcrbcck, and van Lam- 
meren, ibid., 1931. 34. 996 (Comm. Leiden 216 d: 0 2 . y= 1-408 at liq. air temp.); Kccsom and 
van I nmmeren. ibid.. 1932. 35. 727 (Conun. Leiden 22lr); 1934. 37, 614; van Itterbcck, Comm. 
Leiden. 1932, Suppl. 10b (H;). 70 c (He at 4° K.); van lammercn. Phvsica, 1935, 2. 833 (O;); 
win Ittcrbcck and Thys. ibid.. 1938, 5. 888; van Ittcrbeck and Martens, ibid., 1938. 5. 153 
van Ittcrbcck and Vandomnck, ibid.. 1943. 10. 481; Ann. de Phvs., 1944, 19, 88 
, lfl ,or H -\ al 90 2> K 3); Proc. Phys. Soc.. 1946. 58. 615 (He. A. Hj): van Ittcrbeck and 
Lauwcrs. Phvsica. I94n. 12. 241 <NH,; y 1 333 at -30'); Walstra. ibid, 1947. 13. 643 (He). 

29^93^^56 S !(M :,U ‘ ^ Roy SoC " ,933 ‘ 141 123; Sherrait and Griffiths, ibid., 1934. 147. 

15 J ' A < C S r , ]i)2K \ 50, 62 ,his P J P cr contains a number of misleading and inaccurate state- 
ments. which have been uncritically copied into later publications. 

Ift /. Phvs., 1921. 4. 355. 
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(§ 30. VII C). This gives for the density p and specific volume v: 

p=\lv=MplRT[\ — (9/128>7tt<1 — 6r 2 )l . . . 

where n=plp tt r=TJT, mol. wt., and R is in suitable units. 
Equation (2), § 17, gives: 

{/2 =< /p=_u2(d^/dr) 4 =(d/>/dp) 4 =y(dp/dp) r . . 

from (14), §4.11. Hence: 

y={U 2 MIRT)[\ -(9/64>ffTt 1 -6r2)J . . . 

Put 
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( 1 ) 


(2) 


(3) 

(4) 

(5) 


( 6 ) 


1_(9/64)t7t(1-6t2)=«£ 

then (2), § 17, and (3) show that: 

y=y 

where / is the value calculated by (2), § 17. Hence (2). § 18. becomes: 

y 2 /yi-(A/ 2 A 2 2/A/,A|2X^2/^l) 

Values of * and of C.-C. (from which C. and C, may be calculated from y) 

are tabulated by Partington and Shilling 1 for several E“ scs - ihereforc 

Bakker « used the equations y-(dp/dti)^(d/>;dti) r , and pv'- const., therefore 
y^-y'(plv)(dv/dp) T . But d(pv)[dp=pdv!dp+v, hence. 

y=y'{ l-(l/t»)[d(pf)/dp]r). 

where v- l/p=specific volume. Chappius > found for , C ? J 2 °’’ d 'f o' j P ~ 

-0 00541, with p in atm. and unit vol. that °„ f ' 2? ' n 0 , S -005v' Whilst 
hence l/„-273/293-0-93. therefore y«y(l+00054l x0 93)-l 005y . whilst 

Bcrthelot's equation gives 1 -004y \ Schulze « used the equation . 

(p+a!T l ' i4 *v 2 )(v—b)=RT, 

for air. The effects of temperature and pressure on y «« 
series of papers by Leduc.’ Beckman « calculated Y 
measurements by the characteristic equation pv»a bp, •. 
stants at a given temperature. 

§ 23. The Tube Correction 

In the measurement of the velocity of sound in tubes or resonators a number 

of corrections are necessary before the velocity in a ,rce -* * .. of lhc cnt j > 

these depend on the geometry of the •P^^l^referred to. 7 An important 
’ of tubes, etc., and these are discussed in the papers rclcr 

» “ The Specific Heats of Gases. ' 1924. 28; Boynton. Phy*. 


‘ me apecinc Hcais 01 oasc*. • • ({> 

and Brittain. J.A.C.S.. 1933. 55. 4063. used van dcr NVaals s cquat.0 
2 Phys.Re «., 1910. 31. 589. |fln1 ,, 

1 Trav. et Mem. Bur . Internal. Poids el Mes.. 1907 la. ^ 

4 Ann. Phys., 1916. 49. 569; cf. Magyar.Z. teehn. Phys . v- CA/m.. IS**. 1“ 

5 Compi. Rend.. 1897. 125. 1089 (velocity of sound). 1698. 127. O.v. 

484. 

6 Arkiv Mat. Asiron. Fys., 1912. 7. No. 27. Aucr bach. in Winkclnunr. 

7 Sec also Rayleigh. “ The Theory of Sound. iw*.**> Dvnamical Theory of Sound." 

" Handbuch dcr Physik,” 1909. 2. 494. 508. LamU. |93 -> (y4b . Partington und Shilling. 
1910, 183. 187; " Hydrodynamics." 4th edit.. Camtad* : ^ Lobckc . jn Schccl and 

Phil. Mag., 1923, 45, 426; ** The Specific Heats of Gases. . 

Heuse, “ Handbuch dcr Physik." 1927. 8. 627. 
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correction is for the effect of the walls of the tube. Regnault 1 and Kundt 2 
had shown experimentally that the velocity of sound in a gas in a tube is less 
than that in the free gas, and had applied corrections. 

A theory of this damping effect was worked out by Helmholtz 3 and more 
completely by Kirchhoff 4 If U „, U r are the velocities of sound in the free 
gas and in a tube of radius r, respectively, Kirchhoff found: 

U m =U\\ +c/2/V(wi)] (1) 

where n is the frequency and: 


c=Vp+{UJb-b!U m Wv (2) 

where /i =iy//)= viscosity/density, of the gas, v=*//>c„ where *=thermal con- 
ductivity, c,= specific heat at constant volume, and h=Newtonian velocity of 
sound in the gas=vW/>) (§ 17). 

Thicsen 5 deduced KirchhofTs equations for the motion of sound in a viscous, 
heat-conducting gas on more general assumptions, and solved them for a 
sphere and cylinder, showing how to apply the corrections for viscosity and 
thermal conductivity in certain experimental arrangements. Second order 
terms were considered by Kohler 6 and Bechert. 7 

The Helmholtz-Kirchhoff equation was confirmed by Schneebeli, 8 Seebeck 9 
Kayser, 10 Blaikley, 11 Stevens 12 (who found it to hold at high temperatures, except 
perhaps in very narrow tubes), Muller, 13 and Waetzmann and Keibs. 14 Sturm 15 
did not confirm the dependence on radius. Koenig confirmed it for very 
high frequencies, except in very narrow tubes. As a basis for all tube correc- 
tions, the formula has, therefore, abundant experimental verification. 17 Only 
the numerical constant c has been found to be somewhat different from that 
calculated by (2). 

The value of KirchhofTs constant c (sometimes denoted by y) was given by 
rurstenau in a form which combines the Sutherland equation (§ 5. VII F) for 
the viscosity rj of the gas, and the usual equation for the variation of density p 
with temperature (§ 21.VII A): 9 P 

where C is Sutherland’s constant and y=c p /c r The value of k/tjc, is (§ 1 .VII G) 


Wiss. Abhl.," 1882, 1, 383 (correction for 


1 Phil. Mag., 1868, 35, 161. 

2 Ann. Phys., 1868, 135, 337, 527. 

I /. reine angew. Math. (Crelle), 1860. 57, 
viscosity). 

‘ IX.ZXZi; 1 (correction for heat conduction,. 

6 Ann. Phys., 1941, 39, 209. 

1948^73, 68^" ^ ^ T ° ,,n0 ' l942 ‘ 3 ’ 78 > 11 ^ Eckart, Phys. Rev., 

* Ann. Phys.. 1869, 136, 296. 

9 Ann. Phys., 1870, 139, 104. 

10 Ann. Phys., 1877, 2,218. 

" p f 0c - Mys- Soc., 1883, 5. 319; 1884, 6. 228. 

12 Phys., 1902, 7, 285. 

II Ann. Phys., 1903, II. 331. 

14 Ann. Phys., 1935. 22, 247. 

15 Ann. Phys., 1904, 14, 823. 

16 Ann. Phys., 1899, 69, 626, 721. 

SWIling.'^^cS^H^Healso^ases/M^f^'f ’i42f' PZ *** ,895 ’ >’ 944: a " d 

,s Ann. Phys.. 1908, 27. 735. ’ ’ ^ 
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taken as 1*53 or 1*6027 by O. E. Meyer. 1-497 by Jeans, and by 

Eucken; the approximate value I *5 is sufficient. If values of r, and p for the gas 
are known at the temperature concerned they may be substituted directly: 

c= vWp.M 1 + VO -5Xy— U/vV) W 


Much experimental work 1 has shown that the observed \alue of Kirchhoff s 
constant is always somewhat higher than the theoretical; the latter ignores the 
effects of friction and heat exchange with the walls of the tube; the rougher the 
walls and the greater their thermal conductivity, the greater the retardation. 
Attempts to eliminate the correction by the use of tubes of different radii arc 
rather uncertain, and the best procedure seems to be the following.- The 
apparent velocity of sound U, in a lube is determined for a gas for which the 
true velocity U„ is known. If c is the Kirchhoff constant, then: 

U,-U m (\ -Arc) < 5 ) 


where k is the so-called tube correction, which depends on the radius, thickness 
of wall, nature of surface, thermal conductivity, and perhaps other factors, out 
not on the gas. When k is so determined for one gas, equation (5) can be used 
for other gases in the same tube. 

Buss 3 and Rcchel 4 also found the KirchhotT constant higher than the theo- 
retical value for air, and for air, oxygen, nitrogen, carbon dioxide and ammonia 
at 20°-900°, respectively. RccheKs values are in agreement with those of other 
workers; no explanation is given of the effect of temperature on the KJ^Mon 
constant. Buss represented the velocity by (I) and determined the variation 
of c. 


§ 24. Time-lag of Energy Distribution in Sound Waves 
Another important correction, only recently fully recognised, is ^ u "«d for 
the time lag in the internal energy changes of a molecule when the tut jperatu i 
changes in adiabatic compressions and expansions occur rupi > 1 . c 
wave. The adiabatic changes of volume first change the 
(to which the temperature corresponds; sec § 3.111). This * v .j. 

by collisions to the rotational and vibrational energies un il a - 
brium is reached. The effect will obviously depend on the trcquencs an 
supposed that the time-lag may reach 0*1 sec. < ... i i . 6 in d 

The possibility of the effect was predicted by Boltzmann • and s. . • 

it has been esperimentally established. 7 especially lor \er> c 

1 Summarised in Partington and Shilling. ** The Specific Heats of I 

v *n dcr Eijk, and Kosten, Physica. 1941. 8. 1094. - htllin# .. Thtf Specific Heats of 

* Dixon. Proc. Roy. Soc., 1921. 100. I; Partmgton and Shilling. 1 
Gases,” 1924. 53. 141 ; Phil. Mag.. 1928. 6. 920: Henry. Proc. Phys Soc.. 1931. 43. .au. 

3 Ann. Phys., 1930, 7. 601. .u k'nhlcr inn Pint.. 1941. 39. 

4 Ann. Phys., 1931, 10. 1 ; Rocard. /. dc Phys.. 1930 1. 42 fJ^ Cr - 1 ' 

Q- sir ,/. 1044 -il ki • r\-.rrvW-,.hlpr 7 Fleklrocncm., 1 >4_. 4«. o-. • 


209; Naiurwiss., 1946. 33. 251 ; Damkdhlcr. Z. Elck . I 94 4» e. i • 

. ’ Asm. Phys., 1870. 141. 473; ” Wiss. Abhl..» 1909. 1 157 "ho « 
sions: ” cs ist zwar nicht wahrschcinlich. aber immerhin nivht au s • p/(/ y/i< 

Mdglichkeit, dass diese Umsctzung cine Ungcrc Zcit bcan>pru^ . • , 8 74S 

2, 638, predicted the lag in the case of sound waves; cf. ‘ .«ju 228. 302 ; 

♦ Phu. Mag.. 1901. 2. 638; - Dynamtal T^ory W. 12.. 

later predictions by Herzfcld and Rice. Phys. /?«•-. 1928. 31. 691 



A.T.P.C.— 27 
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( supersonic waves). The vibrational energy of the molecule is mainly affected. 1 
The values of C t found by the velocity of sound method may be appreciably 
lower than those calculated from the quantum theory (§ 30). 2 By making 
determinations with different frequencies and extrapolating to zero frequency, 
the effect appears to be eliminated. 3 

For nitric oxide Kneser 4 found no delay in the assumption of thermal 
equilibrium in the frequency range of 300-3000 cycles per sec., and if any lag 
occurs it is less than 1(H sec. Heil 5 thought Kneser’s positive results with 
carbon dioxide were due to an accidental relation between the vibrational 
quantum number and the temperature for that gas. 

Mokhtar and Richardson 6 found the velocity in dry air independent of 
supersonic frequency from 42 to 700 kilocycles/sec., the absorption coefficient 
being several times greater than that predicted by Kirchhoff’s theory. In moist 
air, the absorption coefficient rose to a maximum which was 2-3 times the value 


11. 761, 777; 1932. 12. 1015; 1933. 16. 337, 360; 1941. 39. 261 ; 1943, 43, 465; Phys. Z., 1931. 

32, 179; Nature, 1932. 129, 729; Phys. Rev., 1933, 43. 1015; J Acoust. Soc. Amer., 1933. 5, 
122; Z. tcchn. Phys., 1938, 19. 486; Kncscr and Ziihlkc. Z. Phvs., 1932, 77. 649; Kncscr and 
Knudscn, Ann. Phys., 1934. 20. 682; Knudsen. J. Acoust. Soc. Amer., 1933. 5, 112; Heil, 
Z. Phys., 1932. 74. 31; Euckcn et ai. Natunuss., 1932. 20. 85; Z. phys. Chem., 1932. 18 B, 
167; 1933. 20 B, 460, 467; 1934. 21 B. 219, 235; 1935. 20 B. 85; 1940, 46 B. 195; Z. techn. Phys., 
1938, 19, 517; Die Chemie, 1943, 56. 129; Rulgcrs. Ann. Phys., 1933, 16, 350; Teeter, / Chem. 
Phys., 1933. 1. 251; Waltmann. Ann. Phys., 1934. 20. 671; Grossmann, in Wicn-Harms, 
" Handbuch der Expcrimentalphysik." 1934. 17. i. 463; Ann. Phys., 1932, 13. 681 ; Railstone 
and Richardson, Proc. Phys. Soc., 1935. 47. 533; Penman, ibid., 1935. 47. 543; Knudsen and 
Obert, J. Acoust. Soc. Amer., 1936. 7. 249; Sinncss and Rosevearc. J. Chem. Phys., 1936, 4, 
427; Brandt. A oil. Z., 1937, 81. 2 (absorption in fogs); Metier. Sow. Phys. Z., 1937. 12, 233; 
Jatkar, J. Indian Inst. Sci., 1938. 21 A. 245; 1939, 22 A. ii. 19. 39; Jatkar and Lakshminaraya- 
nan.ihid, 1946. 28 A. I. 17; Schulze. Ann. Phys., 1938. 34. 41; Saxton. / Chem. Phvs., 1938. 
f- 3 0 °: D ^‘ r ' 1939 - 7. 40; Pumper. Z Phys. U.S.S.R., 1939. 1. 411; Thys, Physica, 

1938, 5. 888; Richards, Rev. Mod. Phvs.. 1939. II. 36; Keller. Phys. Z., 1940, 41, 386; 
PicInKicr, Saxton, and Telfair. / Chem. Phys., 1940, 8. 106; Gcmant, Z Appl. Phvs., 1941, 

12, 718; Bender. Ann. Phys.. 1940. 38. 199; Van Itterbcck. Mcdd. K. Vlaam. Akad. M et., 1940. 
No. 2; MariCns, ibid., 1940. No. 11: Van Itterbcck and Mnriens, Physica, 1940, 7. 909, 938; 

Zphps - C ? fW * 194 0. <6 B. 212; Anderson and Lambert. Proc. Roy. Soc., 1941-2, 
l^ 9 - 499: Kohler, Ann. Phys., 1941, 39, 209; Buschmnnn and Schafer. Z. phys. Chem., 1941, 
50 B. -3; C, arise. Mis. Natuurkd. Tiplschr., 1941. 10. 95; Oberbcck and Kendall. Z Acoust. 

’■ ■J’n 6 ; Damk0h,tfr - 2 Clcktrochem., 1942. 48. 62. 116; Naturwiss., 1943, 
' 7fi fa i ;! nd P *' nKM?r * Rt : - lni,r - l94 2- I3. 122; Kantrowitz, Z Chem. Phvs., 
194.. 10. 145; I chair, ibid.. 1942. 10. 167; Tisza. Phys. Rev.. 1942. 61. 531; Van Itterbcck and 
Vcrmaclen 1942. 9. 345. 356 <H,. D : ); P,elmeier and Byers, Z Acoust. Soc. Amer., 

' 943> '*!>' ' ,943 ' 15 22: B > crs " / ° u ’ m PhiS ' 194 3. 11. 348; Mcixner, Ann. 

4 J0- ^udryausev. Amer. Chem. Abstr., 1943. 37, 1068; Z Expt. Theor. Phvs. 
w 11' i 94 ( S“ n "' u,rc,; S,cw * ,rl - ph > '- ***- 1 94 6, 69, 632; Richardson. Nature. 
I h l JS d 2- P J ,yS ' ReV " ,946 * 70 - 9I ’ 932 ,normjl P"* Kantrowitz, Z Chem. 

Phys.. 194k 14. 150; Huber and kantrowitz, ibid., 1947. 15. 275; Van Itterbcck and Uuwers, 
Ihysicii,] >46 12 41 <NHj. y ultrasonic >1-333. probably a dispersion effect); Gorelik. 

s C .3s v ' 7 . 79; Kohlcr ' Sa,u, ' riss " ,946 - 33. 251 (relation to volume 

'tek p hys. Rev 1947. 71. 413. 425; King. Mainer, and Cross, ibid. 1947, 
71,433 (micro- waves: formulae): Kind. Rep. Progr. Phvs., 1948 II 205 
■Although Richards and Red./ Chem. Phys., 1934.’ 2. 206. found that the rotational energy 

Tir 001 u,lrasonic wa '«* «1* not confirmed by Kneser and 

wallman, Naturwiss., 1934. 22. 510. 

2 ''CISC. Z. Elektrochem., 1933. 39. 895. 

Ro> SK " IMJ - Wl - l23; Sh ' rra11 “ d Griffi,hs - m - '»«. 

4 Ann. Phys., 1941, 39. 261. 

5 Phys.. 1932, 74. 31. 

Chinan " 7: Pjrk "- ^ <’”■ «• «• found no 
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in dry air. A method 1 depending on the impedance of a vibrating source 
gave too low values of y. 

Olson and Brittain, 2 who used a frequency of 100 kc., did not find any 
abnormal effect with dichloroethylene, and Cornish and Eastman's results 3 
also do not seem to have been affected; it would seem, curiously enough, that 
only some experimenters’ results are so vitiated. The experiments and calcula- 
tions of Richards 4 seem to be affected by serious errors. 

Relaxation times, in which half the unquantised translational and (except for 
H 2 and D 2 ) slightly quantised rotational energy given to a gas by sound waves 
is transformed into vibrational (and rotational with H 2 and D 2 ) modes, were 
calculated and observed by van Paemcl and Mariens 5 as follows: 



Ch 290° K. 

Hz 290° K. 

D. 290* K. 

H ; 90 1 K. 

Dj 90* K. 

Calc. ... 1 
Obs. ... 

2-1 x 10 -* sec. 
1 - 6 x 10 -* sec. 

1- 3 x 10-* sec. 

2- 1 x 10'* sec. 

6-6 x 10 _, ° sec. | 
1-5x10-* sec. 

3 9x10- sec. 

2 8 x 10 * sec. 

5-1 x 10->® sec. 
0 5x10-* sec. 


BOmmcl 6 found the ultrasonic velocities at 0 C. (taking air 331-5 m. sec.): 
A 307-8, 0 2 316-6, N 2 336-6. C0 2 268-3, m./sec. Specific heats found from 
the velocity of sound are tabulated by Louri6. 7 


§ 25. Theory of Time-lag in Energy Distribution 

The equation deduced by Rutgers 8 for the velocity of sound of frequency *• 
and period t=2ttv in an ideal gas of pressure p and density p is: 


U 2 - ( 141? C ««+ y2 ft 2Cf * 


- 2 ) 


(1) 


where C_„ is the fully excited molecular heat at constant volume. C rm the 
molecular heat at constant volume which would be measured with sound waves 
of very high frequency, and p is a period defined by the equation: 

OC/O-e-*") < 2 > 

where /=timc, C" is the fully excited vibrational molecular heat and C/ the 
vibrational molecular heat which is excited in a temperature change occurring 
in a time t. Equation (2), which is analogous to that for the amplitude of an 
oscillation in a very viscous medium (§ 65.1), may be regarded as u c . 
By differentiation of (2): 

For an adiabaiic change. CjiT+pAV=0 (ideal gas. see § 55.111: 

.-. (c r .+c.odr+/xiF=o 


( 3 ) 


(4) 


» Bouchard. Compt. Rend., 1948. 226. 1434. 

* J.A.C.S., 1933, 55. 4063. 

« 739: J.A.CS, 1932. M. J0.4: 7. O- «,x. 1933. I. Il«: '»». 2. 

206; 1936. 4, 561; sec. c.g.. Tcelcr. J.A.C.S.. 1932. 54. 4111. 

5 Amer. Chem. Abslr., 1944, 38. 6145. 

‘ Helv. Phys. Acta.. 1945. 18. 3. 

' ^X7.. 7 7 933!l6°350;Boygin ^Acad'scl. 

JTsJ^V. 633 2 (P^)T^hafer. Tpk£c*m.l 1940. 46 B. 212: Euckcn. Satur^ss.. 
1943, 31, 314. 
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In a periodic change of slate of period r (§ 64.1): 

C/=C*e* dC;i6t=irC! (5) 

C,‘=C*l(l+hfi) (6) 


by equating (3) and (5). Substitute (6) in (4) and put C fao + Cl 1 — C 9at then : 
/dn /dr\ Pd+irp) _ P(l+irp) 

IdKjrUWs C^d+irft+C/ C't+irpC^ * * ^ 

The equation for the velocity of sound of frequency v is (§ 17): 

Wp)[(C t +/?)/CJ-(p/pXl +*/C.) . . (8) 

Also, from Maxwell’s equation (1), § 48.11: 

(d V/dT) s = -(dSI6p) y = —(dS/d T)y(dTldp) y - -(CJT)(V/R)=- CJp 
with T=pV/R. Hence: 

Ric,—(Rmmv) s ( 9 ) 

Substitute (9) in (8) and introduce (dT/dK)* from (7), then: 

u -'-lL H, cMz) » 

Multiply numerator and denominator of the complex term in the bracket by 
(C 9a —irpC, m ) and reject imaginary quantities, 1 when (1) results. Since 
C p /C t in (8) may be written y°, the ratio for the ideal gas state: 

• y Q— l i r Mn 

" Yw 1+^ 2+t ^ 2C ^ 2 ( 11 ) 

When r=0, i.e. infinitely long waves, this goes over into the simple limiting 
equation: 

y°=l+/?/C # ( 12 ) 

A more detailed deduction of Rutgers’ equation 2 does not alter it essentially, 
but adds some refinement to (2). 

The conversion of translational (collision) into vibrational energy, as deter- 
mined by the degree of agreement of observed and theoretical specific heats 
found by sound velocity (frequency about 10 5 hertz), is said 3 to be facilitated, 
in the cases of chlorine and carbon dioxide, by addition of an indifferent gas. 

Attempts to determine relative values of specific heats by comparing the 
values of the thermal conductivities 4 and making use of equation (1 1), § I .VII G, 


1 Stcil, Z. phys. Chem., 1935, 31 B, 343. 

* Eucken and Jaacks, Z.phys. Chem., 1935, 30 B. 85; Euckcn, ibid., 1936. 32 B. 404; Landau 
and Teller, Sow. Phys. Z., 1936, 10, 34, Hardy, J. Acousr. Soc. Amer., 1943, 15, 91. 

1 Euckcn and Becker, Z.phys. Chem., 1933, 20 B. 467; Eucken and Jaacks, ibid., 1935. 
30 B, 85; Patat and Bartholome, ibid., 1936, 32 B. 396; Euckcn and Veith, ibid., 1936, 34 B, 275 
(corrected by Mauc. Ann. Phys., 1937. 30. 555); Eucken and Veith. Z. phys. Chem., 1937. 
38 B, 393; Eucken and Numann, ibid.. 1937, 36 B. 163 (faulty apparatus); Kuchler, ibid., 
1938, 41 B, 199. 

4 Schreiner, Z. phys. Chem., 1924, 112, 1; Eucken and Wcigert, ibid., 1933, 23 B, 265 (cor- 
.7 ,; S A‘ ak ® VVS . ki and Nazmi * J ‘ Che " u Phys - 1938 - 6 - and Roper, J. Phys. Chem., 
Eucken and Bcrtram - z P hys - Ct * m - 1935. 31 B. 361; Hunsmann, ibid., 
1938, 39 B, 23 (critical; defects of method); Kistiakowsky and Nazmi, J. Chem. Phys., 1938, 
6. 18 (disagreeing with Hunsmann with the same method and gas. C 2 H 6 ); Witt and Kemp! 
J ~A.C.S.. 1937 59 273; Eucken and Krome, Z. phys. Chem., 1940, 45 B. 175 (corrected by 
GiguCrc and Rundle, J.A.C.S., 1941, 63. 1135); sec the earlier criticism of the method by 
Euckcn, in Wien-Harms. " Handbuch dcr ETpcrimentalphysik." 1929. 8. i, 426, where other 
sources of error are mentioned. 
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do not seem attractive, and (for reasons mentioned in § 4.VII G) must be 
regarded as crude; the accommodation coefficient, for example, was assumed 
equal in the various gases. The equation for the heat lost per cm. 2 per sec. 
per 1° temperature difference: 

J^/Jl=ci^(C r +i/?)/V(6n) (13) 


where c = concentration of gas in mol/ml., v=mcan molecular velocity, a= 
accommodation coefficient, gives: 

(Jg/Jf), CiPitti (C,!+i/?) 

(J?/Jf) 2 c 2 t5 2 * 2 (C, 2 +i/?) 


§ 26. Velocity of Sound in a Dissociating Gas 

E. and L. Natanson 1 and Pochettino, 2 by Kundt's method, determined y for 
nitrogen peroxide at temperatures from 4-2® to 150 5 and found it to change 
to 1-296 at 150°, the latter value corresponding with a triatomic molecule (N0 2 ). 
E. and L. Natanson had calculated the density from the velocity of sound by 
Kundt’s method and found it to agree with the experimental density. The 
theory of the specific heat of a dissociating gas was given by Bell and I revor, 3 
and the specific heat (c p ) of nitrogen peroxide was determined by Regnault’s 
method (§ 2) by McCollum. 4 The theory of the velocity of sound in a dis- 
sociating gas was worked out by Einstein. 5 and Damkdhler 6 studied the adiabatic 
equation ptP^coost. for this case. 

Einstein’s formula 7 for the velocity of sound in a dissociating gas applies 
when the absorption coefficient is sufficiently small. The extrapolated value 


for zero frequency (a>=0) is: 

C/*-o«\W7/>XI +>*/*» (l > 

and for infinite frequency (&=«>): 

Uz.„=vl(Pli>)0+R!C,)\ (2) 


and for an intermediate frequency (o>=o») 


Uz 



kiAB+RC, a 2 y 
* 2 £ 2 + C r 2 <L 2 / 


(3) 


where ai= frequency, P=pressure, p=density, /? = molar gas constant. C r -mcan 
mol. ht. of mixture at const, vol., k = dissociation velocity constant. 


/l=(2^ D /7'-C r )/i 1 /(n,+/i 2 ) + /?(l-4(/i 1 /ii 2 )l ... (4) 

ta(^ 0 3/JVT 2 )it|/(if|+ii2)+C ( (l-4(n,/«i2)] .... (5) 

where < 7 D =heat of dissociation at constant volume. T=abs. temperature, /ij and 


1 Ann. Phys., 1885.24.454. 

2 Nuov. Cim., 1899. 9, 450; Alii R. Accad. Lined. 1899. 8. i. 183. 

3 J. Phys. Chem., 1905, 9. 179 ; Partington. " Text Book of Thermodynamics. 1913. .4 . 

3 BedtoBe™ imSM; Luck. Phys. Rev., 1932. 40. 440; K noser and Gaulcr. 

1936. 37, 677; for a dissociating gas in a temperature gradient, sec Dirac. Proc. C \wibr. mu. 
Soc., 1924. 22, 132. 

4 Z. Elekirochem., 1942. 48. 62. 116. _ .. . 

7 Berlin Bee., 1920, 380; Scllc. Z. phys. Chen,.. 1923. 104. 1 . Orunc^n and Goj. -Imr 

Rhys., 1923, 72, 193; Kistiakowsky and Richards. J.A.C.S.. 1930. 52. 4651. Whvxk . 

Daniels, Ibid., 1931. 53, 1186. 
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« 2 are the numbers of molecules of the undissociated substance X and of its 
product of dissociation Y, respectively, where X^2Y. 

Griineisen and Goens gave the equations: 


U -=V[WP)d+W] • (6) 

where (a=degree of dissociation): 


A=&(\ — a)/[2+a(l — a)J, B=q D /RT .... (7) 

Kistiakowsky and Richards used a magnetostriction oscillator devised by 
Pierce, 1 consisting of a chrome-steel rod; three rods had frequencies of 10, 
41-5, and 80 kilocycles. The reaction was N 2 0 4 ?i2N02. The curve of U 
corresponded, for all three frequencies, almost with the theoretical curve 
for a»=0, which shows that the velocity of dissociation is very large; the attempts 
to calculate it seem of doubtful interest in view of the uncertainty of most of 
the data used, and the probable interference of the Kneser effect (§ 24). 

Brass and Tolman, 2 by a method depending on measuring the change of 
temperature on rapid flow through a perforated diaphragm, claimed to have 
obtained a figure of k~\5 sec. -1 for the velocity coefficient of dissociation of 
N 2 0 4 . Richards and Reid’s 3 experiments and calculations, which are said to 
verify Einstein’s equation, seem to be erroneous; the gas was found by Teeter * 
to show strong absorption at higher frequencies, and an equation deduced by 
Luck 5 for a real gas showing absorption should have been used. The subject 
is in an unsatisfactory state. 


§ 27. Velocity of Sound in Gas Mixtures 

The velocity of sound in a mixture of gases was considered by Laplace, 6 and 
was treated theoretically by Richarz, 7 Leduc, 8 and Powell.’ The calculation, 
which involves the critical constants, is rather complicated. It shows, for 
example, that the value of y for air containing 15 mm. partial pressure of water 
vapour is reduced from the value for dry air by about 0 01 unit, so that in wave- 
length measurements it is essential to use dry air in the comparison tube (§ 19). 10 
Some experiments with mixtures of gases made by Dixon and Greenwood 11 
arc available for comparison with theories. Brillouin 12 showed theoretically 
that some local changes of composition may occur in a sound wave passing 
through a mixture of gases. 


1 Proc. Amer. Acad., 1928. 63. I. 

'J.A.C.S., 1932.54, 1003. 

w/i m" I9J4 2 ' " al - l932 > l30 ' 739: J - chm - toy*' 

Wa rvthr’n! t ohl inm** c 206 ‘ . 1 9 , 36, 4 ' 561 : «« «he criticism by Rose, ibid., 1934, 2, 260; 

wansbrough-Joncs, Sa. Protr., 1934. 29 110 

4 J.A.C.S., 1932. 54, 41 1 1 . 

5 Phys. Rev., 1932, 40. 440. 

‘ “ Oeuvres.'* 1882, 5, 148. 

^ Ann. Phys., 1906, 19, 639. 

1915 , 160 ’ 338 5I «-: Koiovic, J. Russ. Phys- Chm. Soc.. 
1924,’ 99! ^ summary in Panmgton and Shilling, •• The Specific Heals of Oases," 

5 2 J F " C - Roy - Soc - l92S - ,l9 ' 553: Bour ®‘ n - fhil. Mag.. 1929, 7. 821 ; Phys. Rev.. 1929. 34, 

,o ' ; h ~ «■ >«.. »; «. *«. 

12 Ann. Chim., 1899. 18, 433. 
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The influence of radiation on the velocity of sound has been examined. 1 
Okamura 2 found no influence of a magnetic field on c p for air, 0 2 , N 2 , and 
C0 2 as measured by a flow method. 


§ 28. Specific Heat and Molecular Structure 

The following are some values of y=c,/c r found by modifications of the 
Desormes and Clement method (C.D.) or from the velocity of sound (V.): 3 4 


A 

1 -667 (V.) 

H 2 

1-4092 (24*. C.D.) 5 * 

NH, 

1 308(14 5 . V.) 

Air 

1 4034(17°, C.D.) 

Cl; 

1 353 (16'. V.) 

HCN 

1-281 €21*. V.) « 

n 2 

1-405 (20°, CD.) 

H;S 

1-340(18 ,V.) 

SO; 

1 290(13 .V.) 

CO 

1-404 (10*. V.)« 

CO; 

1 3025(18\C.D..V.)* 

C;H; 

1-280(20 .V.) 

o 2 

1 395(18°, C.D., V.) 

N;0 

1-303(12 ,V.) 

C’N; 

1-256(0-, V.) 

NO 

1 400(7-6°. V.) 

HjO 

1 305 (108. C.D.) 

C;H 4 

1 -250(12, V.) 

HCI 

t 404 (0°, V.) 

CH 4 

1 -307 (0\ V.) 

C;H« 

1 -232(10'. V.) 


The value y= 1 -40 was deduced by Boltzmann 7 for a rigid diatomic molecule 
and this is seen to be approximately true for many diatomic gases. Chlorine 
and iodine vapour show 8 a much smaller value and this is certainly due to the 
vibration of the two atoms in the molecule, which increases the internal energy 
and hence reduces the value of y. The values for the halogen hydracids HCI, 
HBr, and HI arc normal, but that for iodine chloride 1CI is 1*315 at 100*. 
The value 1 -667 for argon (and other inert gases) was used by Rayleigh and 
Ramsay 9 to prove that the molecule is monatomic. Schwcikert, 10 from a 
peculiar characteristic equation, deduced the obviously incorrect result that 
the maximum value of y is 1*424, not 1-667. Press 1 ' found for gases and 
vapours (y— l)c r A/=»const.~2 (A/— mol. wt.); since y— 1 c r ) c 9 . this 
is equivalent to ( c p —c t )M~R , which is approximately 2!. A strong dependence 
on temperature among diatomic gases is found only for hydrogen and deu- 
terium; at low temperatures y approaches that for a monatomic gas (for the 
reason, see § 23.IV). Brinkworth 12 found y for H»: 

17' C. ... 1 4070 -78‘C. ... 14427 

0 C. ... 14099 -118 C. ... 1-4800 

— 21°C. ... 1 4200 -183 c. ... 16054 


1 KUppcr. Ann. Phys., 1914. 43. 905; Wcstphal. Verhl. J. D. Phys. Get. .1914. ,16. 613 
Streidcr. ibid., 1914. 16. 615 (X-rays have no effect). Campetu. buov.Cim.. iviv. 17. i i*s. 
found no change in specific heat of chlorine illuminated by light Irom a mercury lamp 
filtered through copper sulphate solution: the change of wave-length was shown to be due to 
temperature rise. 

2 Sci. Rep. Tdhoku Imp. Univ., 1933. 22. 519. . . 

3 Partington and Shilling. ** The Specific Heats of Gases." 1924. 190 r. 

4 Partington and Carroll. Phil. Mag.. 1925. 49. 665. 

5 Partington and Howe, Proc. Roy. Soc., 1925. 109. 286. ol , , .. 

• Partington. Phys. Z.. 1913. 14. 969; Beckman. Arkiv Mat. Astron. Fys.. 191.. 7. NO. 
27, found 1-3045 (V.) at 15® and examined the effect of pressure. 

7 Wien Ber., 1876. 74. II, 553: Ann. Phys.. 1877. 160. 175; 1883. 18. 309. Z. phys. (hem.. 
1893, 11, 751 ; *' Vorlcsungcn liber Gastheorie." 1898. 2. 128. 

8 Strccker. Ann. Phys., 1881, 13. 20 (Cl;. I j): 1882. 17. 85 (HCI. HBr. HI. IC». 

• Phil. Trans.. 1895. 186. 187 (228); the value 1 667 was predicted for a monatomic molecule 

by Naumann, Ann., 1867, 142, 265. ... . . _ < x 

10 Z. Phys.. 1934, 90. 355; the ** proof” by Burton. Phil. Mag.. 1887. 24. 166. that y 5,3 

for all eases is falacious. .... , 

11 Phil. Mag.. 1928. 5. 832; the specific heat involved is (df/dF),, which is approximately 
equal to c P (§ 54.11); the constant varied from 0-98 to 3 0. 

12 Proc. Roy. Soc., 1925, 107, 510. 
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Lewis and McAdams 1 found for the molecular heats of paraffin hydrocarbon 
vapours: 

C,=4-4+4-4n+(0012+0 006/i)r (1) 

where n=no. of carbon atoms. For ozone, 0 3 , Jacobs 2 calculated y=l-29 by 
extrapolation. 

Clausius 5 assumed that the internal energy is a constant fraction p of the 
translational kinetic energy K, so that the total energy is: 

E=K(\+P)=$RT(\+p) (2) 

hence C t =f/?( l+p), C,=\R{ \+P)+R, and hence: 

CJC'-y-l+HW+fi] ( 3 ) 

and 

k / e = i/(i+ffi=Ky-i) (0 

Thus the value of p can be found from the measured value of y. 

Trautz 4 gave an empirical formula for the specific heat of a gas or vapour: 

(C,-\R)IM™z=klz= 009\2V& ( 5 ) 

where A/=mol. wt., z=no. of valency bonds in molecule, i?=reduced tempera- 
turc=777’ < . For example, for a value «?=0-5, multiply the sum of the valency 
bonds by M 2/3 and add \R to the product. He believed that the ratios TJM 


for gases are in simple whole number ratios. 

Petrini 5 and Kolossowski 6 deduced the equation: 

y=(2/j+3)/(2/i+ 1) (6) 

where /»=no. of atoms in the molecule, and Kolossowski also deduced: 

f//c=0-627Vl(2n+3)/(2n+l)J=A: (7) 


where C/=vclocity of sound, c=translational velocity of the molecules, and K is 
a constant for any gas with a given value of n (the observed values of U he used 
are old ones) : 


n 

2 

3 

4 

5 

6 

9 

15 

K 

U/c obs. 

0-741 

0-744 

0-711 

0-701 

0 693 

0 699 

m 

0-673 

0 696 

0 659 
0-651 

0647 

0641 


Capstick 7 found that the chlorine derivatives of methane, all having five 

1 Chem. Met. Eng., 1929, 36, 336. 

1 Dissert., Marburg, 1904: Ann. Phys. Beibl., 1905. 29. 951. 

3 Ann. Phys., 1857, 100, 353; Phil. Mag., 1857, 14. 108; Kckule, Compt. Rend.. 1865, 60, 
174; Lothar Meyer, Z. f. Chem., 1865, I, 250; J. J. Thomson, in Watts, “ Dictionary of 
Chemistry," edit. Morley aod Muir, 1890, 1. 87; Clausius, Die kinctischc Thcoric dcr Gasc, 
"Die mechanischc warmcthcorie," 2nd edit., Brunswick, 1891, 3, 35; Cornelius, Z. phys. 
Chem., 1893, II, 403; van Laar. ibid., 1893. 11, 665; KirchhofT. "Vorlesungen uber die 
Thcorie der Warmc" Leipzig, 1894. 168; Wullner, " Lchrbuch dcr Expcrimcntalphysik,• , 
5th edit.. 1896. 2. 533; Girtlcr. Wien Ber.. 1907, 116, II A, 759; Bose. Ann. Phys., 1905, 16, 
155; Wassmuth. ibid., 1909, 30. 381; Jankowsky. Z. Elektrochem.. 1917, 23. 368; Drucker, 
ibid.. 1918, 24. 83. 

4 Ann. Phys.. 1931, 8. 267, 433; 1931, 9, 465 (paraffins). 

i Z. phys. Chem., 1895, 16, 97. 

6 J. Chim. Phys., 1925, 22, 79. 

7 PA//. Trans., 1894, 185. I; 1895, 186. 567 (also vapours); Peters. Z. Elektrochem., 1907, 
13, 657. 
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atoms in the molecule, had different values of y, and this disproved the deduction 
of J. J. Thomson 1 that if the molecule is very symmetrical, the molecular heat 
is equal to a constant /?, the ratio of the total kinetic energy to the translatory 
energy of the centre of gravity, multiplied by the number of atoms in the mole- 
cule, fi being supposed to be a constant for different simple and compound 
gases: deviations were supposed to be due to the heat absorbed in breaking up 
molecular clusters. 

Trautz 2 believed that the internal heat capacity (C r — -}R) for a mol of gas is 
additively composed of atomic values, and the same extension of Kopp's rule 
for solids (sec § 16.IX M, Vol. II) was made for the values of C , 0 (at zero pressure) 
for many organic vapours by Bcnnewitz and Rossner 3 at 137' C., who also 
calculated them from Raman and vibration spectra: in g.cal./mol.: 



Benzene 

Toluene 

* j 

Cyclohexane 

Acetone 

Ethyl 

alcohol 

Ethyl 

acetate 

C p obs. 

• •• 

27-3 

33 6 

37-3 

22-5 

198 

33-7 

c* ... 


25-1 

31-2 

350 

203 

17 6 

31-4 


Cohen 4 found values of y for steam by Kundt’s method ranging from 
1 -252 at 144° to 1 -320 at 300° (air= 1 -4053). 

Naumann, 5 * by subtracting from C p the energy jRzz 3 g.cal. for the trans- 
latory motion, obtained the value of the internal energy of the molecule, due to 
the motion of the atoms. He assumed that this is equally divided among the 
atoms, and for H 2 , NO, CO, HC1, H 2 S. NH„ CH 4 . and C 2 H 4 it was found to 
be 0-90-1 09, or 0-98 in the average. For a gas containing n atoms he wrote 
C,=(3+n)xO-98, and C,=(5+/i) x0-98. therefore: 

y=C,/C r =(5+/i)/(3+;i). 

which for n=l gives y*=l-667, for ;i=2, y=l 400. and for /» = 3. y=l-333. 
These are in general agreement with the observed values. 

Some values of y for vapours at the b.p. found by Lechncr were: 

CjHjOH 115, (C 2 H,) a OI I0. C,H,,OH I 24. C*H 6 I 14. C 4 H*COOH(«) 120. 

C«H 9 OH(n) 1-36. CCI 4 117, CH,OH I 28. CSj 1 26. I: 13.. 

Calculations of CJC, for vapours, based on the change of latent heat with 
temperature (see § 9.VIII L, Vol. II). gave: 7 


(CjHj)O 106 C*H 6 112 CHCI, 1136 H;OI46(!>. 

Olson and Brittain, 8 by the velocity of sound method, found the same specific 

' Watts. " Dictionary of Chemistry." edit. Morlcy and Muir. 1890. I. W: Jankoxvsky. 

Z. Elektrochem., 1917, 23. 368. . „ . ‘• 41 - 1918 . 

* Z. anorg. Chem., 1915, 93. 177; 1916. 95. 79; 1916. 96 1 .1916. 97 I 3. 1-7; .41^ ^ 
102. 81, 149; 1920, 110. 1; Elsier unit Geiiel Fesischr.. 1915. 333. Z. tU 

3 'z^phy^Chem.. 1938. 39 B. 126; reduction to zero pressure by Bcrtheloi s Ration 

4 Ann. Phys., 1889, 37. 629; Amagat. J. de Phys.. 1896. 5. 1 14. 

5 Ann., 1867, 142, 265. 

4 ^^..1909. 118. II A. 1035 (organ pipe mcihod). „ ihi , , 9,9 lbS . IM: 

7 Leduc, Comp,. Rend., 1911, 152. 1752; 1911. 153 51; Dcj*i*i>' iM . . 1 
Ann. de Phys., 1919, 11, 253 (benzene 1-106 at 20 J . cyclohexane 1 077 at -u 

• J.A.C.S., 1933, 55. 4063. 

27* 
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heat (C p = 12-14 at 20°-140°, independent of temperature) for cis- and trans- 
dichloroethylenes: 

H-c-a H-ca 

ll ll 

H-c-a a-c-H 

The kinetic energy of translation of a molecule as a whole is equal to \RT 
per mol (§ 3.111) and hence that part of the molecular heat at constant volume 
due to the translational energy is <\EldT=\R~3 g.cal., which is independent 
of temperature. This value of C f is shown only by monatomic gases; 1 for 
gases containing more than one atom in the molecule C 9 is always greater 
than J/? and increases with the complexity of the molecule 2 and with the 
temperature. 

For diatomic molecules C # about room temperature is approximately 5, 
although such gases really fall into three groups. 3 (a) One gas, hydrogen, 4 * 
having C, appreciably lower than 5 at room temperature and decreasing with 
fall of temperature fairly rapidly from 4-87 at 0° C. to 2-98 (approximately 3) 
at —200° C., remaining constant at this value to the lowest temperature investi- 
gated (about —240° C.). (b) A group of diatomic gases (0 2 , N 2 , CO, NO, 
HC1, HBr, HI) for which C, is very nearly 5 over a wide range of temperature; 
the members of this group show small but well-established differences in C # . 
(c) The halogen gases Cl 2 , Br 2 , and I 2 (vapour) which have higher values of C„ 
about 6 at ordinary temperature and more dependent on temperature than those 
of group (/>). s The effect of the introduction of a second atom of halogen into 
a molecule, exemplified by HX and X 2 , is also found in organic substitution 
products. 6 


§ 29. Boltzmann’s Theory of Specific Heats of Gases 

The behaviour of diatomic molecules of type (b), for which C f ~5 g.cal., 
was ingeniously explained by Boltzmann, 7 and since his results arc still the basis 
of the modern theory, they will be explained in detail. Boltzmann followed up 
some earlier work on similar lines.* 

I he capability of motion of a body depends on the number of degrees of 


1 A supposed decrease of C c for helium at low temperatures found by Eucken, Verhi d. D. 
Phys. Ces., 1916, 18. 4, 18, is certainly due to experimental error. 

1 Bert helot. “ Thcrmochimic," 1897, 1 . 47. 

l921 Pa i07 n8 203’ Na ’ Ure ' I921, 107, ,72: Trans ‘ Faraday Soc ' m2 ‘ ,7 - 7 34 1 Rankine, Nature, 

4 The case of deuterium is similar. 

* Strccker. Ann. Phys., 1881. 13. 20; 1882, 17. 85; Partington. Phys. Z. 1914. 15, 601, 775. 

0 Capstick. Phil. Trans., 1894. 185. I. 

7 W[en Bcr •• W6. 74. II. 553: Ann. Phys., 1877, 160, 175; M Vorlesungen liber Gastheorie," 
1898, 2, 128; Kirchhoff, "Vorlesungen iiber die Theorie dcr Warme," Leipzig. 1894, 168; 
a simple exposition is given by Ramsay. " Gases of the Atmosphere." 3rd edit.. 1905, 211. 

* Maxwell. J.C.S., 1875. 13. 493; Nature, 1875. II, 357; 1877. 16. 242; " Scientific Papers," 

Cambridge. 1890. 2. 418; Watson, " Kinetic Theory of Gases." Oxford. 1876, 27, 37; 2nd 
edit Oxford, 1893 82; Roiti, Mem. Accad. Lincei. 1877. 1. ii. 762; Nuov. dm., 1877, 2, 42; 
Viola. Mem. Accad. Lincei. 1883. 7, 112; Nuov. Cim., 1883. 14. 183, 207; Petrini. Z. phys. 
Chen,., 1895. 16 97; StajgmUller, Ann. Phys.. 1898. 65. 655, 670; Richarz, ibid., 1899, 67, 702; 
Lcduc, Compt. Rend., 1898. 127. 659: Meyer. " Kinetic Theory of Gases." 1899, 139* Jeans, 
Phi,.Ma g 1901. 2 «8; Ensnid Z. /*,, CW. 1907. 58. 257; Crompton, ibid, lioi 59, 
635 ; Girtler, 1907^ 1 16, II A, 759; Drucker. Z. Elektrochem., 191 1. 17, 466; Thornton. 

11R 1 V n 2r w : l 1920 ' ,09 > U2 ' Roca ^- ^mpt. Rend., 1924. 

' ?i 8 ' f* Wa3 S> J , Unr " Vfrs,a * K Akad ‘ W « en *- Amsterdam, 1914. 22, 1131, 
argued that a diatomic molecule has 7. not 5. degrees of freedom. 
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freedom ,* / (Walerston, and Maxwell). A particle regarded as a point may 
move in three directions in space (x, y , 2 ) and any motion may be specified in 
terms of these; it has three degrees of freedom. Boltzmann assumed that a 
monatomic molecule may be pictured as a small smooth sphere; any rotation it 
might have could not then be changed by collisions 2 and it has only three 
degrees of freedom (/=3). 

A rigid diatomic molecule may be regarded as two smooth spheres at a fixed 
distance apart, like a small dumb-bell. This has three degrees of freedom for the 
translational motion of its centre of gravity; rotation 
about the axis could not be affected by collisions and 
is not effective, but the two rotations of the molecule 
about its centre of gravity in two planes at right 
angles (Fig. 14.VII E) can be changed by collisions, 
and hence the molecule has two effective rotational 
degrees of freedom. Such a rigid diatomic molecule 
has, therefore, five effective degrees of freedom (/= 5). 

Rotation about axis (1) is constant and ineffective; 
rotation about axis (2) is in the plane of the paper; 
rotation about axis (3) is at right angles to the plane 
of the paper. 

A rigid molecule containing more than two atoms 3 
will have an additional effective rotational degree of freedom about the axis ( 1 ). 
making six degrees in all (/*= 6). 

Boltzmann assumed that the kinetic energy is shared equally among all the 
degrees of fYccdom, which is an extension of Maxwell’s theorem of equipartmon 
of energy (§ 20.1V). Since in the above cases, all the energy 1 $ kinetic, the 
theorem is directly applicable. The energy of a monatomic gas being (from 
the kinetic theory, § 3.III) }RT per mol. the kinetic energy per degree of free 
dom for all molecules will be $xiRT=\RT. hence the contribution to C r per 
degree of freedom will be £/?=! g.cal., and C, = i RJ g-cal. per mol. 



Fig. 14. VII E. Axe* of 
Rotation of a Rigid 
Diatomic Molecule 


Molecule 

/transl. 

/ rotational 

i RJ 

C, ob>. 

monatomic ... 1 

3 

0 

f*-3 

:*- 5 

3 

« 

diatomic rigid ... 

3 

2 

>5 

polyatomic rigid 

3 

3 


Most polyatomic gases have C r values greater than 6: 


C0 2 <17‘) 
S0 2 (13®) 


6 76 

7 27 


NH.04 5‘) 

NjO (12 ) 


6 71 
b-76 


and diatomic gases of group <c) (§ 28) have C r greater than 5. T h e abnormally 
small value for hydrogen cannot be explained on Boltzmann > ' . » 

1 This must not be confused with the number of degrees of freed o in ^ of * * ' , s ^ n ^ 

sidered by the Phase Rule. For a different definition see Roberts. Heat and i n^ 
dynamics,” 1940, 147. Staigmuller (op. cit.) called for nJn-tnmsb- 

dinates (degrees of freedom), the ” heat dimension . 3(« j* mini energies are 

tional coordinates, and as Staigmuller assumed that thc kinetic an P • Uncneenerijv 
equal In these, the total energy due to them will be 6<«- 1>«. where < is the nun kinuu .. 
per degree of freedom. . . lo .,» m 

2 For the mechanical vibrations of atoms, see Sutherland. Phil. . i g~ 

2 Sackur, Ann. Phys., 1913, 40. 87. 
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where C v is abnormally large (G 2 , Br^ and I 2 vapours) can be explained by 
assuming that the molecules are not rigid but the atoms are vibrating, the 
molecule will then have vibrational energy as well as translational and 
rotational. 

For a simple harmonic motion, in which the restoring force is proportional 
to the displacement (Hooke’s law) and the frequency is independent of the 
amplitude (for small displacements), the classical theory (§ 52.1) shows that 
the average kinetic and potential energies are equal, so that the total energy 
(kinetic+ potential) is twice the average kinetic energy, i.e. 2 x\RT per mol. 
If it is assumed that in the chlorine molecule the two atoms are vibrating, the 
total energy will be \RT (transl .)+ \RT (rotl.)-f §/?T (kinetic and potential of 
vibr.)=J/?7', and hence C,=J/?~7 g.cal. This is higher than the observed 
value, 6 g.cal. By assuming that /= 3 at low temperatures, a theoretical value 
of d//d7~ may be found on the basis of classical theory which will explain 
qualitatively the variation of C t with temperature. 1 The necessity of assuming 
motions of translation, rotation, and vibration, in general, in the case of poly- 
atomic molecules was pointed out by Clausius. 2 Bateman 3 proposed the rule 
that the number of degrees of freedom of an atom is equal to the sum of 3 and 
its valency, and the number of degrees of freedom of a molecule is the sum of 
the numbers for the atoms, less the number of conditions which must be satisfied 
in order that the geometrical relations peculiar to a stable configuration or state 
of motion may remain permanent. 

Boltzmann’s theory encountered considerable opposition in Britain, 4 but 
it is now recognised as essentially correct for classical conditions, and the 
apparently arbitrary assumptions about constancy of rotation about the axis of 
diatomic molecules, etc., are now explicable by the quantum theory. For 
particles in Brownian movement, the theorem of equipartition as applied to 
translation and rotation was experimentally verified by Perrin. 5 

When Strccker 6 showed that C , for chlorine and for bromine and iodine 
vapours is abnormally high for a diatomic gas, and concluded that “ neither 
Maxwell’s 7 nor Boltzmann's assumption about the kind of motion of the 
atoms in the gas molecule have a general validity,” Boltzmann 8 remarked 
that spectra show that even monatomic atoms (e.g. Hg) “ are not material 
points but must be complex (zusammengesctzt); ” his assumptions were 
only approximate, “and in default of a better founded hypothesis." The 
halogen atom might be an ellipsoid of revolution, which would lead to the 
value y=l-333 found. 


1 Todd, Phil. Mag., 1920. 40. 357; cf. Todd and Owen, ibid., 1919. 37. 224; 1919, 38, 655. 

2 Phil. Mag., 1857, 14. 108. 

’ Month. Mem., 1908, 53. No. 3. 

4 A ‘ ,hc Bri,ish Association meeting at Aberdeen in 1885, Crum Brown, Lord Kelvin, 
Naiure fSfw 0sb ?? c Re >S o! ^. all urged objections against it; see 

Mur. r^* 533 : J ' D Th °r SOn ’ Wa,ts D,c,K>nar >' of Chemistry," edit. Morley and 
A ' 5 D Cy n R r. 0y - I895 * 581 ,77; Lord Kelvin. "Baltimore Lee 
Pc< l d ' C '? roc - *°y-*oc. Edin., 1906, 26. 130; 1907, 27, 181; Magic, 
torn £ 2** S’- 6 : E ^* nfcst : Proc - Roy ’ Soc - EJ,n - ,907 . 27. 195; Brillouin, J. de Phys., 
1922 17 734 ^ P<rS,S,Cd tiH qui,c rccenl limcs: *«. ' 8 Trans. Faraday Soc., 

I M9: ' 4,W - ,909 ’ ,8 ’ 5: “ L» At om«.” 1914. 93, 163. 

„h’i/h C i;. 1875 ; ““ n, f d aU ,hr 0 aloms i“ molecule were mobile, 

whwh g ves y- l + 2/(3u+0. where , is the internal energy, whilst Boltzmann assumed that 
Y - 1 +2/n, where n= 3. 5. 6; sec Jeans. Phil. Mag.. 1901, 2 638 
* Ann. Phys.. 1881, 13. 544; 1883. 18. 309. 



§30 


QUANTUM THEORY OF SPECIFIC HEATS OP GASES 


845 


§ 30. Quantum Theory of Specific Heats of Gases 

Although, as mentioned above, the variation of C 9 with temperature may be 
explained, at least qualitatively, on the basis of the acquisition of additional 
degrees of freedom, this is not generally successful, and in the case of hydrogen 
it is necessary to assume that the two degrees of rotational freedom disappear 
at lower temperatures, a result quite incompatible with the classical theory. 
It is only by abandoning the general validity of the theorem of equipartition 
that the specific heats of gases can be satisfactorily explained ; it must be replaced 
by the quantum theory. 

In lecturing in 1900, Lord Kelvin 1 said that “ the beauty and clearness of 
the dynamical theory which asserts heat and light to be modes of motion, 
is at present obscured by two clouds," which he called “ nineteenth-century 
clouds over the dynamical theory of heat.” One of these concerned radiation 
(§ 12.VI B), the other was concerned with the theory of equipartition of energy, 
which Lord Kelvin did not accept. Both clouds were dissipated by the quantum 
theory, which came into being in the same year as Lord Kelvin's lecture 
(§ 15.IV). . . 

Planck 2 in 1900 concluded that the energy of a linear resonator, consisting of 
a mobile electric charge which may be set in vibration, is a whole multiple of a 
quantum e=hv, where A is a universal constant (6-6 1 x 10 -27 erg sec.) and v 
the frequency of vibration. The theory was extended by Einstein 3 to vibrating 
ponderable charged atoms (ions), and by Nernst 4 to vibrating or rotating 
neutral atoms and molecules. 

It is assumed that the material particles contain linear oscillators of fre- 
quency v, so that the energy of any particle is nhv % where n is an integer. Calcu- 
lation (§ 16.IV) then shows that the mean energy of the oscillator (omitting 
zero-point energy) is: 

c-A^/(e*-l) 0) 

where x=hv/kT, k = Boltzmann's constant, /?/A'; or by multiplying by Avo- 
gadro’s number N t the energy per g. atom or mol is: 

Ni-E-NhvI{e-\) < 2 > 


which is Einstein’s formula. Nernst put /»/*=/?, Nk = R. 

E=NkpvKc” T -\)=RM(^ T ~') .... ( 3 ) 

The heat capacity per mol for one degree of freedom is found by differentiating 
(3) with respect to T : 

C,=d£/d7'=/?(^v/r) 2 (e fl,/r /(e fr/r — I) 2 ) • • • • < 4 > 

These equations may be applied to calculate the vibrational energy. The 
rotational energy is also quantised (§ 18.IV), but deviations from the equi- 
partition value \RT per degree of freedom arc very small at and above room 
temperature for all gases except hydrogen and deuterium: the last case can be 
dealt with only by the use of wave mechanics (§ 23. IV). 

For a diatomic ideal gas with fully excited translational and rotational 


Baltimore 


1 Royal Institution lecture, Friday, April 27. 1900; Phil. Mag.. J 901 - , 2. I: 

Lectures, •* 1904, 486 f.; Jeans, " Dynamical Theory of Gases." 3rd edit. J92I. U. 

2 Verhl. d. D. Phys. Ges., 1900, 2, 202, 237; Ann. Phys.. 1901. 4. 553. 564; 1901. 6. 818. 

1 Ann. Phys., 1907,23, 197; Jeans. " Dynamical Theory of Gases." 3rd edit.. 1921. 371. 

Z. Elektrochem., 1911, 17, 265. 
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energies (i.e. the equipartition or maximum values) the true molecular heat at 
constant volume is: 

C.=fR+f«+H(e/r)=4-963+E(0/r) .... (5) 

where E denotes the Einstein function (3), and 9 =?v. Values of E may be 
obtained from tables.' Formulae involving Einstein functions are not very 
convenient in practice, and Fugassi and Rudy 2 found that the experimental and 
calculated results can be represented with sufficient approximation by a power 
series (§ 1 .II), C„=a+bT+cT 2 +dT i +. . . . 

The mean molecular heat is: 

C,=(l/r)J T C t d7-=4-963+£ T /r (6) 

where E T is the vibrational energy given by (3) for the temperature T . The 
following table gives some observed and calculated values of C 9 for hydrogen 
chloride: 3 

C, = 4 -963 + (E t — E 2 9i)l(T— 29 1 ); 0=3420. 


T 

C , obs. i 

C, for ©=3420 

C, for ©=4220 

1955 

5-808 

5-818 

5-623 

2115 

5-898 

5-881 

5-688 

2135 

5-916 


5 696 

2318 

5943 

5-953 

5-764 


The values calculated with 0=3420 (found by trial) are moderately good; 
the value found from the infra-red spectrum 4 is 0 =4220, for which the cal- 
culated C r values are not so good. 

Some approximate values of 0 for diatomic gases are: 5 


h 2 .. 

. 5000(6140) 

CO ... 

3100(3120) 

Br 2 ... 

510(470) 

N* .. 

. 3800(3380) 

NO ... 

2720 (2740) 

1 2 ... 

350(310) 

O: .. 

. 3300(2260) 

Cb ... 

830(810) 

HCI ... 

4150(4300) 


Godnev 6 used the empirical formula: 

C p =C pO +rE(0/T)+fl7'+67'2 (7) 

where E is an Einstein function for two degrees of freedom, and a and b are 
constants. Usually b may be taken as zero. For example, for nitrogen : 

C,= j/?+E(3360/r)+0-4x io- 4 r. 

For triatomic and more complex molecules, coupling occurs between the 

' Ncrnst. '* The New Heal Theorem," 1926, 246 f.; Simon, in Geiger and Schcel, " Handbuch 
dcr Physik " 1926, 10. 364. 

: hul. Eng. Chem., 1938, 30. 1029. 

3 Wohl, Z. Elektrochem.. 1924. 30. 47; Wohl and Kadow, Z. phys. Chem., 1925, 118, 460; 
no more recent experimental values at high temperatures are available. 

4 Hctincr, Z. Phys., 1920. 1, 345: Hicks and Mitchell, J.A.C.S., 1926, 48, 1520; Giauque 
and Overstreet, ibid., 1932, 54. 1731. 

5 Euckcn. in Wicn-Harms. "Handbuch der Experimcntalphysik,” 1929, 8, 422; Eucken 
and Fried. Z. Phys., 1924, 29, 36; quite different values (in brackets) are given by Slater, 
" Introduction to Chemical Physics," New York. 1939, 142; for several equations of this type 
sec Yamaga. Proc. Imp. Acad. Japan, 1928. 4. 102. 

* J.A.C.S., 1936, 58, 180. 
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atomic vibrations, and the theory becomes more complicated. The first 
attempt to deal with such molecules was by Bjerrum. 1 For a triangular mole- 
cule (Fig. 15.VII E) three kinds of vibrations were assumed: (i) the vibration of 
the atom A at right angles to the line BC. with the frequency v lt (ii) symmetrical 
vibrations of B and C along AB and AC (w 2 ); (iii) an unsymmetrical vibration 
of A in the direction of AC (v 3 ). The problem 
was dealt with in greater detail by Hund. 2 In cases 
where overtones and combination vibrations occur, 
e.g. with ammonia, 3 the problem is more difficult. 4 

The quantum theory gives an explanation for 
the ineffective rotation of monatomic molecules 
and of diatomic molecules about the axis, assumed 
in Boltzmann’s theory, since on account of the 
small moment of inertia the rotational quantum 

is very large and practically no energy is taken up. 

Linear triatomic molecules such as OCO and NNO have been considered, 
the fundamental frequencies being known. 5 . . 

The number of vibrational degrees of freedom of a molecule containing A 
atoms is calculated as follows. If all the atoms were free the number would be 
37V; from this is subtracted the translational degrees of freedom (3) for the 

molecule as a whole, and the rotational 
degrees of freedom (0 for A'=l. 2 for 
A'=s2, and 3 when A' is 3 or more): 

/ for monatomic gas = 3 x I —3—0=0 


Fig. I5.VI1E. Modes of 
Vibration of Triangular 
Triatomic Molecule 



Fig. 16. VII E. Modes of Vibration of 
Water Molecule 


diatomic 

triatomic 

A'-atomic 


*=3x2 — 3 — 2=1 
*=3x3 — 3 — 3 = 3 
-3N-6. 


The water molecule has three modes 
of vibration, shown 6 in Fig. 16. VII E, 
the characteristic temperatures 9 for the Einstein functions E(0 T) being 
given below them. The contributions to the value of C, due to these three 
vibrations arc shown in the table; to these are added the value 7-95 for R 
and the translational and (fully excited) rotational motions, and the total C, 
(not C„) calculated is shown. The last column gives the value of t, calcu- 
lated with small corrections (not discussed here), which include interaction 

■ Z. Eleklrochem., 1911. 17. 731: 1912. 18. 101 : lF««c*r(f'. 1917- 90; Vtrht. .1 O. 

Phys. Ges., 1914, 16. 737; Eucken. Z. Eleklrochem .. 1920. 26. 377. 

3 Stuart/* Motelrtlstruktur,** Berlin, 1934. 249; Slaicr. ** Introduction to Chemical Physics." 


see also Dennison, Rev. Mod. Phys.. 1931, 3. renney imu , 

1936, 156, 654, 678 (vibration frequency, force constant and angles ol I tru it* )m ,c 7 ?° 1 “ 

groups); Wu, " Vibrational Spectra and Structure of Polyatomic Molecule*. n N 
China, 1939, Ann Arbor. Mich.. 1946; EFyashcvich y 

65; Herzbcrg, ** Infra-red and Raman Spectra of Polyatomic Molecules. Mathematics 
a brief, highly abstract, summary is given by Margcnau and Murphy. The Mathematics 
of Physics and Chemistry," New York, 1943, 280 f. , 7 ,, bt} 

Chem., 1943, 35, 639. 
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between vibration and rotation and (at high temperatures) electronic excitation 

(§ 21. IV): 



§ 1. Viscosity of Gases 

The kinetic theory of the viscosity of gases was first worked out by Maxwell. 1 
The following simplified treatment is based on that given by Stefan. 2 

Consider two large plates, parallel to the xy plane in the coordinate system 
x, y, z and at a distance z apart, and with gas between them (Fig. 1.VI1 F). 
One plate is supposed fixed and the other moves from left to right with a constant 

velocity U. It is assumed that the gas in 
contact with the fixed plate is at rest, and 
that in contact with the moving plate is mov- 
ing with it with a mass velocity U parallel to 
the x axis. This assumption of the absence 
of “ slip ” requires modification at low 
pressures (sec § 12). The velocity gradient 
in the gas is assumed to be linear, and hence 
is U/z per unit length, and the force of resist- 
ance, R, to the motion of the upper plate 
caused by the viscosity of the gas is assumed to be proportional to this: 

R=—r)(U/z) per cm. 2 (1) 

where tj is the coefficient of viscosity (or simply viscosity) t a constant at a given 
temperature. The dimensions of rj in e.g.s. units are g.cm.^sec. -1 . The 
negative sign in (I) indicates that the force exerted by the gas on the plate is 

1 Phil. Mag., I860, 19, 19; 1868. 35. 129, 185; Phil. Trans., 1866, 156, 249; 1867, 157, 49; 
“ Scientific Papers,” 1890, 1, 377 ; 2, 1, 26; Clausius, Die kinetische Theorie der Gase, " Die 
mcchanischc Warmetheorie," Brunswick. 1889-91, 3, 84; Kitsler, J. Franklin Inst., 1929, 207, 
389; Kimball, Phil. Mag., 1935, 20. 97. 355; Smith, ibid., 1942, 33, 775. 

2 Wien Bcr., 1872, 65, II. 323 (360); cf. O. E. Meyer. Ann. Phys., 1865, 125, 564; “ Kinetic 
Theory of Gases." 1899. 174; von Lang. Wien Ber., 1871, 64. II, 485; Ann. Phys., 1879, 
145, 290 (simple deduction); Boltzmann. Wien Ber., 1872. 66. IT. 275; 1880, 81, II, 117; 
1881, 84. II, 40, 1230; 1887, 96. II, 891 ; " Wiss. Abhl.” 1909, 1, 316; 2, 388, 431, 523; 3, 293; 
Gcmant. J. Appl. Phys., 1941, 12, 626. For the general theory of viscosity, see Stokes, Trans. 
Cambr. Phil. Soc., 1845, 8. 107, 287; ” Math, and Phys. Papers,” Cambridge, 1880, 1. 75; 
Tisza, Phys. Rev., 1942, 61. 531 ; on a supposed volume viscosity, see § l.VIII E, Vol. II, and 
for gases, Kohler, Natumiss., 1946, 33, 251. 


Moving plate 


->U 


•» 


Fixed plate 

Fig. 1 .VII F. Origin of a Velocity 
Gradient leading to a Viscous Force 
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in the opposite direction to the motion of the plate. Cox ' developed a theory 
of fluid flow in which the velocity is assumed to increase exponentially (not 
linearly) with the distance from the wall or fixed plate. A theory of the viscosity 
and thermal conductivity of dense gases and liquids was developed - from Born 
and Green’s theory of liquids (see § l.VIII A, Vol. II). 

Suppose the gas between the plates divided into imaginary layers each of 
thickness dr, and assume that each layer offers a resistance to the adjoining 
layers of moving gas, all the layers being in motion with different velocities 
except the one at rest in contact with the fixed plate. The force per cm. 
between any two layers such as shown in Fig. l.VII F is. from (1): 

R^-rj(dU/d2) (2) 

Gas molecules are leaving and entering each layer. If the gas is at rest, the 
velocities are uniformly distributed in aU directions but if it is moving, lhc 
velocity component of each molecule is greater in the direction of the mass 
motion of the gas than in the opposite direction. Molecules enter the 
layers, and by collisions with the molecules there, the velocit) compo "^ nl . 
of the entering molecules is increased. Thus, momentum is taken fro <- 

molecules in the faster layers. Hknm * 

The velocity component in a plane parallel to the xy plane and distant - 

from it is: ...... v 

where U„ is the velocity in the xy plane. Since d W-'>0 < lh « “JXw'h* ‘and 
moving) every layer of gas experiences a retardation from the layer below it. and 
this lower layer receives an acceleration from the layer above it. These accelera 
tions give rise to the viscous forces, and thus the viscosity, a non-dynam.cal 
phenomenon in bulk, is explained molecularly by ordinary dynamics 

The internal friction in the gas is equal to the momentum transrn ted pe s> ^ 
through 1 cm. 2 of the xy plane. If there are n molecules ^ ^ 

velocity component .c parallel to the vertical - axis. a " d hav '"S a ^ u ,« 
component (mass+ molecular) «' parallel to the x axis, then o These ^ ecu es 
the number mv pass through 1 cm. 2 of the xy plane m a direct on parallel to the 
z axis per second. Hence the momentum transported parallel totjic * axis 
per sec. is mv . mu', and the total momentum transported parallel to the .v 
per sec. is: 

R—Enmwu' 

where can vary from -co to +». If u “ ‘he component of molecular 
velocity parallel to the x axis, then m'=u + U, and hence. 

R^Enniwu+ZnmwU ^ ' 

The term Enmwu is obviously zero, since on an average then will be as many 
molecules moving with a velocity u in a given direction as with a 
in the opposite direction in the gas, hence: 

R^ZnmwU—ZnmwUQ+ZnmwzidUldz) . . • • 

The term ZnmwUo is again zero, for the same reason as before, and hence: 

R=m(dU/dz)Znwz (6) 

Now consider a molecule having a velocity c making an angle * with the 

« J. Franklin 1 ml.. 1924. 198. 769. 

2 Yang. Nature, 1948. 161. 523. 



850 


THE PROPERTIES OF GASES 


VII F 


z axis (Fig. 2. VII F), then w=c cos 0. Assume that every molecule has, on the 
average, the mass motion of the layer in which it last made a collision, then 
z— — A cos 0, where A is the free path of the molecule; hence 

R = — m(d U/6z)ZncX cos 2 0 (7) 

In (7) n is the number of molecules with a velocity e making an angle 0 with 
the axis of z which, after collision, have traversed a distance A before crossing the 
xy plane. First sum over all possible angles 0 , with c and A fixed. Suppose the 
directions of the velocities are drawn from a fixed point and pass through the 
surface of a sphere drawn around this point as centre. The number of these 
lines making an angle with the z axis between 0 and 0+60 is equal to the total 

number multiplied by Jsin 060 (see (4), 
§8.111); hence: 

SR= — (m/2X6 U/6z)ZncX 

cos 2 0 sin 060 . (8) 

To find the total force, integrate between 
0=0 and 0=v, when (see § 8.III): 

R= —(m/2)(6U/6z)Enc\j"cos 2 0 sin 060 

- — (ml2)(dU/6z)Lnc\[— cos 3 0/3] J 
= -(ml3)(6UI6z)2nc\ .... (9) 

Fio. 2.VII F In Znc\ n is the number of molecules per 

cm. 3 which have travelled a distance A since 
the last collision before passing the xy plane, and A can have all values from 
0 to co. Hence ZncX should be found by summing over all values of A 
from 0 to « for each value of c, and then summing over all values of c from 
0 to co. The value of A for a given value of c will not, of course, be the ordinary 
“ ^ee path ” (§ 20.III), which varies with c, but as a first approximation n 
may be equated to N, the total number of molecules per cm. 3 , A to /, the mean 
free path, 1 and c to c, the average velocity of the molecules; the summation 


sign is then omitted, and if density: 

Znc\=Nc! (10) 

R=— \Nmcl(6 Uj6z) = — 7;(d U/6z) 

ri=$Nmcl=if>cl ( 11 ) 


Equation (11) may be written in various other forms, c.g. by taking N= 
N'IV t where Af'= total number of molecules in a volume V , giving: 

rj=(N'l3V)mcl=$MZcl (11a) 

where M = molecular weight and ^concentration in mols per cm. 3 (or per 
lit. if V is in litres). 

A more exact calculation, in which the average value of A is found, gives: 

!?=*/*/ ( 12 ) 

where A: is a numerical factor. This has been differently evaluated; O. E. 

1 Jagcr. Wien Ber., 1900. 109. II A. 74. took A as the mean free path plus half the diameter of 
the molecule. 
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Meyer 1 gave /c= 0-30967, Boltzmann , 2 k =0-350271, Jager , 5 ^=0-4166, Jeans/ 
k= 0*461, and Chapman , 5 for elastic spheres, *=0-491 to 0-499, perhaps 
0*500 (see below). Since Chapman's value seems most probable: 


rj =0-499 pci 


03) 


will be taken as the definitive equation in this section. 

If a typical molecule describes a free path with a momentum mu parallel to 
the x axis, and if the projection of the free path on the z axis is A', the increase 
in momentum at the end of the path will be mA'(dii/dr). If there are N mole- 
cules per cm . 5 with an average velocity c, the number of molecules crossing one 
cm . 2 of the plane z = 0 per sec. is JVc, and hence the transfer of momentum is: 

N6 . m\'(dQldz)=pdX'(6ul6z) 

if each free path has the same projection A' on the r axis. If the free paths arc 
distributed equally in all directions at random, and are of average length A, 
the average value of A' is i A, and hence the transfer of momentum is : 

JpcA(dii/dz). 

But this is equal to 7 j(dfl/dz), where 77 is the coefficient of viscosity; hence : 

rj=\pe A (I 4 ) 


which is practically the same as (13). 6 ttB . 

By substituting / and e from (18). 5 21.111. and (35). § 10.111. the equation 
(13) may be written in a form giving the molecular diameter a from the measured 

values of n*. _ 

77 =0-499 Nmcl. \/y/(2Nno 2 ), 

M/N. 


m s 


e=2y/(2RT/rrM). 

t7 = 2-715x 10" 2l V(A/7')/a 2 1*5) 

where TV is Avogadro’s number, 6-02x10”, and *-83-15 x 10- e.g.s. units. 
With Tail’s free path (44), § 22.111: 

77«=l051(i/xV)~=0-350/>c7 (l6) 


§ 2. Effect of Pressure on Gaseous Viscosity 

Substitution of /in (12), § 1, from (18), § 21.111. gives: 

77 - kNmCl y/(2)Nm> 1 - kmc I V (2)rra- ( 1 > 

which shows that rj is proportional to \/m (since <? is proportional to J/v "0 
but is independent of the pressure, and depends only on . * P r 
(through c) and the molecular diameter a. The surprising independence ol 

• " Kinetic Theory of Gases,” 1899. 176. 189. 451. 
a " Vorlesungcn iiber Gasthcoric." 1896. I. 79; Dushman. 


Production and Measurement 

- ” vorlesungcn uber Uastnconc, iovo. 1 . > y . Thcorie 

of High Vacuum," Schenectady. 1922. 16. prefer, tlm value . Clausms. D c 
der Gase, " Die mechanischc Warmcthcoric." Brunswick. 1889-91. 3. IQU ga 

* Wien Ber., 1899, 108, II A, 447. ,, 6 . - Kinetic Theory of 

4 ” Dynamical Theory of Gases." 3rd edit.. 1921. 248. 287. ->9. 316. 

s^AI/. 1 9 1 6. 217, 115-197; Chapman and Hainsworlh. c^ridge! 

Chapman and Cowling. "The Mathematical Theory of Non-Uniform G • 

1939. 151 f.; Herrfeld " Wcglange und Transportersche.nungen .n , Ga«„ Lc }!«*»*» 
Kirkwood. J. Chem. Phys., 1947. IS. 72, 155: Hirschfelder. Bird, and Spotf. 

968. 

4 Jeans, " Kinetic Theory of Gases." 1940, 46. 
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pressure was confirmed by experiment and became one of the best arguments 
for the truth of the kinetic theory. 1 

The figures below 2 give the relative viscosities ( V )' at 750 mm. Hg pressure^ 1) 
of air at 15°C. as measured by the oscillating disc method (§ 8; distance 
between plates = 1 -967 mm.), and the mean free paths /. The apparent decrease 
at low pressures is due to slip (§12): 


Pm m. Hg 750 380 20-5 2-4 1*53 0-63 

lb' « 1 01 1-004 0-978 0-956 0 908 

6x10-* l-2xl0~ 4 2-2x10'* 1-9x10-2 0 030 0 073 


A “ commonsense ” view would have led one to think that the viscosity 
should increase with density, because the viscosity of liquids is much greater 
than that of gases. Another curious result is that for gases the viscosity 
increases with temperature, whilst for liquids it decreases. The reason for such 
differences may be roughly stated as a consequence of the negligible value of 
cohesive forces between gas molecules, and their large value in the case of 
liquids. Viscosity in liquids is largely determined by cohesive forces, which are 
weakened by rise of temperature, and it shows little dependence on molecular 
velocity or free path. 

Some consequences of the independence of viscosity on density are sur- 
prising. Stokes’s law 3 for the velocity of fall, «, of a sphere of radius a and 
mass m in a fluid of viscosity rj is (g=accelcration of gravity): 


u=g(m-m 0 )/&7rrja ( 2 ) 

where Wp is the weight of fluid displaced. Since m 0 for gases is very small com- 
pared with m it may be neglected, so that the steady velocity of fall will be the 
same at all pressures. Similarly, the air-resistance of a pendulum should be 
independent of the density of the air, so that the oscillations should die out at the 
same rate at low pressure as at high, as was found experimentally by Boyle 4 
in 1660 Maxwell found that when three movable discs oscillate between 
lour fixed parallel discs on a torsion thread, the oscillations die away at the 
same rate whether the air between is at atmospheric or lower pressure. For 
cry sni all spheres (c.g. oil drops), still large in comparison with the mean 
Irec path, falling in a gas, Stokes’s law no longer holds. Cunningham « then 
found that the denominator in (2) must be replaced by 6W(l-M/ fl ), where 
A is an empirical constant, found by Millikan to be 0-864. This is important 

nr, hnKi termm f 0f lhe elec,ronic char S c b y Millikan’s oil-drop method, 
probably one of the most exact methods. 7 The question of the validity of 

Phil 0 TrL M \*k A Z 125 l l 77: ,866 ‘ ,27 - 253 - 353; 1873, 148. i; Maxwell, 

• m * 3871 for demons,rauon 

! $ uo,cd L b y ® H. S. Taylor, **’ Physical Chemistry,- 1931 1 155 

CambX.?wt'3 f (59^’ ,85 °’ *' 8 (Ct * Ua,i ° n (l2 * P ' 5,): ** - d "*«■ " 

i 'pM 0t frans 11 PhiL Trans > 1886 - 767. 

177. 786.' • ’ 249: Sc,cnUfic Pa P crs -“ l89 °- 2 . I! Stokes. Phil. Trans., 1886, 

707 ;^htniikani pTyi 7ev wi? I U in“p "'l 33, l5 *J ^ Z ' ,9 ‘ '* ,2 ' 

An,,Ph>,. .926. 81 , 855 ; Hcrzfeld, in H. S CtotoT 1 183 ** 

- as at* fh^sight 1 wnKd*n , ot l,? m ,afn SE? 'l? 1 lhc mclhod cann0 ‘ ^liable Value of e, 

sivSwSsSBaaris: 

’ ,Z * /07 (finds Roux. Conipi. Rend., 1912. 155 ,1490; 



§2 EPFECT OF PRESSURE ON GASEOUS VISCOSITY 853 

Stokes’s law in cases where the particles are in Brownian movement was dis- 
cussed by Weyssenhoff . 1 

At higher pressures the viscosity is no longer independent of the density of 
the gas. • Some values for carbon dioxide at 40 C. are: 2 

p atm. 1 24 100 

ijXlO* 1 -57 1 69 4 83 


At 100 atm. 77 is nearly proportional to the density. At very low pressures, 
when molecular collisions are infrequent, the viscosity should again be propor- 
tional to the density. In this case a molecule between two parallel plates at a 
distance apart which is small compared with the mean free path makes no 
collisions in the space between them. If one plate is fixed and the other moving 
with a constant velocity u, each molecule after striking one plate moves with 
constant velocity until it strikes the other. If the plates are rough the force on 
a plate per unit area is up/V(2^RT/M) (see (1). § l.VII J). The coefficient multi- 
plying u has been called the free-molecule viscosity . 3 The effect of density on 
viscosity at higher pressures was considered by Enskog . 4 who used a method 
which is a generalisation of the one used in Lorentz's electron theory of metallic 
conduction. He took account of the transport of momentum in collisions, 
assuming that a transport over the molecular diameter a occurs with practically 
infinite velocity. The transport for the free path should therefore refer to a 
distance A+ocos 0 instead of A (§ 1). where 0 is the angle between the free 
path and the normal to the xy plane. The correction is expressed in terms ol 
van dcr Waals’s equation (sec § l.VII C): 

(p+a/v 2 )(v—b)~p(v—b)=Rr 

and takes the form: 

flfa-l/H+ibp+0-76\4b*pW 

where p=dcnsity, t? 0 =s viscosity of ideal gas=1016(5/16o 2 )\ (inkTrr), b=$roK 
the molecular diameter a being calculated from *? 0 . and // is a coefficient lor the 
probability of one molecule being near another. Clausius and Boltzmann 
found: 

//=l + |6p+0-2876 2 p 2 + (4) 


and when substituted in ( 1 ) this gives: 

77 / 770 - 1 +01756p+0-866 2 p 2 + 


(51 


( 6 ) 


The equation may also be written in the form: 

2 * 545 ( 77 //)) — (?i/p)»(vlb + 0 - 8000 + 0 - 76 1 4b, v ) • • • 

where (rj/p) 0 is the minimum value of 77 /p reached when t *0-8726 b. Ihi> 
formula gives satisfactory results at high densities, as is seen in a comparison 

Schidlof and Murzynowska. ibid., 1913. 156. 304; Shakcspcar. Phil. Mag.. 1914. 28 72*: 
Parankiewicz, Phys. Z., 1917, 18. 567; 1918. 19. 280. LassjUk. Phys. I?-1. *• 

M =0-8249); Ishida. ibid., 1923. 21. 550; Eglin. ibid.. 1923. 22 . 161; Epstein, ibid.. 1 .4. 2 . . 
710; Brcit, ibid., 1924. 23. 608. 

1 Bull. Acad. Polon., 1925. 7 A. 219. n c , mo » «• 

2 Warburg and Babo. Ann. Phys., 1882. 17. 390; Phillips .Proc. Roy. 

Wildhagcn, Z. angew. Math. Mcch., 1923. 3. 181 ; Spc>crcr. Forschungsarb. Cebitt In., nut, 
»«.. 1925. 273 (steam); Kcnnard. “ Kinetic Theory of Gases." 1938. 150. 

3 Kcnnard, " Kinetic Theory of Gases." 1938. 301. . . 

4 K. Svensk. Vet. Akad. Hand!.. 1922. 63. No. 4 (in German); Ar ^ v S1 ' u of 

1922, 16. No. 16; 1928. 21 A. No. 13; Chapman and Cowling. " The MathunatKal Thu r> 
Non-Uniform Gases." Cambridge, 1939. 273 f. 
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of the calculated values with the experimental figures (by the capillary method) 
of Michels and Gibson 1 for nitrogen at 50° C. given in the table (values at 
25° and 75° were also found); a minimum value of rj/p is shown and the value 
v=0-8726 b at which it should occur is reached at about 580 atm. 


p atm. 

rjlp obs. X 10*' ijXlO^Obs. 

ijxlO^calc. 

15-37 

1179 

191-3 

181 

57-60 

327-4 

198 1 

190 

104-5 

192-8 

208-8 

205 

212-4 

1 14-8 

237-3 

224 

3204 

95-2 

273-7 

266 

430 2 

88-7 

312-9 

308 

541-7 

86 6 

3509 

348 

630 4 

859 

378 6 

380 

742-1 

870 

416-5 

418 

854-1 

889 

455-0 

455 

965 8 

909 

491-3 

492 


Jagcr 2 used the equation: 

1-*l(I+#+ ...)“ , +4^] (7) 

where p=b/v, and also introduced a correction for the intermolecular forces 
depending on the van der Waals a constant, 2a/vRT=21pTJ4T : 

i?-*>P+i(l +9kTJ2T)p) (8) 

Dubief 3 connected the viscosity rj of an actual gas with that, rj 0 , of the gas in 
the ideal state by the equation rj=rj 0 y/(V-b), where b is van der Waals’s 
co-volume for the total volume V, and b=b 0 -[d*/{VHc)], where c and d 
are constants. 

The results of Warburg and von Babo 4 for carbon dioxide at 77-2 atm. and 
/> =*0-450 g./cm. J agree with Enskog's formula. Trautz 5 considered the effect 
of pressure on viscosity and the reduction to zero pressure. He assumed that 
by collision, two molecules may form a pair (dimer) and if A 22 /A lx is the ratio 
of the cross-sections of the dimer and simple molecule (approximately 5:3), P 
the total pressure in atm., a the van der Waals-van Laar constant (§ 34.VII C), 
R= 0 0036618, and and rj { the measured viscosity and that in the ideal state, 
respectively, then: 

Vm=rii+V*P/(RT)i](A22jA , {Kvn-vJ .... ( 9 ) 

where t?, 2 is the value for collisions between dimeric and monomeric molecules. 
Thus, -q n is a linear function of pressure. 

Schrder and Becker 6 found that the temperature coefficient of i? for ether 
vapour at various temperatures above the critical point changes with increas- 
ing pressure from a positive value, characteristic of a gas, to a negative value, 


> Proc. Roy. Soc .. 1931. 134, 288. 

2 Wien Ber., 1899. 108, II A. 447. 

J Compt . Rend.. 1925. 180, 1164; 1926. 182. m j.JePhys.. 1926,7.402. 
v 4 ; " u, 50 ^ : Ann - Phys " m2 ' ,7 - 390: ""“tod by Brillouin. « Lemons sur la 

w i 907, \ 49; G n aC t U * ,n w,nkeImann . *' Handbuch der Physik,** 1908, 1, ii, 1399, 
4 ^ 6 /l/rn V p/i>^ r8 193 ? 8 ° 797 '^° ^ tempcra,ures abovc ,hc critical point. 

6 Z. phys. Chem.. 1935. 173, 178. 
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characteristic of a liquid (Fig. 3.VII F). Leipunsky 1 found that, at high densi- 
ties, the viscosity calculated by Enskog’s formula is higher than the observed, 


and connected this with the 
change of b with pressure. For 
mixtures, Enskog’s formula still 
gave satisfactory results, the value 
of b being calculated from: 

b= 1 -872 X \0-iT> W 2 M''* 

(M= mol. wt.). 

Measurements of viscosities of 
steam at high pressures (to 300 
atm.) and temperatures (600°) by 
the capillary method 2 gave values 
higher than those extrapolated 
by Sigwart. 3 The pressure effect 



Fig. 3.VI1 F. Effect of Pressure and Tempera- 
ture on the Viscosity of Ether Vapour 


Air at high pressures was investigated 
for steam independent of 


followed the equation given by 
Shirokov, 4 r)=ai(p+a/v 2 )[v 2 l(v—b)]. 
by Nasini and Pastonesi. 5 Shugajew 2 found rj 
pressure up to 93 atm.: 


rc ioo 200 300 350 400 

v dynes sec. cm.-' x 10* 125-5 163 5 202 4 221 4 2412 


There is no effect of an electric field on the viscosity of a gas. 6 The effect of 
a magnetic field on the viscosities of the paramagnetic nitric oxide and oxygen 
is to produce an apparent decrease of mean free path. 7 The viscosity of log 
is nearly independent of the size of the droplets of water (5x10- to 10 
cm. diam.) and is given at 0° by ,=0000171 + 1 -59w, where h-- weight of water 
per cm. 3 (I -5 x 10-* to 1 -5 x 10-* g.). s 


§ 3. Persistence of Velocities 

The simple viscosity equation (II), § I, v=ipU found by Maxwell (I860), is 
obviously in need of correction owing to oversimplification in the assumptions. 
The corrections modify the numerical factor j. as stated in § I. 

One apparent correction is really non-existent. It might be thought that the 
mean free path from the last collision to the plane should not be /. as assumed, 


» Ada Physicochim. U.R.S.S., 1943. 18. 172; Gonikbcff. J. Phys. Chen, . U.S.S.R., 1947. 
21, 811. «». cu. — i-.. / Ph\$. Client. 


2 Spcycrcr, Forschungsarb. Ceblei Ingenieur wes. 1 92 5 . 273 : s h irok ov J - £ > 

U.S.S.R. 1932, 3. 175; J. Expil. Theor. Phis. U SS R.. * 933 - ' U SSR 

The or. Phys. U.S.S.R.. 1933. 3. 247; Sow. Phys. Z.. 1934. 5. 659; T«mrot. J. PI. l-SjS-R.- 
1940 2 419* Dorscv “ Properties of Ordinary Water Substance. Nc" >ork. 1 40, 
^Fort'L^bZlX^nZ,.. 1936. 7 B. 125; Rudorfl. £*. an., Bo, Ur Hon,.- 

Re * J^ExprU Th*or. Phys. USSR.. 1933. 3. 237; Sa*c and Ucey. Amor. In,,. Min. Mot. 
Eng. Techn. Pub!., 1937, 845. 

5 Qazz., 1933, 63. 821 (200 atm.). „ .... ,«•>» mi) 

« Ray, Phil. Mag., 1922. 43. 1129; Sirk. Z. Phys.. 1923. 13. 35; Ph,l. Mag.. 19.3. 4.. 

(< ^' Engelhard t and Sack. Phys. Z.. 1932. 33. 724 (O.O; Sack. Uelv. Phys. Acta \W. 

Trautz and Frdschl. Ann. Phys.. 1935. 22. 223 (O;. NO); von Lauc^iW-. 193. 5 23. I *nH 
leben and Gladisch. Ibid.. 1937. 30. 713: 1938. 33. 471; van litcrbcck and Claes. J. di 
1938, 9, 457. 

• Mokrzycki, /. de Phys., 1926. 7. 188. 
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but //2, leaving 1/2 for the path from the plane to the next collision. A detailed 
consideration 1 shows that long free paths have a greater chance of crossing the 
plane than short ones, and with Maxwellian distribution the mean free path of 
molecules crossing the plane with velocity c is just double the mean free path 
for all molecules in the gas with that velocity; in all cases, regardless of velocity, 
the mean distance to the plane and the mean distance beyond it are each half 
the mean free path. The assumption, therefore, stands. 

The assumption that the mean free path is the same for all velocities requires 
correction, but Boltzmann 2 showed that this changes J only to 0-35, or by 
5 per cent., which is negligible. A further correction 3 for the change of collision 
rate because of the change in mass velocity of the gas through which the molecule 
is passing, changes 0-35 to 0-31, which still leaves the coefficient practically 
equal to 

Actually, the most important correction is for the fundamental assumption 
that the velocity distribution of the molecules which have just collided is a 
Maxwellian distribution, and this correction requires a completely new method 
of deduction, already foreshadowed by Maxwell, but first carried through by 
Chapman; 4 another line of approach, opened out by Boltzmann, was elaborated 
by Enskog. 5 Both lead to the final equation, (13), § 1, for hard elastic spheres: 
rj=0 499pcl. The main cause for the large change of coefficient from 0-333 
to 0-499 is the persistence of velocities after collision, which was taken into 
account by Jeans. 6 * * * Molecules show a tendency to continue to move in their 
original direction after a collision, and in the case of elastic spheres the average 
component of velocity in the original direction after collision is found to be 
about 40 per cent, of the velocity before collision. This results in an apparent 
increase in /. 

Jeans calculated for two hard elastic spherical molecules of equal mass 
colliding with velocities c and c', the “ expectation ” a of velocity in the direc- 
tion of motion of the first molecule, and showed that the persistence of velocity 
a/c of the first molecule depends only on the ratio c/c'=k according to the 
formulae: 

<x/c=(15k 4 +1)/10k 2 (3k 2 +1) when *>11 
and a/c=(3* 2 +5)/5(K 2 +3) when*<lj • • • 0) 

<■/<•' “ 4 2 1 0 66 0-5 0 25 0 

a/c 0 500 0-492 0 473 0 400 0-368 0-354 0-339 0-333 


For two molecules of unequal masses m,, m 2 , the value of a/c depends on the 
masses, and if (a/c), is the value for equal masses, its value for the first molecule is: 

a/c=(m I ~m 2 )/(m 1 +m 2 )+{2//i 2 /(m I +m 2 )l(a/c), ... ( 2 ) 

0 0 1 0-2 0-5 I 2 5 10 od 

average (a/r) 1000 0 879 0-779 0-573 0 406 0 243 0 152 0 086 0 000 


1 Kcnnard. - Kinetic Theory of Gases.” 1938, 141. 

* ” Gasthcorie,” 1896. 1,79. 

5 O. E. Meyer. ” Kinetic Theory of Gases," 1899. 446. 

J 43 . 3; l916 - 2,< ’ 27,; l917 - 2I7 ' IIS; Jon «- ibid - 2U. 1: 

SwXCteS ■ 1922 ' “■ N °- ,: “ ldCT ' 

16* No 16 Z ’’ 191 lf l2 ' 56 ‘ 533; DiSSerl ‘ UppsaIa - ,9,? : Arkiv Mat- Asiron. Fys., 1922, 

Jeans. Phil. Mag. 1904 8. 700; ” Dynamical Theory of Gases.” 3rd edit., 1921, 260; 

i? 40, 148; Kucncn - VersIa S- *• Akati - Wctens. Amsterdam, 

1913. 21, 1088. Proc. K. Akad. Wetens. Amsterdam, 1913, 15. 1152; 1915, 17, 1068 (correction). 
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1 4 NUMERICAL VALUES OF THE VISCOSITIES OF GASES 

The persistence is positive, but it can have any value whatever, according to 
the ratio of the masses of the molecules. Jager 1 obtained a somewhat different 
numerical coefficient, a factor 1 -051 in his equation being omitted by Jeans. 

Since (35), § 10.111 shows that c is proportional to y/T it follows from (11), 
8 1 that the viscosity should be proportional to the square root of the absolute 
temperature. This result is not confirmed by experiment, the viscosity increasing 
with temperature more rapidly than y/T. This indicates that the mean free 
path must really be a function of temperature, and hence the hypothesis that 
the molecules are hard elastic spheres must be given up. Since the viscosity is 
proportional to the mean free path in the simple formula, it appears that the 
free path increases somewhat with temperature, i.e. the molecular centres 
approach more closely than they would if the molecules remained hard elastic 
spheres. This matter is taken up again in § 5. 


§ 4. Numerical Values of the Viscosities of Gases 

The following table 2 gives some values of rj at 15 C.. the values of / calcu- 
lated from equation (13), § 1. ^=0-499 pci, the molecular ;* d.ameters a cal- 
culated on the assumption of elastic spheres by (18), § -1.111. /- 1 \/l 2 )r:N L o . 
and the coefficient n of temperature variation of r, from r,=kT vhcrc k is a 
constant. The units are n dyne sec. cm.-. / cm ... cm Calculations o 
molecular diameters by four methods were given by Wheeler (density ot 
liquid, critical volume, viscosity, van der Waals s equation). 



> WicnBcr., 1899. 108. II A. 447; 1918. 127 .11' ' urc for deuterium is from Van 

2 Kcnnard, " Kinetic Theory of Gases. 1938. 149 the ™ |q , , s| al 0 - t , 24 o 

Cleave and Maass, Canad. J. Res.. 1935. 12. 57. who fou v result confirmed b> 

at 20% and 1242 5 at 22% equal to s (ph Jpnd times .935. .36. 682 

Admur. J.A.C.S.. 1935. 57. 588; the value for a.r.s from ™ 

(sec ref. 1, p. 863); sec Jeans. Phil. Mag.. 1904. 8. 692. 

3 Rec. Trav. Chim., 1932, 51. 1204. -*|7. I‘>23. 22 I ; Kupp. 

« Ann. Phys., 1913. 41. 759; 1938. 32. 34. 520; Phys. Rev.. 19.3. 21. 

Phys. Rev.. 1913, 2, 363 (1837 5 x 10"’ at 29 ). 

5 Anfilogoff, Thesis, London, 1932, 387. 


Viscosity rjx 10 7 at various temperatures, C 
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3 Rankinc. Proc. Roy. Soc., 1911, 84, 181 (air. He, Ne. A, Kr, Xe). 
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17 Trautz and Stauf, Ann. Phys., 1929, 2. 737 (H 2 , C’H 4 ). 

Trautz and Kipphan. Ann. Phys., 1929. 2. 743 (He. Ne. A). 

19 Trautz and Ludewigs. Ann. Phys., 1929, 3. 409. 

2“ Trautz and Binkelc, Ann. Phys., 1930. 5. 561 (H ; . He. Ne, A, and mixtures). 

2' Kccsom and Mac wood, Physica, 1938, 5. 749. 

” J raulz and Mcls,er - Ann - Fh > s - >930. 7. 409 (H 2 , Nj. 0 2 , CO. C : H 4 , and mixtures). 
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* Trautz and Zimmerman. Ann. Phys., 1935. 22. 189 (H 2 . He, Nc and mixtures at low 
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40 Stewart and Maass. Canad. J. Res., 1932. 6. 453 (SO’). 

*' Anfi logoff, Tlicsis, London. 1932 (air. A. HO); Partington, Phys. Z., 1933, 34, 289. 
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Gyo/.., Zemplen, Ann. Phys., 1905, 19. 783 (i? for air at 20 4 9 =0 0,1794) 

, lh yf .**• Ch r- ,938 ‘ 30 ‘ 829 ' also Landolt-Boms.cn. - Tabcllcn.” 

1W2 22" I p“ 3, 7 : 93 ’ Erg:h " 2 ’ '• l37; Schudcl - Schweiz, rerein Gas - //. Wasserfach., 
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$4 NUMERICAL VALUES OF THE VISCOSITIES OF GASES 

of values for air ranging from 1822-6x10-? to 1838-8x10-? was given » as 
t ) 23 =(1830 0 ± 2 - 5 ) x 10 -?. Hopper and Laby* showed that e =(4 8044 ± 
0-0007) x 10~ 10 , from the X-ray results, requires a value of r, 2y =(m0-9± 
0-5) x 10”? for agreement with the oil-drop results. 

The table on pages 858-61 gives values of r, for several gases and vapours, 
and some values of Sutherland's constant C (§ 5) are included.* 

Some viscosity values at lower temperatures (1 atm. pressure) found by 
Sutherland and Maass 3 are (rj air at 20-8"= 181 1 -6x 10 - ?): 


r c. 

9 x I0 7 

T C. 

17 x 10 7 

rc. 

v x I0 7 

h 2 < 

r r 

|^-31 6 

876 4 

835 1 

766 9 

-62 6 
-97 5 
-112 6 

700 6 
615-2 
576 9 

-113 5 
— 123 7 
-183 4 
-198 4 

571 5 
547-5 

388 4 

336 0 

f 21 8 
CXM 1-3 

1470 8 
13611 

-194 
-40 2 

1259 9 
1154-5 

-600 
-782 
-97 8 

1060 8 

971 6 

895 8 


Stewart and Maass 4 
-4-93x10"? (23-/)): 


found for sulphur dioxide (»j air=* 1824 0 x 10 


/•C. 
p mm. 

*?x 10 7 


29-8 
760 
1298 0 


20 5 
760 
1255 0 


0 -6-2 -179 

760 733 474 

1 1 58 0 11320 1083 9 


-192 -356 -75 

450 105 « 

10806 1013 6 858 1 


Day 5 found at 25° C. for pentane gas ^=(677-2-0 0084^ 


) x 10'?. and 


• Kaye and Laby. " Tables of Physical and Chemical 
edit., 1948, 136; including values ’jS JJj7 52 751 Rigdcn. Phil. 

1936, 22. 624; Proc. Phys. Soc ., 1937. 49. 205i Houston -PA>. Acad.. 
Mag., 1938. 25. 961; Bearden. Phys. Rev.. 1939 Maurtcwdl. Phys. Rev., 

1905, 40, 61 1 (method of oscillating spheres. 9-0-000! 71 i for a.r^t : 0 /*,-«/.. I9|6 . 

1916. 8. 479 (capillary tube method. ,,-0 (WOI8273 forau ■ a« . ^ J l935 , 

8. 738 Oj-O 00018226 for air at 23 w by Gilchrist s method. >. 8). Forucr ^ 3J x I0 -, 
201, 1330; 1936. 203. 71 1 ; 1939. 208. 506 by a new captllay 9 ( , J 34 3S x , 0 - 7 

for air at 23°; Majumdar and Vajifdar, Proc. Indian Acad., 38. 8 / . (I833 . 3 x |0’ at 

at 23°; capillary method); Bancrjca and Plattanaik. Z. Phys.. 1931 . . 

23°; capillary method); for a discussion of values, sec Harrington. Phys. Rei.. W. 

Hopper and Laby, Proc. Roy. Soc.. 1941. - Kucncn •• Die Eigcnschaftcn dcr 

^ Older values, see Fisher. Phys. Rev.. 1907 24 . 385 . Kucncn. |9|9 . | 0 5 : 

Case" (Ostwald-Drucker. “ Handbuch dcr allgcmeinen a „/ La b y> - Tables.” 

Anfilogoff. Thesis. London. 1932; Schuil. Phd. Mag ..193?. dSisihuil Viscosities not measured 
9th edit., 1941. 41 ; values in square brackets *ere comped bySchu.Lv.cc^ round 

at the temperature at the head of the tabic were measured at temperatures 

brackets above the values. * is the viscosity at the cn i temperatures (oscillating 

3 Canad. J. Res., 1932. 6. 428; for viscosity of O: " N * J de Phvs.. 1938. 9. 457; 
disc method) sco Van Ittcrbcck and Claes. Physiea. 1936 .... , 938 < 749; for 

for Hj and Dj, idem, Physiea, 1938, 5 93 8; £**5° or ° /w K 4kad. tVetens. Amsterdam. 
oxygen. Van Ittcrbcck and Kccsom. ibUL. J935. 2 . 91. Pr a . independent of 

1935. 38. 11; CH 4 and CD 4 . Van Ittcrbcck. V 9 3 fouSdf 

temperature). Van Ittcrbeek and Claes. Nature. 1938, 142. 793. toun 

75 20 

135 124 1-24 


r°K. 

W7Mj 


293 
1 39 


90 
1 34 


14 

1-25 


Viallard. Comp. Rend.! 1946. 223. 1 128. found Wggl " 

to +25° is 1-395; this shows that the H 2 and Ds molecules haxc 


4 Canad. J. Res., 1932, 6. 453. 

5 Phys. Rev., 1932, 40. 281. 
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for tyopentane gas ^(696-5-0-0077/Ox 10' 7 . Yen 1 found at 23° 
H 2 882*16 x10-’ 0 2 2I42-35X 10~ 7 , N 2 1764-80x 10" 7 . Aoyama and Kanda 2 
determined the viscosity of fluorine by the oscillating disc method from 86-8° 
to 273° K. Hofsass 3 used the viscosity (by a capillary method) to find the 
composition of coal gas. 

0. H. Meyer 4 concluded that there is a relation between rj and the molecular 
weight; in certain groups of gases rj first rises with the molecular weight to a 
maximum and then falls; gases with a large number of atoms in the molecule 
have nearly equal viscosities. The following are values of rj x IO 4 : 


He 1-65 

A 208 

Hg 1-62 

NO 1-68 

0, 

1-91 

H 2 0-84 

CO 1-67 

N, 1-67 

N,0 1-44 

HCI 

1-41 

HjO 0-97 

H:S 1-18 

CO, 1 45 

S0 2 1-25 

0 2 

1-28 


Weinstein 5 also pointed out a periodic dependence on molecular weight. 
Onnes, 6 from considerations of the law of corresponding states (§ 25. VII Q, 
concluded that rj{TJM 3 p 4 ) 116 should have the same value for all substances in 
corresponding states; if &=T/T t and n=p/p c are the reduced temperature and 
pressure, then n). Onnes and Weber concluded that -Jlog rj/ 

V(TM)=\ogr-\ogc t where r=mean (collision) radius of the molecule and 
c is a constant for all substances. Smith and Brown 7 concluded that 
log (-olVM) is a linear function of the reduced temperature for gases and 
vapours at normal pressure, a result based on the theorem of corresponding 
states. Ncrnst 8 deduced that at very low temperatures , ij=0-47(A/7') 3/2 x 10" 7 , 
a relation which is not even approximately followed at room temperature. 


§ 5. Effect of Temperature on Gaseous Viscosity 

Many formulae for the effect of temperature on gas viscosity have been 
proposed; Stbckc 9 lists fourteen. A commonly used formula was deduced by 
Sutherland, who assumed that the mean free path / increases somewhat with 
temperature. Since the number of collisions is larger the smaller the mean free 
path, this means that, for a fixed density, the collision number is larger at the 
lower temperatures than for the ideal case. Sutherland’s theory postulates 
forces between the molecules. The deduction of the equation is essentially by 
the method of planetary theory, 11 and will not be repeated in full. 


1 Phii Mag., 1919. 38. 582. 

2 J. Chcm. Soc. Japan. 1937, 58. 804. 

3 J- Gasbfleucht.. 1919, 62, 776. 

4 " Kinelic Theory of Gases," 1899, 191 f., 195. 

’ *•*>* *r Korper," 1901. I, 331; see also Sutherland, Phil. 

SO U2 on'reu'.i^r 7 ■ T w'’.' I922 ' 34 ' ,55; Schulz - Z B'kmch'm., 1944, 

5 °, 122, on relation of a to van dcr Waals s b. see Binkek, Ann. Phys., 1932, 15, 729. 

» SKTjEE K4SMT »• ”» <c — «■ 

> 70S: LiCht and S****'-***- 1944. 48. 23. 

4 Landolt-Bbrnstcin. " Tabellen." 5th edit., 1923, 178. 

P "vt\ a**" ,89 ^’ 36, m 07 ’ Cf ' °‘ E Meycr * “ Kinetic Theory of Gases," 1899, 166, 218 
m.ais»*r Cl, i 8a K U i l * * nn -? hys > I908 - ,42 . Pointed out that similar ideas were proposed 

7 - 497 <533,: ,88 ’ * 

930, considered that the basis of Sutherland's theory is " rather illusorj?’ ^ ’ 
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$5 BFFBCT OF TEMPERATURE 

Consider two molecules approaching one another in a gas. It can be sup- 
posed that one is at rest at O (Fig. 4.VII F) and the other approaching this with 
the relative velocity r. Let the second molecule describe the orbit ACB and let 
the asymptotes to this be drawn. Let there be an attractive force acting between 
the two particles which is some function of the distance p, represented by 
F(p). For simplicity let the mass of the molecule be taken as unity. The 
x and y components of the force arc (force = mass x acceleration): 

d 2 x/d/ 2 = — F(p)(x/p) 

d 2 y/6t 2 = — F(p)Cy/p). 

The integration of these equations leads to a general equation ( Principle of 
Surfaces ) which holds for all central forces of this type: 1 d^/d/=/i/p-. where 
<t> is the surface swept out and h is a constant. For large values of p, when the 
attractive force is practically zero, 
h=rb, and r is equal to the rela- 
tive velocity c along the asymptote 
before the 44 encounter ” begins. 

Then it is shown that: 

d 2 p/dr 2 =6 2 / ,2 /p 3 — F(p). 

The smallest distance OC=p 0 at 
which the second molecule passes 
the first has the radius vector p at 
right angles to the path (since p is 
passing through a minimum value), 
hence dp/d/=0, and this leads to 
the equation: 

6 2 -ft> 2 [l+^J"F(p)dp] . 

“ collision *’ 



Fig 4.VII F. Path of a Molecule Approaching 
a Centre of Attraction 


There will be a 
i.c. when: 


.a m , the fictitious 44 molecular diameter, 


is 


0 ) 

when p 0 

V^a.^l+^FWdp] (2 ’ 

The effect is the same as if there were no central force, and the real molecular 

diameter were b 0 instead of o„ (bd>o„). /io\ & *u in 

This value b 0 2 may be substituted for a 2 in Maxwell s equation (18), * -1. HI. 

Since F(p) has been assumed independent ol temperature, and since r 
proportional to y/T ($ rom (36), § 10.III). it follows that: 

Olrl)jj(p)dp- c IT 

where C is called Sutherland's constant. Hence : 

/-[l/V r C0A^« 2 K I+c Z r) 

According to Clausius: 

l=[\ / y/(2)nNo 2 ]/[\ +(5/8)(6/f)] 

where 6=van dcr Waals’s volume correction. 2 

1 ‘Gruner, Ann. Phys., 1911, 35, 381. . .. , 9|4 , jgl ; 1915. 2. 151. 

2 See Jcllinek, “ Lehrbuch dcr physikalischcn Chcmic. 1914. i. ao 

A.T.P.C. — 28 


(3) 


14 ) 


(5) 
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The introduction of Keyes’ characteristic equation (§ 37.VII C) into viscosity 
calculations was considered by Phillips, 1 and the Beattie-Bridgeman equation 
(§ 38.VII C) by Boyd. 2 
From (12), § 1: 

7)=:kf>?l=kpc/ y/ (2)Nmx 2 
a 2 = kfc/y/ (2)Mnj 


and with o=b 0 from (2) and (3): 

o 2 =<rJ([ + CfT) (6) 

iro a) 2 =kp?/\/(2)NT](\ + C/T) (7) 

If o-'eo = 2 a » = molecular radius, then: 

Arra^kpcIV^Nrjil + CJT) ( 8 ) 


and ttoJ 2 is the area of cross-section for a spherical molecule. Chapman's 
value of k (equation (13), § 1) is A:=0*499. For ellipsoidal molecules the cal- 
culations 3 of the collision areas involve gamma functions (§ 54.1). but it is 
doubtful if these calculations have much significance in relation to the funda- 
mental equation connecting 17 and c. 

Sutherland's formula, therefore, gives: 


ri=kpclW(2)N™„ 2 {\+CID) . 

. l.i \±«Lo I+Cjje 

" Vo fo'l +C/T VWMo ' - l+C/T 


■ (9) 

■ ( 10 ) 


(since p/N is constant). Sutherland's equation may also (since £ is proportional 
to y/T ) be written in a form very convenient for the graphical treatment of 
experimental results: 4 

T=KT>%-C ( 11 ) 


where K is a constant. A plot of T 3,t q against T then gives a straight line, from 
which K and C can be found. 

The experimental results are often in very good agreement with (11) over 
certain temperature ranges, so that Sutherland's formula is much used in the 
study of the viscosities of gases. Zimmer 5 found good agreement with Suther- 
land’s equation at low temperatures with carbon monoxide, except a slight 
deviation at the lowest temperatures, but with ethylene the observed viscosity 
was greater than the calculated below -20 5 . Fortier 6 found that C for air 
depends on temperature. 

Maxwell 7 considered a model of a gas consisting of elastic molecules with a 
repulsive force varying as the inverse power s of the distance r between the 
molecular centres: 

( 12 ) 


i J. Math. Phys. Mass. Inst. Tcchn., 1921, 1, 42. 

Phvs. Rev.. 1930. 35. 1284. 

' Rankine, Proc. Roy. Soc., 1920-1. 98. 369; 1921. 99. 331; Edwards, ibid., 1927, 117, 
245; Rankine and Smith. Phil. Mag.. 1921, 42, 601, 615; Smith, Proc. Phys. Soc., 1922, 34, 
155: on molecular models based on target areas, see Mack./..4.C.S.. 1925. 47. 2468; Mclaven 
and Mack. ibid.. 1932. 54. 888 (highly speculative); Hare and Mack, ibid., 1932, 54. 4272; 
on calculation of a by Sutherland's equation, sec Sutherland, Phil. Mag., 1909, 17. 320; 
1910. 19. 25; Binkcle. Ann. Phvs., 1931. 9. 839; Muller, IViss. Vcrofji. Sicmens-Werke, 1938, 
17. No. iv, 33. 

* Fisher, Phys. Rev.. 1907, 24. 385; 1909, 28, 73. 

4 Per hi. d. D. Phvs. Gcs.. 1912. 14. 471. 

«• Compr. Rend.. 1936. 203, 71 1 . 

7 nil. Trans., 1867, 157. 49; - Scientific Papers," 1890. 2, 26. 
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where ft is a constant. It follows from this that the distance of closest approach 
of the molecular centres is: 1 

I 1 i/o-n 

kT(s- 1)] <13) 

Such molecules can be regarded as elastic spheres in the calculation of the pres- 
sure (§ 8. Ill) if a is given by (13) multiplied by a factor y {i [\ -3 (s- 1)]}, 
where r denotes the gamma function of the expression in square brackets. 
This is equivalent to a change of diameter for the two calculations (viscosity and 
pressure), except where the molecules are truly spherical. The divergence may 
be considerable when 5 is small; for the lowest probable value *=5 for any gas 
the factor is 1-5363, and for carbon dioxide (j= 5-6) the divergence reaches 
50 per cent. According to Jeans: 1 

r>=kT” <“> 

„-i+2/(*-D (,5) 

and k is a constant; for some gases, especially helium, the simple formula: 

*70(77273 -1)" 06) 

where r> 0 is the viscosity at 0° C. and n is an empirical constant, gives very satis- 
factory results. Some values of n are: 1 

t „s, “ 

Rayleigh, 1 who deduced from (12) a proportionality of-j to T‘, where .e=(n+3)/ 
(2n— 2), found that this does not agree with the results ar 8°"- . 

Since r, is proportional to kT)!” 1 . if a is given by (13) it follow that. 

v =AVlmkT)lkns- 1 )/^" (l7) 

where A is a numerical constant. rnnstant 

For elastic spheres a, tracing according to the law >xr '. Sutherland s constant 

b “° m * S ' C=(2l7/615)/»/3/M* — l)®**' < 18) 

where p has the values: 

^ 3 4 5 7 9 

0 0*701 0 636 0 587 0*517 0 467 

The •• target area " for collision of two rigid ellipsoids of semi-axes a. and 
bo(<*o>bo) has been worked out 3 as: 

” .£±*? [ 2( a+to ) 1 +( a -t.) 1 H-iEt4( a -f.o) 1 + 1 Krf ml+tFV (1W 

D1 = a ■ 77(U + W/4 + «t 

. • • 7 i _ 2 . t 2\ and E and F are elliptic normal 

where a=mean semi-axis, a 2 =*i(2a 0 ‘+oo*). ano n a " 

' Jeans. " Kinetic Theory of Gases. ^1940 7, j*J^ 2 ,j 7 . 0nntf<> Dorsman. and Weber. 

2 Rayleigh. Proc. Roy. 5or1900 66. 68; M * "l.y™ 134 <i): Onnes and Weber. 
Proc. K. Akad. Wetetis. Amsterdam 1913. 15. J 38 ^ ' r of Gases." >940. 172; 

ibid., 1913. 15. 1396 (Comm. Uidcn . 1346): l ual ion n=0 642+0 0011 (./>,+ 

n is related to the critical pressure p t atm. by the cm P ,r ' cal cq 
0 04399/7,2. Partington. Trans. Faraday Soc.. 1922. 17. /.*•*. 
i Eirich and Simha, Z. phys. Chem.. 1937. 180. 447. 
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integrals of the first (I) and second (If) kind: * 
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f *' 2 r*i 2 

(,) E “J o (II) F= | d^MI-«*sin 2 # 

€ being the ellipticity modulus. 

Chapman 2 gave for the effective collision radius a of rigid spherical molecules: 

<7 2 =0-491(l+€) Po c74 V '(2)7r^(I-fC/r) .... (20) 

which is equivalent to a mean collision area: 

A=00868/>oc(l +0/^(1 + C/D (21) 

where /> 0 =density at S.T.P., c=mean velocity of molecules at absolute tempera- 
ture 7\ no. of molecules per cm. 3 at S.T.P., ^viscosity at T \ C=Suther- 
land’s constant, and (1+0 is a correction factor, € being usually small (0 001- 
0 006). The results are in good agreement with the molecular diameters cal- 
culated by van der Waals’s equation. The applicability of this formula to 
non-spher.cal molecules is very problematical. Another equation was deduced 
by Enskog. 3 

Uehling and Hellund « found that the elastic sphere model was not satis- 
factory for helium. 

Maxwell, 5 in a mathematical investigation which is classical, had found that 
the equations for rigid spheres become simpler when an inverse fifth power 
repulsive force (*=5) is assumed; the decrease of effective cross-section with 
increasing velocity is then exactly compensated by the increased collision fre- 
quency resulting from the increasing relative velocity; on this theory the mean 
free path is proportional to y/T, which is not in agreement with experiment. 

Rcinganum 6 assumed that molecular clustering occurs, the increased density 
in a region towards which attractive forces act being given by Boltzmann’s 
equauon (§ I9.H1). i.c. by a factor c—, whcre f s g , he p oLlia“g y 
\v Ith rise in temperature this decreases. The average density Po of the molecules 
in the gas is replaced by the density in the cluster: 

P=paC~' ,/ * T =p 0 c~ c ' r (22) 

(20U2mIu fr0qUenCy “ ’ hcn ?ivcn b > a of Maxwells formula 


/ (2)iVto V(p/p 0 ) = X /(2)A hro*et- c,T 


. (23) 


Sc). 3 , nd F Nagaoka and Sakarai. 

statistical deduction of the Chapman-Fnskor iriiUmri'' 5 ' (H a ‘ ow ,cm P s *)i for a 
ton-. 1947, 15. 72: forcaka.Sof Xmc?., C r Ua, ' 0n5, “* K " kwood - J - Clum - 

a zx fils » ^ r.r ^ w z - 

TJ- Z 2 is*— 

sr- . wf-. 

3, 604. -*• Condon and Van Amringc. Phil. Mag.. 1927. 

6 Phys. Z., 1901,2, 241; Ann. Phys., 1902. 10. 334; 1909. 28. 142. 
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§5 

If the ideal collision frequency is Z 0 =y/(2)Nno 2 c, then: 

Z/Zo=/o//=e-° r ( 24 ) 

By expanding in a series of terms in C'/T and neglecting squares and higher 
powers, Sutherland’s equation (4) is again obtained. Even for large intervals 
of temperature (4) and (24) give similar results. 1 Licht and Stcchcrt 2 wrote 
Reinganum’s viscosity equation in the form (C‘ and K are constants): 

log (7' , ' 2 /»j)=C72-3037'-'log A." (25) 

At low temperatures (20° K.) a modification of Sutherland s formula given by 
Chapman 3 holds; this is equivalent to: 

Vo _ (T 0 \ m \+QT-(C ',T) 2 

Vt XT) UCIT 0 -(C'ITo ) 2 

Kassel 4 found that the collision number in a non-ideal gas is increased in 
the ratio (\ + C/T):\ t but the meaning of C is “quite different from Suther- 
land’s his paper should be consulted for details. 

The applicability of Sutherland’s equation (10) may be illustrated by the 
results of Breitcnbach 5 for two gases: 

Ethylene. 3 x 10 ’. C-225 9 


t C. ••• • • • ••• 

10’ . r) obs 

10 7 . rj calc 

-21-2 

891 

890 

+ 150 

1006 

1012 

99 3 

1278 

1278 

182 4 

1530 

1519 

302 0 
1826 
1833 

Carbon dioxide, i*,* 1387-9 x 10 *. C» 2 

397 


l° c 

10 7 . ij obs 

I0 7 . ij calc 

-207 

1294 

1284 

+ 15 0 
1457 

1462 

99 1 

1861 

1857 

182 4 

2221 

2216 

302 0 
2682 
2686 


Hydrogen also agreed, with »j 0 =857-4 x I0“ 7 . and C— 71-7. Some values .of 
Sutherland’s constant C collected by Jeans 6 from more recent cxpenmcni.il 
researches are: 


He 

Nc 

A 

Kr 

Xc 

H: 

N: 

CO 

Air 

NO 

O: 

78-2 

70 

80-3 

(72-9) 

56 

(64 1) 

174 6 
169 9 
142 
(148) 

188 

252 j 

83 

79 

72 2 

71 7 
(668) 

102 7 
IIS 
(104) 

100 

118 

(102) 

113 128 

119 4 (133) 
1113 
(113) 

I3S 

(127) 

Cl 2 

n 2 o 

CO: 

C 2 H 4 

CH,CI 

NHj 

| SO: 

C:ll. 

CH< 

C»H» , 

/ 1 -C 4 H 10 

325 

(345) 

274 

260 

(263) 

274 

277 

239-7 

(253) 

225 9 
272 

454 

■ 

(505) 

(404) 

(320) 

(169) 

(288) | 

1309) 


1 Rappcncckcr, Z. phys. Client., 1910. 72. 695. 

2 J. Phys. Chem., 1944. 4 


»• * ny*. wio/i., 48, 23. 

2 Phil. Trans., 1912. 211. 433 (459). 

4 J. Phys. Chem., 1930, 34. 1777. 

4 “Ktn^ltory of" Gases.” 1940. 178; sec AnfilogojT. Thes is London. 193.. -'0/. 387. 

the values in brackets arc from Wobscr and Muller. Koll. Beth., • - • 
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The foibwing table 1 shows the superiority for helium of equation (16) with 
n— 0-647 over Sutherland’s formula at low temperatures. 


t°c. 

183-7 

18-7 

-22-8 

“70 

— 102 6 

-197-6 

-253 

-258-1 

10 7 . 1 J obs. ... 

2681 

1980 

1788 

1564 

1392 

817-6 

349-8 

294-6 

10 ? .i7(16) ... 

2632 

1970 

1783 

1558 

1389 

821-3 

348-9 

?88-7 

10 7 . ij (Such.) 

2682 

1979 

.77, 

1513 

1317 

628 

135 

aiOO / 

92 


§ 6. Viscosity Equations 

Sutherland’s formula, although it holds very well for argon over a wide 
range of temperature, 2 fails for helium at low temperatures, and applies only 
over limited ranges of temperature for most gases. 2 Trautz and Binkclc 1 
replaced it by the empirical formula: 

’? s =fl7'"/(i+c/r) (i) 

c C e°n. ,a 'rf It" uT ,an,S ’ a " d C This Can * ^thin about I per 
niirnven ^ rangc of J 'emperature for helium, neon, hydrogen, and 
nitrogen, but not for argon and carbon dioxide. 

Nernst 5 suggested that, at very low temperatures, «=(1/9)mVW where 
“ SS of f = ve loci.y of molecule, A = Planck’s constant'. iZ 

'lihi-f.TJT&i (2) 

Van Cleave and Maass 6 proposed: 

i-Ank” • (3) 

Lcnnard Jon« fntH conslanls : A four-const.nl formula was deduced by 
Lcnnard-Jones on the assumption of a molecular force field (§ 42.VII C): 1 

F~XJr--XJr- (4) 

suihcS, , ’m. , ';ifa”' r«rn:»v c :9To a ',^5 ar Vr s it cn r For / arii ' r va|ues ' «« 

Gcncrcaux. hul. Ene. Chem 1910 22 ,u ~ 5, for p 0,5 of * and temperature, see 

S '- vergM si '™- 

Rend.. 1933, °196. 1472; ^.two! !£;. *!!^% *• 289; B'^ond, Comp,. 
air, nitrogen, argon, and carbon dioxide w,,h rii of lemperaturfup £T(£S" “ in Cf ° r 



0 ° c. 

1627° C. 

air ... 

V I 

... 

1,3 

! ,24 

Nj... 

• •• I 

no 

120 

A ... 


142-3 

| 168 

CO; 


254 

307(1427" C.) 


z *»■ «- 

1 ,«'i I-Sch* and , «? l90: S«g. OK. 

; c* m , *, 62 , 

977; Proc. Roy. Sac.’ IW^'lls^i^-'shluncs p* ' 'z a " d Cook> PbiL Ma 8" 1927 3 
Bume,, , 7>„ c . Camir. ^nd m=* = 8 for heUum; 

•s given by Anfilogoff. Thesis, London,' 1931% f • l ^ aI d,scussion of ,he formula 
Soc - Japan, 1943, 25, 602. ’ A ^ K,chara and Kotani. Proc. Phys. Math. 
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With 3 for mathematical convenience this gives for a relatively weak 
attracting field: 

v =aT' l2 /(T' 2l ”-"+B/T) (5) 

where B is a constant. This gave good results with argon, but the fit was 
equally good with n = 21 and 5=62-45, and with n=14$ and B = 38-62. The 
virial coefficients (§ 6.V1I C) calculated from viscosities, however, do not agree 
very well with those calculated from compressibilities. 1 

Van Itterbeek and Van Paemel 2 found that the viscosity of argon, which 
follows Sutherland’s equation at high temperatures, 3 can be represented by 
(16), § 5, in the form r,= l90 (T/90)<> ”\ with ^ (at 90° K.) = 759-2 x \0~\ but 
not by any of Lennard-Jones’s potential functions. The viscosity of helium at 
1-6° K. and above 4 agrees with a quantum theory of temperature dependence 
based on Bose-Einstein statistics (§ 36.IV). 5 
Trautz 6 concluded that the viscosity of a gas at the critical temperature is 


related to the temperature by the formula: 

(d In rj/d In T) Tt = I 

Licht and Stcchert 7 deduced from this the formula: 

t < 7) 

where b and c are constants, and &=T/T t . Another form is 

< 8) 


which they call Trautz’s equation. . . 

Dutta 8 found that the plots of rj/rj b against 777;, where rj b is the viscosity at 
the b.p. T b (abs.) for several gases, give a single " universal ’’ curve, as pre- 
viously found for liquids. 9 A relation between viscosity and vapour pressure 
is, therefore, not unexpected. Rankine » found that Sutherland s constant C 
is related to the critical temperature by the empirical equation: 

TJC - 1 12 to 1 14 (or 0-45 for hydrogen) .... (9) 
Vogel, 32 from the relation between T t and abs. b.p., TJT t =i (§ 7.VII B). 


concluded that: 

C= 1-477; or C/7> 0-98 
Keyes 33 found that Sutherland’s constant C is (except 
a linear function of the polarisation: 

P e =VJl>- !)/</>+ 1> • 


( 10 ) 

for He) approximately 

(ID 


■ Massey and Buckingham. P,oc. Roy. Soc.. 1938. .6*. 37*: Buckingham. Hamihon. and 

M ™c“". 93 4 8; .940, 7. 273: .he Jgr^rncn. is be..«r «i.h .he energy va.ue 

E^-ar-t+bc-” (§ 46. VI I C) used by Hcrzfcld. Phys Re^. W 52. 

» AnfilogofT. Thesis, London. 1932: Pariinglon. Phys. Z 1 >33. m. 

4 Van Ittcrbcck and Kecsom. Physic a, 1938. 5. 257 (C,.mm.L«-i- / ^ ; 2- "»• 

3 Uchling and Uhlcnbcck. Phys. Rev.. 1933. 43. 552; Uchlmg. I >34. 45. 7». 

46,917; Kahn and Uhlcnbcck. Physica .193* 1.5 3W. 751 : A. W. Muller. 

* Ann. Phys.. 1931, 10. 263; 1931. II. 190; 1932. 15. 198. 1933. k*. '• • 

Wiss. Veroffl. Siemens-Werke. 1938. 17. No. iv. 33. 

7 J. Phys. Chem ., 1944. 48. 23. 

• Nature, 1943, 152. 445. 

9 Nissan. Nature. 1943, 152. 630. 

10 Trautz. Ber., 1943, 75. 1750. 2 , p orlcr . Trans. 

" Proc. Roy. Soc.. 1910. 84. 181; Cuthbcrison WiiA A/*W.. > 9 " '■ *' 1 M |j|WB and 

Faraday Soc., 1928, 24. 108 (C~T<). Arnold. M. Eng. Chem.. I93U. 

Mack. J.A.C.S., 1932, 54. 888. . 

12 Ann. Phys., 1914. 43. 1235: Arnold. J. Chem. Phis.. 1933. 

» Z.phys. Chem., 1927, 130. 709. 


170. 
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where D=dielectric constant, F.=molar vol. Braune, Basch, and Wentzel > 
found that the mean electric moment of inertia of a molecule, 9 related 

!? Jvn r ^ nd ’ S COnSlant c in Debye ’ s 2 theory of q uadru P0le attraction 
vil LJ, is proportional to the volume of the atom for monatomic gases: 


p Q2 pQ2 

C=0118^=0118— 0/a 3 =const. 


• • • ( 12 ) 

where a=atomic diameter, R=molccular refraction for long waves, equal to 
the electron polarisation P f , and R= gas constant. 

Hirota 3 used the quantum-mechanical method of Massey and Mohr « 
to calculate the viscosity cross-section for a rigid elastic sphere molecule; he 
tound the agreement with helium and neon over a wide range of temperature 
was not good, but better than that with the classical method. Agreement was 
better if a Sutherland factor was introduced to take into account the inter- 
molecular potential. The Sutherland constant as calculated by quantum 
mechanics agreed with the Rankine and Vogel rules, (9) and (10), even for 
substances of low mol. wt., and the disagreement in the Debye formula between 
electric moment and Sutherland constant also disappeared. 

If the value of (d In rj/d In T) is unity at the critical temperature, and is m at 
any other temperature, Trautz * found that the limiting value of m is: 

/n,-(m-(2-m)(7;/D 5 2)/II -(TJT) yv \ . . . .(13) 

and is identical with the value of // in the equation ^aT\ the constant a 
being rj /T He called rjJ\/T t the “ specific critical viscosity.” M tiller 6 with 

Vd/Kere^r/r’ f ° Und a HnCar rela ‘ i0n belween VC*/») and 

r C X a , r f', d H7 C , a p parcnt m ° , ' cular diameter ° as variable with tempera- 

formula le ound d . * Mr * \ V= “ T ' and lhc Ensk °B-Chapman 

formula. He found d In <r/dT= 1 -2 m, where m is d In rj/d In T. A calcula- 
tion of critical volume from the relation of rj to the vapour-pressure curve 
—ng proportionality between ,, and the’" viscosity'volum T Toi 
similar lines. Tram/ 9 also found: 01 

6 = const (14) 

and wi,h C,,a P ma "’* «lw«ion (13), § |. and the equation of Weber: >o 

log (a/2)=-A , og li)/y/(MD] (i 5) 

this gives the reduced value (where c 2 =2-7x 10~ 21 ): 

log (<r/r) f = -} log ( IvV(A/r))(r/n )* 3} . (l6) 

1^2/ .4 m3 -93 x IO->° .... (17) 

1 Z. p/ns. Chen,., 1928. 138 447 

2 Phys. Z.. 1920. 21. 178. 

' Bull. Chen,. Soc. Japan, 1944. 19. 102, 10*) 

. \ roc - R °y- Soc., 1933. 14! . 434; 1934 144 1 8s 

6 w n ' P t yS 'm 9 V’ ,0 * 263: ,w - 190: 1932.15 I9S 19U i 6 7S| 

W'/W. Verofll. Siemens Week*, 1938. 17 195 6. 7. I. 

7 Ann. Phys., 1933. 16. 751. 865. 

‘ T rau,z> Ann - Phvs - 1934. 20. 313. 

J.prakt. Chen,., 1943. 162. 218. 

10 Physica, 1939. 6. 551. 

11 Phil - Mag., 1938, 25, 865. 
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A so-called “ general viscosity curve ” was devised by Van Ittcrbeek and Van 
Paemel. 1 

Fisher 2 found for Sutherland’s constant: 

C=0-058A/ 2 +74 (18) 

where A/=mol. wt. Rankinc 3 found the ratio of Sutherland s constants for 
the following pairs of gases and vapours is constant, Cl2/A(325/142 = 2-3), 
Br 2 /Kr(460/ 188=2-4), l2/Xe(590/252=2-3). A supposed relation-* between 
Sutherland’s constant and the van dcr Waals constant b has been criticised. 3 
Bradford 6 considered viscosity and thermal conductivity from the point of view 
of molecular attraction. Othmer and Josefowitz 7 represented viscosities by : 

logij=/t logp+C (19) 

where A and C are constants, and p is the vapour pressure at the temperature of 
a reference substance. They gave a nomographic treatment. 

Cooper and Maass 8 used the formula for dependence of viscosity on tem- 
perature (K= constant): 

rj^y/ni+KT) (20) 

Licht and Stcchert 9 tested Sutherland’s, Reinganum’s. and Trautz’s equa- 
tions, and the exponential equation (14), § 5, with data for 24 gases and \apours, 
and found that the general overall percentage error is as follows: 

Exponential 1-8, Sutherland 1*3, Reinganum 2-6, Trautz 1-4. 

Hydrogen and helium do not agree at all with Sutherland’s equation, but do 
with Trautz’s; if they are omitted, Sutherland’s equation is decidedly better, 
the overall percentage errors being: 

Exponential 1-7, Sutherland 0-8, Reinganum 1*8. Trautz 1-4. 

Licht and Stcchert recommended that Sutherland’s equation be used for gases 
except hydrogen and helium, for which Trautzs equation shou d be u«td. 
They gave the following as the best values of the constants C and A ol Suther- 
land’s equation (11), § 5: 



c | 

Ax 10* 

Acetone 

530 

11-79 

Acetylene 

206 


Ammonia 

472 

15 42 

Argon 

133 


Benzene 

403 

10 33 

Bromine 

517 

23 33 

Carbon dioxide 

233 

15 52 

Carbon tetrachloride 

335 

1217 

Cyclohexane 

319 

8 41 

Ethyl acetate 

425 

10 60 

Ethyl alcohol 

400 

11 67 

Ethyl ether 

349 

9 43 

Ethylene 

232 

10 54 


Ax 10* 


Helium 

Hydrogen 

Hydrogen chloride 
Mercuric chloride 
Mercury ... 
Methane ... 
Methyl chloride .. 

Nitrogen 

Nitrous oxide 

Oxygen 

Sulphur dioxide .. 

Toluene 

Water 


97-6 
70 6 
359 
996 
996 
155 
390 
102 
273 
110 
362 
365 
659 


1513 
648 
18 66 
31 29 
63 00 
9 82 
14 45 
13 $5 
16 36 
16 49 
16 53 
9 09 
18 31 


i Physic a, 1940. 7, 265; Viallard, Comp/. Rend.. 1946 223 ' 18 

* Phys. Rev., 1907, 24. 385. r'l phil' Mae 19^ 45 622. 

* Fowler, Phil. Mag., 1922. 43. 785. * Corc^.//. • • 

‘ Phil. Mag., 1943. 34. 433. 7 lnd ' Eng ' Chem ’ ,946 ’ ^ 

1932, 3, 123 (pentanes, pcntencs, CCh). 

28* 
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Since hydrogen and helium do not follow Sutherland’s equation, the constants 
of Trautz’s equation (7) are given: hydrogen 6=0-653 x lO" 6 , c=0-464; helium 
6=2-790 x I0 -6 , c=0-470. 

They proposed a general viscosity-temperature equation for estimating the 
viscosity when no experimental data are available. The data required are 
critical temperature, critical pressure ( p t atm.), and molecular weight of the gas, 
and in general the experimental results are reproduced within 2 to 10 per cent! 
A nomograph is given for the evaluation of viscosity based on this equation: 

17=6-30 X lO^W+O-mMWW 6 . . . .(21) 


§ 7. Viscosity of Gas Mixtures 

The viscosity of a mixture of gases varies with the composition. Graham 1 
found that the change may not be continuous, and for a certain composition 
the viscosity 17,2 of a mixture of two gases may be greater than either of the 
viscosities 77, and rj 2 of the pure gases. 

As a first approximation an additive relation 2 based on (11), § 1, may be 
assumed: 

V=Upicili+P2~il2+p}~}ly+ . . •) (1) 

or for a binary mixture: 

Viz^ipiCili+ipirili ( 2 ) 

By substituting for /, and l 2 from (37) and (38) of § 22.III, the equation 3 
due to Sutherland and Thicsen: 


’?12=’7l/(l+Ki 2 W2/'tl)+’?2/(l+^2l'»l/«2) .... (3) 
is found, where //,, n 2 are the concentrations in mols per cm. 3 , and * 12 , *21 
are constants depending on the molecular weights and diameters: 


x n 


.fal + <72) 2 ![M\ + \ f 2 \ 


iY //A/.+ 

iWl M, 


4%/(2)a 1 W\ M 2 ~) 
When n 2 ln y is small this reduces to: 


__(< y i+<^2) 2 I(Mi+M 2 \ 
21 4\/(2)a 2 2 v \ A/J / 


T /l2“*7l+(«2/«l)[(’?2/'f2l)-’7l^l 2 ] (4) 

and if i72>>7iKi2«2i. a small addition of the second gas (even if njOj,) increases 
he viscosity. If i? 2 is also less than 17, the value of 17,2 must first increase to a 
maximum as n 2 /n 1 is increased and then fall to its final value 77, 

Schmick used the formula: 


I h2=7i/(H-^ 2 /^,)+77 2 /(l + 5 / 7 1 /p 2 ) 


(5) 


393 l846, l36 ’ 573; “ Rcscarch «''' I«; Schmid. Ann. Phys.. 1909. 30. 

II , 9? r 74s n ’6 ,1, E Mwer* l8sl - ,l3 - 383; Pulu J' Wi '" Bcr.. 1879. 79, 

‘L . 230 ' " lKO,y 0f Gases " l899 ’ 201 ; for a dissociating gas, see 

8 2^' Kkta'ff 7 89 , 5 :, 40 V 4 21 • Thfe “- V ' rM - '• »• «** 1902. 4. 348; 1906, 

& u WBSTcSt SZ 

3, no l '° S, “? W - D ™ ck «- " Handbuch d« aligcmt.nen’ c“ ; 

1931 8 7^7 1933' lV 816 8?VA * c ? Crn , is,ry " 1. 157; Trautz, Ann. Phys., 

SupplV^ 5*? I9 » ,9 ’ 

1936, 34 B. 161. ^ / 1,1 ,l03 . Schrocr, Z. phys. Chem., 
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where p\, Pi arc the partial pressures, and A and B are complicated expressions 
given later in § 5.VI1 G. 

Another formula, deduced by Puluj: 1 


1=1 \ • 


ViPi+WilMMi) 




( 6 ) 


where p u p 2 are the partial pressures (p\+p 2 =\) of two gases of mol. wts. 
Mi, M 2 and viscosities rj lt rj 2 , was found by Schmitt 2 to give less satisfactory 
results than Thiesen’s (3), whilst Klemenc and Remi 3 found it to give results 
within 2 to 3 per cent, for mixtures of nitric oxide and hydrogen. Equation (3) 
gives fairly satisfactory results for most binary mixtures, but a theoretically 
more exact formula deduced by Chapman 4 was confirmed experimentally by 
Trautz and co-workers, 5 who also used ternary mixtures: 


°l”| 2, ?l + fl 12 w l / l 2 + a 2 /l 2 2, > 2 

fl|/i| 2 +6n 1 w 2 +fl2 w 2 2 

where a t , a ]2 , a 2 and b arc constants depending on the molecular weights, the 
law of force, and the temperature. A similar equation had been given by 
Maxwell. 6 

Enskog, 7 by a generalisation of Maxwell’s equation, found: 

T)|(l -fft 2 n il n i) + !j( i + Pi n il n i ) + •"* ... (8) 

which differs from Maxwell’s only by the term -4 2 /4»?|i) 2 in the denominator. 
For elastic spheres without attractive forces: 

^i"Vl((< 7 i+<T 2 )/a,P[2m 2 /(m l +m 2 )l»' 2 (5m, + 3m 2 )/(W|+m 2 ) 
fo-AK* i +°i)lo 2 Y[2j"xl(m v +'"2)) 1 i + 5m 2 )/(m , +im 2 ) 


A 2 = 16i7,i? 2 /J,j9 2 m l w 2 /(!5mi J +34m,m 2 + 1 5w 2 2 ). 

Jung and Schmick allowed for persistence of velocities (§ 3). They found a 
maximum viscosity in mixtures of methane and ammonia with about -> per 
cent, of ammonia (a maximum in mixtures of ethylene and ammonia with 
40 per cent, of ammonia was previously known). They concluded front the - 
rctical considerations that the Sutherland constant of a binary mixture ol gaso 
is given by C=0-733<v/(C,C 2 ), which is of the same form as the van dcr \\aais 
a equation (§ 35.VII C), a=v (a,a J ). and for similaf reasons but Schro,r 
found from London’s wave-mechanical theory of van dcr 


1 Wien Ber., 1879, 79, II. 97. 745. 

2 Ann. Phys.. 1909, 30. 393. 

3 Monaish., 1924. 44. 307. 


18,816.833; 1934.20. 118. 121; 1935.22. 189: Ishikawa. Bull. Chein. hor .Japan. 

6 Maxwell. Phil. May.. 1868. 35. 185 (212): " Sricniihc {- 4 Fyf% 

2 Enskog. Phys. Z.. 1911. 12. 56. 533; Dissert.. UppsaU 1917. Ark u M at. 

1922, 16 , No. 16; for review, see Schudel. Sekweiz. lercin C.as- u. ‘ U V/./u. Anuter- 
1942. 22. 21 ; for relation to diffusion coefficient, see Kucncn. Pro> c. k.a km * 
dam. 1914. 16 . 1162 (Conun. Leiden. Suppl.. 3*i>: for binary mixtures of hvdrogcn 
carbons. Adzumi. Bull. Client . Sac. Japan. 1937. 12. 19*). 
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(§ 44. VII C) that the numerical factor is 0-95, i.e. C=0-95v/(C,C 2 ). He found 
qualitative, and sometimes quantitative, agreement with (7). 

§ 8. Determination of Gaseous Viscosity 

The experimental methods for the determination of the viscosities of gases 1 
fall mainly into two groups. In the first, a solid disc, cylinder, or sphere is 
moved in the gas, in most cases very close to a fixed disc, cylinder, or concentric 
sphere, and the force exerted is measured in a suitable way. In the second 
method, the gas is forced through a capillary tube and the pressure difference 
between the ends of the tube is measured. The two methods are here called the 
viscous reaction and transpiration methods, respectively. 

The viscous reaction method was first used for gases by O. E. Meyer, 2 with 
three parallel horizontal oscillating discs. Maxwell * interposed fou^ fixed 
discs very dose to the three moving ones, and his apparatus was improved and 
used by Kundt and Warburg.-* Allan 5 reports that Poynting in 1901 had used 
parallel discs, the upper disc being surrounded by a guard-ring (like the disc 
in a Thomson's absolute electrometer) to eliminate the edge-cflcct. Gyozo 
Zemplcn 6 used concentric spheres (which avoid some end and side corrections) 
and other modifications of the method have been devised, some with quartz 
apparatus for use at high temperatures. 7 

The oscillating disc method can also be used at low temperatures, 8 when it 
has the advantages that only small quantities of pure gas are required and the 
apparatus can be accommodated in a constant-temperature bath of moderate 
dimensions. Oscillating cylinders have also been used.’ Gilchrist, in Milli- 
kan s laboratory used a rotating cylinder, inside which (protected at the top and 
bottom by short fixed guard-cylinders) was a cylinder suspended from a bifilar 
phosphor-bronze strip carrying a mirror, the deflexion of which was measured 
(fig. xvil I-). if <£=deflexion angle, 7=momcnt of inertia of inner moving 

! 11 Su !" r ";\ ry *>y Gra « ,z in Winkclmann. “Handbuch dcr Physik" 1908 I ii noo f . 

" Arbcitsmcihodcn Z * ?*** » « d “ Gaz *" 2 "£ '*>7; EuckJn. in aSte! 

Arbcitsmcihodcn dcr anorgamschcn Chemic," Leipzig. 1913, 3. i 546- Kucnen •• ni. 

Eigcnschaftcn dcr Case" (Ostwald-Dnickcr. “ Handbuch dcr aUgcmcKn Chcmic " 

0f V, ^T ,ry /' 1931 : ****** Thesis, London.' 

MmtToit *7 m, 52 ,« 0,1 e " vc a cn,,cal rev,cw or ,hc " holc W <*»» »nd 

ny ‘- my *• l77: '*“• *«• M*. »J: l«7. 32. 642; Munich Ber.. 1887, 

J Phil - Tra>u ' 1866. 156. 249; Proc. Ror. Soc.. 1866 15 14 

« to)?. I»75. 155. 337. 525; 1876. 159. 399; ' Grossman n ibid igs’ 16 619- 

Schumann, ibid., 1884.23.353. vuu»raann. iom., iss., 16 . 619, 

5 Phys. 1909, 10. 961 (equations for calculation of n) 

,oA r P *' S " ,m - 19 - 7 * 3: >9.6. 49, 39; A ..an, ft/,„. Z. 190 ». 

7 Hogg. Proc. Amer. Acad.. 1905. 40. 611; 1906 42 115- I9ftg ac i- pi-, «/ , niA 

19 376; Braunc. Basch. and Wcntzcl. Z. phys. Chen,.'. 1928. 137. 176'. 447 ’ " ' ^ *" 9 °* 
\ogcl. Dissert.. Berlin. 1913; Ann. Phvs.. 1914. 43 ms- Gunther 7 n/ n 
1924. 110. 626; Braunc. Basch. and Wcntzcl. 'ibid 19^8 n 7 176 U7 f 5 ' ^ 2* m - 
Canail. J. ft,,.. 1932. 6. 428; van l„c,b«k and Kc«on, “S? 1 
1939. 6. 551; Johnston and McClosky. J. pins dun, 1940 \ Wcb ?V^* 

M,L. 1942, 46. 948; van Pacmcl. I erli ft. . H w i a ? d 

van Pacmel, and van Licrdc. Physica. 1947. 13. gg *’ 4 • ^°* van Itterbcck, 

ft 13- ‘mi 60 ,; n £- Re °- 

^,932. 40. 281; KjeUstrum. ft*,, Mag., 
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cylinder, r=period of oscillation, a=radius of inner moving cylinder, 6= radius 
of outer fixed cylinder, /=length of inner moving cylinder, o>=angular velocity 
of inner moving cylinder, then: 1 

rj=mf>I(b 2 —a 2 )la 2 b 2 r 2 wl . . ( 1 ) 

Wcissweiler 2 compared the viscosities of 
gases and vapours by measuring the deflexion of 
a quartz fibre in a stream of the gas. Chella J 
used an oscillating cylinder between two fixed 
cylinders. 

The transpiration method was used as a com- 
parative method by Faraday, 4 and later by 
Graham 5 in some remarkably accurate re- p 

searches. It was improved by O. E. Meyer 6 — Ca» 

and Warburg, 7 and was applied to steam and M IqIc^TT j 

to mercury vapour by Puluj and by Koch 8 jxi fX . 

respectively. It was used by Lothar Meyer v jT iiyii - ip 

and his pupils Schumann and Stcudel. for q 

vapours of organic compounds (esters, acids) 

and steam. Important researches on the effect 

of temperature on viscosity were made by this 

method by Holman 10 and Bcslclmcyer." and f 

very high temperatures (up to 1340 ) (with a 

platinum spiral capillary heated in an Argand b b 

petroleum lamp chimney) were used by Barus. ,; f * 

The transpiration method was brought to a 

much more advanced stage by Brcitcnbach. 1 ' ; 

whose apparatus, with some modifications, was 

„ 9 

• Poynting and Thomson. " Propcriics of Matter. 

1903. 213; Newman and Scarlc. "General Properties 

of Matter." 1928. 204; for Millikan s deduction, sec , 1 1 ^ 

Yen, Phil. Mae.. 1919. 38. 582. hx 

2 Phys. Z., 1929. 30. 364. . L “ J ” 

5 Alii R. Ac cad. Lined , 1905. 14. ii. 23; 1906. 15. i. FlG< 5.V1I F. Rotating Cylin- 

1 19 flow temperatures). _ der Viscosity Apparatus of Gil- 

4 Quart. J. Sci., 1817, 3. 354; 1819. 7. 106; " Experi- chrisl> \\ rotating cylinder 

mental Researches in Chemistry and Physics." 1859. 5. 6. r , v otcd at E: gg guard cylinders 

* Phil. Trans.. 1846. 136. 573; 1849. 139. 349; ||XC j by brass rods EE and also 

"Elements of Chemistry." 1850. 1. 82; "Researches. llxc d lo tube carrying torsion- 

1876, 88, 162. , head S; F inner cylinder nearly 

4 Ann. Phys., 1866. 127. 253. 353; 1873. 148. I. 203. „|,i n g space between g and g and 
526. suspended by bililar strip a with 

7 Ann. Phys., 1876. 159, 399. mirror M 

• Puluj. Wien Der.. 1878. 78, II. 279 (steam); Koch. 

Ann. Phys., 1883, 19, 857; for other vapours see Noyes PcJcrscn. Phys. 

and Goodwin. Z. phys. Chen,.. 1896 21. 671; Phys^ Rev ,910. 

Rev., 1907, 25, 225; Rappencckcr. Dissert. Freiburg 1. B„ 1909. z. p,y*. 

* Ann. Phys., 1879,7.497; 1881. 13. I; 1882. 16. 369. 394; 1884. 23. 353. Sch aU. 

>0 Proc. Amer. Acad., 1877, 12. 41; 1886. 21. I: M-M*? 

Ber., 1885. 18. 2052; Schncebeli. Arch. Sci. Phys. Sat 1885 14 1 385; 

» Dissert., Munich. 1903; Ann. Phys.. 1904. 13. 944: Fisher. Phys. 

1909, 28. 73 (air and CO* to 500‘); 1909. 29. 147. . ,, s 0tV /. Survey 

12 Amer. J. Sci., 1888. 35. 407; Ann. Phys.. 1889. 36. 358; full account in U.S. o 

Bull., 1889. 8, No. 54, 242. , 

»> Dissert., Erlangen, 1898; Ann. Phys.. 1899. 67. 803; 1901. 5. 166. 
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used in a series of very accurate researches 1 on the inert gases in Professor 
Dorn’s laboratory at Halle. Until recently, these represented the last word in 
the experimental technique of the transpiration method. A typical arrange- 
ment of the apparatus (from Schultze. 1901) is show n in Fig. 6. VI I F. 

More recent measurements by the transpiration method, some at high 
temperatures, have been made by Anfilogoff 2 and by Trautz and collaborators; 3 
low temperature measurements were made by workers in the Leyden Labora- 
tory. 4 A crude apparatus for comparing viscosities by the transpiration 
method is described by Ubbelohde and Hofsass. 5 Measurements at high 
pressures are mentioned in § 2. 

In the apparatus used by Anfilogoff and Partington, which was a modification 
of that used by Shilling and Laxton. the capillary, of clear fused silica * (Fig. 
7.VII F), 1 m. long and of very uniform bore of 0 026 cm. radius, was wound by 
the Thermal Syndicate into a close helix 6 without affecting the bore. This was 
fused on one side to a silica bulb 0 with a baffle-plate inside, and on the other 
side to a silica tube fitted by a ground joint to the gas exit X. The whole unit 
was fused together by silica bracing rods and discs, so that it could be inserted 
into the electrically heated tube furnace, the temperature of which could be 
closely controlled. The measured volume of gas. under a pressure measured 
by the manometer /*, was displaced from the bulb B by mercury run in from M 
by way of a constant level J, and electrical contacts indicated the arrival o the 
mercury surface just below the inlet tube H. The temperature of the capillary 
was measured by thermocouples. The mercury was raised from the ^vessel V 
to the upper vessel M by an air-lift K. and could be returned from AB to D by 
way of Q, attached to a vacuum line. . . . ~ 

Piwnikiewicz 2 used a capillary joining two vessels containing gas at ditlcrcn 
pressures. Searlc 8 measured the time / taken for the pressure in a vessel 


« Schultze, Dissert., Halle. .90. : Phys.. .90. 5. .40; 1901 . 302 (He): ^rkow.ki. 

Dissert.. Halle, 1903; Ann. Phys.. I90J. 14. 742; Kteml .Disscrj ..Halle W. 

Phys. Ges., 1905, 7. 146; Tacnzlcr. Disscri.. Hulk. 1906. erhid. D KPhys G. s. V# .8. 
Schicrloch, Dissert.. Halle. 1908; Schmitt. Disscri.. Halle. 1909. Ann Phys.. . 

Kopsch. Dissert.. Halle. 1909; Volker. Dissert.. Halle. 1910; Zimmer .»***•; 

Verhl. d. D. Phys. Ges . .9.2. 14. 471; for simpler apgralus see Rapp. ^ ^ ” ; 
2. 363; Smith. Proc. Roy. Soc.. 1924. 106. 83 (steam); Edwards and Worswick. Proc. 

Soc., 1925, 38. 16. 

2 Thesis, London. 1932; Partington. Phys. Z., 1933. 34. -»9. 

3 For a list of the numerous papers, see $ 4. and Schuil. /*»/•■ ***•• ' ' ' 

also Pedersen. Phys. Rev., 1907. 25. 225 (bibl ): Gr.ndley and G.bson. Pr. e.£ ; ” } 

80. 114; Fisher. Phys. Rev.. 1910. 30. 269: Roberts W. M**.. ^ ^ 

Phys. Z., 1913. 14. 305; Pochcttino. Huov. Con.. 1914. 8. i >. t 'ark. ■ • * 4? :4( , S; 

1919. 13. Ill, 177; Harle, Proc. Roy. Soc.. 1922. 100 . 4 29. j. ’ B isch an j 

Williams. Proc. Roy. Soc., 1926. 110. 141; <96. 601 uapoursi: 

Wcntzel, Z. phys. Chem.. 1928. 137. 176; Nas.m. Pnl < Mas.- 19- • * - ,, s4 )h h prcs . 

Shilling and Laxton. Phil. May.. 1930. 10. 721: Boyd. /'/»•- »- - 

sures); Melaven and Mack. J.A.C.S.. 1932. 54 888; Brcmond. 

(porcelain capillary); Comings and Egly. hnl. I ny . t h. n, • * , „„r. Soc. 

Schmid. Gar- a. Wasserfach. 1942. 85. 92: Sihb.it. Hawkms and So Kjv Iru^ ^ ^ 
Mech. Eng., 1943. 65. 401 (high temp, and press ): Com. ng> and Mj>' v N; . C t>.». 

1945, 52. No. 3. 1 1 5 (high temps.); Vasiksco. Ann. tie / hvs.. I >4 . 20. 1 . - - 

4 Onncs, Dorsman. and Weber. Proc. A. Akod. Helens. Un^rdM * ^ k 

Leiden. 134 a); Onnes and Weber, ibid.. 1913. 15. I39*> l Lcnkm. I34M. 

and Kecsom. Physica, 1938, 5. 257; Weber, ibid.. 1939. 6. »i. 

5 Z. Elektrochem., 1913, 19. 32. .q>j j 430. 

6 A spiral copper tube was used for steam by Spcyerer. Z. let 

7 Phys. Z., 1913, 14. 305. 

8 Proc. Cambr. Phil. Soc., 1913. 17. 183. 
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59 poiseuillb’s law 881 

of volume V (c. 10 lit.) to fall from p x to p 2 by escape of gas through a 
capillary of length / and radius r into the atmosphere of pressure p 0 . when 
V=(”r4polSlV)(tlX) t where A=ln [(Pi-p 0 )/(p 2 -Po)] ■ [(p 2 +Po)KPi+Po)]- 

A simple comparative method depending on the fall of a pellet of mercury 
in a tube, driving the gas through a capillary sealed above and below the tube, 1 
is liable to error owing to leakage of gas past the mercury pellet, and the correc- 
tion for the effect of the surface tension of the mercury is also irregular. 2 This 
method cannot be regarded as satisfactory; the accuracy claimed is about 
0-5 per cent. West 3 found that the pressure required to drive a mercury thread 
of length / upwards in a capillary of radius a, is given by : 

P=2o(cos a 2 — cos oc,)/tf+8/i7t7«/ 2 

where v is the velocity of motion, a| and a 2 are the lower and upper contact 
angles (independent of the velocity), a the surface tension, and the viscosity 
of mercury. For a O-35-mm. tube. />=() 038/a+8/r,i/a 2 . 

In the rolling ball method 4 a steel ball is allowed to roll down inside a slightly 
inclined steel tube of polished bore (e.g. 10 in. long and 0-3 in. bore), the time 
taken being recorded electrically, and the tube rotated by trunnions in a 
thermostat. The theory will be mentioned in the section on liquid viscosity 
(see § 4.VIII E, Vol. II). 


§ 9. Poiseuille’s Law 

The principle of the transpiration method depends on Poiseuillc’s law: 5 

v — (w/8»?K/> i “PiX' 4 /!)' <U 

where v is the volume of gas in cm. 3 , measured at the given temperature and 
under the mean pressure \(pi+p 2 ). which flows in t secs, through a straight 
capillary tube of length / cm. and radius r cm. when the pressures at the begin- 
ning and end of the capillary, respectively, are p x and p 2 dynes/cm. 2 . Poiseulle’s 
equation (1) is easily deduced for an incompressible fluid as follows. In a tube 
of length / and circular cross-section of radius r let the fluid at a distance r=x 
from the axis, and measured at right angles to this, move with a velocity u. 
The cylinder of fluid of radius x coaxial with the lube experiences a viscous 
dr ag —T)(du/6x) per cm. 2 over its whole surface, i.e. for its total area a drag ot 
—2nxhj . du/dx. 

In steady flow with uniform velocity, there is no resultant force on the fluid. 


* Pedersen, Phys. Rev., 1907. 25. 225 (vapours); Rankine. Phis. / . 1910. 11. J ' 7 - 45 * 
Proc. Roy. Soc., 1910, 83, 265, 516; 1911, «. 181; 1912. 86. 162; 1913. 88. 5 5: 1915. 91. 
201 1 PHI. Mag., 1911. 21. 45; 1921. 42. 601. 615:7. Sci. four.. 1924. 1. 105: Mcmencand Rcmi. 
Monatsh., 1923, 44. 307; Nasini and Rossi. Go;;.. 1928. 58. 4)3: Titani. Bull. Chem. 5ve. 
Japan, 1929, 4. 277; 1930, 5. 98; 1933. 8. 255: Eyring and van Valkcnburg. J.A.C. 5. .1931 0. 
52, 2619; Nasini and Pastonesi. Gazz.. 1933. 63. 821 (air at high press ): Adzumi Bull. ( hem. 
Soc. Japan, 1937, 12. 199; Comings and Egly. I ml. Eng. Chen.. 1941. 33. 1 224 (under pressure). 

2 Kucnen and Visscr. Proc. K. Akad. Wdens. Amsterdam. 1913. 16. 355 fonhn, 

~ " ' idge. Proc. Oklahoma Acad. Sci.. 1932. 12. 73 (error 2 per cent.). 


138); Roller and Woolridgc, 

Shugajew, Sow. Phys. Z., 1934. 5. 659. „ , t v lttl 

J Pr °c. Roy. Soc., 191 1. 86. 20; Yamold. Proc. Phys. Soc.. 1938. 50. 540; 1940. 52 I 1 
4 Flowers, Proc. Amer. Soc. Testing Mater.. 1914. 14. 565: Sage W. Eng. C hem. Anal.. 
'33. 5, 261 ; Schrdcr and Becker, Z. phys. Chen,.. 1935. 173. I7S; Wobser . and I MulLr h, II. 
M., 1941, 52, 165; Hubbard and Brown, fod. Eng. Cheat. Inal.. 1943. 15. -I-: Smith and 
Brown, Ind. Eng. Chem., 1943, 35. 705 ; Bichcr and Kat/. ihid.. 1943. 35. 4 

J Poiieuille. Comp,. Rend.. 1840. II. 961. 1041 ; 1841. 12. 112: 1842. 15 1 167. Ann. ( ■ r. 
if 43 - 7. 50; 1847, 21. 76; M<fm. div. Sav.. 1846. 9. 433: see $ 2.VIII K Vol. II. ^an 1 
Marie Poiscuille, 1799-1869. a practising physician in Paris. 
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so that the viscous drag is equal and opposite to the force due to the pressure 
difference between the ends of the tube, nx 2 (pi— p£> aQ d hence: 

—IttxIt} . du/dx^x^pi—p^). 

Divide by —2 ttxU] and integrate with respect to x: 

u~- Pj sr*+c 

where C is the integration constant. If there is no slip (§ 12), m= 0 when 
x=r (on the walls of the tube), hence: 

0 =- Pj Hr r2+c 

4/7/ 

c-Hpi-ptWiV* (2) 

u=l(Pi -PiWW' 2 -* 2 )- 

The total volume of incompressible fluid flowing through the tube per sec. is: 


2nxudx- 


rtP\-Pi). M,Pi-Pz)d 4 


Jo 8 / 7 / 128/t/ * 

where d= diameter of tube= 2 r. 

In the case of a gas, 1 v varies with the pressure along the tube and also changes 
with temperature, being different for isothermal and adiabatic flow . 2 For a 
very small pressure difference dp, (3) can be written as dv—fwrVS^dp. Also 
pdv=dnRT, where dn= number of mols in the volume dv, therefore 6v=6nRT/p, 

dn=TTr*pdplih)RT 


•* 8//?J 7/7” 


If T is constant (isothermal flow), rj is also constant, hence: 

rrr 4 f* pf-gf ^(Pi-Pz) Pi+Pi ... 

n= th,RTj„ , * P "‘»h,RT- 2 = 8 lr,RT ' 2 * W 

If (pi+p 2 )/2=p=avcrage pressure: 

tiRTfp=v=7rr 4 (p l —p 2 )/ 8 /t/, 

showing that ( 1 ) applies also to this case 3 if v is the volume measured under the 
average pressure (Pi+p 2 )/2. 

For a given pressure difference (4) shows that the flow in g. per sec. is 

A//f=const.x((p,+p 2 )/2/?rjA/=const.xp ... (5) 

where p=pM/RT is the mean density, M being the mol. wt. This was con- 
firmed experimentally by Graham 4 and Bunsen . 5 

A method of determining viscosity depending on the optical measurement 
of the rate of approach of two parallel plates by an interferometer was used by 

» Jcllinck. " Lchrbuch der physikalischen Chemic.” 1928. 1, 244. 

2 Fisher. Phys. Rev., 1909. 29. 147; 1910. 30. 269; 1910, 31. 586; 1911, 32. 216, 433; Holm. 
Ann. Phys., 1914, 44. 81; 1914. 45. 1165. 

2 On supposed deviations from Poiscuilk’s law for gases, sec Knodel, Ann. Phys., 1926. 
80, 533; Schiller, ibid., 1926. 81. 866. 

4 Phil. Trans., 1849. 139. 349: “ Researches.” 1876. 88. 

** Gasomctry," transl. Roscoe. 1857. 122. 
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Fabry and Perot; 1 the amount of gas streaming out from between the plates 
per 1 cm. length per sec. is 

n=(d^l\2r l RT).[{p x ^-p 2 ^)l2\ (6) 

where d is the distance between the plates. If rf— 10- 4 cm., the volume of air 
measured at 1 atm. pressure flowing per sec. per 1 mm. Hg/cm. pressure gradient 
is only 0-6 x 10~ 6 cm. 3 . 

§ 10. Corrections to Poiseuille’s Law 

Poiseuille’s law holds only for so-called stream-line flow 2 through the tube; 
this is conditioned by the dimensions of the tube, the pressure difference, and 
the viscosity n of the fluid, all of which regulate the linear velocity of the fluid 
flowing through the tube. If this velocity exceeds a certain value, turbulent 
flow sets in, and the equation breaks down. According to Osborne Reynolds, 
turbulent flow of a gas or liquid sets in when the linear velocity 1 exceeds the 

value given by: ... 

dpVI^ 2000 < ! > 

where ^-diameter of circular tube, p«density. This value of V caUcdthe 
Reynolds number , and equation (1) gives the criterion for streamline flow. r< . 
The equation applies also to gases. 4 Dowling 3 found the Reynolds number for 
gases higher than for liquids. There is also a correction for the sh P of the ga> 

along the wall of the tube (see § 12): 

l , corr. = t ’obt.( l + 4 ^/ r ) •••••*' ( * 

where {-coefficient of slip; and a correction for the kinetic 
moving fluid ( Hagenbach correction ); 6 if «s the viscosity c c 
Poiseuillc’s law, the value corrected for kinetic energy is: 

llOip/8*// ; ’ (3) 

For long and narrow tubes 0 large) the Hagenbach correction is ne «J i S |b ^ Mib|e 
At the ends of the capillary, and particularly at the entry e n . P 0 *^ 

that the motion of the fluid is not streamline or parallel to the »al . 
will be the same as if. on account of the greater resistance, he E^as traserse^ 
a greater length of capillary than is actually the case, and 

« Ann. Chlm., 1898, 13, 275; Gacdc. Ann. Phys., 1915. 46. 357; Barns. Proc. .Sal. Acad.. 

the velocity of flow .long a cylindrical lube is X^.TTr'n'" 
the axis, and the velocity gradient is constant. On lunar 

1942, 3, 79. 


. Phys. Chem., 1929, 33, 52; Trubridge. Sci. Pro *'\\ K *' , .. N1o j crn Developments in 

" The Physics of Solids and Fluids." 1936. 250; Goldstein <.> • • , |9; (of ,^. nv through 

Fluid Dynamics" (Aeronautical Res. Committee). xj\U * .* ' ..‘n ul kc and Plummer, 

packed aggregates (c.g. catalyst masses, and absorpu^ ,, «|itibibl.l: Damkohlcr 

Ind. Eng. Chcm., 1928, 20, 1196; Chilton and Colburn. iM.. i - '• • , I i.«:>chc. 

and Delckcr. Z. Etektrochem.. 1938. 44. 193. For literature trom .31* 

2. Verein D, Ing., 1908, 52, 81. „ . T .... R „ r S oc Canada. 1^24. 18. HI. 

4 Ruckcs. Ann. Phys.. 1908. 25. 983; Satlcrly. Tran*. Pot. 3. r. 

261; AnfilogolT, Thesis, London. 1932. 224. 

5 Proc. Roy. Dublin Soc., 1912. 13. 375. , g90 2 I. 433: J. d. /’/'»»•• 

6 Hagenbach, Ann. Phys., I860. 109. 385; Couette Ann C In * ,\ 5. Half 

>890. 9, 560; Wilbcrforcc, Phil. Mag.. 1891, 31. 407; Kmbb>. Proc. * . 

1895. 24, 77; see § 2.VIII E. Vol. II. 
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the form of the ends. Couette, to correct for this, added to the actual length 
/ of the tube a fictitious length A, which he found was approximately three times 
the diameter of the tube, A=3 d. 

Especially in the case of liquids, a jet leaving an orifice does not preserve 
the diameter of this, but contracts, the narrowest part being called the vena 
contracta. 

The end-correction for capillaries was discussed by Benton, 1 who found 
Fisher’s method unsatisfactory and used a modification of a method proposed 
by Brillouin. 2 The total resistance is H=k l 7)IM/pR 4 +k 2 CM 2 /pR\ where 
/= length of tube, A/=mass transpired per sec., *=radius of tube, p=density 
of fluid, C= (radius of lube)/ (vena contracta), and and k 2 are constants: 


/>///? 4 =2-58(tyA/+0 1248A/ 2 . 


§ 11. Curved-pipe Flow 

An important correction, formerly overlooked, is involved when a spiral, as 
contrasted with a straight, capillary is used, and is due to an increased resistance 
caused by curved-pipe flow} The more rapidly flowing central parts of the 
fluid are forced outwards by centrifugal force, and the slower parts along the 
wall arc driven inwards towards the axis of the tube. The resistance to flow 
in a curved pipe is f(Z>) times that in a straight pipe of the same length and bore, 
f (D) being a function of : 

D=(qrlv)y/(r/R) ( 1 ) 

where ^average velocity of flow, r=radius of bore, *=radius of curvature of 
bent pipe (c.g. of a circle for a circular spiral coil), and v is the kinematic 
viscosity, v=Tjlp, rj being the viscosity and p the density. The correction is 
applied by a graphical method. For D< 20, f(Z)) is approximately unity; 
for 20<Z)<1000, ((D)=0 31D° * This correction also depends on the 
linear velocity of the fluid through the tube, and it is desirable to arrange the 
apparatus so that it becomes negligible. If measurements with gases at various 
temperatures arc involved, this effect may come in at lower temperatures in an 
apparatus which docs not show it at higher temperatures. 

Definite indications of curved-pipe flow of gases in spiral capillaries were 
found by Eger, 4 Williams, * Sattcrly,* and Shilling and Laxton, 2 but its import- 
ance in viscosity measurements was first pointed out, on the basis of experi- 
ments by AnfilogofT. If G is the ratio of the resistance to motion in a curved 
tube of internal radius r coiled into a circular helix of radius R, to the resistance 
in a straight tube of the same length and internal radius, the gas being under the 
same pressure head and at the same temperature, then: 

log (?= log ([(rp V faXr/R) 1 * 2 ] 

• Phys. Rev., 1919, 14. 403. 

2 " Lccons sur la Viscosite, " 1907, 1, 133; 2, 37. 

* E ^ S,ICC */? f ' Roy - Soc " ,9I °- ,07 : 1911. 85, 1 19; Lcchner. Ann Phvs 1913 42 

123' 64?"^ ^ ^ » 27, 4> 208; ,928 ’ 5 ’ 673 = W hi«c. Proc. Roy. Soc., 1929, 
78f r>l ? P,r 8 , . »f" ng ‘ 0n ' BA *'*■• l931 ' 348 • AnfilogofT, ntsis. London, 1932, 

of Sofids and Fllfid?" MK * r w' 2 . 89; , Ewa,d - Pdscld . and P^ndtl, “ The Physio 
Dyn^fc 5 , ^ h 

Ann. Phys., 1908, 27. 819 (attributed effect to centrifugal force). 

Proc. Roy. Soc., 1926. HO. 141; 1927, 113, 233. 

6 Trans. Roy. Soc. Canada, 1924, 18, III, 261 

7 Phil. Mag., 1930. 10. 721. 
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where 2rpV/rj is the Reynolds number, and f is a function of the argument in 
square brackets. If the Reynolds number is denoted by n, then experiments 
show that a value of 2 n 2 r/R greater than 280-300 causes an increased resistance 
due to curved-pipe flow. According to AnfllogolT and While a limiting value 
of log G of about 0-95, corresponding with a value of 2 n 2 r/R of 1 58, corresponds 

with the onset of curved-pipe flow. 

Vasilesco, 1 using a coiled platinum tube, confirmed Dean's and White's 
results up to 1600°, but found an increase in Sutherland's constant for air, 
argon, and carbon dioxide with rise of temperature. 


§ 12. Slip 

Experiment shows that the flow of gas in very narrow tubes exceeds that pre- 
dicted by Poiseuille’s formula, and this would be explained if the gas ” slipped 
in contact with the walls, instead of being anchored there with zero velocity, as 
was assumed in the deduction. Such a slip was shown to occur with liquids by 
Helmholtz and Piotrowski, 2 and with gases by O. E. Meyer J and Kundt and 
Warburg. 4 The theory was investigated by Maxwell. 5 

If wo is the velocity with which the gas slips along the walls of the tube, there 
will be a viscous drag on the gas which is proportional to u 0 and to the area 
2nrf (x=r) over which slip occurs, i.e. the total drag will be 2vrUu 0 . where < 
is a constant. This drag is equal to the driving force rr*(/»i -/>:». therefore 
2nrleu 0 —7rr 2 (j) l — p 2 ), hence: 

, /0 =(/>, -/> 2 )r,2/< (l) 

The integration constant C in equation (2). § 9. must therefore be adjusted 
to give u 0 when x=r, instead of zero, and the result shows that. 

w= ( (p i -Pz)I 4/»jK' : - ‘ 

Hence, by integration as before, the streamline flow per sec. is found to be: 


l» = 


8 In ' <r I 


( 2 ) 


Thus, the flow is increased by slip by the fraction 4 v «r. which is generally 
known as the Kundt and Warburg correction. It is negligible w 
compared with ,/c, but becomes important with tubes of sm.i * 1 • , 

very small the flow is largely controlled by slip, becoming propi 
instead of r 4 as in slip-free flow. The fraction ,/e is called he * 

slip, and is denoted by It has the dimension of length, and dan ^ 

same as if the wall were moved back a distance v and 


continued uniformly to zero in contact with the wall. . 

of slip, assumed that a fraction (I-/.) of the 
specularly ’* reflected (angle of incidence- 


Maxwell, in his discussion 
molecules impinging on a surface is 


' Ann. de Phys., 1 945. 20. 1 37. 292. 

2 Wien Ber., 1860. 40. 607; Siacy. Phys. Rev.. 19-J. 
2 Ann. Phys., 1866, 127, 253. 

4 Ann. Phys., 1875. 155. 337. 


inesis, London. 1932; Locb. " Kinetic incor> u. - bv n us hnun. " I’ro- 

" Kinetic Theory of Gases." 1938. 291 f.; a g«*l bnc 'ire >" j. A r p> 

ductxon and Measurement of High Vacuum. Schenectady. 19—, - 
Phys., 1941, 12, 626, 718. 
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angle of reflexion), and the fraction /of the molecules leave at random angles 
independent of the previous motions (the so-called “ cosine law ”). He con- 
sidered that Kundt and Warburg’s experiments indicated that /=J, approxi- 
mately. Knudsen, 1 however, concluded that / may often approach unity, i.e, 
nearly all the molecules fly off at random angles. Knudsen says: “ a gas mple^ 
culc on striking the surface is repelled in a direction which is completely inde- 
pendent of the angle of incidence, and the distribution of directions of an 
infinitely large number of molecules after reflexion from a surface follows 
Lambert’s cosine law for the reflexion of light from a glowing body.” The 
measurements of Blankenstein 2 also showed that for helium, hydrogen, oxygen, 
and air, reflected from polished oxidised silver, /is 1-00, 1-00, 0-99, and 0-98,’ 
respectively, whilst for other solids it may be appreciably smaller. Millikan 3 
gave the following values for /: 


air or CO* on machined brass, old shellac, and mercury 

air on oil 

CO: on oil 

air on glass 

air on fresh shellac 


1-00 

0-895 

0-92 

0-89 

0-79 


If the gas flows through a tube at such a low pressure that the free path of 
the molecules is of the same order as, or greater than, the diameter of the tube, 
the rate of flow is independent of the viscosity and density.* If the streaming 
velocity is small compared with the molecular velocities, and the latter con- 
form to Maxwell’s law for a gas with mass velocity equal to the velocity of flow 
the mass of gas striking 1 cm. 2 of tube per sec. is (see § 14.III) j pi. The 
average velocity along the tube is % the same for all points of the gas, and the 
total momentum given to the walls per sec. is 2mlx{\pcu^). This, as before, 
must be equal to wfyj — p£, so that: 


w 0 =2/(p I -/> 2 )//pc (3) 

The total mass of gas flowing in 1 sec. is then: 5 

7Tr^pu 0 =2rTr i (p i -p 2 )/lc ( 4 ) 

independent of rj and p, and proportional to r 3 instead of r*. This agrees well 
with experiment, according to Knudsen. 

When gas streams slowly through a tube the number of molecules striking 
1 cm. of wall is (§ 14.III) i Nc, where W=number of molecules per cm. 3 , and 
c is the mean velocity of the molecules due to thermal motion in the gas. If 
he .m p,ng,ng molecules have a mass velocity u parallel to the surface, which is 

i W,,h *' 3nd if 8 frac,ion / of the ^pinging molecules are 
52“““- ! ? ter . rc ‘ em,tlcd - the momentum given per sec. to the wall is 
tmNcfl, where w is the average tangential velocity of the impinging molecules.* 

' Ann - £ hy / ' l909 - 75. 999; 1915. 48. 1 1 13; “ Kinetic Theory of Gases 1934 26 f - 

T ■ Knud *"' s for "•-*» 

\ Z; T. “■ ,92j - ». »! Van Dyke, ibid., 1923, 2., 250. 

siiwHSr % r : 

P/,;/ 1947 17 802 ' ' 1 ° ; Br<Wn - * Nard0 ' Chcn 8. Sherwood, J. Appi. 

Ga^i, iu. PhyS - ,909 ' “■ ”■ " 9: l9, °' * <»>'. 34. 593; “ Kinetic Theory of 

byVK M0 ' ,70 ’ 3 »«» (erroneously?) 

* I angmuir, J.A.C.S., 1915.37,417, 1139. 



SLIP 


887 


512 

The average tangential velocity of the surface layer of molecules is u 0 . This 
surface layer is made up of i Nc impinging molecules with tangential velocity 
u, of iNc(l-D returning molecules also with tangential velocity u, and {Ncj 
returning molecules with zero tangential velocity. The total number of mole- 
cules in this layer is the sum of those entering and leaving, viz. \Nc, therefore: 

iNcu 0 = &Nc+iNc(\ -f))u+iNcf x 0 

u=uoKl-tf) & 

If /= 1 (complete adsorption and re-emission) u=2uo, i.e. the surface layer is 
made up half of molecules entering the surface with tangential velocity u, and 
half of molecules leaving with tangential velocity zero. The tangential momen- 
tum given to 1 cm. 2 of wall per sec. is then \Nmcu 0 dynes per cm. 2 , and this 
divided by u 0 gives the coefficient of external friction c: 

t=\Nmc < 6 ) 

If /is not unity the average tangential momentum of the impinging molecules 
is (as shown above) i Nmcfu, hence on substituting for u: 

tNmcf.u 0 l(\-\f)=<uo' 

and by using equation (12). § 1. for r> with Boltzmann’s value for k, if /-mean 
free path: 

r ^ 03 ”4-07004/(2,/-l) .... (7) 

4 * i Nm/fUl—if) 

The factor 0-3502 is 1-051, derived from an integral evaluated by Tail.' 
Apart from the factor 0-7004 instead of $=0 667 this equation 
the one given by Maxwell.* who inferred from Kundt and ' Warburg s «I*J 
ments that for air and glass. {-2/. or /=$ (with h.s constant). Maxwell s 
equation for the coefficient of slip is: 

{-^V/(2WPP)(2//-I) (8) 

where a fraction / of molecules is reflected diffusely. i ‘; d l -{ > .P ccularl> - 
O. E. Meyer s deduced that £=/ (mean free path), and Knudsen 

5=0-81(8 v /2/3 v , >')I’//v'(PP'l (9) 

Experiments show that cadmium and mercury atoms are spec 

from clean rock salt, but sodium atoms are no. refto-rd a. a ,’ 

gen atoms arc diffusely reflected from various crystal surfaces ma.n.amcu 

formula *» — « ~ ’ 

, B . (1 / a 2_l/6i + 2{(l/a J +l/* , )HM/ T! " , > ' ' ' (l0) 

States, 8 with a rotating cylinder, found low slip values as compared w i.h those 
calculated from Maxwell’s equation. 

' Trans. Roy. Soc. Edin., 1887. 33. 251; "Papers.” edit. Knott. 2 %ols. Cumhr.dge. 1*99 

Trans., 1879, 170, 231 ; " Scientific Papers." Cambridge. 1890. 2. /03. 

3 " Kinetic Theory of Oases." 1899. 211. 

« Ann. Phys., 1908. 29. 75; Darbord. J. de Phys.. W- 3. >*-■ 

* HUelt and Olson. Phys. Rev.. 1928. 31. M3. 

« Johnson, J. Franklin Inst.. 1928. 206. 301. VorcaniK." Berlin. 1*04. «*». 

’ Warburg. " Obcr Warmcleitung und andcrc Ausglc.chcndc > organ*. 

• Phys. Rev., 1923. 21. 662. 
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G. CONDUCTION OF HEAT IN GASES 


§ 1. Theory of the Conduction of Heat in Gases 

The unusually large thermal conductivity of hydrogen was noticed by 
Priestley 1 in 1781; whilst Achard 2 found that a body cools more slowly in 
hydrogen than in air. It is elegantly shown by an experiment due to Andrews, 3 
who found that a platinum wire heated to redness by an electric current in a 
tube which is exhausted or filled with air, has its glow either greatly diminished, 
or even removed, when the tube is filled with hydrogen. Magnus 4 observed the 
effect in very narrow ( 1 mm.) tubes, so that it is not due to convection. Andrews 
gave comparative values for the currents required to maintain the same bright- 
ness in gases or vapours, that in air being taken as 100, and this is really the 
basis of Schleiermacher’s method for the determination of the thermal con- 
ductivities of gases (§ 4). Andrews gave: S0 2 0-967, N 2 0 0-995, C0 2 1-010, 
0 2 M09, NHj 1*118, H 2 1-382. 

Dalton 5 measured the times taken by a healed thermometer to cool the same 
number of degrees in different gases. Leslie 6 also found that a hot body cools 
more rapidly in hydrogen than in air. The experiments of Magnus, 4 Pcclet, 7 
and Buff 8 gave unsatisfactory results; Magnus used a gas at low pressure (15 
mm. or less) and arranged the apparatus so that the heat was propagated 
downwards, so minimising convection. 

The kinetic theory of heat conduction in a gas, first worked out by Maxwell, 9 
and later by Clausius, 10 Stefan, 11 von Lang, 12 Boltzmann, 13 and O. E. Meyer, 14 
removed an apparent objection to the kinetic theory, viz. that the very swift 
molecules, either by unhindered motion or by the transfer of kinetic energy by 
head-on collisions with other molecules, might be expected to transfer heat 
rapidly through a gas. 15 The following treatment is based on that of Jager. 16 

' •* Experiments and Observations on Natural Philosophy," 1781, 2, 375; ** Experiments and 
Observations on Air," Birmingham. 1790. 2. 457. 

: Nimv. Mem. Acad. Berlin. 1783 (1785), 84. 

3 froc. Roy. Irish Acad., 1840. 1. 465; "Scientific Papers," 1889, 66; Grove, Phil. Mag., 
1845. 27. 442; Phil. Trans.. 1847, 137. I. 

- Ann. Phys., 1861, 112. 351. 497; Phil. Mag.. 1861. 22. 1. 

> " New System of Chemical Philosophy." 1808 (2nd edit., 1842), 1,117. 

* " Experimental Inquiry into the Nature and Propagation of Heat,” 1804, 484. 

7 " Traitc dc la Chalcur," 3rd edit., 1861, 3, 418. 

* Ann. Phvs., 1876. 158, 177. 

* PI,IL ,S6 °. 20. 21: 1868. 35. 185; Phil. Trans., 1867. 157, 49; "Scientific Papers," 
Cambridge. 1890. 1. 377 (403); 2. 26(74); Kirkwood. J. Chcm.Phys., 1946, 14, 180. 

Ann. Phys., IS62. 115. I; Phil. Mag., 1862, 23. 417, 512; Die kinetische Thcoric dcr 
C>asc, " Die mcchanischc Warmcthcoric." Brunswick, 1889-91, 3, 105. 

" then Bcr., 1863. 47. II, 81 ; 1S75, 72. II. 69. 

w,fn Dcr - 1871, 64. II. 485; 1872. 65. II. 415; Ann. Phvs., 1872, 145, 290. 

n M /,/1 Ihr., 1872. 66. II. 275; 1875, 72. II. 458; 1887, 94. II, 891; " Wiss. Abhl.," 1909, 
1. 316; 2, 31 : 3. 293; “ Vorlesungen uber Gasthcoric," Leipzig, 1896, 1. 86. 

14 " Kinetic Theory of Gases." 1899. 277. 461. 

' 5 Sec Clausius. Die kinetische Thcoric dcr Gasc. "Die mcchanischc Warmctheorie,” 
Brunswick. 1889-91.3. 105: on a "paradox" in the usual theory, see Jafic, Phys. Rev., 1942, 
?9b‘M37 0n ,hC ' hCrmjl conduc,ivi, > of a *n° v 'ng gas. see Naianson, Bull. Acad. Polon., 

'* ^ 0r, ^ h . ri, ' C . , dcr idnctischen Gasthcoric." Brunswick, 1906, 43; idem, in Winkelmann, 

llandhucli dcr Physik. 1906. 3. 747; Kucncn. "Die Eigcnschaften dcr Gase" (Ostwald- 
Drucker, llandbueh der allgemcincn Chcmic." 3). Leipzig, 1919, 112; Warburg, " t)ber 
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In considering the viscosity of a gas, the total momentum which a molecule 
transports through the xy plane per sec. was found (§ 1 .VII H) to be given by: 

m[U 0 +z(6U/6z)] (1) 


When a gas is conducting heat along a temperature gradient, it may be assumed 
that in each plane parallel to the xy plane the temperature T is constant, and 
the change of temperature occurs only in the direction of the z axis; i.e. T is 
a function of z only. It is further assumed that T is a linear function of z, so 
that the temperature at any point distant z above the xy plane (r=0; 7'=7' 0 ) is 
(since 6T/6z is constant) given by: 

T~T 0 +z(6T/6z) (2) 

If m is the mass of a molecule and c r the specific heat of the gas at constant 
volume per unit mass, then if z is the height of the layer in which the molecule 
made its last collision : 

mc,(T 0 +z . 6T/6z) (3) 

is the average heat content transported by this molecule in passing through the 
xy plane. 1 

A comparison of (3) with (1) shows that if U is replaced by T . and m by 
mc„ an equation is found which replaces the viscosity equation (12), § 1 A II F 
(p=Nm, k=K): 

rj-KNmil ( 4 ) 

by one giving the coefficient of heat transport, i.e. the thermal conductivity 
coefficient k : 

k = KNmC'd < 5 > 


since, just as the viscosity rj is defined by(2).§ I -VI I F: 

Rm.-rj.6U/6z < 6 > 


so the thermal conductivity is defined by: 

q--k.6T/6z ( 7 ) 

where < 7 =heat transport (corresponding with momentum transport R) per 
sec. per cm. 2 . The dimensions of k arc cal. cm." 1 sec. 1 degree . Since 
Mw=dcnsity p, (5) can be written as: 

k-Kpck, < 8) 


A comparison of (4) and (5) shows that 

k='i c t 


(9) 


Equation (9) is not accurately in agreement with the experimental results and 
according to O. E. Meyer 2 the equation: 

*=l-6027i)<v (,0) 


WSrmcIcitung und andcrc ausglcichcndc Vorgange." Berlin. 1924; for some cicnoi'* 

Kimball, Phil. Mag , 1935, 20. 97. 355; Smith, ibid.. 1942. 33. 775. For a ««a«mcnt b> Genu", 
statistics (§ 37.IV), see Salvctti. Alii Accad. Hal. R. Sci.fis. mat. nai 194.. l J o. 

> Maxwell calculated the coefficients of viscosity, thermal conductivity, and d.iUron^f^^ 
a general "equation of transport": see also Bnllouin. A 1 "-? 11 ™'!* 100 ' ' 

“Kinetic Theory of Gases." 1940. 230; Schafer. Natures 1947 34. km. 

, 2 " Kinetic Theory of Gases." 1899. 284. 466; in the first cd. .on (I "771 Wkj • r 
factor 1-537. Jeans, " Dynamical Theory of Gases. 3rd edit.. 1 *-l. - • P 1 |1( 

the constant in equation (10). I -6027, given by Meyer is incorrect and appear-. Conr . ul 

of a faulty calculation, since the value of an integral correctly ca *^ ll ^ c 4 ' c . . . c , )llipi . 

gives the constant as 1-395. Cf. Smoluchowsky. Ann. Phys.. 1911. 35. 983. Haac. c« n P ,. 
Rend., 1922, 176. 32. 
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which he deduced from theory, gives better results. A combination of (10) 
and (5) enables the mean free path to be deduced from a measurement of the 
coefficient of thermal conductivity. In theory, also, a measurement of c 9 is 
possible from (9), c t =k/rj , but this probably holds only for a monatomic gas 
(see below). 

A more general equation is: 

(ii) 

where AT is a constant which is found empirically to be independent of tempera- 
ture and pressure over a wide range, and seems to depend principally on the 
number of atoms in the molecule. 1 For molecules repelling one another with a 
force inversely proportional to the fifth power of the distance between their 
centres (F=/ir* 3 ) Maxwell 2 found AT=2-5. For monatomic gases Chapman J 
found for a law of force F=fir~ l the value 2-500 as a first approximation (for 
s = 5 this is exact); further approximations alter this by only about 1 per cent., 
the greatest deviation being for elastic spheres, for which K= 2-522. Enskog 4 
also obtained a general formula which gives AT=2-500 for j=5; he gave the 
following values of K , and the theoretical value 2-5 is seen to decrease at low 
temperatures: 

He 0“C. 2-40 - 191-6“ C. 2-33 -252.1° C. 2 02 

A 0° C. 2-49 182-5“ C. 2-57 

Nc 10“ C. 2-501 

Eucken 1 suggested that K=\ for the transport of the internal (non-transla- 
tional) energy of molecules. 

Jeans 5 suggested that the simple equation (9), k=rjc f , might apply to the 
rotational energy, and Maxwell’s equation k^fre, to the translational energy. 
If n is the total number of degrees of freedom, the specific heats are given (see 
§ 29. VII E) by C,= \nR and C,=|(/i-f 2)R per mol, hence C,/C P =y=(/j+2)/n. 
The factor K for the thermal conductivity equation, on the above assump- 
tion, is: 

Px|+(n— 3)]//!=[9 (h+ 2)— 5n]/4n=J(9y— 5), 

an equation given by Eucken. 6 


h 2 

He 

0, 

A 

CO 

CO, 

N ; 0 

C:H 4 

1-89 

2-38 

1-93 

2-49 

1-88 

1-52 

1-72 

1-55 

1-90 

2-44 

1-90 

2-44 

1-91 

1-72 

1-73 

1-55 

1911, 

12, 1101; 

1913, 

14. 324; 

Brfichc 

and Littwin, Z. 

Phys.. 1931 


k/rjCr 0bS. 

J(9y— 5) 


67 362 — — — «-• Mi/*., 

' PM- Trans 1867, 157. 49; "Scientific Papers." Cambridge. 1890. 2. 26; Boltzmann. 
Vorlcsungcn fiber Gastheorie" Leipzig. 1896. 1. 176. By an arithmetical error. Maxwell 
gave 5/3 instead of 5/2=2 5 for K. Schlciermacher. Ann. Phys., 1889. 36, 346. found 3-15 
lor mercury vapour. Pidduck. Proc. Roy. Soc.. 1922. 101, 101, concluded that A/tjc,=-2-5 
lor monatomic or non-rotating molecules; for deviations from 2-5 with dipole molecules, see 
Chapman and Hainsworlh, Phil. Mag.. 1924. 48. 593; Schafer, Z.phvs. Chen,.. 1943, 53 B, 
149. Trautz and Zfindcl. Ann. Phys.. 1933. 17, 345, found =5/3 for propane. 

pLs. hi v m ra S'\iT 2 ' 2I1, 433: 1915, 2I6, 279: Jones> ibid " ,923 ' 2231 Horzfcld * Ann ' 

5 , 6 '^? 3; Dis * rl ' UpP^la, 1917; Ubbink, Physica. 1947, 13, 629, 659; 
Spmi /J/J 6 |948 m i6 U 968 194?1 I5, 482; ,948 * 16> ,90: Hirschfelder, Bird and 

5 ** Kinetic Theory of Gases," 1940, 190. 

PhyUea ! 1948 m'i^ 2 ’ ll0,: ' 9I3, * 4 ' 324 ’ ,he cqua,ion *** no! ^firmed by Ubbink. 
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Hercus and Laby 1 gave the following table: 


Gas 

k X 10* 
at 0° C. 

c p 

r 


*?x I0 4 
at 0 C. 

K 

He 

32-7 

1*255 

1 667 

0 753 

1-883 

2 31 

A 

3*85 

0123 

1-667 

0 0744 

2-108 

247 

H: 


3-407 

1 399 

2 406 

0 852 

1-76 

N2 

mm. 

0244 

1 401 

0 175 

1 673 

1-76 

o 2 


0*218 

1 401 

0-1531 

1 -925 

1 79 

Air 


0 239 


0 1715 

1-733 

1-76 

NO 

493 

0 231 


0 1654 

1 737 

1 -73 

CO 

msm 

0 246 

WSm 

0 1751 

1 -677 

I* 72 

co 2 


0 2015 

1 300 

0160 

1 428 

1-45 

N 2 0 

KB 


1-317 


1 364 

1 -47 

h 2 s 

2-81 


1-317 

01814 

1154 

1 34 

S0 2 


j f'llt 

1-258 

01061 

1204 

1-35 


Euckcn, 2 taking k for air as 0 0000566 at 0 C. and I atm., found the following 
values of k (which later measurements by Weber, quoted in § 4. show arc 
often quite inaccurate); the other columns give the values for the viscosity 
(t)), specific heat (c P ), and the constant K of equation (11). 



k x 10 7 

x I0 7 

Ct 

He 

3360 

1876 

0 746 

A 

390 

2102 

0 0745 

h 2 

3970 

850 

2-38 

n 2 

566 

1676 

0 177 

a A M 

0 2 

570 

1922 

0 155 

CO 

542-5 

1672 

0 177 

NO 

555 

1794 

0 1655 

Cl 2 

182 9 

1237 

0 082 

S0 2 ... 

1950 

1183 

0 103 

co 2 

337 0 

1380 

0 1500 

n 2 o ... 

351-5 

1362 

0 1575 

cs 2 ! 

161-5 

924 

Oil 

H 2 S 

304 5 

1184 

0 180 

h 2 o 

429 

1006 

0 342 

c 2 h 2 

440 

943 

0 295 

NHj 

513-5 

926 

0 388 

CH« 

714 5 

1029 

0 405 

C 2 H, 

407 

906 6 

0 293 

C 2 H« 

426 

855 

0 33 


240 
2 49 
I 965 
I 905 
I 913 
1 835 
I 870 
I 803 
1-601 
I 628 
I 640 
I 59 
I 435 
I 25 
1 58 
I 429 

I 715 
1*53 

1 51 


The high thermal conductivities of hjdrogcn and helium arc 
Equation (9) shows that k should be independent ol pressure to the . 

1 Proc. Roy. Soc., 1919. 95. 190: Hcrcus and I Sutherland ‘IlcJ 

values, see Kucncn. •• Die Eigenschaften dcr Case ., .. < lh cdl ,., |923. 

allgemcinen Chcmic." 3). Leipzig. 1919. 115; v^uacsJhi R. AceaJ. 

2. 1304; Laby and Nelson. - Internal. Crit. Tables." 1929. 5. 213. Guarocm. 

Lined, 1936. 23. 603. 690; 1938. 27. 92. 

2 Phys.Z., 1911, 12, 1101; 1913, 14. 324. 
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as the viscosity (since c c is practically independent of pressure), and this is con- 
firmed experimentally. 1 For actual gases and vapours there is some dependence 
of k on pressure. 2 Schafer and Foz GazuIIa 3 regarded pressure dependence of 
k as indicating dissociation of molecular aggregates. Schafer, Rating, and 
Eucken 4 explained the decrease of k for carbon dioxide at lower pressure as 
due to limitation of exchange of translational and vibrational energy. Ubbink 5 
found H per cent, increase in k for 100 cm. Hg pressure increase for hydrogen 
at 20° K.; for helium, k was independent of pressure at 20° K. but increased by 
5-2 per cent, at 4° K. between 0 and 100 cm. Hg pressure. 

Comings and Nathan 6 assumed that the correlation of viscosity data could 
be used as a first approximation to correlate conductivity data at high pressures 
by assuming that kjki=rjjrf lt although this assumption (derived from trans- 
port theory based on the kinetic theory of gases) will not hold exactly for non- 
ideal gases. Enskog’s equation of state was used, p+ap 2 =(RT/M)p(\-{-bpx) > 
where p=density, and k p lk x =bp(\lbpx+\-2+01514bpx) t a and b being 
constants. If x is a function of density only, bpx=(M/Rp)(dpldT) 9 — 1. 
Plots against reduced pressure were used, the graphs resembling those for 
viscosities (Fig. 2.VI1 F). 

Curie and Lcpapc, 7 with results from the rate of cooling method (§ 4) found: 


He 

Nc 

A 

Kr 

Xc 

33-63 

1092 

406 

2-12 

1-24 

2-42 

2-49 

2-59 

2-54 

2-58 


Shcrratt and Griffiths 8 found that k/rjc 9 increased in the interval 0°-300° 
only from 1-68 to 1*70 for carbon dioxide, whilst for air it increased from 196 
to 2 06. Gregory and Dock 9 found that k/rjc 9 for hydrogen increased from 
2 0 at room temperature to 2-27 at liquid oxygen temperature. The value of 
k/rjc v for steam 10 at 70°-250° depends somewhat on temperature; at 288°-476° 
the dependence is greater, the value rising from 1-416 at 288-8° to 1-546 at 
476-7°. 

Pollock, 11 using Eucken’s results, found X=7-32(y-l)/y 13 , where y=c p fc„ 
and K is the constant in (11). Laby and Hcrcus, 12 using better experimental 
data, found a linear plot of K against 1/y, and Pollock 13 then gave the improved 
formula K=6-15(l-y)/y. 


i 

1938 


Gregory and Archer. Phil. Mag.. 1926. 1. 593; 1933. 15. 301; Gregory and Dock, ibid., 
"• 1 '"I Varghaflik. Tcchn. Phys. U.S.S.R.. 1937. 4. No. 5, 341; Amcr. Chem. Abslr., 
1937, 31. 6958: Jeans. ** Kinetic Theory of Gases." 1940. 189. 

* ^ nsk °g. K- Svensk. Vet. Akatl. Hand!., 1922, 63. No. 4; Arkiv Mai. Asiron. Fys., 1922, 
n, ?; Jv I° r ^ Milvcr, °n. Proc. Roy. Sac.. 1935, ISO. 287; Varghaftik, Tcchn. 
Phys. U.S.S.R.. 1937. No. 5. 4. 341 ; Amcr. Chem. Abslr.. 1937. 31. 6958. 

1 An Fis. Quim., 1942, 38. 316; Foz GazuIIa and Senct. ibid.. 1943. 39. 399; Foz GazuIIa 
and Schafer. Z. phys. Chem.. 1942. 52 B. 299; Foz GazuIIa and Perez, ibid.. 1944, 193, 162 
(SO:). 

4 Ann. Phys., 1942. 42. 176. 

s Physica, 1948, 14. 165 ; cf. dc Boer, ibid., 1943, 10, 348. 

6 InJ. Eng. Chem., 1947. 39. 964 (bibl.). 

7 Compi. Rend.. 1931. 193. 842; J. dc Phys., 1931, 2, 392. 

* Phil. Mag.. 1939. 28. 68. 

9 Phil. Mag.. 1938. 25. 129. 

Chem „ Ab ’"- 31 - 6957 ■ Rudorff, Eng. and Bailer House Rev.. 

™j RX:ST%a,eZmZ% °i?' d " ar> WaKr SubS ’ anCC '" NCW Y0rk ’ l94 °' 12 ‘- 

12 Proc. Roy. Soc.. 1918. 95. 209. 

” P'oc. Roy. Soc. N.S. Wales. 1919. 53. 116. 
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§ 2. Values of Thermal Conductivities 

The following values are all in g.cal. cm.* 1 2 * sec." 1 deg. C.” 1 * . 


-59° 

-149-5° 

O' 


—74-37® 
-18! 43° 


0 0000568 » 

0 0000566 6 7 * 9 10 11 
0 00005777 » 

0 00003678 i 
0 00002146 2 
0 0004245 * 

0 0004165 > 

0 0002393 2 
0 0001175 2 
<2l4xlO-*)r**” 
0 0003438 > 

0 0001087 > 

0 0001091 * 

0 0000879 y 

o 0000499 y 


A 

O' 

0 0000385 y 

1 


0-00003961 * 

D; 

O' 

0 0003031 ’ 

1 O: 

0 

0 00005889 -* 



0 00005768 y 

CO: 

0 

0 00003393 > 



0 00003375 * 

1 


0 0000347 * 


-59* 

0 00002645 2 

N ; 0 

0* 

0 0000353 > 

CH« 

0 

o 0000770 y 



0 00007205 * 

C»H, 

0 

0 00003549 3 

CO 

0' 

0 00005399* 


Mann and Dickins » by the Schleiermachcr method (§ 4) found the following 
values of it x 10 s at 0°, and the temperature coefficients x. where k,-k 0 ( i +*/). 



k x 10» 

a 


k x 10’ 

a 

Air 

5 79 

00028 

n - butane 

3 22 

0 0074 

Methane 

7 21 

00049 

/>«-butanc ... 

... 3-32 

312 

2-96 


Ethane 

Propane 

4-36 

3 60 

0 0066 

0 0074 

n-pcnunc ... 
hexane 

— 


Both values appear to approach a limit with increasing number of carbon atoms. 
Ulsamer >o gave the following selected values of A; x iu at u . 

Air °\ < N 7 \ 3« 

5-74 41 39 5 83 5-73 3 44 

Dickins," by the SchJeicrmacher method, found the f bUowing 
all higher than the average of previous values but m better agrccmentw'th these 
if only the Schleicrmacher values are included: the values are * 10“ and the 
second figure is the temperature coefficient a x 10 4 . 

.. . WO. *llb 1*1 


He 

3510 

21 

CO 

55-8 

29 

A 

39-8 

25 

O: 

590 

30 

h 2 

417 

28 

Air 

58-4 

29 


Ns 581 29 
NO 36 4 47 
CO: 35 1 47 


SO: 20 o 
NIL 52-2 


1 Winkelmann, Ann. Phys., 1893, 48. 180. 

2 Eckerlcin, Ann. Phys., 1900. 3. 120. . Amsterdam. 19|9. 

> Weber, Ann. Phys.. 1917, 54. 325. 437. 481: Proc. k. Akad. 

21, 342 (Comm. Leiden Suppl. 42 b). 

4 Bennewitz, Ann. Phys., 1915, 48. 577. 

J Nothdurft, Ann. Phys., 1937. 28. 137. 157 

6 Trautz and Ziindel, Ann. Phys., 1933. 17. 345. 

7 Gregory and Dock, Phil. Mag., 1938. 25. 129. 

» Archer. Phil. Mag., 1935, 19. 901. ndafoec Compi. Rend.. 193c. 

9 Proc. Roy. Soc., 1931, 134. 77; for hydrocarbons. IXlupu 
203. 1505; 1937. 204. 263; 1938. 206. 1646. 

10 Z. Verein D. Ing.. 1936. 80. 537. 7 foulK , 0 0000581 for 

11 Proc. Roy. Soc., 1934, 143. 517; Milverton. Ph,l. Mag . 1934. . 

air by this method. 
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Shushpanov 1 found the molar thermal conductivities (&xmol. wt, M) of 
vapours of normal aliphatic alcohols from methyl to amyl to be Unear functions 
of the number n of CH 2 groups in the molecule, Mk=an+b. Values of kx 10 7 
for dialkyl ether vapours found by Gribkova 2 at 100° are: CH,OC ? Hc 582 
CH 3 OC 3 H 7 539, CH 3 OC 4 H 9 500, C 2 H s OC 2 H 5 562, C 2 H 5 OC 3 H 7 504,’ 
C 2 H 5 OC 4 H 9 470, C 3 H 7 OC 3 H 7 464, (uo-C 3 H 7 ) 2 0 483, C 3 H 7 OC 4 H 9 425, 
C 4 H 9 OC 4 H 9 401. From 50° to 130° the value of k increases Unearly in all cases 
by about 45 per cent.; k decreases with increasing mol. wt. and is greater for 
iso- than for n-compounds. 

Gregory and Marshall * found for 0 2 *=5-89x 10“ 5 , a=0 00289; N 2 k= 
5-80 x 10“ 5 , a=0 00293. The results of Gregory and Archer 4 require correc- 
tion for the temperature discontinuity between the hot wire and gas 5 (§ 4. VII J); 
this changes the values they found for air and hydrogen from 0 0000585 and 
0 000406 to 0 0000533 and 0 000379, respectively. MUller 6 found that the 
thermal conductivity of air increased with temperature more slowly than the 
viscosity. 


§ 3. Effect of Temperature on Thermal Conductivities of Gases 

The investigations of the effect of temperature on the thermal conductivity 
of gases at first gave contradictory results. Graetz, 2 Winkelmann, 8 and 
Christiansen 9 found a much smaller increase with temperature than was 
the case with the viscosity, k being approximately proportional to y/T. 
Schleiermacher, 10 on the contrary, found a much larger dependence of k on the 
temperature, the coefficient being approximately the same as for the viscosity. 

07^ f ° Und at !hc abso,utc temperatures stated, l0 and k 0 being the values 
at z 1 5 iv. : 


He 

A 

H 2 


n 2 

0 2 

CO 

co 2 

NHj 

CH4 



T* K. 

k/k 0 

••• ••• 

81-5 

0 441 


21 

0-155 

••• ••• 

906 

0-364 

• •• ••• 1 

194-6 

0-774 


81-5 

0335 


21 

0 0813 

••• ••• 

81-6 

0-322 

••• ••• 

1946 

0-745 


81 6 

0-302 

••• ••• 

194-6 

0-730 


81 6 

0-302 

••• ••• 

194-6 

0 656 

••• 

215-5 

0-764 



194-6 

0-702 


91*5 

0-314 


«?/*> 


krjJkorj 


0474 

0184 

0352 

0790 

0444 

0 107 

0-333 

0-754 

0-335 

0-764 

0-337 

0-745 

0817 

0-770 

0-340 


0930 

0- 843 

1- 034 
0980 
0-754 
0-760 
0965 
0-988 
0900 
0 957 
0 896 
0-88 
0-936 
0912 
0-924 


! J : ^ p,t ; T J? or ' Phys - US.S.R., 1939, 9. 875; 1940, 10, 674. 

2 J. Exptl. Theor. Phys. U.S.S.R., 1941, II, 364. 

J P J. 0C .' Roy ' Soc " m1 ' ,14 - 3S4 = >928, 118, 594. 

4 Phil. Mag., 1926. 1, 593. 

5 Hcrcus and Laby, Phil. Mag. t 1927, 3, 1061. 

Phys. Z., 1900. 2, 161. 

• £ Z: ml: % Z: der Physik " l906 ’ 3 - 528 - 

1W0 - 40 ' 697: “-«»• *«». 3 . ' 20 ; 

10 See § 4. 

" Ph > 5 - Z > 1911. 12. 1101; 1913, 14.324. 
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These figures show that the temperature coefficients of the thermal conduc- 
tivity and viscosity are not very different, but the first (except for argon) is less 
than the second. The accuracy of these results is not very high. 

Two theoretical equations for the temperature dependence of k make it 
proportional to y/T (Clausius), 1 and proportional to T (Maxwell). 2 Eckcr- 
lein’s 3 experiments with carbon dioxide favoured Maxwell's formula, and 
most modern results give a linear dependence on tem- 
perature. Gregory and Dock 4 found for hydrogen, 
fc=( 2-14 x 10-6)r°- 938 . The theory of the thermal con- 
ductivity of a dissociating gas (N 2 0 4 ^2N0 2 ) was 
developed by Nernst. 5 

§ 4. Determination of Thermal Conductivity of Gases 

The experimental methods 6 for the determination of 
the thermal conductivity of a gas are principally two. 

The first or plate method was developed by Stefan. 7 
Fig. l.VII G shows Winkelmann’s modification of 
Stefan’s apparatus. An inner massive copper cylinder 
a, of mass m and specific heat c, was drilled at the top 
to receive a thermocouple t|t 2 , and cemented by sealing 
wax into a supporting glass tube d, fixed by a rubber 
stopper covered by a screwed plate hi into the cover ol 
an outer copper cylinder b, closed by a screwed lid fg 
and provided with an inlet tube for the gas, which filled 
the space between the two cylinders at low pressure (to 
avoid convection). 8 The apparatus was plunged into 
ice-water and the rate of fall of the temperature ol the |hc Dclcrm mation of 
inner cylinder determined. the Thcmul Conduc- 

If/l=mcan of the areas of the two cylindrical surfaces. Uvity of a Gas 



1 Ann. Phys., 1862, 115, I. _ _ „ . .. _ , X rt 

2 Phil. Mag., I860. 19. 19; I860. 20. 21; "Scientific Papers. Cambridge. 1830 2. 37 

(403). 

3 Sec note 9 on p. 894. 

4 Phil. Mag., 1938. 25. 129. 4 n _ 1Q „ , 0 < 47s 

5 Ann. Phys., Boltzmann Fcstschr.. 1904. 904; Ricwc and Rompc. Z. Phys I 337 10 4_ . 

* Graelz, in Winkclrnann. " Handbuch dcr Physik. 1906.. J. ! »6; kucken. in Si ijhl . 

" Arbeitsmcthodcn dcr anorganischcn Chomie." Leipzig. 1913. 3. .. ’ .. 

Eigenschaftcn dcr Case" (Ostwuld-Druckcr. - Handbuch dcr -I [V™"™ ^\ n " e ' 
Leipzig, 1919, H2;|Trautz and Zundel. Z. teehn. Phys.. 1931. 12 .73 (bibl.. 204 Kfs.J. 

7 Dulong and Petit. Ann. Chin,., ISIS. 7. 113. 225. 337; "TZ’ ^'pKnk ’/L l 875* 

351; Narr, ibid., .871. 142. 123; Stefan. IV.cn Bcr., .875. 72 II 69. Mank^ J 875 
72. U, 269; 1876,74,11.215; Kundt and Warburg. Ann. Phys. ,1875 , 156. .IT * 

ibid., 1875, 156, 497; 1876. 157. 497; 1876. 159. .77; 1881. .4. 534; .883 19 643. .883. 
20, 350; 1886, 29, 68; 1891, 44. 177. 429; 1893. 48. .80; C.uciz. ,h,d 188.. 4-3. J 
Eichhom. ibid., 1890. 40. 697; Muller, ibid., 1897.60. 82; Ray.cgh /»/m/. Afug.. U . 47. - M 
Eckerleln. Ann. Phys.. 1900. 3. .20; Pauli. Ibid.. 1907. 23. 907; Todd *>c IW. 
83, 19; Giacomini, Verhl d. D. Phys. Gcs., 1918. 20. 94; Her, us and Lab>. I roe • *' 

1919. 95, 190; Hcrcus and Sutherland, ibid. 1934. 145. 599; Henderson Phys. . h « • • | 

15. 46; Ubbink, Physica. .947. 13. 629. 659; 1948. 14. .65 (lou tempera u^)- 
theory of the apparatus, based on conformal representation, see Kutta. 

8 Wassiljcwa. Dissert., Gdttingcn. 1905; Phys.Z.. >904. 5. 737; I * n 8"' u '/> ‘u^ound^hc 

H 401; below 150 mm. the c.rccls of convection arc small; Kundt ^ >77 

following figures for the times of equal cooling in air: 19-5 mm.. - 7 sc,.. 

4 mm., 278 see.; 0-5 mm., 280 sec. 
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d= thickness of layer of gas, then the heat given up in a time element dt by 
the inner cylinder is 

-mcd0=kA(6/d)dt (1) 

(since the temperature of the inner cylinder is 6° and that of the outer cylinder 
0°), this equation expressing the law that the loss of heat is proportional to the 
area of the surface, the time, and the temperature difference (0-0), and inversely 
proportional to the thickness of the conductor (the gas). Put : 

kA/mcd=coosl.=a . (2) 


/. (l/0)(d0/df)=— a (3) 

In 0= — af+const (4) 

For /=0, 0=0 O = initial temperature of inner cylinder. 

In 0=ln 0 O — at (5) 

or 0=0 oe-* (6) 


By measuring the rate of fall of temperature of the inner cylinder, the constant 
a is calculated from (5) or (6), and thence k is calculated by (2). If relative 

values only are re- 
quired, a need not be 
determined in terms of 
equation (2), since for 
the same apparatus and 
two different gases: 

ai/«2=*i/*2 (7) 

A correction for the 
conduction along the 
tube d, and one for 
heat transmitted by 
radiation, are necessary 
in the absolute determi- 
nations; the second is determined with the apparatus vacuous, since then heat 
is transmitted by radiation alone, and this is subtracted from the observed 
transfer when the apparatus contains gas. Curie and Lepapc, 1 by Dulong and 
Petit’s method of the rate of cooling of a thermometer in the gas, found the 
conductivities of the inert gases. 

Hercus and Laby used two plates of silvered copper with a guard ring, ac- 
curately separated horizontally by ivory spacers. The upper plate was elec- 
trically heated, and the lower cooled by flowing water, a temperature difference 
of about 28° being used. The distance between the plates was 6-28 mm. The 
temperatures were measured by thermocouples. The heat flow downwards 
(to avoid convection) was measured by the input of electrical heating energy 
and a correction for radiation was applied. 

The second general method is the hot-wire method, generally called Schleier- 
macher’s method, although the principle goes back to Andrews 2 and the method 
was used for determination of thermal conductivity by Botlomley. 3 The appa- 
ratus used is shown in Fig. 2.VII G (Wachsmuth, 1907). The glass tube GG' 

1 Compt. Rend., 1931, 193, 842. 

2 Proc. Roy. Irish Acad., 1840, 1, 465; - Scientific Papers," 1889, 66. 

J Proc. Roy. Soc., 1884, 37, 177; Schleicnnacber, Ann. Phys., 1885, 26, 287; 1888, 34, 623; 
1889, 36, 346; Eichhom, ibid., 1890, 40. 697; Gractz, ibid., 1892, 45, 298; dissertations from 
Dorn’s laboratory (Halle) by Schwarze (1902), Ann. Phys., 1903, 11, 303; Phys. Z ., 1903, 4, 



Fig. 2.VI1 G. Schleicrmacher’s Apparatus for the Determi- 
nation of the Thermal Conductivity of a Gas. (The repre- 
sentation of the spring at S is simplified, the thin platinum 
wire being attached to the thicker platinum leads pg and 
p'g', and the stretched spiral spring being anchored at one 
end and attached to the wire at the other.) 
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contains a thin platinum wire aa' stretched along ihe axis by a steel spring at 
S, and heated electrically by a current. The wire is sealed into the tubes rr 
through thicker platinum wires at the ends, and contact is made by mercury to 
the heating current. The thin platinum wires ce' communicate through the 
mercury contacts rr to a Wheatstone s bridge, where the resistance of the 
defined part of aa' is measured. The gas is admitted through p at reduced 
pressure, and the tube is immersed in a water bath at a constant temperature. 

A stationary state is reached when as much heat is lost by conduction and 
radiation from the wire as is supplied by the heating current, the radiation loss 
being separately determined with the apparatus vacuous. No heat is lost by 
conduction through the thin wires ce', as these are at the same temperature as 
the axial wire. . 

If R is the resistance of the axial wire (from which the temperature 0, is 
calculated by the platinum resistance thermometer formula, § 7.VI A) and 
/ the heating current, the Joule heat generated per sec. in the wire is ?«/-/?. 
Let / be the length of the wire, r, its radius, r 2 the radius of the outer tube, and 
0 2 the temperature of the bath. The temperature gradient is radial, and 
dOldx can be put equal to 60Jdr. The surface of an imaginary cylinder ol 
length / and radius r with the wire as axis is 2 -/r. The heat passing by conduc- 
tion only per sec. through this surface is q=-k.2nrl.MI4r, therefore 
q'dr/r^-lnkldd. Integrate on the left side from /=', to f=r 2 and on the 
right from 0=0, to 0=0 2 . ihcn «'(ln /- 2 -ln r,)=- 2 nkH 0 .- 0 ,). hcnci 
?'=27rfc/(0 1 -0 2 )/(ln r 2 — In r,), and: 

q=2nkH$,-$ ! )Hinr 2 -\nr l )+S W 

where S is the radiation loss, from which * may be calculated ■ The apparatus 
may be used to find relative values of k, in which case the value of tin 
In r,) is constant. The method requires careful attention to detail. 

Dickins 3 used the equation for heat transport : 

4-2w*/(0,-0 2 )/(ln (' 2 /' i>+ x />)• 

mm 

previous) 

Siemens 
1924, 25 

Mag., 1927, 3, 1061; Gregory and Marshall. Proc. : —*• • - • . •• ,. h>sl kal.sch- 

Grcgory and Archer, Proc. Roy. Soc.. 1928. 118. 594. I “ . , / (hem.. 

chemische Praktikumsaufgabcn." Leipzig. 1928. 95 ; Jonh** fer -nd ' / hxSt 

1929, 4 B. 113; Wllncr and Borclius. Ann. Phy,.. 1930. 4. 310 
Chem., 1931, 155, 100; Kannuluik and Marlin. Proc. Roy. *»•£•' . . rhem.. 

1934. 144. 494; Dickins. ibid.. 1934. 143. 517; Sachs* and Brat/kr. *•**>''$ |49 U; 
171, 331; Milverton. Phil. Mag.. 1934. 17. 397: Gregory. Proc. R - ^ c ‘ n •• ombridge. 
Farkas and Farkas. M Orlhohydrogcn. Parah>drogcn and IK , ,439 27.68: 

1935; Gregory and Dock. Phil. Mag.. 1938. 25. 129; Shcirait a, id C.n.l H . 1 ; 

Munch. Ind. Eng. CW. 1945. 37. No. 8. 85: Taylor and Johnston. J. < >»■ 

219; Johnston and Grilly, ibid.. 1946. 14. 233. . j | M vrimentalph>'<k." 

• Preston. - Theory of Heal.” 1894. 546; Wullncr. ^**''*1 ; 0 , : eorrcc- 

Leipzig, 1896, 2, 341 ; Christiansen. " Elements of Theoretic' rny> .. - i*.>. 

lions for leads, sec Busch. Ann. Phys .. 1926. 80. 33; other commons, 

82, 479. 


sir, Ann. 1917.M. 325. 437,4*1; .927 «■ « <»*« l . 

rious); Idem. Proc. K. Akad. Weiens. Amsterdam. 1919. 21. * -• ' . jrs.. 

r : ?r h -.92? w 9 ^ 

25, 694; Schneider, Ann. Phys.. 1926 79. 1 • - P • ;44 . , 92 s. 118. 594; 

<r 1Q77 \ IflAI- r.mcm-v sort M.irxh.ll PtOC. Roy. SOC.. I**- . I 


2 Sherratt and Griffiths. Phil. Mag.. 1939, 27. 68; for a 

Comp,. Rend., 1936, 203. 1505; 1937. 204. 263; 1938, 206 1646. for lo» I 

and de Haas, Physica, 1943, 10. 451. 

3 Proc. Roy. Soc., 1934, 143. 517. 

A.T.P.C. — 29 


see Dclaplace. 
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where X/p is the correction for accommodation coefficient (§ 5.VII J) and 
temperature discontinuity. By plotting l/q against \/p a straight line was 
obtained below certain values of p (when convection was negligible), and by 
extrapolation k could be found from the intercept. 

Trautz and Ziindel 1 found that the Schleiermacher apparatus used by Eucken 
gave unsatisfactory results, but they devised a form (" block apparatus ”) 
which they claimed gave results accurate to 0-1 per cent. Fischer 2 also found 
that Euckcn’s apparatus left much to be desired in accuracy. 

Thermal conductivity methods have been used in gas analysis. 3 The Schleier- 
macher method has been used to determine the concentrations of ortho- and 
para-hydrogcn, and of deuterium, in hydrogen, 4 but very much more careful 
work is necessary than was at first used, 5 and earlier results found by rather 
crude apparatus are of little value. One rather unexpected source of error 6 
is that, in certain circumstances, especially at low pressures, the temperature 
gradient along an electrically heated wire in hydrogen may suddenly become 
unstable, and different parts of the wire then have different temperatures; some 
spots may even become red-hot. This effect is not found in vacuum or in 
other gases, but only in hydrogen— the gas which, it may be noted, is the one 
generally used with the method. The apparatus must be pumped out at 400° 
for some hours between each experiment. 

The thermal conductivity of a paramagnetic gas (like its viscosity, § 2.VII F) 
is slightly affected by a magnetic field. 7 


§ 5. Thermal Conductivity of Gas Mixtures 

Deviation from additivity of thermal conductivity in gas mixtures is to be 
expected when there are differences in the attractive forces (or attractive poten- 
tials), 8 or in the masses, 9 of the molecules of the components. The simple 
kinetic theory 10 gives for a mixture of gases of conductivities k h k 2 , and with 


1 Ann. Phys., 1933, 17, 345. 

2 Ann. Phys., 1939, 34. 669. 

* Dayncs. "Gas Analysis by Measurement of Thermal Conductivity, M Cambridge, 1933; 
Smith. Bur. Mines. Pep. Invest., 1934, 3250 (He in natural gas); Pieters. Chcni. H'eekbl., 
1940. 37. 316: Winter, J. Chan. Educ., 1947, 23. 237. 

4 Scnftlcbcn, Z. phys. Chcm., 1929. 4 B. 169; Farkas, ibid., 1933. 22 B, 344; Proc. Roy. Soc., 
1934. 144. 467; Gross and Steiner. Mikrochemie, 1935, 17, 43 (micro-app.); Eley and Tuck, 
Trans. Faraday Sac.. 1936. 32. 1425; Bolland and Melville, ibid.. 1937, 33. 1316; Nature, 
1937. 140. 63; Twigg. Trans. Faraday Soc., 1937, 33. 1329; Burshtcin, J. Phvs. Chcm. U.S.S.R., 

1937, 9, 870: Acta Physicochim. U.R.S.S., 1937. 6. 815; Trcnner, J. Chem. Phvs., 1937,5, 
382; Gregory and Archer. Proc. Roy. Soc., 1938, 165. 474 (D:). 

5 Farkas *•/ a/., Proc. Roy. Soc.. 1935, 152. 124; Nature, i936. 137, 315; Fajans. Z. phys. 
Chcm., 1935. 28 B. 239; Newell et a!.. Nature, 1936. 137, 69; Wirtz, Z. phys. Chem., 1936, 
32 B, 334. 

* Busch, Ann. Phys., 1921. «. 401; 1926. 80. 33: Lenher and Taylor. /..4.C.S., 1929. 51. 

Tn« : i FarkHS and RtnV,C> ‘ 7 phys ‘ Chem - ,93J . 22 B. 335; Walton, Trans. Faraday Soc.. 

1938, 34, 450. 

7 Scnftlcbcn. Phys. 7... 1930. 31. 961; Bonwitt and Groetzingcr, Z. Phvs., 1931, 72, 600; 
Scnftlcbcn and Piclzner. Ann. Phys.. 1933. 16. 907; 1936, 27. 108. 117; 1937, 30. 541; Phys. 
Z 1934. 35. 9S6: son Laue. Ann. Phys.. 1935. 23. I: 1936. 26. 474; Rieger, ibid., 1938.31, 
453; Torwcgge. ibid., 1938. 33. 459; Becker. Z. Saturforsch.. 1947. 2 A. 297. 
, Q l}^' n ln}\ PhyS r 1 * 33; C,russ and Schmick, IViss. Vcroffl. Siemens- Konzern, 

19.8. 7. 20- ; kornfeld and Hilferding. Z. phys. Chem.. 1931. Bodenstein Fcstb., 792. 

' NU-bcr, Ann. Phys.. 1917, 54. 481 ; Ibbs and Hirst. Proc. Roy. Soc., 1929. 123, 134; Sachsse 
Ph \ > B * 1934 ^ 1 9^2 fg *** ,934 * m * 331 '* Ricchcmcicr - Senftlebcn. and Pastorff, Ann. 

PA»x Z 1904. 5. 737; Wachsmuth. ibid., 1908, 9, 235; Enskog, Arkiv Mat. 
As iron. I vs. 1922. 16. No. 16; Schmick, Phys. Z., 1928, 29. 633. 
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partial pressures p u p 2 : 


k= + 

X+A^p^y \ + B{ Pl lp 2 ) 


ww^iha-en 1 ' - 

where mj, m 2 are the masses of the molecules, and rj rj 2 the viscosities. Weber 1 
found, however, that the experimental A and 5 values could be either greater or 
less than the theoretical, and varied with the proportions in the mixture. For 
example, with hydrogen and oxygen, A was 3 06 and 2-37 with one mixture, and 
1-38 and 0-92 with another; with argon and helium, values for one mixture 
were 0-38 and 1-62, and with another 2-92 and 116; for hydrogen and carbon 
dioxide, >4 = 1 -01, 5=2-56 (theor.), ,4 = 2-70, 5=0-40 (obs.). 

Ishikawa and Yagi 2 found a rapid increase in thermal conductivity in 
mixtures of CO and C0 2 as compared with the separate gases, at low pressures, 
reaching a maximum value. 

In Schmick’s formula, the coefficients A and 5 in (I) are: 


where J„ d 2 are the molecular diameters. o=J(i/,+i/ 2 ). 

m, m,» \ \ 

01- 2(m,+/n 2 ) +4 »i 2 1 ' 2 (»i|+'"2> J ' J v('», +">;!- \ , ( 4) 

„ m 2 mt ■ v(m,+». 2 )+ym, 

+ V"». 

C„ C 2 , and C 12 are the Sutherland constants (5 5.VII F >\ 
taken as V(C,C 2 ). If d,=</ 2 . the equation (I) can he used with the constants 
A and B as given. The same constants arc to be used in the formula for 
viscosity of a gas mixture (§ 7. VI I F). , 

For most practical purposes the simpler quadratic formula 

k—k ,(/! ,//i ) 2 + k 1 2 (>i ,m 2 /n 2 )+k :( M 2/ M )“ . • • • ( 5 > 

can be used, where k u k 2 are the conductivities of the component 12 

is an empirical constant; njn and n 2 ln are the fractiona I 

mols or volumes (*=n,+n 2 ). 3 Sometimes, but not always, the mixture 

ap P Ues: . <6) 

k=k x (n l /n)+k 2 (n 2 

» See note 9 on p. 898. , 

* Bull. Inst. Phys. Che m. Res. Tokyo . 1 >43 a. >-• ,e ? 

1 Kennaid. - Kinetic Thcot? of Gases. New York. W8. 
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H. DIFFUSION OF GASES 

§ 1. Diffusion 

One apparent objection to the kinetic theory was the slowness of the diffusion 
of one gas into another when the molecules are supposed to be moving with high 
speeds approximating to a mile a second. This was answered by Clausius, 1 
who showed that the moving molecules are constantly deflected by collisions, so 
that the free path is very short and zig-zags about in the gas; a molecule has to 
make an enormous number of collisions before it can move appreciably for- 
ward. At very low pressures, diffusion should be much faster. 

The kinetic theory of diffusion is one of the more complicated parts of the 
theory; Tait 2 said that “ the higher parts of the theory of this subject arc very 
complex and difficult, and cannot yet be considered as at all satisfactorily 
developed.” In what follows the fairly straightforward treatment due essen- 
tially to O. E. Meyer 3 is given, but the subject still bristles with difficulties. 
Other more accurate treatments are given by Maxwell, 4 Boltzmann, 5 Jeans, 6 
Langevin, 7 and Chapman; 8 a brief statement of some of their main results is 
given at the end of this section. 

Consider 9 a non-uniform mixture of two gases containing molecules of 
one gas and N 2 molecules of the other per cm. 3 ; at constant temperature and 
total pressure the total number N=N X +N 2 per cm. 3 is constant (Avogadro's 
hypothesis) throughout the diffusion. The ratio NJNi varies along the vertical 
z axis, but since N x +N 2 is constant, d(Wi+ N£=0 and hence: 

dW,/dz=— dAT^dr (1) 

Let the molecules have mean velocities cj and ~c 2 distributed at random as to 
direction, and a component w 0 along the z axis corresponding to the diffusion. 
Let the mean free paths be A, and A 2 (the symbol / being used below for length 
in general). Consider a plane perpendicular to the direction of flow at the 
point z=z 0 and itself moving with a velocity >»•„. The number of molecules 
of the first gas crossing this plane will be proportional to (i) the solid angle 

> Ann. Phys., 1858. 105. 239; Phil. Mag., 1859. 17. 81. 

2 ‘* Properties of Matter,” 4th edit.. 1899, 280. 

3 " Kinetic Theory of Gases." 1899. 247; criticised by Chapman. Phil. Mag., 1928, 5. 630; 
for an improved elementary treatment, see Frankcl, Phys. Rev., 1941. 57, 660; Furry, Amer. 
J. Phys., 1948, 16. 63. 

4 MU- Mag., 1860, 20. 21; 1868, 35. 129, 185; Phil. Trans., 1867, 157, 49; Nature, 1873. 8. 
298; ” Scientific Papers." Cambridge, 1890, 1. 377; 2. 26. 343. 501. 

s Wien Ber., 1872, 66. II. 324; 1878. 78. II, 733; 1882, 86. II, 63; 1883, 88. II. 835; Ann. 
Phys., 1894. 53. 959; " Gcs. Abhl.," 1909, 3. 3. 38. 5W. 598; " Vorlcsungcn liber Gasthcoric," 
Leipzig, 1896, 1, 89. 194; Burbury. Phil. Mag., 1890. 30. 298; 1907, 14. 122; Gross, Ann. Phys., 
1890. 40. 424; Sutherland. Phil. Mag., 1894. 38. 1 ; Nabl. Phys. Z., 1906, 7, 240. 

* " Dynamical Theory of Gases," 4th edit.. Cambridge. 1925, ch. xiii; " Kinetic Theory of 
Gases," Cambridge, 1940, 199. 

7 Ann. Chim., 1905. 5. 245; see also Brillouin, ibid., 1899, 18, 433; 1900, 20, 440; Thiesen, 
Verhl. d. D. Phys. Gcs., 1902. 4. 348; 1903, 5. 130; Nabl. Phys. Z., 1906, 7, 240. 

» Phil. Mag., 1917, 34, 146; Chapman and Dootson, ibid., 1917, 33, 248; Ibbs, Proc. Roy. 
Soc., 1921, 99. 385; 1925, 107, 470; Elliott and Masson, ibid., 1925, 108, 378; Ibbs and Under- 
wood. Proc. Phys. Soc., 1927. 39. 227; Chapman and Cowling. Proc. Roy. Soc., 1941, 179, 159. 

'’ Brillouin. Ann. Chim., 1899, 18. 433; Jager. in Winkelmann, “ Handbuch der Physik,” 
906, 3, 753; " Fortschritte dcr kincuschen Gastheorie." 1906. 45; Kuencn ,Proc. K. Akad. 
Wctcns Amsterdam. 1913. 15. 1 152 (Comm. Leiden. Suppl. 28); " Die Eigcnschaften dcr Gase" 
(Ostwald-Druckcr, " Handbuch dcr allgcmeinen Chemie," 3), Leipzig, 1919, 121. 



DIFFUSION 


901 


27rsin Odd in which the direction of motion must lie. (ii) the component \clocity 
parallel to the z axis, c, cos 0, and (iii) the number of molecules per cm. 3 . 

cos 0(dW,/dz) at the average distance ±A, cos 0 from which they have 
come since their last collision (see Fig. 1 .VII H). The net number of molecules 
passing per cm. 2 per sec. in the direction of increasing values of r will be : 

dZj=(27r sin 0d0/4m) C\ cos 0 . 2A, cos 0 (dNx/dz) .... (2) 
This, when integrated for all possible values of 0 from 0 to tt/2, gives: 

Zi^-iTMdNJdz) (3) 

(see (9), § 8. Ill), which is the number of molecules crossing the plane moving 
with a velocity w 0 in the z direction. 

The corresponding number cross- 2 Aimed© 

ing a fixed plane is : 

ZiWjiVo-icIArfd^/dz) (4) | **-(Vos6Xd/Vdz) 

Similarly, for molecules of the second J / 


zz—r *.-<*. cosendtf/dz) 


Z 2 / =Ar 2 w 0 -i^A 2 (d^ 2 /dz) (5) 
The constancy of the total number of 
molecules on each side gives: 

Z,' Z 2 ' . . (6) 

w^MKdAVdz) 
+^A 2 (d7V 2 /dz)]/3(^ I + A^ 2 ) (7) 

Equations (4)-<7), and (1), give: 1 



N,* IX, cos QldHJdz) 


Fig. I. VII H 


, N iA 2 c 2 + A^Atf i dA^i *| 

3(W,+A'J_ d i (8) 

, Af|A 2 c 2 -F^ 2 A l C| dN 2 [ 

Z2 * 3 {N x + N$ * d- J 

Fick’s Law of Diffusion (sec § 2) states that the mass of substance diffusing 
through 1 cm. 2 per sec. is related to the concentration gradient in the direction of 

diffusion by the equation: 

dA//dr= — D(dc/dt) < 9) 

where D is the coefficient of diffusion (or the diffusivity). Its dimensions arc 
cm. 2 seer 1 . By definition then, the coefficient of the concentration gradient in 
(8) is the diffusion coefficient Z), 2 of the first gas into the second: 

. n N\C2*l+N& l A| (JO) 

.. 3(A r I + A r 2 ) * * ’ 

This must be the same for both gases in the mixture, since the constancy of 
Af i+Af 2 per cm. 3 implies that the molecules of one diffusing gas must ha\et 
places taken by an equal number of molecules of the other gas. hence P 12 -P 2 t- 
Since *,/(*, +Af 2 )= rtl and + ,hc ""' fractions 


ol fractions 


of the two gases in the mixture. ( 10 ) may be written : 

D 1 2 — j(w 1^2 A 2 “F 2*” 1 A ,) **** 

*In O. E. Meyer’s equation, " Kinetic Theory of Gases.’ IW 2*5. 43*. the lacujM is 
^Placed by 3rr/8. since an attempt was made to correct for the «ru«* on ol \ with >• 
but this is not claimed to be exact; see Winkclmann. Ann. fhys '^-^'or 
Thcrmodynamik und Kinctik dcr Korpcr.” 1901. 1. 341. found r. 16. as thi la.ior. 
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If A is identified with Maxwell’s mean free path /, rj=$pcl (§ l.VII F), 

Dn^ihilpd+nfaTlPT) (12) 

If Wi=/i2=2> Dn= fail Pi+Vilpd* an equation given by Maxwell. The 
interpretation of A, however, requires consideration. Maxwell’s equation 
(37), § 22.III, for the free path of one gas in a mixture of two gases gives: 

. . . (13) 

Since diffusion is not hindered by collisions of molecules of the same kind, 
which leaves the total momentum in the z direction unchanged, Stefan and 
Maxwell put N x =0 in (13) and W 2 =0 in the corresponding equation for A 2 . 
Hence: 


A t — l/[7rA , 2 ai2 2 v/(l+'”i/ / W2)l aQ d A 2 =l/[7rA^ 1 a 12 2 \/(l+/W2/wi)) (14) 

Vm\C2+Vm2Ci 


0,1 MNi+NfruWlmi+md 

But c=k/\/m, where A:=const., from (35), § 10.III, hence: 

r, vW + f?) 


• (IS) 


' 12 = 


'3n(A ’t+NJorf 


(16) 


This agrees reasonably with the experimental data, and better than if A, and A 2 
had been substituted in full. 

By substituting the values for the average velocities cj and T 2 from (35), 
§ 10.III, and putting A=1/2AT, (16) becomes: 1 


/>,2 “MA r ,+A , 2V I2 j yU(m 1 + mJ] ' ' • ■ (,7) 

Ungevin 2 by a different calculation, found the factor instead of j in (17). 
If m l =m 2 , and <r,=a 2 . i.c. the molecules have identical (or nearly identical) 
masses and diameters, (16) gives: 

D=ic/V(2)Nna^icl=r,/ P (18) 

for the coefficient of self -diffusion, this giving the rate of diffusion of a gas into 
itself, 3 or of a gas into another of the same molecular weight and molecular 
diameter (e.g. N 2 and CO) Winn and Ney 4 for self-diffusion of ,3 CH 4 into 
,2 CH 4 found pD/rj=(- 1 -33 instead of (18) 

Equation (10) shows that the diffusion coefficient D l2 should vary with the 
composition (N | and N 2 ) of the gas mixture to a comparatively large extent. 5 
Earlier experiments seemed to disagree with this, and Stefan 6 deduced a 
formula not involving the composition, but by an assumption not depending on 
molecular theory and of questionably validity. Gross 7 deduced another 
formula which gave a dependence on composition but in the opposite direction 
to that predicted by O. E. Meyer’s formula (10). Careful experiments 8 show 
a dependence on composition in the direction predicted by (10) but much 
smaller, and the observed value is numerically of the order predicted by Gross’s 


• Boltzmann. " Gasthcorie," 1896. 1. 96; Jeans. “ Kinetic Theory of Gases," 1940, 208. 

2 Conipt. Rend., 1905. 140, 35. 

' Thc t ' ormu,a has applied to the diffusion of para - hydrogen into normal hydrogen 
by Hartcck and Schmidt. Z.phys. Chem., 1933. 21 B. 447; and of carbon monoxide and nitrogen 
by Boardman and Wild, Proc. Roy. Soc., 1937. 162 511 
4 Phys. Rev.. 1947. 72, 77. 

I £ Ta ' ! > Proc - R °y • Soc- Sdin.. 1887. 33. 266; Phil. Mag., 1887, 23, 141. 
i flrr.. 1871. 63. II. 63: 1872. 65. II, 323. 

Ann - Ph y s > ,89 °. 40 > 424; Stanzcl, Wien her., 1901, 110, II A, 1038. 

* Lonius, Ann. Phys., 1909, 29. 664. 
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formula. An approximate calculation by the method of Enskog , 1 which is 
similar to Chapman’s , 2 gives no dependence on composition; a second approxi- 
mation gives such a dependence, and the resulting very complicated equation 
represents the experimental results moderately well. The correcting coefficients 
have been worked out both for two different gases, and for self-diffusion. For 
the latter, Chapman gives instead of (18): 

Z>=I017xJc7 (19) 

A correction for persistence of velocities (§ 3. VI I F) was applied to Meyer’s 
calculation by Kuenen. J 

If (12) is true, the dependence of D on temperature would be expected to 
follow that of r), and the dependence of D for one gas diffusing into a second 
has been represented 4 by a Sutherland viscosity formula (§ 5.VIf F): 

D-D 0 [(T 0 +QI(T+C)](T/T 0 )>'- (20) 

for C0 2 diffusing into air from 17 J to 1260 ; , and H : 0 into air from 100' to 
1200°. The experimental values lie below the theoretical curve D= DJT/T 0 )“ 
if ;/=l -96 and above it if w=l*5, whilst the above equation, with C between 
those of the pure gases (C0 2 -air 125-130: H 2 0-air 305-323) agrees very well. 
The value of C can be found from the empirical formula C , 2 = + 

C 2 /M 2 ) where A/=mol. wt. (A/ 2 > A/,). 

It is possible to calculate the size of molecules from diffusion coefficients . 5 
but this method is probably less accurate than tho>e depending on viscosity . 6 

The elementary result, due to Graham . 7 that the rates of diffusion of gases 
arc inversely proportional to the square roots of the densities, was successfully 
used by Sorct 8 in deciding the formula Oj for ozone (interdilfusion through a 
small hole), but it should be clear from the preceding discussion that it is only 
quite approximate. Ethylene (C 2 H 4 ) and nitrogen (N 2 ). with the same density, 
have coefficients of diffusion into hydrogen of 0 486 and 0-674. respectively. 
The correct equations, derived from Maxwell’s theory, are complicated, but 
must be used in accurate work . 9 For two eases, if a, 2 — sum of radii of mole- 
cules, tfj+A^AT: 

r\ Lf £* 4 £? . ( 21 ) 

12 3flfVlo|2V(l+ ff i|/ ,M 2) 0 + m : m i ) 

1 Phys. Z., 1911. 12. 56. 533; Dissert.. Uppsala. 1917; Arkiv Mat. Aaron. Fys.. 1922. 16. 
No. 16; K. Svensk. Veteruk. Hand!.. 1922. 63. No. 4. 

2 Phil. Trans.. 1912. 211, 433; 1916.217. 115; Proc. Row Soc.. I92S. 119. 34. 55; C hapman 
and Hainsworth. Phil. Mag.. 1924. 48. 593; Chapman and Cowling. Proc Roy Soc.. 94 1.1 '9. 
159; cf. Jeans, " Kinetic Theory of Gases." 1940, 210: Hirschfddcr, B.rJ. and Sp ou. J ■ < 

Phys., 1948, 16, 968. 

J yen lag. K. Akad. Warns. Amstenlam. 1913. 21. I OSS; 1914. 22. 1158: 1915. 23. 1049; 
Fr ° c - *• Akad. Warns. Amsterdam. 1913. 15. 1 152: 1915. 17. 1068 (correction). 

4 Pochettino, Nuov. Cim.. 1914, 8. 5; Klibanoxa. Pomerantsev, and I rank- Kamenetsky. 

ychn. p/,ys . U.S.S.R., 1942. 12. 14; Amcr. Chcm. Abstr.. 1943. 37. 1310. 

’ P <*hcttino. Nuov. dm.. 1914, 8. 5; Mack. J.A.C.S.. 1925. 47. 246S: Melavcn and Mack. 
Ibl < 1932, 54, 888. 


4 Pochettino, Nuov. Cim., 1914,8,5. ,, _ ,,, 

! Quart. J. Sci., 1829. 28. 74; Ann. Phys., 1829. 17. 341 ; Phd Mac.. 1833. 2. I ’5.-09. 5 1. 

• Ann. Chlm., 1868 , 13, 247; Maxwell. Phil. \lag.. 1868. 35. 185: Partington. General 
inorganic Chemistry ’’ I94S be , i 

* Vo «. * Phys.. .923 20. 66; Barter and Beckham. 7 4.( 5.. 1*33 <5 

full examples of the calculations as applied to hydrocarbon mixtures. On u>, °" * 
generally sec Ricketts and Colbcrtson. J.A.C.S.. 1931. 53. 4002 Lon.ux. 4nn. Ph> < \ W 2*. 
664, concluded that Maxwell’s theory gave wrong results and (> I Meyer s * ' 
m h * but the diffusion coefficient is a function of composition: tor Ok difluMO 
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in which m x lm 2 and m^mi can be replaced by the ratios of the molecular 
weights M JM 2 and 1 . For s gases, one of which is supposed to be 
diffusing in one direction and 5—1 in the opposite direction: 

Z) rt =(l/37r^)[c./f(m, s)+cjf(k, 5)J . . . .(22) 

f(m, s)=i\<tp m1 2 \/(\+MJM l )+a. k o mk 2 \/(\ +MJMJ) . .(23) 

i 

f(Ar, 5)= , iV^V(l+^^J+^*-.V(l+A/ Jt /A/J . .(24) 

i 

the subscript s referring to the gas diffusing in one direction, and the subscript k 
to the gas diffusing in the opposite direction, and m refers to the particular one 
of the 5 gases of which the diffusion coefficient is to be calculated; a, is the mol 
fraction of the gas s calculated by omitting the gas m, p, the mol fraction of the 
gas 5 calculated by omitting the gas k, a k the mol fraction of the gas k calculated 
by omitting the gas m, and p m the mol fraction of the gas m calculated by omitting 
the gas k, these mol fractions being average values taken over the whole diffusion 
column. 

The effect of a magnetic field on the diffusion of a paramagnetic gas (O 2 ) is so 
small as to be doubtful. 1 Changes of temperature may occur locally in diffusion. 2 

§ 2. Methods of Measurement of Diffusion of Gases 

The earliest experiments on gaseous diffusion were made by Priestley. 3 
Dalton 4 and Bcrthollet 5 used a lighter gas and a heavier gas in two bottles 
joined by a vertical tube, the lighter gas being in the upper bottle; the gases were 
found to have mixed on standing. Quantitative measurements by Graham 6 
led to the well-known law of diffusion that the rates of diffusion of two gases 
arc inversely proportional to the square roots of the densities (§ 2.III). In 
Graham’s apparatus the gases were separated by a porous partition of plaster 
of Paris or graphite, and this apparatus is not adapted to the determination of 
the diffusion coefficient. 

The general law of diffusion was first stated by Fick, 7 by analogy with the 
law of conduction of heat previously given by Fourier: 8 

dM=—DA . (dc/d.v) . dr ( 1 ) 

of gases, see Kucncn, Proc. K. Akad. Wetens . Amsterdam, 1913, IS. 1152 (important); Trautz 
and Ries, Ann. Phys,, 1931. 8. 163; for three gases. Wrctschko, Wien Ber., 1870. 62. II, 575; 
Bcnigar, ibid., 1870, 62. II, 687. 

1 Senftlebcn, Phys. Z., 1933, 34, 835. 

2 Geheniau, Bull. Acad. Roy. Beige, 1942, 28. 283; Kramers and Kistcmakcr, Physica, 
1943, 10, 699 (Comm. Leiden, 268a) (slip of diffusing gas mixture along wall); Waldmann. 
Z. Naturforsch., 1946, 1, 59; 1947, 2 A, 358 (change of sign of thermal diffusion coefficient 
with temperature). 

J •‘Experiments and Observations on Natural Philosophy," Birmingham. 1786, 3, 390; 
*' Experiments and Observations on Air," Birmingham, 1790, 2. 441; he found that air and 
carbon dioxide, and air and hydrogen, etc., in a cylinder became " equally diffused " on 
standing for a day. 

4 Manch. Mem., 1805, I, 244 (" On the tendency of clastic fluids to diffusion through each 
other ”); Ann. Phys., 1803. 13. 25, 122, 197; 1807, 27, 388. 

s Mtm. Soc. Arcueil, 1809, 2, 463 (" Sur le melange rdciproque dcs gaz "); the results arc 
tabulated by Thomson. " System of Chemistry." 5th edit., 1817, 3, 33. 

‘ Quart. J. Sci., 1829. 28. 74; Ann. Phys., 1829, 17, 341 ; Phil. Mag., 1833. 2. 175, 269, 351 ; 

Researches," 1876. 28, 44. 

7 Ann. Phys., 1855, 94. 59. 

» “ Thtorie Analytique de la Chaleur." Paris. 1822; " Analytical Theory of Heat," transl. 
Freeman. Cambridge, 1 878, 55 ; see § 73.1. 
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where dA/=mass of substance diffusing in time d r through an area A in the 
direction of x (c constant over the area A), when the concentration gradient is 
dc/dx; D is the diffusion coefficient or diffusivity. The minus sign shows that 
diffusion occurs in the direction of diminishing concentration; dA/ and c must 
be in the same units of quantity, e.g. grams or mols, and if x is in cm., c must 
be in grams or mols per cm. 3 . Equation (1) applies both to gaseous and liquid 
diffusion. Since diffusion is a slow process, the unit of time is x 
usually the hour. The e.g.s. dimensions of D are cm. 2 sec. -1 . , » 

The theory of diffusion on the basis of the kinetic theory was 
developed by Maxwell, 1 who defined the diffusion coefficient D (2) 
as “ the volume of gas, reduced to unit of pressure, which passes == = d* 

in unit of time through unit of area when the total pressure is 

uniform and equal to p, and the pressure of either gas increases 
or diminishes by unity in unit of distance.” He says D " varies (i) 
directly as the square of the absolute temperature and inversely 
as the total pressure p .” There has been some discussion on o 
the meaning of Maxwell’s definition and especially on the effect F|G . 2 ,vii H. 
of total pressure, 2 and the relation between Maxwell’s equation Diffusion of 
and Fick’s; the two are actually identical. 3 m ‘° 

In Fig. 2.VII H the gas [2] is shown stratified over an equal 
volume of the heavier gas [1], and diffusion occurs in the direc- 
tion of the x axis. Let A be the cross-section of the vertical cylinder and con- 
sider a volume Adx between two imaginary horizontal planes at x and x+d.v 
above the base (x=0). Let dc,/dx be the concentration gradient at the section 
x; that at the section x+dx will be: 

dc i/d;c+ (d/d.tXdc lAMd* (2) 

The mass of gas [1] diffusing through the section v into the volume element 
-4dx in time dr will be, by (1): 

d A/ , *■ — DA(dc ,/dx)df (3) 

and the mass of gas [1) diffusing out of the volume element through the section 
x+dx in timed/ will be: 

d^-^z&4(*£)4' • ■ ' (4) 

?t mus^^ollow'thc symboM d.v° 'The mass of lu'added 

to the volume element in time dr is thus, by subtraction. 

dW 1 "=dW l -dW 1 =,ldri(o^')<l'- • - • - « 5 ' 

This is obviously also given by: 

(6) 

Equating (5) and (6), and simplifying, gives: 

dci d / dcA . . . . (7) 

dr "~dx\ or * 

1 Phil. Mag., I860, 19, 19; 1860. 20. 21: 1868. 35. 12* 1 ^ P ,nl ' l * 67, 49 

J Trautzand MUlIer, Ann. Phys., 1935, 22. 313. 329. 333. ■ Internal. Phys.. 

|9 J Kuusincn. Ann. Phys.. 1935, 24. 445. 447. 752: see also Bnlloum. < 

29 *’ 
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or, by replacing concentration by partial pressure, p x =c x RT : 

dp x d / n d/, ‘\ 
dt~dx\ D dx) * * * • 


(7a) 


If D is constant, these equations become: 

dci/d/=D( d2c i/ d * 2 ) (8) 

dpil<\t=D(d 2 pildx 2 ) ....... (8a) 


By considering the three pairs of opposite faces of a small rectangular element 
with sides d.v, d y, and dr, it is easy to show, similarly, that, for diffusion in 
space: 

9cj*-Dltoj^&JV*+0cJd*)-DV*c l . . . ( 9) 

The integration of (8), and especially (9), can lead to some very complicated 
equations, sometimes involving Fourier's series (§ 73, I), as in the case of the 
corresponding equations for the conduction of heat. 

The concentrations in (9) may, in the case of gaseous mixtures, be replaced 
by the partial pressures, p x =c x RT and p 2 =p-p\> where p=total pressure; or 
(perhaps most conveniently) by the mol fractions « i = Ar 1 /(yV 1 +^ 2 ) and 
/i 2 = 1 — /i, ; then c^const.xn, and hence: 

dnJdt^D^nJdx^) (10) 

If the diffusion tube of length / (97-5 cm. and 2-6 cm. diam. in Loschmidt’s 
experiments, see below) is divided into two equal parts // 2, each initially filled 
with one of the pure gases, the differential equation (10) (involving two inde- 
pendent variables, .v and t) applied to one gas satisfies the following conditions: 

(i) /», = 1 for /=0 and x from 0 to // 2; 

(ii) /i |=0 for /=0 and x from // 2 to /; 

(iii) d//|/d.v=0 for .v=0 and .v=/, for all values of t. 

In order to indicate that in differentiating with respect to x , the time t is held 
constant, and vice versa, partial differential coefficients, dn\jdt and d^i/dx 1 
may be used. 


§ 3. General Equations for Diffusion 

Since the mathematics applies to other problems, it will first be carried through 
generally. in (10). $ 2. being replaced by v. called by Lord Kelvin 1 a quality 
at a time t and at a distance x from a fixed plane of reference, the conditions in 
each of the planes parallel to this being uniform, and change taking place only 
in the direction of a. The constant D is the difl'usivity. The equation applies 
c.g. to (i) one of the three components of velocity, relative to rectangular 
coordinates, of the \iscous motion of a fluid; (ii) the density of an electric 
current per unit area perpendicular to the direction of flow; (iii) the temperature 
in heat conduction; (iv) the electric potential at any point of an isolated con- 
ductor; or (v) (as at present) the concentration (or its difference from some 
standard value) in a solution, including a gas mixture. The general equation to 
be solved is then: 

c‘vjct= D(c 2 v}?x 2 ) ( 1 ) 

* ", 1 and Phys Papers " 1884. 2. 41: 18*). 3. 428; on the integrals, sec also Simmlcr 
and Wild, Ann. Phys., 1857. 100, 217. 
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§3 GENERAL EQUATIONS FOR DIFFUSION 

Two important cases will be considered. The cross-section of the tubes is 
supposed tobe^umt wea mbO o f jnUja , concentration v. is immersed 

4U - 



A 



B 



* .h 


verticallv in a large jar ol pure solvent d. me ope.. ^ * ‘ "" c ; ’ 

Wng jus. under fhe solvent surface (Fig. 3.V11 H,. The solution . : the bottom 
of the tube A is supposed to remain constant in composition (e g. it may be 
kept saturated with solid). The boundary (or limning) conditions are. 

(i) when x=0, dv/dx^O, for all values of /; 

(ii) when x=/i, v=0 (the solvent only) 2 for all values of r, 

(iii) when f=0, w=v 0 for all values of x from 0 to h. (Nolc that t— r 0 
for x=/» now refers lo the solution in the tube.) 

A particular solution of (1) is (§ 70.1): 

•-C-* ...... W 

where a and 0 are constants. Substitution in (1) gives. 

P=Dx 2 ( 3 ) 

for all values of a. Put a =i>, where /« lhcn: 

v __ * DcK _ e «W-D^i of 

corresponding with the two roots of (3). The sum or 
difference of these values of o wtll also satisfy (1). heme. 

„-4e- D -V"±e-‘-). 


Fir.. 3. VII H DiiTu- 
iion from a Solution 
m A mco Solvent 
in U 


De Moivre’s theorem (§ 46.1) gives: 

4(e^— e~ te )"*/sinx and ■J(e'**+e _,f )=cos r. 


hence the solution: 4 

t>«fle“ D * J ' cos iix+bt" 1 ** sin fix^c" 0 ” (o cos /x.v+6 sin p\) . 

where a and b are constants, will satisfy CD- The constants .and h are deter- 
mined by the boundary conditions. Differentiate .4, with respect a . 
0 t>/ 0 x -*(-/*0 sin px+nb cos /ix)e 


■=0. When x~h, v-O. thereiore ""q , h|s K . inc lhc cosine 

=0. or cos**-?. If* * '-r'l ft.” lvalues -r/2. 3-/2. 5, 2. 


= 0 . or cosi»/i=u. ii n is any iii.v(jvi. — . ... ,•> 

of every odd multiple of jp,. Hence ^ must have the 

V z=a\€~ l, ' l^h)^D, cos(n.x/2/i)+a 2 e-' s "" |! “cos(3n.v/2(i)+ ■ • • • < 5 > 

is an infinite series satisfying boundary conditions (i) and (ii). 

condition dvfix»0 when *-0. .. d io , hc i arge mass of pure solvent, that t'm 

2 The diffusatc is supposed to be : so ™pcr« f lhe (ubc; ^ vh is boundary condition, see 
remains practically pure sjjvenl °«r the mo h fh , y28 g :3; and f or general diffusion 

Sonv5rs,/ > roe./»/«>5.5or.. 1913.25. 74 de Or . , 9 , g9 . , 937 41 663: Eversok. 

calculations. Eversolc and Doughs. J /*?Ji g .^ 0 J row$ ky. A«//. Z.. 1944. 109. 137; Longs- 
Pctcrson, and Kmdsvatcr. ibid.. 194 . . • Crisp. Trans. Faraday S«»c.. 1946. 

worth «•/ a!.. Annals New York Acad MS. ^ P y Rhys. Chen,.. 

42. 619 (two dimensions); Harncd and Nutlall././l.C .o.. 

1947. 51. 1063. 


908 


THE PROPERTIES OF GASES 


VII H 


To satisfy condition (iii) the values of a h a 2 , . . . in (5) must be such that 
when r=0, v=v 0 . Hence: 

v 0 =a l cos (irx/2h)+a 2 cos (3 w.t/2/i)+ . . . +a„ cos [(2/i— 1 )nx/2h]+ . . . 

for all values of x from 0 to h. The coefficients are evaluated as for a Fourier’s 
series of cosines, and by § 73.1 (with f(.r)=t> 0 =const.): 


2v 0 f h nx 2v 0 C h 3 t tx 

a '=Tl C0S 2h dx - " 2= t J 0 COS m Ax • ■ ■ 


2^o f" 


(2n-\)nx 2v 0 

cos — d.v=— 


2Ji 


2 h 


h L(2 n-l)7T 


sin 


(2/i— 1)^1* 4v 0 


2 h 


(6) 


Jo (2n—\)n 

By substituting in (5), and summing over all positive values of n from 0 to co, 
the final solution is found to be: 


; 4roy 


1 


7T ^2/1-1 


e -|(2.-"./2»|iO. cos 


(7) 


X >1 


Xih 
* r 0 


Fig. 4. vi I H 


(2) A cylindrical vessel of total height H and unit cross-section contains 
initially a column of solution of concentration v 0 of height h covered with a 
layer of pure solvent (Fig. 4.VII H). 

The boundary conditions are : 

(i) when x=0, dv/dx=0 for all values of /; 

(ii) when x=H, dv/dx=0 for all values of /; 

(iii) when /=0, t»=r 0 for all values of a between 0 and h\ 

(iv) when /=0, *=0 for all values of x between h and H. 
The particular integral is again assumed to be: 

v=e“** 

giving 

f =(ci cos iix+b sin nx)t~ D>li, t 

and on ditrerentiation with respect to .v, it is found again that condition (i) 
requires />=0. To satisfy condition (ii) with b= 0, — ay. sin fiH . t~ Du>, *:0 
for all values of r, therefore sin nf/= 0, therefore where n is a positive 

integer including zero, therefore p-mr/tf. By summing the particular 
integrals: 

X' 0="0 + fl| cos ^C" C9;W, ’ D '+fl 2 cos ~ c ~ l2a,H)iDl 4 - .... 

From condition (iii) v=v 0 for /=0 for .v=0 to x=h, hence: 

r u =tf 0 +«i cos (7Tx/H)+a 2 cos (2ttxJH)+ . . . +a n cos (mr.v/tf)+ .... 

To find the coefficients, the results for the Fourier’s series are used, the in- 
tegrals being Irom 0 to Ii and from h to H (§ 21. 1): 

'-ir— 

The general solution ii 


v oh , 2f 0 ^l . nnh mrx 


V= „ + 


1 0 V 1 . flTTll 

4 '- sm ^ cos " 




( 8 ) 
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In Lo schmidt's experiment (sec below). r=n„ f 0 =l. and the boundary 
condign" he same as before if /.=*/. //=/. hence .he solutton .s > seen 

to be: 

(9) 


. 2\rl . nrr 


mtX ^-D» Jn hi 


SiSsHSSSairi: SE5 

the upper (C/) and lower (L) parts, respectively: 

. . ( 10 ) 

. . (ID 


sin* ye- 0 """” 


(12l 


2 C‘ 4^1 

(n x)u= J J £ i djf = ^ " J2Z/1 2 

2 f 1,2 . 1 . 4 V 1 <;«2 — --DrtmlM 

; J o 2* 

/. fn,)c-r n .)o=^i^in^— 

= i (e -+Jc-’* +*<-”•+ 

TT* 

where a=7r 2 /)/// 2 . . ^ th . ,.. r j e c . n (|2) for various 

Obermayer (sec § 4) gave a uble of valu f h ^ mcasurcd %a luc* of 
values of Dt. By comparison of the entr dividing by the 

(*i),-(H, )u the values of Dr can be * per cent, 

appropriate values of /. the values of • | h « the following solu- 

To complete the discussion of diffusion lor later p \ 

tions are needed. anv horizontal section A in a 

(3) To find the amount Q of diffusatc pa.s y . found 

time f. note that -DA^v/dx ) dr is the transport ml me di. 
from (5). and - DA(dv/dx)<U is integrated from 1=0 


evldx^c-'-'™* sin 


^ 3o ?! r c . 0 , 2 ,, :| , s in^ + . . . 


2h 2 h 


2 h 


QIA = -D^(dvldx)dt 

,!£ r' c -(-/2*WD.d/- 

Jo 


sin -C-— “l + ¥ sin + ; • 


(13) 


(4) To find the amount of subs.ance diffusing om onhc tuK 'n case (I) m 

a time I. put x=h in (13). Then s.n (w/2)— 1. sm (3n,_) 


2tfA, C - ,J * 2 * ,i|X l+ ... • < l4) 


• eiM =^ , [ ,-e-— - 

(5) To find the diffusion coefficient £ ^mce the “ r, ^ ea t s l ^"J i e ^ 
rapidly, the higher terms may usually be neglect 

_ t IS99 28 743: Thovcrt. Compi. 

i Schulze. Dissert.. Berlin. 1897; Z. phys. 9 Llchha f s Ky . 7. Appl. Phys.. 1941. 12. 0^. 
1905, 141. 717; Lcmondc. Ann. Je Phys .1938. *. ^ ^ McKay, Proc. Phys. Soc.. I -0. 

for tables of functions used .n d.fTus.on calculations. s~ 

42, 547. 
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made at x=h , x=\h, x=$h, . . the values of sin (nx/lh), . 
become unity. Since Qn/2haiA = 1 — e~ D '* ,/4w 

D~\n(Qn/2ha l A-\) 

2v 0 2h [ k irx 
1 cos 


vii h 

. then 


2h[ h 7 tx(~x\ 4v 0 


D=(4h 2 /tn 2 ) In (QnythvoA-l) (15) 


§ 4. Measurement of Diffusion Coefficients 
The first accurate measurements of diffusion coefficients of gases 1 were made 
by Loschmidt, 2 whose method was used by many later experimenters. 3 In 

this method the arrangement is essentially 
that described above; the two gases are 
contained in a vertical steel tube AB 
(Fig. 5.VII H) of uniform bore, separated 
into two parts by a three-way steel stop- 
cock D of equal bore. The gases are 
filled through stopcocks O, U, and M, 
and after diffusion the gas in each 
half is displaced through M and 0, 
respectively, by mercury from R. The 
apparatus is maintained at a constant 
temperature, and after diffusion has 
gone on for a measured time, the stop- 
cock is closed and the contents of the 
two parts of the tube analysed. The 
diffusion coefficient of hydrogen into 
air found by Barnes 4 is larger than the 
usual value. 

The diffusion of vapours can be investi- 
gated by a method due to Stefan. 5 



Fig. 5. VI I H. Schmidt's Diffusion 
Apparatus 


1 Wait*, in Winkclmann, "Handbuch dcr 
Physik." 1908, 1. ii. 1415; Euckcn, in Stabler. 
" Arbcitsmethodcn dcr anorganischcn Chcmic," 
Leipzig. 1913, 3. i. 564; Kucnen, in “ Die Eigen- 
schaficn dcr Gase" (Ostwald and Druckcr, 
“Handbuch dcr allgcmcincn Chcmic," 1919. 
3), 121. 

2 Wien Bcr., 1870, 61, II. 367; 1870. 62. II. 468; Smith, lnd. Eng. Chen,., 1934, 26. 1167. 

* Wrctschko, Wien Bcr.. 1870. 62. II. 575; Bcnigar. ibid., 1870, 62. II, 687; von Obcrmaycr, 
,bid., 1880, 81. II. 1102; 1882, 85. II. 147, 748; 1883, 87, II, 188; 1887, 96. II, 546; Waitz, 
Ann. Phys., 1882, 17. 201, 351 (optical method); Hausmaniger, Wien Ber., 1882, 86, II, 1073; 
Winkclmann, Ann. Phys., 1884. 22, I, 152; 1884. 23, 203; 1885. 26. 105; 1886, 27, 479; Tocplcr 
a " d Hc , n "'f '^., 1888, 34, 790; Tocpler, Ibid., 1896, 58, 599; Brillouin, Congris Internal. 
Phys., 1901, I, 512; Schmidt. Dissert., Halle. 1904; Ann. Phys., 1904, 14. 801; Jackmann, 
Dissert., Halle, 1906; Dcutsch, Dissert., Halle, 1907; Lonius, Dissert., Halle, 1909; Ann. 
Phys., 1909, 29. 664 (summarising results found in Dorn’s laboratory at Halle); Foch, Ann. 
Chin, 1913, 29. 597; McKenzie and Melville. Proc. Roy. Soc. Edin., 1932, 52. 337; 1933, 53, 
225 (Br; vap. in various gases); Trautz and Muller, Ann. Phys., 1935, 22. 313, 329, 333, 353 
(bib!.); Coward and Georgcson, J.C.S.. 1937. 1085 (CH 4 in air: D 0 ' =0196 cm.* secr>). 

4 Proc. Nat. Acad., 1924. 10, 153, 447. " 

p, S 1 11 63: ,872 - “• 323: ,874 ’ «. H. 385; 1889, 98, II, 1418; Ann. 

Phys., 1882. 17, 551; 1890, 41, 725; Winkclmann, Ann. Phys., 1884. 22. 1, 152; 1884, 23, 203; 
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The liquid is contained in a small graduated glass tube, 90 mm. long and 6 mm. 
diam., supported in the lower constricted part of a wider tube 200 mm. high 
and 20 mm. diam., fitted with tubes g and / for passing a slow stream of an 
indifferent gas (Fig. 6. VII H). Just above the liquid meniscus the vapour is 
saturated at the given temperature, whilst at the mouth of the small tube the 
partial pressure of the vapour is reduced by the stream of gas 
practically to zero. The velocity of evaporation of the liquid, 
measured by observing the change of height of the meniscus 
through a reading microscope, depends on the rate of diffu- 
sion of the vapour through the length li of the inner tube 
which does not contain liquid, and a stationary state is set 
up. This part of the tube contains both vapour and the 
indifferent gas. Consider two sections of the tube, of area 
A and d* apart (Fig. 7.VII H). At the liquid surface O the 
vapour concentration c r corresponds with saturation, c t =c,. 

The amount of vapour in mols (concentration c, mols/cm.') 
diffusing upwards in time d / is: 

dA/ 1 = — ZX4(dc,/d.x:)dr ... (I) 

The mass of indifferent gas (concentration c 2 ) diffusing 
downwards through A in time d/ is (since C|+r 2 =const., 
therefore dc 2 = — dcj): 

d Af 2 = - /X4(dc2/d.r)d/=*/><4(dC|/d.v)df 

This indifferent gas is blocked by the liquid surface and unless there is com- 
pensation its concentration would increase in the lower volume element (I) and 
so would upset the stationary state. Thus an amount o, 
x gas-vapour mixture containing the amount (2) of indifferent 

gas must diffuse upwards in the time dr. this containing the 
amount of vapour: 

d/n= — (t'i/c 2 )^-4(dc|/d.v)dr. 

Hence the total mass of vapour rising through A in the time 
dMS dA/,+dm--D.4((c,+c 2 Vf2)(dc,/dv)d/ . (3) 
and since the state is stationary, the total mass diffusing in a 
finite time t is: 

M,=- 0/<(((c, +c 2 )/<-2l(dC|/d.v) . . <■»> 


Fig. 6. VI I H. 
Stefan s Diffusion 
Apparatus 

. . . . ( 2 ) 




[AOA 




V J 

Fig. 7.VII H 


The value of dc,/d.v varies along the tube (since «*« "J' 
different gas is at rest), and d-Y./dv .s not zero although 
dc,/dr is zero. It follows from (4) that ( , ‘:HdcrdA)- 
“(l/c2)(dc 2 /d.t)=const, therefore lnc 2 «*.v+C, where k an i L (hfi 

stants, k being M x IDAt(c x +c 2 ). When .v=0. c,=c, (the convent . 

10o . 7 Chan.. 1893. 5. 

1885, 26, 105; 1888, 33. 

69; Naccari, A til Accad. 

Dissert., Leipzig, 1910; 1 
Le Blanc and Wuppermann, 

Arnold, Ind. Eng. Chent.. 1930. 22. IWl ; irautz anu uuu 7*; n TYYi . lie v .P in N •>: Klot/ 
and MUIIer, Ibid., 1935. 22. 329. 333. 353; Spier. Phys,ca.\ MO. 7. 3- I < hj \ jnJ Nk ,,Ux >n . 
and Miller, /.^.C.S., 1947. 69. 2557; Brookfield. Fitzpatrick. Jack wn. Mat 
Hughes, Proc. Roy. Soc., 1947, 190, 59. 
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saturated vapour), and when x=h, Ci=0. Hence, if Cj+C 2 =c: 

*=(l//)la[c/(*-01 

Mi=(DAtc/h) In [c/(c-cj] 

D=(M\h/cAt)l\n [cl(c-c)]=(^M T /Alp)l\n [p/ip-p,)] . (5) 

where p is the total pressure and p , the saturation pressure of the vapour of the 
liquid, and p—cRT. 

The height h will not remain quite constant during the interval /, since some 
liquid will evaporate and a mean value is to be used. Now let 8h be the fall of the 
meniscus, p , the density of the liquid and M the mol. wt. of the vapour. Then 

Afx~A.8h.ptlM (6) 

D~(h .8h.pi. RTIMpt)/2‘m6 log Ip/ip-pil . . (7) 
giving D in terms of the observed heights h and 8h, and known quantities. As 
used by Stefan, this method gave an accuracy of only 1 to 2 per cent., but it 
could be modified, e.g. by absorbing and weighing the vapour carried off instead 
of using (6), to give more accurate results. A similar method was used for gases 
but it is less accurate than Loschmidt’s method. 

Winkelmann, and others, found an increase in diffusion coefficient with 
increasing height of the diffusion column, but Le Blanc and Wuppermann 1 
found that this was due to the temperature drop at the liquid surface. When 
this was avoided, the diffusion coefficient remained constant. A hot-wire 
method of measuring diffusibilities was investigated by So; 2 the change of 
temperature is greater the greater the diffusibility. 

§ 5. Values of Diffusion Coefficients 

The experimental results show that the diffusion coefficient D depends on 
the nature of both gases diffusing, the total pressure of the mixture, the tem- 
perature, and to a small extent on the relative proportions of the two components 
in the mixture. The units are generally cm. 2 /sec. but sometimes m. 2 /hour; 
to convert D (m. 2 /hour) into D (cm. 2 /scc.) it is multiplied by 60 X 60/100 X 100= 
0-36. The results indicate that D varies inversely as the total pressure, and as 
a power of the absolute temperature between 1 -75 and 2, at about atmospheric 
temperature and pressure. The variation with composition is about 8 per cent, 
of the mean value. 

The following table gives the experimental results for D as summarised by 
Lonius, 1 and the calculated values from the formula of Chapman; 4 the mol 
ratio N JN 2 gives the composition in the order of the gases as stated. 


H 1 -CO 2 < 

r NtiNi 
Dobs. 

1 D calc. 

3 

0 21351 
0212 

1 

021774 

0 222 

} 

0-22772 

0226 




He-A * 

f Wtfl 

Dobs. 

1 D calc. 

2-65 

0-24418 

0-248 

2-26 

0 24965 
0-250 

1 66 
0-25040 
0251 

1 

025405 

0254 

0-477 

0-25626 

0257 

031! 

0-26312 

0-259 


' Z.phys. Chem., 1916, 91. 143. 

2 Proc. Phys. Math. Soc. Japan. 1920. 2, 118. 

* Ann. Phys.. 1909. 29. 664; Undoli-Bomstein. " Tabcllen," 5th edit., 1923, 249; Loeb, 
" Kinetic Theory of Gases," New York. 1934, 272; for NHj in air, see Wintergerst, Ann. 
Phys., 1930. 4, 323 (bibl); H; and Dj. Hartcck and Schmidt, Z. phys. Chem., 1933, 21 B, 
447; Kr and Xe. Groih and Hartcck, Z. Elekirochem., 1941, 47, 167; for water vapour in 
sascs. Dorsey. " Properties of Ordinary Water Substance." New York, 1940, 73. 

1 Phil. Trans., 1912, 211, 433. 
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Values given by Lonius in which the composition is expressed in terms of the 
mol fraction «,=*,/(*, +* 2 ) of the first named gas are: 


Os-Ha 


{o 


0-5 

0 27335 


0-252 

0-27609 


025 

0-27616 


05 

0-28003 


(the first two and the last three are by different experimenters). 


{o 


05 

007304 


0 467 
007333 


N : -Hj 




1 

P 


05 

0 26565 


0-75 

0-28934 


0235 

0-26830 


O2-N2 

The coefficient of self-diffusion of a gas into itself may be calculated 1 as 
follows. Three gases are taken for which the mutual 

arc Z) 12 , D zi , D u . From these, the values of a I2 . <r„. and a 31 are calculated 
hv (16) 6 1 and hence a.. o 2 , and o 5 are known, since cr 12 =l(o,+a 2 ). etc. 

gen diffusing into oxygen, giving D l2 , etc. 


(12. 13. 23) 
(12. 14, 24) 
(13, 14, 34) 

(12. 13. 23) 
(13. 14, 34) 
(23, 24. 34) 


Dn 

1-32 

1-35 

1*26 

Dy> 
0 169 
0 175 
0 178 


(12. 13. 23) 

(12. 14. 24) 
(23. 24. 34) 

(12. 14. 24) 
(13. 14. 34) 
(23. 24. 34) 


Dn 
0 193 
0 190 
0 183 

Z>44 
0 106 
0 111 
0 109 


Boardman and Wild * found at 15' C. Ha 1 43 N; <K.03 CO 0 - ^ N 
0107, CO. 0121. but the results were not completely COMB ten, Cl up™ ; 
Enskog. and Pidduck > gave the theoret.cal equation D- -00., p ' 

for elastic spheres; Maxwell, for the repulsion law » found 1 54 H 
Jeans cave this as 1-504 n/p. but according to Kcnnard the correct figure la 
l"43;Chapm^s value is" 1 5 50. The observed values are mtermediate be- 
tween the extreme values for the constant. 


§ 6. Rate of Evaporation of Liquids 

The rate of evaporation of a liquid from a free surface was studied by Stelan 
and Winkelmann. 6 Stefan deduced the equation: 

w =4DR\n[(P-p")l(P-P')) (,) 


, Stanzcl, men Be. I90t. 1.0 II A. 1038 ; LorU Kclv.n - Baltimore Lecture,. ' Cam- 

b '?«»7.' - - 

. Quoted by Jeans, '' Kinetje Theory of Ga« J^' on of UF> N and Alnml , a J. 

^ fX/fie,: '.874, 68, II, 385; .88., 83, II. 545. 943; .889, 98, It. .4,8: Ann. PH,,. 1862. 

36. 93; see a, so Laval, /. ./.• PHy, .882. 
1, 560; Srcsncwsky and S^huck. J. Russ. Phys. CW .W. (P). 1 882. 14. 420. • 487 ; 1883. 15, L 
Phookan. Z. anorg. Chem.. 1892, 2. 7; 1894, 5. 69; Trabcrt. MctcoroL Z. 1896. 13. -6 . son 
Pallich Wien Der., 1897, 106. II A, 384; Jablczynski and Przcmyski J. Clum Pins 191.. 10. 
241 • on evaporation and diffusion into gas bubbles passing through a liquid sex Luther a 
MacDougall, Z. phys. Chent., 1908, 62, 206. 
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where w>=weight of liquid evaporating per sec. in a circular dish of radius R, 
Z)=thc diffusion coefficient, P=total atmospheric pressure (air+vapour), p' 
and p"=vapour pressures of the liquid at the surface and at a great distance 
from it, respectively. It should be noted that w is proportional to the radius 
of the surface and not (as was assumed by Dalton) 1 to its area. The rate of 
evaporation of a drop of liquid is also proportional to the radius rather than the 
surface. 2 

According to Schall, 3 the velocities of evaporation of two liquids in contact 
with their own vapours are inversely proportional to their molecular weights, 
the velocities at equal pressures being nearly inversely proportional to the 
vapour densities; 4 and the times of evaporation are inversely proportional to 
the latent heats of evaporation. 5 

Trumbull 6 found the rates of evaporation of water into different gases 
inversely proportional to the square of the density of the gas, and proposed to 
compare the molar weights of gases by this rule. A slow evaporation of drops 
of mercury in air saturated with mercury vapour was attributed to the displace- 
ment of mercury atoms in an adsorbed layer by colliding air molecules; if this 
is so, the effect should increase with increasing air pressure. 7 

Thomas and Ferguson 8 found the rate of evaporation from a circular surface 
of radius r proportional to r n , where n is a constant, and Burger 9 found //= 5/3. 
The rate of evaporation from a rectangular surface in the plane z = 0 with the 
flow in the direction of the y axis was found by Burger to be proportional to 
A vi Z) 2 3 y 2 3 , where /f=arca and Z)=diffusion coefficient. Morse’s 10 observa- 
tions on the evaporation of small solid spheres in air were calculated by Lang- 
muir. 1 1 Vaillant 12 found the quantity of liquid evaporating per sec. in 10 -6 g. 
is given by q^aXtp**, where A/=»mol. wt, />=maximum vapour presssure, and 
a is a constant. Weber 13 found the rate of evaporation of a metal in a gas 
inversely proportional to the square root of the pressure of the gas. 

The explanation that deviations from the theoretical Stefan equation value 
were due to local lowering of temperature at the evaporating surface was dis- 
proved experimentally by Mache. 14 Sutton 15 had found that the rate of 

1 Ann. Phy t., 1803, 15. 25, 122, 197; this may hold for evaporation in a draught of air. 

2 Morse, Proc. Ana r. Acad., 1910, 45, 362: Langmuir. Phys. Rev., 1918, 12, 368; Toplcy 
and Whytlaw-Gray. Phil. Mag., 1927. 4. 873; Woodland and Mack. J.A.C.S., 1933, 55. 3149; 
Fuchs, Sow. Phys. Z., 1934. 6. 224; Stern. J. Tccltn. Phys. U.S.S.R., 1935, 5, 812; Bradley, 
Evans, and Whytlaw-Gray. Proc. Roy. Soc., 1946. 186. 368 (wide departure from Langmuir’s 
formula, but agreement with Fuchs); for summary and bibliography, Dorsey. “ Properties of 
Ordinary Water Substance." New York, 1940, 622; for a maximum rate of evaporation in 
vacuum. IVnncr. J. Phys. Chan.. 1948. 52. 367. 

3 At.. 1883. 16. 3011; 1884. 17. 1044. 2199; 1885. 18, 2032. 2042; Z. pins. Chan., 1891, 
8.158, 241. 

4 Despretz. Ann. Chin,., 1823. 24. 323. 

' Schall, Bor., 1884, 17, 2199; Spcrbcr. “ Versuch eines allgcmcincn Gcsctz iiber die spcci- 
lische Wdrme." Zurich. IS84. had deduced this theoretically. 

* J.A.C.S., 1915. 37. 2662; Stefan, and Laval. J. do Phys., 1882, 1, 560, found the rate to 
vary with the gas. 

7 Sv'lwdlof. Arch. Sci. Phys. Mi/., 1917. 43, 217; Targonski, ibid., 1917, 43. 295, 389. 

* Phil. Mag.. 1917, 34. 308. 

'* ,roc - K - Ak,ul H elens. Amsterdam. 1919. 21, 271 ; cf. Jeffreys, Phil. Mag., 1918, 35, 270. 

10 Proc. Amor. Acad.. 1910. 45, 361. 

" Phys. Rev., 1918. 12. 368. 

>- Compt. Rend.. 1910. 150. 213, 689. 1048. 

,l K. Dansk. Vidensk. Selsk. Mcddcl. Mat./ys., 1920. 3. No. 3. 

> 4 Z. Phys.. 1937. 107. 310. 

’• Roy. Dublin Soc.. 1907. II. 137 (bibl.). 
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evaporation of water does not follow the equations of Stefan or of Fitzgerald.' 
He found that electrifying the surface had no efTcct. 

Lurie and Michailoff 2 found the rate of evaporation from a free water 
surface in a current of air of velocity V m./sec. to be (22+ 16-8 V)Ap kg. hour"' 
m.“ 2 , where Ap is the partial pressure difference in mm. Hg from saturation. 
Alty 3 found the rate of evaporation of water only 0 04 that predicted by Knud- 
sen’s equation (§ 3.VII J). 

De Hcen 4 gave for the velocity of evaporation in a current ot dry air 
v=l'\9y/V, where K=air current (reduced to dry air) in ccntilit. per min., 
and v is the velocity referred to 100 for K=200. In moist air of percentage 
humidity /. 0=100 (dry air)-0-88/. This gives t = 12 per cent, even for 
saturated air (/= I), which de Hcen claimed to have found. Similar results 

were found for solutions. ... . .. 

Sklyarenko and Baranacv, 5 who pointed out that the velocity depends on the 

nature of the gas, 6 found three empirical equations: 


(i) in moving air: . ... 

vJVi^PJPzWlD^D^,) ( 2 ) 

where />,. P 2 are the vapour pressures, and D,. D. the diffusion coefficients of 
two liquids, and b=B-PI2, where fl=barometric pressure; 

(ii) for a vapour heavier than the gas streaming over the liquid surface: 

^ 

where vq— velocity in air, = velocity in gas; 


(iii) for components of a mixture: 

vJv 2 =(P\IP2)\ ( D t 


. (4) 


where partial pressure. . , 

The general aspects of air conditioning cannot be considered, but mention 

■ 7W. Amrr. Soc. Civ. En t .. 1886. 15. 581: £>00.66 O'-*! +1& 

R'frig. Eng., 1916. 3. No. 3. 32: Carrier. MB*. <£"' • Caw Lindsay. 
Acad., 1924, 10, 88; Himus and Hinchlcy. J.S.C ./.. 19-4 4. • r t o>0. 

Rcfrig. Eng. . 1925. 11. 241; Mech. Eng 1925. ■ Jtotcl'ckc'*. 

^Pp. Mag., 1933. 15. 82; Naceari. 4#f/ W ' ^oKV«lontV:°? 

no effect); Vaillant. Comp,. Rend.. 1908. 146 -582 811. W. 148. J ,349; 

150, 213, 689. 1048; J. de Phys.. 1911. 1. 877; Mache. 1910. u . y , :0; 

Marcclin, Comp,. Rend., 1912. 154. 587 (superheated hqu.d> An ” ‘ ( d Richar j 50n . 

Schultzc, Koll. Z.. 1925. 36. 65; 1926. 39. 362 ,rrom «p.n»n«). J ■ ErprL 

Phys. Rev., 1927. 30. 527; Quilez. An. F,s. Qu,n,.. \9i2 30 ^ ,434. 199. 1023; 
Theor. Phys. U.S.S.R., 1933. 3. 189 (in mov.ng air); Quint • * Science. 1947. 105. 

Khudyakov. Bull. Acad. Sci. U.R.S.S. {Sci. T.chX 1946. 533. 1urr.ll. an. 

434 (sulphur); Blct and Blct, Corner. ««•«/. 1947 225. 3 !9I3. II. 

J *<ad. Roy. Bclg.. 1891. 21 II. 214. 798; I* K. 3. 43 840 R *air current); 

204; Hinc, Phys. Rev., 1924, 24. 79; Himus and Hincnlcy. z-xc ' 30 . **0: Mo ,siad. 

Sharpley and Boetter, Ind. Eng. Chon.. 1938. 30. 1125: Ingcls. dud.. 19.6. 

j. e»*. «*». v.s. s .p *.»■■ *■«*. 

A'0„. ,0,00.. .932 A, 369: P.cs,o„. 

29. 1188. 
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may be made of a few books and papers dealing with its more scientific aspects. 1 
The rate of evaporation of salt solutions in air is, apparently, always less than 
that of pure water, some cases of greater rates given by Babington being due to 
experimental errors. 2 The effect of a thin insoluble film on a liquid is to retard 
the rate of evaporation; 3 the action is specific. 

§ 7. Separation of Gases by Diffusion 

The theory of the separation of gases by diffusion through a porous septum 
(which has been applied in the separation of isotopes) was given by Rayleigh. 4 
If the gases diffuse into a vacuum and if x, y are the quantities in the 
residue at a given time, and —dr and — d y the further losses in a time dr, 
then d y/dx=vy/^x, where ft and v are the diffusion rates. Integration gives 
j' l/, ’=C.x ,/ * or y/x—C; r” 1 * w *‘, where C is a constant. If X, Y are the initial 


amounts, then : 

(y/x)HY/X)-(x/X)-"'" (1) 

x=X[(y/x)l(Y/X)y™ ( 2 ) 

y=Y[(x/y)l(X/Y)r^ (3) 


If (y/x)/( Y/X)—r, the enrichment ratio, (2) and (3) give: 

C x+y)l(x+ Y)=[X/(X+ r)K ( - i ' , +[T/(A'+ Y)y>^ . (4) 

Equation (1) shows that as x decreases with time the enrichment tends to 
zero or infinity, indicating that the residue becomes purer without limit. If 
the vacuum is replaced by an atmosphere of fixed composition and the inside 
volume is given, then if x, y , and a, 0, are the partial pressures inside and outside 
the given volume, and C, D, and E are constants: 

dx=/x(a— x)d/ and dy= v(fi— y)dt, 

x=a-f Ce - ** 1 and y=p+Dc~ r1 , 

y-P=E(x-*Y'» (5) 

The effect of diffusing half the mixture, and repeating with the residue, was 
considered and other useful formulae given. 

« Obermillcr, Z. phys. Chcm., 1923, 106. 178: 1924, 109, 145; Gilliland, Ind. Eng. Chen, ., 
1938. 30. 506; Downs, ibid., 1939, 31, 134; Carrier, Chcme, and Grant, "Modem Air 
Conditioning, etc.'*. New York. 1940; Jennings and Lewis, " Air Conditioning and Refrigera- 
tion.” 2nd edit.. New York. 1944; Allen. Walker, and James, "Heating and Air Condition- 
ing.” 2nd edit.. New York. 1946; H. and H. Herkimer. "Air Conditioning," New York. 
1947; S. P. Brown. " Air Conditioning and Elements of Refrigeration," New York, 1947; 
O’Brien. J. Sci. Instr., 1948. 25. 73; sec special journals, and Science Abstracts, B. 

33 * Babington. Proc. Roy. Soc., 1859, 10. 127; Weiscr and Porter. J. Phys. Chcm., 1920. 24. 

1 Adam . J Fh y*- Chcm., 1925. 29. 610; Ridcal, ibid., 1925. 29, 1585; contradicting Hedc- 
strand, ibid., 1924, 28, 1245; Baranacv. J. Phys. Chem. U.S.S.R.. 1937, 9. 69; Sklyarenko and 

Baranacv, ibid., 1938. 12. 271; Sklyarenko. Baranacv. and Mazhucva ibid., 1940, 14 839; 
Sebba and Briscoe, J.C.S., 1940. 106; Powell. Trans. Faraday Soc., 1943. 39. 31 1 ; Alexander, 

1948 22^379 '***" ' 944 ' 4 °' '° : T ° Vb ' n ^ Sch,osbcrgt J ' Phys ' Chenr U -S.S.R., 

4 Phil Ma s .. 1396. 42. 493; "Scientific Papers." Cambridge. 1903. 4. 261; abstr. in J. 
Pins. Chcm .. 1897. 1 . 518; results of calculations do not agree with experimental results of 
Graham. Phil. Trans., 1863. 153. 385; see also Mullikcn and Harkins. J.A.C.S., 1922, 44. 
tl\\ lC !?' Ph A yS \?r ,922 ’ 231 433: Z Phys " ,932 - 79 - ,0 «: p ™- K Akad. Wetens. Amsterdam, 
IV23. 45 434; Wussow. Brcnnstoff Chem., 1924. 5. 65; Riesenfeld and Chang, Arkiv Kern. 
Uin. Gcol 1937. 12 A No. 19; Kammcrmeyer and Ward. Ind Eng. Chem., 1941, 33, 474; 
Braunc and Zehle. Z. phys. Chcm., 1941. 49 B. 247 (HCI and DC1. and HBr and DBr). 
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The rate of diffusion of a gas through a small opening in a ihin diaphragm 
into another gas, which was used by Soret 1 in finding the density of ozone, and 
is of interest in the passage of carbon dioxide through the stomata of green 
leaves, 2 is proportional, not to the area of the aperture (as might be expected) 
but to its diameter. The lines of flow in the stationary slate converge towards 
the opening; adjacent openings influence one another, and there is a certain 
arrangement of openings of given diameter for w hich the diffusion is a maximum. 

The passage of gases by diffusion through porous solids was called diffusion 
or atmolysis by Graham, 3 who was led to its study by some observations by 
Ddberciner 4 that hydrogen confined in a cracked flask escaped faster than air 
passed in. Bunsen 5 showed that the velocity of diffusion within certain limits 
is proportional to the difference of pressure on the two sides of the porous 
plate; Graham that the volumes of two gases diffusing through a porous 
(gypsum) plate arc inversely proportional to the square roots of the densities. 
If 8=density referred to air=l and the diffusion \olume V is relative to 1 vol. 
of air, then Graham found the figures in the table. He used a glass tube, closed 
at one end by a thin plate of plaster of Paris, containing the gas and inverted 
over water or mercury in a cylinder, the tube being moved so as to keep the 
levels inside and outside equal; when no further change of volume occurred the 
volume of air (which alone was present) in the tube was read off. and by Jin iding 
this into the original volume of gas, V was found. 



The results were not confirmed for a plaster plug by Bunsen in .mow '**“««* 
experiments. Graham also used an apparatus he called a « ’ mJ 
which a current of air was passed over the outside ol the plug • ' ‘ unJ 

he also failed to confirm the square-root law. I he latter \\ds. 1 J. * anJ „ 
by Graham 6 to apply with a plug of compressed powder*. - • P 

! Ann. Chim., 1868. 13. 247; theory by Maxwell. Phil. ,9,8. 113. 55*: 

2 Brown. Chem. News.. 1900. 82. 161; Nature. 1*01. 64. I / I 

Brown and Escombc, Phil. Trans., 1900. 193 B. 223. , s 120.415; 

1 Quart. J. Sci., 1829. 28. 74; Ann. Phys.. 182*. JJ. J; ' ' ‘ U X. •• Researches.” 

Phil. Mag.. 1833, 2. 175, 269; Phil. Trans . 1846. 136. 573: 4 J I4 „. „ <irrcr . 

1876. 28. 44. 88. 162; Winkclmann. " Handbuch dcr Phyv.k. , *»>• I- »• 

" Diffusion in and through Solids.'* Cambridge. 1*41. «*>• matins und die pneu- 

4 - Obcr cine ncu cntdccktc. hdchst merkwurdige l .gcnwhaft d ; s unu ^i 

matisch kapillarc Tatigkeit gesprungener Glaser. Jcna ; 1 * 

Faraday, Ann. Phys., 1826. 8. 124; Magnus, ibid.. I82 - ,0 ; ' * ... M it „„ Her.. 1871. 

3 ••Gasomctry." 1857. 198; Rcusch. Ann. Phys.. 1865 I IM- * » ' M “V et |77. Ilufncr. 
63, II, 63; Dufour, Arch. Sci. Phys. Not.. 1872. 45. , 9; . J v i hnJi, ,',.scn.' ibid. 18*0. 41. 
Ann. Phys.. 1882, 16. 253; Hanscmann. ibid.. 1884. 21. 545. Chmtun 

565; Rasmussen, ibid., 1937, 29, 665 

6 Phil. Trans.. 1863, 153, 385; “ Researches.” 1876. -10. 
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probably holds fairly accurately for a finely porous body, 1 but not with a solid 
containing capillary holes, such as a plaster plug. 

The theory of diffusion through porous bodies was developed by Stefan 2 
on the basis of free diffusion, but the results of Hansemann were not in good 
agreement with it. Other experiments with porous cells, etc., were made by 
von Lang, 3 Puluj, 4 and Prytz. 5 

Graham 6 distinguished three types of septa: (i) those behaving as assemblies 
of diffusion plates, with holes of molecular dimensions (compressed graphite; 
unglazed porcelain), (ii) those with relatively large interstices (most compressed 
powders), (iii) those with fine capillaries of large ratio length/diameter (plaster 
of Paris). Only (i) gave the square-root law. Compressed powdered graphite 
forms a suitable diffusion plug. 7 

Bremond 8 also found disagreement with Graham’s law in the diffusion of 
gases through a porous septum at 17°-700\ Diffusion through paper and 
similar porous materials has been investigated. 9 

Sameshima 10 used the formula: 

t=krfM il - ) ' 2 (6) 

for flow of gas through a porous plate, where t is the time of flow for a given 
volume of gas of viscosity rj and molecular weight M> and n and k are constants, 
k depending on the nature of the plate and the pressure, and n is less than 1. 
For a very thin wall n->0 and t—kM 112 (Graham’s law); for a very thick wall 
1 and t=kr j. A more complicated formula was used by Adzumi. 11 

The free energy change on the isothermal mixing of gases (§ 28.11) was 
calculated by Rayleigh 12 and Boltzmann; 13 for n x mols of gas (1) and n 2 mols 
of gas [2] at a temperature Tit is: 

—AF=n l RT\nl(v l +v 2 )lv l ]+n 2 RT\n[(v l +v 2 )lv 2 ] . . (7) 

where the volumes t>, and v 2 arc those of the unmixed gases at the same pres- 
sure, and v x +v 2 is the volume of the mixture. If the final volume is V, not 
v, + v 2 . this replaces v t +v 2 in the formula. 

The well-known porous pot experiment for illustrating diffusion is due 
originally to Wohler; 14 a neat apparatus in which the change in weight of a 
beaker containing C0 2 or (inverted) H 2 is shown by the change of level of a 
Nicholson’s hydrometer supporting it, is described by Rdntgen. 15 The atmolyser 
of Graham, used for separating mixtures of gases, consisted of a porous clay 

» Reusch, Ann. Phys., 1865. 124, 431; Huffier, ibid., 1882. 16. 253. 

7 Wien Ber., 1871. 63, II. 63; Kirchhoff. Ann. Phys., 1884, 21, 563, who does not compare his 
equations with experiment. 

> Wien Ber., 1870. 61. II, 288: Bellamy. Compt. Rend., 1876, 83. 669. 

* Carl’s Rcpert. d. Phys., 1877, 13, 469, 533 (vapours); Graham’s 1 l^h law was approxi- 
mately found. 

5 Ann. Phys., 1905. 18. 617. 

6 Phil. Trans., 1863. 153, 385; " Researches,” 1876. 210. 

7 Palmer. ” Experimental Physical Chemistry," Cambridge, 1941, 27. 

» Compt. Rend.. 1933. 196, 1651. 

9 Carson. Bur. Stand. J. Res., 1934. 12. 567 (bibl.). 

10 J. Chem. Soc. Japan, 1923, 44. 671 (in Japanese); Bull. Chem. Soc. Japan, 1926, 1, 5. 

11 Bull. Chem. Soc. Japan. 1937. 12. 3<M. 

12 PM- Mag-, 1875. 49. 31 1 ; 1896. 42. 493; Woodward, ibid.. 1883, 16. 375. 

n Wien Ber., 1878. 78. II. 733; Maxwell. "Scientific Papers,” 1890, 2, 644; Manson. 
Compt. Rend., 1947, 224. 1548. 1816. 

14 Ber., 1871.4. 10; for modifications, see c.g. Roscoe and Schorlemmer, “Treatise on 
Chemistry." 1920, 1. 95; Viswanthan. J. Indian Chem. Soc., 1934, 11, 79. 

15 Ann. Phys., 1890, 40, 110, 
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churchwarden tobacco-pipe stem enclosed in a vacuous glass jacket, the lighter 
gas passing out through the pipe. The pipes made in Scotland arc said by 
Harkins and Jenkins 1 to have the finest grain and to be most suitable. The 
separation of gaseous mixtures by diffusion or atmolys.s was used by Graham, 
and frequently since.' Christiansen 2 found a continuous gradation from 
transpiration to diffusion; mixed gases can separate to some extent by streaming 
through narrow slits or tubes. 


§ 8. Diffusion of Gases through Films and Solids 

Diffusion of gases through thin liquid films, such as soap-bubbles, was ob- 
served by Draper 3 and Marianini, 4 and quantitatively investigated by Lxner.* 
who observed the movement of a film in a wide vertical glass tube open at one 
end and closed and filled with the gas at the other. If G and L are the gas and 
air volumes passing through, a the absorption coefficient of the gas in the soap 
solution, and 8 the density of the gas, then G/Z. was found to be proportional 

The theory for diffusion through thick liquid laminae was developed by 
Stefan 6 and tested by Hufner; 7 the amount u of gas passing should be propor- 
tional to the square root of the time: 

n=2 pcA^DtJr:) 0) 


where p Q is the constant density of the diffusing gas on one side. A the 
D the diffusion coefficient. For C0 2 , Stefan calculated D for water as 0 000016 
cm. 2 /$ec., and for alcohol 0 000031 cm. 2 /sec., at 16 -17' 

The literature on the passage of gases through metals, glass, silica, rubber. ^etc. 
is very extensive, and only a small selection can be given here.* The permeation 


• Rayleigh and Ramsay. Phil. Trans.. 1895. 186. .87 <206):Urb.inand Ur^in. £>m,L 
Rend 1923 176 166, 304; Lorenz and Magnus. Z. anorg. Chem 19-4 136. 97 Harlem' 
and Jenkins! J.A.C.S.. 1926. 48, 58 ; Maicr. Bur. Mines Bull.. 194ft .43 1 : V. .eke and kallentuch. 
Koll. Z., 1941, 97. 135; Gmnberg and Nissan. J. Inst. Petrol.. 1943. 29. 193. 

\ miuZ:.' IH7. 4 !i. 56 55»; " Scientific Memoir*" 1878. 342; W.iU. in Wmkclnunn. 
“ Handbuch der Physik” 1908. 1. ii. 1439. 

I menhir, nis.li. “'465; 1877. 75. II. 263; Ann. fife*. 1875. 1*5. 321. 443; Pnnghe. 
Dissert., Bonn. 1877; Ann. Phys. Beihl.. 1878. 2. 202; Wroblewski. Ann. Phys.. 18^7. 2. 481 . 
1878. 4. 268; 1879. 7. 1 1 ; 1879. 8. 29. 

» Ann" Phys. . ' f 897 .^O ' \ 34 ; Z. phys. Chem 1898 27. 227; cf MUHer. ^4/w. |vd. 

43. 554; Hagcnbach. ibid.. 1898. 65. 673 (moist gclaiin); Ardclt. Dissert.. Munsicr. I«04, 

A r£>L%r bL - through Solid, " Cambridge l«l (copious Hbliogmphy.; 

1 17 (glass). 144 (metals); Jost and Widmann. Z. phys. Chem.. 1935, 29 B. 247 '. 1940 .45 B. -8 
Fast Chem. Weekbi. 1940. 37. 342; 1941. 38. 2. 19 (mcials; review); Kostitzm. Comp,. Rend.. 
1940 211 62. Some selected individual researches arc: „ . nl .. T 

(i)’ Rubber and fabrics: Mitchell. J. Roy Inst., 183 1. 2. 101 307; Orsb*n Ph, h Trans . 

1863, 153. 385; 1866. 156. 399; - Researches/* 1876 2 ,'£ s«. |T77 2 48 I879 8 29- 
JCS. 1867, 20, 235; Wroblewski, Ann. Phys.. 1876. 158. 539 1877 2 481 .L • ; • 
tiitfnor ihiei 1 888 | ■ Kavscr ibid. 1891, 43. 544; Rayleigh. Phil. Mag.. 1903. 49. -.0 

Rov Soc Canada, 1919, 13. Ill, 37; McLennan and Shaver. Phil. Mag.. 19-0. 4IL - - 
Hc^’ fabrics)- Daynes Proc. Rov. Soc., 1920. 97. 286; Edwards and Pickering. Bur. Stand. 
Bail . .mi6 32 iTchcm. Met. Eng., .920, 23. .7; Venable and Fu«. M. £* Chem 
1922, 14, 139; Schumacher and Ferguson y./LCS I 1927. 49. 4.7 (%anous m ' ‘ - 
Alcxcjcff and Matalsky, J. Chin,. Phys.. 1927, 24. 737; Hill, Saence. 19.8. 67. 374. Kana.a. 
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of metals (palladium, platinum, iron) by hydrogen almost certainly occurs 
in the form of atoms or hydrogen nuclei (protons), as was inferred by Winkel- 
mann 2 from the fact that the rate of permeation is proportional to the square- 
root of the hydrogen gas pressure, i.e. to the concentration of hydrogen atoms. 
Helium, which passes through silica glass even at room temperature, does not 
permeate metals, although its molecules are smaller than H 2 molecules. The 
passage of oxygen through silver behaves similarly, being proportional to the 
square-root of the gas pressure. 3 Richardson found the rate given by: 

X=(C/d)p l 2 T 1,2 t~* l4T (2) 

where C=constant, d= thickness, p=pressure, 7~=abs. temp., and ?=heat of 
dissociation of the gas in the metal; Johnson and Larose for oxygen and silver 
found: 

X (cm. 3 per m. 2 per hour)=(l -71 y/p a JW*h)T i +* . . (3) 

Bull. Chcm. Soc. Japan, 1928, 3, 183 (various): Sandri, Wien Ber., 1932, 141, II A, 81 ; Dorsey, 
“ Properties of Ordinary Water Substance.** New York, 1940, 75 (bib!.); Riehl, Koll. Z., 
1944, 106. 201; Todd, Paper Trade J., 1944, 118, No. 10, 32; Cartwright, Ind. Eng. Chcm. 
Anal., 1947, 19. 393. 

(ii) Metals : Devillc and Troost. Compt. Bend., 1863, 57, 897; Graham, Phil. Trans., 1866, 
156, 399; Proc. Roy. Soc., 1868, 16. 422; 1868, 17. 212, 500; ** Researches, ** 1876, 253; Dorn, 
Phys. Z., 1906, 7, 312; Sievcrts, Z. phys. Chcm., 1907, 60, 129 (bibl.); Charpy and Bonnerot, 
Compt. Rend., 1912, 1S4. 592; Dcming and Hendricks, J.A.C.S., 1923, 45, 2857; Spencer, 
J.C.S., 1923, 123, 2124 (Oj through Ag); Lombard. Compt. Rend., 1923, 177, 116; 1926, 
182, 463; 1927, 184, 1327 (Ni), 1557 (Pd); J. Chim. Phys., 1928, 25, 501, 587; Borclius and 
Lindblom, Ann. Phys., 1927. 82, 201 (Hj); Lombard and Eichncr, Bull. Soc. Chim., 1932. 51, 
1462; 1933, 53. 1176; 1934, 1. 945, 954; 1935, 2, 1555 (Pd); Compt. Rend., 1932, 195, 322 (Pd); 
Ham, J. Chcm. Phys., 1933, 1. 476; Trans. Amer. Soc. Metals, 1937, 25, 536 (H in Fc, Ni); 
Smith and Dergc, Trans. Amer. Electrochem. Soc., 1934, 66. 253 (H through Pd); Duhm, 
Z. Phys., 1935. 94. 434 (H in Pd; bibl.); Lombard. Eichncr, and Albert, Compt. Rend., 1936, 
202, 1777 (Pd); Bull. Soc. Chim., 1936, 3. 2203; Jouan.y. de Phys., 1936, 7, 101 (H 2 and D 2 
through Pi); Sniithclls and Ranslcy, Proc. Roy. Soc., 1936. 155. 195 (CO through Ni); de Boer 
and l ast, Rec. Trav. Chim., 1939, 58. 984 (H through Fe); Bel z,Z. phys., 1940, 117, 100 (H in 
Fc); Chaudron and Moreau, Compt. Rend., 1941, 213, 790 (H in Fe); Fast, Chem. Weekbl., 
1941. 38. 2 19 (theory, bibl.); Michel. Bcnard, and Chaudron, Bull. Soc. Chim., 1945, 12, 
336 (H in Pd); Sutra and Darmois, Compt. Rend., 1948, 226. 177 ( H in Fe). 

(iii) Class and quartz: Villard. Compt. Rend., 1900. 130, 1752 (H; and silica); Richardson 
and Ditto, Phil. Mag., 1911, 22. 704 (glass and quartz; bibl.); Mayer. Phys. Rev., 1915, 6, 
283; Johnson and Burt, J. Opt. Soc. Amer., 1922, 6, 734 (H 2 , quartz glass); Williams and Fergu- 
son, J.A.C.S., 1922, 44, 2160 (bibl.); 1924, 46, 635 (He through silica glass); Boggio-Lcra, 
Rend. Accad. Fis. Mat. Napoli, 1923, 29, 111; Mem. Accad. Lined, 1923, 14, 125; Alii R. 
Accad. Lined. 1924. 33. ii. 532; Voorhis, Phys. Rev., 1924. 23, 557 (He and glasses); Elscy, 
J.A.C.S., 1926, 48. 1600 (He permeates quartz glass at room temperature); Paneth et al.] 
Z. phys. Chem., 1928. 134, 353; 1931, 152, 1 10; 1928, 1 B. 170. 253; Ber., 1929, 62, 801 ; Baxter, 
Starkweather, and Ellcstad. Science, 1928, 68. 316; Baxter and Starkweather, ibid., 1931, 73, 
618; McLennan and Wilhelm, Trans. Roy. Soc. Canada, 1932, 26, 111, 119; Urry, J.A.C.S., 
1932, 54, 3887; 1933, 55, 3243; Liu Shcng Tsai and Hogncss, J. Phys. Chem., 1932, 36, 2595; 
Burton, Braaten, and Wilhelm. Canad.J. Res., 1933, 8. 463; Ally, Phil. Mag., 1933, 15, 1035; 
Barrer, J.C.S.. 1934. 378; Raykigh, Proc. Roy. Soc.. 1936, 156, 350; Wang, Trans. Cambr. 
Phil. Soc., 1936, 32. 657; Braaten and Clark. J.A.C.S., 1936, 57. 2714; Taylor and Rast, 

J. Chcm. Phys.. 1938, 6. 612; Lcdoux, J. Ecole Polvtechn., 1938. 36. I ; Baxter, J.A.C.S., 1939, 
61, 1597; Smith and Taylor. J. Amer. Ceram. Soc.. 1940. 23. 139; Kondratiev, J. Exptl. Theor. 
Phys. U.S.S.R., 1943. 13, 59; Giauque, Rev. Sci. Instr., 1947, 18, 852 (Jena glass less permeable 
than Pyrcx to He); Levi, Trans. Faraday Soc., 1946. 42. 152 (organic resins, etc.; theory only). 

* Ann. Phys., 1901. 6, 104; 1902, 8. 388 (Pt); 1905, 16. 773 (Pd); 1905, 19, 1045 (Pt); Schmidt, 
ibid., 1904, 13, 747 (Pd). 

J Richardson, Phil. Mag., 1904. 7, 266; Richardson, Nicol, and Parnell, ibid., 1904, 8, 1; 
Spencer, J.C.S., 1923, 123, 2124; Lombard, Compt. Rend., 1923, 177, 116 (Ni); Johnson and 
Larose, J.A.C.S., 1924, 46, 1377; 1927, 49, 313; Sievcrts, Baukloh, and Hofmann, Metall- 
virrsch., 1938, 17, 655 (H. in Fe). 
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where /i=thickness of metal in mm., though they found Richardson’s equation 
approximately valid. Hendricks and Raiston > also verified it for hydrogen 
passing through hot zinc, copper, and nickel. Smithells 2 gave the following 
figures for the rate of diffusion of hydrogen in cm. 3 per cm. 2 per sec. at 760 mm. 
Hg pressure through a 1-mm. thick plate of the metal at the given tempera- 
ture ° C.: 



1000° 

500° 

O’ 

Iron 

Nickel 

Molybdenum 

Platinum 

Copper 

Aluminium 

!xl0-> 

2 xl 0 -> 

4xl0-> 

1 xlO-« 

1 x 10 * 

1 x 10 -‘ 

3x10-* 

5x10“* 

1 x! 0 -» 

1 xIO-* 

|x! 0 -» 

6 x 10 “* 

1 xl0-» 
2x10-'* 
5x10-'* 

4x 10" ,J 
2xl0--’> 

Borelius and Lin 

dblom 5 found for the diffusate m of hydrogen per dcm. ! 


per hour: . . . , 

where d= thickness in mm.. A and b are constants. p = a " d £ « ‘ * 
threshold value, of importance only for iron. Post and Ham found the rate 
of diffusion of hydrogen through iron and nickel equal to. 

AT *prc-* T (5) 

where A, z, y, and b arc constants. The theory of degassing of metals by 
heating in vacuum 3 also involves the rate of diffusion. 

The general trend of recent theory is to assume 
activation is necessary to enable the gas molecules to ^r°ugh nu 
pores or fissures in the solid; this theory is considered in relation to diffusion 

through solids in § 4.IX A. Vol. II. . ... . •„„ alv t.innes 4 

A theory of diffusion of a gas through metals, developed b > Leonard J°"« 

did not agree with experiments on silica glass and was mod.hcd by Ally, 
gave the equation: ,6 ’ 

where Af=mass of gas diffusing through the solid per see B is * 

^ 0 = energy of entry of gas molecule into a crack or "£ 

overcome the protective barr.er of two S JJ^jffusion of the atom 

trance, 8 E 0 = a small energy increment ncccssar) 

along the crack or pore, i.e. for mobilising an adsor v. . » 

' J.A.C.S., 1929, 51, 3278; also verified by Khiirm. J. Ex/nl. Theor. Pins, i S.S R . 

4,160. 700 (All: Smiihclls. Va/«r«*. 1937. 

* Smiihclls and Ranslcy, Proc. Roy. Soc.. 1935. I5Z. 

139, 1113. 

a Tekn. Tidskr. (Kent.). 1926.56.41. . 1933. 1. 476; Trans 

« J. Chtm. Phys.. 1937, 5. 913 (Fc); 1938. \598 (NO. Han . . ^ ^ 29 B 2s5 ; 
Amer. Soc. Metals , 1937, 25. 536; sec Josi and Widn ann. Z P > , 0 , 5 (Fe>. 

1940, 45 B, 247 (H 2 and D 2 in Pd); Rasl and Ham. Pins. *• 

5 Van Liempt, Rcc. Trav. Chim.. 1938. 57. 871. 

6 Trans. Faraday Soc.. 1928. 28. 333. 57. 2 7|4 

^ Phil. Mag., 1933. 15. 1035; Braalcn and Clark. J.aa * •• 

* Lennard-Joncs assumed non-ovcrlapp»ng hews. 

9 Barrcr, Trans. Faraday Soc., 1944. 40, 374. 
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Rayleigh 1 found that helium does not pass through single crystals, e.g. very 
thin sheets of mica up to 415°; Piutti and Boggio-Lera 2 had previously found 
that helium, which passes through vitreous silica, does not penetrate crystalline 
quartz at 480°. 


J. GASES AT LOW PRESSURES 


§ 1. Knudsen’s Absolute Manometer 

Before leaving the special treatment of gases a brief account will be given of 
some important results which apply to gases at very low pressures. 3 The first 
of these concerns the measurement of low pressures. 

A low-pressure manometer used by Knudsen 4 and by Dushman 5 for pres- 
sures of the order of 10 -8 mm. Hg, comprises a rotating disc with another disc 
suspended above it by a quartz fibre acting on the torsion balance principle. 
The torque (twisting couple) on the upper disc is measured. If the gas between 
the two discs, distant d cm. apart, is at such a low pressure that the molecules 
make hardly any collisions with one another between the plates in the short 
distance d, and if d is the mean molecular velocity, the mean velocity towards 
one disc is dll, and a molecule makes cl Ad return journeys per second between 
the plates; hence the total number of return journeys per sec. between one 
cm. 2 of area of the plates will be: 

Nd(c/Ad)=Nc/4 t 

where A r =no. of molecules per cm. 3 (Nd= no. of molecules in the volume 
dx 1 cm. 3 between 1 cm. 2 area on each plate.) 

If u is the velocity of the moving plate, it may be supposed that each molecule 
striking this plate acquires a tangential velocity u and a momentum mu, and 
gives up this momentum to the fixed plate on striking it. Hence the momentum 
given per sec. to one cm. 2 of fixed plate is iNcmu. This is the force exerted on 
the fixed plate per cm. 2 . Substitution of i from (35), § 10.III: 

c=y/(%kT/vm) 

gives for the force per cm. 2 which must be applied to the fixed plate to prevent 
it from moving: 

F=(Nmu/4)y/(%kT/rrm)=up\/(ml2nkT) .... (1) 
since p=NkT\ hence the torque is proportional to: 

upV(m/kT) (2) 


' Nature, 1935. 135. 30; Proc. Roy. Soc., 1937. Id3. 376. 

2 Mem. Accad. Uncei, 1923, 14. 125; Atti R. Accad. Lined . 1924, 33. ii, 532; R. Accad. 
Napoli ( Fis . Mat.), 1923, 29. 111. 

' A fuller account of the subject (which is rather involved and tedious) must be sought in 
the original papers quoted in the references. Summaries are given by Jellinek, “ Lehrbuch 
dcr physikalischcn Chcmie." 1928, 1. 261 f.; Knudsen. “Kinetic Theory of Gases." 1934; 
Loeb * Kinetic Theory of Gases." 1934. 278; Kennard, “ Kinetic Theory of Gases." 1938. 
291 ; Dushman. " Scientific Foundations of Vacuum Technique." New York, 1949. 

‘ l9l °- 32. 809; 1914. 44. 525 (oscillating sphere); 1930. 6. 129; Fredlund, ibid., 
I *32, 13, 802; 1932, 14. 617. 

* 19,5> 5 - 2I2 : *' Production and Measurement of High Vacuum," Schenectady, 
°L;5 f - Dcwar - c, * m - Ne ' vs - 1907. 96. 97 (radiometer gauge); Langmuir, Phys. Rev., 
\)13 1 337; Rutherford. Engineering, 1924. 117, 365; Lockenvitz, Rev. Sci. Instr., 1938, 9, 
417 (radiometer gauge); Klumb and Schwarz. Z. Phys., 1944. 122. 418 (radiometer type, bibl.); 
Weber, Kgl. Dansk. Vidensk. Selsk. Mat.fys. Medd., 1947, 24, No. 4. 
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In the absolute manometer devised by Knudsen.‘ which has a different con- 
struction, two plates are at two slightly different temperatures T, and T 2 . In 
this case the force on one plate, suspended very close to a fixed plate is: 

F=\A P W(T x IT 2 )-\] < 3 > 

In the simplified deduction of Knudsens equation (3) given by Smoluchowski 
it was assumed that the mean free path is large compared w.th the dimensions 
of the vessel, so that the gas may be treated like black-body radiation in an 
enclosure (an idea due to Maxwell). The_molecules arc assumed to have two 
velocities c, and c 2 (really v/(c, 2 ) and y/(c 2 -)). and in each 
per cm. J are supposed to move from below to above, and n, and n 2 from above 
to below. It is then assumed that: 


n 2 c 2 =n l 'c l , and if|C ( 

The number of collisions v per sec. on the under side of the upper plate is 
equal to the number on the upper side. The upper plate is opposite to a 
constant temperature wall, and in the upper 
space all the molecules have a velocity c 2 cor- 
responding with the temperature T 2 . Hence, 
if N is the number of molecules per cm. J 
moving both up and down in the upper space. 
n l c l +n 2 c 2 =\Nc 2 . The excess pressure from 
inside to outside per cm. 2 of upper plate is: 

$m(/liCi 2 +/l2C2 2 +rti'Ci 2 +W2'C2 2 — ^ c 2 2 ) 

which, with the previous equations, gives 
Knudscn’s formula (/I = l): 

F=*JmNc 2 2 (c 1 /c 2 -l)=*(p/2)(V(7',/7' 2 )-l]. 

A section of Knudscn's absolute manometer 
is shown in Fig. l.VII J. A copper cylinder 
A' 1 -63 cm. diam., with a boring for a thermo- 
meter T', is contained in a blackened metal tube C. surrounded b> an evacuated 
bell-jar J. The polished base of A' is heated electrically. 1 he cylinder A is 
surrounded by a copper guard-ring block B. with a clearance of 0 174 mm., and 
having an inserted thermometer T"\ A copper plate A . "»«»» •» thermometer 
T", is hung from a platinum wire of 01 mm. diam. The distance between A 
and A" is 012 mm., the effective area is 21 cm. 2 , and the distance from the >up- 
porting wire to the central point of the hot base of A is 1 - cm. The angular 
displacement of the suspended plate A" is measured. With a temperature 
difference of 46° in hydrogen at 0 002 mm. Hg pressure, a deflexion of a beam 
of light from a mirror on A" was 4 mm. Deviations from the formula (3) 
began at 0 006 mm. Hg pressure. 

Gaede 2 used a ** molvacuum meter ** depending on the thermal repulsion 


: '* 2 c 2 



Fig. l.VII J. Knudsen s Absolute 
Manometer 


1 Ann Phvs 1910 32 809; Smoluchowski. ibid.. 1911. 34. 182: von Anger tr Ibid.. 1913. 
41. U ZootoJ. nys Re,. 1914. 4. 49. ;/*>•, Z.. 1914. ,5 868: Schrader and ShcrssocHl. 
Phv . Rev 1918 11 134- 1918, 12. 70: Sherwood. Ibid.. 1918. 11. 241. Todd. Phil. 

1919; 38. 381; Richardson. Proc. Phys . Soc.. 1919. 31. 270: Martin. 

Splwak. Sow. Phys. Z.. 1932. 2. 101; Frcdlund -tnn. Phys 1932. 13. 80. 4 «« • 

Hughes, Rev. Sci. lns,r.. 1937, 8. 409; Weber. A. Danske VUUns Selsk M u. 

14. No. 13; Physica. 1939. 6. 551; Werner. Z. techn. Phys.. 1939. 20. 13. W.lhams. J. S<i. 

Instr., 1946, 23, 144 (I0~ 4 -10' 6 mm.). f . . . _. ig4#i M A ’33 

2 Z. techn. Phys.. 1934. 15. 664; Paranjpe. Proc. Indtan Acad. Set.. 1946. 23 A. -3J. 
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principle. A modified Knudsen gauge was described by Du Mond and 
Pickels. 1 Murman 2 used a “hot wire” manometer, the pressure being 
determined from the length of the wire. 


§ 2. The Flow of Gases at Very Low Pressure 

The flow of gas through a circular capillary tube of length L and radius r 
at very low pressure can be derived from equation (2), § 12. VII F ( rj/e=Q : 

v=(7rr 4 /%rjL)(p l —pd(l +4£/r) (1) 

where L is now used for the length of the tube. 

In this equation unity can be neglected in comparison with 4 {//■, hence: 

v=(‘rr^/2r l L)(j) l -p 2 ) (2) 

Substitute tj=0-350/>c 7 from Boltzmann’s formula (12), § l.VII F, and 
{=0-700/(2—/)// from (7), § 12. VU F, giving: 

*-(* rtJpcLXpi-pMV-m (3) 

The number of mols of gas flowing per sec. is: 

«=/>T;//?7’=(7rrV^)(Pi--/>2)[(2— /)Z/3(p/iP)(l//?r> ... (4) 
which is independent of pressure 0>/p=const.). From (35), § 10.III : 


t=2V(2RT/rrM)=V(*pM ( 5 ) 

(since pv=RT/M , where v=vol. of 1 g., and v=\/p), and if d=2r is the 
diameter of the tube: 


/( ni \ di P\-Pi 2 ~f 
V\512 IVpRT L /’ 


Knudsen, 1 by talcing account of Maxwell’s distribution law, found the factor 
VW18) instead of \Z(^ 3 /512), hence he gave: 


, U-\ 1 d> Pl - Pl 2-f 

AW VpoRT l f (6) 


where pip =po= density in g. per cm. 3 under a pressure p= 1 dyne/cm. 2 . 

Knudsen's formula for the mass Q in g. of gas flowing per sec. is obtained 
from (6) by putting /= 1, d=2r, Q=Mn, where M= mol. wt. Since v=spccific 
volume, p(Mv)=RT, \/v=p=Mp/RT, p 0 =p/p=M/RT. By substitution in 
(6) it follows that: 

0 =(8/3) v/(W2>- Vpol(/> , -p^L] (7) 


The transition between Poiseuille’s law, when the amount of gas passing is 
proportional to the pressure, and the case of very low pressures, when the 
amount is independent of the pressure, is represented by Knudsen by the 
formula: 


Q=ap+b{ 1 +c l p)/(l +c 2 p ) 


1 Rev. Sci. hisir., 1935, 6. 362. 

2 Z. tcchn. Phys., 1933. 14. 538. 

J. 7 \ 9 " : Fishcr * Phys ' Rcv " 1909 ’ 325; Knudsen and Fisher, 

tom o m’ n 8 f : cf 0 Hoss * Proc ' Amer ‘ Acad - ,905 - 40. 611: 1906. 42. 115; Phil. Mag., 
910 ,9 - 376; BoIm Born, and von Kdrmin. Colt. Kachr., 1913, 221; Onnes and Weber, 

r Z Lo 2I * 1530 {Comm - Uiden ' 134 Dodd - 

Rev., 1918 II, ,242 (verified); Dushman. Production and Measurement of High Vacuum.*’ 
, a I f\ rbuch der Physikalischcn Chon.c," 1928. 1 275: K rase, 

f" l 931 ' Darbord.7. de Phys.. 1932. 3. 345; Loeb, " Kinetic Theory of Gases." 
1934. 290 Jrans. Kinetic Theory of Gases." Cambridge. 1940, 170; Brown, de Nardo, 
Cheng, and Sherwood, J. Appl. Phys., 1947, 17, 802. 
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in which Q is now the quantity of gas which, when divided by RT t gives the 
number of mols of gas passing at the mean pressure p and a pressure difference 
(n,_n ? ) of 1 dyne per cm . 2 between the ends of the capillary, and a, b, c,. 
and el arc constants. At high pressures (of the order of atmosphenc) the 
second term is negligible, and the constant a is Poiseuilles constant M J\2^L). 
At very small pressures (p-> 0) Q approaches b. which is Knttdsen s constant 
V( 7 r/ 18 )(i/ 3 /^)(l/Vpo)- At moderate pressures, unity is small compared with 
c,p and c 2 p in ( 8 ); hence, by comparison with (1) with Q-pv: 

Q=ap+b(cilc^)=ap(\ + 8 £ <l) 

i=db(c x IC2)l(*ap) (l0) 

For low pressures Weber > proposed to vary the viscosity according to the law 
ri-VoPKP+°Vo)- where no is the constant lim.nng value at higher pressures. The 
constant a is found for an oscillating disc apparatus to be. - 

a=fc 1 V(2”)[(<A+‘*i)/VJ< 1 /' / iPr> ,U) 

where d u d 1 are the distances of the oscillating from two fixed -Pr » lhe 
density of the gas at r K. and 1 dyne/cm.’ pressure, and A, is slightly less 

than 4/3. 

The equation: 

e/(Pi-P2)*(0 i472///+Z)x(30-48A 5 v77^v'^) • • • 

where p,-p 2 = pressure difference in microns ( 10-3 mm. Hg) *««««* 

ends of a cylindrical tube of length L and radius r cm.. (-"“*"£? 

the average pressure i(p,+Pi). f?=H° ’ w in 4 , />|(io t c P | 0 for 

Z= a function of r/l which increases from Z-0-81 for r > iw to 

rll* 0 1. is given by Dushman > for the whole range- of abnormjll> 

At very low pressures the viscosity coefficient of a | ? ipp iralus i 0 describe 
small, since the molecules have not space available in * pr * . . . / t h cn 
free paths by collisions. If the mean « 

ri=ipcl cannot be greater than }pc/ 0 . and should . - } mm . Hg 

had found abnormally low viscosities at proves o! the 

which tended to vanish as the density of the gas vanished. pressure 

A practical point is the marked slowness of f»ssagc of a ^ 
through narrow tubes; Knudsen connected two .d t. flasks.^o^ # ^ 

hydrogen at 0 01 mm. Hg pressure and other I s jj aboul 15 hours for 
30 cm. long and 0-1 mm. diam., and found that . ■ r . Json . a || 

one-third of the gas to pass from one flask .to the ^ borc Thc ,| 0 w 
connecting tubes in high-vacuum apparatus must ^ molecular 

flow through small openings at very low pressure * mifi^d 
pump of Gacdc , 5 consisting of a metal latter; the inlet 

with a small clearance, and with a J This pump has been super- 

and outlet tubes arc on opposite sides of the sane. P 

seded by vapour pumps (sec § 12.VII A). 

Knudsen expressed his equation in thc form : 

q-OIVpoWpi-pJW (l3) 

> Physlca, 1939, 6 . 551. * f «<■> an d second virial coefficient of 

2 Miyako, Proc. Phys. Math. Soc. Japan ,M2. 24 L icrde. Pkvsk*. 1947. 13. *S. 

H 2 at low temperature); van Ittcrbcek. van Paemcl. and %an 
J Ind. Eng. Chcm.. 1948. 40. 778. 

4 Phil. Trans.. 1881, 172. 387. Practice " traml. Smith. New )o ik. 

5 Ann. Phys.. 1913. 41. 337; Dunoyer. "Vacuum Pracusc. inn, 

1928, 36. 
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where W is the resistance to flow, given by: 

WHWWwfolAWL (14) 

where 0=circumference of tube, I=length of tube, ^=area of nominal section 
at a distance L (in the integral) from the end. The Knudsen flow for gaseous 
mixtures is additive. 1 

Todd 2 proposed the general equation (t/=diameter of tube): 

(15) 

which for small pressures gives -q^^kpd, agreeing with Knudsen’s formula if, 

in the equivalent form of the latter, v 2 (6p 2 /6i)=c(^/l)(p l -p 2 ) t the constant 
c=n/kT) tc ', and at high pressures 17=1;,. 

The flow characteristics of a vacuum line may be expressed 3 by 

Q^Cipt-pJ (16) 

where 0=quantity of gas in pv units passing any point per sec. and C= con- 
ductance of the line. For parts in series, 1/C=r(l/C,). and for parts in parallel, 
C—EC 1. The speed of pumping 5 of a pump, defined as the volume of gas, 
measured at inlet pressure, entering the pump per sec., is related to the rate 
.S’' of removal of gas from an attached chamber by the equation: 


From (7): 


1/5'- 1/5+ 1/C (17) 

C=WV”W(RTIM)(r>/L) (18) 


The conditions of application at various pressures and with various types of 
pipes, including bends, etc., and semi-empirical formulae for transition cases, 
are given by Normand. 3 


§ 3. Effusion at Low Pressures 

The case of effusion through a very small hole of area A (e.g. 5 x 10~ 6 cm. 2 ), 
in a plate separating two parts of a gas at the very low pressures p x and p 2 , was 
treated by Knudsen 4 as follows. Since there are practically no collisions, the 
numbers of molecules passing through the hole per cm. 2 per sec. are, from (8), 
§ 8.III, 7V,c/4 and N 2 £I4, where 7V| and A^are the numbers per cm. 3 ; hence the 
number of molecules passing through the hole per sec. from the pressure p , 
to the pressure p 2 is: 

( 1 ) 

If m=mass of a molecule, N 2 m—p 2 , and vm=Q= mass of gas 

passing per sec., then: 

Q=Ac( Pl -p 2 )/ 4 (2) 

Put p,=/?,p 0 , and p2=/>2Po, where po=density at unit pressured dyne per cm. 2 ), 
and substitute c= Vtfkpo), then: 

Q=[A/ V(2tt)) \/pd(p , -p 2 ) (3) 

Equation (3) was verified experimentally by Knudsen. 


1 Adzuni, Bull. Chan. Soc. Japan, 1937. 12, 199, 285. 292 

2 Proc. Durham Phil. Soc., 1920, 6. 8. 

3 Normand. I mi Eh?. Chem., 1948. 40. 780. 

4 Amu Phys., 1909, 28 . 75. 999; 1909. 29. 179; 1911. 34. 823; 1911. 35. 389; 1914. 44. 525: 

dam' t 3 ,yj S9 - Gacdc ' ®*'~ l9l3 ‘ 289; Clausi "8' Uam - Aimtcr- 
dam, 1918. \erslag. A. Akad. Wetens. Amsterdam. 1926.35, 1023* Phvsica 1929 9 65- Ann 

Phys.. 1930. 7. 533. 567; 1930. 7. 569; 1932. 12. 961; 1932, 14. 129, 134 ' ’ 
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Clausing found for a low-pressure gas passing through a short or long round 
lube into a vacuous space: 

vm*WAN x (4) 

where v=no. of molecules passing per sec.. A— area of section of tube, A', = no. 
of molecules striking unit area of the gas-containing \essel per sec., and W is 
a probability coefficient calculated by Clausing. 


§ 4. Heat Conduction at Low Pressures. 

Kundt and Warburg 1 found that whilst, at suitably reduced gas pressures 
when convection is minimised, the thermal conductivity is independent of 
pressure, this is not the case at very low pressures, so small that the mean free 
path of the molecules is larger than the linear dimensions of the apparatus, 
when the molecules ** transport heat across the whole apparatus at a single 
bound.*’ 2 There is no temperature gradient and the whole gas is at a umtorm 
temperature, which is different from that of the solid wall. This case vsas 

investigated by Knudsen. 3 . . f . 

For such a “ molecular conduction ” between two parallel plates of area A 
at temperatures T x and T 2 . he found for the quantity of heat passing in / secs.: 

q =A«T x -T 2 )r< 

where, for a complete exchange of energy on collisions of gas molecules with 
the plates (“ absolutely rough surfaces): 


-A 



(21 


l273r/»„ri 

If .he observed heat transfer is q -Kq then A' is a constant for .he same gas 
and plates, but varies with the gas and the degree of roughness of the plates. 
The fact that K is no. unity shows thajjhe exchange of energy is not usually 
complete with a single collision. If is the mean square velocity of 
molecules in the gas in temperature equilibrium with the solid, c, the alue for 
molecules approaching the solid, and c 2 * for molecules leaving the solid, then 
the accommodation coefficient is defined as: 

Tz-Ti 



T-T x 


(31 


For hydrogen, Knudsen found this to vary from 0 26 for bright platinum or 

glass to 0-71 for platinised platinum 4 (see § 5). 

Knudsen deduced the above equations as follows. Cal A, and A: h 

plates a. absolute temperatures T, and T, Th * d V . molecule' pe^ 

velocity c x and those leaving A 2 a velocity c>. If * ffom ? 

cm. 3 with velocity components between c x and c, + « i 

i Ann. Phys., 1875. 156. 177; Croote. Jjf. Sue.. IUI.U. 239. 

> Jeans, "Kinetic Theory of Gases. 823; 1911.35. 3*9; 1911.36. 

J Ann. Phys., 1910, 31, 205; 1910, 33. f •• 1944 46; Smoluchowski. 

»71 ; 1927. S3. 285 , 797; 1930, 6, 129: ’ The KineucThcor^of Gases. I*. , ^ (j|[ 0 00l 

Ann. Phys., 1910. 33. 1559; 1911 35 983 ._ TroubrKJpr. Loc b. - Kinetic Theory oi 

Mr “"f&SS **. -936. 22. 257; ,94., 34. ,20: 

■war® ® tsi. 

K: sriast " 4 - - ,u :5S - 
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these will strike one cm. 2 of A 2 , and if there are dN molecules per cm. 3 having 
velocities in all directions, then JdAfc, of these strike one cm. 2 of A 2 per sec. 
Since the dN x molecules move only in all directions in a hemisphere, but dN 
in all directions in a sphere, dN x =±dN; hence \dNiC X molecules strike one 
cm. 2 of A 2 per sec. Similarly, if there are d N 2 molecules per cm. 3 with velocities 
between c 2 and c 2 +dc 2 , directed away from A 2 , the number ^d7V 2 c 2 of these 
will strike one cm. 2 of A j per sec. 

Knudsen first assumed the plates absolutely rough, i.e. that each molecule 
striking a plate adheres to it but can afterwards re-cvaporate with a temperature 
appropriate to the plate it leaves. The plate A 2 thus gains energy dE x = jdAf |.C|. 
\mc x 2 from the group of molecules striking it, and, from Maxwell’s distribution 
law (29), § 10.111: 


it follows that the total gain of energy per cm. 2 per sec. is: 




(4) 


where pi—Wim— density. By integration by parts (§ 19.1): 

=2o 1 2 j"*c 1 J e -,,, '“ |1 dci=a 1 

since, from (23), § 10.III, the last integral is equal to Hence, from (4) and 
(5), and the result from (24), § 10.111, 

^i-(Pi«iV^)-(W8)Pic’i 3 -(W8)^|W 1 3 .... (6) 

Similarly: 

E 2 =(r'l*Wi l =W)N 2 mc 2 ' (6a) 


(5) 


Since E x is received by A 2 , and E 2 given up by A 2 to A lt the net gain of transla- 
tional energy per cm. 2 of A 2 per sec. is: 

E 1 -E 2 =(nl%MN l 7 l i -N 2 7 2 i ) . ..... (7) 

The number of molecules_striking one cm. 2 of A 2 per sec. is and the 

number striking A, is $N 2 c 2t and as the numbers arriving and leaving each 
surface per sec. are equal in equilibrium, and no molecules escape from between 
the plates, it follows that : 

w 


If the plates are surrounded by gas of density N molecules per cm. 3 of average 
velocity c, the constancy of pressure implies that the number passing out per 
sec. per cm. 2 between the edges is equal to the number entering; hence from 
(8), §8.111: 


.’. from (8), 


iNiCi+*N 2 c 2 =iNc, 

N x 7 x =N* 2 =±Nc 


(9) 
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from (7) and (9): <tAt 

£j— £ 2 ^(w/l<>)Mnc(ci 2 — c 2 ‘) 00) 

From (5), § 2, c=2y/{2RT/nM)=V(^Pl and if p 0 is ihc density at 0 C. 
for unit pressure of one dyne per cm. 2 , p=p t) (27}p.T), hence: 

c=V(8/^)V(77273).(I/v//>u) OD 

**-<8/*Xp/p) 02) 

and substitution in (10), with Nm=p, gives: 

_tt /8 / T 1 

E '~ El ~i6 p J it J 213 Vpo'*I>i ”Pi> 

■4 A Jasmin-™ 

-jrjiJbi, i <r '- ri>: 

hence the translational energy transferred, E x -E 2 . ls: 

c I (A „_L JjzlL (13) 

E ‘ = J W P VPo V&3T) 

Equation (13) is equivalent to (1). except for the factor . ™is enters the 
equation when a polyatomic gas is considered instead of a monatomic gas. 
Knudscn assumed in this case that if £. is the internal enew ■<* rotation, ^etc 
the ratio k of the total energy £=£,+£ to the translational energy £, is given 
by the cquipartition theorem. (4), § 28. VII E: 

k=EIE,=lC'Hc,-C')=iHy-\) 04) 

where y=c,/c.. The average internal energy is (*-l) times the translational 

C "t^ internal energy taken per sec. per cm.- between the plates is thus: 

£,=(*- I)(i/V, FT . 

or, from (9), if d is the average velocity in alh directions: 

(K) 

,., v ^ » iii Ti—wr \/=^T 27.V.I, »« follow?, that 
From (11), (13), (14), and (15), 5 8.I1I. . -3K1 - P> 

the total energy transported per sec. per cm.- is. 

£-£,+£,— v /(2/>r)(l+3(Ar- 1) K/>/\ / ft>M (7 ' , - T 'i>/' 11 

. C./C.+ 1 p i _h±h- 

=iV(2/273np„r)I(c,+c r )/(c P -c.)l(f| T -^ • ' ' 

which is now equivalent to «... The actual value. i* £ 

because of the intervention of the accommodation urw 

was verified for hydrogen, nitrogen, W'"”; ' • mn „„| a „„„ cocflicieM 

12°-20° K. by Keesom and Schmidt. 1 who found an 
of approximately unity. 

l Physlea. 1936. 3. 590. 1085; 1937. 4, 825 IConm. 

Schmidt, Comm. Leiden, 1936. 246 <i-b. 

A.T.P.C. — 30 
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§ 5. The Accommodation Coefficient 
The possible existence of a discontinuity of temperature between the wall of a 
vessel and a gas at a different temperature, analogous to slip in viscous flow 
(§ 12. VII F), was suggested by Poisson, 1 but was first experimentally demon- 
strated, at Warburg’s suggestion, by Smoluchowski. 2 He explained it as due to 
the decreased length of the free paths in the immediate neighbourhood of the 
walls, and to the imperfect equalisation of temperature on collisions between gas 
molecules and the molecules of the solid, of very different masses. The second 
effect seemed to be confirmed by the much larger effect found with hydrogen as 
compared with other gases with heavier molecules. 

The effect is now specified in terms of the so-called accommodation coefficient a , 
introduced by Knudsen,* and defined in (3), § 4. If T w is the wall temperature 
and T k the extrapolated temperature of the gas at the wall on the assumption 
that the temperature gradient dT/dz along the z axis normal to the wall con- 
tinues uniform up to the wall, Poisson 1 suggested that: 

T K -T v =g(6T/dz) (1) 

where the coefficient g is a length giving the temperature-spring distance. It 
was shown 4 that: 

(2-fl) 4 A k 

S a (y+ 1)V. (2) 

where A is a constant (approximately *), y=c p /c r , A=thcrmal conductivity, 
*/= viscosity, and / is the mean free path. If a- 1, then g is a little larger than /. 

Pioneer measurements of the accommodation coefficient a were made by Soddy 
and Berry, 5 and by Knudscn, 6 and the results recalculated by Smoluchowski; 7 
the determinations were refined by later experimenters, 8 using the same method. 


* " Th*oric mattematique dc la Chalcur," 1835. 119. 

J Ann. Pins., 1898, 64. 101 ; Wien Bcr.. 1898. 107. II A. 304; 1899. 108. II A. 5; Phil. Mae., 
1898. 46. 192; Brush, ibid., 1898, 45, 31; Gchrcke, Ann. Phys., 1900, 2, 102 (introd. by 
Warburg); Langmuir. Z. Elektrochem., 1917, 23, 16. 

* Ann. Phys., 191 1. 34. 593. 

4 Kcnnard, " Kinetic Theory of Gases," 1938. 314. 

5 Proc - Roy- Soc., 1910, 83. 254; 1911. 84. 576; 1915, 46. 641. 

* Ann. Phys., 191 1. 34. 593; 1911. 36. 871. 

7 dnn. Phys., 191 1. 35. 983; Phil. Mag., 1911. 21, II. 

» UsarcfT. Ann. Pins., 1912. 37. 233; Weber, ibid., 1927, 82. 479; Clausing, ibid., 1930. 
4. 533; Knudscn. ibid.. 1930. 6. 129; Roberts, Proc. Roy. Soc.. 1930. 129. 146; 1932 
,92; J 933 \! 42 - 5 . ,8: B,od 8 c “ and Langmuir. Phys. Rev., 1932. 40, 78: Michels, ibid' 
1932, 40. 472 He and A on W; etc.); Zener, ibid., 1932. 40, 335 (theory); Dickins. Proc. 
Roy. hoc., 1933 143. 517; Jackson and Howarth. ibid., 1933, 142. 447; Rowley and 
Ronhoefler, /.. phys. Clem.. 1933. 21 B. 84; Mann, Proc. Roy. Soc., 1934, 146. 776; locb 
T '2 c ; 0 ?; of Gasc n s " ,934 - 321: Archer. Phil. Mag.. 1935. 19. 901 ; Proc. Rov. Soc.. 
938< - Pn *i S0C " l935 * ,49> 35 : E ucken and Bertram, Z. phys. Chem., 

L, • 3 , • 3C1 - ^‘ SOm dnd Schm,d '- Proc - A Akad. Weens. Amsterdam, 1936. 39. I04S; 

r 1 ! 937, 4 \?r 8; Wcbcr - Comm - Leui, ' n ' ,937 - 246/1 : Michels. Phys. 
Jf* ' 937, 52< 1067 ,Hc and A on etc.): Mann and Newell. Proc. Rov. Soc., 1937, 158 
97; Gregory and Stephens, Nature 1937. 139. 28; Gregory and Dock. Phil. Mag.. 1938, 

m' \oxl n T x» v inCU f hc ,°” ° f Gascs " l938 - 322: Kistiakowski and Nazmi. J. Chem. 
tins. 1938, 6 18; kistiakowski. Lachcr. and Stitt, ibid.. 1939. 7. 2S9; Roberts. “Some 
Problems in Adsorpnon." Cambridge. 1939; "Heat and Thermodynamics." 1940, 22$- 
Wcbcr A ArrntA U/.wA S,-lskah. Mar. Fys. Maidcl. 1942. 19. No. 1 1 ; Thomas and Olmcr! 

65 ' ,036: Amdur - Joncs - and Pear I man. J. Chem. Pins., 1944. 
i “ T ' 4 - 339 - Klumb and Schwarz. Z. Phys., 1944. 122. 418; Rolf, 
f«n f 5 ; ' 8 i Gn, ! y - Taylor * and Johnston. J. Chem. Phys.. 1946, 14. 435; Mom- 

^ r «• 1 p 14, 4 ^ : -**!£!*’ ProC - ,ndian AcaJ - I946 - 23 A - 233; Baranaev, J. Pins. 

Wa I s I946 5 7q ‘'i^ 4 ^?v' n <0n hqU,ds 3nd S ° lids)i Bosworth - J - Proc - R ov. Soc. N.S. 
HaUs, 1946, 79. 166. 190 (N;, O: on tungsten). 
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This depends on the measurement of the loss of heat from a wire, stretched along 
the axis of a cylinder kept at a constant temperature. Recent work indicates 
the need for a uniform temperature throughout the wire. The electrical resist- 
ance of the wire measures its temperature; the power expenditure measures the 
heat loss from the wire which is compared with the loss in high vacuum. The 
pressure of the gas is so low that the mean free path is at least six times the 
diameter of the wire. The temperature of the molecules impinging on the wire 
was assumed by Roberts to be that of the cylinder, but Blodgett and Langmuir 
took it as the mean temperature of the gas at a distance of one mean free path 
from the wire, the temperature drop from this point to the cylinder being 
calculated by the ordinary equation for mass heat conduction; this makes a 
difference of 5 to 10 per cent. The results should be extrapolated to a tempera- 
ture difference of zero. 

The results show, as might be expected, a great dependence on the state oi the 
solid surface. Blodgett and Langmuir, with a tungsten filament 0 00779 cm. 
diam. and 40 cm. long in hydrogen at 0-2 mm. Hg pressure, in a tube 6 4 cm. 
diam. cooled in liquid air. found <r=0-54 above 1000 C.. when the surface was 
supposed to be clean, but at lower temperatures a was as low as 014, ns hen the 
wire was supposed to be covered with a film of adsorbed hydrogen. I n presence 
of some oxygen, a was lowered to 0-2 to 01. when an oxide film was supposed to 
be formed. The lowering of a by an adsorbed gas film is hard to understand, 
and in experiments by Michels.' and by Roberts.-’ the effect was m the opposite 
direction, a being smallest for a clean tungsten surface, and increasing slowly 
with time (more rapidly at first). In the case of helium and ‘ungsten an m.l.al 
difference was also found between fresh tungsten and that after prolonscd 
heating. This was found to persist, and was attributed by Rofcrrts to tine- 
grained roughening of the metal surface caused by evaporation. Djck.ns u cd 
platinum and much higher pressures. The accommodation coefficients of 

hydrogen and deuterium arc different. J , 

Baule,* on the basis of classical kinetic theory, deduced for elastic spherical 

gas molecules with random directions of motion: 

fl* 2 /« \miHfn , -M12) 2 (3) 

where m, and m 2 are the masses of the molecules of the gas and of the solid 
surface respectively; the assumption was made that only '‘"‘f j 

is concerned, and that a gas molecule makes only one colhsion w th he J 
before returning to the gas. This gives a maximum salu. when »•, . 
larger values would indicate multiple collisions f . 

theory of specific heats, see § 1.IX in, voi. , ' , i „ on ,i K Kim' 

postulated a heat of adsorption. The theory was also <k%«k»|*d 

1 SE %:'£!: Sio '%. .«* <»»• •«= 5I8; " s " m " “ in 

si*: 

• Ann. Phy,.. 1914. 44. ,45 .Smolucho.-Ji. -W.. 1914. 4. 

Polanyi and Wigncr. Z. phys. Chen,.. 19.8. 139. 4. 9. 

J Phys. Rev.. 1937,52. 1067 |78 335 . Jackson. Pn*. C \,mbr.Ph,l. So*.. 

« Zener, Phys. Rev.. 1931. 37. 5$<>. 193_. 4U. Jackson and Howard! . 

1932, 28. 136; Jackson and Moll, Proc. Roy. Soc.. W-. 



932 


THE PROPERTIES OF GASES 


VII J 


of wave mechanics; for details, reference must be made to the originals. Beeck » 
found for the accommodation coefficient of gaseous paraffin hydrocarbons on 
nickel: 

tf=(Qo+*/2)/A/=const.=0-352 (4) 

where Af=moI. wt., C l0 =ideal state mol. ht. at const. vol. = l-80+0-352A/. 

Soddy and Berry found a=0-37 for hydrogen on platinum at 110°, and 
Rowley and Bonhoeffer 0-22 at room temperature. Some values for the 
accommodation coefficient of various gases on platinum for pressures below 
5xl0 -2 mm. found by Thomas and Olmer in the first line, and by Amdur, 
Jones, and Pearlman in the second, are: 


H : 

d 2 

He 

Ne 

a 

Hg 

o 2 

COj 

CO 

HjO 

n 2 

0-220 

0313 

m 

m 

m 

0-89 

0847 

1 00 


0-76 

0-75 

0-72 

0-769 


Previous results are tabulated by these authors. At low temperatures the 
accommodation coefficient increases, and Kecsom and Schmidt suggested that 
it may become unity at the critical temperature. Spivak 2 found that the 
accommodation coefficient on metals when an adsorbed film is present is 
related to temperature by the equation: 

fl=6e‘ /r +a(7’— p) (5) 

The first term depends on the fraction of surface covered by the film and the 
second on the temperature. For helium, the equation of Landau : 2 

<*=kT* ( 6 ) 

with w=l-5, holds approximately. 

It is clear that the accommodation coefficient is sensitive to small changes in 
the nature of the solid surface, and may give valuable information as to the 
changes of state of a surface in many types of experiment; it thus promises to 
be a valuable adjunct to experiment in many lines of research, e.g. on contact 
catalysis. 


§ 6. Pirani and Ionisation Pressure Gauges 

Equation (1), § 4, shows that, at very low pressures, the heat transport is 
proportional to the pressure, and this has been applied in the measurement of 
low pressures. In the Pirani gauge* the heat conducted away from an electrically 


ibid., 1933, 142, 447; 1935, 152, 515; Lcnnard-Joncs and Strachan. ibid, 1935. 150, 442; 
Strachan, ibid 1935, 150, 456; Landau. Sow. Phys . Z., 1935. 8. 489; Lennard-Jones and 
Devonshire, Proc. Roy Sac., 1936. 156. 6; 1937. 158. 242; Devonshire, ibid., 1937. 158. 269; 
Jackson and Tyson. Manch Mem., 1936-7. 81. 87; Mann, Proc. Roy. Soc., 1937, 161, 236. 

• J. Chem. Phys., 1936, 4. 680, 743; 1937. 5, 268. 

2 Amer. Chem. Absir., 1942, 36, 3995. 

5 So*- Phys. z., 1935. 8. 489 (classical theory). 

* Phys - ,906 - 8 - 685; Hale. Trans. Amcr. Elecrochem. Soc., 1911. 
* c < * m . pbcl \ P ' 0C \ Phys - Soc - ,921 - 33 - 287 : Daudt. Z. phys. Chem., 1923. 106. 255 

St IS?* Vn I: c K,ng - ProC Phys - Soc " I925 * 38 - 8 °: Knudscn. Ann. 
p' 83 p, 385 ’ c kC 0pr S ° C Amer - ,927 * ,S - 56 : dc vrics - ibid - >929. 18. 333; 
r Ph ?'of OC V l 929, 41, I94; ATidc ^ on - tnd Chem., 1929. 21. 795 (0-25 M - 
- 19 ?P; ,,I3: Panc,h “ d Urr >'- 2. phys. Chem., 1930, 152, 

mann z VT d ’ I93,> 3 l U ? (lhcor »* 11,2 < vcr > ^nsiuvc gauge); Mur- 

mann, Z. Phys., 1933, 86. 14; Lannung, Z. phys. Chem., 1934, 170, 134; Z. anorg. Chem., 





















933 


§6 PIRANI AND IONISATION PRESSURE GAUGES 

heated wire in a gas at low pressure is measured by the input of electrical energy. 
Campbell 1 found that at low pressures, if the temperature of the Pirani gauge 
filament is kept constant by varying the potential across the bridge circuit: 

p =A:(^_j/ 0 2 ) /K 0 2=f(F) (1) 

where V 0 , V are the balancing potentials at zero pressure and pressure p. This 
holds only at such low pressures that the thermal conductivity of the gas is 
proportional to the pressure. At higher pressures, the thermal conductivity is 
independent of pressure, and the plot of 1 f(F) against \;p is found - to be 
linear at pressures of 0 05 to 0-5 mm. This relation can. as Foster showed, be 
used in calibrating the gauge, and is particularly useful in the region between 

0-1 and 1 mm. , . , 

Nickel is said 3 to be better than tungsten wire in the Pirani gauge, and a 
narrow thread of mercury in a thin-walled glass capillary tube has been used. 

A Wollaston hot-wire manometer was used by Weber in measuring the vapour 
presssurc of ice. The heat loss from a metal strip, the change of temperature of 
a heated bimetallic strip due to the change of pressure in the surrounding gas. 
and the bending of a bimetallic electrically heated strip owing to temperature 
changes caused by varying heat loss in a surrounding gas with variations or 
pressure,* have been used to measure low pressures. A manometer lor tu 

10-» mm. depends on an electric glow discharge in a magnetic lie d. 

The latest type of high-vacuum gauge is the ionisation gauge.' depending on 

.936. 2tt. I; Holland and Melville. Trans. Faraday Soc.. .937 33 1 116: 

3*, 1329; Rogers. Robertson and Daw. ■ 

4 a 3 f K-sfS; 

ttsiszsrirszisi. 

1 Proc. Phys. Soc., 1921, 33. 287. .•>,». j r ■ c 1945 . J60; 

446,901. 

J Elicit and Zabel, Phys. Rev.. 1931. 37 1 10 .. , .. 

- King. Proc. Phys. Soc.. 1925. 38 80 : Rollcfson ^.C5.. 19.9. 51. 8W. 

i Oversigl K. Danske Vidensk. Sclskah. 

6 Haase, Klagcs, and Klumb. Phys. Z.. 1936. 37. 440. 

7 Klumb and Haase. Phys. Z.. 1936. 37. 2 ". 

• Michelson, Phys. Z.. 1908. 9. 18; Klumb and Haase. ,M. I >.-6. 37. . 

9 Penning, Physica, 1937.4 71. Mt«mkhi So Proc. Phvs. Math. Soc. Japan. 

•o Buckley, Proc. Nat. Acad.. 1916 2. 683 , 34 ,921. 17. 7: 1*04. 23. 734. 

1919, 1. 76; Dushman and Found. P hys > R, i v 1920. 1 3^ ^. fOWy ^ nil. 5. 

Dushman. Ccn. Elec. Rev.. 192°. 23 ►. ™ • .64 . « ,*»25. 2. 2vS7; Poindexter. 

319; Simon, Z. lechn. Phys.. 1924. 5. 221 (bibl.). PtfiMxa. - 5 , f . Amcr.. 1926. 

Phys. Rev.. 1925, 26. 859: 1926. £,.] 1928. 39. 10: Simon and 


mith, ibid.. 1936, 7. 497; Hun.oon and Wtal. I W M ‘^ ^ an j Montgomery, ibid.. 

idenourand Lampson. Rev. Sc, ; / '’ U ’' 3 .\ zielin<ki. Electronic s. 1944. Julv. M- 

.938, 9. 58; Nelson and Wing. thul.. 194_. * - • “ * . |v45 <#. 2 7S: Van Valkcnbeig. 

(also other methods); Dushman and > Smith, and Zollers A*. : . Set. 

Gen. Elec. Rev.. 1946. 49. No. v. 38 <<10 ; » , ^ iNi , l94 6. 17 218: 

Insir., 1946, 17. 125 (thermocouple type) Do" '" J W// At.. 194/. 34 A. 1J . 

Instruments. 1947. 20. 234 (review): von Utyw-h. A — ? (? 6 j. Roy .,>ochon. L. I 
1948. 35 A. NO. 28; Krusser./- (CJ , lbla „on errors); Apkcr. dud.. 1 948. 40. Mo 

2. 333; Dayton. Ind. Eng. (hem.. 1948. 40. /van. 
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the positive ionisation of a gas at low pressure produced by a stream of electrons. 
This gauge comprises a diode or triode tube, the ion current in which is a definite 
function of the gas pressure. If the grid current is I G and the anode current 
the gas pressure is: 

P=KI c II a (2) 

where the proportionality factor K depends on the tube, the applied voltage, 
and the gas, so that relative measurements are used. The measurable pressure 
goes down to 10 -8 mm. Hg. The radium source ionisation gauge 1 depends 
on the use of a radio-active source to produce the ion current, an amplifier 2 
being used. The thermoelectric valve manometer depends on a different 
principle, a resistance or capacity change brought about by a pressure difference 
being transmitted to the grid of the valve. 


§ 7. The Radiometer 

The so-called radiometer effect is demonstrated in Crookes’s radiometer 3 
consisting of light metal vanes polished on one side and blackened on the other, 
mounted on an axis in an evacuated glass bulb and rotating on exposure to 
light. It may be used to measure radiant energy/ but the theory is difficult and 
still not fully understood. 5 The effect is almost certainly due to the thermal 
creep of residual gas over the unequally heated solid. Calculation of molecular 
diameters from the radiometer effect is possible. 6 Briiche and Littwin 7 
confirmed that at very low pressures the radiometer effect is a surface effect, 
and at higher pressures an edge effect. A modified radiometer has been used as 
a low-pressure gauge. 8 The thermal repulsion of droplets in air is a radiometer 
effect. 9 


Downing and Mellon, Rev. Sci. Instr., 1946. 17. 218; Mellon. I nd. Eng. Cheat., 1948. 40. 

2 Roberts, Rev. Sci. Instr., 1939. 10. 181. 

J Phil. Trans., 1874, 164. 501 ; 1876. 166, 325; 1879. 170, 87. 

I9B N « T' “■ f,' : l923 ' *'• Spcncc, J. Op,. Soc. An,,,.. 

ta**. ^ ' M - l925 ' 2S7: Marsh ' Md - ,92 «. I2 ' '35; 

„ 5 Einstein. Z. Phys ., 1924. 27, I; cf. Laski and Zemer, ibid., 1920 3 224- Rutherford 
1 9 29. 127 3 1 9 347, 381. 449; Hcrzfeld. in Taylor. - Physical'chemistry," 1931,’ 

937 U6i?Kenn > tk G T-" 2nd Cdil - l934 - 3M : Wcb «. Comm. Leiden, 
1937, 2466, Kennard, Kinetic Theory of Gases, 1938. 333. 

7 ‘ BrU, °r; ,900 - 20. 440; Debye. Phys. Z, 1910. 11,11 15; Czemy and Hetlner 

Z ‘f h -i S 92 4* 27 - *924, 30, 258; Fredlund, Ann. Phys., 1937, 30, 99. 

7 z ^ys., 1928, 52. 318. 

* Klumb and Schwarz, Z. Phys., 1944, 122, 418. 

W4?23A. MI. U M ' r ' ny ‘ ^ l946 ' 7 °' 385 lb ' bl - ,; Pannlpe ' Pm - M '°" *<*“■ 
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a priori weight, 308 

absolute boiling-point, 624 

absolute temperature. 169, 175, 238. 249 

absolute zero, 176, 600 

absorptive power, 472 

absorptivity, 472 

acceleration, 19, 67 

accommodation coefficient, 927, 930 

actinic balance, 471 

activity, 206 

coefficient. 720 

adiabatic change. 122, 171, 198, 240 
expansion. 505 

adsorption of air by solids. 781 
affinity. 212, 732 
air-conditioning. 915 
density of, 770 
-displacement, 782 
expansion by heat, 592 
material nature of, 546 
-pump, 551 
allolropic change. 779 

Ama gat's experiments on compressibility oi 
gases, 554 

Amagat-Lcduc law for mixed gases. 6IO 
amplitude, 66 
Andrews' experiments. 624 
angle, circular measure. 53 
angular momentum. 329, 402 
velocity. 329 

anharmonicity constant, 341 
anticlastic, 64 
antinodcs, 824 
approximations, 1 1 
area of integration. 27 
sign of, 30 

arithmetic mean velocity, 259 
assembly, canonical. 309 

micro-canonical, 308 
Assmann's method, 813 
asymmetrical lop, 346 
atmolysis, 917 
atmosphere, normal, 549 
atomic dimensions, 243 
number, 398 
theory, 785 
weights, 769, 786 
auditory limit of frequency. 829 
available work, 185 
average distribution, 302 
energy, 309 

Avogadro's hypothesis, 238, 767 
number, 245 

balance, 781 
bar, 549 

barometer, 547 ___ 

formula, 275, 551 
barretter, 460 


barye. 549 . . 

Beattie and Bridgeman's characteristic equa- 
tion, 724 , . 

Bchn and Geiger’s method for velocity ol 
sound. 827 

Bernoulli numbers. 324 
Bert helot's characteristic equation. 705 
principle, 213 

Berthollet on mass action. 213 
Berzelius's volume theory, 767 
Bingham-Nemst plots. 698 
binomial coefficients. 48 
series, 45. 47 
black body. 469. 501 

departure from. 493 
blowpipes. 456 
Bohr’s atom model. 398 
boiling curse. 659 
•points. 432 

bolometer. 47 1 

Boltzmann’s constant. -49. .94. .99 

equation. 275 

Born and Jordan’s equation. 383 

Boscovich’s theory . 732 

Bose-Einstein statistics. _96. 352. 353. 353. 

359. 363. 368. 486 
bottling apparatus. 782 
Boyle point. 672 

temperature. 672 
Boyle'S law. 238. 551 

deviations from. 553 

Bridgman’s apparatus for gases under high 
pressure. 559 

Bunsen's effusion apparatus. 265. 754. 

Cagniard dc la Tour experiment. 623 
Cailletet's method for liquidation of gases, 
504 

tube, 558 

Caillctct-Mathias law of rectilinear diameter. 

Calendar's radiation formula. 483 
caloric, 131. 157 
caloric. 120 . 

Cannizzaro's principle. 787 
canonical equation of state. 704 
carbon dioxide, solid. 503. 515 
Carnot's cycle. 128. 167 

theorem. 168 . 

Cascade process for gas Itquelicaiion. i • 
catenary. 62 
catenoid. 62 

centripetal force. 71 , ,• . 

Chapman's equation for collision radio • * 
viscosity of gas. 868 
characteristic equations 1- ,( '- 

/ 26 . i 

temperature . 528 
values. 382 


> To save space, cross-references arc not usually | zero-point. ’ 

entries should be consulted. For example, for zero-point enut) 
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Charles’s law, 238, 592 
chemical combination, law of, 784 
equilibrium, 204 
potential, 202, 206 
Clairaut’s equation, 82 
Clapcyron’s equation, 181 
Claude’s process for gas liquefaction, 507 
clausius, 174 

Clausius’s characteristic equation, 704 
coefficient of evaporation, 271 
cohesion, 242 

collision frequency, 237, 242, 247, 279, 285, 
868 

combining weights, 784 
compensating globe, 747 

leads, 444, 814 
transformation, 163, 168 
complementary function, 80, 87, 91 
complex number, 60 
complexions, 354 
compound interest law, 23 
compounds. 779 
compressibility, 123 

coefficient, 772 
of gases, 553 
concentration, 199, 208 
condensation, Bose-Einstcin, 366, 368, 370 
coefficient, 243 

conduction of heat in gases, 888 
conservation of mass, law of, 780 
conservative system, 314 
constant low-temperature baths, 515 
continuity, 9 

of states, 629 
convergcncy, 47 
cooling curve, 500 
corresponding states, law of, 688 

deviation from, 
702 

cosecant of an angle, 53 
hyperbolic, 61 
cosine of an angle, 53 
hyperbolic, 61 
law, 264, 886 
cotangent of an angle, 53 
hyperbolic, 61 
Coucttc correction, 884 
co- volume, 661 
crith, 769 

critical coefficient, 653 

constants, measurement of, 636 
relations among, 652 
data, 641, 672 
density, 629, 639 
phenomena, anomalies in, 630 
point, 623 

pressure, 629, 638, 652 

of mixtures, 657 

ratio, 696 
state, 623 

temperature, 628, 646, «8 

of solutions, 655 
volume, 629, 639, 650 
crunodc, 84 

cryomagnetic anomaly, 534 
cryostats, 515 
Curie point, 521, 534 
Curie’s law, 520 
cusp, 84 

locus. 83 
curvature, 62 


cycle, 30, 127 

cyclic process— see cycle. 

D’Alembert’s principle, 312 

test of convergency, 47 

equation, 101 

Dalton’s law of partial pressures, 200, 250, 
609 

damping ratio, 90 

De Broglie’s equation, 378 

Debye’s equation, 737 

degenerate states, 308, 357, 362, 365 

degree value of Beckmann thermometer, 429 

degrees of freedom, 314, 317, 843 

De Moivre’s theorem, 60 

densities of gases, 755 

density of organic compounds, 435 

derivative, 12 

partial, 35, 37 
derived function. 12 
Desormes and Clement's method, 81 1 
dew curve, 658 
Dewar vessel, 509 
diamagnetic substances, 519 
diathermancy, 468 
diatomic gases, 348 
Dieterici’s characteristic equation, 709 
differential calculus, 8 

coefficient, 11 

partial, 34 

equations, 78 

linear, of first order, 79 
higher orders, 
95 

second order, 
86 

ordinary, 78 
partial, 79, 97 

differentials, 1 1 

complete, 36. 38 
of higher orders, 18 
partial, 35 

perfect. 36. 38, 80, 85 
total, 36, 38 
differentiation, 12 

of a definite integral, 52 
exponential function, 21 
a function of a function, 16 
logarithmic, 24 
of a logarithm, 23 
power of x, 15 
rules for, 13 

. of trigonometric functions. 57 

diffusiometcr, 917 

diffusion of gases, measurement of, 904 
theory of. 900 
through films and solids, 
419 

vapours, 910 
self-. 902,913 
diffusivity, 901, 905. 906 
values of, 912 
dipole fields. 737 
direction cosines, 70, 113 
Dirichlet's theorem. 197 
discontinuity, 9, 106 
discriminant, 82 
disgregation. 163, 168 
dissociation of hydrogen, 375 
iodine, 376 
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distribution function, angular. 414 
electron, 412 

Draper's law, 466 
dynamics, equation of general, 312 
dyne, 136 

efficiency, 168 
effusion, 264, 754 

at low pressures, 926 
effusiometcr, 754 

eigen functions— see proper functions 
values— sec proper values 
Einstein's equation of mass and energy. 781 
formula for specific heat. 845 
elasticity, modulus of. 123 
electron orbits. 398, 400 
spin, 401 

theory of metals, 361 
volt, 143 

wave nature of. 378. 382 
elements, 779 
elliptic paraboloid, 64 
emergent stem correction, 426 
emission (radiation) intensity. 473. 493 
cmissivity (radiation). 494 
end-correction, 84 
energetics, 158, 298 
energy, 135, 136, 184 
actual, 137 

available. 163, 185, 186. 187. 222. 

333, 337, 346. 372. 374 
average, 71 
cells, 303 

conservation of. 150 
density, 474 
dissipation of. 163 
dissociation. 342 
distribution in spectrum. 478 
clement, 322 
factors, 158 
Fermi, 361 
forms of. 147 

free, 162, 169, 184, 185. 187.214.222, 
330 

internal, 149 
intrinsic, 149 
kinetic, 70. 137, 313 
levels, 311, 399 

of oscillator. 70. 322. 324. 385 

potential, 70. 137. 313 

rotational, 330 

of system, 149, 152 

total, 149 

unavailable, 163 

units, 142 

vibrational, 70. 844. 845 
zero-point, 311, 323. 328. 362, 370. 
374 

enkaumy, 151 
ensemble — sec assembly 
enthalpy, 151 
entropy, 157, 169, 172 

calculation of. 221. 345. 350 
changes in irreversible processes. 

192 

constant, 319 
diagram, 178 
of diatomic gas, 337 
electromagnetic, 321 
formulae. 231 
of hydrogen. 340 


entropy, in magnetic field. 554 
of mixing. 201 
oscillator. 325 

and probability. 295, 298. 299 
of rotor. 330 
standard. 221 

statistical calculation of, 305, 345 
tables of. 225. 347 
envelope locus. 82 

equation of slate - sec characteristic equation 
equilibrium. 161. 213. 372 
box. 372 

conditions of. 195 
constant. 205. 208. 373 
in gaseous systems. 204 
neutral. 196 
stable. 196 
unstable. 196 

cquipartition of energy. 250, 331, 843 
equivalent. 784 

proportions, law of, 784 

erg. 136 

ergodic hypothesis. 300. 301 

ergon. 322 

Euler's criterion. 38 

equation. 60. 102 

theorem of homogeneous functions. 
44 

evaporation. 271 

rate of. of liquids. 913 
exact equations. 85 
exchanges, theory of. 46" 
expansibility tension. -I 

expansion of a gas. 125. 1-9 

coefficient of. 160. 592 
measurement. 596 
values. 597 

exponential function. 19 

series. 22. 48 . 

values of trigonometric functions. 
60 

extensive property. 151. 15* ■ JJ* 
external friction coefficient. 887 

Faraday cement. 588 
effect. 525 
tube. 503 

Fermi-Oirac statistic'. -‘*6. 

359. .UJ 
Pick's lavs Of diffusion. 901. 904 
lirsi law ol thermodynamics. 1*1. i-* v 
fixed proportions, law of. 784 
llow. curved-pipe. SS4 
stream-line. 883 
turbulent. SS.» 
fluctuations. 300. 309 
fluxion. 15 

«*«** 

74 1 

free enthalpy. 185 

heat function. 185 
frequency of vibration. 6‘* 

diatomic moles uk. *-* 
fugacity. 20. 2'* 

functional determinant. 4 » 

functions. 8 

algebraic. 10 
uitalvlical. '0 


352. 354. 356. 
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functions, angular, 413 
beta, 72 

characteristic, 186, 382 
conjugate, 60 

continuous, 9 
discontinuous, 9 
eigen— see proper 
even, 30, 380 
explicit, 9 
gamma, 72 
Gomperz, 23 
Hermitian, 387 
holomorphic, 50 
homogeneous, 44 
hyperbolic, 61 
implicit, 9 

inverse trigonometric, 59 
Lagrangian, 314 
LagueiTe, 410 
Legendre, 393, 396 
multiform, 9, 50 
multi-valued, 9, 50 
odd, 30, 380 
orthogonal, 58, 383 
proper. 379, 382 
rational, 10 

integral, 10 
regular, 50 
single-valued, 9, 50 
singularities of, 50 
of state, 170 
transcendental, 10 
trigonometric, 53, 59 
uniform, 9, 50 
wave, for hydrogen-like atom, 413 
furnace, arc, 462 

burning glass, 463 
cathode ray, 462 
combustion. 455 
electric, 457 
induction, 462 
vacuum, 461 

gamma space, 318 
gas balance, 753 
constant, 607 
degeneracy, 365 
law, general. 606 
mixtures, 609, 717, 723, 724, 745 
viscosity— see viscosity 
volume, correction to S.T.P., 608 
gases compressibilities, 553 

at high pressures. 570 
low pressures. 579 

densities, 745, 771 

acoustical methods, 755 
globe method, 747 
limiting, 771 

manometric and buoyancy 
methods, 752 
table of. 755 
volumeter method, 751 
diffusion of— see diffusion 
drying. 750 

flow at low pressures, 924 
ideal— see ideal gas 
liquefaction, 502-15 
at low pressures, 922 
mixing of. 163, 200,918 
molar weights, 745 
perfect— sec ideal gas 


gases properties of, 546 

separation of, by diffusion, 916 
specific heats of- T see specific heats 
thermal conductivity of— sec thermal 
conductivity 
gasogen molecules, 631 
Gaudin’s diagrams, 768 
gauge, ionisation, 932 
McLeod, 589 
Pirani, 932 

Gay-Lussac’s law of volumes, 766 

vapour density apparatus, 760 
generalised coordinate, 158, 182, 191, 313 
force, 158, 182, 191 
momenta, 314 
Gentile statistics, 354, 368 
Gibbs’s canonical assembly, 363 
paradox, 164 

Gibbs-Duhcm equation, 210 
Gibbs free energy— see energy, available 
Gibbs-Hclmholtz equation, 182 
glass, coloured, 493 
smoked, 493 

tubes, bursting strength, 637 
glassy solid s, 230 
gradient of a curve, 12 
Graham's law of diffusion, 238, 903 
effusion, 265 
grand canonical assembly. 363 
gravimolccular pressure, 277 
gravity, acceleration due to, 548 
ground state, 328, 342 
gudermannian, 61 
Guldberg's rule, 646 

H-thcorem, 274 
Hagcnbach correction. 883 
Hamilton’s canonical equations of motion, 
315 

principle, 315 
Hamiltonian function, 314 
Hampson’s gas liquefaction apparatus, 509 
Hartrce units. 143 
heat, atomic, 120 
capacity, 119 

conduction— see thermal conductivity 
content. 151 
of dilution, 211 
dissociation, 328 
function. 151, 187 
of idealisation. 721 
latent, 121, 156 
molecular, 120 
nature of, 131 
quantity of. 118. 122 
radiant, 466 

of reaction, 152, 225 (table) 
solution, 211 

specific, 118 

unit of, 120 

Heisenberg’s uncertainty principle, 317 
helium liquefaction, 512 
Helmholtz equation, 182 

-Kirchhoff equation, 832 
Hcrmite polynomials, 387 
Hcrlz-Knudscn equation, 264 
Hertzian oscillator, 321, 385, 388 
hessian, 43 
Hess’s law, 152 
heterogeneous system, 211 
hohlraum, 469 
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homogeneous substances. 779 
hybridisation, digonal. 418 

tetrahedral, 416 
trigonal. 417 
of wave functions. 415 
hydrogen-deuterium equilibrium. 376 
-like atom. 405.412 
liquefaction of. 510 
hyperbolic functions— see functions 
paraboloid. 64 
hyper-ellipsoid. 77 
-sphere. 77 
hysteresis, 533 

ideal gas. 197. 607. 660. 708 

available energy of, 199 
energy of. 199 
entropy of. 199 
free energy of. 199 
heat content of. 199 
mixture. 200 

statistical mechanics of. 316 
imaginary quantities. 60 
indeterminate forms, 10. 24 
indicator diagram, 126 
indicatrix, 64 

inequality of Clausius, 193 
infinitesimals, II 
infinity. 10 

orders of. 10. 302 
integral calculus. 24 
integrals, corrected, 25 

definite. 25, 27. 30 
Dirichlet's, 76 
double. 31 
elliptic, 868 
Eulcrian. 72 
indefinite, 25 
important. 25 

in kinetic theory of gases. 259 

multiple. 31. 73 

particular. 80 

surface. 31 

triple, 32 

volume. 32 

integrating factor, 80. 86. 1 77 
integration. 24 

by parts, 26 

intensive property. 151. 209 
interaction of molecules. 718. 73/, /at 
interference. 68 , 

internal heat capacity. 841 
pressure. 663. 683 

of liquids, 687 

work. 197. 508. 617.841.890 
inversion curve, 621 
point. 621 

irreversible changes. 161, 192 
iscntropic change. 122 
isochorc. 681 
isolated system. 195 
isomeric change. 779 
isoplcrc. 681 
isopycnic, 681 
isotherm, 626 

isothermal change. 123. 126 
isotopes, 268. 780. 786 

Jacobian, 43 

Jacobi's symbols. 35 
James Thomson isotherm. 675 


Jeans's viscosity equation, 867 
Joly's steam calorimeter. 803 
joule. 120. 142 
Joule's experiments. 1 38 
effect. 615 
law, 614 

Joulc-Clausius velocity, 259 

-Thomson effect. 615— see liquefaction 
of gases 

Kccsom's equation. 737 
Kellogg's equation. 709 
Keyes's equation. 723 
kilojoule. 147 
kinetic potential. 314 

theory of gases. 234 
Kirchhoff’s equation. 153, 188 
law. 321. 468 
klcpshydra. 546 

Knudsen's absolute manometer. v__ 

Kundt's method for velocity of sound. 8_5 
Kundt and Warburg correction. 885 


Lag ' in energy distribution in sound wave. 833 

Lagrange's equations of motion. 314 

Luguerre polynomials. 410 

lambda-type doubling. 336 

lamps, standard. 491 

Landc splitting factor. 530 

Langes in's formula. 532 , 

Laplace's velocity of sound formula, s— 
Larmor precession. 403 
latent heat of evaporation. /Oi 
expansion. 156 
lattice of points. 114 
Le Chatelier's principle. 1 80 
lead. 66 

Legendre's coefficients. 396 
equation. 392 
Leibni/'s theorem. 50 
lemniscate. 84 

Lennard-Jones s characteristic equation. 736 

Lem’s law. 180 

Leslie cube. 468 

L'Hopital s theorem. 24 

limiting density. 771 

limits. 10 . 

Linde's gas liquefaction apparatus. . 0s 
linear harmonic oscillator. 385. 38» 
molecules. 346 
Liouvillc's theorem. 315 
liquefaction of gases. 50- 

gas mixtures. 658 
liquidogen molecules. 631 
liquids. 242 
litre atmosphere. 127 
logarithmctric decrement. 90 
integral, 27 

logarithms. 19 
London forces, 740 
Loschmidt's number. 243. -45 
low temperatures— see temperature 

properties oi substance 
at. 232 

Lummer and Pringshcim s experiment. 813. 
816 

Lux's gas balance. 753 

Maclaurin's theorem. 48 
magnetic induction. 519 
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magnetic intensity, 519 
moment, 528 
susceptibility, 518, 522 
magnetism, ferro-, 523 

molecular, 520 
orbital, 531 

quantum theory of, 526 
specific, 520 
spin, 531 

magneto-caloric effect, 535 
thermal effect, 535 
magneton, Bohr’s, 415, 526 
Weiss’s, 450, 526 
manometer, 561 

absolute, 567 
Bourdon, 564 
Chattock, 562 
Desgoffe, 566 
disc, 565 

Holbom and Henning, 563 
Huygens, 562 
Kamcrlingh Onnes, 563 
Knudsen, 922 
Kretz, 562 

low pressure. 588. 922 
membrane, 565 
optical lever, 566 
pendulum, 567 
Rayleigh, 591 
Rodcbush and Coons. 565 
spiral, 564 
spoon, 565 
Spurge, 564 

thermoelectric valve, 934 
manostat, 569 
marine glue, 588 
Mariottc's law, 553 
Marquardt’s mass, 458 
mass action, law of, 205 
mathematics. I, 5 
Mathicu's equation, 349 
Matlhicsscn’s law, 444 
matrix method, 418 
maximum values of a function, 16, 51 
work, 162 

equation, 182, 191 
w .... principle of, 212 

Maxwell s demon, 164 

distribution law, 251, 259, 260, 272 
equations, 189 
rule, 676 

Maxwcll-Boltzmann statistics, 296, 303, 352, 
354, J59, 364 
maycr. 120 

mean free path, 237, 241, 279. 865 
relative velocity, 288 
square velocity, 238 
value theorem, 45 
velocity of gas molecules. 259 
mechanical equivalent of heat. 138. 147, 156 
similitude, principle of. 702 
mega bar. 549 
meldomctcr, 464 
melting-points, 432, 649 

high-temperature, 498 
mercury levels, reading, 603 

meniscus correction, 561 
mctacritical temperature, 655 
mctastablc states. 675 
Meunier’s theorem. 65 
mierobalancc, 753, 775 


microbar, 549 
micron, 550 
mi cropyro meter, 464 
microstatcs, 293 
millibar, 549 

minimum values of a function, 16, 51 
mixing of gases. 163, 201 
mixtures of isotopes, 310 
mol, 607 

fraction, 207 
molality, 207 
molar volume, 770 

at absolute zero, 697 
weight, 607, 769 
molarity, 207 
molecular chaos, 250 

clustering, 710, 744 
collisions. 280, 289 
diameter, 865 
force field, 731 
heat— see specific heat 
magnitudes. 245 
rays, 283 

shower formulae, 261 
velocities, 239 
vortices, 297 

weight— see molar weight 
molecules, 768 

sizes of, 243, 865, 903 
Mollier chart, 179, 799 
moment of inertia, 329, 799 

momentum, 329, 402 
momentum, 312 

operator, 383 
monatomic gases, 347, 358 
monocyclic systems, 298 
Morse equation. 325 
most probable distribution. 302 
energy, 309 
velocity, 254, 259 
Moutier s theorem, 166 
mu space. 318 
Mueller bridge, 445 
multiple point. 84 

proportions, law of, 784 
multiplcts, 401, 528 
multiplicity, 308 


Naumann-CIausius equation, 841 
negative pressures, 676 
ncphclometcr, 790 

Nemst heat theorem, 215, 218, 221, 229 
mass, 459 
net work, 185 

Newton’s law (of radiation), 477 

velocity of sound equation, 820 


Olszewski’s gas liquefaction apparatus, 507 
opalescence at critical point, 632 
operators, 24, 49; D, 87; del. 41, 389; 

theta, 95 
orbital, 382. 413 
orders of smallness, 1 1 
orthogonality, 383 
ortho-hydrogen, 339 
orthomctric density, 683 
oscillating disc method. 876 
oscillation. 324. 385; see linear harmonic 
osculating circle, 63 

paraboloid. 64 
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Para-hydrogcn, 339 
paramagnetic substances. 519 
parameter, 35, 37 
partial fractions. 33 

molar quantities, 209 
pressures, 200 

law of. 609 
particular integral, 80. 87, 91 
Partington’s method (for r>/o), 816 

and Shilling's method (for c p )c,). 
partition function— see stale sum (828 
Paschcn-Back effect, 404 
Pauli's exclusion principle. 354 
Pawlcwski's rules. 647. 656 
period of vibration. 65 
permeability (magnetic). 519 
perpetual motion, 149, 159 
persistence of velocities. 855 
phase angle, 66 
integral, 318 
rule, 212 
volume, 316, 324 
photon, 355 
piccin, 588 

Pictet's method for gas liquefaction. 506 

A t . • . 


plait point, 659 
Planck's radiation formula. 356, 483 
plane wave, 70 
point of inflexion, 18 
osculation, 85 
Poiscuillc's law. 881 
Poisson bracket. 419 
polar coordinates. 41, 73, 246 
graph. 414 

pole, 50 

polyatomic gases. 348 
porous plug experiment. 616 
potential energy barriers. 349 
curve, 326 
function, 186 

Pressure balance (Stiickrath). 567 

coefficient of a gas. 594. 596 
of a gas. calculation, 246 
units, 549 
zero-point, 367 

Prevost's theory of exchanges. 467 
primitive function. 78 
principle of similitude. 320 
Prinsep's beads. 464 
probability of a state. 294 
proper values. 379, 382 


prout, 791 . 

Prout's hypothesis. 790 
pyrometer, absorbing wedge. 492 
cat's eve, 492 
Danicll. 464 

disappearing filament, 489 
Fery. 488. 496 
optical. 481.486 
Wanner, 491 
Wedgwood. 463 
Wiborgh. 466 
Pythagoras mass, 458 
pumps, diffusion. 581 
Gacdc. 925 
Gcissler. 583 
molecular. 581. 925 
rotary. 580 
Sprcngel. 585 
Toplcr, 584 
vacuum, 580 


Quadrupolc field. 737 
quantum. 322. 355 

attraction. 741 
number, azimuthal. 400 
Bohr's. 399 
inner. 401 
magnetic. 403. 407 
principal. 409 
radial. 409 

rotational. 334, 342. 390 
spin. 336. 401 
total. 409 
vibrational. 341 
theory. 293, 320 
weight— see statistical weight 
Quincke's method 

Radial equation. 408 
function. 41 1 
graph. 397 
radian. 53 
radiation. 466 

black-body, 469. 476 
cavity. 469 
full. 469 
pressure. 475 
radiometer. 472. 934 
radiomicromcter. 471 
radius of curvature. 19 
Ramsaucr effect. 283 
ratio of specific heats. 1 22 
Rayleigh's radiation formula. 482. 4s4 
Rayleigh-Jcans equation. III. 384. 484 
reaction, isochorc. 205 
isotherm. 374 
law of. ISO 

reciprocal proportions, law of. "84 
rectilinear diameter. 639. 651. 700 
reduced magnitudes. 689 
mass. 328. 389 

vapour-pressure equation. 697 
Rcech's theorem. 1 22 
reflective power. 472 
reflectivity. 472 

refractive index, of organic compound'. 435 
effect of. on radiation in- 
intensity. 473 
Regnault's equation. 66S 
Reinganum's equation. 735. 868 
relative density. 74b 
residue. 50 

resonance attraction. 739 
restricted rotation. 348 
retrograde condensation. 659 
reversibility. 129. 213 
reversible change. 129. 160 
Reynolds number. 883 
Rodrigue's equation. 394 
Rolle's theorem. 45 
root mean square velocity. 25’». -63 
rotating cylinder method. S77 
rule of four volumes. 651 

three temperatures. 649 
Rumford's experiments. 132 
Rydberg’s number. 399 

Sackur-Tetrode equation. 319 
sama effect. 276 

Scheel and lleuse. determination oi 'pcuik 
heats of gases. SCO 
Schlciermacher method. 89b 
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Schrddinger wave equation, 378, 383 
secant of angle, 53 
curve, 13 

second law of thermodynamics, 157, 166, 178, 
194,214 

sectorial harmonic, 398 
secular change, 425 
Seger cones, 464 
scmipermeablc diaphragm, 163 
separation of isotopes, 268 
shrinkage correction, 748 
silver, pure, 788 
simple harmonic motion, 65 
sine of angle, 53 
hyperbolic, 61 
singular point, 50, 84 
solutions, 82 
slip, 848, 885 
solid angle, 247 
solution, 233 
solids, 242 
solutions, 779 
somatology. 550 
Sommcrfcld’s atom model, 400 
sorting demon, 164 
sound velocity, 124, 820 
in air, 823 
gases, 822, 837 
wave, 821, 824 
space quantisation, 405, 528 
specific heat of hydrogen. 337 
water, 143 
specific heats, 1 18 

difference of, 155, 188 
effect of pressure on, 190 

temperature on. 120. 

mean, 118 
true, 119 

specific heats of gases, 239, 249, 192 

Boltzmann’s theory of, 
842 

calculation of, 306, 337. 
818 

at constant pressure, 
793 

at constant volume. 803 
continuous flow 
method. 800 
effect of pressure on, 
797. 803 

explosion method, 804 i 
at high temperatures, i 
795, 807 

and molecular struc- 
ture. 839 

quantum theory of. 845 
ratio of. 811. 818 
values of, 807 

spectroscopic notation. 341 
spherical harmonics. 391. 406 
rotors. 346 
tops, 346 
spinode, 84 
spoon gauge, 565 
standard state, 207, 371 

temperature and pressure, 608 

state, 121 
state sum, 305 

of atoms. 332 

diatomic molecules, 334, 343 


state sum of oscillator, 324 

polyatomic molecules, 345 
rotor, 330 

stationary waves, 824 
statistical mechanics, 293 
weight, 307 

statistics, types of, 294, 352 
Stefan constant, 475, 477 
Stefan-Boltzmann radiation law, 475 
Stem’s experiment, 272 
Stem and Gerlach’s experiment, 405 
Stirling's theorem, 304 
Stokes’s law, 852 
stopcocks, 587 
Strauss-Pawlewski rule, 656 
substances, 779 
surd, 15 

surface spherical harmonic, 396 
zonal harmonic, 392 
susceptibility, magnetic, 519 
Sutherland's constant, 865, 873, 899 
formula, 864 

symmetrical molecules. 335 
; symmetry factor, 330, 346 
synclastic, 64 
j system, 127 

Tac locus, 82 
Tail’s free path, 291 
tangent of angle, 53 
curve, 13 
hyperbolic, 61 
to surface, 63 
tap grease, 587 
target area of molecules, 867 
Taylor’s theorem, 45 

symbolic form of, 49, 97 
temperature, 169, 175, 420 

brightness. 493, 495 
colour scale of, 467, 495 
critical, 504 
fixed, 430, 447 
flame, 496 
high. 455, 463 
low, 502. 515 
-scale, 446, 488, 605 
very low, 518, 537, 544 
terminal point, 85 
tessera) harmonics, 396 
therm, 143 

thermal conductivity of gases, 888 

determination 
of, 895 

effect of tem- 
perature on, 
894 

at low pres- 
sures, 927 
of mixtures, 
898 

relation to vis- 

. . » . cosity, 889 

thermal coefficients. 121, 124, 678, 707 
diffusion. 267 
effusion. 267 
transpiration, 267 
thcrmcl, 449 
thermocouples. 448, 543 
thermodynamic functions, 186 
potential, 185 
probability, 304 
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thermodynamic stales, 293, 299 
symbols. 118 

thermodynamics, 115, 179 

mechanical interpretation 
of. 297 
and time. 295 

thermometers, acoustic, 464 

air. 601 

Beckmann, 429 
corrections. 425 
gas. 465. 602. 604 
low temperature. 539 
mercury. 424. 428 
metastatic. 429 
pentane, 539 
phosphor bron/c, 543 
platinum. 442. 541 
vapour pressure. 539 
thermometry. 420 
thermopile, 449. 470 
thcrmorcgulators, 420 

high-temperature, 423 
low-temperature. 515 

thermos flask, 510 
thermostats, 420 

third law of thermodynamics, 216 
Thomsen’s principle. 213 
Thomson’s equation. 182 
time of describing free path. 2X4 
torr, 549 

Torricelli's experiment, 547 
Townlcy’s law, 553 
transfer of heat, 194 
translational energy of ideal gas. 3X4 
levels. 358 

transpiration balance. 465 
of gases. 877 
Trevelyan rocker, 148 
trigonometric formulae. 55 
functions, 53 
trigonometry, 53 
triple collisions, 292 
tube correction, 831 
Tumlirz’s equation, 715 

Ultimate rational units, 320 
undetermined coefficients. 80 
units (metric and other), 550 
unsymmctrical molecules, 335 

Vacuum calculations. 926 
technique. 585 
vacuoscopc. 590 
Van der Waals attraction. 741 
equation. 660 

adiabatic. 680 
constants. 666. 684, 
686 

for liquids. 681 
reduced. 689 

Van Laar’s equation, 716 
vapour density, 745 

Dumas method. 758 
Hofmann’s method. 760 
Victor Meyer’s method. 762 
jackets, 761 

pressures and law of corresponding 
states, 692 


variables, 8 
velocity, 11. 67 

angular. 66. 329 
group. 69 
phase, 69 

of sound— see sound velocity 
vena coniracia. 884 
vibrating string. 379 
vibrational levels in molecules. 341 
quantum number, 341 
vibrations. 65. 101. 237 
damped. 89 
forced. 91 
free. 89 

of molecules. 847 
proper. III. 379 
\irial coefficients. 577. 718 
equation, 577. 671, 729 
integrals. 734 
vis rnoriua. 1 37 
viva. 137 
viscosity. 848 

coefficient. 848 
of a gas. 241. 84X 

determination. 870 
effect of electric and 
magnetic fields on. 855 
effect of pressure on. 851 
temperature on. 

864 

equations. 870 
at high temperatures. 87 1 
low temperatures. 870. 

879 

mixtures. 874 
quantum-mechanical cal- 
culation. 872 
values of. 857 
volume. 872 

volume at absolute zero. 640 
volumes, law of. 766 


Wave equation. 100 

function of electron. 382 
-length. 66 
mechanics. 377 
number. 66. 341 
sound. 821 

Weber's radiation formula. 483 
weights, calibration of. 782 

correction of. to vacuum, x- 
NVciss’s law. 521 
Wien’s displacement law. 47^ 

radiation equation. 356. 4X_ 
Wilson-Sommerteld rule. 331. 400 
Wohl’s characteristic equation. 1 5 
work. 140 

in cycle. 128 
of expansion. 125 
Wronskian. 42 


Young's experiments on corresponding states. 


Zeeman effect. 403 

zero depression correction. 4.7 



